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Abstract. We consider a strictly developable simple complex of finite groups

G(Q). We show that Bestvina’s construction for Coxeter groups applies in
this more general setting to produce a complex that is equivariantly homotopy

equivalent to the standard development. When G(Q) is non-positively curved,

this implies that the Bestvina complex is a cocompact classifying space for
proper actions of G of minimal dimension. As an application, we show that for

groups that act properly and chamber transitively on a building of type (W,S),

the dimension of the associated Bestvina complex is the virtual cohomological
dimension of W . We give further examples and applications in the context

of Coxeter groups, graph products of finite groups, locally 6–large complexes

of groups and groups of rational cohomological dimension at most one. Our
calculations indicate that, because of its minimal cell structure, the Bestvina

complex is well-suited for cohomological computations.

1. Introduction

For a discrete group G, a proper G–CW–complex is a G–CW–complex with
only finite cell stabilisers. A proper G–CW–complex X is said to be a model for a
classifying space for proper actions EG, if for any finite subgroup F of G, the fixed
point set XF is contractible. Such a complex X always exists and is unique up to
equivariant homotopy equivalence. The minimal dimension of any model for EG
is denoted by gdG and is called the geometric dimension for proper actions of G.
The algebraic counterpart of the geometric dimension is the Bredon cohomological
dimension cdG. The relation between these two invariants is analogous to the one
between cohomological dimension of a group G and the minimal dimension of an
Eilenberg-Mac Lane space K(G, 1). It can be shown that cdG = gdG except that
there exist groups G for which cdG = 2 and gdG = 3 [LM00,BLN01]. The Bredon
cohomological dimension of G is an upper bound for the cohomological dimension of
any torsion-free subgroup of G. In particular, for groups that are virtually torsion-
free, the virtual cohomological dimension vcdG always satisfies vcdG 6 cdG.

The main motivation to study EG comes from the Isomorphism Conjectures (see
e.g., [BCH94], [Lüc05]). Other applications of EG include computations in group
cohomology and the formulation of a generalisation from finite to infinite groups of
the Atiyah-Segal Completion Theorem in topological K–theory (see [Lüc05, §7-8]).
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With these applications in mind, it is always desirable to have models for EG with
good geometric properties, such as for example, non-positively curved, cocompact,
of minimal dimension and cell structure.

In [Bes93], for any finitely generated Coxeter system (W,S), Bestvina con-
structed an acyclic polyhedral complex B(W,S) of dimension equal to vcdW , on
which W acts as a reflection group, properly and cocompactly. The same construc-
tion produces a contractible B(W,S) with dimB(W,S) = vcdW except possibly
when vcdW = 2. In fact, we show that B(W,S) is equivariantly homotopy equiva-
lent to the Davis complex ΣW . Therefore B(W,S) is a model for EW of minimal
dimension. In the main part of the paper, we derive an analogous result in the
more general setting of strictly developable simple complexes of finite groups.

A simple complex of finite groups G(Q) over a poset Q consists of a family of
finite groups {PJ}J∈Q such that whenever J < T , then there is an injective, non-
surjective homomorphism PJ → PT . The fundamental group of G(Q) is defined as
the direct limit of the system {PJ}J∈Q. When G(Q) is strictly developable, the
Basic Construction from [BH99] provides an analogue of Davis complex which is
called the standard development. We propose a Bestvina complex for G(Q) and
obtain the following result.

Theorem 1.1 (Theorem 3.8). Let G(Q) be a strictly developable simple complex
of finite groups over a poset Q with the fundamental group G. Then

(1) the standard development D(K,G(Q)) and the Bestvina complex D(B,G(Q))
are G–homotopy equivalent,

(2) if D(K,G(Q)) is a cocompact model for EG then D(B,G(Q)) is a cocompact
model for EG satisfying

dim(D(B,G(Q))) =

{
cdG if cdG 6= 2,
2 or 3 if cdG = 2.

To construct the complex D(B,G(Q)) it is enough to construct a compact poly-
hedron B. We remark that the definition of B depends only on the poset Q and
not, for example, on the subgroups PJ . Also, our procedure allows certain flexi-
bility, which can often be used to obtain a complex with a simple cell structure.
This, together with the minimal dimension of D(B,G(Q)) shows that D(B,G(Q))
is well-suited for cohomological computations.

Observe that when a simple complex of groups G(Q) is non-positively curved,
then it is strictly developable and also D(K,G(Q)) becomes a model for EG. So
both parts of Theorem 1.1 apply in this case. In particular, since by a result of
Moussong [Dav98, Theorem 11.1] buildings are CAT(0), we obtain the following
application of Theorem 1.1 to groups of automorphisms of buildings.

Theorem 1.2 (Theorem 5.2). Let G be a group acting properly and chamber tran-
sitively on a locally finite building of type (W,S), and let G(Q) be the associated
simple complex of groups. Then D(B,G(Q)) is a cocompact model for EG satisfying

dim(D(B,G(Q))) =

{
vcdW if vcdW 6= 2,
2 or 3 if vcdW = 2.

This result applies to finitely generated Coxeter groups and graph products of
finite groups, since both are special cases of groups acting properly and chamber
transitively on a building.
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In [DMP16, Theorem 5.1], Degrijse and Mart́ınez-Pérez give a general formula
for computing the Bredon cohomological dimension of the fundamental group of
G(Q). We simplify their formula and use it to compute the dimension of the
Bestvina complex in Theorem 1.1. In particular, Theorem 1.2 can be viewed as the
geometric counterpart of Theorem 5.4 of [DMP16].

Theorem 1.2 was also motivated by Remark 10.4 of Davis in [Dav98] where he
hints at a possibility of such a construction. We should also point out that Harlan-
der and Meinert defined the Bestvina complex and obtained dimension bounds in
[HM96, Theorem 1.2] for graph products of finite groups. Finally, let us mention
that in [Dra97] Dranishnikov used Bestvina’s construction to obtain an explicit
formula for the virtual cohomological dimension of a Coxeter group.

When a group G acts properly on a finite dimensional contractible complex X
with suitable geometric properties, it is desirable to construct an equivariant de-
formation retraction of X onto a subcomplex of minimal dimension, the so called
‘spine’ of X. Such spines have been constructed, for example, for certain arith-
metic groups such as SL(n,Z) acting on the symmetric space [Ash77], the outer
automorphism groups of free groups acting on the Outer space [Vog02], mapping
class groups of punctured surfaces acting on the Teichmüller space [Har86] and oth-
ers. We do not know whether in general the standard development equivariantly
deformation retracts onto the Bestvina complex. But when the Bredon cohomo-
logical dimension of the fundamental group of G(Q) is at most one, we obtain the
following strengthening of Theorem 1.1.

Theorem 1.3 (Theorem 4.8). Let G(Q) be a strictly developable simple complex
of finite groups over the poset Q with the fundamental group G. Suppose that
D(K,G(Q)) is a model for EG and that cdG 6 1. Then D(K,G(Q)) equivariantly
deformation retracts onto the tree D(B,G(Q)).

As explained in Appendix A, the assumption that cdG 6 1 can be weakened to
cdRG 6 1 where R is either a prime field or a subring of Q that contains 1. We point
out that our proof of Theorem 1.3 does not use the Accessibility Theory of groups
and in particular it does not rely on Dunwoody’s result [Dun79, Theorem 1.1].
On the other hand, by combining Dunwoody’s theorem with Theorem 1.3, the
assumption cdG 6 1 can be weakened to cdQG 6 1.

In Section 5, we discuss several classes of examples. We give explicit examples
of Bestvina complex, which show that both the reduction of the dimension and
the simplification of the cell structure can be substantial when compared with the
standard development. We also give examples of groups for which cdG = 2 but
gdG = 3, thus showing that the dichotomy in Theorem 1.1(2) cannot be avoided.
In fact these examples, first constructed in [BLN01], give a negative answer to
a question of Bestvina [Bes93, Remark 2]. On the other hand, since we do not
know an example of a group for which gdG = 2 but dim(D(B,G(Q))) = 3, it is
conceivable that one always has dim(D(B,G(Q)) = gdG. In Appendix A, we give

a construction of a Bestvina complex BR over a ring R that is a subring of the
rationals or a field of prime order and derive the analogue of Theorem 1.1 for the
complex BR.

We thank Pierre-Emmanuel Caprace and Ian Leary for helpful conversations. We
are grateful to the anonymous referees for many valuable comments and suggestions.
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2. Simple complexes of groups and the basic construction

In this section we recall the definitions of a simple complex of groups, a panel
complex and the associated basic construction. In our exposition we follow [BH99,
II.12], however, some definitions are adjusted to our purposes. We also prove two
lemmas that describe the relationship between basic constructions coming from
different panel complexes.

Throughout this section, let Q be a finite poset.

Definition 2.1. A simple complex of finite groups G(Q) over Q consists of the
following data:

(1) for any J ∈ Q there is a finite group PJ , called the local group at J ,
(2) for any pair J < T there is an injective, non-surjective homomorphism

φTJ : PJ → PT ,

such that if J < T < U then φUT ◦ φTJ = φUJ .

Given a simple complex of groups G(Q) one defines its fundamental group Ĝ(Q)
as the direct limit

Ĝ(Q) = lim−→
J∈Q

PJ .

For every J ∈ Q we have the canonical homomorphism iJ : PJ → Ĝ(Q). A simple
complex of groups G(Q) is called strictly developable if every iJ is injective.

From now on we assume that G(Q) is strictly developable and let G = Ĝ(Q).
For any J ∈ Q we identify the group PJ with its image iJ(PJ) ⊂ G.

We will now describe a procedure of constructing a space on which G acts called
the basic construction. First we need the following definition.

Definition 2.2. A panel complex (X, {XJ}J∈Q) over a poset Q is a compact poly-
hedron X together with a family of subpolyhedra (called panels) {XJ}J∈Q such
that the following conditions are satisfied:

(1) polyhedron X is the union of all panels,
(2) if J 6 T then XT ⊆ XJ ,
(3) for any two panels their intersection is either empty or it is a union of

panels.

Definition 2.3 (Basic construction). Let (X, {XJ}J∈Q) be a panel complex over
Q. Define the basic construction D(X,G(Q)) as

D(X,G(Q)) = (G×X)/ ∼
such that (g1, x1) ∼ (g2, x2) if and only if x1 = x2 and g−1

1 g2 ∈ PJ(x1) where XJ(x1)

is the intersection of all the panels containing x1. Let [g, x] denote the equivalence
class of (g, x).

There is a G–action on D(X,G(Q)) given by g · [g′, x] = [gg′, x]. Note that
D(X,G(Q)) has a natural structure of a polyhedral complex, and the G–action
preserves that structure. Moreover, the stabilisers of this action are conjugates of
the local groups PJ , and the quotient is homeomorphic to the panel complex X. In
fact, X is a strict fundamental domain for this action, i.e., if we view X ∼= [e,X] as
a subcomplex of D(X,G(Q)), we have that X intersects every G–orbit at precisely
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one point. Since the local groups are finite and X is compact, we conclude that the
action of G on D(X,G(Q)) is proper and cocompact.

We would like to compare basic constructions arising from different panel com-
plexes. For this we need some terminology. A panel map between panel complexes
(X, {XJ}J∈Q) and (Y, {YJ}J∈Q) is a map f : X → Y such that for every J ∈ Q
we have f(XJ) ⊆ YJ . A panel homotopy between panel maps f1 and f2 is a homo-
topy H : X × I → Y between f1 and f2 such that for every t ∈ I the restriction
H(−, t) : X → Y is a panel map.

The following two lemmas appear to be elementary, however, to the best of our
knowledge there are are no proofs of them in the literature. The special case of
Coxeter systems is outlined in [Dav83, Proposition 11.5].

Lemma 2.4. Let (Y, {YJ}J∈Q) be a panel complex over Q such that for every
J ∈ Q the panel YJ is contractible. Then for any panel complex (X, {XJ}J∈Q)
there is a panel map

(X, {XJ}J∈Q)→ (Y, {YJ}J∈Q)

which is unique up to panel homotopy.
In particular, any two panel complexes with contractible panels are panel homo-

topy equivalent.

Proof. First we prove the existence. We will construct a family of maps fJ : XJ →
YJ such that if J < J ′ then fJ |J′ = fJ′ . After this is done, the required map
f : X → Y can be defined as f = ∪J∈QfJ .

For every maximal element J ∈ Q choose any map fJ : XJ → YJ . Now given
a panel XJ such that for all J ′ with J < J ′ the map fJ′ : XJ′ → YJ′ has already
been defined, we are searching for the following extension fJ :

∪J<J ′XJ′ ∪J<J ′YJ′

XJ YJ

∪J<J′fJ′

fJ

Since YJ is contractible, by [Hat02, Lemma 4.7] the extension exists. This finishes
the proof of the existence.

For the uniqueness, we proceed analogously. Given two panel maps f, h : X → Y
let fJ (resp. hJ) denote the restriction of f (resp. h) to the panel XJ and let
HJ : XJ × I → YJ denote the homotopy between fJ and hJ . This time, given HJ′

for every J ′ with J < J ′, we are looking for the extension HJ :

(XJ × {0}) ∪ (∪J<J ′XJ′ × I) ∪ (XJ × {1}) ∪J<J ′YJ′

XJ × I YJ

fJ ∪ (∪J<J′HJ′ )∪hJ

HJ

As in the first case, the existence of such extension follows from contractibility of
YJ and [Hat02, Lemma 4.7]. �

Lemma 2.5. Let G(Q) be a simple complex of finite groups over the poset Q
and let (X, {XJ}J∈Q) and (Y, {YJ}J∈Q) be two panel complexes over Q. If X
and Y are panel homotopy equivalent then the basic constructions D(X,G(Q)) and
D(Y,G(Q)) are G–homotopy equivalent.
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Proof. Let f : X → Y and h : Y → X be the two panel maps such that h ◦ f
(resp. f ◦ h) is panel homotopic to the identity on X (resp. Y ). Define maps

f̃ : D(X,G(Q))→ D(Y,G(Q)) and h̃ : D(Y,G(Q))→ D(X,G(Q)) by

f̃([g, x]) = [g, f(x)] and h̃([g, x]) = [g, h(x)].

One easily checks that both f̃ and h̃ are G–maps.
Now let H : X × I → X be the panel homotopy between h ◦ f and idX . Define

the map H̃ : D(X,G(Q))× I → D(X,G(Q)) by

H̃([g, x], t) = [g,H(x, t)].

It is straightforward to check that H is a G–homotopy between h̃◦f̃ and idD(X,G(Q))

A G–homotopy between f̃ ◦ h̃ and idD(Y,G(Q)) is defined in the analogous way. �

Remark 2.6. The notion of a panel complex appears in the literature under dif-
ferent names including stratified space [BH99] or mirrored space [Dav08]. In our
choice of terminology and notation we mostly follow [DMP16]. Consequently, any
non-standard assumptions that we make (e.g., a non-surjectivity assumption in
Definition 2.1.(2)) are that of [DMP16].

3. Standard development and Bestvina complex

In this section we define two panel complexes over the poset Q: the ‘standard’
complex K and the Bestvina complex B. We compute the dimension of B and we
give a simplification of the formula for cd(G) where G is the fundamental group of
a simple complex of finite groups G(Q). After this is done, we prove Theorem 3.8.

As in the previous section, let Q be a finite poset. There is a canonical panel
complex associated to the poset Q.

Definition 3.1. Define the panel complex (K, {KJ}J∈Q) by

K = |Q| and KJ = |Q>J |,

where |−| denotes the geometric realisation of a poset, and Q>J is a subposet
of Q which consists of all elements that are greater or equal to J . The basic
construction D(K,G(Q)) will be referred to as the standard development of the
complex of groups G(Q).

Below we present another way to construct the complex K which will motivate
the construction of the Bestvina complex.

For every maximal element J ∈ Q define KJ to be a point. Now given an
element J ∈ Q, suppose that for every J ′ with J < J ′ the panel KJ′ has already
been constructed. Define KJ to be the cone over the union ∪J<J ′KJ′ (the cone
point corresponds to vertex J).

Now we define the Bestvina panel complex over the poset Q.

Definition 3.2 (Bestvina complex). The Bestvina panel complex (B, {BJ}J∈Q) is
defined as follows. For every maximal element J ∈ Q define BJ to be a point. Now
given J such that for all J ′ with J < J ′ the panel BJ′ has already been constructed,
define BJ to be a compact contractible polyhedron containing ∪J<J ′BJ′ of the
smallest possible dimension.
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Figure 1. Poset Q and complexes K and B. The panels of K and
B corresponding to elements J < T < U are respectively green,
orange and blue. Observe that we have BT = BU .

Note that for any compact polyhedron L, the cone C(L) is a compact contractible
polyhedron containing L. However, dim(C(L)) = dim(L)+1. The following lemma
gives a sufficient condition for the existence of the contractible polyhedron that has
the same dimension as L. It was first proved by Bestvina [Bes93, Lemma p. 21]. We
include the proof for the sake of completeness and also because our assumptions are
slightly more general. An even more general version (which we use in Appendix A)
is proved in [LS11, Lemma 24].

Unless stated otherwise, all (co)homology groups are taken with coefficients in Z.

Lemma 3.3. Let L be a compact polyhedron of dimension n 6= 2. If H̃n(L) = 0
then L embeds into a contractible compact polyhedron of dimension n.

Proof. Note that if n 6 1 then there is nothing to prove, thus we can assume that
n > 3. Let C(L(n−2)) be the cone on the (n − 2)–skeleton of L. By replacing L
with L ∪ C(L(n−2)) if necessary, we can assume that L is (n − 2)–connected. By
the Universal Coefficients Theorem we have

H̃n(L) ∼= Hom(H̃n(L),Z)⊕ Ext(H̃n−1(L),Z).

We conclude that H̃n(L) is torsion, and hence it must be trivial (because dim(L) =

n and thus H̃n(L) = ker(dn) is torsion-free). We also obtain that H̃n−1(L) is a
finitely generated free abelian group. Since L is (n−2)–connected, by the Hurewicz

Theorem we have πn−1(L) ∼= H̃n−1(L). For each generator [f ] of πn−1(L) attach
to L an n–cell along the map f : Sn−1 → L and call the resulting space L′. We can
choose each f to be a PL-map and thus L′ is a polyhedron. One easily checks that
L′ is contractible. �

Proposition 3.4. Let d be an integer defined as

(3.1) d = max{n ∈ N | H̃n−1
(
∪J<J ′ BJ′

)
6= 0 for some J ∈ Q}.

Then the dimension of Bestvina complex is given by

dim(B) =

{
d if d 6= 2,
2 or 3 if d = 2.
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Proof. First note that for any J ∈ Q the polyhedron ∪J<J ′BJ′ is contained in the

contractible polyhedron BJ . Thus if H̃n−1
(
∪J<J ′ BJ′) 6= 0 for some n > 0 then

BJ necessarily has dimension at least n. This shows that dim(B) > d.
Now assume that dim(B) = k > 0 and let J be the last element in the construc-

tion of B for which k = dim(BJ) > dim(∪J<J ′BJ′). In light of Lemma 3.3, this

means that either H̃k−1(∪J<J ′BJ′) 6= 0 or dim(∪J<J ′BJ′) = 2. In the first case, we

obtain that k = d. In the second case, we necessarily have H̃1(∪T<T ′BT ′) 6= 0 for
some T which appears in the construction earlier than J , for otherwise ∪J<J ′BJ′

would not have dimension 2 to begin with. Consequently, we get that d ∈ {2, 3}
and k = 3. �

Remark 3.5. In contrast to Lemma 3.3, if L is a 2–dimensional acyclic polyhedron
with a finite, non-trivial fundamental group then L cannot be embedded into a
2–dimensional contractible polyhedron [BLN01, Proposition 5]. Thus in Proposi-
tion 3.4 we cannot avoid the possibility that d = 2 and dim(B) = 3.

Now let G(Q) be a strictly developable simple complex of finite groups with the
fundamental group G and suppose that the standard development D(K,G(Q)) is
a model for EG.

In [DMP16], Degrijse and Mart́ınez-Pérez give a formula for the Bredon coho-
mological dimension of G. We will now show how to simplify their formula, in order
to compare it with (3.1). We need the following definitions. For a subset Ω ⊆ Q
define subspaces KΩ and K>Ω of K to be the following geometric realisations

KΩ = |{V ∈ Q | V > U for some U ∈ Ω}|,
K>Ω = |{V ∈ Q | V > U for some U ∈ Ω}|.

Note that K{U} is the panel KU and K>{U} is the union ∪U<U ′KU ′ . We will
abbreviate K{U} to KU and K>{U} to K>U .

For J ∈ Q, define the subset ΩJ ⊆ Q as

ΩJ = {U ∈ Q | PJ = PU},

where PJ and PU are the local groups corresponding to J and U respectively. By
[DMP16, Theorem 5.1], one has

(3.2) cd(G) = max{n ∈ N | H̃n(KΩJ
,K>ΩJ

) 6= 0 for some J ∈ Q}.

Proposition 3.6. Under the above assumptions, we have

(3.3) cd(G) = max{n ∈ N | H̃n−1(K>J) 6= 0 for some J ∈ Q}.

Proof. We will show that for every J ∈ Q and for any integer n > 0 we have

(3.4) H̃n(KΩJ
,K>ΩJ

) ∼=
⊕

U∈ΩJ

H̃n(KU ,K>U ).

This will imply the proposition, since for any U ∈ Q, the space KU is contractible

and thus H̃n(KU ,K>U ) ∼= H̃n−1(K>U ). To show (3.4), we proceed by induction on
the number of elements in ΩJ . If ΩJ contains only one element then (3.4) is clearly
satisfied. Assume now that ΩJ contains more than one element. Let U ∈ ΩJ , let
Ω′J = ΩJ r {U} and write the pair (KΩJ

,K>ΩJ
) as

(KΩJ
,K>ΩJ

) = (KΩ′
J
∪KU ,K>Ω′

J
∪K>U ).



BESTVINA COMPLEX FOR GROUP ACTIONS 9

The relative Mayer-Vietoris sequence reads

H̃n−1(KU ∩KΩ′
J
,K>U ∩K>Ω′

J
)→

→ H̃n(KΩJ
,K>ΩJ

)→ H̃n(KU ,K>U )⊕ H̃n(KΩ′
J
,K>Ω′

J
)→

→ H̃n(KU ∩KΩ′
J
,K>U ∩K>Ω′

J
).

Claim. We have KU ∩KΩ′
J

= K>U ∩K>Ω′
J

.

To prove the claim consider an element V ∈ KU ∩ KΩ′
J
. Thus U 6 V and

U ′ 6 V for some U ′ ∈ Ω′J . Suppose that U = V . In this case the map PU ′ →
PU is an isomorphism since it is injective and PU ′ = PU by definition of ΩJ .
This contradicts the assumption that no homomorphism between local groups is
surjective (see Definition 2.1(2)). For the same reason we cannot have V = U ′ for
any U ′ ∈ Ω′J . This finishes the proof of the claim.

The claim implies that H̃n(KU ∩KΩ′
J
,K>U ∩K>Ω′

J
) = 0 for every n > 0 and

therefore the map

H̃n(KΩJ
,K>ΩJ

)→ H̃n(KU ,K>U )⊕ H̃n(KΩ′
J
,K>Ω′

J
)

is an isomorphism. Since by the inductive assumption we have H̃n(KΩ′
J
,K>Ω′

J
) ∼=⊕

U ′∈Ω′
J
H̃n(KU ′ ,K>U ′), the formula (3.4) is established. �

Remark 3.7. The right-hand side of formula (3.3) in Proposition 3.6 appears in
[Dra97] under the name of local cohomological dimension of a simplicial complex K.

We are ready now to prove the main theorem.

Theorem 3.8. Let G(Q) be a strictly developable simple complex of finite groups
over a poset Q with the fundamental group G. Then

(1) the standard development D(K,G(Q)) and the Bestvina complex D(B,G(Q))
are G–homotopy equivalent,

(2) if D(K,G(Q)) is a cocompact model for EG then D(B,G(Q)) is a cocompact
model for EG satisfying

dim(D(B,G(Q))) =

{
cd(G) if cd(G) 6= 2,
2 or 3 if cd(G) = 2.

Proof. (1). By definition both K and B have contractible panels and thus by
Lemma 2.4 they are panel homotopy equivalent. Lemma 2.5 implies then that
D(K,G(Q)) and D(B,G(Q)) are G–homotopy equivalent.

(2). By (1) we have that D(K,G(Q)) is a model for EG if and only if D(B,G(Q))
is so. Since the quotient D(B,G(Q))/G ∼= B is compact, we get that D(B,G(Q))
is a cocompact model for EG. It remains to show that dim(D(B,G(Q))) = cd(G)
if cd(G) 6= 2 and that dim(D(B,G(Q))) ∈ {2, 3} if cd(G) = 2.

First note that clearly dim(D(B,G(Q))) = dim(B). Thus in light of Proposi-
tions 3.4 and 3.6 it suffices to show that formulas (3.1) and (3.3) agree. We will
show that for any J ∈ Q and any n > 0 we have

H̃n
(
∪J<J ′ BJ′

) ∼= H̃n
(
∪J<J ′ KJ′

)
Recall that K>J = ∪J<J ′KJ′ (see the discussion before Proposition 3.6). Note
that both ∪J<J ′KJ′ and ∪J<J ′BJ′ may be seen as panel complexes over the poset
Q>J , by restricting the panel structure from K and B respectively. By Lemma 2.4
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we conclude that ∪J<J ′KJ′ and ∪J<J ′BJ′ are (panel) homotopy equivalent. In
particular, their cohomology groups are isomorphic. �

Remark 3.9. Note that in the above theorem we do not assume that K (or B) is
contractible. However, if D(K,G(Q)) is contractible (which is the case for example
when it is a model for EG) then K is contractible as well, since it is a retract of
D(K,G(Q)) (see the discussion after Definition 2.3).

4. Equivariant deformation retraction

In this section we discuss when it is possible to obtain the basic construction
D(B,G(Q)) as an equivariant deformation retract of D(K,G(Q)). We isolate a
concrete condition which ensures that this is the case. We show that this condition
is always satisfied if the Bredon cohomological dimension of the fundamental group
G is at most one.

Let (X, {XJ}J∈Q) and (Y, {YJ}J∈Q) be panel complexes over Q. A panel inclu-
sion i : X ↪→ Y is an injective panel map. A panel deformation retraction r : Y → X
is panel map such that r ◦ i is panel homotopic to idK rel i(X).

The following lemma is similar to Lemma 2.4.

Lemma 4.1. Suppose (X, {XJ}J∈Q) and (Y, {YJ}J∈Q) are panel complexes over
Q and let i : X ↪→ Y be a map which is a panel inclusion and such that for every
J ∈ Q the restriction iJ : XJ ↪→ YJ is a homotopy equivalence. Then there is a
panel deformation retraction r : Y → X.

Proof. The proof follows the same idea as the proof of Lemma 2.4. For J ∈ Q let
rJ denote the restriction of the putative map r to the panel YJ . We will construct
the maps rJ inductively and then set r = ∪J∈QrJ .

For every maximal element J we have an inclusion iJ : XJ ↪→ YJ which is a
homotopy equivalence. Then by [Hat02, Corollary 0.19] there exists a deformation
retraction rJ : YJ → XJ . For the inductive step, suppose that J ∈ Q is such that
for any J ′ with J < J ′ the map rJ′ has been defined and that we have a panel
inclusion

∪J6J′iJ′ : ∪J<J ′ XJ′ ↪→ ∪J<J ′YJ′

and a panel deformation retraction

∪J6J′rJ′ : ∪J<J ′ YJ′ → ∪J<J ′XJ′ .

We will construct a deformation retraction rJ : YJ → XJ such that the following
diagram commutes

∪J<J ′XJ′ ∪J<J ′YJ′

XJ YJ

∪J<J′ iJ′

∪J<J′ rJ′

iJ

rJ

and such that the homotopy between rJ ◦ iJ and idYJ
restricts to the homotopy

between (∪J<J ′rJ′) ◦ (∪J<J ′iJ′) and id(∪J<J′YJ′ ).
To construct rJ , first consider the pushout

A = XJ ∪(∪J<J′XJ′ ) (∪J<J ′YJ′).
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Note that there is a deformation retraction pA : A → XJ given by performing
the identity on XJ and ∪J<J ′rJ′ on ∪J<J ′YJ′ . Then consider the inclusion A ↪→
YJ . One easily verifies that this inclusion is a homotopy equivalence. Thus by
[Hat02, Corollary 0.20] we get a deformation retraction pYJ

: YJ → A. Define
rJ = pA ◦ pYJ

. It is straightforward to check that rJ has all the claimed properties.
This finishes the inductive step. Now setting r = ∪J∈QrJ gives the desired panel
deformation retraction. �

Lemma 4.2. Suppose that we have a panel inclusion i : X ↪→ Y and a panel
deformation retraction r : Y → X. Then there is a G–equivariant inclusion

ĩ : D(X,G(Q)) ↪→ D(Y,G(Q))

and a G–equivariant deformation retraction

r̃ : D(Y,G(Q))→ D(X,G(Q)).

Proof. The proof is the same as the proof of Lemma 2.5. �

We will now state the condition which will ensure the existence of an equivariant
deformation retraction D(K,G(Q))→ D(B,G(Q)). We do not know whether it is
always satisfied.

Definition 4.3. Let L be a compact polyhedron of dimension n 6= 2. We say

that L is subconical if either H̃n(L) 6= 0 or there is an n–dimensional contractible
polyhedron L′ with L ⊆ L′ ⊆ C(L) such that the inclusions are subcomplexes after
finite subdivision. We say that L′ is the subcone containing L.

Question 4.4. Is every compact polyhedron of dimension greater than two subcon-
ical?

Remark 4.5. Note that in Lemma 3.3, the construction of a contractible polyhedron
containing L begins with attaching the cone C(L(n−2)) to L. Next, one has to attach
n–cells in order to kill the generators of πn−1(L ∪ C(L(n−2))) ∼= Zk. We do not
know whether this step can be performed so that the resulting polyhedron becomes
a subcone.

Lemma 4.6. Suppose that in the construction of Bestvina complex, at every step
the polyhedron ∪J<J ′BJ′ is subconical. Then there is a panel inclusion B ↪→ K
such that for any J ∈ Q the restriction iJ : BJ ↪→ KJ is a homotopy equivalence.

Proof. For any maximal element J ∈ Q both panels BJ and KJ are equal to the
point, so we set iJ : BJ ↪→ KJ to be the identity map. Now given J ∈ Q, assume
inductively that we have an inclusion

∪J<J ′iJ′ : ∪J<J ′ BJ′ ↪→ ∪J<J ′KJ′ .

Since ∪J<J ′BJ′ is subconical, we can choose BJ to be the subcone of C(∪J<J ′BJ′).
Define iJ to be the composition

BJ ↪→ C(∪J<J ′BJ′) ↪→ C(∪J<J ′KJ′) = KJ ,

where the latter map is the cone on ∪J<J ′iJ′ . By construction iJ restricts to
∪J<J ′iJ′ over ∪J<J ′BJ′ . Finally, since both BJ and KJ are contractible, we con-
clude that iJ is a homotopy equivalence. �

By Lemmas 4.1, 4.2 and 4.6, we obtain the following.
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Proposition 4.7. Assume that for any J ∈ Q in the construction of Bestvina
complex, the subpolyhedron ∪J<J ′BJ′ is subconical. Then D(B,G(Q)) is a G–
equivariant deformation retract of D(K,G(Q)).

We conclude this section with an application of the above proposition in the case
of groups of Bredon cohomological dimension at most one.

Theorem 4.8. Let G(Q) be a strictly developable simple complex of finite groups
over the poset Q with the fundamental group G. Suppose that D(K,G(Q)) is a
model for EG and that cdG 6 1. Then D(K,G(Q)) equivariantly deformation
retracts onto the tree D(B,G(Q)).

Proof. We will first prove that D(B,G(Q)) is a G–equivariant deformation retract
of D(K,G(Q)). For this, in light of Proposition 4.7, it is enough to show that in
the construction of Bestvina complex, for any J ∈ Q the polyhedron ∪J<J ′BJ′ is
subconical.

First note that the condition does not apply to maximal elements of Q. Now
suppose that J ∈ Q is such that all the panels in ∪J<J ′BJ′ have been defined.

Since cdG 6 1, by Proposition 3.6 we have that H̃n(∪J<J ′KJ′) = 0 for all n > 1.
Thus every connected component of ∪J<J ′KJ′ is contractible. Since ∪J<J ′BJ′ and
∪J<J ′KJ′ are homotopy equivalent (cf. proof of Theorem 3.8.(2)), the same is true
for ∪J<J ′BJ′ .

Take ∪J<J ′BJ′ and add a disjoint vertex vJ . Pick a vertex vi in every con-
nected component of ∪J<J ′BJ′ and join every vi with vJ by an edge. One easily
verifies that the resulting space is a contractible polyhedron which embeds into
C(∪J<J ′BJ′) (vertex vJ is sent to the cone-point of C(∪J<J ′BJ′)). Thus this
polyhedron is subconical.

It remains to show that D(B,G(Q)) is a tree. By the above D(B,G(Q)) is
a G–deformation retract of D(K,G(Q)). It follows from Theorem 3.8 and the
assumption that cdG 6 1 that D(B,G(Q)) is at most a 1–dimensional model for
EG, hence a tree. �

B

K

J

vJ

Figure 2. Complex B (orange) embeds into K (black) as a panel
deformation retract. After embedding, vertex vJ ∈ BJ is equal to
vertex J ∈ KJ .

5. Applications and examples

In this section we present some classes of groups to which our results apply.
In particular, we give a proof of Theorem 5.2. We also give explicit examples of
Bestvina complex in some cases.
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5.1. Non-positively curved simple complexes of finite groups. In general
the question whether a given simple complex of finite groups is (strictly) developable
is difficult, and it may be even more difficult to check if the standard development
is a model for EG. The theory of non-positively curved simple complexes of finite
groups gives criteria to answer both question in the positive. For the definition
of non-positively curved simple complexes of finite groups we refer the reader to
[BH99, II.12]. The crucial theorem [BH99, Theorem II.12.28] states that a non-
positively curved simple complex of finite groups G(Q) is strictly developable and
that the standard development D(K,G(Q)) admits a CAT(0) metric such that G
acts by isometries. This in particular implies that D(K,G(Q)) is a model for EG
[BH99, Corollary II.2.8(1)], and thus Theorem 3.8 applies to G(Q).

5.2. Groups of automorphisms of buildings. A large class of groups that arise
as fundamental groups of non-positively curved simple complexes of groups are
groups of automorphisms of buildings. Before proving Theorem 5.2 we need to
recall some terminology. Our exposition loosely follows [DMP16, Section 5].

A Coxeter system (W,S) is a group W (called a Coxeter group) generated by a
finite set S and given by the following presentation

W = 〈S | (sisj)mij for all si, sj ∈ S〉

where mii = 1 for all i, and mij = mji ∈ {2, 3, . . . ,∞} (by mij = ∞ we mean
that there is no relation between si and sj). We refer the reader to [Dav08] for a
detailed treatment of Coxeter groups.

For a subset J ⊂ S let WJ denote the subgroup of W generated by J (we set
W∅ = {e}). If WJ is finite then we call it a special spherical subgroup of W . Let Q
be the poset

{J ⊆ S |WJ is a special spherical subgroup of W}

ordered by inclusion. Note that Q contains the empty set ∅ as the smallest element.

Now suppose that we are given a group G together with subgroups B and
{Ps}s∈S such that B ⊂ Ps for every s ∈ S. For any subset J ⊆ S define the
standard parabolic subgroup PJ as

PJ = 〈Ps | s ∈ J〉 ⊆ G.

A coset gPJ/B is called a J–residue. Assume now that C = (G,B, {Ps}s∈S) is a
building of type (W,S) (see [Dav98, Example 1.1, §3]) and suppose that for every
J ∈ Q the subgroup PJ ⊂ G is finite. In this case G acts properly and chamber
transitively on the building C. On the other hand, any group acting chamber
transitively on a building C of type (W,S) is of the form (G,B, {Ps}s∈S) where B
is the stabiliser of the chamber c ∈ C and Ps is the stabiliser of the {s}–residue
containing c. Note that if (W,S) is a Coxeter system then W acts properly and
chamber transitively on the building (W, {e}, {〈si〉}si∈S) of type (W,S).

We need the following basic lemma.

Lemma 5.1. In the above setting, if J < T , then PJ ⊂ PT is a proper inclusion.

Proof. Identify the set of chambers of C with G/B. By definition of a building
[Dav98, §3], there is a W–valued distance function

δ : C × C →W
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such that chambers c, c′ ∈ C belong to the same T–residue if and only if δ(c, c′) ∈
WT . Consider the building W = (W, {e}, {〈si〉}si∈S) and pick a chamber w ∈ W
with w ∈ WT rWJ . Let α be a W–isometry α : W → C given by α(e) = eB (see
[Dav98, §6]). By definition of a W–isometry we have

δ(α(e), α(w)) = w ∈WT ,

and thus α(e) = eB and α(w) both belong to the T–residue PT /B. Thus α(w) = hB
for some h ∈ PT . Now suppose that h ∈ PJ . In that case, eB and hB belong to the
same J–residue of C and thus w = δ(eB, hB) ∈ WJ which contradicts the choice
of w. �

Now consider a poset

P = {gPJ | g ∈ G, J ∈ Q}
where the partial order is given by the inclusion of cosets. Notice that there is
an inclusion of posets i : Q ↪→ P given by J 7→ PJ . The geometric realisation |P|
of P is called the geometric realisation of the building (G,B, {Ps}s∈S). There is
a G–action on |P| given by g · g′PJ = gg′PJ . One verifies that the stabilisers of
this action are the conjugates of groups PJ for J ∈ Q, and that the subcomplex
|i(Q)| ∼= |Q| is the strict fundamental domain. Now by [Dav98, Theorem 11.1]
there is a complete CAT(0) metric on |P | such that G acts by isometries. Thus
by the above considerations and [BH99, Corollary 12.22] we obtain that G is the
fundamental group of a complex of groups G(Q) over Q where the local group at
J ∈ Q is PJ (the local group at ∅ ∈ Q is B) and the map φTJ : PJ → PT for J < T
is the inclusion PJ ⊂ PT . Observe that by Lemma 5.1, the complex G(Q) satisfies
the assumptions of Definition 2.1(2).

Moreover, if we let K be the standard panel complex associated to Q (see Defini-
tion 3.1) then one easily verifies that the basic construction D(K,G(Q)) is naturally
homeomorphic to |P|, see [Dav98, §10].

Theorem 5.2. Let G be a group acting properly and chamber transitively on a
building of type (W,S), and let G(Q) be the associated simple complex of groups.
Then D(B,G(Q)) is a model for EG satisfying

dim(D(B,G(Q))) =

{
vcdW if vcdW 6= 2,
2 or 3 if vcdW = 2.

Proof. By the discussion above we get that G acts properly and cocompactly by
isometries on a CAT(0) space |P|. Thus by [BH99, Corollary II.2.8(1)] we get
that |P| ∼= D(K,G(Q)) is a model for EG. By [DMP16, Theorem 5.4] we have
cdG = vcdW . The claim follows from Theorem 3.8. �

Remark 5.3. Observe that since the action of G is proper and cocompact, the
building must have finite thickness or equivalently be locally finite. Note that if
W is a Coxeter group then Theorem 5.2 implies that D(B,W (Q)) is a model for
EW of dimension equal to vcdW (except when vcdW = 2). We remark that in this
case, the basic construction D(K,W (Q)) is the so-called Davis complex ΣW of W
(see [Dav08, Chapter 7]), and the basic construction D(B,W (Q)) is the original
Bestvina complex B(W,S) constructed in [Bes93].

Alternatively, one can also obtain D(B,G(Q)) of Theorem 5.2, by first con-
structing D(B,W (Q)) for the corresponding Coxeter group W and then realising
the building with apartments modelled on D(B,W (Q)).
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A large class of Coxeter groups that is well suited for constructing examples is
the class of right-angled Coxeter groups.

Definition 5.4. Let L be a finite flag simplicial complex. The right-angled Coxeter
group associated to L is the group WL generated by involutions corresponding
bijectively to the vertices of L subject to the relations that two involutions commute
if and only if the corresponding vertices are connected by an edge in L.

Note that every special spherical subgroup of WL is of the form C2
n where the

generators correspond to vertices of L that form an (n−1)–simplex. Thus the poset
Q of special spherical subgroups of WL is isomorphic to the poset of simplices of L
with the additional smallest element added, namely the element corresponding to
the trivial subgroup. Consequently, the complex K = |Q| is equal to the cone on
the barycentric subdivision of L.

Many of the examples presented later in this section are the right-angled Coxeter
groups (or some of their variations).

5.3. Graph products of finite groups. An example of a group acting properly
and chamber transitively on a building is a graph product of finite groups. Let L be
a finite simplicial graph on the vertex set S and suppose that we are given a finite
group Ps for every s ∈ S. Then the graph product G is defined as the quotient of
the free product of groups Ps for s ∈ S by the relations

{[Ps, Pt] if [s, t] is an edge of L}.
In other words, elements of subgroups Ps and Pt commute if and only if there is an
edge [s, t] in L. The group G acts properly and chamber transitively on a building
of type (W,S) where W is a right-angled Coxeter group corresponding to graph
L [Dav98, Theorem 5.1]. Note that there is a surjection G →

∏
s∈S Ps, and its

kernel acts freely on the geometric realisation of the building, which is contractible.
This implies that G is virtually torsion-free. Since by [DMP16, Corollary 5.5] we
have that vcdG = cdG, we conclude that Theorem 5.2 gives a model for EG of
dimension equal to vcdG (except the case where vcdG = 2).

5.4. Concrete examples of Bestvina complex. The Bestvina complex can be
effectively used for computations of Bredon cohomology (with any coefficient sys-
tem) of the associated fundamental group. In particular, this complex is better
suited for computations than the standard complex K. Not only does B have
smaller dimension than K, but almost always it has a simpler cell structure.

Below we present a few examples showing these features of B. All examples are
the right-angled Coxeter groups WL associated to various flag complexes L. In each
case let Q denote the poset of special spherical subgroups and let WL(Q) denote
the associated simple complex of groups. Recall that in this case the complex K is
equal to the cone on the barycentric subdivision of L.

Example 5.5. Let L be a disjoint union of a vertex and an edge. One easily sees
that we have dim(D(B,WL(Q))) = vcdWL = 1 and dim(D(K,WL(Q))) = 2. In
Figure 3 we present basic constructions D(K,WL(Q)) and D(B,WL(Q)).

Example 5.6. The following example shows that besides lower dimension, the cell
structure of B is significantly simpler than the cell structure of K. Let L be a
flag complex which is a hexagon built out of six triangles. In this case we have
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D(K,WL(Q))

K

D(B,WL(Q))

B

Figure 3. Basic constructions D(K,WL(Q)) and D(B,WL(Q)).
Panel complexes K and B are orange.

dim(D(K,WL(Q))) = 3 and dim(D(B,WL(Q))) = vcdWL = 2. Panel complexes
K and B are shown in Figure 4.

B

B〈s3〉

B〈s1,s7〉

K

e

s7
s4

s3 s2

s1

s6s5

K〈s3〉

K〈s1,s7〉

Figure 4. Complexes K and B, and their cell structures. Com-
plex B has one 2–cell, six 1–cells and six 0–cells. Complex K has
thirty-six 3–cells, ninety-six 2–cells, eighty-five 1–cells and twenty-
six 0–cells. Panels of K and B corresponding to subgroup 〈s3〉 are
green. Panels corresponding to subgroup 〈s1, s7〉 are blue.

Example 5.7. Finally, note that the discrepancy between dimensions of K and B
can be arbitrarily large. The extreme example is when L is an n–simplex for n > 0.
Then WL

∼= C2
n+1 and so dim(B) = 0, but dim(K) = n + 1. In order to get an

infinite group WL, let L consist of two n–simplices sharing a common k–simplex
for some 0 < k < n. Then

WL
∼= C2

n+1 ∗C2
k+1 C2

n+1

is a virtually free group, so dim(B) = 1 but still dim(K) = n+ 1.

5.5. Groups with vcdG < cdG and cdG < gdG. Here we show that various
known counterexamples to Brown’s question and the generalised Eilenberg-Ganea
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conjecture (see e.g., [BLN01], [LP17]), are the fundamental groups of simple com-
plexes of groups. In particular, these examples show that the dimension bounds in
Theorem 3.8 are sharp.

Groups with cdG < gdG. Suppose that L is a 2–dimensional acyclic polyhedron
with a finite, non-trivial fundamental group. Let WL denote the right-angled Cox-
eter group associated to a flag triangulation of L, and let WL(Q) denote the cor-
responding simple complex of groups. In this case we have K ∼= C(L′) and thus
dim(K) = 3. By [BLN01, Proposition 5] the polyhedron L does not embed into a 2–
dimensional contractible polyhedron and therefore we have dim(B) = 3 as well (cf.
Remark 3.5). In fact, by [BLN01, Proposition 4] we have cdWL = 2 and gdWL = 3.
Combining this with [DMP16, Theorem 5.4], which says that vcdW = cdW for any
Coxeter group, we obtain the following.

Proposition 5.8. For WL as above we have

2 = vcdWL = cdWL < gdWL = dim(B) = dim(K) = 3.

The proposition in particular shows that the dimension bounds in Theorems 3.8
and 5.2 are sharp. An example of a polyhedron L satisfying the assumptions of the
proposition is given in Example 5.10.

In [BLN01, Proposition 4] the main reason for which gdWL = 3 is that L does
not embed into a 2–dimensional contractible polyhedron. Since this is the same
reason for which dim(B) = 3, the following question seems natural.

Question 5.9. Does there exist a strictly developable simple complex of finite groups
G(Q) with the fundamental group G such that gdG = 2 but dim(D(B,G(Q))) = 3?

Finally, in [Bes93, Remark 2] Bestvina asked whether a Coxeter group W with
vcdW = 2, admits a 2–dimensional complex B. We remark that the groups WL

described above answer this question in the negative.

Groups with vcdG < cdG. Here we present an example of a group for which vcdG =
2 and cdG = 3. This example is a certain finite extension of a right-angled Coxeter
group, and originally is due to Leary and the first author [LP17, Example 1].

Let L be a finite flag simplicial complex and let F be a finite group acting on
L by simplicial automorphisms. This gives an action of F on the right-angled
Coxeter group WL, and thus a semi-direct product G = WLoF . The group G acts
properly on Davis complex ΣWL

. If the action of F on L has a strict fundamental
domain Y , then the action of G on ΣWL

has a strict fundamental domain which
is homeomorphic to the cone C(Y ′). This implies that G is a fundamental group
of a simple complex of groups over a poset corresponding to stabilisers of various
subcomplexes of the fundamental domain C(Y ) (see [BH99, Corollary II.12.22]).
In favourable cases one can describe this poset explicitly and use it to conclude
information about vcdG and cdG.

Example 5.10. We will now outline a construction of an action of the alternating
group F = A5 on a flag 2–complex L which is a triangulation of the 2–skeleton
of the Poincaré homology sphere (see for example [LP17, Example 1]) in order to
illustrate the underlying simple complex of finite groups G(Q).

For the 1–skeleton L(1) take the barycentric subdivision of the complete graph
on five vertices v1, . . . , v5 with the permutation action of A5. The group A5 has
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twenty-four elements of order 5. They split into two conjugacy classes of size 12.
Every element of order 5 is conjugate to its inverse. We fix one of these conjugacy
classes and note that this gives six inverse pairs of 5–cycles {σ1, σ

−1
1 }, . . . , {σ6, σ

−1
6 }.

Define L, by attaching six 2–cells p1, . . . , p6 using the 5–cycles σ1, . . . , σ6 to describe
the attaching maps. Each 2–cell pi is a cone on its subdivided pentagonal boundary
where σi acts by fixing the cone point. The 2–simplices of L are sixty right-angled
triangles on which A5 acts simply transitively.

The fundamental domain for the action of A5 on L is a single right-angled triangle
Y . The fundamental domain for the action of G = WL o A5 on ΣWL

is homeo-
morphic to C(Y ′), the cone on the barycentric subdivision of Y . These domains,
together with the stabilisers of vertices are presented in Figure 5.

{e}

D5 C2 D3

C3

A4

C ′2

F = A5

D5 × 〈s1〉 C2 × 〈s1, s2〉 D3 × 〈s2〉

C3 × 〈s2, s3〉

A4 × 〈s3〉

〈s1, s2, s3〉

C ′2 × 〈s1, s3〉

Figure 5. Fundamental domains Y (left) and C(Y ′) (right) to-
gether with stabilisers of cells and vertices respectively.

By [BH99, Corollary II.12.22] we get that G is the fundamental group of a simple
complex of groups G(Q′), where Q′ is the poset of simplices of C(Y ′) and the local
group at a simplex σ is the intersection of stabilisers of vertices of σ. In this case the
basic construction D(K,G(Q′)) (where K is the standard panel complex associated
to Q′) is homeomorphic to Davis complex ΣWL

. However, the complex G(Q′) does
not satisfy the non-surjectivity assumption of Definition 2.1.(2). To remedy this,
one defines a new complex of groups G(Q) over a new poset Q, roughly speaking,
by identifying elements of Q′ that have the same local group. The simple complex
of groups G(Q) has the same fundamental group G, the standard complex K = |Q|
is homeomorphic to C(Y ′) and the basic construction D(K,G(Q)) is equivariantly
homeomorphic to the Davis complex ΣWL

.
The poset Q has the smallest element U0 whose local subgroup is trivial, and the

panel KU0
is the entire complex K. The subposet Q>U0

is presented in Figure 6.
One verifies that G(Q) satisfies the assumptions of Definition 2.1.(2). This, together
with the fact that D(K,G(Q)) ∼=G ΣWL

is a model for EG implies that we can
apply Proposition 3.6 to calculate cdG.

Proposition 5.11. We have

2 = vcdG < cdG = gdG = dim(B) = dim(K) = 3.

Proof. First we show that cdG = 3. From the description of the poset Q>U0 (see
Figure 6) it follows that

K>U0
= |Q>U0

| = ∂C(Y ′) ∼= S2,
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A5A5

A5

A4 × 〈s3〉

C2 × 〈s1, s2〉C2 × 〈s1〉 C2 × 〈s2〉

C2

D5 D3

〈s1〉 〈s1, s2〉
〈s1, s2, s3〉

〈s1, s3〉

C ′2 × 〈s1〉

C ′2 × 〈s1, s3〉

C2 × 〈s1, s2〉D5 × 〈s1〉 D3 × 〈s2〉

Figure 6. A planar representation of the poset Q>U0
. The poset

Q>U0
is obtained by identifying pairs of green, blue and orange

segments respectively. Assignment of some local subgroups is pre-
sented.

and since H̃2(S2) ∼= Z, by Proposition 3.6 we have cdG > 3. One verifies that

for any other element U ∈ Q, one has dim(K>U ) 6 2 and thus H̃n(K>U ) = 0 for
n > 2. This implies that cdG = 3, and consequently that gdG = dim(B) = 3.

It remains to show that vcdG = 2. For this, note that G = WL o F is a
finite extension of WL so vcdG = vcdWL. Since L is 2–dimensional, acyclic and
it has a finite, non-trivial fundamental group (see [BLN01, Remark, p. 10]), by
Proposition 5.8 we obtain vcdWL = 2. �

5.6. Locally 6–large complexes of groups. Another theory which provides tools
for ensuring (strict) developability of complexes of groups is the so-called simplicial
non-positive curvature. This theory can be seen as a combinatorial counterpart
of the theory of metric non-positive curvature. We refer the reader to [JŚ06] for
a detailed treatment of the subject. The key concept is that of local 6–largeness
(i.e., simplicial non-positive curvature). This is a combinatorial condition imposed
on a simplicial complex X which endows X with many non-positive curvature-like
properties.

In particular, there is a notion of locally 6–large simple complex of finite groups
[JŚ06, Definition 6.2]. Similarly as in the case of non-positively curved complexes
of groups, such complex G(Q) is always developable. Moreover, if K is a locally
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6–large simplicial complex, then the standard development D(K,G(Q)) admits a
structure of a 6–systolic simplicial complex (that is, a simply-connected and locally

6–large) [JŚ06, Theorem 6.1]. It follows by [CO15, Theorem E] that D(K,G(Q))
is a model for EG, where G is the fundamental group of G(Q). Thus Theorem 3.8
applies to G(Q).

On the other hand, the only examples of groups constructed this way are the
simplices of groups [JŚ06, §19]. It is not hard to see that for these, the standard
development is a model for EG of optimal dimension (where G is a fundamental
group of such simplex of groups).

Appendix A. Bestvina complex over a ring R

Here we present a version of the Bestvina complex BR, where R is a suitably nice
ring. The complex BR in general is not contractible, and thus the basic construction
D(BR, G(Q)) is not a model for EG. However, both BR and D(BR, G(Q)) are
R–acyclic and therefore on the level of chain complexes, the basic construction
D(BR, G(Q)) may be seen as a ‘model’ for EG. The main point here is that the
dimension of D(BR, G(Q)) is equal to cdRG, the Bredon cohomological dimension
of G over the ring R. Before making this statement precise we need to recall some
terminology. We refer to [Lüc89] for a detailed account of Bredon cohomology.

Let R be a commutative ring with unit, let G be a discrete group and let F be the
family of all finite subgroups of G. The orbit category OFG (over R) is the category
defined by the objects which are the left coset spaces G/H with H ∈ F and the
morphisms which are G–equivariant maps between the objects. An OFG–module
is a contravariant functor M : OFG → R–Mod. The category of OFG–modules,
denoted by Mod–OFG, is the category whose objects are OFG–modules and whose
morphisms are natural transformations between these objects. A sequence

0→M ′ →M →M ′′ → 0

in Mod–OFG is called exact if it is exact after evaluating in G/H for each H ∈ F .
Let M ∈ Mod–OFG and consider the left exact functor

HomF (M,−) : Mod–OFG→ R–Mod : N 7→ HomF (M,N),

where HomF (M,N) is the R–module of all natural transformations from M to N .
The module M is said to be a projective OFG–module if and only if this functor
is exact. The module F ∈ Mod–OFG is said to be a free OFG–module if F ∼=⊕

K∈I R[mapG(−, G/K)] for some subset I ⊆ F . It is not difficult to check that
free modules are projective. It can also be shown that Mod–OFG contains enough
projective modules to construct projective resolutions. The resulting Ext–functors
ExtnOFG(−,M) will have all the usual properties. The n–th Bredon cohomology of
G over R with coefficients M ∈ Mod–OFG is by definition

Hn
F (G,M) = ExtnOFG(R,M),

where R is the functor that maps all objects to R and all morphisms to the identity
map. The Bredon cohomological dimension of G over R is defined to be

cdRG = sup{n ∈ N | ∃M ∈ Mod–OFG : Hn
F (G,M) 6= 0}.

Given a G–CW–complex X, a Bredon module

Cn(X,R)(−) : OFG→ R–Mod
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is defined as

Cn(X,R)(G/H) = Cn(XH , R),

where C∗(−, R) denotes the cellular chains with coefficients in R. Note that, in this
way, the augmented cellular chain complex over R of any model for EG yields a
free resolution of R which can then be used to compute H∗F (G,−). It follows that
cdRG 6 gdG.

Theorem A.1. Let G(Q) be a strictly developable simple complex of finite groups
with the fundamental group G, and let R be either a prime field or a subring of Q
that contains 1. Then there is a panel complex (BR, {BR

J }J∈Q) over Q such that

(1) there is a chain homotopy equivalence of Bredon chain complexes

C∗(D(BR, G(Q)), R)→ C∗(D(K,G(Q)), R).

(2) if D(K,G(Q)) is a model for EG then dim(D(BR, G(Q))) = cdRG and the
Bredon chain complex C∗(D(BR, G(Q)), R) gives a free resolution of R of
length equal to cdRG.

Both, the construction of the complex BR, and the proofs of parts (1) and (2)
of the above theorem are analogous to the constructions and proofs performed in
Sections 2 and 3. The general principle is that at any step one replaces ‘con-
tractible’ with ‘R–acyclic’ and instead of considering homotopy equivalences of
CW–complexes, one considers chain homotopy equivalences of chain complexes.

Outline of the proof of Theorem A.1.

Step 1. Definition of the complex BR.

To define BR we proceed the same as in Definition 3.2, except that instead of
taking a contractible polyhedron, we take a compact R–acyclic polyhedron of the
smallest dimension that contains ∪J<J ′BR

J′ . By [LS11, Lemma 24] the condition
for existence of such polyhedron of dimension equal to dim(∪J<J ′BR

J′) = n is that

H̃n(∪J<J ′BR
J′ , R) = 0.

Note that as opposed to Proposition 3.4, here we allow n = 2. Consequently,
proceeding as in Proposition 3.4 we obtain

(A.1) dim(BR) = max{n ∈ N | H̃n−1
(
∪J<J ′ BR

J′ , R
)
6= 0 for some J ∈ Q}.

We remark that the assumption that R is a prime field or a subring of Q that
contains 1 is needed in [LS11, Lemma 24].

Step 2. Existence and homotopy uniqueness of panel maps f : C∗(B
R, R) →

C∗(K,R) and g : C∗(K,R)→ C∗(B
R, R).

For chain complexes C∗(X,R) and C∗(Y,R) over panel complexes (X, {XJ}J∈Q)
and (Y, {YJ}J∈Q) by a panel chain map we mean a chain map f : C∗(X,R) →
C∗(Y,R) that for any panelXJ restricts to a chain map fJ : C∗(XJ , R)→ C∗(YJ , R).

Recall that a chain homotopy between chain maps f, g : C∗(X,R)→ C∗(Y,R) is
a sequence of maps ψn : Cn(X,R) → Cn+1(Y,R) such that for any n > 0 we have
fn−gn = dψn +ψn−1d, where fn (resp. gn) denote the restrictions of f (resp. g) to
Cn(X,R). We say that {ψn}n>0 is a panel chain homotopy if for every panel XJ

the map ψn restricts to the map ψn|J : Cn(XJ , R)→ Cn+1(YJ , R).

We have the following chain complex-analogue of Lemma 2.4.
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Lemma A.2. Let (Y, {YJ}J∈Q) be a panel complex over Q such that for every
J ∈ Q the panel YJ is R–acyclic. Then for any panel complex (X, {XJ}J∈Q) there
is a panel chain map C∗(X,R) → C∗(Y,R) which is unique up to panel chain
homotopy.

Proof. The proof is essentially the same as that of Lemma 2.4. We define the
map on the basis of C∗(X,R) (i.e., on cells of X) and then extend it R–linearly to
C∗(X,R). In order to construct the map one proceeds by induction over panels,
and for a given panel XJ , by induction on the dimension of cells in XJ . At any
step, in order to extend the map to a given cell, one uses the fact that the target
panel YJ is R–acyclic. �

Lemma A.2 implies the existence of claimed maps f : C∗(B
R, R) → C∗(K,R)

and g : C∗(K,R)→ C∗(B
R, R). Moreover, it implies that the composites f ◦ g and

g ◦ f are panel chain homotopic to the identity maps on K and BR respectively.
Let {ψn}n>0 and {φn}n>0 denote the respective chain homotopies.

Step 3. Proof of (1).

First we need the following analogue of Lemma 2.5.

Lemma A.3. Let G(Q) be a simple complex of finite groups over the poset Q and
let (X, {XJ}J∈Q) and (Y, {YJ}J∈Q) be two panel complexes over Q. If C∗(X,R)
and C∗(Y,R) are panel chain homotopy equivalent then C∗(D(X,G(Q)), R) and
C∗(D(Y,G(Q)), R) are G–chain homotopy equivalent.

Here the G–action on C∗(D(X,G(Q)), R) (resp. C∗(D(Y,G(Q)), R)) is induced
by the G–action on D(X,G(Q)) (resp. D(Y,G(Q)).

Proof. The proof is the same as that of Lemma 2.5. �

Given maps f and g and homotopies {ψn}n>0 and {φn}n>0 constructed in Step 2,
Lemma A.3 gives G–chain maps

f̃ : C∗(D(BR, G(Q)), R)→ C∗(D(K,G(Q)), R),

g̃ : C∗(D(K,G(Q)), R)→ C∗(D(BR, G(Q)), R),

and G–chain homotopies

{φ̃n}n>0 : C∗(D(BR, G(Q)), R)→ C∗(D(BR, G(Q)), R),

{ψ̃n}n>0 : C∗(D(K,G(Q)), R)→ C∗(D(K,G(Q)), R).

Since the G–action on C∗(D(BR, G(Q)), R) (resp. C∗(D(K,G(Q)), R)) is induced
by the one on D(BR, G(Q)) (resp. D(K,G(Q)), for any finite subgroup H ⊂
G all the above maps restrict to the subcomplex C∗(D(BR, G(Q))H , R) (resp.
C∗(D(K,G(Q))H , R)), thus ensuring that the restriction

f̃H : C∗(D(BR, G(Q))H , R)→ C∗(D(K,G(Q))H , R)

is a chain homotopy equivalence. One verifies that the restrictions f̃H for various
H ⊂ G are compatible with the morphisms in the category OFG and thus

f̃ (−) : C∗(D(BR, G(Q)), R)(−)→ C∗(D(K,G(Q)), R)(−)

is the required chain homotopy equivalence of Bredon chain complexes.

Step 4. Proof of (2).
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Since D(K,G(Q)) is a model for EG we get that for any finite subgroup H ⊂ G
the fixed point set D(K,G(Q))H is contractible, and thus in particular the chain
complex C∗(D(K,G(Q))H , R) is R–acyclic. By (1) we get a chain homotopy equiv-
alence

C∗(D(BR, G(Q))H , R)→ C∗(D(K,G(Q))H , R)

and therefore the chain complex C∗(D(BR, G(Q))H , R) is R–acyclic as well. Thus
we obtain that C∗(D(BR, G(Q)), R) is a free resolution of R of length equal to
dim(D(BR, G(Q))) = dim(BR).

It remains to show that dim(BR) = cdRG. By (A.1) we have

dim(BR) = max{n ∈ N | H̃n−1
(
∪J<J ′ BR

J′ , R
)
6= 0 for some J ∈ Q}.

Using panel maps f and g constructed in Step 2 of this proof, by restricting them to
C∗(∪J<J ′BR

J′ , R) and C∗(∪J<J ′KJ′ , R) respectively, we get that C∗(∪J<J ′BR
J′ , R)

and C∗(∪J<J ′KJ′ , R) are chain homotopy equivalent. Thus we obtain

(A.2) dim(BR) = max{n ∈ N | H̃n−1
(
∪J<J ′ KJ′ , R

)
6= 0 for some J ∈ Q}.

Note that if R = Z then the right-hand side of the above formula is equal to
(3.3) and thus equal to cdG. The claim is that the same holds for the ring R. For
this we need to show that the formula (3.2) holds over R, i.e., that we have

(A.3) cdRG = max{n ∈ N | H̃n(KΩJ
,K>ΩJ

, R) 6= 0 for some J ∈ Q}.

One verifies that the proof of the above formula in [DMP16, Theorem 5.1] carries
through over R. Given (A.3), by applying Proposition 3.6 (over R) we obtain that
the right-hand side of (A.2) is equal to cdRG. �

Remark A.4. As opposed to B, for BR the equality dim(BR) = cdRG holds also
when cdRG = 2. In particular, the complex B may be different from BZ. Note
that BZ coincides with the complex originally constructed by Bestvina in [Bes93]
in the context of Coxeter groups.

Observe that a 1–dimensional CW–complex is R–acyclic if and only if it is con-
tractible. Thus if cdRG 6 1 we get that BR = B and hence cdG 6 1. Therefore
we obtain the following strengthened version of Theorem 4.8.

Corollary A.5. Let G(Q) be a strictly developable simple complex of finite groups
over the poset Q with the fundamental group G. Suppose that D(K,G(Q)) is a
model for EG and that cdRG 6 1. Then D(K,G(Q)) equivariantly deformation
retracts onto the tree D(B,G(Q)).
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