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ABSTRACT
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TIME-DOMAIN DGM FOR TURBOFAN EXHAUST NOISE PREDICTIONS

by Michael Williamschen

Over the past fifty years, large strides have been made in reducing aircraft noise pol-

lution. To continue on this trend, and to meet more aggressive noise regulations,

higher-fidelity numerical models must be used early in the design process to accurately

characterize the noise signature of prospective aircraft and engine designs. Predict-

ing turbofan exhaust noise propagation requires a numerical scheme that can model

a highly non-uniform flow-field, has low dispersion and dissipation error, has high

computational e�ciency, and can handle complex geometries. Time-domain nodal

discontinuous Galerkin methods (DGM) have shown success in applications requiring

high spatial accuracy, computational e�ciency, and complex geometry representation.

This thesis further develops the DGM for turbofan exhaust noise applications using

a hybrid approach and solving the three-dimensional (3D) linearized Euler equations

(LEE) in the time-domain. A parallel, 3D implementation of the above scheme is out-

lined and the accuracy and e�ciency are verified. Challenges in applying the scheme

to engineering applications are addressed. The relationship between accuracy and

computational cost is investigated using a dispersion analysis of the scheme. Compli-

cations involving modeling of the highly non-uniform exhaust flow-field are addressed,

including developing a new dispersion analysis of the LEE to study the formation and

growth of aliasing-driven instabilities in shear layers, and the impact of the mean flow

representation accuracy on the acoustic solution. A mapping procedure used to inter-

face the mean flow solver with the aeroacoustic solver is discussed, and extended to the

treatment of mean-flow boundary-layers that are unresolved on the acoustic mesh. Ad-

dressing the robustness and e�ciency of the method, compact analytical source terms

are developed that exploit the numerical flux between elements and band-limited source

terms are investigated to reduce the number of computations required for an analy-

sis. The numerical scheme is applied to the problem of scattering of fan tonal noise

by noise-reducing chevrons on the bypass duct, considering a realistic geometry and

flow-field.
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Nomenclature

h characteristic element size

�t time-step

p polynomial order

⌦ volume region

� surface region

⇢, ⇢0, ⇢� density, fluctuating density, and mean density

~v = uı̂+ v|̂+ wk̂ velocity

~v0 = u0ı̂+ v0|̂+ w0k̂ fluctuating velocity

~v� = u�ı̂+ v�|̂+ w�k̂ mean velocity

(⇢u)0, (⇢v)0, (⇢w)0 fluctuating x, y, and z momentum

p, p0, p� pressure, fluctuating pressure, mean pressure

⇡,⇡0,⇡� pressure ratio, fluctuating pressure ratio, mean pressure ratio

c, c� sound speed, mean sound speed

q vector of conserved, fluctuating variables

q� vector of conserved, mean variables

s source term vector

F�,G�,H� x, y, and z flux matrices

W right eigenvector matrix of the LEE

⇤ eigenvalue matrix of the LEE
~f , fi LEE flux tensor

f̃ numerical flux vector

 , n nodal basis functions, nth nodal basis function

� test functions

q̄ nodal LEE solution values

q̂ modal LEE solution coe�cients

f̄i nodal values of the LEE flux tensor

s̄ nodal values of the LEE source term

f̂ b nodal values of the numerical flux on face b

�be face b of the computational element, e

Np number of interpolation points in the nodal expansion

13



14 NOMENCLATURE

Nv number of conserved variables

Ne number of elements

Ns number of sides of the element

Nst number of time-integration stages
~k, k wavenumber vector, wavenumber magnitude

! angular frequency

tp period

�x,�y element spacing in x and y



Chapter 1

Introduction

Over the past several decades, aircraft noise reduction has become a significant part

of the design process of new aircraft and airports. Superficially, aircraft noise is an

annoyance for people living in and around areas of high aircraft tra�c. However, recent

studies into the e↵ects of aircraft noise on people’s mental and physical health have

found links between living near high air-tra�c regions and increased risk of disorders

[1], including potential for cardiovascular and sleep problems [2, 3], and cognitive

impairment [4, 5]. Furthermore, there are economic impacts associated with airport

planning and operation costs, flight re-routing, noise-abatement, aircraft design [6],

and property value [7].

Problems associated with aircraft noise are only expected to increase in the coming

years with higher demand for air transportation expected [8]. Over the next twenty

years, airline passenger tra�c is expected to grow at 4.8% each year, exposing more of

the population to aircraft noise [8]. Therefore, aircraft currently in design will operate

in a stricter noise environment by the time they are in operation, motivating research

into novel noise-reduction strategies to meet aggressive noise reduction targets.

1.1 Sources of aircraft noise

On modern transport aircraft, noise sources come from two broad categories, airframe

noise and engine noise. Airframe noise is generated by the unsteady flow of air over the

exterior geometry of the aircraft. Interactions of the unsteady flow with the wings and

high-lift devices, landing gear, or even with fuselage surface protuberances or cavities,

can generate noise. Airframe noise is predominantly heard on landing and approach

to airports, when the aircraft is at low altitude over populated areas, and the landing

gear and high-lift devices are deployed.

15



16 Chapter 1 Introduction

Turbofan engine noise is generated by both the mechanics of the engine and the air

flowing through it. The periodic pressure field caused by the rotating fan blades as

well as their unsteady wake impinging on static or moving surfaces, can generate tonal

noise which exits the engine through the front and rear. Additionally, at a takeo↵

thrust condition, shock waves may form at the blade tips and propagate forward.

Broadband noise is also present at the fan and is caused by the stochastic fluctuations

associated with turbulence. In the core of the engine, the compressor generates tonal

and broadband noise which propagates through the front of the engine. The combustion

chamber generates mainly broadband noise caused by turbulent mixing and entropy

production associated with combustion, which exits through the rear of the engine.

Tonal noise is again generated by the turbine stages and exits into the exhaust nozzle.

The interaction of the bypass stream and the core streams in the exhaust, generate

mainly broadband noise, caused by the breakdown of vortical flow structures and

turbulence. Furthermore, the presence of shear layers in the exhaust streams cause the

propagating sound waves to refract into the far-field.

The propagation of acoustic waves from the aft of the engine is particularly challenging

to study due to the strong flow and thermodynamic state gradients, and the often

complex geometry in this region. This work is focused on predicting aircraft noise

associated with aft-propagating engine noise. Specifically, detailed understanding of

the engine exhaust noise requires a prediction method that can take into account the

many sources outlined above, as well as the complicated interactions of the sound with

strongly nonuniform flow, and the engine and aircraft geometry.

1.2 Aeroacoustics and motivation

Reducing aircraft noise requires multi-disciplinary collaboration between researchers

studying the driving physics behind noise production and propagation, and researchers

studying aircraft and engine design. This partnership is challenged by the fact that

increasing the performance of the aircraft, e.g. range and fuel e�ciency, can in some

ways be in opposition to noise reduction. Therefore care must be taken to fully analyze

both the noise impact and performance impact of new design modifications.

Traditionally, the analysis of aircraft noise is studied theoretically, experimentally, and

computationally. Theoretical predictions of noise can involve analytical or empiri-

cal models which include knowledge of the main physical processes involved in the

problems. These theoretical models are typically used to gain an understanding of

the driving physical features present in a particular problem. As these methods are

analytical or empirical, they o↵er a fast first-step in the aircraft conceptual design
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process. Unfortunately, the detail incorporated into these models is low, and therefore

not su�ciently accurate for the prediction of noise required later in the design stages.

Experimental studies of aircraft noise seek to record the actual production and e↵ects

of noise by studying the true physical processes. These can include both small-scale

studies of representative models or even full-scale studies, evaluating the noise of real

aircraft. These studies are limited however, by the accuracy and detail of the measure-

ments and the high cost of experiments, in terms of both time and money. Therefore

experiments must be chosen carefully so as to minimize the cost, which limits their

e↵ectiveness as a design tool.

The rapid advances in computing power over the past few decades has been a driving

force behind the research into, and practical use of, computational tools for aircraft

noise prediction. Computational tools for aeroacoustics have the benefit of being quite

general, such that they may be used to study many di↵erent types of problems without

redevelopment of the models. As a design tool, they are comparatively inexpensive to

experiments and can typically produce results faster. In addition, numerical studies

are not limited by the number or choice of physical quantities to measure. While

computational tools for aeroacoustics are widely used, they require deep knowledge of

the algorithms and assumptions used in their development and it can also be di�cult

to validate their accuracy in predicting real-world aeroacoustic e↵ects.

While drawbacks can be seen for any of the above prediction tools, it is important to

consider all of them for an aeroacoustic analysis. While computational tools are rapidly

increasing in fidelity with advances in computing power, they must still be compared

with experimental results to ensure that they can reproduce actual physical phenom-

ena. Additionally, theoretical models are useful to verify that the computational tools

can identify the driving physics of a problem and can be used when experimental results

are not available.

1.3 Computational aeroacoustics

Computational aeroacoustics (CAA) emerged from the well-established computational

fluid dynamics (CFD) community in the early 1990’s due to the very specific needs

required for solving aeroacoustic problems [9]. Aeroacoustic problems typically fea-

ture i) time-dependency, ii) disparate spatial scales, iii) disparate temporal scales,

iv) disparate amplitude scales, and v) complex geometries [10].

Time-dependency of aeroacoustic problems is a natural consequence of the underlying

physics. Acoustic waves can propagate with a wide range of frequencies, from fast
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fluctuations to very slow fluctuations of state variables. To capture the full physics of

a problem, long time-integration can be necessary, leading to high computational cost

and strict accuracy requirements. Therefore the computational e�ciency and accuracy

of the numerical method are extremely important.

Far-field propagation of sound leads to strict requirements on numerical accuracy. The

domain of interest is large compared to the acoustic wavelength, which may be multiple

orders of magnitude smaller than the propagation distance, especially at high frequen-

cies. High accuracy requirements for the acoustic waves dictates a fine computational

mesh on a large domain, leading to high computational cost. Additionally, acoustic

waves are often orders of magnitude smaller in amplitude than the fluid convective

amplitudes and therefore high accuracy is necessary to distinguish the acoustic waves.

Generally, the e↵ect of a geometry on sound generation or propagation is desired. How-

ever, when considering the accuracy requirements of the numerical scheme, introducing

a complicated geometry is not straightforward. It is important that the representa-

tion of the geometry is detailed enough such that high accuracy of the scheme is not

negatively impacted. For these reasons, the specific traits of a numerical method for

CAA should include high spatial and temporal accuracy, computational e�ciency, and

complex geometry representation.

1.3.1 Computational aeroacoustics approaches

Approaches for CAA can be classified into two broad categories, direct and hybrid

approaches. A direct approach seeks to solve the full compressible Navier-Stokes equa-

tions directly, with the solution containing the base flow and the perturbations com-

bined. A Direct Numerical Simulation (DNS) considers all scales of the problem, from

the smallest turbulent fluctuations to the largest convective features [11, 12, 13]. Since

the ratio between the largest and smallest length scales can be nearly Re9/4, where Re

is the Reynolds number, typically in the tens of millions for commercial aircraft, a DNS

of a typical commercial airliner would require prohibitive computational resources to

discretize. An alternative to computing all scales of the problem is to perform a Large

Eddy Simulation (LES), which requires only computing the largest turbulent scales of

a problem, while modeling the rest [14, 15]. Even with an LES approach, for aeroa-

coustics applications involving far-field propagation and large Reynolds numbers, it is

still prohibitively expensive for all but the most simple problems. Modeling sources

of sound generated by rotating turbo-machinery is yet even more computationally ex-

pensive. Lattice-Boltzmann [16, 17] approaches use a Lagrangian description of the

flow physics, and can solve for the flow and acoustics e�ciently with low dissipation

and dispersion error, and are well-suited to complex geometries. While these methods
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o↵er an improvement in computational cost over traditional LES, they are still too

expensive to use as an early-stage design tool.

It is therefore apparent that computing the sound sources and propagation together is

too computationally expensive. A hybrid approach seeks to reduce the computational

cost by decoupling the sound propagation from the sound generation. To compute

the sound generation, DNS or LES can be used in a small source region [18] and

then an acoustic analogy, such as Lighthill’s [19], or a simplified form of the Navier-

Stokes equations can be used to propagate the acoustic waves to the far-field [20]. For

engineering applications, where parameter trade studies are performed, DNS and LES

are still too computationally costly for practical problems.

Recognizing that the scale of the acoustic fluctuations are often very small relative to

the convective scales, a linearization of the Navier-Stokes equations about a mean state

can be derived [21]. This linearized form results in a separation of the mean convective

scales from the small perturbations, allowing them to be solved for separately with nu-

merical schemes optimized for each case [10]. This hybrid approach involves computing

a steady-state mean flow field, typically using the Reynolds Averaged Navier-Stokes

(RANS) equations, and either analytically prescribing the acoustic sources, or using

a stochastic method [22] to construct them from the RANS solution. The linearized

Euler equations (LEE)[23], linearized Navier-Stokes equations (LNSE)[24], acoustic

perturbation equations (APE)[25], or linearized potential equations (LPE), can then

be used to propagate the source fluctuations. The LNSE are generally important for

the modeling of viscous dissipation of acoustic energy at small scales, such as by the

small orifices in sound-dampening liners. The APE are a simplified form of the LEE,

permitting no entropy or vorticity solutions. While they are computationally less ex-

pensive to solve than the LEE, their locally-uniform mean flow assumption makes them

unable to model the advection of temperature non-uniformities and vortices, which are

important generators of noise in the exhaust of turbofan engines. The LPE rely on

a potential flow assumption, which is a poor assumption of the rotational flow in the

exhaust.

Solutions to the LEE are in the form of acoustic, entropy, and vorticity modes [26]

and have the advantage of being able to model scattering of entropy and vorticity

fluctuations into acoustic fluctuations. Aside from the disadvantage of being more

computationally expensive to solve than the APE or LPE, the LEE has the potential

for unstable solutions caused by growing undamped vortical modes in shear layers [9],

that can lead to pollution of the acoustic solution. However, these instabilities, which

are dependent on the frequency and shear layer thickness, tend to remain finite in the

exhaust shear layers due to their quickly growing thickness with downstream position

[27].



20 Chapter 1 Introduction

Time-domain and frequency-domain

If one is only interested in the response of the aeroacoustic system to time-harmonic

sources, a great deal of simplification can be a↵orded by solving the problem in the

frequency domain. Frequency domain approaches represent the perturbation variables,

q(~x, t), as Fourier modes,

q(~x, t) = q̂(~x,!)ei!t, (1.1)

where q̂(~x,!) is the complex amplitude of the solution at angular frequency, !, varying

in space only. Inserting the above expression into the governing equations, results

in a system that can be solved directly for the solution amplitudes at the desired

source frequency, without having to consider a transient solution. In addition, shear

layer instabilities can be avoided by solving the problem in the frequency domain

at frequencies that will not excite the shear layer [28]. The practicality of frequency

domain approaches are somewhat reduced as the frequency and computational domain

size increases, due to the increasing size of the linear system and its storage in memory.

Furthermore, direct solvers, which are imperative to use for avoiding shear instabilities,

have di�cultly scaling well with increased distributed computing power. For these

reasons, frequency domain approaches are not often used to solve the LEE, especially

in three dimensions.

Time-domain approaches are required when the aeroacoustic solution is not time-

harmonic, for example with broadband sources or advection dominated problems. In

these approaches, the fully transient response of the aeroacoustic system must be solved

for by discretizing the solution in both space and time. For this reason, when applied

to time-harmonic problems, time-domain methods are generally more computation-

ally costly than frequency-domain methods. However, distributed explicit schemes for

time-domain problems generally scale well, making them more practical for the solution

of high degree of freedom (DOF) problems [29]. Turbofan exhaust noise applications

in three dimensions typically require a large number of DOF, making a time-domain

approach practical. However, choosing discretization parameters for minimizing error

and computational cost can be more di�cult for a time-domain approach due to the

addition of time-discretization error and stability considerations. The time-step must

be small enough to ensure su�cient accuracy of the far-field solution and stability, and

yet as large as possible, since the overall computation time scales linearly with the

number of time-steps. For the above reasons, the time-domain LEE are selected to

model the propagation of turbofan exhaust noise in this work.
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1.3.2 Numerical schemes for the solution of the LEE

Many solution strategies are available to solve the LEE, but following the criteria

defined at the beginning of Section 1.3, the numerical solution scheme must be highly

accurate, to propagate acoustic and hydrodynamic waves from the source to the mid-

or far-field; e�cient and scalable, to allow for the propagation of high-frequency waves

in large domains; and permit complex geometries, to model realistic engines. The

following sections outline various solution schemes that can solve the LEE and their

potential for meeting the above criteria.

Finite di↵erence methods

Historically, finite-di↵erence methods have had the widest popularity in CAA. One

of the first schemes developed specifically to address many of the di�culties outlined

above, was the Dispersion-Relation-Preserving (DRP) scheme by Tam and Webb [26].

The DRP scheme is optimized specifically such that the dispersion relation of the

numerical scheme, the relation between the angular frequency and wavenumber for

time-harmonic solutions, closely approximates the true dispersion relation of the gov-

erning equations. The DRP scheme exhibits high order spatial accuracy and due to its

structured grid and point-wise spatial operators, the method can achieve high compu-

tational e�ciency. The finite-di↵erence method has since been applied to the solution

of many problems in aeroacoustics [30, 31, 32, 33, 34, 35]. However, a major disad-

vantage of standard finite-di↵erence approaches, is being confined to using structured

meshes. For simplistic problems, structured mesh generation is straightforward, but

for complex, 3D geometries, generating high-quality meshes must be done with mostly

manual input.

Finite volume methods

A popular method in the CFD community is the Finite-volume method (FVM) [36].

This approach directly discretizes the integral form of the conservation laws, and the

solution takes a piecewise-constant form in each element. On the boundaries of the

elements, where the solution is doubly-defined, a Riemann solver [36] is used to find a

unique solution state and couple the solutions in adjacent elements. Since the discrete

equations satisfy the integral form of the conservation laws, they are conservative. Due

to the piecewise-constant solution, the local solution in each element can be updated

with explicit time-integration approaches and unstructured meshes can be readily used.
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While the piecewise-constant solution leads to a flexible and robust scheme, the down-

side is that the error for the standard Godunov scheme [36] converges only at O(h),

where h is the spacing between elements. The accuracy can be improved by using

a high-resolution scheme, computing a more accurate estimate of the solution at the

element boundaries by fitting a polynomial to the solutions over the adjacent elements.

However, this solution reconstruction leads to a less local scheme as the degree of the

polynomial increases, since more surrounding elements are necessary to compute the

fit. In three-dimensions and with an unstructured mesh, this reconstruction proce-

dure makes high-order accuracy costly. Nevertheless, the FVM has been applied to

aeroacoustic problems [37, 38, 39].

Finite element methods

The finite element approach discretizes the solution using globally continuous basis

functions on an unstructured mesh. Due to the global continuity of the basis func-

tions, explicit integration approaches cannot be used, and implicit approaches must be

used instead. Finite element methods (FEM) have been successful in solving frequency-

domain problems, especially for the Helmholtz or convected Helmholtz equations, with

reviews given by Thompson [40] and Astley [9]. Some have applied finite-element meth-

ods to the solution of the LEE in two-dimensions [41, 42, 43], although its use for the

LEE is less popular than time-domain methods, due to the high memory requirements

for construction of the linear system. Polynomial finite-element (pFEM) methods can

achieve high-order accuracy for smooth solutions [44].

A disadvantage of using the finite element method is that solutions to a problem involve

solving and constructing a large system of equations. For three-dimensional problems

with millions of degrees of freedom (DOF), solving the system may be prohibitively

expensive. Recently however, the e�ciency of pFEM approaches has been improved

through adaptive pFEM, which locally adapts the polynomial order in each element

based on local element size [45]. This approach has the e↵ect of equidistributing the

computational e↵ort over the domain at a fixed accuracy level. Another advantage of

this approach is that the same mesh can be used for computing solutions over a wide

range of source frequencies.

Spectral methods are similar to FEM, using global Fourier or Chebyshev series instead

of decomposing the domain into elements with local basis functions [46]. Such meth-

ods achieve spectral decay of the error, O(1/N)N , where 1/N is the normalized grid

spacing, and are highly e�cient [46]. A disadvantage of the spectral method is that

complex geometries are di�cult to incorporate into the scheme without the order of
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accuracy deteriorating. The spectral element method, using high degree polynomials

[47, 48], can achieve spectral accuracy on unstructured meshes.

Boundary element methods

Boundary element methods (BEM) are commonly used for the solution of wave equa-

tions in the frequency domain [40]. Unlike other methods which require discretization

of both the surfaces and volume of the domain, the BEM requires only a surface mesh,

using analytical Green’s functions to relate the geometry and boundary surfaces and

the solution inside the volume. This approach greatly simplifies 3D problems and o↵ers

a way to compute fast solutions to acoustic scattering problems. A strong disadvantage

however, is the requirement of a uniform mean-flow field, and it is therefore not of use

for this work.

Discontinuous Galerkin methods

Over the past 15 years, the discontinuous Galerkin method (DGM) has emerged as

a scheme well-suited for the solution of aeroacoustic problems [49, 50, 51, 52, 53,

24, 29, 54], where high wave-propagation accuracy is critical. Unlike the finite element

method where the approximation space is globally continuous, the DGM uses piecewise-

continuous basis functions, coupling the solutions in adjacent elements with a numerical

flux. The DGM retains the geometrical flexibility of the FEM and the high-order

accuracy of pFEM, but with the advantage of using explicit integration and being

suitable for advection-dominated problems without any additional stabilization. Due

to the duplicated DOF on the boundaries of elements, more DOF are generally required

for DGM to achieve a fixed accuracy level than the FEM. However, for nodal DGM,

the local element solution is only coupled to the neighboring elements through the

DOF on the element boundaries, allowing relatively easy domain decomposition and

parallelization for solving larger problems.

For polynomial basis functions, there are two di↵erent ways of expressing the solution

polynomials, a modal expansion, where the solution DOF are the polynomial coef-

ficients, and a nodal expansion, where the DOF are the solution values at a set of

interpolation nodes on each element [55]. Nodal DGM o↵ers a lower operation count,

since the fluxes can be evaluated by directly using the solution DOF.

For meshes composed of straight-sided simplices, the local element matrices can be

expressed in terms of scaled, reference element matrices, substantially reducing the

memory footprint and allowing e�cient, cache-optimized residual updates [56, 57, 54].

For quadrilateral or hexahedral elements, Gauss-Legendre interpolation points result
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in the discontinuous Galerkin (DG) spectral element method (DGSEM) [13, 58, 12, 59],

which can exploit the tensor structure of the discrete equations to reduce the number

of operations.

While the DGM is a highly e�cient scheme for time-domain governing equations, it

has also been used in the frequency domain for avoiding Kelvin-Helmholtz instabilities

[41, 28], and with physical plane-wave basis functions [60]. A DG approach based on

the Arbitrary high order schemes using derivatives (ADER) approach was developed

by Dumbser and Munz [61]. This method can achieve arbitrarily high order accuracy

in space and time, avoiding the use of high order accurate explicit integration schemes

that require the storage of multiple previous solutions.

Flux reconstruction methods

Over the past decade, flux-reconstruction (FR) methods [62] have seen rapid increases

in development and application. Flux-reconstruction methods discretize the solution

with piecewise-discontinuous basis functions. Using a Riemann solver, a common flux

at element interfaces is found, then polynomial correction functions are added to the

flux to make a C0 continuous flux. Unlike the DGM, the FR method discretizes the

di↵erential form of the governing equations directly. An important feature of flux-

reconstruction methods is their ability recover other schemes such as nodal DGM,

spectral-di↵erence method, spectral-volume method, and correction procedure via re-

construction (CPR) method [63], through di↵erent specifications of the correction func-

tions. By optimizing the correction functions for desired attributes, such as dispersion-

relation accuracy or stability, entirely new schemes can be formulated. In this sense,

nodal DGM is a specific case of a flux-reconstruction method.

1.4 Current state of the DGM

1.4.1 Applications to aeroacoustics

Over the past two decades, the DGM has seen significant development for aeroacoustic

applications. The development of Quadrature-free DGM [56] led to significant re-

ductions in computational cost, allowing the solution of larger aeroacoustic problems.

Atkins and Lockard [49] then demonstrated the ability of the DGM to solve realistic

two- and three-dimensional acoustic scattering problems involving complex geometries

with nonuniform mean flow. Stanescu et al. [50] used the DGM to study the e↵ects

of scattering from an aircraft wing and fuselage. Reymen [53] applied the DGM to

aeroacoustic propagation through a 3D aircraft inlet with acoustic liners.
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More recently, Manera et al. [64] studied broadband and tonal noise propagation

through a turbofan exhaust using a 2.5D formulation of the DGM. Rinaldi et al.

[29] developed an adaptive order DGM for the solution of the linearized Euler equa-

tions (LEE) and the acoustic perturbation equations (APE). Rarata [65] applied time-

domain DGM to turbofan intake aeroacoustics and considered non-axisymmetric inlet

geometries with mean flow distortion on the acoustic propagation. Flad et al. [13]

recently used the DGM to study the generation of airfoil trailing edge noise, by per-

forming a direct numerical simulation of the turbulent scales.

1.4.2 Accuracy and stability

Interpolation error of the method for a polynomial basis was found by Richter [66] to

converge at a rate of O(hp+1), where h is the size of the element and p is the polynomial

order. Accuracy for model wave propagation problems in one and two dimensions has

been studied in detail by Hu et al. [67]. They used a dispersion analysis technique

in which wave-like solutions are sought and their numerical dispersion relations were

compared to the exact dispersion relation. Dissipation error was found to dominate

for the use of an upwind numerical flux. Hu and Atkins [68] extended their dispersion

analysis approach to nonuniform grids and quantified the spectral accuracy of scheme.

They calculated that the dissipation error decays at a rate of O(h2p+2) and the disper-

sion error decays at O(h2p+3). Later, Ainsworth studied the spectral properties more

rigorously for the scalar advection equation [69] for kh⌧ 1 and for large kh, where k

is the wavenumber. Increasing the polynomial order was found to be more beneficial

in terms of accuracy than decreasing the mesh size. In addition, an exponential decay

rate of the error was found for 2p+ 1 ⇡ hk for some constant, . Chevaugeon et al.

[70] applied a similar one-dimensional dispersion analysis technique to the solution of

aeroacoustics problems.

The stability restriction of the DGM for Runge-Kutta time-integration was found by

Cockburn et al. [71] to be

�t 
h

f(p)|c|
(1.2)

where �t is the time-step, f is some increasing function of the polynomial order and

c is the maximum wave-speed. Kubatko et al. [72] derived a Courant-Friedrichs-Lewy

(CFL) condition for polynomial orders up to 3 for the strong stability preserving (SSP)

Runge-Kutta scheme. Measures of triangle size and anisotropy were studied. Toulorge

and Desmet [73] studied the linear stability of several Runge-Kutta DGM schemes for

a range of element shapes and sizes. They found that the upwind flux allows larger

time-steps than the Lax-Friedrichs flux and that CFL conditions for local stability are

generally too restrictive.
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1.4.3 E�ciency

While the DGM has been in use since the mid-1970’s, its practicality was greatly

improved in the mid-1990’s after the development of the quadrature-free DGM by

Atkins and Shu [56]. The quadrature-free DGM significantly reduces the computational

cost associated with the storage of local element matrices for problems using straight-

sided triangles and tetrahedra. This improvement makes the DGM more competitive

with other methods. The DGM has also been shown to achieve high parallel scaling

[54]. Graphics processing units (GPUs) have also been shown to perform well for DG

applications [74, 75, 76].

The overall computational e↵ort required for a time-domain calculation scales linearly

with the number of time-steps. It is therefore of great interest to maximize the time-

step while obeying stability restrictions. Owing to the high flexibility of the DGM,

several methods have been developed in an attempt to increase the e↵ective time-step

and are discussed below.

Multi-rate time-stepping

The stability condition, Equation 1.2, shows that the time-step size is dictated by the

smallest element and the highest wave speed. One way to circumvent this restriction is

to use a di↵erent time-step in every element, to better distribute computational e↵ort

over the domain. However, to maintain time-accuracy of the scheme, the time-level

of all elements must be synchronized. This constraint poses a load balancing and

communication problem that can require a complex implementation. Liu [77] created

a multi-rate coupling procedure that minimizes dissipation and dispersion errors at

interfaces of di↵ering time-levels and also performed a stability and accuracy analysis of

the method. A parallel multi-rate scheme developed by Seny et al. [78] maximized the

workload of individual processors by appropriately partitioning elements into groups.

Parallel scalability studies showed that the multi-rate scheme has a lower scalability

than the single-rate scheme but o↵ers improved performance for lower numbers of

processors. Dawson et al. [79] applied a parallel multi-rate scheme to the solution of

ocean modeling problems and achieved a 1.5 times speedup compared to a single-rate

scheme. Gödel et al. [74] created an optimal two time-level partitioning method that

was solved on GPUs. In addition to the GPU speedup, Gödel achieved a 1.2 times

speedup with the multi-rate scheme applied to a three-dimensional electromagnetic

simulation.
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Implicit time-marching schemes

As an alternative to the stability-restricted time-step in explicit schemes, implicit time

integration strategies may o↵er improved performance since the time-step is not lim-

ited by stability restrictions. Wang and Mavriplis [80] compared several implicit time-

integration strategies for the unsteady Euler equations. They determined that the

choice of the implicit scheme depends on the desired accuracy versus the desired ef-

ficiency. Kanevsky et al. [81] used an implicit-explicit Runge-Kutta scheme to solve

nonlinear problems. Where the element size was small, an implicit scheme was used

and where the element size was large, explicit time-marching was used. Recently,

Hochbruck et al. [82] evaluated the performance of several implicit schemes for solving

unsteady, linear equations and found that polynomial Krylov methods o↵er the largest

speedup. Both Kanevsky and Hochbruck suggest that the development of e�cient

preconditioners will be required to achieve the largest benefit.

Variable order elements

The maximum stable time-step can be increased by changing the time-integration

scheme, increasing the mesh size, or by decreasing the polynomial order. If the poly-

nomial order is chosen non-uniformly, based on the local accuracy requirements in

each element, the global time-step may be reduced. For example, the smallest ele-

ments may only need a low-order polynomial to achieve the same accuracy level as a

larger element. Houston and Süli [83] created a fully-adaptive DGM for hyperbolic

problems which locally alters the element size and order based on a posteriori error

bound. Remacle et al. [84] also created an h–p adaptive DGM. A disadvantage of such

approaches is the considerable complexity introduced when sharing solution informa-

tion at the interface between elements of di↵ering order [55]. To solve this problem,

Chevaugeon [70] assumed that the mesh is known a priori and the polynomial order in

each element is fixed at a maximum level based on accuracy requirements in the largest

elements. To adapt the polynomial order, Chevaugeon applied a filter to the smaller

elements, projecting the high-order solution onto an optimal lower-order basis which

allowed the use of a larger global time-step, without having to significantly change the

implementation.

1.5 Research direction

The DGM o↵ers high-order accuracy, a simple implementation, and the ability to use

unstructured meshes, making it well-suited for the solution of aeroacoustic problems.
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Furthermore, using the time-domain DGM to solve the LEE has seen widespread pop-

ularity for aeroacoustic applications involving aircraft [49, 50, 51, 52, 53, 24, 29]. This

work will focus on further developing the time-domain discontinuous Galerkin method

for turbofan exhaust noise applications.

The final outcome of this work is to e�ciently apply the DGM to the solution of

a realistic, three-dimensional, exhaust noise prediction problem involving a complex

geometry and realistic mean flow field. To limit the computational complexity, a hybrid

method, solving the LEE in a nonuniform flow, is used. While the DGM has been

applied to turbofan exhaust noise propagation previously [64, 29, 28], demonstrating

that this can be done e�ciently and accurately in 3D has yet to be accomplished to

the best of the author’s knowledge. To reach that goal, several developments must be

made to address the e�ciency and accuracy of the DGM as well as ensure that the

method is robust.

The computational cost of the method depends on the time-step, mesh size, or polyno-

mial order to reach a certain accuracy. Therefore, a priori estimates of the time-step,

mesh size, and polynomial order for aeroacoustic problems are required to achieve

maximum e�ciency. Furthermore, it is important that the relationship between the

choice of parameters, the accuracy, and the computational cost is identified such that

optimal parameters may be chosen for a particular problem.

Applying the hybrid method to exhaust noise problems requires an accurate description

of the exhaust mean flow field to be used as the propagation medium for the acoustic

waves. In this work, the RANS are solved to predict the mean turbulent flow field

expected in the exhaust. Once computed, the RANS flow field must be incorporated

into the LEE model with su�cient accuracy to resolve shear layers and other high-

gradient regions that will refract or scatter the acoustic waves. However, representing

the mean flow at the RANS mesh resolution would lead to excessive computational cost

of the LEE solution, so a compromise between accuracy and cost must be determined.

Nonuniform propagation media also present numerical challenges, such as aliasing er-

ror which can lead to numerical instabilities in marginally resolved computations [55].

Aliasing results from transfer of the energy in unresolved, high wavenumber modes in

the flux, into low wavenumber modes, leading to instability. Aliasing-driven instabili-

ties are especially problematic in solutions to turbofan exhaust noise problems where

shear layer instabilities are present. While aliasing errors have been studied extensively,

the focus has been predominantly on nonlinear governing equations. Aliasing errors

in solutions to linear, non-constant coe�cient governing equations, have received less

attention, but are important for this work. Therefore, a goal of this work is to gain

insight into the aliasing problem for LEE-governed sound propagation in nonuniform

mean flows and to determine the e↵ect of the discretization parameters on the stability.
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For the LEE, source terms are used to model the e↵ect on the system by external forces,

mass injections, and temperature or vortical disturbances. Such sources are responsible

for the generation of sound and can be described empirically, analytically, or can come

from separate simulations. For analytically-described sound sources, such as using

simple solutions to the LEE in an axially-infinite duct to describe tonal noise in the

bypass duct of a turbofan, their numerical implementation presents challenges. Often

these are implemented through absorbing regions at the extents of the computational

domain, requiring that these regions be both good at absorbing outgoing waves and

good at generating the analytical acoustic modes. A goal of this work is to exploit

the upwind numerical flux to accurately generate the desired sources at user-defined,

internal surfaces in the computational domain. Additionally, these analytical sound

sources are often described at a single frequency. While time-domain methods can be

used, obtaining results over a range of source frequencies requires many computations

to be performed. It is advantageous to build the desired frequency range into the

source term and perform a single computation [85]. This work further develops these

sources to be used e�ciently for turbofan exhaust noise applications.

Addressing the di�culties identified above is critical for obtaining accurate and e�cient

solutions. Therefore the main goals for this project are summarized as:

• Analyze the accuracy and computational cost of the DGM for solutions to the

LEE.

• Identify the behavior of aliasing-driven instabilities in DGM solutions to the LEE.

• Understand the relationship between mean flow representation accuracy and the

acoustic solution.

• Develop new source terms to make the specification of acoustic and hydrodynamic

disturbances more straightforward than existing methods.

• Apply the DGM to a realistic turbofan exhaust noise problem using the methods

developed in this work.

To address the above challenges, this thesis is structured as outlined below. Beginning

from first principles, the linearized Euler equations, governing the physics in this work,

are derived and the assumptions leading to their simplification are discussed. The

nodal DGM is applied to the LEE and the boundary conditions, temporal discretiza-

tion, and e�cient implementation on parallel architectures is outlined. The numerical

solution scheme, and its computational e�ciency, are then verified by solving bench-

mark problems in two- and three-dimensions, in Chapter 2. The remainder of the
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thesis can be divided into two parts, one focused on the numerics of the scheme, and

the other on application considerations.

Included in part one, in an e↵ort to better understand parameter choices and their

impact on the accuracy and computational cost of the scheme, a dispersion analysis of

the full two-dimensional LEE is performed in Chapter 3. Targeting aliasing-driven

instabilities in solutions to the LEE, a dispersion analysis technique is developed, per-

mitting a nonuniform mean flow-field, and used to provide insight into the development

of numerical instabilities and the e↵ect of the discretization, in Chapter 4.

In part two, di�culties in applying the time-domain DGM to aeroacoustics applications

are addressed, by first investigating the relationship between the accuracy of the mean

flow representation to the acoustic solution accuracy and then developing a procedure

to e↵ectively map CFD data to the acoustic mesh in Chapter 5. Source terms are

developed in Chapter 6 that provide an e�cient and accurate way to impose common

aeroacoustic sources when a complex geometry and flow-field is present. All of the

developments in parts one and two of this thesis are applied to the problem of scattering

of tonal noise by nacelle chevrons in Chapter 7. First, a parameter study is performed

to characterize the scattering for a simplified turbofan model, and then a detailed

engine geometry and mean flow-field are considered.

1.5.1 Three-dimensional time-domain DGM implementation

The above research goals rely on having a three-dimensional implementation of the

nodal DGM for solving the linearized Euler equations. The implementation in this

work extends a two-dimensional nodal DGM code developed by Gwénaël Gabard at

the University of Southampton. Written in C++ and parallelized using OpenMPI [86],

the two-dimensional implementation o↵ers a solid foundation over which to develop the

three-dimensional code. In addition to implementing the 3D numerical scheme, to allow

the solution of complex engineering problems, other functionalities are implemented,

including,

• curved elements to accurately discretize complex geometries, including the eval-

uation of surface fluxes using cubature rules and load-balancing of the more

computationally costly curved elements,

• bu↵er regions to absorb out-going acoustic, entropy, and vorticity waves while

minimizing unphysical reflections,

• periodic solution filtering to damp unphysical solutions,
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• procedures to map from structured or unstructured CFD data to the interpolation

points on the acoustic mesh,

• pre-processing utilities to import acoustic meshes, define boundary conditions,

set solver parameters,

• source terms for describing sources of sound for realistic aeroacoustic applications,

and,

• periodic exporting of solution data in parallel applications.

The above components can be considered here as the minimum required for the solution

of engineering applications.





Chapter 2

Governing equations and the

nodal discontinuous Galerkin

method

In this chapter, the physical model describing the propagation of sound in non-uniform

flows is discussed, including the assumptions leading to the governing equations for the

problems considered in this work. The discussion begins from the integral conserva-

tion laws for a general, fluid continuum, and derives the linearized form of the Euler

equations that will represent the basis of the numerical model. An analysis of the eigen-

structure of the linearized Euler equations (LEE) is used to illustrate the space-time

behavior of simple solutions. A nodal discontinuous Galerkin discretization is applied

to the LEE and the parallel implementation is discussed. Following the definition of

the numerical solution scheme, several benchmark problems are solved to verify the

implementation and its performance for both serial and parallel applications.

2.1 Integral form of the conservation laws

Consider the fluid element in a continuum shown in Figure 2.1, occupying a volume,

⌦, enclosed by the surface, �. As the fluid element moves, it is subject to normal

and shear stresses acting on the surface and body forces acting on the volume, which

distort the element. By applying the principles of conservation of mass, momentum,

and energy, the e↵ect on the fluid can be described mathematically. For an element

contained in a fluid with a velocity of ~v, and a density of ⇢, applying the conservation

33
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Figure 2.1: Left: fluid element with resultant pressure forces acting on it. Right:
Viscous and body forces acting on the element.

of mass to the element [87] gives,
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assuming there are no sources or sinks of mass. This equation establishes that the time

rate of change of the fluid element’s mass results from the flow of mass into or out of

the volume through the bounding surface. Considering again the stresses acting on

the fluid element in Figure 2.1, in addition to the pressure, p, there are body forces,
~f , such as gravity or electromagnetic forces, and viscous shear stresses, caused by the

fluid viscosity. Applying the conservation of momentum to the fluid element [87] gives,

@

@t

Z

⌦
⇢~v d⌦+

Z

�
~v(⇢~v · d�) = �

Z

�
p d~�+

Z

⌦
⇢~f d⌦+ viscous term, (2.2)

which states that the forces acting on the fluid must be balanced by the time rate

of change of the fluid momentum and its flux through the bounding surface. A third

and final conservation equation can be found through application of the first law of

thermodynamics to the fluid element [87], resulting in,

@

@t

Z

⌦
E d⌦+

Z

�
E ~v · d~� =

Z

⌦
⇢q̇ d⌦�

Z

�
p~v · d~�+

Z

⌦
⇢(~f · ~v) d⌦ (2.3)

+ viscous heat transfer + work by viscosity, (2.4)

where E = ⇢e + 1
2⇢k~vk, is the total energy in the fluid, composed of specific internal

energy, e, and kinetic energy, 1
2⇢k~vk. The first term on the right hand side of 2.3

is the volumetric heat addition, where q̇ is the specific heat transfer rate, and the

second and third terms are the work done on the volume by pressure and body forces,

respectively. These integral equations describe the physical laws governing the fluid

in a very general form. The next step is to simplify the equations for the physical

applications considered in this work and obtain a di↵erential form of the governing
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equations which will be discretized and form the basis of the numerical model.

2.1.1 Modeling assumptions

Since this work focuses mainly on the propagation of small disturbances in the ex-

haust of turbofan engines, the governing equations can be simplified to reduce the

computational e↵ort. The inclusion of viscosity adds complexity to the model, namely

nine additional forces acting on the fluid element plus the addition of terms in the

energy balance associated with heating and work due to friction. This imposes stricter

mesh requirements to resolve fine-scale flow structures resulting from the viscous ef-

fects. Viscosity can often be neglected for acoustic propagation applications, since the

propagation distances are short, and high frequency e↵ects are not desired, e.g. above

the threshold for human hearing. Additionally, the flow regime is such that an ideal,

calorically perfect gas can be assumed, so that dissociation e↵ects and phase change

are not important. Since the acoustic disturbances are small and occur rapidly without

heat transfer, the flow is assumed to be isentropic and adiabatic, dS = 0 and q̇ = 0.

Gravitational e↵ects on the air are also negligible such that they too can be neglected.

All of the work in this thesis relies on the important assumption that these acous-

tic disturbances behave linearly. Generally, this assumption is justifiable since the

disturbances are very small relative to the free-stream values and the velocity of the

fluctuations is much smaller than the propagation speed [21]. For example, assume

that the threshold of pain is around 130 dB [88] and consider a plane wave in quies-

cent air at standard atmospheric conditions. Even for this high sound level example,

the maximum pressure amplitude of the acoustic wave and the particle velocity are

only pmax ⇡ 90Pa and umax ⇡ 200mm/s, respectively. These are far smaller than

the standard atmospheric pressure, p1 = 101, 325Pa and sound speed, c1 = 343m/s.

However, the linear approximation may not hold for supersonic flows, such as in the

exhaust jet of a military engine or the intake of a large turbofan with supersonic fan-

tip speeds; very high amplitudes, such as those found in explosions; for long distances

over which wave-steepening is possible; or for flows transitioning to instability. The

assumption of linearity will be applied when deriving the linearized Euler equations in

Section 2.3.

2.2 The Euler equations

Applying the model simplifications defined above results in the conservative Euler

equations, which can be expressed in di↵erential form by application of the divergence
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theorem, resulting in,
@U

@t
+
@F

@x
+
@G

@y
+
@H

@z
= s, (2.5)

where,

U =

2

6666664

⇢

⇢u

⇢v

⇢w

E

3

7777775
, F =

2

6666664

⇢u

⇢u2 + p

⇢uv

⇢uw

(E + p)u

3

7777775
, G =

2

6666664

⇢v

⇢uv

⇢v2 + p

⇢vw

(E + p)v

3

7777775
, H =

2

6666664

⇢w

⇢uw

⇢vw

⇢w2 + p

(E + p)w

3

7777775
, (2.6)

and s represents any sources or sinks in the problem.

The system of equations is closed by the assumption of an ideal, calorically perfect

gas, with the internal specific energy defined as,

e = cvT, (2.7)

where cv is the specific heat of the gas at constant volume, and T is the temperature,

related to density and pressure through the ideal gas law,

p = ⇢RT, (2.8)

where R is the specific gas constant. The Euler equations can also be expressed in

terms of the primitive variables, ⇢, u, v, w, and p, in the form,

D⇢

Dt
+r⇢ =0, (2.9)

⇢
Du

Dt
+
@p

@x
=0, (2.10)

⇢
Dv

Dt
+
@p

@y
=0, (2.11)

⇢
Dw

Dt
+
@p

@z
=0, (2.12)

Dp

Dt
+ ⇢c2~r · ~v = 0, (2.13)

where the substantial derivative is defined as,

D

Dt
=

@

@t
+ ~v · ~r. (2.14)
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2.2.1 Alternative formulations of the energy equation

It is possible to express the energy equation in alternate forms which may be more

convenient when implementing it in the numerical scheme. One form replaces the

energy equations with the conservation of entropy and the other is in the form of a

conservation equation for a pressure ratio variable. Both of the forms rely on the

assumption of isentropy and will only apply to smooth solutions.

2.2.1.1 Entropy conservation equation

One such replacement for the energy equation can be obtained as a conservation law

for entropy. Replacing the total energy by the expression, E = ⇢e + 1
2⇢k~vk, and

then applying the continuity and momentum equations in conservation and primitive

form, the conservation equation for total energy can be replaced by a non-conservative

equation in terms of specific internal energy,

⇢
De

Dt
+ p~r · ~v = 0. (2.15)

From the first and second laws of thermodynamics, the specific internal energy can be

related to specific entropy, s, with no heat addition as,

Tds = de+ p d

✓
1

⇢

◆
, (2.16)

which may also be written in terms of the substantial derivative,

⇢
De

Dt
= ⇢T

Ds

Dt
+

p

⇢

D⇢

Dt
. (2.17)

Substituting the above expression into 2.15 and applying the continuity equation, the

conservation equation for total entropy, S = ⇢s,

@S

@t
+ ~r · (S ~v) = 0, (2.18)

is obtained. This is valid only for smooth solutions to the Euler equations.

2.2.1.2 Conserved pressure ratio equation

Another form of the energy equation can be found starting from the primitive equation

for pressure 2.13,
Dp

Dt
+ ⇢c2~r · ~v = 0, (2.19)
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and looking for a conserved quantity, ⇡, such that,

@⇡

@t

@p

@⇡
+ (~v · ~r⇡)

@p

@⇡
+ ⇢c2~r · ~v = 0, (2.20)

or,
D⇡

Dt
+
@⇡

@p
⇢c2~r · ~v = 0. (2.21)

For ⇡ to satisfy a conservation equation, it is required that,

@⇡

@p
⇢c2 = ⇡, (2.22)

or,
d⇡

⇡
=

dp

�p
. (2.23)

After integrating both sides, the above expression becomes,

ln

✓
⇡

⇡1

◆
=

1

�
ln

✓
p

p1

◆
, (2.24)

where ⇡1 and p1 are constants. Therefore the conserved variable becomes,

⇡ = ⇡1

✓
p

p1

◆1/�

, (2.25)

which gives the conservation equation,

@⇡

@t
+ ~r · (⇡~v) = 0. (2.26)

This alternative to the conserved total energy equation is attractive for its simplified

form after linearization. Therefore this replacement of the energy equation will be used

in the numerical implementation. Note that this variable is similar to the variable

defined by Goldstein [89].

2.3 The linearized Euler equations

Now that the form of the nonlinear governing equations is defined, a linearization of

the conservative equations is introduced. A change of variables is made, replacing the

density, momentum, pressure, and the new variable, ⇡, by a mean value around which
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the equations are linearized, plus a fluctuating value,

⇢ =⇢� + ⇢0

⇢u =⇢�u� + (⇢u)0

⇢v =⇢�v� + (⇢v)0

⇢w =⇢�w� + (⇢w)0

⇡ =⇡� + ⇡0

p =p� + p0, (2.27)

where, {·}�, indicates a mean-flow quantity, and {·}
0 , indicates a fluctuating quantity.

It is assumed that the fluctuating variables are much smaller than the mean variables so

that any products of fluctuating variables can be neglected. The fluctuating conserved

variables are related to the primitive variables by,

(⇢u)0 =⇢0u� + ⇢�u
0

(⇢v)0 =⇢0v� + ⇢�v
0

(⇢w)0 =⇢0w� + ⇢�w
0

⇡0 =p0
⇡�
� p�

= p0
⇡�
⇢�c2�

. (2.28)

Substituting the change of variables into the Euler equations and setting to zero any

products of the fluctuating variables, results in the system of equations,

@q

@t
+
@F�q

@x
+
@G�q

@y
+
@H�q

@z
= s, (2.29)

where q = [⇢0, (⇢u)0, (⇢v)0, (⇢w)0,⇡0]| is the vector of conserved variables, and F�, G�,

and H� are the flux matrices in the x, y, and z directions, given by,

F� =

2
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, G� =

2
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�u�v� v� u� 0 0

�v2� 0 2v� 0 c2�⇢�
⇡�
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3

77777775

,

H� =

2

66666664

0 0 0 1 0

�u�w� w� 0 u� 0

�v�w� 0 w� v� 0

�w2
� 0 0 2w�

c2�⇢�
⇡�

�⇡�w�/⇢� 0 0 ⇡�/⇢� w�

3

77777775

, (2.30)
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respectively. A vector, s, is added to the right hand side of Equation 2.29 to represent

any sources present in the problem.

2.3.1 Eigenstructure of the LEE

While the above system of equations models the propagation of small disturbances

over a mean flow-field, the structure of the solutions is not immediately apparent.

Since Equation 2.29 is a hyperbolic system, perturbations to the solution variables

travel along characteristic curves at specific propagation speeds. By performing an

eigenstructure analysis of the equations, these wave speeds and characteristics can be

determined, giving insight into how a given set of initial conditions evolves in time and

space. The following discussion follows directly from the theory of hyperbolic systems.

Defining an arbitrary unit normal direction, n̂ = nxı̂ + ny |̂ + nzk̂ , where ı̂, |̂, k̂, are

the unit vectors associated with the x, y, and z directions, the normal flux matrix is,

F�,n = F�nx +G�ny +H�nz. (2.31)

Along the normal direction, the LEE become,

@q

@t
+
@F�,nq

@xn
= 0, (2.32)

which can be written in advection form as,

@q

@t
+
@F�,nq

@q

@q

@xn
=
@q

@t
+ F�,n

@q

@xn
= 0. (2.33)

The flux Jacobian can be decomposed into eigenvalues and eigenvectors,

F�,n = W⇤W�1, (2.34)

where the right eigenvectors are given as the columns of,

W =

2

66666664
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nxv�,n 0 �nz u� � nxc� u� + nxc�

nyv�,n �nz 0 v� � nyc� v� + nyc�

nzv�,n ny nx w� � nzc� w� + nzc�

0 0 0 ⇡�/⇢� ⇡�/⇢�

3

77777775

, (2.35)
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and the eigenvalues are the diagonal values of,

⇤ =

2

66666664

v�,n 0 0 0 0

0 v�,n 0 0 0

0 0 v�,n 0 0

0 0 0 v�,n � c� 0

0 0 0 0 v�,n + c�

3

77777775

, (2.36)

for a normal mean flow velocity of v�,n = u�nx + v�ny + w�nz. Defining characteristic

variables as w = W�1q, the normal LEE can be written in terms of these variables,

resulting in,
@w

@t
+⇤

@w

@xn
= 0, (2.37)

which is a set of uncoupled advection equations for the characteristic variables. This

equation is useful in a number of ways, for instance, it describes the solution of the

LEE, q = Ww, as a linear combination of waves, given as the columns of W, with

strengths defined as the characteristic variables, w, and wave speeds defined as the

diagonal values of ⇤. Inspecting the advection equations, the characteristic variables

will evolve in time and space as,

w(xn, t) = w(xn �⇤t, t0) = w0(xn �⇤t). (2.38)

The solution to the LEE at any time t > t0 can then be expressed as,

q(xn, t) = Ww0(xn �⇤t). (2.39)

Therefore the solution at any time is simply a summation of waves defined by W, each

multiplied by the amplitude of the waves, w0, advecting at speeds, ⇤. The fourth

and fifth columns of W represent acoustic waves propagating with speeds v�,n � c�

and v�,n + c�, against and with the mean flow, respectively. Waves associated with

the transport of entropy and vorticity are defined by the first three columns, and

propagate in the direction of the mean flow at the mean flow velocity, v�,n. This

simple analysis shows how simple solutions to the LEE behave in a uniform flow-

field and this information will be used in future sections to formulate aspects of the

numerical solution scheme and the boundary conditions.

2.4 The discontinuous Galerkin formulation

As described in Chapter 1, the discontinuous Galerkin method is an attractive scheme

for solving time-domain aeroacoustics problems, in part due to its ability to achieve
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high-order accuracy on unstructured meshes, and its scalability for the solution of

large problems. The following sections outline the DG scheme used in this work, its

application to the LEE, and its e�cient parallel implementation.

To make the notation more compact, the linearized Euler equations, Equation 2.29 are

written here as,
@q

@t
+
@fi(q)

@xi
= s , (2.40)

where q is the vector of conserved variables, and an index summation convention over

i is used for the divergence of the flux, i.e.,

@fi(q)

@xi
= ~r ·~f , (2.41)

with the tensor, ~f = F�q ı̂ +G�q |̂ +H�q k̂. The computational domain, ⌦, is parti-

tioned into a set of non-overlapping elements, ⌦e 2 ⌦, with no restrictions placed on

the element shape thus far. Defining the approximated solution on element, e, as qe,

a standard weighted residual approach is applied to each element, ⌦e, giving,

Z

⌦e

�|
e

✓
@qe

@t
+
@fi(qe)

@xi
� s

◆
d⌦e = 0, (2.42)

where �e are the piecewise test functions, discontinuous across the element boundaries.

The term involving the flux divergence can then be integrated by parts, to obtain,

Z
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�|
e
@qe

@t
�
@�|

e

@xi
fi(qe)��

|
e s d⌦e +

Z

�e

�|
e fi(qe)ni d�e = 0 , (2.43)

where ni is the normal to the element edge, �e. Due to the discontinuity of the test

functions the solution, qe, at the element boundary, �e, is doubly defined, making the

evaluation of the flux at the boundary uncertain. To ensure conservation, continuity

of the flux is imposed such that,

fi(qe)ni|�e = fi(qe+)ni|�e+ , (2.44)

or that there is some unique flux on the boundary which is evaluated with a combination

of the two solutions on either side of the interface, qe, and qe+, with �e+ as the interface

for element e+. This unique normal flux, f̃(qe,qe+), is denoted as the numerical flux

which replaces fi(q)ni in Equation 2.43 resulting in the weak formulation,

Z
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�|
e
@qe

@t
�
@�|

e

@xi
fi(qe)��

|
e s d⌦e +

Z

�e

�|
e f̃(qe,qe+) d�e = 0 . (2.45)

The specific choice of the numerical flux function is described in more detail in the

following section.
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t

xn

tf

t0
�

v�,n � c� v�,n v�,n + c�

⌦e ⌦e+

Figure 2.2: Evolution of a discontinuous solution state at xn = � from time, t = t0
to t = tf . The wave speeds are indicated by v�,n � c�, v�,n, and v�,n + c�, where the
normal mean flow velocity and sound speed are v�,n and c�, respectively.

The flux divergence term in the weak formulation above can be integrated by parts

once more to obtain the strong formulation,

Z

⌦e

�|
e


@qe

@t
+
@fi(qe)

@xi
� s

�
d⌦e �

Z

�e

�|
e

h
fi(qe)ni � f̃(qe,qe+)

i
d�e = 0 . (2.46)

The strong formulation permits the use of non-smooth test functions, such as Delta

functions [55]. In Section 2.5.1, an appropriate set of basis functions are defined and

the variables are discretized to allow for numerical solutions.

2.4.1 Numerical flux functions for the LEE

The di�culty in formulating a numerical flux lies in how to combine the discontinuous

solution states on adjacent sides of element interfaces, such that it forms a unique

solution state at the interface that is consistent with the governing physics. This is

recognized as the well-known Riemann problem, where knowledge about the temporal

evolution of a piecewise-constant initial condition is used to determine the unique

interface state. Most of the development of flux functions can be attributed to the

finite volume community [36]. The two flux functions used in this work, the upwind

flux, and the Lax-Friedrichs flux, are defined in this section.

To formulate the upwind flux it is beneficial to refer back to the eigenstructure analysis

of the LEE presented in Section 2.3.1. Along a normal direction, pointing from element

⌦e into element ⌦e+, the LEE solution can be decomposed into a summation of waves,

each with a strength and a wave speed. This is illustrated in Figure 2.2 for a mean flow

velocity v�,n > 0, where at the interface between two elements, �, the solution along the

normal direction evolves in time and space as a superposition of acoustic waves with
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speeds v�,n� c� and v�,n+ c�, and entropy and vorticity waves with speed v�,n. Notice

that the entropy, vorticity, and the right-moving acoustic wave are traveling from ⌦e

into ⌦e+ and only the left-moving acoustic wave is traveling into ⌦e. Therefore, it is

logical that the contribution to the flux associated with the right-moving waves should

be computed using qe, and the contribution to the flux associated with the left-moving

waves should be computed using qe+. This is known as upwinding, and it can be

described mathematically by,

f̃(qe,qe+) =
1

2

⇥
F�,n qe + F�,n qe+ + ✓W |⇤|W�1 (qe � qe+)

⇤
, (2.47)

where the matrices, F�,n, W, and ⇤ are defined in Section 2.3.1. The upwinding

parameter, ✓, is a scalar between zero and one which defines the level of upwinding.

For ✓ = 1, this gives the exact upwind flux function for the LEE in one dimension and

for ✓ = 0, the central flux is recovered, which is simply the arithmetic average of the

fluxes computed on either side of the interface. The choice of an upwind or central

flux will influence both the stability and the accuracy of the scheme. In this work, the

fully upwind flux is used unless otherwise noted.

Another choice of flux function is the Lax-Friedrichs flux,

f̃(qe,qe+) =
1

2
[F�,n qe + F�,n qe+ +max (|⇤|) (qe � qe+)] , (2.48)

which can be thought of as a central flux with an added dissipation term proportional

to the maximum wave speed at the interface. In some cases, the simpler expression for

the numerical flux and its additional dissipation can be useful, especially concerning

stability in non-uniform flows, examined in Chapter 4.

2.4.2 Boundary conditions

Enforcement of boundary conditions can be done simply by specifying an appropriate

numerical flux at the boundaries of the domain. In this section, two common boundary

conditions, the hard wall, and the non-reflecting surface are defined based on the

characteristics of the governing equations.

At the boundary of the computational domain, two solution states can be defined, the

internal solution, qint, associated with an element on the boundary, and a fictitious,

“external” state, qext, which can be specified to introduce boundary conditions. This

external solution can be thought of as the value the solution would take in the neigh-

boring element if a neighboring element existed outside of the computational domain.

Since the upwind numerical flux is computed as a function of the two solution states
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on either side of the interface, �, no modifications to the scheme need to happen at

the boundaries.

Hard wall

A hard-wall boundary condition for the LEE is defined such that any incident waves

are completely reflected normal to the boundary surface and there are no out-going

waves. For a non-porous wall, it is required that the flow is not allowed to penetrate

the hard surface, therefore, v�,n is assumed to be zero.

To ensure that the incoming waves are reflected, the momentum vector should be

reflected across the boundary interface. This restriction results in the following ex-

pression for the solution state vector external to the boundary interface,

qext =

2

66666664

⇢0

�(⇢u)0

�(⇢v)0

�(⇢w)0

⇡0

3

77777775

int

, (2.49)

where the subscript, ext, refers to the solution state external to the boundary interface,

and the subscript, int, refers to the use of solution state variables internal to the

domain.

Non-reflecting condition

For a non-reflecting boundary condition, the opposite behavior to the condition above is

desired. Instead of completely reflecting any incident waves, a non-reflecting boundary

condition allows outgoing waves to pass freely out of the domain and requires that no

waves pass back into the domain. In terms of characteristics of the governing equations,

this boundary condition sets the strength of any incoming waves to zero. Similar to the

hard wall case above, the non-reflecting boundary condition can be defined through

the external solution state vector. To force the strength of any incoming waves to zero,

this condition is implemented as simply,

qext = 0. (2.50)

It is important to note that this boundary condition is only completely non-reflecting

for incident wave fronts parallel to the boundary surface. For waves with high angles

of incidence, spurious reflections will occur. Generally, alternative absorbing boundary
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conditions are used when spurious outflow reflections can pollute the solution. The

next section outlines a bu↵er region which damps out-going waves through application

of a volume source term.

2.4.3 Bu↵er zone for damping outflow disturbances

An alternative way of damping out-going disturbances while generating less reflections

than characteristic boundary conditions, is to apply a bu↵er zone. Bu↵er zones are

regions at the outflow of the computational volume, that progressively damp the nodal

solution values as the disturbances approach the outflow boundary. An explicit bu↵er

zone in similar form to the ones evaluated by Richards et al. [90] and Fattah et al.

[91], is used in this work. In the bu↵er zone, following each time-step, the solution is

modified through application of the damping function,

q(~x) q(~x)(1� �(~x)), (2.51)

where �(~x) is the damping factor, evaluated at the bu↵er zone coordinate, ~x. The

damping factor can be evaluated with the expression,

�(~x) = �max�(~x)
� , (2.52)

where � adjusts the transition rate from the interior of the domain to the outflow

boundary, �max is a coe�cient defining the amount of damping, and �(~x) varies

smoothly from zero at the beginning of the zone to one at the outflow boundary.

An important parameter of the bu↵er zone is its thickness. Generally, the thickness

should be at least as much as the maximum wavelength [90].

The function �(~x) is typically defined manually, based on simplistic bu↵er shapes,

such as rectangular or spherical regions. Arbitrarily-shaped outflow regions make �(~x)

di�cult to define manually, particularly in three-dimensional applications such as when

a curved CAD geometry intersects with the outflow region. In this work, �(~x) is defined

automatically through the solution of the Laplace equation in the bu↵er zone,

@2�

@x2i
= 0, (2.53)

with boundary conditions, � = 0 at the beginning of the bu↵er zone, and � = 1

at the end. Figure 2.3 shows the solution of Equation 2.53 in the bu↵er zone of an

irregularly-shaped, two-dimensional, computational domain. Notice that the solution

handles both sharp corners and curved regions well.
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Figure 2.3: Bu↵er zone variable, �, in an irregular-shaped, two-dimensional, domain.
The start of the bu↵er zone, is outlined in dashed lines, and the end, in solid lines.

2.5 The nodal discontinuous Galerkin method

This section introduces the discretization of the solution variables, allowing the solution

of the LEE to be computed numerically.

2.5.1 Spatial discretization

The discretization of the solution, qe, has thus far been left undefined. Using a poly-

nomial basis, the solution in element, ⌦e, at spatial location, ~x, and at time, t, can be

expressed as the expansion,

qe(~x, t) ⇡
NX

n=1

Pn(~x) {q̂e}n (t), (2.54)

where Pn(~x) is the n-th term of N polynomial basis functions evaluated at ~x, and

{q̂e}n (t) is the n-th coe�cient of the polynomial. This is known as a modal expansion

of the solution, in which the polynomial coe�cients are the unknowns. In this work,

the orthonormal Jacobi polynomials are chosen to ensure good conditioning at high

orders [55]. An alternative way to represent the solution is through a nodal expansion

where,

qe(~x, t) ⇡

NpX

n=1

 n(~x)qe(~xn, t). (2.55)

In the nodal expansion, the Np interpolating Lagrange polynomials,  n, are the basis

functions, and the unknowns are now the interpolated values of the solution, qe(~xn, t),

at specific nodes on the element, ~xn. It is important that the nodes be chosen to

ensure a well-behaved interpolation. For example, choosing equidistant interpolation
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Figure 2.4: Optimized interpolation nodes on a regular tetrahedron, for polynomial
orders 4–7.

nodes can lead to the classic Runge’s phenomenon with spurious oscillations in the

interpolated values. The Legendre-Gauss-Lobatto interpolation nodes are a typical

choice, optimized for a minimal Lebesgue constant. Further information on construct-

ing these nodal sets is given by Hesthaven and Warburton [55]. Examples of these

nodes on tetrahedral elements for a range of polynomial orders are shown in Figure

2.4.

The nodal basis functions are not known explicitly, but can be instead related to the

modal basis through a Vandermonde matrix, V , such that,

q̄e,v(t) = Vq̂e,v(t), (2.56)

where q̂e,v(t) indicates the vector of Np coe�cients for the variable, v, in element,

e. The entries, {V}nj = Pj(~xn), are the polynomials evaluated at the optimized

interpolation nodes. Values of the solution variable, v, at the interpolation nodes in

element, e, are given by the vector, q̄e,v. One has the choice between a modal or nodal

representation of the solution. The nodal form has the advantage that flux evaluations

are less computationally expensive since they can be computed readily with the nodal

values of the solution, while the modal form requires an interpolation first. The modal

form may have advantages for some nonlinear problems [55]. In this work, the nodal

form is used exclusively.

Similarly to the solution, the flux can be expressed as a nodal expansion,

fi ⇡

NpX

n=1

 n(~x) fi(qe(~xn, t)). (2.57)

The above expansion is identical to the expansion of the solution, but it is only accurate

for constant flux matrices. For spatially-varying flux matrices, i.e. a nonuniform mean

flow, the above expression is a collocation projection of the flux onto the nodal basis.

For problems in which the product of the solution and the mean flow terms in the

flux matrices are poorly resolved by the interpolation, aliasing error will occur and
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can have a significant impact on the solution accuracy and stability. This problem is

discussed in detail in Chapter 4. It is also possible to evaluate the flux integrals using

a su�ciently high degree quadrature rule to reduce aliasing, however, the additional

computational cost associated with the evaluation can be prohibitive and therefore is

not considered in this work.

2.5.2 Semi-discrete formulation

In Section 2.4, the test functions, �e, were left undefined. To complete the semi-

discrete scheme, the test functions are taken as the same polynomial basis functions as

the solution is approximated with, and therefore�e =  e, where e are the nodal basis

functions. Now that the test functions and the solution approximation are defined, they

can be substituted into the weak and strong formulations. The vector of nodal solution

values is denoted by, q̄e, with NpNv degrees of freedom (DOF). Similarly, the solution

vector, flux, and the source term at location ~x can be written as an interpolation,

qe(~x, t) =  e(~x) q̄e(t)

fi(~x, t) =  e(~x) f̄i,e(t)

s(~x, t) =  e(~x) s̄e(t)

f̃ b(~x, t) =  e(~x) f̂
b
e (t), (2.58)

where q̄e, f̄i,e, s̄e, and f̂ be are the nodal values of the solution, flux, source term, and

the numerical flux in element, e. Substituting the above interpolation of the solution

for qe in Equations 2.45 and 2.46, leads to,

Z

⌦e

 |
e e

dq̄e

dt
d⌦e =

Z

⌦e

@ |
e

@xi
 ef̄i,e d⌦e �

X

b

Z

�be

 |
e ef̂

b
e d�

b
e +

Z

⌦e

 |
e es̄e d⌦e ,

(2.59)

for the weak form, and,

Z

⌦e

 |
e e

dq̄e

dt
d⌦e = �

Z

⌦e

 |
e
@ e

@xi
f̄i,e d⌦e

+
X

b

Z

�be

 |
e e

h
f̄ bi,eni � f̂ be

i
d�be +

Z

⌦e

 |
e es̄e d⌦e , (2.60)

for the strong form, where the superscripts in the boundary flux integral indicate

evaluation of the integral over element side, b. The nodal values of variable, v, of the

solution, flux, numerical flux, and source term, are selected by, q̄e,v, f̄i,e,v, f̂ be,v, and s̄e,v,

respectively. The vectors of nodal values can be factored out of the above equations
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resulting in the equations for variable, v,

M
dq̄e,v

dt
= Si f̄i,e,v �

X

b

Bb f̂ be,v +Ms̄e,v, (2.61)

for the weak form, and,

M
dq̄e,v

dt
= �S|

i f̄i,e,v +
X

b

Bb
⇣
f̄ bi,eni � f̂ be

⌘
+Ms̄e,v, (2.62)

for the strong form, where the element integrals have been defined as,

{M}m,n =

Z

⌦e

 m n d⌦e, (2.63)

{Si}m,n =

Z

⌦e

@ m

@xi
 n d⌦e, (2.64)

n
Bb

o

m,n
=

Z

�be

 m n d�
b
e. (2.65)

Multiplying Equations 2.61 and 2.62 by M�1, the local divergence and boundary flux

lifting operators for the weak and strong formulations are defined as,

Dw
i =M�1Si, (2.66)

Ds
i =M�1S|

i , (2.67)

Lb =M�1Bb. (2.68)

The semi-discrete equations are in the form ready for temporal discretization,

dq̄e,v

dt
= Dw

i f̄i,e,v �
X

b

Lb f̂ be,v + s̄e,v, (2.69)

for the weak form, and,

dq̄e,v

dt
= �Ds

i f̄i,e,v +
X

b

Lb
⇣
f̄ bi,eni � f̂ be

⌘
+ s̄e,v, (2.70)

for the strong form. Notice that in the above formulations, the element matrices

must be created and stored for each element in the computational domain. For large

problems, the storage and computation of each matrix can be highly costly. The

quadrature-free formulation described later in this chapter provides an e�cient way to

circumvent this problem for simplex elements.
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2.5.3 Temporal discretization and the fully-discrete formulation

The semi-discrete forms, Equation 2.69 and 2.70, considered only the discretization

of the governing equations in space and left the time derivative of the solution,
dq̄e

dt
,

continuous. To complete the scheme, the temporal discretization is now discussed. A

common way of integrating the semi-discrete system of ordinary di↵erential equations

(ODEs) in time is to adopt a method of lines approach. Specifically, explicit Runge-

Kutta approaches are a popular choice. In these approaches, past evaluations of the

solution (in time) are used to update the solution to the next instance in time. In

classic Runge-Kutta schemes, such as the fourth-order accurate, four-stage scheme

(RK4), four evaluations (stages) of the right-hand side of Equations 2.69 and 2.70, are

required at each time-step, and the global solution vector for each of the stages must

be stored.

A popular set of schemes for aeroacoustics are low storage Runge-Kutta schemes, such

as the fourth-order accurate, RK46-L scheme of Berland et al. [92], which requires

storage of only two time-levels of the solution, in exchange for requiring a total of six

evaluations of the residual. For the RK46-L scheme, the solution at time level n + 1

can be obtained from the solution at time level n by,

q̄n+1
e = q̄n

e +
NstX

i=1

�i�tR(q̄n
e ), (2.71)

where i is the stage, Nst is the number of stages, �t is the time-step, �i are optimized

coe�cients, and R is the right hand side of Equations 2.69 and 2.70. The particular

choice of time integration scheme will depend on the relative importance of tempo-

ral accuracy to the computational cost for a given problem. Temporal accuracy and

computational cost considerations are studied in detail in Chapter 3.

Stability considerations

In addition to accuracy and cost considerations, the stability of the time-domain nu-

merical solutions is important to consider. The choice of time-step size largely dictates

the stability of the problem. The global semi-discrete form can be expressed as,

dq̄g

dt
= Aq̄g , (2.72)

where matrix A contains all of the spatial operations for the global problem, and q̄g

is the vector of the DOF for the global problem. A necessary condition for stability is

that the eigenvalues, �, of the semi-discrete operator, A, must be contained within the
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stability region of the particular time integration scheme [55]. That is, for a stability

region, S, the time step, �t, must satisfy,

S � �t� , (2.73)

for stability.

A typical way of estimating a stable time-step is by applying a Courant-Friedrichs-Lewy

(CFL)-type condition [55], such as

�t  C
hf(p)

vc
, (2.74)

where C is a constant, h is some measure of the element size, f(p) is some function

of the polynomial order, taken here as the smallest distance between nodes on the

reference element, and the characteristic velocity, vc is defined as the maximum wave

speed, |~v�|+ c�. This condition is therefore trying to restrict the distance traveled by

a disturbance over a single time-step. Choosing too large of a time step can lead to

instability and lower accuracy, while choosing too small of a time-step leads to increased

computational cost. The time-step is therefore a critical parameter and must be chosen

carefully. At fixed polynomial order, the smallest element with the highest wave speed,

dictates the stability restriction. For meshing complex geometries, care must be taken

so as to not introduce element sizes that are much smaller than required to achieve a

fixed accuracy level, as it will lead to increased computational cost.

2.5.4 Quadrature-free formulation

While the above sections describe a complete DG scheme, the computational cost of

such an approach has not yet been discussed. Previously, element matrices were defined

for each element and were computed with a suitable quadrature rule and then stored.

For problems requiring large numbers of elements to resolve the relevant aeroacoustic

features, a large amount of memory is needed for storage of the element matrices.

Furthermore, calculating each element matrix, even though it happens only once during

every simulation, can take a considerable amount of time.

Atkins and Shu [56] addressed this problem by realizing that for element geometries

with constant Jacobians, i.e. straight sided triangles and tetrahedra, the element ma-

trices can be computed for a single reference element and then only the transformation

Jacobians, mapping from ~x = (x, y, z) to ~r = (⇠, ⌘, ⇣), must be stored for each element.

This approach greatly reduces the overall storage requirements and has additional cost

reduction benefits when vectorization is considered. Examples of reference elements

for the straight-sided triangle and tetrahedron are shown in Figure 2.5. Defining the
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(0, 0, 1)

Figure 2.5: Reference triangle and tetrahedron elements.

element matrices for element, e, as transformed reference element matrices gives,

{M}m,n =|Je|

Z

⌦ref

 m n d⌦ref ,=|Je| {Mref}m,n (2.75)

{Si}m,n =|Je|
@rj
@xi

����
e

Z

⌦ref

@ m

@rj
 n d⌦ref =|Je|

@rj
@xi

����
e

{Sj,ref}m,n , (2.76)

n
Bb

o

m,n
=|�be|

Z

�bref

 m n d�
b
ref =|�be|

n
Bb

ref

o

m,n
, (2.77)

where Je is the transformation Jacobian for element, e, |�be| is the length of side b, and

rj is the reference coordinate system.

Additional benefits of the quadrature-free approach include more e�cient cache and

memory usage by lumping together every element’s residual calculation on a particular

processor into a single, e�cient matrix product. While the quadrature-free approach

leads to significant computational cost reductions, it can only consider straight-sided el-

ements. Near walls or other geometrical features, it is desirable to use curved elements,

since they can accurately represent the geometry without having to substantially in-

crease the local element density.

2.5.5 Implementation

To solve large aeroacoustic problems with millions of DOF, care must be taken to ensure

that the implementation of the scheme is optimized for maximizing computational

e�ciency. The quadrature-free formulation significantly reduces the storage necessary

for the DGM operator, and due to only requiring a few global template matrices, it

can more e�ciently utilize the cache. Coupling the quadrature-free approach with an

e�cient datastructure, such that all DOF and flux evaluations are stored contiguously

in the order of operations, the implementation can take advantage of vectorized matrix

products implemented through the Basic Linear Algebra Subprograms (BLAS) library

[93].
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Quadrature-free vectorized implementation

For each straight-sided simplex element, the equations for the residual update can be

written in the reference element space using template element matrices, common to

all of the elements, and transformed fluxes. This allows the residual update to be

vectorized, updating all elements globally with a single matrix product. To bring the

equations into a vectorized form, the nodal values of the solution, residual, and the

transformed fluxes over all elements are stored in an array, ordered by the nodal index

and element number, and occupying a contiguous region of memory,

Qv =
h
q̄1,v, q̄2,v, . . . , q̄Ne,v

i
, and, (2.78)

dQv

dt
=


dq̄1,v

dt
,

dq̄2,v

dt
, . . . ,

dq̄Ne,v

dt

�
, (2.79)

F̄v =

2

6666666666666666666666666666666664
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, (2.80)

where Ne is the total number of quadrature-free elements and Ns is the number of sides

of the element. Additionally, the reference element matrices are stored contiguously

such that,

D̄ =
h
D{1}

ref , D{2}
ref , D{3}

ref , L{1}
ref , L{2}

ref , . . . L{Ns}
ref

i
, (2.81)

where Di
ref and Lb

ref are the divergence and flux lifting matrices evaluated on the

reference element for reference coordinate direction, ri, and side, b. Updating the

residual for all elements at once is done through the matrix product,

dQv

dt
= D̄F̄v, (2.82)
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for each variable, v. The source term, if required, can be computed and added to the

residual.

2.5.5.1 Non-quadrature-free implementation

For elements with a non-constant Jacobian, it is no longer possible to factor out tem-

plate matrices. Instead, each element matrix must be pre-computed and stored in

memory and the residual updated for a single element at a time. The process is fur-

ther complicated by the boundary flux integrals over the curved sides. In Section 2.5.2,

the numerical flux was discretized through the same nodal expansion as the solution.

Since the numerical flux depends on products of the solution variables with the surface

normal field, it will nonlinearly depend on the element geometry for elements with

curved sides. Also, the surface normal field will generally not be polynomial, and

the collocation projection of the flux, Equation 2.58, will be under-resolved, causing

aliasing errors. If these boundary integrals are treated improperly, they can cause

inaccuracy of the solution and numerical instability [55].

To accurately evaluate the curved boundary integrals, the collocation-projection of the

numerical flux is dropped, and instead, the boundary flux integrals are evaluated using

a quadrature rule. Approximating the boundary flux integral for the weak formulation

with a Nq point quadrature rule results in,

Z

�e

 |
e f̃

b
e,v d�e ⇡

NqX

n=1

 |
e(~�n)f̃

b
e,v(~�n)wn = B{b}

q f̂ be,v(~�), (2.83)

where  e is the vector of nodal basis functions, and ~�n and wn are the n-th quadrature

point location and weight, respectively. The numerical flux evaluated at the quadrature

points, is denoted by f̂ be,v(~�) for variable, v. This implementation uses a symmetric

quadrature rule over each triangular side defined by Cools [94]. Since the numerical flux

is generally non-polynomial, the integration accuracy of the quadrature rule is chosen

to be at least twice that required to integrate a polynomial of the solution order. For

highly nonlinear sides, the integration accuracy may need to be increased. The matrix,

B{b}
q is pre-computed, multiplied by the inverse mass matrix, and then stored for each

curved side, replacing the boundary flux lifting matrix in Equation 2.69. The flux is

evaluated using values of the solution found through the interpolation,

q̄b
e,v = P{b}V�1q̄e,v, (2.84)

with
�
P{b} 

n,m
= Pm(~�{b}

n ), that interpolates the solution to the quadrature points

on side, b. The same procedure can be used to compute the boundary flux integral for

the strong form.
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Figure 2.6: Example two-dimensional mesh partitioned into four sub-meshes.

Distributed memory implementation

The element-local nature of the solution for time-domain DGM, allows for e�cient

decomposition of the computational domain. Partitioning of the mesh is accomplished

through the library, METIS, optimizing the size and connectivity to balance the com-

putational cost [95]. The element connectivity information is represented by a graph,

with elements as vertices and edges representing connections between elements. Us-

ing a k-way graph-partitioning algorithm, N partitions are created, minimizing the

number of edges, or connections, between partitions. This minimizes the amount of

information that must be shared between partitions at each time-step. After parti-

tioning, the elements in each partition are reordered by the inverse Cuthill-McKee

algorithm to improve the adjacency of elements. Since the cost to evaluate the resid-

ual for quadrature-free elements is lower than for non-quadrature-free elements, it is

important to balance the more costly elements across the partitions. This is done to

avoid a single partition limiting the speed of the others. To achieve this, the vertex

weights in the METIS partitioning tool for the non-quadrature-free elements can be

increased to better balance the cost. An example partitioned mesh is shown in Figure

2.6 with each partition highlighted in a di↵erent color. Once partitions are created

and the element geometry and connectivity information for each partition are assigned

to specific processes, the time-integration of the initial conditions can be performed.

Before each update of the local processor’s solution to the next time-level, solution

information must be exchanged with partitions sharing an interface, to allow the eval-

uation of the numerical fluxes. Solution transfer is enabled through the use of the

Message Passing Interface (MPI), implemented in the OpenMPI library [86]. For each

evaluation of the residual, the

• fluxes are evaluated in the element volume and the along the sides,

• fluxes are transformed from the physical element to the reference element (if a

quadrature-free element),
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• source term is evaluated, if required,

• residual is updated individually for each non-quadrature-free element and with

the vectorized implementation for the quadrature-free elements,

• solution is advanced in time,

• solution is interpolated at the quadrature points on the curved sides, and,

• the updated solution at the interfaces of the partitions is transferred via a message

passing procedure if distributed, or stored if it exists in shared memory.

2.6 Verification of the implementation

Now that the numerical scheme and its implementation have been defined, bench-

mark problems with analytical solutions are solved to verify that the implementation

is consistent with the governing physical equations and that the computational perfor-

mance is as expected. Simple free-field propagation problems are solved first, to ensure

that the numerical scheme can accurately simulate the behavior of each LEE solution

mode, discussed in Section 2.3.1. Following the solution of the free-field problems, two

time-harmonic problems with hard-wall boundary conditions are solved, verifying the

curved element treatment and the boundary conditions. Finally, the parallel e�ciency

of the scheme is investigated.

While only basic verification problems are solved in this chapter, additional application-

specific problems are compared to analytical solutions in later chapters. For instance,

propagation through a non-uniform medium in Chapter 5, and the radiation of duct

modes with flow in Chapters 6 and 7.

2.6.1 Acoustic pulse propagation initial value problem

To test the implementation of the DGM, a problem of propagation of a simple dis-

turbance is solved. The problem consists of a one-dimensional acoustic pulse, varying

only in the x-direction and centered at x = x� at time t = 0. The solution is allowed

to develop into two disturbances propagating in opposite directions, with or against a

uniform mean flow. The problem is solved in a two-dimensional computational domain

and a convergence study with mesh size and polynomial order is performed.



58 Chapter 2 Governing equations and the nodal discontinuous Galerkin method

Analytical Solution

Given an initial, Gaussian perturbation of pressure of the form,

F (x) = a exp

✓
�
(x� x�)2

2w2

◆
, (2.85)

the solution will consist of the propagation of left and right moving disturbances. The

width and center of the initial perturbation are given by w and x�, and the initial

amplitude by a. The time-evolution of the solution can be found to be

⇢0(x, t) =
1

2c2�
[F (x� (u� � c�)t) + F (x� (u� + c�)t)],

u0(x, t) =
1

⇢�c�
[F (x� (u� � c�)t)� F (x� (u� + c�)t)], and,

p0(x, t) =
1

2
[F (x� (u� � c�)t) + F (x� (u� + c�)t)],

(2.86)

for the density, x-velocity, and pressure fluctuations, respectively. The velocity fluc-

tuations in the y- and z-directions are zero. The uniform mean flow velocity in the

x-direction and the mean sound speed are given by u� and c�.

Accuracy

To evaluate both the convergence of the error with the element size and polynomial

order, as well as the e↵ect of the time integration scheme on the accuracy, a mesh

convergence study is performed. Two integration times are chosen, tf = 1, and tf = 7.

For tf = 1, and for polynomial orders p = 1 through p = 10, the problem is solved on

successively finer meshes. To attempt to highlight the e↵ects of the time integration, a

CFL of 1, as calculated by Equation 2.74, is chosen. After the final integration time is

reached, the solution is interpolated onto quadrature points within each element and

the relative-L2 error,

kEk2 =

qR
⌦ |qnum � qex|

2 d⌦
qR

⌦ |qex|
2 d⌦

, (2.87)

where qnum is the numerical solution and qex is the exact solution, is evaluated.

Figure 2.7a shows the results of the short time convergence study. The average element

width, h, is non-dimensionalized by the width of the initial disturbance. For small

h/w, each order achieves a O(h/w)p+1 convergence rate, indicating that the solution

is resolved enough for the polynomial interpolation error to dominate and the error of

the time integration scheme is su�ciently small enough to not impact the convergence.
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Figure 2.7: Mesh and order convergence study of a propagating Gaussian pulse in a
channel at two times.

For large h/w, the convergence rate is far less than the theoretical interpolation error

predicts, indicating that other sources of error are present. Errors in wave phase and

amplitude (dispersion and dissipation), which were negligible for the highly resolved

solutions, likely are the dominant sources of error for the large h/w solutions and are

important for practical computations with lower DOF. These errors will be analyzed

in greater detail using a dispersion analysis technique in Chapter 3.

The same procedure is performed again for a time of t = 7 and orders 1 through 6

and the results are shown in Figure 2.7b. At each polynomial order, the theoretical

interpolation convergence rate of O(h/w)p+1 is again reached.

Computational Cost

To assess the impact of the high-order discretization on the computational cost, the

CPU time for the above convergence study is recorded. Each computation is performed

in serial to highlight the relationship between the mesh size, polynomial order, integra-

tion time, and the CPU time, only. All results are computed with a 2.3 GHz Intel Core

i7 processor. Figures 2.8a and 2.8b illustrate the relationship between the L2 error and

the CPU time for times t = 1.0 and t = 7.0. For the high accuracy region, the benefit

of using a high-order discretization is clear, as large reductions in CPU time are seen

by increasing the order. For the lower accuracy region, large cost savings are seen up

to approximately order p = 5, after which, the savings are minimal.
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Figure 2.8: Computational cost study of a propagating Gaussian pulse in a channel at
two times.

2.6.2 Entropy spot advection initial value problem

To test the capability of the three-dimensional DGM implementation to accurately

predict the behavior of the entropy mode of the LEE, an advected, localized entropy

perturbation initial value problem is solved. An entropy spot can represent a localized,

thermal perturbation of the gas temperature, resulting only in changes to density, which

are advected by the mean flow.

In this problem, a Gaussian entropy spot is considered,

⇢0 = Ae

⇣
k~dk
�2

⌘

(⇢u)0 = ⇢0u�

(⇢v)0 = ⇢0v�

(⇢w)0 = ⇢0w�

p0 = 0, (2.88)

where A is the amplitude of the disturbance, k~dk, is the magnitude of the distance to

the initial center of the Gaussian, and � is the width of the Gaussian. After initializing

the density to Equation 2.88, the solution at any instance in time is given simply by,

⇢0 = Ae

⇣
k~d�~v�tk

�2

⌘

(⇢u)0 = ⇢0u�

(⇢v)0 = ⇢0v�

(⇢w)0 = ⇢0w�

p0 = 0, (2.89)



Chapter 2 Governing equations and the nodal discontinuous Galerkin method 61

10�1 100 101

h/�

10�8

10�6

10�4

10�2

100

R
el

at
iv

e
L

2
er

ro
r

1
2

1
3

1
4

1
5

1

6

Order 1

Order 2

Order 3

Order 4

Order 5

Figure 2.9: Mesh and order convergence of the relative L2 error for advection of an
entropy spot.

where ~v� is the mean flow velocity vector and t is the time.

A convergence study of the relative L2 error with increasing mesh size and polynomial

order is used to assess the accuracy of the numerical implementation. Solutions are

obtained with six increasing size meshes and at polynomial orders one through five,

with fixed physical parameters for each case. At a non-dimensional time, t = 0, the

entropy spot is initialized in a Mach number 0.5 mean flow in the x�direction, and

allowed to advect with the mean flow until time t = 20 is reached. The width of the

disturbance is fixed at � = 1 and the initial amplitude fixed to A = 1. The distance

traveled by the disturbance over the time period corresponds to ten widths of the

initial disturbance. At the final instance in time, the relative L2 errors are calculated

in reference to the analytical solution, Equation 2.89 for all variables. Figure 2.9 shows

the results of the convergence study for each mesh and order considered.

As indicated by the gray triangles, increasing the polynomial order has the expected

e↵ect of substantially increasing the convergence rate with mesh size, achieving the

expected O(h/�)p+1 rate for each order. For example, to achieve an error of approx-

imately 2 ⇥ 10�2, the order five solution requires a mesh of only 1, 031 tetrahedra,

compared to a mesh of 54, 000 tetrahedra for the order two solution.

2.6.3 Vortex advection initial value problem

To test the capability of the three-dimensional DGM implementation to accurately

predict the behavior of the vorticity mode of the LEE, an advected, vortex perturbation

initial value problem is solved. With a uniform mean flow, the vortex propagates with
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the velocity of the mean flow and its shape and magnitude remain unchanged. While

the vortex is two-dimensional, the problem still o↵ers an evaluation of the accuracy of

the full 3D implementation since a 3D unstructured mesh is used.

The problem considers an initial vortex perturbation of the form,

⇢0 = 0

(⇢u)0 = Ae

✓
�k~dk2

�2

◆

(y� � y) ⇢�

(⇢v)0 = Ae

✓
�k~dk2

�2

◆

(x� x�) ⇢�

(⇢w)0 = 0

p0 = 0, (2.90)

where A is the amplitude of the velocity disturbance, k~dk, is the magnitude of the

distance to the center, and � is the width. The coordinate (x�, y�) is the center of the

vortex at t = 0. After initializing the variables to Equation 2.90, the solution at any

instance in time is given by,

⇢0 = 0

(⇢u)0 = Ae

✓
�k~d�~v�tk2

�2

◆

(y� � y + v�t) ⇢�

(⇢v)0 = Ae

✓
�k~d�~v�tk2

�2

◆

(x� x� � u�t) ⇢�

(⇢w)0 = 0

p0 = 0, (2.91)

where ~v� is the mean flow velocity vector, u� is the x�component of the mean velocity,

v� is the y�component of the mean velocity, and t is the time from the initialization

of the disturbance.

A convergence study of the relative L2 error with increasing mesh size and polynomial

order is used to assess the accuracy of the numerical implementation. Solutions are

obtained with six increasing size meshes and at polynomial orders one through five,

with fixed physical parameters for each case. At a non-dimensional time, t = 0, the

vortex is initialized in a Mach number 0.5 mean flow in the x�direction, and allowed

to advect with the mean flow until the time t = 20 is reached. The width of the

disturbance is fixed at � = 1 and the initial amplitude fixed to A = 1. The distance

traveled by the disturbance over the time period corresponds to ten widths of the

initial disturbance. At the final instance in time, the relative L2 errors are calculated

in reference to the analytical solution, Equation 2.91. Figure 2.10 shows the results of
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Figure 2.10: Mesh and order convergence of the relative L2 error for advection of a
2D vortex perturbation.

the convergence study for each mesh and order considered. Similar to the results for

the advection of the entropy spot in the previous section, the expected convergence

rate of O(h/�)p+1 is achieved.

2.6.4 Cylinder scattering problem

To evaluate how well the DGM implementation predicts acoustic scattering from

curved, hard-wall geometries, a two-dimensional cylinder scattering problem is de-

veloped. An analytical solution is derived and then used to compare to long time

integration numerical results. The problem, illustrated in Figure 2.11, consists of a

cylinder of radius R, located a distance L from a time-harmonic, distributed source

located at point S, of the form,

f(rs) = e� ln(2) rsw
2

, (2.92)

where w is the source width and rs is the radial distance from the center of the source.

The point, O, is the observer point at which the solution is calculated. The analytical

solution to this problem is given in Appendix A.3.

Results

The cylindrical computational domain of radius 20, shown in Figure 2.12a, is created

with the distributed source of w = 1
5 and frequency ! = 4⇡ centered at the origin.
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Figure 2.11: Cylinder scattering problem definition.
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Figure 2.12: (a): Computational domain of the cylinder scattering problem. Bound-
aries are shown with black lines and the distributed source is shown as a black patch.
(b): Near-field pressure contours at an instance in time.

Characteristic boundary conditions are imposed on all far-field boundaries and a hard-

wall boundary condition is imposed on the surface of the cylinder.

The solution is computed up to the time t = 125, corresponding to 250 periods of the

source. The pressure field of the solution at an instance in time is illustrated in Figure

2.12b. Both the incident field and the scattered field are clearly visible including the

expected shadow region behind the cylinder, opposite to the source.

The analytical solution is computed along the line y = 0 and compared to the numer-

ical solution. Figure 2.13a shows the pressure perturbations along the line, computed

numerically and compared to the analytical solution. The numerical and analytical so-

lutions are in clear agreement. Figure 2.13b shows the root-mean-squared pressure over

a single period. Again, the analytical and numerical solutions are in close agreement.
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Figure 2.13: (a): Pressure perturbation at and instance in time and (b): RMS pressure
over one period. Comparison between the analytical and numerical solutions along the
centerline.

2.6.5 Vibrating sphere boundary value problem

A problem of a vibrating sphere is solved in this section to assess the accuracy of the

three-dimensional implementation when curved elements are used. The radius of the

sphere vibrates with small amplitude like,

d(t) = d� + d0ei!t, (2.93)

where d is the radius, d� is the stationary radius, d0 is the amplitude, and ! is the

angular frequency of vibration. The analytical solution to this problem is given in

Appendix A.4.

Numerical solution

This problem is designed to evaluate the prediction of the acoustic mode of the LEE,

and due to the non-trivial boundary geometry, also evaluate the treatment of curved-

sided elements. Due to the symmetry of the problem, instead of considering a spherical

domain, an eighth of a sphere, with symmetry boundary conditions is used instead.

Two meshes are created, one with linear representation of the sphere, and one with

quadratic representation, to identify the impact of curved elements on the solution ac-

curacy. The propagation medium is defined as quiescent with u� = 0, and with uniform

quantities of mean density, ⇢� = 1, pressure, p� = 1, and sound speed, c� = 1. To con-

sider only small vibrations of the sphere, the maximum radial perturbation is fixed to

d0 = 0.01, giving the resulting velocity of the sphere’s surface as v0(r = d�) = 0.01i!ei!t.

For an angular frequency of ! = 3⇡, the governing equations are integrated until the
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Figure 2.14: Pressure extracted radially outward from the sphere surface. (a): linear
geometry representation. (b): quadratic geometry representation.

time, t = 10, when the acoustic disturbances have reached the domain boundary. To

achieve high accuracy with large elements, the order 6 polynomial basis is used.

Figure 2.14 shows the fluctuating pressure extracted along the radial direction, from the

sphere surface to the end of the domain at the final time, for the linear and quadratic

boundary cases. For the linear boundary case, it is clear that the numerical solution

is shifted in space relative to the exact solution. This behavior can be explained by

the linear representation of the surface. Even though a high polynomial order is used,

the interpolation points are not placed exactly on the surface of the sphere, leading

to an error in the wave’s position. The quadratic boundary avoids the wave position

error by nearly conforming the interpolation points to the sphere’s surface, leading to

a closer agreement to the analytical solution.

2.6.6 Parallel scaling

An important measure of performance for a parallel code is its scalability. The scala-

bility measures to what extent adding additional compute units improves the overall

execution time. The serial execution time, i.e. using a single compute unit, depends

on the processor architecture, such as the clock speed and cache size, and the memory

bandwidth. Additionally, the relative number of quadrature-free and non-quadrature-

free elements will have an impact on the computational e�ciency. The parallel execu-

tion time will depend on whether the problem is solved in shared memory on a single

compute node, or distributed over a cluster of nodes with higher latency communi-

cation between compute units, as well as the load balancing of the problem over the

compute units. Because of the additional overhead associated with parallelization of

the scheme, one can not expect that simply distributing the problem over a factor N



Chapter 2 Governing equations and the nodal discontinuous Galerkin method 67

0 50 100 150 200 250 300

0

2

4

6

8

10

12

14

16

Figure 2.15: Strong scalability of the parallel DG implementation. The speedup is

defined as
T16

TN
, where T16 is the wall time for a one node, 16 core, calculation.

compute units will always result in a factor N speedup relative to the serial execution

time.

A common metric for parallel e�ciency is strong scalability. Strong scalability measures

how much of a speedup is attained when increasing the number of compute units

for a fixed problem size. A perfect strong scaling would imply that doubling the

number of compute units, halves the execution time of the code. To assess the strong

scalability, a problem of an acoustic pulse in a cube domain is solved for a fixed mesh

of approximately 1.3 million tetrahedra of polynomial order of six. Since the execution

time is directly proportional to the number of time-steps taken, a short integration

time can be taken to reduce the execution time for the single node calculation. The

mesh is divided into one partition for each core used. The solution is computed on the

University of Southampton Iridis 4 cluster which uses Intel 2.6GHz Sandybridge CPUs

with 16 cores and 64 GB of memory per node. The inter-processor communication is

facilitated by an Infiniband network.

Starting with a solution to the problem on a single node with 16 cores, additional

solutions are computed using two, four, eight, and sixteen nodes, with 256 cores used

for the sixteen node calculation. Figure 2.15 shows the speedup defined as the ratio

between the execution time on a single node, T16, to the execution time for N cores,

TN . For this range of nodes, the speedup matches closely to the ideal strong scaling

speedup.





Chapter 3

Dispersion analysis of the

discrete linearized Euler

equations

Aeroacoustics problems, such as turbofan noise predictions, require both high accu-

racy, for far-field sound radiation, and high computational e�ciency, for considering

complex, three-dimensional problems. Nodal Discontinuous Galerkin Methods (DGM)

have proven to be popular schemes for the solution of hyperbolic problems where both

high-order accuracy and e�cient scalability to large problem size are required.

When solving complex aeroacoustic problems in the time domain, one is required to

choose the mesh size, polynomial order, and time-step to maximize spatial and tempo-

ral accuracy, to ensure the stability of the numerical solution, and while simultaneously

minimizing the computational cost of the simulation. This chapter seeks to shed light

on the relationships between the physical problem, the accuracy and stability of the

numerical solution, and the computational cost, and also attempts to give guidelines

for the choice of simulation parameters.

The accuracy of the DGM is well known to exhibit an optimal O
�
hp+1

�
convergence

rate of the interpolation, or truncation, error for smooth problems, where h is a measure

of the mesh size, and p is the order of the polynomial basis [55]. For aeroacoustic

problems, it is critical to consider errors associated with the propagation of the waves

in space. These propagation errors are known as dissipation and dispersion error.

Dissipation error causes a reduction in amplitude of the initial wave or disturbance

as it propagates, while dispersion error causes a phase shift. Unlike the interpolation

error, dissipation and dispersion errors are additive; as the waves propagate, the errors

increase proportional to the distance and time traveled. These additive errors are

69
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Figure 3.1: Top: Dissipative and original waves. Bottom: Dispersive and original
waves.

also known as pollution error in the finite-element community [96]. Examples of both

dissipation and dispersion are illustrated in Figure 3.1. The dissipative wave rapidly

decays in amplitude and the dispersive wave’s phase is nearly shifted by half a period

after the wave propagates a short distance. The convergence of the absolute dissipation

and dispersion errors of the semi-discrete DGM are found to follow O(h)2p+2 and

O(h)2p+3, respectively, where h is a measure of the element size [68].

Relation to solving turbofan exhaust noise problems

Since the accuracy level of the numerical scheme depends not only on the wavenumber,

but also the propagation distance, it can be complicated to estimate the accuracy levels

attained in the far-field for all but the most trivial problems. Fan noise, propagating

through the bypass duct of turbofan engines, reflects o↵ of the duct walls, taking

a complicated path through the engine. At the exit of the bypass duct, the sound

waves are scattered, passing up-stream towards the fan as well as out of the duct,

and through the shear layer. Often the fan tonal noise is modeled as eigenmodes

of the duct, such as the single mode shown in Figure 3.2, which rotate around the

duct axis as they propagate axially. Due to the complicated structure of these modes,

the distance traveled by the sound waves is often much longer than the straight-line

distance through the duct. For modes near cut-o↵, the acoustic waves are trapped

and reflect back and forth between the walls of the duct with very little axial group

velocity or energy flux. This example highlights how care must be taken to define the

required accuracy levels for a given problem before using the results of an accuracy
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Figure 3.2: Example of an acoustic mode propagating along a circular duct.

study, such as the one in this chapter, to choose practical discretization parameters for

a computational model.

Dispersion analysis tools

Dispersion analysis techniques, developed for the analysis of wave propagation accuracy

of numerical solution schemes, have been extensively used to study the accuracy of the

DGM. A dispersion analysis analyzes how accurately a numerical scheme predicts the

propagation of simple waves over an infinite, periodic mesh, for varying wavenumber,

frequency, or mesh size. Physically, a dispersion relation of a wave is an equation

relating the wave’s angular frequency to its wavenumber. For the acoustic mode of the

LEE, the relationship between a wave’s angular frequency and its wavenumber is,

k =
!

|~v�| cos(✓)± c�
, (3.1)

where k is the wavenumber, ! is the angular frequency, and |~v�| cos(✓) ± c� is the

propagation speed of the wave at angle ✓ to the mean flow velocity vector. There

exist two waves, propagating with, (+), and against, (�), the mean flow. Entropy

waves, associated with changes in density only, and hydrodynamic waves, associated

with changes in velocity only, follow the dispersion relation,

k =
!

|~v�|
. (3.2)

These disturbances are transported with the mean flow. A dispersion analysis obtains

a numerical dispersion relation for time-harmonic wave solutions of the discretized

governing equations, and compares it to the physical dispersion relation to identify

the approximation error in terms of numerical dispersion and dissipation. Hu et al.
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[67] used one- and two-dimensional dispersion analysis techniques to study dissipation

and dispersion accuracy of the DGM applied to the scalar advection equation and

the mesh-induced anisotropy of the error for fixed wavenumber. Hu and Atkins [68]

then created a new, one-dimensional dispersion analysis technique for fixed frequency

to study the impact of grid non-uniformities on the solution accuracy for a linear

system of equations. Ainsworth [69] derived error estimates of the dissipation and

dispersion for multiple spatial resolutions. Alvarez et al. [97] studied the accuracy and

cost estimates of solutions to Maxwell’s equations in the time domain, using a fully-

discrete, three-dimensional dispersion analysis technique. Chevaugeon [70] developed

a technique to select a spatial discretization that attempted to balance dissipation

error and computational cost. Sármány et al. [98] performed a dispersion analysis of

Maxwell’s equations in one and two dimensions for strong-stability-preserving Runge-

Kutta (SSP-RK) time integration.

The aeroacoustics problems considered in this work are governed by the linearized Eu-

ler equations (LEE), derived in Section 2.3. Therefore, while past dispersion analyses

gave estimates of the performance of the DGM for model problems or Maxwell’s equa-

tions, considering the full linearized Euler equations may provide additional insight

into the performance of the scheme for aeroacoustics applications. The following sec-

tions develop a semi- and fully-discrete dispersion analysis for the LEE in the presence

of a uniform mean flow, then attempt to show the accuracy of the scheme for each

LEE solution mode, estimate the computational cost, and develop guidelines for the

choice of simulation parameters to minimize the computational cost. Finally, the time-

step estimates as provided by the CFL condition, Equation 2.74, are compared to the

maximum-stable time-step in the presence of a mean flow, to assess their performance.

3.1 Dispersion analysis over an infinite, periodic mesh

Consider the two-dimensional patch of triangular elements in an infinite, periodic,

triangular mesh shown in Figure 3.3. Wave-like solutions to the LEE over the periodic

mesh, q ⇠ ei(!t�
~k·~x), are sought, where ! is the angular frequency, and ~k = kx ı̂+ ky |̂

is the wavenumber vector, and ı̂ and |̂ are unit vectors in the x and y directions. The

magnitude of the wavenumber vector is defined as k. The numerical solution in each

element is discretized by nodal polynomial basis functions,

q(x, y, t) ⇡  e(x, y)q̄e e
i!t, (3.3)

where q̄e is the vector of complex nodal solution amplitudes in element, e, and e(x, y)

are the nodal basis functions. In this work, the wavenumber vector is specified as a
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Figure 3.3: Formation of a dispersion analysis over an infinite, periodic, triangular
mesh. Each edge is defined by �be, indicating the local side, b, and the element number,
e.

real number, and the complex angular frequency, predicted by the numerical scheme,

is desired.

Since the mesh is periodic in both the x and y directions and the solution is assumed to

be wave-like, the nodal solution values along the boundaries of the two element patch

can be expressed in terms of a phase relation between the solution amplitudes on the

opposite sides of the patch. For example, the solution along the n-th grid line can be

written in terms of the solution on the n+ 1-th grid line, giving,

q
���
�11

= q
���
�12

eikx�x. (3.4)

Similarly, along the m-th grid line the solution is,

q
���
�21

= q
���
�22

eiky�y. (3.5)

The nodal DG scheme derived in Section 2.5.2 is applied to the elements in the infinite-

periodic mesh in Figure 3.3. For each element, the degrees of freedom (DOF), which in

this case are the solution amplitudes at the interpolation points, are stored as a vector,

q̄e =
h
⇢01, (⇢u)

0
1, (⇢v)

0
1,⇡

0
1, . . . , ⇢

0
Np

, (⇢u)0Np
, (⇢v)0Np

,⇡0Np

i|
, (3.6)

containing degrees of freedom at nodes 1, 2, . . . , Np for each element, e. The degrees of

freedom of both elements are concatenated into a single vector,

Q =

"
q̄1

q̄2

#
. (3.7)
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Now that the discrete solution and computational domain are defined, the semi-discrete

formulation from Section 2.5.2 can be built for the two-element patch. For clarity, the

semi-discrete formulation is developed for each element individually and then combined

to obtain the global expression. Starting with element, e = 1 of Figure 3.3, the semi-

discrete weak form, Equation 2.69, can be written as,

i!q̄1 = (Dw
i,1 ⌦ I) fi,1(q̄1)� (L1

1 ⌦ I) f̃11 (q̄1

���
�11
, q̄2

���
�12
eikx�x),

� (L2
1 ⌦ I) f̃21 (q̄1

���
�21
, q̄2

���
�22
eiky�y),

� (L3
1 ⌦ I) f̃31 (q̄1

���
�31
, q̄2

���
�32
). (3.8)

The internal flux and upwind numerical fluxes are represented by fi,e and f̃ be , respec-

tively, where the superscript, b, indicates which face of the element the flux is evaluated

at. The matrices implementing the divergence of the flux, Dw
i,e, and the boundary flux

lifting matrices for face b, Lb
e, are defined through Equations 2.66 and 2.68. The matrix,

I, is the 4 ⇥ 4 identity matrix and ⌦ is the Kronecker product. The phase relation-

ship between elements e = 1 and e = 2 on opposite sides of the patch, is applied to

the arguments of the numerical flux. The source term appearing in Equation 2.69 is

dropped since sources are not considered in the present dispersion analysis. Following

a similar line of reasoning, the semi-discrete equations for element, e = 2, are,

i!q̄2 = (Dw
i,2 ⌦ I) fi,2(q̄2)� (L1

2 ⌦ I) f̃12 (q̄2

���
�12
, q̄1

���
�11
e�ikx�x),

� (L2
2 ⌦ I) f̃22 (q̄2

���
�22
, q̄1

���
�21
e�iky�y),

� (L3
2 ⌦ I) f̃32 (q̄2

���
�32
, q̄1

���
�31
). (3.9)

To complete the global scheme, the semi-discrete formulations for each of the two

elements should be combined into a single expression in terms of the global solution

vector, Q, and in the form,

i!Q = AQ, (3.10)

where the matrix, A, implements all of the spatial operations of the global semi-

discrete problem. To arrive at the above expression, the fluxes must first be written

in a matrix form, factoring out the solution degrees of freedom. For the internal flux,

the expressions, fi,e(q̄e), can be equivalently written as,

fi,e(q̄e) = Fi,e q̄e, (3.11)
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where Fi,e are the block-diagonal flux matrices in the x and y directions of the form,

F1,e =

0

BBBBBBB@

F�(~xe,1)

F�(~xe,2)
0

0
. . .

F�(~xe,Np)

1

CCCCCCCA

,F2,e =

0

BBBBBBB@

G�(~xe,1)

G�(~xe,2)
0

0
. . .

G�(~xe,Np)

1

CCCCCCCA

,

(3.12)

where F� and G� are defined in Appendix A.1. The coordinate, ~xe,n, is the n-th

interpolation node in the element. The expression for the upwind numerical flux is

more complex due to its dependence on the element’s face DOF and its neighbor’s. In

matrix form, the numerical flux can be written as,

f̃ be =
1

2

h⇣
Fb
n,e + Fb+

n,e

⌘
Te,bq̄e +

⇣
Fb
n,e � Fb+

n,e

⌘
Te+,bq̄e+

i
, (3.13)

for element face, b. The subscript, e+, indicates the neighbor along face b to element,

e. The expressions, Te,b and Te+,b, are diagonal matrices of ones and zeros which

select the p+1 DOF on face b from the element’s solution, q̄e, and its neighbor to face

b, q̄e+, respectively. The normal numerical flux matrix for element, e, is then defined

as,

Fb
n,e =

0

BBBBBBB@

F�,n(~xe,b,1)

F�,n(~xe,b,2)
0

0
. . .

F�,n(~xe,b,p+1)

1

CCCCCCCA

, (3.14)

where ~xe,b,n is the n-th interpolation node on face b of element e, and the matrix, F�,n

is defined in Appendix A.1. Similarly, the matrix Fb+
n,e is defined as,

Fb+
n,e =

0

BBBBBBBBBBBB@

W |⇤|W�1
���
~xe,b,1

W |⇤|W�1
���
~xe,b,2

0

0
. . .

W |⇤|W�1
���
~xe,b,p+1

1

CCCCCCCCCCCCA

. (3.15)

The matrices, W and⇤, are the eigenvectors and eigenvalues of the normal flux matrix,

defined in Appendix A.1. With the fluxes defined, the matrix implementing the spatial
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operations of the DGM on the two-element patch can be written concisely as,

A =

0

BBB@

X

i

(Dw
i,1 ⌦ I)Fi,1 0

0
X

i

(Dw
i,2 ⌦ I)Fi,2

1

CCCA

�
1

2

X

b

0

BB@

�
Lb
1 ⌦ I

� ⇣
Fb
n,1 + Fb+

n,1

⌘
T1,b

�
Lb
1 ⌦ I

� ⇣
Fb
n,1 � Fb+

n,1

⌘
T2,b p1,b

�
Lb
2 ⌦ I

� ⇣
Fb
n,2 � Fb+

n,2

⌘
T1,b p2,b

�
Lb
2 ⌦ I

� ⇣
Fb
n,2 + Fb+

n,2

⌘
T2,b

1

CCA ,

(3.16)

where the constant, pe,b, is the phase relation on element, e, face, b. The phase relation

for face �3e in Figure 3.3, is equal to one, since it is an internal face of the patch. With

the matrix A defined, the semi-discrete numerical dispersion relation, D(!̃, k), can

be obtained by solving for eigenvalues of �iA, which are the 2 ⇥ Nv ⇥ Np numerical

frequencies, !̃, of the approximation, where Nv is the number of conserved variables.

Eigenvectors of �iA give the nodal amplitudes of each numerical solution mode.

The above formulation assumed an analytical ei!t time-dependence of the solution. To

analyze both the spatial and temporal accuracy of the scheme, time-dependency of the

nodal solution values is introduced, such that,

q(x, y, t) ⇡  e(x, y)q̄e(t), (3.17)

and the time-derivative is discretized, rather than specifying the analytical expression.

Discretizing the time-derivative with the low-storage, Runge-Kutta scheme of Berland

et al. [92], the solution at time level, t = t+�t, can be related to the solution at time

t, through,

Qt+�t =

"
I+

NstX

s=1

�s (A�t)s
#
Qt = ARKQ

t, (3.18)

where Qt+�t is the global solution vector at time t = t + �t and Qt is the solution

at time t. The coe�cient of the time integration scheme at stage, s, is given by �s.

The matrix, I, is the identity matrix of size 2NpNv ⇥ 2NpNv, and (·)s implements the

matrix power. The growth factor of the solution over the time-step is defined as,

Qt+�t = gQt. (3.19)

Substituting the above definition into Equation 3.18, gives,

gQt = ARKQ
t, (3.20)
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which is an eigenvalue problem with growth factors as eigenvalues and solution modes

as eigenvectors. Growth factors can then be related to the numerical frequencies

through,

g = ei(!�t+n2⇡), (3.21)

for integer values of n.

Solutions to the LEE are in the form of acoustic, entropy, and vorticity modes. Most of

the modes found by solving the eigenvalue problem are non-physical, spurious modes

that are the result of the discrete form of the governing equations. To identify which

numerical frequencies represent the physical modes, each numerical frequency is com-

pared to the exact frequencies determined by the analytical dispersion relations. Once

the numerical frequencies are found, the errors defined in the following section are

computed.

3.2 Accuracy assessment

This section compares the analytical and numerical values of the angular frequency to

identify the relationship between the choice of the discretization, i.e. the mesh size, h,

the order, p, and the time-step, �t, and the accuracy levels of the numerical solution.

First, a convergence study of the dispersion, dissipation, and L2 error are performed

for the semi-discrete form, and then time discretization is introduced. Mesh e↵ects are

investigated using an error anisotropy study with and without a mean flow field.

3.2.1 Error definitions

Using the two-element dispersion analysis method defined in the previous section for

�x = �y = h, the spatial accuracy of the DGM with changing kh is demonstrated

in this section. By changing kh, the impact of the grid size and wavenumber on the

accuracy can be modeled. The spectral accuracy of the DGM is defined by how well the

numerical frequencies, !̃, predict the exact frequencies governed by the exact dispersion

relation of the LEE. Error in phase, called dispersion error, is caused by di↵erences

between the real part of the numerical frequency and the exact value. In this section,

the dispersion error is reported as a relative dispersion error,

Edp =

����
! � Re(!̃)

!

���� . (3.22)

High dispersion error will result in a phase shift over long propagation distances. Error

in the wave amplitude is caused by dissipation error, and is the result of the numerical
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frequency having a non-zero imaginary part, such that modes either grow, and are

unstable, or decay, and are damped, in time. The dissipation error is reported as a

non-dimensional dissipation rate,

Eds =

����
Im(!̃)

!

���� , (3.23)

that is, the ratio between the imaginary part of the numerical frequency and the exact,

real-valued, frequency.

The solution of the eigenvalue problem, Equation (3.10), for the eigenvectors gives the

nodal solution amplitudes on the two-element patch. Eigenvectors corresponding to

the acoustic, entropy, and vorticity modes can be found and compared to the exact

solutions for each mode. To identify the solution amplitudes, the eigenvector associated

with the closest numerical frequency to the exact dispersion relation, is scaled such that,

qnum = cQ, where c is a complex constant that matches the numerical solution to the

exact solution amplitudes in the least-squares sense. Once the numerical solution mode

is found, it is interpolated onto a set of quadrature points in each element and the L2

error is computed by,

kEk2 =

✓Z

⌦
|qex � qnum|

2 d⌦

◆ 1
2

, (3.24)

where ⌦ is the two-element patch, qex is the exact solution.

3.2.2 Semi-discrete acoustic mode convergence

The spatial accuracy of the DGM is evaluated by performing a convergence study of the

errors defined above for changing kh. As mentioned in Section 2.3, solutions of the LEE

are made up of combinations of acoustic, entropy, and vorticity modes. These solution

modes are also present in the numerical dispersion analysis, but with the addition

of many spurious, non-physical modes caused by the numerical approximation of the

governing equations. The accuracy associated with correctly predicting the dispersion-

relation of the acoustic mode with a zero mean flow is determined in this section. The

following section considers a non-zero mean flow velocity, and compares the acoustic

mode error convergence to that of the entropy and hydrodynamic mode.

The acoustic wave direction is fixed to ✓ = 0, and kh is varied. For each polynomial

order, p = 1 to p = 10, the semi-discrete eigenvalue problem, Equation 3.10 is solved,

and the dissipation, relative dispersion, and L2 errors are recorded. Figures 3.4a-3.4c

show the semi-discrete convergence behavior of the acoustic mode with a zero mean

flow velocity. For each polynomial order, the theoretical relative error convergence
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(a) Dissipation error vs. kh for orders 1-10.
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(c) Solution L2 error vs. kh for orders 1-10.

Figure 3.4: Semi-discrete convergence of the dissipation (a), relative dispersion (b), and
integrated L2 (c) errors with kh for the acoustic mode. Each colored line represents
convergence at a fixed polynomial order.

rates found by Hu and Atkins [68] and Ainsworth [69],

Eds ⇠ O (kh)2p+1 , Edp ⇠ O (kh)2p+2 , kEk2 ⇠ O (kh)p+1 , (3.25)

are plotted as dashed lines. Note that the dissipation and dispersion errors are one

order lower than the absolute errors in [68, 69], due to the definition of relative errors

in this work. In each plot, two regions can be identified for each order, a highly-

resolved region where kh is small and the convergence rate matches closely to the

theoretical values, and a poorly-resolved region where kh is large and the convergence

is suboptimal. Notice that for large kh, spikes are clearly visible in the convergence for

higher polynomial orders. This behavior may be attributed to aliasing, in that the high-

wavenumber oscillations of the exact wave, appear as lower wavenumber oscillations

when interpolated onto the nodal basis points [96].
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3.2.3 E↵ect of the mean flow

In the presence of a non-zero mean flow field, LEE solutions can support entropy,

vorticity, and acoustic modes, with dispersion relations, Equation 3.1 for the acoustic

mode, and Equation 3.2 for the entropy and hydrodynamic modes. To compare the

convergence of the acoustic modes to the entropy and vorticity modes, the same semi-

discrete eigenvalue problem, Equation 3.10 is solved in this section, but with mean flow

Mach numbers of M = 0.25 and M = 0.5 in the x-direction, and the wave direction

is fixed to ✓ = 0. The numerical frequencies are recorded which best approximate

the exact dispersion relations. Figures 3.5a and 3.5b show the dissipation and relative

dispersion error for the acoustic mode (solid lines) and entropy and vorticity modes

(dashed lines) for M = 0.25. It is apparent that in the highly-resolved wave region,

the same convergence rates as the acoustic mode in a zero-mean flow are achieved.

The L2 error is given in Figure 3.5c for the acoustic mode, shown in solid lines, the

entropy mode, in dashed lines, and the hydrodynamic mode in dotted lines. The

convergence behavior of the entropy and vorticity modes are nearly identical, and

achieve the expected O(kh)p+1 convergence rate for small kh. For all errors, at each

kh, the entropy and hydrodynamic modes appear to be slightly more accurate than the

acoustic mode. Figures 3.6a through 3.6c repeat the same analysis, but with a Mach

number of M = 0.5. The increase in Mach number does not substantially impact the

convergence behavior. Since the convergence behavior of the entropy and vorticity

modes is similar to that of the acoustic mode, the following sections consider only the

acoustic mode.

A limitation of the present study is that the wavenumber is a real, fixed value, and

the complex numerical frequencies are found. At fixed frequency, the upstream and

downstream propagating acoustic waves will be of a di↵erent wavenumber than the

entropy and vorticity waves, as predicted by the dispersion relations. Therefore, each

of the waves will have di↵erent mesh refinement requirements. Another approach

would be to fix the frequency and write the eigenvalue problem in terms of complex

wavenumbers. Hu and Atkins [68] formulated a similar method and used it to study

nonuniform grid e↵ects in one spatial dimension.

3.2.4 Fully-discrete convergence

Inclusion of time-discretization into the dispersion analysis shows how the temporal

accuracy of the scheme impacts the optimal error convergence behavior demonstrated

in the previous section. The time step, �t, is bound by the stability requirements of

the fully-discrete DGM and choices of this parameter impact both the stability and

accuracy. Further details on the temporal discretization are given in Section 2.5.3. A
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Figure 3.5: Semi-discrete convergence of the dissipation (a), relative dispersion (b),
and integrated L2 (c) errors with kh for all modes and M = 0.25. Solid lines indicate
the acoustic mode, while dashed lines indicate the entropy and vorticity modes. The
color of each line indicates which polynomial order is used.

grid-convergence study is performed by solving the fully-discrete eigenvalue problem

defined by Equation 3.20. The propagation direction is fixed at ✓ = 0 and kh is varied

while the Mach number is zero. The time-step, �t is calculated by the CFL criterion

in Equation (2.74) at a CFL = 1. Again, the dissipation, dispersion, and integrated

solution errors are found.

Figures 3.7a-3.7c show convergence of the dissipation, dispersion, and integrated so-

lution errors with kh. Each colored line represents a particular choice of polynomial

order. It is apparent that for large kh, the convergence behaves similarly to that of the

semi-discrete problem. For small kh, or highly spatially resolved waves, the dispersion

error strongly deviates from the semi-discrete convergence rates, attaining a subopti-

mal convergence rate in the relative error of O(kh)4. This is the result of the error of

the fourth-order, low-storage Runge-Kutta scheme dominating the dispersion error for

large kh and high polynomial order.
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Figure 3.6: Semi-discrete convergence of the dissipation (a), relative dispersion (b),
and integrated L2 (c) errors with kh for all modes and M = 0.5. Solid lines indicate
the acoustic mode, while dashed lines indicate the entropy and vorticity modes. The
color of each line indicates which polynomial order is used.

While the time-integration error only impacts the highly spatially-resolved waves, since

the dissipation and dispersion error are additive, these errors could be important for

long distance/time propagation. By reducing the time-step or by using a more ac-

curate integration scheme, this error could be controlled, but with an impact on the

computational cost. Computational cost estimates for the fully-discrete scheme are

discussed in Section 3.3.

3.2.5 Error anisotropy

An important measure of accuracy for wave-propagation problems is the anisotropy,

or how well the scheme can propagate waves in di↵erent directions relative to mesh or

mean flow directions. While estimating the impact of an arbitrary mesh or mean flow

on the accuracy of the scheme would be impractical, this section serves to illustrate
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Figure 3.7: Fully-discrete convergence of the dissipation (a), relative dispersion (b),
and integrated L2 (c) errors with kh for the acoustic mode, computed with a CFL = 1
and a Mach number of M = 0. The color of each line indicates which polynomial order
is used.

the general behavior of the accuracy with a small range of wave directions and mean

flows.

To isolate the purely mesh-induced anisotropy from the mean flow-induced anisotropy,

a zero mean flow case is considered first. Referring to Figure 3.3, the wave direction

is defined by the angle, ✓, between the x-axis and the wavenumber vector, ~k. In this

section, the wavenumber is defined through Equation 3.1, based on a range of !h/c�.

For 0  ✓  2⇡, Figures 3.8a and 3.8b show the relative dispersion error and the

non-dimensional dissipation error for p = 4. The error reaches minima and maxima

as the wave direction over the two-element patch is varied. Specifically, the direction

normal to the interface between elements is associated with the lowest error, while the

direction tangential to the interface is associated with the highest error. Fixing the

wavenumber based on a non-dimensional angular frequency of !h/c� = 1, Figures 3.8c

and 3.8d show the impact of varying the order of the polynomial basis. Increasing the
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Figure 3.8: Anisotropic behavior of the relative dispersion error and the non-
dimensional dissipation rate for 0  ✓  2⇡ and zero mean flow. The top two figures
show the e↵ect of increasing frequency, !h/c�, at p = 4 and the bottom two figures
show the e↵ect of increasing the polynomial order, p, of the scheme at fixed frequency.

polynomial order increases the anisotropy of the error, relative to the average value at

each order. The oscillations in relative dispersion error, seen near the minima for order

five in Figure 3.8c, can likely be attributed to reaching the machine precision limits.

To identify the anisotropy of the error induced by the mean flow, the error is calculated

for 0  ✓  2⇡ in the presence of a mean flow with Mach number of M = 0.5 in the

positive x-direction. As the wave direction changes relative to the flow, the wavenumber

changes according to the dispersion-relation, Equation 3.1. Propagating with the flow

has the e↵ect of increasing the acoustic wavelength, while propagating against the flow

decreases the wavelength. The frequency is varied and the order is fixed to p = 4 in

Figures 3.9a and 3.9b. In Figures 3.9c and 3.9d, the frequency is fixed to !h/c� = 1,

and the polynomial order is varied. The presence of a mean flow greatly impacts

the anisotropy of the error. The error is largest near the direction where the wave is

propagating against the flow (✓ = ⇡). Propagation against the mean flow will have

the e↵ect of increasing the wavenumber, and therefore requiring more elements per

wavelength to resolve the wave. Figures 3.9a-3.9d show the maximum error occurring

at a slightly shallower angle than the upstream direction, ✓ = ⇡. This can be attributed
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Figure 3.9: Anisotropic behavior of the relative dispersion error and the non-
dimensional dissipation rate for a 0  ✓  2⇡ and M = 0.5. The top two figures
show the e↵ect of increasing frequency and the bottom two figures show the e↵ect of
increasing the polynomial order of the scheme at fixed frequency.

to competing errors, namely the error induced by the propagation direction compared

to the mean flow direction and the error induced by preferred propagation directions

over the mesh.

3.3 Parameter choices to balance error and computational

cost

Choosing element sizes, polynomial orders, and time-steps, such that the solution is

accurate, stable, and requires minimal computational cost, is not a straightforward

task. This section seeks to provide insight into the choice of parameters for a wave

propagation problem and their impact on both the accuracy and computational cost.

The errors are re-defined in this section as the relative amplitude error over NT periods,

Ea =
��1� ei!̃iNT tp

�� , (3.26)
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and the relative phase error over NT periods,

Ep = |1� !̃r/!|NT , (3.27)

where !̃i and !̃r are the imaginary and real parts of the numerical frequency, ! is the

exact real angular frequency, tp is the period of oscillation, and NT is the number of

periods considered. Since dispersion and dissipation errors build up in the solution

as the waves propagate, it is important to also understand what impact the choice of

parameters has on the errors for both short and long propagation distances. First,

optimal discretizations in terms of mesh size and order are found for short and long

propagation distances. Second, the computational cost of the optimal discretizations

are estimated and then used to develop guidelines for the choice of parameters for min-

imizing the computational cost. While the definition of “short” and “long” distance

propagation are highly problem dependent, the values chosen in this work are cho-

sen to demonstrate how the error and computational cost can change with increasing

propagation distance.

Accuracy for short and long propagation distances

Accuracy is computed for short and long distance propagation by performing a mesh

convergence study for orders 1�10 and then calculating the error from Equations (3.26)

and (3.27). For these convergence studies, the CFL is fixed to 1. First, accuracy is

analyzed for a short distance propagation, corresponding to the distance traveled over

one period of oscillation. Figures 3.10a and 3.10c show the convergence of the relative

amplitude and phase errors with the number of elements per squared wavelength,

Ne/�2. From the convergence plots, optimal discretizations of order and mesh size

are selected for each order at the fixed accuracy levels dictated by the dashed lines.

These optimal discretizations are then compared in Figures 3.10b and 3.10d at fixed

amplitude and phase error, respectively. For the amplitude error, it is clear that at

all accuracy levels, increasing the order permits a sharp reduction in the number of

elements per wavelength required to achieve a fixed accuracy level. This is also true for

the phase error, except at the highest accuracy level, Ep = 10�8, where the temporal

error begins to dominate. The same analysis is applied to a long distance propagation

corresponding to 100 periods of oscillation. Figures 3.11a and 3.11b show the amplitude

error. Again, for the amplitude error, increasing the order results in a sharp decrease

in the required number of elements per squared wavelength to achieve a particular

accuracy level. Figures 3.11c and 3.11d show the same analysis applied to the phase

error. Increasing the propagation distance at fixed accuracy level e↵ectively increases

the impact of the temporal error. Note that for low accuracy levels, the number of

elements required per wavelength to achieve a particular phase accuracy is less than
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Figure 3.10: Convergence of Ea (a) and Ep (c) and optimal discretizations to achieve
fixed Ea (b) and Ep (d) for one period of oscillation, NT = 1.

the number required for the amplitude error. However, at high accuracy levels and/or

long propagation distances, the phase error places stricter requirements on element

size. For lower accuracy levels, e.g. Ea = Ep = 10�3 for this problem, the spatial error

dominates the temporal error.

3.3.1 Computational cost considerations

Using a similar approach to the cost analysis performed by Alvarez et al. [97] for

Maxwell’s equations, the accuracy-cost relationship of fully-discrete LEE solutions is

estimated in this section. To roughly estimate the computational cost, every floating

point operation required to compute the spatial operator and integrate the equations

in time, is identified. This estimated cost can be computed by,

C = ntnsne (2Mdiv + nfMFn + T + Sf + F + F�) , (3.28)

where Mdiv and MFn are the operations associated with matrix multiplications for the

divergence of the flux and the lifting of the boundary flux, T is the time integration,
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Figure 3.11: Convergence of Ea (a) and Ep (c) and optimal discretizations to achieve
fixed Ea (b) and Ep (d) for 100 periods of oscillation, NT = 100.

Sf is the scaling of the flux in the quadrature-free formulation, F is the computation

of the interior fluxes, and F� is the computation of the element numerical fluxes. The

variables, nf , nt, and ns are the number of element faces, number of time-steps, and

the number of time integration stages, respectively. In addition to this estimation,

there will be important overheads associated with the communication costs between

processors, the memory usage, the cache, and other architecture- and implementation-

specific costs, but these e↵ects are not directly accounted for in this analysis.

Similar to the error analysis presented above, the estimated computational cost is com-

puted for fixed amplitude and phase accuracy levels at both short and long propagation

distances. Figures 3.12a and 3.12c show the computational cost required to achieve

fixed levels of amplitude and phase accuracy using a CFL = 1.0. Each point along the

curves corresponds to a particular optimal discretization of Ne/�2 and order, p. For a

short propagation distance, Figure 3.12a indicates that the cost required to achieve a

particular amplitude error level is higher than the cost required to achieve a particular

phase error. This can be seen by noticing that at each error level, the amplitude error

curve (dashed line) is above or directly on top of the phase error curve (solid line).

At low accuracy levels, marginal cost reduction is achieved for high orders. The same
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analysis is repeated using a CFL = 0.5 in Figure 3.12b. It is apparent that reducing

the CFL reduces the temporal error, but increases the cost. Therefore at short propa-

gation distances and all but the highest accuracy levels, it is beneficial in terms of cost

to maximize the CFL.

Fixing the CFL to 1 and increasing the propagation distance, the cost analysis is

repeated in Figure 3.12c. For accuracy levels, Ea = Ep = 10�2 to Ea = Ep = 10�6,

amplitude error dictates the computational cost. In this case, at low accuracy levels,

using high orders results in a larger relative cost reduction than in the short propagation

case. However, at Ea = Ep = 10�8, the phase error clearly dominates. This error

level can be identified in Figure 3.11c as the region dominated by temporal error.

Note that increasing the order has very little impact on cost reduction in this region.

The same analysis is repeated using a CFL = 0.5 in Figure 3.12d. For low accuracy

levels, decreasing the CFL increases the cost. However, for the highest accuracy level,

decreasing the CFL results in a reduction in cost. Decreasing the CFL reduces the

temporal error, allowing the use of larger, higher order elements. These results are

summarized in Figure 3.13. It may be logical to choose the element size and polynomial

order to minimize the amplitude error, and then determine which regime of Figure

3.13 is applicable to the problem. If, for instance, low accuracy and long propagation

distance are required, the CFL should be maximized. If high accuracy and a long

propagation distance is required, the CFL should be reduced to limit the temporal

component of the phase error. These results are in contrast to those of Chevaugeon

et al. [70], who showed that for a fixed-order Runge-Kutta scheme, the temporal

error is much lower than the spatial error, indicating that only the spatial accuracy

is important. However, unlike the present analysis, they did not consider the e↵ect of

pollution error which is a function of the distance traveled by the waves.

It is important to note that these results depend on the accuracy and the computational

cost of the time integration scheme. For a di↵erent choice of time integration scheme

than the one used in this work, the results may be di↵erent. For example, Sármány

et al. [98] analyzed the accuracy of the DGM for Maxwell’s equations and a SSP-RK

scheme. They found that when the order of the SSP-RK scheme is fixed to p + 1,

the optimal convergence rates for high order were recovered and that cost was not

substantially higher than the fixed-order scheme due to the larger allowable time-step.

However, the p+ 1-th order SSP-RK scheme requires the storage of p+ 1 evaluations

of the solution in each element. For high polynomial order and high DOF problems,

the memory requirements are substantial.



90 Chapter 3 Dispersion analysis of the discrete linearized Euler equations

1 2 3 4 5 6 7 8 9 10

106

108

1010

1012

1014

(a)

1 2 3 4 5 6 7 8 9 10

106

108

1010

1012

1014

(b)

1 2 3 4 5 6 7 8 9 10
1012

1013

1014

1015

1016

1017

1018

1019

(c)

1 2 3 4 5 6 7 8 9 10
1012

1013

1014

1015

1016

1017

1018

1019

(d)

Figure 3.12: Estimated computational cost for fixed accuracies using a CFL = 1.0
(a) and a CFL = 0.5 (b) for one period of oscillation. Estimated computational cost
for fixed accuracies using a CFL = 1.0 (c) and a CFL = 0.5 (d) for 100 periods of
oscillation.

3.4 Stability

The time-step is a critical parameter that a↵ects not only the accuracy and numerical

stability, but also the computational cost. The above sections analyzed the impact of

the time-step choice, as calculated by the CFL criterion, on the accuracy and compu-

tational cost of solutions. While the CFL criterion provides an estimate for choosing

a stable time-step, it does not typically result in the largest time-step for stability,

which is desired for minimizing computational cost at lower accuracy levels. This sec-

tion investigates the discrepancy between the maximum time-step for stability and the

time-step predicted by the CFL-criterion.

The stability of the DGM for various Runge-Kutta time integration schemes has been

evaluated in one and two-dimensions, both theoretically and through numerical ex-

periments [71, 72, 73]. Kubatko et al. [72] obtained numerical solutions to a linear

advection equation over triangular meshes to connect the one-dimensional CFL condi-

tion to the two-dimensional results. They found that the two-dimensional criterion can
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Figure 3.13: Guidelines for parameter choices based on low/high accuracy require-
ments and short/long distance propagation.

be found through the factor, 1/21/(p+1), multiplied by the one-dimensional criterion,

for polynomial orders up to three and a SSP-RK scheme. Toulorge and Desmet [73]

evaluated the stability of the DGM for two-dimensional solutions to a scalar advection

equation, considering di↵erent time-integration schemes, flux functions, the element

shape, and the element size estimates. They found that the element size estimates of

inner radius or shortest height are the most accurate for the range of shapes consid-

ered. Through numerical experiments, they found that the local stability estimates

were generally too restrictive compared to the global conditions. The above work con-

sidered linear advection equations only. In this section, the stability of the discrete

LEE are analyzed, comparing the time-step estimate of Equation 2.74 to the maximum

stable time-step, with the presence of a mean flow.

To estimate how closely the CFL condition predicts the maximum stable time-step, the

maximum stable time-step is found for a range of element sizes, wave directions, and

flow conditions. The maximum time-step for stability is found by iteratively solving

the eigenvalue problem, 3.20, using a bisection algorithm with varying �t until the

stability limit, |ei!̃�t
| = 1, is reached. Once the maximum stable growth rate is found,

the time-step is recorded. The wave directions are varied from ✓ = 0 to ✓ = 2⇡,

inclusive of the best and worst-case anisotropy directions, found in Section 3.2.5. The
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Figure 3.14: Ratio between the maximum time-step for stability and the time-step
from the CFL condition vs. order, with no scaling (a), and scaled by 1/

p
1 +M (b).

ratio between the maximum stable time-step and the time-step for a CFL of one is

computed, and the minimum ratio stored over all kh and wave directions. The mean

flow direction is fixed to +x. Figure 3.14a shows the time-step ratio for a range of

polynomial orders and Mach numbers.

For low polynomial orders, the CFL condition predicts a time-step that is close to

the maximum stable time-step. However, for high order, the CFL condition substan-

tially under predicts the maximum stable time-step. The dependence of the time-step

ratio with order is worse than those found by Toulorge and Desmet [73]. This may

be attributed to the relatively heuristic choice of the order-dependence in the CFL

condition used in this work, as the minimum distance between nodes on the reference

element. While the time-step estimate used in this work does not accurately predict

the maximum stable time-step, it does not exceed the stability limit for any of the

orders considered here.

Also apparent in Figure 3.14a is the over-prediction of the time-step with increasing

Mach number. Interestingly, by inspecting the values of the time-step ratio at each

Mach number, the over-prediction appears to follow a
p
1 +M dependence. Scaling the

time-step ratio by 1/
p
1 +M , Figure 3.14b shows that the curves collapse, removing

most of the dependence on Mach number.

3.5 Summary

This chapter attempted to understand the relationships between the choice of simula-

tion parameters, e.g. mesh size, polynomial order, time-step, and flow parameters, e.g.
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propagation direction, mean flow velocity, and wavenumber, on the accuracy, compu-

tational cost and stability of the numerical solutions. While the numerical performance

of the DGM has been investigated before, for other governing equations, the LEE have

not been considered. The dispersion analysis techniques presented in this chapter have

focused solely on solutions to the linearized Euler equations to more closely represent

applications to aeroacoustics problems.

Section 3.2 used the dispersion analysis, developed at the beginning of the chapter, to

investigate the convergence of the dispersion, dissipation, and L2 errors with mesh size

and polynomial order for each of the solution modes of the LEE. First, the semi-discrete

convergence was studied of the acoustic, entropy and hydrodynamic modes of the LEE,

followed by the fully-discrete convergence. The convergence behavior of the entropy

and hydrodynamic solution modes was found to be similar to that of the acoustic

mode. However, the fixed-wavenumber analysis of this work is not able to predict the

impact of the mean flow on the wavelength of each of the modes. Reformulating the

dispersion analysis problem for fixed frequency, similar to the one-dimensional analysis

of Hu and Atkins [68], could o↵er additional insight into the mean flow e↵ects.

The fully-discrete convergence highlighted the impact of the time integration trunca-

tion error on the accuracy of solutions computed with high polynomial orders. Section

3.3 chose simulation parameters to balance accuracy and computational cost. First,

the fully-discrete accuracy was studied for a model wave propagation problem involv-

ing short and long distance propagation. The results of the wave propagation study

were used to estimate the computational cost associated with achieving fixed levels of

dispersion and dissipation error. The build-up of dispersion error associated with the

time-integration scheme was found to be important for long-distance/time wave prop-

agation. Guidelines for the choice of parameters to balance error and computational

cost were also discussed.

Section 3.4 calculated the maximum time-step for stability and compared this to the

time-step calculated by the CFL condition. It was found that the CFL condition used

in this work significantly over predicts the dependence of the polynomial order and the

mean flow velocity on the stability. By applying a Mach number scaling factor to the

time-step, a closer time-step to the maximum stable time-step could be found. Further

analysis of the time-step dependence on Mach number, including numerical examples,

will be required to understand the cause of this scaling factor.





Chapter 4

Aliasing-driven instabilities in

DG solutions to the LEE

4.1 Introduction

In Chapter 2, the semi-discrete form of the governing equations was derived, leading

to the weak form,
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where fi (qe) is the i–th component of the flux tensor, ~f = F�qe ı̂ +G�qe |̂ +H�qe k̂,

evaluated over the element volume, and f̃(qe,qe+) is the numerical flux normal to

the element surface, evaluated with the solutions at the interface of element e and its

neighbors, e+. Upon introducing the spatial discretization of the solution in Section

2.5.1 using a nodal polynomial expansion, the approximate solution becomes,

qe(~x, t) ⇡  e(~x)q̄e(t) . (4.2)

The solution expansion can be substituted into the time-derivative term of the weak

form above, taking the test functions as the same nodal polynomial basis functions,

resulting in, Z
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where the mass matrix, M, is numerically integrated with a cubature rule accurate

enough to integrate a polynomial of order 2p. For the divergence term, it is conve-

nient to approximate the flux using the same polynomial expansion as the solution

vector, so that the flux function can be computed using the nodal solution values. The

95
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approximated flux then becomes,

fi(~x, t) ⇡  e(~x)f̄i,e(t) , (4.4)

which upon insertion into the divergence term results in,
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 ef̄i,e d⌦e = Sf̄i,e. (4.5)

The numerical flux is similarly discretized using the nodal values of the solution and

mean flow. It appears that, provided that S and the boundary integral, Bb, are

computed exactly, the scheme for a uniform flow, and linear flux, will have similar

stability properties to the nonuniform, nonlinear flux. However, this is generally not

the case, and will often result in numerical instabilities [55]. The problem arises in the

discretization of the flux polynomial using the same nodal basis as the solution. Since

the flux is composed of products of mean flow variables, q�, which are discretized with

polynomials of order p, and solution variables, q, also polynomials of order p, the flux

will be a polynomial of order l > p. When the flux is evaluated at the interpolation

points, this results in a collocation projection of the flux of order l > p onto the order p

basis, resulting in the energy of the unresolved, higher wavenumber modes, being added

as spurious, lower wavenumber modes. This error is known as aliasing, and if allowed

to build up, it will result in numerical instability. Aliasing is also well known in signal

processing with Fourier components. Here it is the same, but with polynomials. A

visual depiction of aliasing is illustrated in Figure 4.1. The solid line depicts the exact

flux polynomial over the 1D domain, ⌦, and the dashed line is an interpolation of the

exact flux at the nodes shown in black. Clearly, the interpolated function substantially

disagrees with the exact function.
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Figure 4.1: Example of an interpolation (dashed line) of a continuous signal (solid
line) leading to aliasing. The interpolated signal has an entirely di↵erent wavenumber
than the continuous signal.
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Since aliasing results from a lack of spatial resolution of the flux, increasing the mesh

resolution would result in lower aliasing error, but at increased computational cost.

For the LEE, the higher order polynomial terms in the flux can be reduced by using a

lower order representation of the mean flow quantities, q�. For example, the mean flow

quantities could be taken as the mean value in each element, which would eliminate

aliasing entirely. However, such a coarse representation of the mean flow could lead to

solutions that poorly represent the physical problem, and even necessitate refinement

of the mesh to reduce the variation in q� from one element to the next, negating the

e�ciency benefits of a high-order scheme. The e↵ect of the mean flow representation

accuracy on the acoustic solution accuracy is explored in Chapter 5.

An alternative way to stabilize the scheme can be found by revisiting the definition

of the fluxes. In Equation 4.4, the flux is discretized using nodal polynomial basis

functions of order p, and these nodal values are obtained through computing products

of the solution variables and the mean variables at the interpolation points. Since the

exact flux is a polynomial of order l > p, aliasing will occur. Instead, the flux could be

evaluated at the interpolation points of the order l basis, and then projected onto the

order p basis, consistently treating the higher order terms in the flux and resulting in

no aliasing. The discretization of the volume fluxes becomes,

fi(~x, t) ⇡  
p
e(~x)P

lp fi(I
l q̄e(t), I

l q̄�,e(t)) , (4.6)

where  p
e are the nodal basis functions of order p, and fi(I l q̄e, I l q̄�,e) is the flux

evaluated at the interpolation points on the order l basis. The matrix, I l, interpolates

the order p solution and mean variables to the order l interpolation nodes. The matrix

which projects the order l flux onto the order p basis is P lp which is defined by,
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where  l
e are the order l basis functions. While computing the flux via projection does

o↵er a solution to the aliasing problem, it substantially increases the computational

cost of the method. For the LEE, the flux may be at most a polynomial of order 2p,

resulting in a large number of flux evaluation points, and a more costly projection.

In three-dimensions, the number of points for the order p = 6 basis is Np = 84, and

for order, l = 2p, the number of points is Np = 455, resulting in a very costly flux

computation. Interpolation of the solution at the order l interpolation nodes must be

performed at every time-step and stored, and the mean variables must be precomputed

and stored. The divergence matrices can be pre-multiplied by the projection matrix

and stored, but they still result in more floating point evaluations at each time-step.

This is not practical for aeroacoustic problems for which high-order is a necessity.
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Aliasing-driven instabilities in high order, time-accurate discretizations have been stud-

ied in detail. Early research into aliasing for finite-di↵erence schemes provided a solu-

tion to the aliasing by applying spatial filtering [99]. Orszag determined that to elim-

inate the build up of aliasing error, only the upper third of the resolved wavenumbers

must be eliminated [99]. In the context of polynomial discretizations, this “2/3”–rds

rule would require that after computing each time-step, the polynomial coe�cients for

the 1/3 highest degree terms would be set to zero. Aliasing has received a large amount

of attention in the spectral methods [46, 100, 101, 102, 103, 104] and the DG and flux

reconstruction [105, 106, 107, 108, 55, 13] community for nonlinear problems.

The control of aliasing-driven instabilities can be separated into methods for prevent-

ing aliasing errors, such as performing over integration of the nonlinear terms, and

methods to control the buildup of aliasing errors, such as filtering. Kirby and Kar-

niadakis [101] explored over integration in solutions to the Navier–Stokes equations

with polynomial spectral methods. They used computational examples to show the

stabilizing e↵ects of over-integration and indicate that for quadratic terms in the flux,

3M/2 points are required, and for cubic terms, 2M points are necessary, where M is

the number of polynomial coe�cients. Kirby and Sherwin [102] explored the error due

to inexact collocation projection on triangular elements for collocation points located

at quadrature points in collapsed coordinates and for rotationally symmetric points.

Further links between the interpolation point choices and the aliasing behavior were

found by Jameson et al. [105] in the context of flux reconstruction schemes, and by

Williams and Jameson [106], who found quadrature points on the tetrahedron with

good interpolation and stability qualities. Witherden and Vincent [109] evaluated in-

terpolation and quadrature strength of di↵erent sets of interpolation points. Mengaldo

et al. [103] treated aliasing error by using an over–integration approach for the non-

linearities in the PDE and the geometry. Hesthaven and Warburton discussed modal

filters for nodal DG schemes [55] and Hesthaven and Kirby [110] derived conditions on

filters for ensuring accuracy and stability. Filtering is generally simple to implement

and computationally e�cient. However, the filter must be tuned for each applica-

tion to have enough dissipation to damp aliasing instabilities, but not so much that

the solution quality degrades. While the above methods can reduce aliasing-driven

instabilities, they do not completely eliminate the problem.

A number of works investigated alternative schemes that are provably stable. Gassner

et al. [111] developed an energy stable DG scheme for variable-coe�cient advection

problems using a split form of the advection equations. Gassner et al. [112] again de-

veloped a stable scheme based on a split form of the shallow water equations, and for

the compressible Euler equations [113]. Provably stable discretizations for problems

with curved elements were found by Kopriva and Gassner [114]. These stable meth-

ods involve additional terms to discretize as well as restrictions on the interpolation
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nodes and element types, making them potentially much more costly and di�cult to

implement than the standard scheme.

For the LEE and a fixed mesh size and polynomial order, aliasing errors are more

prevalent in regions of the flow with strong non-uniformity, where a high order polyno-

mial is required to resolve the flux. For turbofan exhaust noise applications, the shear

layers between the core and bypass stream and the bypass and free stream have strong

velocity gradients. In this region, aliasing errors are expected to be the most prevalent.

To compound the problem, the LEE permit unstable vortical solutions in the shear

layer that are energized by the mean flow as they advect downstream [115]. It is ex-

pected that these instabilities contribute to a higher growth rate of the aliasing-driven

instabilities. Other regions of the flow-field that may lead to increased aliasing are the

thin boundary layers near the walls or strong gradients of sound speed associated with

temperature non-uniformities. A goal of this work is to study the formation of aliasing

instabilities in problems with shear instabilities.

While there has been substantial research into aliasing mitigation strategies, there

has not been a way to quantitatively compare the e↵ect of di↵erent discretizations and

dealiasing strategies on the stability of solutions. Additionally, much of the research on

aliasing instabilities has focused on the solution of nonlinear problems, or model non-

constant coe�cient linear problems. To the author’s knowledge, aliasing in solutions

to the LEE with a realistic mean flow field have not yet been investigated. Dispersion

analysis techniques have been useful for understanding the stability and accuracy of

DG schemes for constant-coe�cient linear problems [67, 68, 116, 69, 97, 70]. However,

these techniques are not able to predict aliasing instabilities, due to having linear flux

functions. This chapter develops a dispersion analysis that permits a non-uniform

flow-field and uses it to study the formation of aliasing instabilities associated with

the velocity gradients in the shear layer. Di↵erent discretizations are evaluated and

compared to understand their e↵ect on the solutions.

The chapter is outlined as follows, first an example of aliasing in a growing shear layer

is discussed, followed by the development of the dispersion analysis and its verification

for shear instabilities in a compressible shear layer. Lastly, several discretizations are

evaluated, including varying the polynomial order, time-step, and filtering.

4.2 Aliasing instability in a 2D growing shear-layer

To illustrate the formation of aliasing-driven instabilities, a problem of practical sig-

nificance to turbofan exhaust noise applications is solved in this section. A 2D planar
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Figure 4.2: Computational domain and interpolated mean axial velocity, u�/c1. The
nozzle wall is colored in gray and the source location is indicated by a black circle.

turbulent jet of Mach number M = 0.3 is modeled, exiting from a nozzle and dis-

charging into a quiescent volume of air. The steady-state mean flow-field is obtained

through a CFD solution using the –✏ turbulence model at standard atmospheric con-

ditions. As the jet exits the nozzle of height, R, the di↵erence in velocity compared to

the quiescent conditions, leads to the formation of a shear layer with strong gradients

that grows in thickness rapidly with down-stream position. This flow-field is used as

an analogue for the growing shear layers found emanating from turbofan bypass and

core nozzles.

The two-dimensional acoustic domain is centered at the nozzle exit plane and non-

dimensionalized by the nozzle height. The characteristic mesh spacing is fixed to

approximately �x/R = 0.2 and polynomials of order p = 10 are used to discretize

the solution. Figure 4.2 illustrates the computational domain, the interpolated mean

axial velocity, and the source location. Bu↵er zones surround the domain to damp any

out-going waves and to reduce reflections.

A distributed sound source of the form,
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is introduced into the domain, where ! is the source frequency, and w is the source

width. The source is positioned at xc/R = �1 and yc/R = 0.5, outside of the shear

layer, with a width, w/R = 0.125. The source frequency is fixed to !R/c1 = 2⇡ and

the governing equations are integrated in time until an instability is observed.

Figure 4.3 shows the acoustic pressure at three multiples of the source period, tp.

At time t/tp = 7.5, acoustic waves are generated inside the nozzle flow of M = 0.3

and pass through the shear layer, then exit the domain. Downstream of the nozzle,
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(a) t/tp = 7.5

(b) t/tp = 19

(c) t/tp = 30

Figure 4.3: Contours of fluctuating pressure for acoustic disturbances radiating from
a nozzle of radius, R, at three multiples of the source period, tp.

pressure fluctuations associated with shedding of vortices are observed advecting with

the mean flow. As time increases to t/tp = 19, spurious oscillations begin forming

in the center of the shear layer where mean velocity gradients are high. Initially,

the spurious oscillations are smaller than the acoustic pressure of the source, but by

time t/tp = 30, the magnitudes of these fluctuations grow to approximately forty

times the pressure at the center of the source. Eventually, the magnitude of the

instability grows high enough to completely pollute the acoustic solution. This example

illustrates how aliasing-driven instability can be detrimental to achieving accurate and

computationally e�cient solutions, especially when long integration times are required.
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Figure 4.4: Definition of semi-infinite dispersion analysis, permitting a transversally
nonuniform flow.

4.3 Dispersion analysis of the 2D LEE DGM model with

a transversally non-uniform mean flow-field

Classical 2D dispersion analysis techniques for the DGM, such as the fully-discrete

model developed in Chapter 3, consider only wave propagation over infinitely periodic

meshes, which cannot be used to study propagation through spatially varying media.

Additionally, dispersion analyses often consider model problems, which do not always

reflect the complexities of the true application. To fully address the aliasing problem in

shear layers, the dispersion analysis must be able to discretize the strong mean velocity

gradients present in the LEE model. This section develops a fully-discrete dispersion

analysis of the LEE, supporting a nonuniform mean flow, and uses it to study the

formation and growth of aliasing instabilities.

To permit a nonuniform mean flow field, the computational domain shown in Figure

4.4 is used. Along the mesh transverse direction, y, the flow-field is allowed to vary

and the domain is fully discretized using an even number, Ne, of triangular elements.

Along the axial direction, x, the flow is constant, and the mesh is infinitely periodic.

Although a uniformly-spaced mesh is shown, a variable mesh spacing in the y–direction

is permitted, provided that the spacing in the axial direction is the same for all ele-

ments. At the boundaries of the mesh in the transverse direction, boundary conditions

are applied, such as no-penetration conditions to model hard walls, or non-reflective

conditions to model an open physical domain. Wave-like solutions to the LEE on the

mesh of the form, q ⇠ ei(!t�kx), are assumed, where k is the axial wavenumber and

! is the angular frequency. In this work, temporal instabilities are sought, so that

k is a real, fixed value, and ! is generally complex. The solution in each element is
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Figure 4.5: Two elements forming an interior patch of the mesh. Each edge is defined
by �be, indicating the local side, b, and the element number, e.

discretized in space by nodal polynomial basis functions,

q(x, y, t) ⇡  (x, y)q̄ ei!t, (4.9)

where q̄ is the vector of nodal solution amplitudes. While chosen here for studying

aliasing instabilities, this approach is also valid for the analysis of other features in-

cluding the testing of boundary conditions, such as acoustic liner models or perfectly

matched layers, anisotropic elements, or evaluating various mean flow interpolation

strategies. Gabard and Brambley developed a similar dispersion analysis for a finite-

di↵erence scheme specifically to study the Myers impedance boundary condition [117].

The mesh is divided into multiple two-element patches, illustrated in Figure 4.5, to

make the construction of the global problem similar to the two-element dispersion

analysis developed in Section 3.1. Each two-element patch is indexed by m, where

m � 1 is the patch below m in the y–direction, and patch m + 1 is the patch above

m. Since the mesh is periodic in the x–direction, and the solution is assumed to be

wave-like in space, a wavenumber phase relation is enforced on the solutions at the nth

and n+ 1th boundaries of the patch such that,

q
���
�11

= q
���
�12

eik�x, and, q
���
�12

= q
���
�11

e�ik�x. (4.10)

For each two-element patch, m, the solution amplitudes at the interpolation points for

each variable are stored as the vector,

q̄m =

"
q̄m,1

q̄m,2

#
, (4.11)
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where,

q̄m,e =
h
⇢01, (⇢u)

0
1, (⇢v)

0
1,⇡

0
1, . . . , ⇢

0
Np

, (⇢u)0Np
, (⇢v)0Np

,⇡0Np

i|
. (4.12)

The subscript on the vector elements indexes the interpolation nodes, 1, 2, . . . , Np. The

degrees of freedom of all two-element patches are concatenated into a single vector,

Q =

2

666664

q̄1

q̄2

...

q̄Ne/2

3

777775
. (4.13)

On all internal patches, e.g. 1 < m < Ne/2, the semi-discrete form of the LEE for

elements one and two in each patch are,

i!q̄m,1 = (Dw
i,1 ⌦ I) fi,1(q̄m,1)� (L1

1 ⌦ I) f̃11

✓
q̄m,1

���
�11
, q̄m,2

���
�12
eik�x

◆
,

� (L2
1 ⌦ I) f̃21

✓
q̄m,1

���
�21
, q̄m�1,2

���
�22

◆
,

� (L3
1 ⌦ I) f̃31

✓
q̄m,1

���
�31
, q̄m,2

���
�32

◆
, and, (4.14)

i!q̄m,2 = (Dw
i,2 ⌦ I) fi,2(q̄m,2)� (L1

2 ⌦ I) f̃12

✓
q̄m,2

���
�12
, q̄m,1

���
�11
e�ik�x

◆
,

� (L2
2 ⌦ I) f̃22

✓
q̄m,2

���
�22
, q̄m+1,1

���
�21

◆
,

� (L3
2 ⌦ I) f̃32

✓
q̄m,2

���
�32
, q̄m,1

���
�31

◆
, (4.15)

respectively.

Following the same definitions for the internal and numerical fluxes as Section 3.1 for

the two-element dispersion analysis, the semi-discrete form for the solution over the

entire two-element patch is combined to get,

i!q̄m = Bm�1q̄m�1 +Amq̄m +Bm+1q̄m+1, (4.16)

where Bm�1 and Bm+1 implement the contributions to the boundary flux integral from

the solution on patches, m� 1 and m+ 1.
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At the boundaries of the mesh, patches m = 1 and m = Ne/2 must implement the

boundary conditions. For element 1 of patch, m = 1, the numerical flux on face b

in Equation 4.14 must be replaced by the desired boundary condition. Similarly, for

element 2 of patch, m = Ne/2, the numerical flux on face b in Equation 4.15 is replaced.

Including boundary conditions, the semi-discrete form for the elements at the top and

bottom of the mesh can be written as,

i!q̄1,1 = (Dw
i,1 ⌦ I) fi,1(q̄1,1)� (L1

1 ⌦ I) f̃11

✓
q̄1,1

���
�11
, q̄1,2

���
�12
eik�x

◆
,

� (L2
1 ⌦ I) f̃21

✓
q̄1,1

���
�21
, c1

✓
q̄1,1

���
�21

◆◆
,

� (L3
1 ⌦ I) f̃31

✓
q̄1,1

���
�31
, q̄1,2

���
�32

◆
, and, (4.17)

i!q̄Ne/2,2 = (Dw
i,2 ⌦ I) fi,2(q̄Ne/2,2)� (L1

2 ⌦ I) f̃12

✓
q̄Ne/2,2

���
�12
, q̄Ne/2,1

���
�11
e�ik�x

◆
,

� (L2
2 ⌦ I) f̃22

✓
q̄Ne/2,2

���
�22
, c2

✓
q̄Ne/2,2

���
�22

◆◆
,

� (L3
2 ⌦ I) f̃32

✓
q̄Ne/2,2

���
�32
, q̄Ne/2,1

���
�31

◆
, (4.18)

where the functions, c1(q̄1,1

���
�21
) and c2(q̄Ne/2,2

���
�22
) implement the boundary conditions

at the top and bottom of the mesh, respectively. In this work, an unbounded physical

domain is modeled, so non-reflecting boundary conditions are implemented at the top

and bottom of the computational domain. The boundary conditions then become,

c1(q̄1,1

���
�21
) = 0 and c2(q̄Ne/2,2

���
�22
) = 0, respectively, for an approximate non-reflecting

boundary. For a hard-wall boundary condition, the functions would instead reflect the

momentum vector about the plane of the wall.

The semi-discrete form for the solution on patches m = 1 and m = Ne/2 can be written

as,

i!q̄m=1 = Amq̄m +Bmq̄m +Bm+1q̄m+1, and, (4.19)

i!q̄m=Ne/2 = Bm�1q̄m�1 +Amq̄m +Bmq̄m, (4.20)

where Bm implements the contributions to the boundary flux integral from the bound-

ary conditions.
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Assembling the expressions for all internal and boundary patches in the mesh, the

global semi-discrete form becomes,

i!Q =

2

66666666664

A1 +B1 B2 0 . . . 0

B1 A2 B3 . . . 0

...
. . .

...

0 . . . 0 BNe/2�1 ANe/2 +BNe/2

3

77777777775

Q, (4.21)

or,

i!Q = AQ. (4.22)

The above equation describes an eigenvalue problem, with eigenvalues !, which are the

numerical frequencies, and eigenvectors, Q, which are the solution modes. For a given

real wavenumber, k, the eigenvalue problem is solved for the numerical frequencies

and solution modes. The imaginary part of the numerical frequencies represents the

growth rate of a solution mode. A solution mode is unstable when the imaginary part

is less than zero, i.e. Im(!) < 0. Over a time interval, �t, the solution mode grows,

or decays, by a factor of |ei Im(!)�t
|.

4.3.1 Fully-discrete form

The above definition of the dispersion analysis discretizes the solution in space only.

In Chapter 3, formulating a fully-discrete dispersion analysis allowed the study of the

full e↵ect of time-discretization on the solution accuracy and stability. In this chapter,

a fully-discrete form of the dispersion analysis is used for assessing the impact of the

time-step and allowing the use of a periodic solution filter.

To permit discretization of the solution in time, the definition of the discrete solution

is changed to,

q(x, y, t) ⇡  (x, y)q̄(t), (4.23)

where the nodal solution values now are time-dependent. Instead of analytically evalu-

ating the time-derivative, the explicit scheme of Section 2.5.3 is applied. The solution

at time level t = t+�t can be found from the solution at time, t, through the multi-

stage, low-storage, time-integration scheme of Berland et al. [92],

Qt+�t =

"
I+

NstX

s=1

�s (A�t)s
#
Qt = ARKQ

t, (4.24)
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where Qt+�t is the global solution vector at time t = t+�t and Qt is the solution at

time t. The coe�cient of the time integration scheme at stage, s, is given by �s. The

matrix, I, is the identity matrix of size NpNeNv⇥NpNeNv, where Nv is the number of

variables and Np is the number of nodal solution values. The operator, (·)s, implements

the matrix power. The growth factor of the solution over the time-step is defined as,

Qt+�t = gQt. (4.25)

Substituting the above definition into Equation 4.24, gives,

gQt = ARKQ
t, (4.26)

which is an eigenvalue problem with growth factors as eigenvalues and solution modes

as eigenvectors. Growth factors can then be related to numerical frequencies of the

solution modes through,

g = ei(!�t+n2⇡), (4.27)

where n is an integer.

4.4 Verification of instability in a hyperbolic-tangent sheared

mean velocity profile

The nonuniform flow dispersion analysis developed in the previous section is applied

to the problem of instability in a compressible, parallel, shear layer to verify the imple-

mentation. Shear layers are an important feature of the flow-field in turbofan exhaust

applications. Occurring at the boundary between adjacent flow streams of di↵erent ve-

locity, shear layer velocity profiles can rapidly transition to instability when disturbed.

The instability for linear, inviscid flow is associated with an increase in vorticity, ad-

vecting with phase velocity equal to the centerline velocity of the undisturbed velocity

profile [118].

Parallel, hyperbolic-tangent velocity profiles have commonly been used as an analogue

for real shear layers, due to them possessing an inflection point, which is a su�cient con-

dition for instability [118]. Linear stability analysis of the disturbed hyperbolic-tangent

velocity profiles have been used to understand the growth and shape of disturbances

of a given wavenumber or frequency. Michalke developed an analytic solution to the

instability in an incompressible shear layer and studied the growth rates, streamlines,

and vorticity distribution for temporal and spatial growth of the instability [118, 119].

Later, Blumen [120] extended Michalke’s analytical solution to a compressible shear

layer.
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In this section, the analytical solution of Blumen [120] is solved for growth rates of

the instability for varying Mach number and compared to numerical solutions using

the dispersion analysis. The solution process involves numerically integrating a set of

ODEs across the shear layer and using a shooting method to solve for the instability

growth rates for a disturbance of a given wavenumber. Full details of the solution

process are given in [120]. To reduce aliasing errors in the dispersion analysis, the

computational domain is discretized with a refined mesh of 160 elements of polynomial

order, p = 4, and a truncating filter from Section 4.5.4, is applied to truncate the

solution coe�cients of the degree 3 and 4 basis functions.

A mean flow-field is prescribed with a hyperbolic-tangent velocity profile,

u�
c1

= M tanh(y/L), (4.28)

with constants of length, L, and Mach number, M , introduced that characterize the

transverse variation of the shear layer and its velocity scale, such that M = U/c1,

where U is the maximum absolute value of the shear layer velocity. The mean sound

speed, density, and pressure are constant. The velocity profile is illustrated for a range

of Mach numbers in Figure 4.6b.

For three Mach numbers, M = 0.1, M = 0.3, and M = 0.5, the dispersion analy-

sis eigenvalue problem is solved to obtain the instability growth rates for a range of

wavenumbers. Only the eigenvalue and eigenvector of the most unstable mode is stored,

e.g. min(Im(!)). Figure 4.6a compares the analytical growth rates to the numerical

growth rates for varying Mach number. For each Mach number, the growth rate of the

unstable solution mode in the shear layer grows with increasing kL, reaches a maxi-

mum, and then decays with increasing kL. The prediction of the instability growth

rates by the dispersion analysis is in close agreement with the analytical solution.

The eigenvector, Q, corresponding to the maximum growth rate, gives the nodal values

of the most unstable solution mode, which can be studied to determine the charac-

teristics of the unstable shear layer. To e↵ectively visualize the solution, the solution

mode on the 160 element patch is tiled in the axial direction and shifted in phase by,

q(x+�x, y) = q̄(x, y)e�ik�x, (4.29)

to make a square domain of 160 ⇥ 160 elements. Figures 4.7a and 4.7b show the real

part of fluctuating pressure and vorticity of the unstable solution mode and the compu-

tational elements. The solutions are normalized by the magnitude of the eigenvector,

kQk. Concentrations of vorticity are apparent near the center of shear layer, y = 0,

where the mean velocity gradients are the highest. Parallel vortex sheets representing

pairs of vortices rotating around each other as they advect with the flow, are observed.
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Figure 4.6: (a): Comparison between the analytical instability growth rates with the
dispersion analysis on a refined mesh for Mach numbers, M = 0.1, M = 0.3, and
M = 0.5. (b) Shear layer velocity profile for Mach numbers, M = 0.1, M = 0.3, and
M = 0.5.

(a) (b)

Figure 4.7: Normalized solution mode corresponding to the largest growth rate in the
M = 0.5 flow for (a): pressure and (b): vorticity. The outlines of individual elements
are shown in black.

This general behavior is in agreement with the computations of vorticity by Michalke

for an incompressible shear layer [118]. Figure 4.7a shows the fluctuations in pressure

associated with the velocity fluctuations.



110 Chapter 4 Aliasing-driven instabilities in DG solutions to the LEE

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

-15

-10

-5

0

5

10

15

Figure 4.8: Hyperbolic-tangent mean velocity profile in the shear layer for M = 0.5.

4.5 Aliasing instability in a parallel, hyperbolic-tangent

shear layer

Now that the ability of the dispersion analysis to accurately predict shear instabilities

has been verified for a refined mesh, the tool is applied in this section to a coarser

mesh, initially without filtering. With a coarser mesh, the flux will be less resolved by

the discretization in the shear layer, leading to increased aliasing. It is expected that

the increased aliasing will lead to instabilities similar to what was observed in Section

4.2 for the 2D growing shear layer. Using the dispersion analysis, the e↵ect of di↵erent

discretizations on the aliasing error can be identified by altering the polynomial order,

flux function, or by adding filtering. The e↵ect of varying polynomial order is first

investigated, followed by the time integration scheme, and the numerical flux functions.

The shear layer velocity used in this study is the hyperbolic-tangent profile,

u�
c1

=
M

2
(1 + tanh(y/L)), (4.30)

with Mach number, M = 0.5. Using the same 160 element mesh and truncating filter

used in the verification section above, a reference solution for the numerical frequencies

and solution modes is computed. The results in the following sections can be compared

to the reference solution to identify the approximation error on the coarse mesh.

4.5.1 Properties of the instability with the standard nodal DG scheme

For minimal computational cost, it is important to use large elements with high order

polynomial basis functions, to maximize the number of vectorized calculations and to

minimize the total number of time steps. It is therefore important that the e↵ect of

increasing polynomial order on the aliasing error is investigated.
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The theoretical convergence rate of the solution interpolation error, relative dissipation

error, and relative dispersion error follow, (kh)p+1, (kh)2p+1 and (kh)2p+2, respectively,

where k is the solution wavenumber, h is the characteristic element size, and p is the

order of the polynomial basis functions. For a constant mean flow-field and thermo-

dynamic state, Chapter 3 verified that the 2D LEE DGM achieves the theoretical

convergence rates. With a nonuniform mean flow, it is expected that aliasing error

will be detrimental to the convergence rate. By keeping the mesh fixed and computing

the numerical frequency of the instability at a range of disturbance wavenumbers, the

polynomial convergence accuracy can be isolated.

The domain is discretized with 40 elements along the transverse direction of size �x =

�y = 1.5L, and the polynomial order is varied from p = 1 to p = 8. Equation

4.30 describes the shear layer mean velocity profile, and the mean density, pressure,

and sound speed are constant. The semi-discrete eigenvalue problem of Section 4.3 is

solved for each order over a range of wavenumbers from kL = 0 to kL = 1. For each

wavenumber, the numerical frequency and solution vector corresponding to the most

unstable mode, max(� Im(!)), is stored and compared to the reference results.

The growth rates of the most unstable mode are shown in Figure 4.9a, with each

point corresponding to a di↵erent kL and order, and the reference results shown as

black circles. Increasing the polynomial order from one to four, the growth rates

begin to approach the reference values for wavenumbers approximately in the range

0.15  kL  0.65. Outside this range, and for higher polynomial orders, the predicted

growth rates strongly deviate from the reference results. In fact, increasing the order

has a negative e↵ect on the accuracy, when one would expect convergence to the

reference solution. It is important to note that no e↵ort has been made to track

the eigenvalues with kh, and therefore the most unstable mode may change with kh,

explaining the sudden jumps for kh > 0.5 in Figure 4.9b. The most unstable mode is

selected at each wavenumber since that limits the stability of the problem.

In the same manner as Section 4.4, the eigenvector associated with the most unstable

mode can be tiled and plotted to identify the physical behavior of the solution. Refer-

ring to Figure 4.9a, two solutions are chosen at a fixed kL = 0.4: the p = 4 solution,

which appears to agree well with the reference solution, and the p = 8 solution which

deviates from the reference values by at least a factor of four. Figure 4.10a shows the

normalized solution mode for pressure at order p = 4. This solution is consistent with

the pressure solution observed in Figure 4.7a associated with the vortex sheets in the

shear layer. Figure 4.10b shows the solution mode for pressure at order p = 8. In

contrast to the p = 4 results, the solution mode is entirely spurious, composed of very

high wavenumber oscillations and no physical mode can be identified. The unstable

solution is concentrated near y = 0, which is the region where both the mean velocity
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Figure 4.9: Numerical frequencies at a range of wavenumbers and polynomial orders
of the shear layer instability. (a): Imaginary part. (b): Real part. The reference result
without aliasing is shown in black.

(a) p = 4 (b) p = 8

Figure 4.10: Normalized pressure, p0/kQk, for the most unstable mode at kL = 0.4 for
the polynomial order p = 4 and p = 8 solutions. The mesh is shown at the center of
the figure in black lines.

and the solution have the highest gradients. These high gradients are likely responsi-

ble for the aliasing, since the interpolation of the flux is the least well-resolved in this

region.

The real part of the numerical frequency gives the dispersion relation, Re(!(k)), of

the most unstable mode. By computing the group velocity, dRe(!)
dk , the propagation

speed of the disturbances can be identified. When the group velocity associated with

the most unstable mode is nonzero, it means that the unstable mode will advect

away from the source as it grows. Conversely, a zero group velocity implies that

the instability remains stationary as it grows [121]. Unstable modes with small or zero

group velocity will rapidly pollute the solution as they will not exit the computational
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domain before growing unbounded. The real part of the numerical frequency is shown

for each wavenumber and order in Figure 4.9b. The group velocity for the reference

mode is found by taking the slope of the line, resulting in dRe(!)
dk = 0.5U , indicating that

the physical unstable mode advects with the shear layer centerline velocity. The real

numerical frequencies for orders one through four approximate the reference results well

over the range 0  kL  0.55. However, for polynomial orders p > 4, the dispersion

error is high and for kL > 0.55, the group velocity approaches zero, indicating that

the instability advects slowly or not at all.

4.5.2 E↵ect of the time integration

While the aliasing error described in this chapter is caused by a lack of spatial resolution

of the flux, it is useful to eliminate the time integration as a source of the instabil-

ity. Thus far, the semi-discrete dispersion analysis of Section 4.3 has been solved for

numerical frequencies, and the ones associated with the most unstable solution mode

are stored. To include the e↵ect of the time integration, the fully-discrete dispersion

analysis, developed in Section 4.3.1 is solved for growth factors of the solution modes

over a single time step, �t. From the growth factors, the numerical frequencies are

obtained through the expression,

! =
�i ln(g)� n2⇡

�t
, (4.31)

where g is the growth factor of the solution mode over a single time step, and n is an

integer.

The calculation of the previous section for the hyperbolic-tangent shear layer is re-

peated using the fully-discrete dispersion analysis. Choosing a single polynomial or-

der, p = 4, and a range of CFLs, the growth rates for the most unstable mode are

calculated using Equation 4.31 and shown in Figure 4.11. There is no observable di↵er-

ence between the growth rates computed with di↵erent time-steps, indicating that the

time-step has no impact on the aliasing instability and cannot be reduced to maintain

stability.

4.5.3 E↵ect of the numerical flux function

Until now, the dispersion analysis considered only the exact upwind flux, derived in

Section 2.4.1. This section will evaluate the behavior of the aliasing-driven unstable

solution mode using the common, Lax-Friedrichs flux,

f̃(qe,qe+) =
1

2
[F�,n qe + F�,n qe+ +max (|⇤|) (qe � qe+)] . (4.32)
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Figure 4.11: Growth rates of the most unstable mode computed using the fully-discrete
dispersion analysis for the p = 4 discretization. Three time-steps are used based on
CFL = 0.1, CFL = 0.5, and CFL = 1.0.

The Lax-Friedrichs flux can be thought of as a central flux plus a dissipation term that

is proportional to the solution jump across the element interfaces. This additional

dissipation may have a stabilizing e↵ect on the aliasing-driven instabilities.

To add the new flux function to the dispersion analysis, the matrix Fb+
n,e, defined in

Section 3.1, must be changed to,

Fb+
n,e =

2

66666666666664
0

0

0

|⇤|max

���
~xe,b,1

0

0

|⇤|max

���
~xe,b,2

0

0

. . .

0

0

|⇤|max

���
~xe,b,p+1

0

0

0

3

77777777777775

, (4.33)

where |⇤|max is the absolute value of the maximum wave speed, c� + |u�|, at the flux

evaluation point.

With the Lax-Friedrichs flux, a new solution to the semi-discrete dispersion analysis

can be found and compared to the results in Section 4.5.1. Solutions are obtained

on the same, 40 element mesh for a range of wavenumbers from kL = 0 to kL = 1,

and polynomial orders p = 1 to p = 8. Figure 4.12a shows the growth rates of the

most unstable mode for the Lax-Friedrichs flux. On first inspection, the growth rates

appear lower than for the upwind flux, which are shown in Figure 4.9a, over the entire

range of wavenumbers and for each order. For the upwind flux, the maximum growth

rate over kL for each polynomial order, is proportional to the order. The behavior ap-

pears di↵erent for the Lax-Friedrichs flux. While there is certainly an order-dependent
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increase in the maximum growth rate, it does not appear to be as strong as for the

upwind flux. Figure 4.12b shows the dispersion relation of the most unstable mode

for each polynomial order. In the range 0.3  kL  0.5, the dispersion error appears

lower than for the upwind flux, however, outside of this region, substantial inaccuracies

are visible. The p = 6, p = 7, and p = 8 results exhibit much higher phase shift for

wavenumbers which are not near the maximum of the shear-layer instability. However,

the slope, or group velocity, for each order appears to be closer to the reference results.

These results indicate that the Lax-Friedrichs flux o↵ers better stability qualities than

the fully upwind flux.

4.5.4 E↵ect of periodic modal filtering

A simple to implement and yet computationally e�cient way to remove aliasing-driven

instabilities is to periodically filter the solution to avoid the buildup of aliasing error.

Aliasing error builds up in solutions as energy in the highest order modes and progres-

sively corrupts the lower order modes, eventually leading to instability [46, 55, 102].

The filtering process selectively damps the higher order modes to avoid this cascade of

energy into the lower order modes.

In this work, the filter of the type developed by Hesthaven and Kirby [55] is employed

to filter the modal coe�cients of the solution. The filtered solution takes the form of,

q⇤(~x) =

Np�1X

n=0

� (n) q̂n�n(~x), (4.34)
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Figure 4.12: Numerical frequencies at a range of wavenumbers and polynomial orders
of the shear layer instability with the Lax-Friedrichs numerical flux. (a): Imaginary
part. (b): Real part. The reference result without aliasing is shown in black.
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where q⇤ is the filtered solution, � is the filter function, �n is the nth modal basis

function, and q̂n is the nth solution coe�cient. The filter function is defined as,

�(n) = exp


�↵

✓
o(n)� pc
p� pc

◆s�
, (4.35)

where o(n) converts the modal coe�cient number to the degree of the polynomial of

that term, and pc is the order below which, no modes are altered. The parameters ↵

and s control the magnitude of filtering and the rate at which the filtering increases

with the degree of each term. Alternatively, the truncating filter function,

�(n) =

8
<

:
1 for o(n) < pc

0 for o(n) � pc
, (4.36)

can be applied to cut-o↵ all modes above pc.

To filter the nodal values of the solution, a nodal filter matrix, F , is defined as,

F = V�V�1, (4.37)

where � is a diagonal matrix with entries, {�}n,n = �(n), and V is the Vandermonde

matrix.

To implement this filter in the dispersion analysis, a global filter matrix, FG, is defined

that takes the entire solution vector, Q, and applies the filter to the modal coe�cients.

The global filter matrix can be constructed from the local filter matrix through,

FG = INe ⌦ F ⌦ INv , (4.38)

where INe and INv are the Ne ⇥ Ne and Nv ⇥ Nv identity matrices, respectively. To

model filtering of the solution at the end of each time-step, the fully-discrete form is

modified such that,

ei!�tQ = FG

"
I+

NstX

s=1

�s (A�t)s
#
Q = ARKQ. (4.39)

To demonstrate the stabilizing e↵ect of the filter, the fully-discrete dispersion analysis

is applied to the shear instability problem and solved for a range of wavenumbers and

polynomial orders. For each order, the parameters, ↵ and s are fixed to 36 and 16,

respectively. The order cut-o↵, pc, varies with order as pc = 3/2 p, to impact only the

upper third of the modes. Figure 4.13a shows the numerical growth rates predicted

by the dispersion analysis of the filtered scheme. Unlike the unfiltered scheme, the

growth rates converge to the reference solution with increasing order over the entire
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wavenumber range. The real part of the numerical frequency, shown in Figure 4.13b,

converges to the reference solution with increasing order, except for the regions near

kL = 0 and kL = 1, which show significant phase error for high orders. This indicates

that while the aliasing instability has been significantly damped, it has not been elim-

inated entirely, although the growth rates at kL = 0 and kL = 1 appear to be small.

With a greater filter strength, the instability could be eliminated all together.

4.5.5 Discussion on interpolation points

It is well known that the choice of interpolation points on which to construct the nodal

basis functions can impact the accuracy and stability of DG schemes [102, 105, 106,

109]. Williams and Jameson [106] determined that locating the interpolation points at

quadrature points substantially reduces aliasing errors. Witherden and Vincent [109]

analyzed di↵erent sets of interpolation points for their quadrature and interpolation

qualities and determined that locating interpolation points at quadrature points may be

necessary, but not su�cient for a stable and accurate scheme when solving marginally-

resolved nonlinear problems.

Often, and in this work, the interpolation points are chosen to maximize the quality of

the interpolation. The spacing of interpolation points on triangles and tetrahedra can

be represented by a single constant, ↵, which can be varied to maximize some quality

metric [55]. The resulting nodal sets are known as ↵–optimized nodes. One common
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Figure 4.13: Numerical frequencies at a range of wavenumbers and polynomial orders
of the shear layer instability computed with polynomial filtering. (a): Imaginary part.
(b): Real part. The reference result without aliasing is shown in black.
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metric for the quality of an interpolation is known as the Lebesgue constant,

⇤ = max
x

NpX

i=1

|�i(x)|. (4.40)

The Lebesgue constant measures how closely an interpolation is to the optimal polyno-

mial with minimal interpolation error [55]. By adjusting ↵ to minimize the Lebesgue

constant, a point set with optimal interpolation qualities can be identified.

For problems with a nonlinear flux, the ↵–optimized nodes have been shown to have

suboptimal stability qualities [106, 109]. Solution points must be not only good for

interpolation, but for nonlinear problems, or non-constant coe�cient linear problems,

they must also minimize the error of the collocation-projection of flux to achieve low

aliasing error. Locating the interpolation points to coincide with quadrature points

has been shown to reduce aliasing [106, 109], but often, good quadrature points do

not coincide with the edges of triangles or faces of tetrahedra. Therefore, to evaluate

the boundary flux integrals, a separate set of quadrature points is required on the

boundary of the element. This then requires application of an interpolation matrix

that interpolates the solution from the volume of the element, to the face nodes, before

evaluating the flux. For this reason, the ↵–optimized are still used in this work.

4.6 Aliasing instability in a mean temperature non-uniformity

The stability analysis of DG solutions to the LEE in a sheared flow, showed aliasing

instabilities that grew rapidly in time. However, it is unclear whether the aliasing-

driven instabilities are stronger when shear layer instabilities are present. To evaluate

this idea, the dispersion analysis is applied to the problem of wave propagation through

a mean temperature non-uniformity in a uniform mean flow. With a uniform mean

flow velocity, solutions to the LEE are not expected contain an unstable mode, unless

it is caused by aliasing.

A mean density profile of the form,

⇢�/⇢1 = 1 +
1

4
[1 + tanh(y/L)] , (4.41)

is chosen, where L is the characteristic length scale of the non-uniformity. This density

profile has a nonlinearity similar to the shear layer velocity profile of Section 4.5. The

uniform mean flow velocity and pressure are set to u�/c1 = 0.25 and p�/p1 = 1,

respectively. To compare with the results of the previous sections, the same mesh and
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range of polynomial orders are considered, and a reference solution is computed on the

160 element mesh with a truncating filter.

Figure 4.14a compares the growth rates of the most unstable mode over a range of

wavenumbers from kL = 0 to kL = 1 for polynomial orders p = 1 to p = 8. On first

inspection, the maximum growth rates achieved for orders p = 7 and p = 8 over the

wavenumber range are an order of magnitude smaller than those predicted for the shear

layer velocity profile. Figure 4.14b shows a zoomed-in region of the growth rates on a

scale from � Im(!)L/U = 0 to � Im(!)L/U = 1 ⇥ 10�5. Notice that the maximum

growth rates for orders p = 1 to p = 5 are three orders of magnitude smaller than for

the shear layer aliasing instabilities. Similar to the shear layer problem, the maximum

growth rates increase with increasing polynomial order.

This example shows that aliasing in solutions to the LEE is highly dependent on the

specific form of the mean flow-field. When the solution to the governing equations

is stable, the numerical errors satisfying the discrete system are damped, along with

the solution. When the solution is unstable, the numerical errors along with the so-

lution are amplified, leading to increased build-up of error and potentially numerical

instability. Therefore, when the mean flow-field supports shear instabilities, alias-

ing mitigation becomes critical for long-time stability of solutions. For a nonuniform

thermodynamic state and a uniform mean velocity field, such as the temperature non-

uniformity, aliasing instabilities grow slower, and only a weak filter would be necessary

to ensure stability.
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Figure 4.14: (a): Growth rate of the most unstable mode for a mean temperature non-
uniformity and varying polynomial order. (b): Zoomed-in region of the most unstable
mode growth rates.
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4.7 Conclusion

This chapter investigated the problem of aliasing-driven instabilities in DG solutions

to the LEE. For turbofan exhaust noise applications, the shear layers in the exhaust

streams have large gradients of axial velocity, making them particularly prone to alias-

ing. The aliasing problem was demonstrated by computing 2D solutions to radiation

of sound from a planar jet. A new dispersion analysis for the DGM with a non-uniform

mean flow was developed and applied to the problem of predicting aliasing instabilities

in a hyperbolic-tangent sheared mean flow. By changing the discretization parameters,

the e↵ect of polynomial order, time-step, flux-function, and filtering, on the aliasing

instabilities was studied. The results indicate that,

• the maximum growth rate of the instabilities increases with increasing polynomial

order when using the ↵–optimized interpolation points, an upwind flux, and a

fixed mesh,

• solutions computed using the Lax-Friedrichs flux function o↵er greater stability

than using the fully upwind flux function,

• periodic filtering of solution polynomial coe�cients is an e↵ective and computa-

tionally e�cient way to stabilize solutions, and,

• mean flow-fields that permit unstable solution modes, such as shear layers, are

particularly prone to strongly-growing aliasing instabilities, whereas flow-fields

which do not permit unstable solution modes, have weaker growth of aliasing

instabilities.

One aspect that has not been investigated in this chapter is geometrical aliasing. Dis-

cussed in Section 2.5.5, geometrical aliasing occurs in elements with a non-constant

Jacobian. Since evaluating the boundary flux integrals with a su�ciently high quadra-

ture rule eliminates the instabilities for the quadratic elements in this work, it was

not deemed necessary to investigate in this section. However, the dispersion analysis

could be applied to the study of geometrical aliasing in circular cross-section ducts with

curved wall elements, computing growth rates of the instability for varying azimuthal

wavenumber.



Chapter 5

Representation of the mean flow

The linearization process of the Euler equations, covered in Chapter 2, expresses the

solution as a sum of a mean state plus a small, fluctuating state, so that,

⇢ = ⇢� + ⇢0

⇢u =(⇢u)� + (⇢u)0

⇢v =(⇢v)� + (⇢v)0

⇢w =(⇢w)� + (⇢w)0

⇡ =⇡� + ⇡0.

The fluctuating state, {·}0, is obtained by solving the LEE, and the mean state, {·}�,

must be specified a priori. Both the fluctuating and mean states are solutions to the

Euler equations, however, in many applications, viscous e↵ects are important for the

accurate modeling of the mean flow-field. For example, the exhaust jet of a turbofan

engine has turbulent shear layers with strong gradients of axial velocity, causing the

refraction of acoustic waves and the transfer of acoustic energy into the formation of

vortices that are convected downstream by the mean flow. To model these e↵ects,

the mean flow-field is often obtained from steady-state solutions to the Navier-Stokes

equations.

Described in Chapter 2, the fluxes, Equation 2.3, are computed at the interpolation

nodes of each element, requiring nodal values of the mean flow-field. Often, to save

memory, the mean flow-field is stored as a linear or quadratic polynomial in each

element which is used to interpolate the flow at each of the nodes. For high-order

methods such as the DGM that permit the use of large elements for computational

e�ciency, a low order accurate representation of the mean flow in each element may

not be su�ciently accurate to represent the spatial variation of the mean flow. An

121
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alternative approach is to store a high-order representation of the mean flow in each

element using the same polynomial basis functions as is used to discretize the solution.

Using high-order polynomial basis functions to describe the mean flow state, can po-

tentially lead to increased aliasing errors due to the increased polynomial degree of the

fluxes [122, 123]. The aliasing problem is described in detail in Chapter 4. Therefore,

before immediately adopting a higher-order representation of the mean state, a study

of the impact of the representation accuracy on the acoustic solution accuracy should

be performed. There exist many results on the impact of the solution interpolation on

the solution accuracy, but little on how the interpolation error of the mean variables

e↵ects the solution in a hybrid aeroacoustics approach. The first half of this chapter

is devoted to shedding light on this topic.

A low-order representation of the mean flow-field requires values of the CFD data at

the nodes of the linear or quadratic shape functions in each element, while a high-

order representation requires values at the DG interpolation nodes on each element.

Unless an identical mesh and discretization are used for both the CFD and acoustic

computation, an interpolation or approximation procedure is required that maps from

the CFD mesh to the interpolation points on the acoustic mesh. A common approach

is to triangulate the CFD data and use a linear interpolation [124]. However, using

such an approach may lead to a non-smooth representation of the mean flow-field for

strongly spatially-varying flow features such as shear layers [24]. Gracia et al. [125]

developed a global least-squares approximation procedure for mapping mean flow data

to the acoustic mesh. The global procedure finds an L2 error-minimized fit of the CFD

data to the DG polynomial basis, and filters the polynomial coe�cients to reduce the

potential for aliasing. However, to maintain a continuous mean flow across element

boundaries, which is necessary to maintain conservation in the upwind numerical flux

defined in Section 2.4.1, a global least-squares problem must be solved, which may be

computationally costly for large 3D problems with millions of CFD grid points.

In this work, an alternative CFD-mesh to acoustic mesh mapping procedure is investi-

gated based on moving least-squares approximations to scattered data [126, 127, 128].

Moving least-squares computes a continuous local polynomial fit at each interpolation

point using only the surrounding CFD grid points inside a support radius, potentially

making it computationally less restrictive than the global least-squares procedure and

trivially parallelizable. Increasing the extent of the support radius leads to increased

smoothing, allowing one to e↵ectively transition from an interpolation to an approxi-

mation of the CFD data based on the resolution requirements of the particular problem.

Mean flow data in this work are obtained from solutions to the steady Reynolds aver-

aged Navier-Stokes (RANS) equations, where the physical length scales are typically

much smaller than that of the acoustic wavelength. The mean flow data are then
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mapped from the RANS mesh to the acoustic mesh. Since the acoustic mesh is gener-

ally coarser than the CFD mesh, the fine-scale flow features in the RANS solution, such

as thin boundary layers, are poorly resolved. However, the acoustic wavelength will

generally be larger than the finest mean flow features, so refining the mesh enough to

capture the mean flow features would waste computational resources. Alternatively, the

mean flow-field could be approximated, neglecting the unresolved flow features which

are much smaller than the acoustic wavelength, allowing the use of a coarser acoustic

mesh. For turbofan exhaust noise applications, the thin boundary layers at the walls of

the engine geometry are typically severely unresolved by the acoustic mesh, leading to

spurious values of the interpolated mean flow at the walls. Rarata [65] used a quadratic

representation of the mean flow-field in each element and removed the boundary layers

by replacing the mean flow value at the mesh nodes on the wall, with the average

of the interpolated wall value and the value at a node outside of the boundary layer.

For a high-order accurate flow-field approximation, a more sophisticated approach is

required and is developed in this chapter.

Part one of this chapter attempts to illustrate and quantify the impact of the mean

flow representation on DGM solutions to the LEE, by comparing fully-discrete LEE

solutions to an analytical solution of one-dimensional (1D) wave propagation through

an inhomogeneous mean sound speed. The scattering of a two-dimensional (2D) plane

wave by a mean, stationary, vortex at di↵erent accuracy levels, is compared to a

reference solution. Part two investigates the use of a moving least-squares procedure

to map a CFD-obtained mean flow to the DG interpolation nodes on the acoustic

mesh to obtain a robust, high-order approximation of the mean flow-field. Finally, the

removal of thin boundary layers in the mapping process for a turbofan geometry and

flow-field is studied.

5.1 Accuracy assessment of the mean state representation

This section seeks to illustrate the e↵ect of the mean flow representation accuracy on

the acoustic solution. To accomplish this, 1D wave propagation through an inhomoge-

neous medium is studied with varying parameters, to identify any trends present in the

acoustic solution error when the medium is represented inexactly. A more complex,

2D problem of a plane wave scattered by a stationary vortex is then studied, to see if

the trends seen in the 1D problem extend to more realistic applications.
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5.1.1 Acoustic wave propagation through a nonuniform sound speed

An analytical solution to the linearized Euler equations for a nonuniform propagation

medium is necessary to understand the relationship between the mean quantity rep-

resentation accuracy and the acoustic solution accuracy. Unfortunately, a su�ciently

complex analytical solution to acoustic propagation through a nonuniform medium

is not available to the author’s knowledge. Therefore, this section develops an ana-

lytical solution to one-dimensional acoustic propagation through a sound speed non-

uniformity in an unbounded domain. While the analysis is purely one-dimensional, it

should be possible to follow a similar process to develop analytical solutions for two-

and three-dimensional propagation, but this problem is not considered in this work.

Consider a problem governed by the one-dimensional LEE, for the fluctuating state of

density, velocity, and pressure in a quiescent medium. The 1D LEE in primitive form

for a quiescent medium can be written as,

@⇢

@t
+
@⇢�u

@x
= 0 (5.1)

⇢�
@u

@t
+
@p

@x
= 0 (5.2)

@p

@t
+ �p�

@u

@x
= 0, (5.3)

where the fluctuating density, pressure, and velocity are ⇢, p, and u, dropping the

primes for clarity. The mean state of density, pressure, and sound speed is given by

⇢�, p�, and c�, which are allowed to vary with the spatial coordinate, x. The constant

ratio of specific heats of the gas is �. From the above LEE, the wave equations for

pressure and velocity can then be obtained,

@2u

@t2
� c2�

@2u

@x2
= 0 (5.4)

@2p

@t2
�

@

@x

✓
c2�
@p

@x

◆
= 0. (5.5)

Solutions for the fluctuating velocity are assumed to be in the form of,

u = Uei(!t�k1�(x)), (5.6)

where �(x) is a complex-valued function with units of distance, and the free-field
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wavenumber is defined as k1 = !/c1, where c1 = c�(x) when |x|!1. Di↵erentiat-

ing the above solution with respect to x and t results in the following identities,

@2u

@t2
= �!2u (5.7)

@u

@x
= �ik1�

0u (5.8)

@2u

@x2
= �ik1�

00u� k21�
0 2u. (5.9)

For clarity, quantities with primes, {·}0, {·}00, or {·}000, indicate first, second, and third

derivatives of the variable with respect to x. Substituting the above expressions into

the wave equation for u, Equation 5.4, and then defining the complex variable, �, as

� = a+ ib, the wave equation for u becomes,

k2 � k21
�
a0 2 � b0 2 + 2ia0b0

�
� ik1a00 + k1b00 = 0. (5.10)

Splitting the above expression into an equation for the real and imaginary parts results

in,

k2 � k21
�
a0 2 � b0 2

�
+ k1b00 = 0 (5.11)

2k21a0b0 + k1a00 = 0, (5.12)

for which the real part can be used to obtain an expression for the spatially-varying

sound speed in terms of spatial derivatives of a and b,

c� =
c1q

a0 2 � b0 2 � b00
k1

. (5.13)

To specify a sound speed non-uniformity, a(x) must first be defined, and then the

expressions for b(x) and c�(x) can found. To relate a0 and b, b0(x) in Equation 5.12,

can be integrated to result in the relation,

b(x) = �
1

2k1
ln(a0). (5.14)

Assuming that a0 = 1 + f(x), where f(x) specifies some spatial non-uniformity, then,

a00(x) = f 0(x) (5.15)

b00(x) =
f 0(x)2 � f 00(x)a0(x)

2k1a0(x)2
(5.16)

b000(x) =
2f 0(x)2

⇣
f 00(x)
f 0(x) �

a00(x)
a0(x)

⌘
� f 00(x)a00(x)

⇣
a0(x)f 000(x)
a00(x)f 00(x) � 1

⌘

2k1a(x)02
. (5.17)
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A Gaussian spatial non-uniformity is defined, e.g.,

f(x) = ↵ exp


�
(x� x�)2

�2

�
, (5.18)

where ↵ and � are constants, and the center of the non-uniformity is denoted by x�.

The spatial derivatives of this function are,

f 0(x) = �
2↵

�2
(x� x�) exp


�
(x� x�)2

�2

�
(5.19)

f 00(x) =
2↵

�2


2

�2
(x� x�)

2
� 1

�
exp


�
(x� x�)2

�2

�
(5.20)

f 000(x) =
4↵

�4
(x� x�)


3�

2

�2
(x� x�)

2

�
exp


�
(x� x�)2

�2

�
. (5.21)

With the above definition of f(x), the real part of �(x) becomes,

a(x) = 1 + �↵

p
⇡

2
erf


(x� x�)

�

�
, (5.22)

where erf({·}) is the error function.

With the above expressions defining �(x) and c�(x), the fluctuating velocity and pres-

sure can then be obtained through Equation 5.6, and,

p =
⇢�c2�
c1

�0(x)u. (5.23)

The fluctuating density can be found from Equation 5.6 and the conservation equation,

resulting in,

⇢ =

"✓
a0(x)2 � b0(x)2 �

b00(x)

k1

◆
�0(x)

c1
�

2a0(x)a00(x)� 2b0(x)b00(x)� b000(x)
k1

i!

#
u

c21
.

(5.24)

5.1.2 Convergence study

The analytical solution developed above is used to study the impact of the mean state

representation accuracy, element polynomial order, and mesh size, on solution accu-

racy. The mean sound speed profile and computational domain are shown in Figure

5.1. A wave with angular frequency, ! = 100 rad/s, enters through the left bound-

ary, passes through the inhomogeneity, and exits through a non-reflecting boundary

condition. The 1D time-domain LEE are solved by the DGM with Runge-Kutta time
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Figure 5.1: Profile of the mean sound speed and density in the computational domain.
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Figure 5.2: Profile of the mean sound speed and density in the computational domain
for the Ne = 20 mesh with a linear representation.

integration and with the time-step chosen to be su�ciently small to ensure that the

error is spatially dominated.

For mesh sizes with Ne = 20, Ne = 40, and Ne = 80 elements, a convergence study with

increasing polynomial order, p, is performed for each mesh. The representation of the

mean state is varied by using polynomial basis functions of orders 1–10, allowing the

approximation accuracy of the solution and the mean flow to be varied independently.

Figure 5.2 shows a linear representation of the mean sound speed and density profiles

for the Ne = 20 element mesh. Relative, global integrated errors are then calculated

by comparing the results with the above exact solution. Additionally, the interpolation

error of the mean state is calculated.

Figures 5.3a, 5.3b, and 5.3c, show the convergence of relative solution error with in-

creasing polynomial order, for a range of mean state representations, for mesh sizes

Ne = 20, Ne = 40, and Ne = 80 elements, respectively. For a fixed mean state repre-

sentation, i.e. orders 1–4, increasing the polynomial order of the solution only improves

accuracy up until a certain limiting order is reached, after which the error levels stag-

nate. Therefore, for a mesh size of Ne = 20, the maximum order at which reductions
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Figure 5.3: Convergence of relative solution error with polynomial order for three mesh
sizes. The triangles show the relative interpolation error of the mean state variables,
colored to indicate the polynomial order of representation.

in solution error are seen, is p = c+ pF , where p is the order of the solution basis, pF

is the order of the mean flow basis, and c is some integer related to the interpolation

error of the acoustic solution. A similar behavior can be identified for the other two

mesh sizes, but with a di↵erent value for c.

The mean variable interpolation errors are given by the colored triangles, showing

that the global relative solution errors appear to always be higher than the mean

state relative interpolation error. Comparing the convergence with a fixed mean state

representation order to the convergence with the order equal to the solution order, it

is clear that having a high-order representation of the mean flow is critical when high

solution accuracy is required. Additionally, for computational e�ciency, it is desired

that high polynomial orders are used instead of refining the mesh. This suggests

that a high-order accurate representation for the mean variables is desirable for both

accuracy and e�ciency. It is interesting to note the similarity of these results to

errors in geometrical representation. Bassi and Rebay [129] found that for a high-

order scheme, a high-order accurate solution is only obtained when the representation

of the geometry is also of high-order.
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Figure 5.4: Computational domain and contours of the magnitude of mean vortex
velocity, v/vmax.

5.1.3 Scattering of a plane wave by a steady vortex

To assess the impact of mean flow representation accuracy on the acoustic solution for

2D applications, the more complex problem of plane wave scattering by a steady vortex,

formulated by Colonius et al. [130], is solved. In this problem, a plane wave traveling in

the x-direction, passes through a stationary mean flow vortex, scattering the wave, and

creating a complex interference pattern. By using di↵erent representation accuracies

of the vortex, the impact of mean flow accuracy on the scattered field can be shown

at di↵erent radii and incident wave conditions. These results are compared to the

semi-analytical frequency domain solution to the problem by Clair and Gabard [131].

The mean vortex velocity in cylindrical coordinates is defined by,

v✓(r) = vmax
r

L
exp


1� (r/L)2

2

�
, (5.25)

where r is the radial coordinate from the vortex center, and vmax is the maximum

induced velocity at r = L. A characteristic vortex size of L = 1 is chosen and the

mean sound speed and density are taken to be uniform throughout the domain so that

c�/c1 = 1 and ⇢�/⇢1 = 1. Contours of the mean vortex velocity magnitude are shown

in Figure 5.4. To limit any spurious reflections, the plane wave is injected into the

computational domain shown in Figure 5.4 through a bu↵er zone, and exits through a

bu↵er zone. The solution is recorded at four radial positions, r = 1L, r = 2L, r = 4L,

and r = 10L, and the simulation is stopped before the scattered field can reach the

top and bottom boundaries.
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To take advantage of the high spatial accuracy o↵ered by the DGM, a coarse mesh with

a characteristic length scale of approximately L, and a polynomial order of p = 10 is

used. The vortex flow-field is interpolated onto the nodes of linear or quadratic shape

functions in each element. The shape functions are used to interpolate the mean flow-

field at the DGM interpolation nodes.

Results

For the incident plane wave, two wavelengths, �� = 4L and �� = 1L, are chosen to

highlight the impact of the mean flow on the scattered field complexity. For each wave,

two problems are solved, propagation in a quiescent medium to get the incident field,

and propagation through the mean vortex to get the total field. The scattered field

is then found by taking the di↵erence between the total field and the incident field at

identical time levels.

Figures 5.5a and 5.5b show contours of the pressure field and the scattered field after the

incident wave travels a distance of 30L for the mean flow data imposed analytically

on the DGM interpolation nodes. Since the incident wave has a wavelength four

times greater than the characteristic length scale of the vortex, the incident field can

be seen to be only minimally scattered. Decreasing the wavelength of the incident

wave to �� = 1L, Figures 5.6a and 5.6b show the total and scattered pressure fields,

respectively. Since the wavelength is identical to the characteristic length scale of the

vortex, substantial scattering of the incident wave occurs.

For assessing the impact of mean flow representation accuracy on the acoustic solution,

two mean flow representations are used: linear and quadratic shape functions in each

(a) Total field pressure (b) Scattered field pressure

Figure 5.5: Contours of pressure for the total field and scattered field for �� = 4L.
Contours of mean axial velocity between �0.125 and 0.125 are shown in black, with
dashed lines indicating negative values.
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(a) Total field pressure (b) Scattered field pressure

Figure 5.6: Contours of pressure for the total field and scattered field for �� = 1L.
Contours of mean axial velocity between �0.125 and 0.125 are shown in black, with
dashed lines indicating negative values.

element. The solution is recorded at four radial locations r = 1L, r = 2L, r = 4L,

and r = 10L and the RMS pressure is then compared to the semi-analytical solution.

Figures 5.7a–5.7d compare the RMS pressure at each radius with that of the reference

solution for an incident wavelength of �� = 4L. It is clear that even for the long

incident wavelength relative to the vortex size, the mean flow representation accuracy

is important. For r = 1L and r = 2L, using a linear representation of the vortex, leads

to a very poor prediction of the RMS pressure. However, increasing the mean vortex

representation to quadratic, significantly improves the agreement with the reference

solutions. Figures 5.8a–5.8d compare the RMS pressure at each radius with that of

the reference solution for an incident wavelength of �� = 1L. Again, poor agreement

can be seen near the vortex at r = 1L and r = 2L and farther away, a quadratic

mean flow representation results in a closer agreement to the reference solution. It can

be seen that the mean flow representation accuracy is significantly more important for

accurate prediction of the near field region, and less important as the distance from the

vortex increases. This may indicate that if only accurate far field results are desired,

a coarser description of the mean flow could be su�cient for free-field propagation

problems. However, for problems having wall boundaries near the flow non-uniformity,

a coarse mean flow description may be inaccurate due to reflections of the waves at

the walls in the near-field.

5.2 Moving least-squares local approximation

The previous sections showed the necessity for accurately representing the mean flow

when the acoustic solution is discretized by high-order polynomials. It is natural to

then try to achieve a better mean flow representation by interpolating the CFD data
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Figure 5.7: Comparison of RMS pressure for linear and quadratic mean flow repre-
sentations with the reference solution at indicated radii for an incident wavelength of
� = 4L.

directly at each interpolation node on the element, to achieve a high-order represen-

tation of the mean flow-field. However, as mentioned in the introduction, the RANS

flow-fields often support small scale flow features that are significantly smaller than

the acoustic wavelength, such as thin boundary layers, that often cannot be resolved

by the DG nodal polynomial basis on the acoustic mesh without excessive refinement

of the acoustic mesh. Interpolation of these unresolved features onto the interpolation

nodes can lead to spurious oscillations in the mean flow which can in turn lead to

numerical errors or instabilities caused by aliasing in the fluxes [123].

An approach to find the closest fit of the nodal DGM basis to the CFD data and

smooth out unresolved features was developed by Gracia et al. [125], using a least-

squares procedure. The approach involved linearly interpolating the CFD data onto a

fine “flow mesh”, then finding a least-squares fit of the nodal DG basis to the data on

the flow mesh. To maintain continuity of the mean flow across element boundaries, a

global least-squares problem was solved over the entire computational domain, which

for three-dimensional problems, may be prohibitively computationally expensive and
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(a) r = 1L
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Figure 5.8: Comparison of RMS pressure for linear and quadratic mean flow repre-
sentations with the reference solution at indicated radii for an incident wavelength of
� = 1L.

di�cult to parallelize. The approach proposed in this work is to apply a moving least-

squares approximation, centered on each DG interpolation node, to both approximate

the surrounding CFD data and also to introduce smoothing of unresolved features.

Since the approach is local to each interpolation node, no global problem must be

solved to ensure continuity. Additionally, there is no need for a secondary flow mesh,

since the approximated mean flow is computed directly from the CFD data, saving an

additional step in the solution process.

Moving least-squares (MLS) approximation methods have had widespread use for com-

puter graphics applications, such as scattered data interpolation and surface recon-

struction [128], and also in mesh-free methods for solving partial di↵erential equations

[132]. MLS approaches have also been used to facilitate the transfer of solution infor-

mation between computational meshes [127].



134 Chapter 5 Representation of the mean flow

5.2.1 Formulation

The approach derived by Slattery et al. [127] for the transfer of solution information

between computational meshes is adapted herein. Given an interpolation or target

point, x̃, where the values of the mean flow-field are desired, a set of N points, x,

defining the CFD mesh within a region around the target points, and the values of the

CFD data, fd, where d = 1 . . . N , a local weighted least-squares minimization problem

at each interpolation node is formed,

min
X

d

w(kx̃� xdk)kf(x̃)� fdk
2, (5.26)

where w is a radial weighting function, and f(x̃) is an evaluation of the local polynomial

fit to the data of the form,

f(x̃) = p(x̃)|c, (5.27)

where p =
h
1, x, y, z, xy, xz, yz, x2, y2, z2

i|
is a quadratic polynomial basis

and c is the unknown vector of its coe�cients. In this work, the compactly supported

weighting function of Wendland is used,

w(s) =

8
<

:
(1� s)4(4s+ 1), if 0  s  1

0, if s > 1
, (5.28)

where s = kx̃ � xdk/R, with R being the radius of the support. The support radius

may be increased to provide more smoothing, or decreased, to be more interpolatory.

Solving the minimization problem in Equation 5.26 results in the expression for a single

evaluation point,

f(x̃) = p(x̃)| [P|WP]�1 P|Wf = p(x̃)|c, (5.29)

where the Vandermonde matrix, P, is defined as P =
h
p(x1), p(x2), . . . , p(xN )

i|
,

the matrix, W, is a diagonal weight matrix with values, {W}ii = w(kx̃ � xik/R),

and f , is the vector of mean flow-field values within the radius R on the CFD mesh.

The pseudo-inverse is obtained by computing the singular value decomposition and

inverting only the singular values which are greater than a small threshold. While

this solution process must occur at every interpolation point, the approximation only

depends on the values of the CFD data within the support radius, resulting in a small

pseudo-inverse.

In contrast to the approach by Slattery et al., before performing the MLS fit, the CFD

data within the support radius are shifted to the local coordinate system of the target
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location, x̃, such that the matrix P is now evaluated at xd � x̃ and p is evaluated at

x̃ = 0. This is done to improve the stability of the approximation [126].

5.2.2 Regularity

The Vandermonde matrix can be ill-conditioned, making the pseudo-inverse di�cult

to compute accurately. Ill-conditioning generally happens when the CFD data points

within the support radius, lie in a lower dimensional space than that of the polynomial

basis. For example, if a quadratic polynomial fit to the CFD data is desired in three

dimensions, and the CFD data within the support all lie on the same line, or plane,

then the Vandermonde matrix may not be of full rank, and the MLS system may be ill-

conditioned [127]. Slattery et al. [127], solve this problem by adding each column, i.e.

each term of the polynomial basis, sequentially, and computing the vector of singular

values, �. If any of the singular values violate the constraint,

{�}i < ✏max(�), (5.30)

where ✏ is the machine precision, the column is rejected, and the process is repeated

for the next column until the matrix is built. This process helps to ensure that the

Vandermonde matrix is of full rank. Typically, this process is only required when the

CFD mesh is highly nonuniform.

5.2.3 Finding data within the support radius

An e�cient implementation of the proposed mapping procedure depends both on how

e�ciently the MLS system is solved and how e�ciently the CFD data within the

support radii are found. A typical RANS CFD mesh in three dimensions can contain

millions of points, forcing the use of e�cient radius neighbor searching algorithms. In

this work, the CFD data are spatially partitioned using a quadtree data structure,

for 2D problems, or an octree data structure, for 3D problems, making the search

for radius neighbors highly e�cient. The approach from Behley et al. [133] is used

in this work. Because the MLS approximation at an interpolation point is computed

independently of all other points, the mean flow approximation problem naturally fits

within the framework of a parallel DG scheme; each partition reads only the CFD

data required locally, and builds its own tree based on that data. This results in a

continuous approximation of the mean flow-field without requiring any communication

between processors.
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5.2.4 Verification of MLS applied to scattering by a steady vortex

The moving least-squares procedure outlined above is now applied to the solution

of the problem from Section 5.1.3, involving scattering of a plane wave by a mean

vortex. The vortex mean flow is evaluated at a set of scattered points in the domain

to represent CFD data. Moving least-squares is then used to find an approximation to

the model CFD data at each interpolation point on the elements. For comparison, the

results for a quadratic representation of the mean flow are repeated here. The MLS

support radius is selected based on the characteristic size of the mean flow vortex.

Choosing a large radius, relative to the vortex size, could result in excess smoothing,

poorly approximating the vortex. Choosing a radius much smaller than the vortex size,

essentially results in a nearest-neighbor interpolation of the mean flow data. Since the

vortex is smooth, and there is su�cient mesh resolution to resolve it, the support radius

is chosen to be on the order of the mean interpolation point spacing on the elements,

e.g. Dp , where D is a measure of the element size, and p is the polynomial order. Figures

5.9a–5.9d show the comparison between quadratic, MLS, and the reference solutions

at each radial location. The moving least-squares approximation is able to accurately

represent the mean flow in each element, leading to a close agreement to the reference

acoustic solution.

5.2.5 Impact of the support radius on the mapping accuracy

In the previous section, the support radius and the density of the model CFD data were

fixed. In this section, the support radius and density are varied to better understand

their impact on the accuracy of the approximation. The model CFD data are sampled

from the Gaussian function,

g(x) = exp(�kx� xck
2/w2), (5.31)

where xc is the center of the Gaussian and w controls the width, at an unorganized

set of model grid points with characteristic spacing, h. The model CFD data are then

given as an input to the MLS algorithm and an approximation of the CFD data is

found at a regular 100⇥ 100 grid of interpolation points.

For a non-dimensional range of CFD point densities from h/w = 0.07 to h/w = 0.47,

the non-dimensional inverse support radius is varied from w/R = 0.1 to w/R = 3.0.

For each pair of h/w and w/R, the MLS problem is solved at each interpolation point
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Figure 5.9: Comparison of RMS pressure for quadratic and moving least squares mean
flow representations with the reference solution at indicated radii for an incident wave-
length of � = 1L.

and the total relative l2-error is computed, defined as,

El2 =

sX

i

(f(x̃i)� g(x̃i))
2

sX

i

g(x̃i)2
, (5.32)

where f(x̃i) is the approximated value of g(x̃i), at the interpolation point, x̃i. Figure

5.10a shows the contours of the exact solution, Equation 5.31, and Figure 5.10b shows

the convergence of the relative l2 error. For small w/R, e.g. large support radii,

the convergence behavior of the error is nearly identical for each CFD point density

considered. However, as w/R increases, a clear deviation in the convergence trend

can be seen. For a high CFD point density of h/w = 0.07, the slope of the error

convergence with increasing w/R remains nearly constant. For all other densities, as

w/R increases, the error reverses its downward trend and begins increasing, with the

worst case seen for a density of h/w = 0.47. This behavior can be attributed to having

too few points within the support radius to achieve an accurate fit. As the support
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Figure 5.10: (a) Contours of the function that is approximated by moving-least-squares.
(b) Convergence of the relative l2 error with changing CFD point density and support
radius.

radius decreases, the error initially drops since MLS acts more like an interpolation,

rather than an approximation to the CFD data. However, the number of points within

the support decrease until there are too few to achieve an accurate polynomial fit.

Therefore, it is important that the support radius is chosen based on both the desired

amount of smoothing and the density of the input CFD data.

5.2.6 Boundary layer truncation

As alluded to in the introduction of this chapter, the thin boundary layers at the walls

of the turbofan engine geometry present a challenge when mapping the mean flow-field

from the CFD mesh to the acoustic mesh. If ignored, these small flow features may

be unresolved by the acoustic mesh, leading to spurious oscillations in the mean flow

nodal basis functions, causing increased aliasing error when computing the fluxes. A

truncation of the thin boundary layers is proposed, where the near-wall region of the

flow-field is neglected from the MLS approximation. To decide which CFD points to

keep and which to disregard, a measure of the normal distance to the wall, robust

enough for complex geometries, is required. Additionally, after removal of the near-

wall CFD points, a change to the MLS approximation is required near the wall, to

ensure that the fit is robust when there may be a low density of CFD points. Both of

these considerations are discussed in the following sections.
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5.2.7 Computation of a normal wall distance

A way to compute the normal distance to the walls is required that is computationally

inexpensive and yet robust enough to handle complex geometries. In the turbulence

modeling community, wall distance measures are a critical input for models that de-

scribe the near-wall region of the boundary layer. Simplistic approaches, such as com-

puting the normal distance to the nearest wall element, break down when the geometry

contains complicated internal and external surfaces and curved wall elements. While

there exist many approaches to computing an exact or approximate wall distance field,

the approach derived by Tucker [134] is used in this work, since it requires only the

solution of a Poisson equation in the domain and is simple to implement. In the fluid

volume, the Poisson equation,
~r2� = �1, (5.33)

is solved for �, with boundary conditions, � = 0 on the walls and @�
@n = 0, where n is

the normal direction, on all other boundaries. Once � and ~r� are found, the normal

distance to the wall can be estimated by the expression,

dn =

s✓
@�

@xi

◆2

+ 2��

s✓
@�

@xi

◆2

, (5.34)

where xi indicates a sum over all spatial directions. Additionally, a local estimate of

the wall normal direction can be obtained through,

n̂ =
~r�

k~r�k
. (5.35)

In the present implementation, Equation 5.33 is solved on the acoustic mesh using a

DG discretization for the Poisson equation as described by Hesthaven and Warburton

[55], and solved using the conjugate-gradient method. Since only an estimate of the

normal distance is desired, the Poisson solution is obtained using lower-order basis

functions than that of the aeroacoustic solver to improve the solution time.

5.2.8 MLS approximation at the wall

Using the normal distance to the wall, CFD points within a user-defined distance from

the wall, d, are rejected in the MLS process. Figure 5.11 shows an example of ap-

proximating a function defined by several points near a wall. The points which are

rejected in the fitting process are colored in red. When the location where an approx-

imation is desired falls within the truncated boundary-layer region, it is extrapolated

from the CFD data outside of the boundary-layer region. To reduce the amount of
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R

d

Figure 5.11: Truncation of the near-wall region CFD data. Points included in the
MLS fit are shown as black dots and rejected points are shown as red dots.

extrapolation, a regularization of the fit is performed. Joldes et al. [135] developed a

regularization process allowing the regularization of individual polynomial terms. In

this work, a regularization is applied to the quadratic terms when the approximation

location is in the boundary-layer region, adding a small diagonal term to Equation

5.29,

f(x̃) = p(x̃)| [P|WP+ �H]�1 P|Wf , (5.36)

where H is diagonal matrix with non-zero terms on the diagonal in the location of the

quadratic terms. For example, for the quadratic polynomial basis functions used in this

work, the regularization matrix is, H = diag
⇣h

0, 0, 0, 0, 0, 0, 0, 1, 1, 1
i|⌘

.

The parameter, �, is a small constant used to define the amount of regularization. The

value � = 0.001 is chosen in this work, however the exact choice of this parameter is

not critical.

5.2.9 Application to a turbofan exhaust

The MLS algorithm is applied to the problem of a turbofan exhaust with a realis-

tic mean flow-field. The axisymmetric geometry and RANS flow-field are obtained

from the TURNEX project [136]. The flow-field is computed at the static approach

experimental condition.

To compute the normal distance to the wall, required for the boundary-layer truncation,

the method developed in Section 5.2.7 is used. Figure 5.12 shows contours of the

wall-normal distance, dn, for one-half of the turbofan geometry from dn/Re = 0 to

dn/Re = 0.1, where Re is the radius of the bypass duct at the exit plane of the

engine. Even though the geometry is curved, the wall normal distance remains smooth

throughout the domain.
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Figure 5.12: Contours of the normal distance to the wall from 0 to dn/Re = 0.1.

(a) Acoustic mesh for the TURNEX geometry. (b) Linear interpolation of the CFD data.

(c) MLS approximation of the CFD data with
boundary-layer truncation.

Figure 5.13: Comparison between linear interpolation and MLS for the TURNEX
geometry at the static approach experimental conditions.

For the acoustic domain, the unstructured mesh shown in Figure 5.13a is used with

polynomial order p = 6 elements throughout the mesh. A linear interpolation directly

from the CFD data to the DG interpolation points is performed and compared to the

MLS fit with boundary-layer truncation. Figure 5.13b shows the contours of mean

flow Mach number interpolated directly from the CFD mesh to the DG nodal basis

functions and Figure 5.13c shows the MLS fit. Both methods qualitatively perform

similarly in the smooth flow regions. However, by looking at the near-wall regions,

shown in Figures 5.14a and 5.14b for MLS and linear interpolation, respectively, there
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(a) (b)

(c)

Figure 5.14: Near-wall region of the approximated flow-field using MLS with boundary-
layer truncation (a), and using linear interpolation (b). The outlines of the elements
are shown in figure (c).

are spurious oscillations of the mean flow Mach number when using linear interpolation

near the wall. These oscillations of the mean flow-field could potentially pollute the

solution and lead to additional aliasing error.

5.3 Conclusions

This chapter explored the representation of the mean state variables in the numerical

model, from the impact of the flow-field representation on the solution error, to the

practical implementation of a CFD mesh to acoustic mesh mapping procedure. First,

an analytical solution to one-dimensional acoustic wave propagation through a sound-

speed non-uniformity was compared to numerical solutions at di↵erent mean variable

polynomial orders. When the mean variable order is less than the solution order, there

exists a minimum solution error level that cannot be improved upon by increasing the

order of the solution. The impact of the representation error in two-dimensional prob-

lems was shown qualitatively through solutions of acoustic wave-propagation through a

steady mean-flow vortex. A procedure based on moving-least-squares approximations

was outlined to map mean variable data from the CFD mesh to the interpolation points

on the DG mesh. To treat thin boundary layers that are unresolved by the DG dis-

cretization, a boundary layer truncation process was developed that works e↵ectively

for complex geometries.



Chapter 6

Specification of source terms in

the numerical model

6.1 Introduction

Source terms for the linearized Euler equations can describe injections of mass, appli-

cation of external forces, or heat addition, causing fluctuations of density, momentum,

or pressure in the fluid. Such source terms can generate acoustic fluctuations, such as

modes in a duct, velocity fluctuations associated with turbulent eddies, or temperature

perturbations, advecting downstream of a combustion process. This chapter discusses

e�cient ways to implement these sources in the numerical model.

Source terms can be imposed by adding to the right hand side of Equation 2.29 in the

fluid volume, or through the boundary conditions at the extents of the computational

domain. Canonical solutions to the LEE, such as duct modes or synthetic turbulent

fields [137], can be used to model e↵ects such as fan tonal noise or turbulent inflow

fluctuations with specific statistics. A di�culty in implementing these sources is that

the source region needs to match closely to the analytical problem, i.e. a uniform

mean flow field, or an axially-infinite duct geometry. A source region is often defined

by applying a spatial windowing function [137, 85]. The windowing function must

be chosen to be large enough such that the source can be su�ciently resolved on

the computational mesh, and yet compact enough compared to the constraints of the

problem geometry and the non-uniformity of the mean flow field. Ensuring that the

source remains acoustically compact, requires that the windowing is adjusted based on

the problem being solved. Duct-mode source terms can be injected into the domain

through a bu↵er region [37], which forces a duct-mode in the desired direction, while

absorbing any disturbances traveling in the opposite direction. However, this requires

143
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that the bu↵er zone is e↵ective at both transmitting and absorbing waves. Source

terms involving the generation of advecting vortices and/or entropy disturbances must

also be treated carefully. Any distortion of these hydrodynamic or entropy waves

may create spurious acoustic waves. A solution to these problems, proposed in this

chapter, is to replace the source terms defined in the fluid volume, with equivalent

sources defined as fluxes through a fictitious plane in the computational domain. By

using the DG numerical flux on the element boundaries to impose the sources, source

terms are defined only on a plane, so no spatial windowing functions are required.

Solving the LEE in the time-domain can be advantageous over a frequency domain ap-

proach. With a frequency domain approach, one must solve separately for the response

of the system to each frequency of interest. For problems where the fundamental fre-

quencies are not known in advance, this can require a large number of frequency domain

solutions. For broad-band or stochastic sound sources, a time-domain approach is nat-

ural. When modeling sound sources in ducts, it is convenient to express the solution in

terms of time-harmonic modes and to solve the problem for a range of modes and fre-

quencies. For frequency domain solutions, di↵erent modes can be calculated e�ciently

by considering di↵erent right hand sides of the same discrete system of equations at

fixed frequency. But for a time-domain approach, the LEE must be solved until a

time-harmonic solution is found, and this process must be repeated for each mode and

frequency. Such an approach can be computationally costly if there are a large number

of cut-on modes in the problem. Furthermore, a single-frequency duct-mode source is

not fully realized in the time-domain, due to temporal windowing or discretization

error, creating transients in the solution, necessitating a longer integration time. Ad-

ditionally, time-domain solutions in the presence of a sheared mean velocity profile can

be unstable for some frequencies, growing in time and quickly polluting the acoustic

solution before a time-harmonic state can be reached [115, 85].

An alternative approach is to take advantage of the time domain representation, and for

each mode, build a source term containing all frequencies of interest and solve a single

problem. Hu et al. [85], proposed the time domain wave-packet (TDWP) method,

using a wave-packet to force the mode shape function for pressure at a continuous

range of frequencies. The time-domain solution is then post-processed with the fast

Fourier transform (FFT) to obtain the solution at any source frequency. Since the

source term is compact in time, there is no need to integrate the equations until a

time-harmonic solution is reached. However, in sheared mean flows, unstable solutions

can still develop. Hu et al. used the fact that the wave-packet is compact in time,

to filter unstable modes in the shear layer after the wave-packet passed through it,

avoiding instability. They applied the TDWP method to the radiation of fan tones

from the bypass duct of an axisymmetric turbofan geometry in cylindrical coordinates.
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Arina [138] applied the TDWP method to discontinuous Galerkin solutions of the

linearized Navier-Stokes equations (LNSE) in cylindrical coordinates.

A disadvantage of Hu et al.’s wave-packet source term is that all frequencies up to a

user-defined frequency, !max, have a similar amplitude, including cut-o↵ modes in the

solution, which take an infinitely long time to exit the duct. Additionally, shear layer

instabilities are known to be sensitive to low frequencies [118], making the TDWP

solutions susceptible to these instabilities. In this work, a band-limited wave-packet

source term is proposed, which allows one to specify a frequency range of the source and

is derived for fully three-dimensional problems. A full discussion of the post-processing

of these band-limited wave packet solutions is also presented. The wave-packet source

term is also implemented as an interface source, making it compact in both space and

time.

In the first part of this chapter, the interface source terms are derived for the time-

domain nodal DGM and applied to problems involving free-field propagation of hydro-

dynamic and entropy disturbances, as well as acoustic mode radiation from a three-

dimensional duct. The following sections derive the band-limited wave-packet source

term as well as its implementation as an interface duct-mode source and then describe

the post-processing procedure.

6.2 Interface Source Terms

A proposed solution to the di�culties of introducing volume source terms as outlined

above, is to replace the volume source terms with an equivalent source defined as a flux

through a plane in the computational domain. An example of a source plane in a duct

is shown in Figure 6.3, although it need not be restricted to duct domains. The nodal

DGM couples the solution in an element with its face neighbors using a numerical

flux. This flux on the element boundaries can be modified to introduce source terms.

Implementing the source term requires adding a source vector, s, to the boundary flux

integral defined in Section 2.4,

Z

�i

�|
e

h
f̃ + s

i
d�i, (6.1)

where �i is the interface between elements on the source plane. With no source term,

the standard DG numerical flux is recovered, making the interface transparent to any

disturbances in the domain. The following sections describe the process of deriving

interface source terms in the DGM and give examples for hydrodynamic and acoustic

sources. Before deriving the interface source terms, the eigen-modes of the LEE, first

introduced in Section 2.3.1, are repeated here.
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6.2.1 Eigen-modes of the LEE

Solutions of the LEE can be described in terms of eigen-modes of the flux matrices,

Equation 2.3. With a uniform mean flow, these eigen-modes correspond to entropy

fluctuations (fluctuations of density only), vorticity fluctuations (fluctuations of ve-

locity only), and acoustic fluctuations (fluctuations of all variables). Solution modes

of the LEE are most easily described by projecting the flux vector onto an arbitrary

direction in space, n̂, and then diagonalizing this normal flux matrix,

F�,n = nxF� + nyG� + nzH�, (6.2)

where F�, G�, and H� are the x, y, and z flux matrices, and n̂ = nxı̂ + ny |̂ + nzk̂ is

the arbitrary normal direction. Diagonalizing the normal flux matrix gives,

F�,n = W⇤W�1, (6.3)

where the matrices, ⇤ and W,

⇤ =

2

66666664

v�,n 0 0 0 0

0 v�,n 0 0 0

0 0 v�,n 0 0

0 0 0 v�,n � c� 0

0 0 0 0 v�,n + c�

3

77777775

, (6.4)

W =

2

66666664

1 0 0 1 1

nxv�,n 0 �nz u� � nxc� u� + nxc�

nyv�,n �nz 0 v� � nyc� v� + nyc�

nzv�,n ny nx w� � nzc� w� + nzc�

0 0 0 ⇡�/⇢� ⇡�/⇢�

3

77777775

, (6.5)

are the wave speeds and solution modes of the LEE, and v�,n = u�nx + v�ny +w�nz is

the normal mean flow velocity. The first column of W is the entropy mode with a wave

speed of v�,n; the second and third columns corresponding to the twice-repeated eigen-

value, v�,n, are associated with the vorticity mode; and the fourth and fifth columns

are the acoustic modes propagating with wave speeds, v�,n � c� and v�,n + c�, against

and with the mean flow, respectively.

6.2.2 Specifying the interface source vector

Taking the definition of the normal directions shown in Figure 6.3 as the direction

to project the flux matrix onto, the interface source vector can be written as some
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solution vector, qs, at the interface between ⌦L and ⌦R, multiplied by the normal flux

matrix,

s = F�,nqs. (6.6)

To write this in a more useful form that is analogous to upwind flux functions, the flux

matrix can be diagonalized and split based on the signs of the wave speeds,

s = F+
�,nq

+
s + F�

�,nq
�
s , (6.7)

where F+
�,n is constructed by setting all wave speeds in ⇤ having a negative sign, i.e.,

waves traveling in the opposite direction to the normal, to zero. Similarly, F�
�,n is

constructed by setting the wave speeds having a positive sign to zero. The vectors,

q+
s and q�

s specify the source, with q+
s specifying the waves traveling in the normal

direction and q�
s specifying the waves traveling in the opposite direction. The following

sections give the explicit form of q+
s and q�

s for a localized entropy spot, a vortex and

an acoustic source in a duct.

6.2.3 Advected entropy spot

A locally non-uniform temperature spot in terms of conserved variables is given by,

q(~x, t0) =

8
>>>>>><

>>>>>>:

1

u�

v�

w�

0

9
>>>>>>=

>>>>>>;

A(~x� ~x0), (6.8)

where A(~x�~x0) is the amplitude shape function, and ~x0 is the initial position at time,

t0. The entropy spot advects with the mean flow velocity, retaining its initial amplitude

and shape as it propagates downstream,

q(~x, t) =

8
>>>>>><

>>>>>>:

1

u�

v�

w�

0

9
>>>>>>=

>>>>>>;

A(~x� ~x0 � ~v�t), (6.9)

at time t. Since the entropy spot propagates in the direction of the mean flow, only

one of q+
s and q�

s on the interface is retained. For an element with an edge on the

interface having v�,n > 0, the interface source is,

s = F+
�,nq(~xi, t), (6.10)
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where ~xi is the interface plane. Similarly, an element on the interface having v�,n < 0,

the interface source is,

s = F�
�,nq(~xi, t). (6.11)

Advection of a hot spot in a Mach 0.3 flow

To verify the source term, consider a locally nonuniform, three-dimensional, density

perturbation of the form,

A (~x� ~x0 � ~v�t) =

8
><

>:

1

2

✓
1� cos

✓
⇡
k~x� ~x0 � ~v�tk

w
+ 1

◆�◆
, if k~x� ~x0 � ~v�tk  w

0, otherwise

,

(6.12)

where w = 1 is the width, ~x0 = �6wı̂ is the position at t = 0, and ~v� = 0.3c�ı̂ is the

mean flow velocity. At t > 0, the entropy spot advects through a channel centered

at x = 0, with a square cross-section of 4w ⇥ 4w, at the mean flow velocity, ~v�. The

domain is truncated with bu↵er zones added at opposite ends of the channel and

the interface source plane is located at x = �5w. The boundary conditions in the

transverse directions are non-reflecting.

The initial entropy spot is allowed to advect until it reaches the center of the domain,

x = 0, and then is compared to the analytical solution, Equation 6.9. Figure 6.1

shows the comparison of the numerical solution contours with the exact solution at

an x–y slice of the domain after propagating a distance of 7w. Along the line y = 0,

the numerical and analytical densities are compared in Figure 6.1c, showing close

agreement. Integrating the error between the exact and numerical solutions over the

domain, gives a relative L2 error of 1.2e�3.

6.2.4 Advected vortex

A vortex tube varying only in the x–y plane can be described by the solution vector,

q(~x, t0) =

8
>>>>>>><

>>>>>>>:

0

(y� � y) ⇢�

(x� x�) ⇢�

0

0

9
>>>>>>>=

>>>>>>>;

A (~x� ~x0) ,
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(a) Numerical density (b) Exact density
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(c) Centerline density, y = 0

Figure 6.1: Comparison between the numerical and the exact solutions for an advected
entropy spot.

where the amplitude, A (~x� ~x0) is defined by the expression,

A (~x� ~x0) = exp

✓
�k~x� ~x0k2

�2

◆
, (6.13)

where � is a constant. The position of the vortex at time t = 0 is defined as ~x0. From

t = 0, the vortex advects in the direction of the mean flow at the mean flow velocity.

At any time, t, the vortex shape and position can be described by,

q(~x, t) =

8
>>>>>>><

>>>>>>>:

0

(y� � y + v�t) ⇢�

(x� x� � u�t) ⇢�

0

0

9
>>>>>>>=

>>>>>>>;

A (~x� ~x0 � ~v�t) ,

where ~v� = u� ı̂+ v� |̂+ w� k̂ is the uniform mean flow velocity.

Analogous to the interface source term for the entropy spot defined in Section 6.2.3,

the initial vortex propagates in the direction of the mean flow velocity. For an element
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with an edge on the interface having v�,n > 0, the interface source is,

s = F+
�,nq(~xi, t). (6.14)

Similarly, an element on the interface having v�,n < 0, the interface source is,

s = F�
�,nq(~xi, t). (6.15)

Advected vortex in a M = 0.3 mean flow

Using the same three-dimensional computational domain as for the verification of the

advected entropy spot, the ability of the interface source term to accurately describe

the vorticity mode of the LEE is assessed with the form of the vortex defined above.

At time t = 0, the initial position of the vortex of size, � = 0.25, is defined as ~x0 = �9�

and the mean flow velocity is u� = 0.3 c� in the x-direction only. The numerical solu-

tion is obtained when the vortex center point reaches the center of the computational

domain. At this time, the numerical solutions for x-velocity, u0, and y-velocity, v0,

are compared to the analytical solutions. Figures 6.2a and 6.2b show the numerical

and exact solutions, respectively, for the u0-velocity as contours in the x–y plane. The

solutions are compared in more detail by examining the v0-velocity along the line y = 0

in Figure 6.2c, showing good agreement. Integrating the error between the exact and

numerical solutions over the domain, gives a relative L2 error of 6.8e�4.

6.2.5 Acoustic modes in a cylindrical duct

Acoustic modes in a duct of radius, R, with uniform flow are found as solutions to the

convected Helmholtz equation,

1

c2�

d20p
0

dt2
�r

2p0 = 0, (6.16)

where d0
dt = @

@t +u�
@
@x and p0 is the acoustic pressure, subject to no-penetration bound-

ary conditions at the hard walls. The mean flow velocity in the axial direction, u�,

is assumed to be uniform, and the mean flow in the y and z directions is zero. For

a cylindrical duct, the primitive solution vector in cylindrical coordinates for a mode,
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(a) Numerical u0-velocity (b) Exact u0-velocity
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Figure 6.2: Comparison between the numerical and the exact solutions for an advecting
vortex.

(m,n), with a pressure amplitude, A±
m,n, is,

⇢0 =
1

c2�
A±

m,n mei(!t�k±x x�m✓) (6.17)

u0x =
A±

m,n

⇢�c�

k±x
k� �Mk±x

 mei(!t�k±x x�m✓) (6.18)

u0r =
A±

m,n

⇢�c�

i

k� �Mk±x

@ m

@r
ei(!t�k±x x�m✓) (6.19)

u0✓ =
A±

m,n

r⇢�c�

m

k� �Mk±x
 mei(!t�k±x x�m✓) (6.20)

p0 = A±
m,n mei(!t�k±x x�m✓), (6.21)

where u0x, u
0
r, and u0✓ are the acoustic velocity components in the axial, radial, and

azimuthal directions, respectively. The solution is time-harmonic with angular fre-

quency, !, free-field wavenumber, k� = !/c�, and fluctuates with a shape defined by

 m = Jm(krr) in the radial direction. The mode propagates with an axial wavenum-

ber of k±x , where ± indicates propagation in opposite directions. The radial wavenum-

ber, kr, is found by applying the no-penetration condition, and solving d m(krR)
dr = 0
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for each successive zero, parameterized by n. Modes are defined based on the az-

imuthal and radial mode number pair, (m,n). The plane-wave mode is defined by

(m = 0, n = 0). The axial and radial wavenumbers are related to the frequency

through the dispersion relation,

k±x = k�
±
p
1� (1�M2)k2r/k

2
� �M

1�M2
. (6.22)

When k� is small enough to make the argument of the square-root negative, the mode

is considered cut-o↵, and does not propagate axially. A cut-on ratio can be defined as,

⌘m =
p

1� (1�M2)k2r/k
2
�, (6.23)

where ⌘m = 0 indicates no axial propagation, and ⌘m = 1 indicates purely axial

propagation. The full derivation of the duct modes is found in Appendix A.2.

Expressing the solution in conserved variables and in Cartesian coordinates, with x

defined as the axial direction, the solution becomes,

q±
d = Re

8
>>>>>>><

>>>>>>>:

⇢0

⇢�u0x + u�⇢0

⇢�(u0r cos(✓)� u0✓ sin(✓))

⇢�(u0r sin(✓) + u0✓ cos(✓))
⇡�
⇢�c2�

p0

9
>>>>>>>=

>>>>>>>;

. (6.24)

Factoring out the amplitude and exponential term, the solution in the duct can be

expressed more compactly as,

q±
d = Re

h
A±

m,n⇥
±ei(!t�k±x x�m✓)

i
. (6.25)

At the source plane, the solution consists of a right-traveling acoustic wave, with an

amplitude, A+
m,n, and an acoustic wave traveling in the opposite direction (�x), with

an amplitude, A�
m,n. With a non-zero mean flow velocity, the amplitudes and axial

wavenumbers of the upstream and downstream traveling waves are di↵erent, so rather

than trying to specify q±
s directly, a simple acoustic source term on the interface is

introduced and then related to the amplitudes of the desired mode.

Consider the duct domain shown in Figure 6.3, with volumes, ⌦L and ⌦R on either

side of the source plane, �i, and with normal directions, ~nL and ~nR. When an acoustic

source is present at the source plane, acoustic waves are generated on both sides of the

interface, traveling right into ⌦R and left into ⌦L. These waves are generated by an

acoustic flux into each domain which is proportional to the eigenvector of the normal
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�i

⌦L ⌦R

~nL

~nR

Figure 6.3: Example duct domain for an interface source, separating two volumes, ⌦L

and ⌦R.

flux matrix on either side of the interface,

s = A(~x, t)

8
>>>>>>><

>>>>>>>:

1

u� � nxc�

v� � nyc�

w� � nzc�

⇡�/⇢�

9
>>>>>>>=

>>>>>>>;

, (6.26)

where nx, ny, and nz are the normal components at the interface for ⌦L and ⌦R, and

A(~x, t) is the amplitude at the source plane. For the duct in Figure 6.3, assuming that

the axial coordinate is x, the source plane is perpendicular to the duct axis and there

is no swirling flow, therefore, ny, nz, v�, and w� are all zero. To generate duct modes

at the interface, the coe�cient, A(~x, t) is taken as a time-harmonic oscillation of the

duct-mode shape function, i.e.,

A(~x, t) = Cs m(y, z)Re
⇣
ei(!t�m✓)

⌘
. (6.27)

The real constant, Cs, defines the amplitudes, A±
m,n, of the left- and right-traveling

acoustic modes.

Relating Cs to the duct-mode amplitudes

To generate a mode with a specific A�
m,n or A+

m,n, the correct coe�cient, Cs, must be

determined. Applying the DG discretization to the two semi-infinite volumes in Figure

6.3, a relationship between Cs and A±
m,n can be found. First, the solution in each half

of the duct, separated by the interface, �i, is defined as a superposition of the duct

mode, q±
d , and any other disturbance in the domain, q̂. In the left and right portions

of the duct, ⌦L and ⌦R, the total solution can be written as,

qL = q�
d + q̂L, and,

qR = q+
d + q̂R. (6.28)
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Multiplying the LEE residual by test functions, �|
e , and then integrating over ⌦L and

⌦R, integration by parts is applied to get,

Z

⌦L

�|
e
@qL

@t
�
@�|

e

@xi
fi (qL) d⌦L +

Z

�i

�|
e

⇣
sL + F+

n,LqL + F�
n,LqR

⌘
d�i (6.29)

+

Z

�w

�|
eFwqLd�w = 0, and,

Z

⌦R

�|
e
@qR

@t
�
@�|

e

@xi
fi (qR) d⌦R +

Z

�i

�|
e

⇣
sR + F+

n,RqR + F�
n,RqL

⌘
d�i (6.30)

+

Z

�w

�|
eFwqRd�w = 0,

where the upwind flux is used on the interface and sL and sR are the interface sources,

Equation 6.26. The reflecting wall boundary conditions are implemented through the

matrix, Fw, at the duct wall, �w. The terms, q̂L and q̂R can be eliminated by recog-

nizing that they satisfy the standard DG weak formulation, leaving the two equations,

Z

⌦L

�|
e
@q�

d

@t
�
@�|

e

@xi
fi
�
q�
d

�
d⌦L +

Z

�i

�|
e

⇣
sL + F+

n,Lq
�
d + F�

n,Lq
+
d

⌘
d�i (6.31)

+

Z

�w

�|
eFwq

�
d d�w = 0, and,

Z

⌦R

�|
e
@q+

d

@t
�
@�|

e

@xi
fi
�
q+
d

�
d⌦R +

Z

�i

�|
e

⇣
sR + F+

n,Rq
+
d + F�

n,Rq
�
d

⌘
d�i (6.32)

+

Z

�w

�|
eFwq

+
d d�w = 0,

in terms of the interface sources and the duct modes only. Since the duct modes satisfy

the wall boundary conditions by definition, the integral over �w is zero. Finally, apply-

ing integration by parts to the second volume term in the above equations, eliminates

all but the surface integral terms at the interface,

Z

�i

�|
e

⇣
sL + F+

n,Lq
�
d + F�

n,Lq
+
d � Fn,Lq

�
d

⌘
d�i = 0, and, (6.33)

Z

�i

�|
e

⇣
sR + F+

n,Rq
+
d + F�

n,Rq
�
d � Fn,Rq

+
d

⌘
d�i = 0. (6.34)

Due to the general choice of test function and recognizing that Fn,L = F�
n,L+F+

n,L and

Fn,R = F�
n,R + F+

n,R, results in the two equations,

sL + F�
n,Lq

+
d � F�

n,Lq
�
d = 0, and, (6.35)

sR + F�
n,Rq

�
d � F�

n,Rq
+
d = 0, (6.36)

that can be solved to determine the relationship between Cs and A±
m,n. Substituting

the expressions for q±
d and replacing the flux matrices by F�

n,L = WL⇤
�
L
W�1

L
and
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F�
n,R = WR⇤

�
R
W�1

R
, results in,

s̃L = Re
h
⇤�

L

�
A�

m,nW
�1
L
⇥�

m �A+
m,nW

�1
L
⇥+

m

�
ei(!t�m✓)

i
, and, (6.37)

s̃R = Re
h
⇤�

R

�
A+

m,nW
�1
R
⇥+

m �A�
m,nW

�1
R
⇥�

m

�
ei(!t�m✓)

i
, (6.38)

where s̃L = W�1
L

sL and s̃R = W�1
R

sR, for a source plane axial location of x = 0.

Substituting the duct mode source, Equation 6.26, and again assuming ny, nz, v�, and

w� are all zero, s̃L and s̃R become,

s̃L =

8
>>>>>><

>>>>>>:

0

0

0

Cs m(y, z)

0

9
>>>>>>=

>>>>>>;

Re
h
ei(!t�m✓)

i
, and, s̃R =

8
>>>>>><

>>>>>>:

0

0

0

Cs m(y, z)

0

9
>>>>>>=

>>>>>>;

Re
h
ei(!t�m✓)

i
,

(6.39)

reducing the total number of equations relating Cs and A±
m,n to two. The duct mode

amplitudes in terms of Cs are found to be,

A�
m,n = �Cs

c�(1 +M⌘m)

(1�M2)⌘m
, and, A+

m,n = �Cs
c�(1�M⌘m)

(1�M2)⌘m
. (6.40)

Application to the Munt problem

To verify the duct-mode source term, the classic radiation from a cylindrical duct

problem of Munt [139] is solved. The source generates an acoustic mode with mode

number, (5,0), and a Helmholtz number of He = 17, introduced at the shaded source

plane illustrated in Figure 6.4. The flow conditions are uniform throughout the domain,

with a mean sound speed and density of c� = 340.27m/s and ⇢� = 1.225 kg/m3, and

a mean flow Mach number of M = 0.3. The mesh is three-dimensional with curved

elements representing the duct wall and bu↵er zones inside the duct and surrounding

the domain. A snapshot of the time-harmonic pressure field over an x–y slice of the

domain is given in Figure 6.5a, showing the radiation away from the duct and the

reflections traveling back into the duct. After a time-harmonic solution is reached, the

RMS pressure along the measurement arc is compared to the analytical solution by

Gabard [140], in Figure 6.5b. A strong agreement between the numerical and exact

solutions can be seen inside and outside of the duct, even on the linear pressure scale.

It is important to note that there is no specific enforcement of the Kutta-condition

at the end of the duct. The DG LEE model naturally satisfies it without considering

viscosity. In addition, the geometrical singularity appears to be well-behaved in the
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x = �3R R

✓

M = 0.3

Figure 6.4: Munt problem definition showing the measurement arc over ✓ and the
shaded source plane.

(a) Pressure contours on an x–y slice.
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Figure 6.5: Solution of the Munt problem for a source mode, (5, 0), and a Helmholtz
number of He = 17.

DG solution. These are in contrast to finite-element methods that need to enforce the

Kutta-condition manually and do not cope well with geometrical singularities.

To provide a second verification of the interface source, the Munt problem is solved

again with identical geometry and flow conditions, but with a source mode (0, 1) at

a Helmholtz number of He = 8.5. The governing equations are integrated until a

time-harmonic solution is reached, and then the RMS pressure is recorded over the

measurement arc defined in Figure 6.6a. Figure 6.6a shows the instantaneous pressure

field at a given time over an x–y slice of the domain. The RMS pressure along the

measurement arc is compared with the analytical RMS pressure in Figure 6.6b. Good

agreement with the analytical pressure can be seen over the measurement angles.

6.3 Band-limited source terms

Simulating the acoustic response to a time-harmonic source in the time domain can be

impractical when a large number of source frequencies are desired. For each frequency,

a separate calculation must be completed and these frequencies must be known a priori.
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(a) Pressure contours on an x–y slice.
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Figure 6.6: Solution of the Munt problem for a source mode, (0, 1), and a Helmholtz
number of He = 8.5.

A more e↵ective use of a time-domain solver is to build a source term containing the

entire desired frequency range. This requires replacing the time-harmonic component

of the signal with a band-limited forcing function. In a single time-domain calculation,

the response of the system over a desired frequency range can be obtained.

6.3.1 Construction of a band-limited source

For source terms expressed at fixed frequency, such as duct modes, it is not immediately

clear how to modify the source to excite a specific frequency range. One way is to

derive a wave-packet forcing function, such as the one developed by Hu et al. [85],

replacing the time-harmonic forcing function of the source. This section derives the

general form of wave-packet forcing functions that are band-limited, and discusses the

post-processing of solutions to obtain the desired result in the frequency domain.

Given a time-harmonic source term such as,

s = A(~x) sin(!t), (6.41)

where A(~x) is a vector of the same size as the solution vector and ! is the angular

frequency, to construct a source with a desired frequency range, the above source term

can be integrated over the angular frequency range. Integrating the above expression

from !min to !max, results in,

s =
A(~x)

!max � !min

Z !max

!min

sin(!t)d!

=
A(~x)

(!max � !min)t
[cos(!mint)� cos(!maxt)] . (6.42)
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Figure 6.7: Time and frequency domain amplitude of the source for a range of t�.
Dashed lines show the minimum and maximum angular frequencies, !min and !max.

When t = 0, this expression remains regular. The choice of using sin(!t) in Equation

6.41, rather than cos(!t), ensures that the signal has a zero mean. This can be im-

portant for sources inside ducts, since low-frequency acoustic disturbances near cut-o↵

take a long time to leave the duct.

Notice that the above expression is not compact in time. The source term should

ideally be active for as short as possible so that the total integration time is reduced.

A temporal windowing function is applied to the source term to minimize the amount

of time it is active. For example the window,

ws(t) = exp

✓
�↵t2

t2�

◆
, (6.43)

decays exponentially in time. Alternatively, one could choose a compact window, such

as,

ws(t) =

8
><

>:

1

2

✓
1 + cos

✓
⇡t

t�

◆◆
, if � t�  t  t�

0, if |t| > t�

, (6.44)

to ensure that the source term is exactly zero outside of �t�  t  t�, which is an

attractive property for the numerical implementation. Multiplying by the windowing

function, the final form of the source term becomes,

s = A(~x)
ws(t)

(!max � !min)t
[cos(!mint)� cos(!maxt)] . (6.45)

Figure 6.7 shows the amplitude of the source term in the time and frequency domain

for a range of t�, using the cosine window function. Increasing t� has the e↵ect of

narrowing the peak of the frequency spectrum, while increasing the length of time

the source is active. Windowing of the source introduces energy at other frequencies
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outside of !min–!max, with the amount depending on both the choice of the windowing

function and t�. Due to the cosine window, spectral lobes are visible in Figure 6.7b,

which reduce when t� increases. The exponential window would avoid these lobes,

but with the side-e↵ect of a longer time that the source needs to be active. Many

other choices of windows are available in the signal processing community, and the

ones chosen in this work are not necessarily the optimal choice.

6.3.2 Post-processing of wave-packet responses

For a given wave-packet source term, the parameters, t�, !min, and !max must be

given to define the wave-packet duration and frequency content. In the numerical

implementation, one must also define the sampling rate, fs, at which the numerical

solution is stored during the calculation. The parameter, t�, is chosen based on the

desired minimum angular frequency, !min. It must be long enough in duration such

that there are multiple periods of the lowest frequency component within the envelope

of the wave-packet. In contrast, the sampling rate is chosen based on the maximum

angular frequency, !max, and must at least satisfy the Nyquist criterion, fs >
!max

⇡
,

to avoid aliasing. An advantage of wave-packet sources is that the solution only needs

to be recorded while the response at the measurement locations is non-zero, or above

the desired accuracy threshold. That is, once the wave-packet passes the measurement

locations, assuming that it radiates into the free-field, the integration process can end.

The Fast Fourier Transform (FFT) [141] is used to transform the time-domain solution

to the frequency domain. If the solution is recorded at Nfp points in space, and sampled

at N points in time for a total integration time of
N � 1

fs
, the FFT must be computed

NfpNv times, where Nv is the number of conserved variables, for a FFT size of N .

Due to the storage, input-output (I/O) limitations, and the FFT cost, Nfp is generally

chosen to be much less than the total number of DOF, requiring that the spatial

locations where the solution is desired, are chosen a priori. The sampling rate of the

solution is chosen to be uniform in this work, making the post-processing step simple.

For problems of dispersive waves, such as duct modes, di↵erent frequency components

of the initial disturbance will spread out in time and space. This could be exploited

for potential savings in storage and I/O by considering a nonuniform sampling rate,

adapting it in time to the signal measured at each measurement location. This could

be an area of future work to reduce the computational cost of the method.

After computing the FFT, the solution in the frequency domain is obtained at integer

multiples of 1/tf , where tf is the duration of the signal. If the solution at a specific

frequency is desired, for example to compare to experimental results, 1/tf can be chosen

in advance to be an integer multiple of the desired frequency, or the time-domain
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solution can be re-sampled in the post-processing step. The re-sampling process takes

the time-domain signal at each measurement location and interpolates it at a new

sampling frequency, equal to a rational multiple of the desired frequency. The choice

of interpolation scheme depends on the balance between accuracy of the interpolation

and the computational cost. A simple interpolator is linear interpolation, interpolating

between two adjacent time samples, while more complex methods such as cubic-spline

interpolation exist [142]. It is important to note that the re-sampling process does not

increase the frequency resolution of the results, which is still fixed at 1/tf .

To examine the impact of the choice of interpolation scheme on the overall accu-

racy of the frequency-domain solution, a model wave-packet signal with an analytical

frequency-domain solution is compared to the discrete solution using re-sampling and

the FFT. Given a band-limited wave-packet solution of the form,

g(t) =
exp

⇣
�↵t2

t�

⌘

(!max � !min)t
[cos(!mint)� cos(!maxt)] , (6.46)

in the time-domain, its analytical solution in the frequency domain for positive fre-

quencies is,

G(!) =
i⇡

!max � !min
[H(! � !min) +H(! + !min)�H(! � !max)�H(! + !max)] ,

(6.47)

where H(!) = erf
⇣

!t�
2
p
↵

⌘
. The angular frequency range is fixed from !mint� = 16⇡ to

!maxt� = 68⇡, and the parameter ↵ is equal to 10. Figure 6.8a shows the time-domain

wave-packet, shifted from the origin to t � tw, where tw is chosen to be long enough

such that the wave-packet response decays to the desired error level e.g.,

tw = t�

r
� ln(✏)

↵
, (6.48)

where ✏ is the desired error level. The corresponding power in the frequency domain

is shown in Figure 6.8b. To assess the accuracy of the post-processing, for 100 evenly

spaced angular frequencies from !min to !max, the relative l2 error between the exact

frequency-domain solution and the discrete results from the FFT is computed as,

El2 =

sX

i

���G̃(!i)�G(!i)
���
2

sX

i

|G(!i)|
2

, (6.49)

where G is the analytical solution and G̃ is the numerical solution, for linear and
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Figure 6.8: (a): Time domain wave-packet signal. (b): Wave-packet frequency re-
sponse.
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Figure 6.9: Convergence of the relative l2 error of the frequency response over !min

to !max for linear and cubic-spline time-domain re-sampling.

cubic-spline interpolation and a range of sampling rates, fs. Figure 6.9 shows the con-

vergence of El2 with increasing fsTmin, where Tmin is the period associated with the

highest frequency component of the wave-packet. Comparing the two interpolations,

the error for the cubic-spline interpolation converges at O(1/(fsTmin))3, compared to

O(1/(fsTmin))2 for linear interpolation. This means that for the same level of accuracy,

linear interpolation requires a higher sampling rate. Due to the storage and compu-

tational time of writing solution data, a high sampling rate is undesirable. Therefore,

in this work the cubic-spline interpolator is used when re-sampling is required. It is

important to note that if no re-sampling is required, a lower sampling rate could be

chosen.
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6.3.3 Construction of a band-limited duct-mode interface source

In Section 6.2.5, the interface source for time-harmonic, acoustic modes of a duct was

introduced, allowing one to specify a duct-mode source compactly at a fictitious inter-

face between domains. A band-limited, duct-mode, interface source can be constructed

by using the form of the wave-packet forcing function, Equation 6.45, and replacing

A(~x), so that,

s =  m(y, z)

8
>>>>>><

>>>>>>:

1

u� � nxc�

0

0

⇡�/⇢�

9
>>>>>>=

>>>>>>;

ws(t)

(!max � !min)t
[cos(!mint)� cos(!maxt)] . (6.50)

Often, one would want to obtain a transfer function, relating a particular mode am-

plitude at the source plane to the amplitude of the solution at the monitor points, at

specific frequencies, i.e.,

q(~x,!) = T±(~x,!)A±
m,n(!), (6.51)

where A±
m,n(!) is the desired amplitude of the mode at the source plane, for either the

positive or negative axial directions, A+
m,n and A�

m,n, and T± is the transfer function.

By solving for the response to a wave-packet duct-mode source in the time-domain,

and then transforming to the frequency domain, the numerical transfer function can

be obtained.

Recall that the amplitude of the duct-mode, for a single frequency component, can be

related to the amplitude of the interface source, Cs, through the relation,

A±
m,n = �Cs(!)

c�(1⌥M⌘m)

(1�M2)⌘m
, (6.52)

for right (+) and left (-) running modes. For the time-harmonic source term, Cs is a

constant. For the wave-packet source term, Cs varies with frequency and is obtained

through application of the Fourier transform to the wave-packet forcing function,

Cs(!) =

Z 1

�1

ws(t)

(!max � !min)t
[cos(!mint�m✓)� cos(!maxt�m✓)] e�i!tdt. (6.53)

Similarly, given the time-domain solution to the wave-packet source, recorded at the

monitor points, q(~x, t), the frequency domain domain solution is obtained as,

q(~x,!) =

Z 1

�1
q(~x, t)e�i!tdt. (6.54)
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(a) t = 5Tmax (b) t = 10Tmax

(c) t = 15Tmax

Figure 6.10: Evolution of the mode (5, 2) wavepacket in time, at multiples of the
longest period, Tmax.

The frequency domain solution is computed numerically using the procedure discussed

in Section 6.3.2. Finally, to obtain the transfer function, q(~x,!) must be scaled by

Equation 6.52, resulting in,

T±(~x,!) = �
q(~x,!)

Cs(!)

(1�M2)⌘m
c�(1⌥M⌘m)

. (6.55)

6.3.4 Application to propagation within an infinite circular duct

To verify the band-limited wavepacket source term and post-processing, a problem of

acoustic propagation in a 3D, infinite, cylindrical duct is solved. The source has an

azimuthal mode number of 5 and a radial mode number of 2, and is injected into the

cylindrical duct of radius R = 1m at x = 2m and allowed to propagate freely. Bu↵er

zones at both ends of the duct smoothly absorb the out-going waves while generating

minimal reflections. The mean flow conditions are uniform throughout the domain,

with a sound speed and density of c� = 343m/s and ⇢� = 1.225 kg/m3, and a Mach

number of M = 0.3. At t = 0 s, a band-limited duct mode source with a Helmholtz

number range of approximately 17.5–29, is injected at the source plane, x = 0. Figure

6.10 shows the evolution of the wavepacket pressure as time increases. The dispersive

wavepacket starts with zero axial extent and then advects downstream with a growing

axial envelope as the higher frequency components of the source propagate faster than

the lower frequency components in the duct.
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Figure 6.11: Left: Contours of acoustic pressure of the post-processed wavepacket
solution at fixed frequencies. Right: Comparison of pressure to the analytical solution
at the dashed line. The sources are normalized to have unit acoustic power through
the duct cross-section.

After the wavepacket passes through the domain and is absorbed by the bu↵er zone, the

time-domain solutions are post-processed at selected frequencies using the procedure

outlined in Section 6.3.2. The results have all been normalized to correspond to a

source acoustic power of one through the duct cross section. Figures 6.11a, 6.11c, and

6.11e show contours of the post-processed solution at Helmholtz numbers from 17.5

to 29, along a slice of the 3D duct. Figures 6.11b, 6.11d, and 6.11f show the acoustic

pressure extracted along the dashed line and compared to the exact solution. The

numerical solution agrees well with the exact solution over a wide frequency range.

To highlight the frequency resolution of the method, Figure 6.12 compares the post-

processed numerical solution at a single point in the domain, (x, r, ✓) = (3.5m, 0.5m, 0),

over the full frequency range, !min to !max, with the exact solution. It is clear that in
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Figure 6.12: Pressure at a fixed location in the duct over a range of source frequencies,
normalized for unit power at the source plane. The indicated angular frequencies, !co,
!min, and !max, are the cut-o↵ frequency, and minimum and maximum frequencies of
the source, respectively.

a single simulation, the acoustic response of the duct over the entire source frequency

range can be captured accurately.

6.3.5 Application to the Munt problem

To verify the wave-packet duct-mode interface source for a more realistic application,

the Munt problem from Section 6.2.5 is solved for modes (5, 0) and (0, 1) again in this

section. Both problems are solved using the identical flow, geometry, and mesh from the

time-harmonic verification, and the solution is compared over the same measurement

arc. At time t = 0, the wave-packet interface source is introduced and the pressure

signal is recorded at each of the measurement locations. Once the amplitude of the

pressure signals decay, the solution is stopped. Given the pressure signals at each of

the measurement locations, the post-processing procedure defined in Section 6.3.2 is

followed to obtain the frequency-domain solutions.

Figure 6.13a shows the numerically-predicted RMS pressure over the measurement

arc compared with the analytical solution for mode (5, 0). Similarly, the numerical

and analytical RMS pressure for mode (0, 1) is given in Figure 6.13b, showing a good

agreement of the numerical and analytical solutions.

6.4 Conclusion

This chapter discussed the specification of source terms in the discrete LEE model.

Interface source terms were developed to make volume source terms compact in space,
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(a) Comparison of RMS pressure for
mode (5, 0).

(b) Comparison of RMS pressure for
mode (0, 1).

Figure 6.13: Comparison of RMS pressure over the measurement arc for the Munt
problem, (a): for mode (5, 0) at He = 17 and (b): for mode (0, 1) at He = 8.5.

without the need for spatial windowing. These source terms were verified by solving

problems of hydrodynamic and entropy advection and the problem of acoustic radiation

from a three-dimensional duct. Band-limited source terms were also derived, allowing

the solution for a source of a range of frequencies in a single calculation. The e�cient

post-processing of these sources was outlined, and the choice of parameters such as

sampling frequency and the re-sampling interpolator, were discussed. A band-limited

version of the duct-mode interface source was derived and verified through the solution

of acoustic mode propagation in a duct over a range of frequencies and the Munt

problem.



Chapter 7

Di↵raction of Tonal Noise by

Chevrons in a Turbofan Exhaust

7.1 Chevrons for noise reduction

At takeo↵, jet noise is a major contributer to the overall noise environment experienced

on the ground. In the exhaust jet, the breakdown of small and large scale turbulent

structures in the mixing layers are responsible for the production of noise. Early

research by Lighthill [143] indicated that jet noise intensity scales with the eighth power

of the jet Mach number, motivating the transition to turbofans with ever-larger bypass

ducts to reduce the jet Mach number. Over the past several decades, jet noise has been

reduced significantly through the use of modern, high-bypass, turbofan designs.

Further reductions in jet noise have been a↵orded by the addition of devices targeting

the mixing layers and large scale turbulent structures [144]. Early designs were tabs or

mixing lobes that protrude into the exhaust streams for enhanced mixing. However,

these protuberances, while e↵ective for jet noise reduction, generally had an unaccept-

able penalty on the thrust of the engine [145]. Modern designs are in the form of

chevrons, or serrations, with minimal protuberance into the flow, striking a balance

between noise reduction and thrust penalty. Chevrons are added to the trailing edges

of the core nozzle or bypass duct and are in use on existing commercial aircraft. Tra-

ditionally, chevron patterns are periodic along the azimuthal direction, with the same

chevron shape and level of protuberance. Recently, investigations into engine instal-

lation e↵ects, mainly with pylons, have motivated the use of chevrons with a varying

shape along the azimuthal direction, to further optimize the noise reduction [146], and

variable geometry chevrons to limit the thrust penalty at all flight conditions [147].

167
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Chevrons are designed to increase the mixing of adjacent exhaust streams, e.g., the

core and bypass streams, and the bypass and free streams. Increased mixing leads to an

increase in stream-wise vorticity and reduces the size of the jet core [144]. The increase

in stream-wise vorticity is balanced by a decrease in azimuthal vortical structures in

the shear layer, which are generally highly unsteady [145]. Chevrons for jet noise

reduction have been validated through extensive small and large scale experimental

[146, 148, 149] and numerical studies [150, 151, 152].

7.2 Fan tonal noise and motivation

A byproduct of the success of jet noise reduction over the past several decades, has

been the increase in the relative importance of other noise sources in the engine. One

such noise source is created by the motion of the fan blades and the interaction of

the rotating fan wake with the stationary guide vanes, producing interaction tones

which propagate into the exhaust streams and are refracted by the shear layers. These

interaction tones are caused by the constructive interference of the fluctuating pressure

fields of the fan wake and the wake reflections. Constructive interference occurs at

multiples, m = nB + qV , of the blade passing frequency and guide vanes, where B

is the number of fan blades, V is the number of guide vanes, and m, n, and q are

integers. Some of the interaction modes can be well cut-on and are poorly attenuated

by the acoustic liners. Therefore, in design of fans and guide vanes, it is critical to

ensure that combinations of B and V are chosen such that the cut-on interaction modes

are minimized. To understand the overall acoustic signature of the engine noise, the

propagation of these tones must be understood.

Much like the stationary guide-vanes, chevrons are periodic, geometrical features in

the flow. It is possible that similar interaction tones may be produced at the exit of

engine ducts when chevrons are added, which scatter and alter the propagation of fan

tones. While the impact of chevrons on the reduction of jet noise has been considered

in detail, to the author’s knowledge, the impact of chevrons on the propagation and

di↵raction of fan tones has not yet been investigated. Therefore, the goal of this work

is to understand what impact chevrons have on the structure and intensity of the

radiated sound field. At the same time, this is an excellent test case for the 3D LEE

DGM methodology developed in this work.

A numerical study is presented which attempts to characterize the impact of the ad-

dition of chevrons on the tonal noise radiation from the bypass duct. While chevrons

can also be added to the exit of the core duct, their impact on the propagation of tonal

noise in the engine core is not considered in this initial investigation. Additionally, due

to the high variability of possible engine and chevron designs, the work is split into
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Figure 7.1: High and low pressure fluctuations, colored by red and blue lines, respec-
tively, rotating along the circumference of the duct at an angular velocity, ⌦. The
chevrons are illustrated by gray line segments.

two parts: a study of simplified chevron geometries without a realistic flow-field, to

identify trends, and a study of a more realistic engine and chevron design with a real-

istic flow-field derived from the TURNEX project [136]. The aim of using a realistic

engine geometry and flow-field is to determine whether the trends found by analyz-

ing the simplistic geometries can be generalized to real engine designs. Due to the

non-azimuthally symmetric geometries, fully three-dimensional solutions to the time-

domain LEE are computed using the nodal discontinuous Galerkin scheme developed

in Section 2.4.

This work considers only the radiation of specific modes from the bypass duct, while

in a real engine there will be broadband, multi-modal sources in the bypass duct and

core, which due to their random nature, the sound field scattered by the chevrons may

cancel on average. However, it is assumed that some specific strong tones will still

dominate, and therefore it is still important to study deterministic tones.

7.3 The chevron scattering problem

In its most simple form, the scattering problem can be expressed as a rotating pressure

field interacting with an azimuthally-periodic chevron geometrical pattern. Figure 7.1

illustrates the scattering problem for a duct with six chevrons and a rotating pressure

field with azimuthal mode number, m, and angular frequency, !. This problem is

analogous to the derivation for compressor tonal noise by Tyler and Sofrin [153]. As

the pressure field rotates with angular velocity, ⌦ = !
m , each chevron produces a

scattering response delayed in azimuthal angle by �✓ and in time by �t. For a given

geometry with D chevrons, where each chevron is numbered as, d = 1, 2, . . . , D, the
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q -3 -2 -1 0 1 2 3
n -12 -6 0 6 12 18 24

Table 7.1: Scattered field azimuthal modes, n, for a duct with D = 6 chevrons and
an incident pressure field of azimuthal order, m = 6.

angular and time delays are,

�✓ =
2⇡d

D
, and �t =

2⇡d

⌦D
=

2⇡dm

!D
. (7.1)

The scattered pressure field due to a single chevron can be written as a summation of

Fourier modes,

p(✓, t) =
1X

n=�1
an exp [i(!t� n✓)]. (7.2)

Substituting the angle and time delays into the above expression and summing over

all chevrons results in the total scattered field,

p(✓, t) =
1X

n=�1

DX

d=1

an exp


i!

✓
t�

2⇡dm

!D

◆
� in

✓
✓ �

2⇡d

D

◆�
, (7.3)

which can be written as,

p(✓, t) =
1X

n=�1
an exp [i(!t� n✓)]

DX

d=1

exp


i
2⇡d

D
(n�m)

�
. (7.4)

Notice that the second summation is non-zero for only specific values of the scattered

mode number, n,

DX

d=1

exp


i
2⇡d

D
(n�m)

�
=

8
<

:
D, n = qD +m

0, n 6= qD +m
, (7.5)

for any integer, q. For scattered mode numbers, n = qD + m, there is constructive

interference of the scattered field, resulting in a higher pressure amplitude for those

mode numbers. Alternatively, for n 6= qD+m, there is destructive interference and no

scattered field.

A series of scattered mode numbers is tabulated for a duct with six chevrons and

an incident pressure field of azimuthal mode number, m = 6, in Table 7.1. It is

expected that the sound field radiating from the duct will have significant energy in

mode m = 6, due to the incident mode, of which some of the energy will be scattered

into other azimuthal mode orders by the chevrons at the end of the exhaust duct.
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7.4 Definition of the numerical methodology

The chevrons at the end of the bypass duct are expected to scatter the acoustic modes

radiating from the duct, creating a sound field with azimuthal modal content as de-

scribed in the previous section. The scattering may also impact the directivity of the

sound field, depending on the mode number of the source and its frequency. To identify

the impact that chevrons have on the overall radiated sound field, this study should

answer the following questions:

• For an incident duct mode with a given azimuthal mode number, what is the

azimuthal modal content of the radiated sound field and how is the acoustic

power distributed over the modes?

• How is the directivity altered by the addition of chevrons?

• What is the e↵ect of source frequency on the scattered field and the acoustic

power?

This section defines a numerical study comparing the radiation of specific modes from

unmodified engine geometries, to that of modified geometries with chevrons, to answer

the above questions. To reduce the problem complexity, trends are identified by first

considering simplified engine geometries, and then these results are compared to a

small number of results for a more realistic engine geometry and flow-field. In this

section, the geometries are defined and the methodology is developed to compare the

results. In the following sections, the results for several incident modes at varying

frequency, are presented for both the simplified geometries and the realistic geometry.

7.4.1 Geometry definitions

A di�culty in generalizing the results of this study is the high number of possible

chevron and engine geometries. However, it may be possible to consider a simplified

geometry that embodies many of the features which are present in the realistic geom-

etry, and identify any trends in the results. With the simplified geometry it is then

possible to e�ciently obtain results for a number of incident modes and frequencies. A

small set of detailed solutions can be computed for a realistic geometry to verify that

the trends generalize to the more realistic case.

Two simplified geometries are required, a baseline exhaust to compare the results

with, and an exhaust with a number of chevrons. A single, circular duct of radius,

R, represents the baseline engine geometry. Triangular chevrons are added to the
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(a) Exhaust geometry definition. (b) 3D exhaust model.

Figure 7.2: The simplified exhaust duct geometry with 6 chevrons.

circumference of the baseline geometry, centered axially on the exit plane of the baseline

duct, preserving the surface area of the two geometries. Alternatively, the chevrons

could be extended from or cut into the baseline geometry, so this definition can be seen

as a balance between the two. Figure 7.2a shows the definition of the chevrons which

are parameterized by the exhaust duct radius, R, the number of chevrons, D, and the

depth of the chevrons, d. The three-dimensional duct geometry with six chevrons is

shown in Figure 7.2b.

For comparison to the simplified geometry results, a realistic engine geometry is created

based on the short-cowl TURNEX project experimental geometry [136]. Figure 7.3a

shows the three-dimensional baseline geometry, with visible bypass and core ducts.

The engine is at experimental model scale, with a bypass duct inner and outer radius

of Ri = 0.0787m and Ro = 0.128m, respectively. Consistent with the definition of the

simplified geometry above, the baseline geometry is modified by adding 18 chevrons

shown in Figure 7.3b. The chevron pattern is chosen as blended triangles of axial

depth, d = 0.024m, placed in a periodical pattern along the circumference of the

bypass duct. The baseline exit plane is located halfway between the tip and root of

each chevron, resulting in the chevrons extending 0.012m further downstream than the

baseline exit plane. This engine geometry o↵ers a compromise between a simplified

exhaust geometry and an overly realistic geometry, such as one containing a pylon,

support structures, or non-azimuthally periodic chevrons.

Due to the azimuthal asymmetry of the exhaust duct geometry, the radiated RMS

sound field is not necessarily azimuthally symmetric, so care must be taken in defining

suitable measurement locations to compare with the baseline directivity. To capture

the behavior of the entire sound field radiated from the exhaust duct, the solution

is recorded on the spherical surface defined in Figure 7.4. The directivity sphere of

radius, Rd, is centered on the exit plane of the baseline duct geometry, intersecting

the geometry. The spherical surface is described by a regular mesh over azimuthal

and axial angles, ✓ and �, respectively. Fluctuating quantities are measured along
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(a) Baseline (b) Modified

Figure 7.3: The baseline TURNEX geometry and the modified geometry with 18
chevrons.

azimuthal angles, ✓ = 0 to 2⇡, for a range of axial angles, � = 0 to ⇡, capturing the

directivity through the entire spherical surface.

7.4.2 Azimuthal modal decomposition

In this section, to di↵erentiate between quantities defined in the frequency domain,

time domain, and for a specific azimuthal mode, variables defined with a caret, e.g.

{̂·}, are defined in the frequency domain, and quantities with a mode label, e.g. {·}m,

are specific azimuthal Fourier mode components. Quantities without the caret and

without the mode subscript are defined in the time domain.

z

x

y

180� �

✓

Figure 7.4: Definition of the directivity measurement surface centered on the exit
plane of the exhaust duct. The x-direction is defined as the duct axis.
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The baseline duct case, with an incident mode of a given azimuthal mode order, m,

has a radiated sound field that can be described by a single Fourier mode, m. When

chevrons are added, the incident mode is scattered by the chevrons and the radiated

sound field is composed of a summation of many azimuthal Fourier modes. To under-

stand clearly the distribution of energy over the scattered modes, the sound field must

first be decomposed into azimuthal modes,

p̂(r, ✓,�) =
1X

m=�1
p̂m(r,�)e�im✓. (7.6)

Based on the definitions of the directivity sphere, Figure 7.4, at each axial angle,

� = 0 to ⇡, a Fourier transform along the ✓-direction is performed to obtain the modal

amplitudes,

p̂m(r,�) =
1

2⇡

Z 2⇡

0
p̂(r, ✓,�)eim✓d✓. (7.7)

7.4.3 Comparison metrics

Acoustic intensity and power

The time-averaged acoustic intensity over the directivity sphere for a single azimuthal

mode in a quiescent medium, is defined as,

Im =
1

2
Re (p̂mv̂⇤m) , (7.8)

where p̂m is the pressure on the surface of the sphere, and v̂⇤m is the complex conjugate

of the velocity normal to the surface. The acoustic power for a single azimuthal mode

order can then be obtained by integrating the intensity over the entire surface of the

sphere, S, resulting in,

Wm = 2⇡

Z

S
Im(�) r2 sin(�) d�. (7.9)

The total power over all azimuthal modes is defined as,

W =

Z

S
I(✓,�) r2 sin(�) d✓ d�, (7.10)

where I(✓,�) =
1

2
Re (p̂v̂⇤) is the total, time-averaged intensity.

Another definition of power that can be used to measure the directivity along the axial

angles, �, is defined here as the distributed power, computed for each axial angle by
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integrating the normal intensity over the azimuthal angles only,

Wd =

Z

S
I(✓,�) r sin(�) d✓. (7.11)

The sound power levels reported in this work are all measured in decibels through the

expression,

PWL = 10 log10

✓
W

Wref

◆
dB, (7.12)

where Wref is a reference power level. For a non-uniform mean flow, Equation 7.8, does

not exactly define the acoustic intensity. For a general, rotational flow, the acoustic

intensity is not well-defined. However, the free-stream Mach number for the realistic

geometry study is fixed to zero in the static-approach condition, and the directivity

sphere is of a larger radius than the exhaust jet, so the acoustic intensity is only

inexact where the sphere intersects the jet. In this region, the acoustic intensity is

defined based on the irrotational approximation by Goldstein [21] for the instantaneous

normal intensity,

I =

✓
p

⇢�
+ ~v · ~v�

◆
(⇢�~v + ⇢~v�) · n̂, (7.13)

where n̂ is the outward-pointing unit normal vector to the sphere. In general nonuni-

form flows, the energy associated with purely acoustic fluctuations cannot be distin-

guished from the total perturbation energy, consisting of both acoustic and hydrody-

namic fluctuations. Therefore, the above expression for acoustic intensity is only a

rough approximation in regions where the base flow is rotational.

Sound pressure level

The sound pressure level is defined as,

SPL = 20 log10

✓
p̂rms

pref

◆
dB, (7.14)

where p̂rms is the root-mean-square sound pressure, and pref is a reference pressure. The

sound pressure level is used in this work to compare the structure of the radiated sound

field for the modified geometry to the baseline case. To highlight relative increases or

decreases in sound pressure level over the directivity sphere, the �SPL is measured,

which is the di↵erence between the SPL for the modified geometry and the baseline

geometry. Positive values of �SPL indicate increases in sound pressure level over the

baseline case, and negative values indicate decreases.
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7.4.4 Duct mode source

The acoustic source consists of duct modes, defined in Section 6.2.5, which are injected

into the exhaust duct inlet and then radiate from the engine into the far-field. The

azimuthal mode orders of the source are chosen to ensure that both even and odd

multiples of the number of chevrons are considered. To allow comparisons between

results computed with di↵erent source azimuthal orders to be made, the duct modes

are normalized to ensure that the acoustic power through a cross-section of the duct

is equal to one. To e�ciently compute solutions at a range of frequencies, the band-

limited interface source term of Section 6.3.1 is used here.

7.4.5 Flow conditions and CFD results

For the simplified geometries, no mean-flow e↵ects are included in the analysis by

setting the free-stream and exhaust Mach numbers to zero. Mean-flow e↵ects are

ignored in an attempt to isolate the influence of the geometry alone.

A mean-flow field is included in the study of the realistic geometry to match with the

static-approach configuration in the experimental setup of the TURNEX project [42].

The flow conditions consist of a flow through the bypass duct, and a heated core jet,

exhausting into a static volume of air. At the inlet of the bypass duct, a Mach number

of M = 0.447 is prescribed, and a sound speed of c� = 347.19m/s and a density of ⇢� =

1.177 kg/m3 are recorded. The core stream has a Mach number of M = 0.223 and a

sound speed and density of c� = 527.62m/s and ⇢� = 0.509 kg/m3, respectively. For the

baseline geometry, the mean flow is obtained through an axisymmetric incompressible

steady RANS simulation with the k-✏ turbulence model. For the modified geometry,

a fully-3D incompressible steady RANS flow-field is computed. Figures 7.5a and 7.5b

show contours of axial velocity along an x-y slice in the domain. In both flow-fields,

the higher velocity bypass jet exits the duct and mixes with the stationary free-stream

and the lower velocity core jet, forming shear layers at the duct and core exits which

grow rapidly with downstream (+x) position. A transverse slice of the exhaust jet

at an axial location of x = 0.15m is shown in Figures 7.6a and 7.6b for the baseline

and modified geometries, respectively. The chevron pattern on the modified geometry

induces a strong non-axisymmetric pattern in the shear layer between the bypass duct

and the free-stream.
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(a) (b)

Figure 7.5: Slices of the mean flow axial velocity field in m/s at z = 0m. The baseline
flow-field is shown in Figure (a), and the modified geometry flow-field is shown in
Figure (b).

(a) (b)

Figure 7.6: Slices of the mean flow axial velocity field in m/s at x = 0.15m. The
baseline flow-field is shown in Figure (a), and the modified geometry flow-field is shown
in Figure (b).

7.4.6 Selection of the source frequency

The frequency of the source will a↵ect the directivity and the amount of azimuthal

scattering by the chevrons. In order to compare results computed with di↵erent inci-

dent mode numbers and identify any trends, frequencies must be chosen that allow a

fair comparison between modes, because for di↵erent incident modes, the same degree

of scattering is not expected at fixed frequency. Two parameters are chosen to compare

results at: an e↵ective wavelength and the mode’s cut-on ratio.
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A single duct mode has specific radial, axial, and azimuthal wavenumbers, kr, kx, and

m, respectively. The wavenumber at the circumference of the duct can also be defined

as k✓ = m/R. As the mode exits the duct, the e↵ective wavenumber that the chevrons

experience is,

ke =
q

k2x + k2✓ . (7.15)

The non-dimensional quantity of the e↵ective wavelength over the characteristic size

of the chevrons, �e/d = 2⇡/(ked) is used in this chapter when comparing the relative

amount of scattering by the chevrons.

The mode’s cut-on ratio, using the definition by Sinayoko et al. [154], is defined as,

⌘ =
p

1� (1�M2)k2r/k
2
�, (7.16)

where k� = !/c�. The cut-on ratio is a non-dimensional quantity between zero and

one, indicating to what extent the mode is propagating axially in the duct. For a

plane-wave, the cut-on ratio is equal to one, indicating that the mode is propagating

normal to the duct cross-section. Conversely, a mode with a cut-on ratio equal to

zero, is not propagating axially, and is directed tangential to the cross-section. As the

cut-on ratio gives a measure of the relative amount of axial and radial propagation

of the mode, the parameter is important for understanding the directivity on planes

tangent to the axis.

7.5 Results for simplified geometries

The chevron exhaust geometry with six chevrons, shown in Figure 7.2b, is compared

with the results for the baseline geometry. Two incident modes are considered first,

(6, 0) and (13, 0), to understand the impact of the azimuthal mode number. Following

the comparison of the two azimuthal modes, the solutions to modes, (6, 1) and (7, 1),

are compared, to understand what impact the radial mode has on the directivity.

7.5.1 Computational setup

The nodal discontinuous Galerkin scheme, defined in Section 2.4 is used to solve for

the propagation of duct modes through the baseline and chevron exhaust geometries.

Hard reflecting wall boundary conditions are imposed on the exhaust duct walls and

the bu↵er zone, of Section 2.4.3, is employed at all outflow regions to reduce spurious

reflections. All simulations use a fixed polynomial order of six in every element. The
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solution is recorded on the surface of the directivity sphere of radius, 2.5R, at a suf-

ficient number of points to accurately compute the azimuthal decomposition and to

integrate the acoustic intensity.

7.5.2 Results for varying incident mode order and frequency

Mode (6,0)

The first set of results are computed with an incident azimuthal mode number equal

to the number of chevrons, and varying the cut-on ratio, ⌘, from 0.5 to 0.85. This case

is identical to the analytical problem considered in Section 7.3.

Computing the azimuthal decomposition of the sound field over the directivity sphere,

the sound power level for each azimuthal mode of the solution for ⌘ = 0.5 is shown in

Figure 7.7a. Red symbols indicate the power in each azimuthal order for the exhaust

duct with six chevrons, and the black values indicate the power in each order for the

baseline, no chevron exhaust duct. It can be seen that for the baseline case, nearly

all the radiated power is concentrated at a single mode order. This is expected due

to the azimuthal symmetry of the baseline duct geometry; the source will not be

scattered into additional azimuthal modes. Ideally, one would expect a peak only at

an azimuthal mode order of six and no energy in any of the other modes. In actuality,

the discretized problem introduces errors which can be attributed to inaccuracies in

the geometrical description, the approximately non-reflecting outflow boundaries, and

the discretization. However, these noise or error levels are 30-40 dB lower than the

power levels of the dominant mode. The red and black dashed lines indicate the total

power integrated over the whole sphere for the geometry with six and zero chevrons,

respectively. As expected, little di↵erence can be seen in the total power levels, and any

di↵erences can likely be attributed to slightly increased or decreased back-scattering

from the chevrons.

At a higher cut-on ratio of ⌘ = 0.85 in Figure 7.7b, increased azimuthal scattering of the

dominant mode can be identified. Peaks at mode numbers,m = �18,�12,�6, 0, 6, 12, and 18,

can be clearly seen, agreeing with the predictions given in Table 7.1. The scattering

seen when increasing ⌘ is due to the smaller �e/d seen locally by the chevrons.

In addition to altering the azimuthal structure of the sound field, chevrons are also

expected to impact the directivity along the angles, �, defined in Figure 7.4. The

distributed power level is now compared between the chevron and baseline results to

identify di↵erences in the directivity over �. Again, solutions are compared at cut-on

ratios, ⌘ = 0.5 and ⌘ = 0.85. Considering first ⌘ = 0.5 in Figure 7.8a, the red line

indicates the results for the duct with chevrons and the black line indicates the results
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(a) Sound power level, ⌘ = 0.5, �e/d = 1.70
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(b) Sound power level, ⌘ = 0.85, �e/d = 0.93

Figure 7.7: Sound power level for each azimuthal mode order for varying ⌘ for an
incident mode (6, 0).
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(a) Distributed power level, ⌘ = 0.5,
�e/d = 1.70
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(b) Distributed power level, ⌘ = 0.85,
�e/d = 0.93

Figure 7.8: Distributed sound power level for varying ⌘ for an incident mode (6, 0).

for the duct without chevrons. For angles, � > 150�, or near the axis downstream of

the duct exit plane, a strong increase in power can be seen relative to the baseline.

This could be attributed to the scattering of the incident mode into the plane wave

mode, m = 0, which is more directed along the axis. For � < 50�, which is directed in

the opposite direction to the propagation of the mode in the duct, a relative increase

in power level is identified for the chevron geometry.

Increasing the cut-on ratio to ⌘ = 0.85, again for � > 150�, substantial increases in

power level are seen for the chevron results. For � < 50�, an opposite behavior to the

⌘ = 0.5 result is seen, showing a decrease in power level relative to the baseline, and

for a larger range of angles. Also notable is the slight smoothing of the lobes of the

directivity, essentially eliminating some of the local minima and maxima.

To better visualize the strong azimuthal asymmetry of the RMS sound pressure, rel-

ative to the baseline case, the �SPL is computed over the entire directivity sphere

and plotted in Figures 7.9a and 7.9b for ⌘ = 0.5 and ⌘ = 0.85, respectively. The
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(a) �SPL, ⌘ = 0.5, �e/d = 1.70 (b) �SPL, ⌘ = 0.85, �e/d = 0.93

Figure 7.9: �SPL for varying ⌘ for an incident mode (6, 0).

sound pressure level for the baseline case with a single tone as a source, is azimuthally-

symmetrical. With the addition of chevrons, this azimuthally-symmetrical sound field

is scattered into additional modes, creating a highly non-axisymmetric sound field.

Increases in SPL relative to the baseline are shown in red, while decreases are shown

in blue. As identified in the azimuthal decomposition, the lower-frequency result has

visibly less azimuthal variation than the higher-frequency result. Also, the increases

and decreases identified in the distributed power level in the � < 50� and � > 150�

regions are apparent. An azimuthal pattern equal to the number of chevrons is visible

for both cut-on ratios.

Mode (13,0)

For mode (6,0), the azimuthal mode number matched the number of chevrons. In

contrast, for mode (13,0), the azimuthal mode number is not a multiple of the number

of chevrons. The results of this section should show whether or not the azimuthal

mode number matching with the number of chevrons impacts the radiated sound field

di↵erently. Two cut-on ratios are considered again, ⌘ = 0.5 and ⌘ = 0.85, and the

azimuthal decomposition, distributed power level, and �SPL are computed over the

directivity sphere.

The azimuthal decomposition shown in Figures 7.10a and 7.10b, show peaks in power

level at azimuthal modes n = qD + m, corresponding to the definition of Section

7.3. With increasing cut-on ratio and e↵ective wavenumber, scattering into azimuthal

modes -17 and 19 becomes stronger. The total power levels over all modes remain

unchanged.

Figures 7.11a and 7.11b illustrate the distributed power level over � for mode (13,0),

for cut-on ratios from ⌘ = 0.5 to ⌘ = 0.85. Similar to the results observed for mode
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(a) Sound power level, ⌘ = 0.5, �e/d = 0.81
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(b) Sound power level, ⌘ = 0.85, �e/d = 0.46

Figure 7.10: Sound power level for each azimuthal mode order for varying ⌘ for an
incident mode (13, 0).
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(a) Distributed power level, ⌘ = 0.5,
�e/d = 0.81
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(b) Distributed power level, ⌘ = 0.85,
�e/d = 0.46

Figure 7.11: Distributed sound power level for varying ⌘ for an incident mode (13, 0).

(6,0), for both cut-on ratios and � > 140–150�, the power level increases substantially

with respect to the baseline power level. The increases downstream near the axis

can be attributed to scattering into modes of low azimuthal order, e.g. mode 1 in

Figures 7.10a and 7.10b. These modes exit the exhaust duct at higher angles (using

the convention for �) than the incident mode and thus increase the observed power

level over the directivity sphere at large �. For � < 50 � 60�, an increase in power

level is observed for ⌘ = 0.5 and a decrease for ⌘ = 0.85, agreeing with the behavior

seen for mode (6,0). Smoothing of the local maxima and minima of the directivity is

observed for the ⌘ = 0.85 results.

The �SPL for ⌘ = 0.5 and ⌘ = 0.85 is shown in Figures 7.12a and 7.12b, respectively.

Comparing the �SPL for mode (13,0) to the results for mode (6,0), a more complex

azimuthal structure can be seen for mode (13,0) as well as the strong asymmetry in

the azimuthal direction. An azimuthal pattern with a multiplicity equal to the number

of chevrons can be clearly identified in the plots.
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(a) �SPL, ⌘ = 0.5, �e/d = 0.81 (b) �SPL, ⌘ = 0.85, �e/d = 0.46

Figure 7.12: �SPL for varying ⌘ for an incident mode (13, 0).
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(a) Sound power level, ⌘ = 0.5, �e/d = 1.39
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(b) Sound power level, ⌘ = 0.72, �e/d = 0.92

Figure 7.13: Sound power level for each azimuthal mode order for varying ⌘ for an
incident mode (6, 1).

7.5.3 Impact of the radial mode

The results for mode (6,0) and (13,0) highlighted the changes in directivity and az-

imuthal scattering produced by the chevrons. Thus far, the impact of the radial mode

on the directivity has not yet been investigated. In this section, the radiation of two

modes, mode (6,1) and mode (7,1) are solved for and compared with the results for a

zeroth-order radial mode.

Mode (6,1)

Two cut-on ratios are selected for comparison, ⌘ = 0.5 and ⌘ = 0.72. Figures 7.13a

and 7.13b show the azimuthal modal decomposition of the sound field for each cut-on

ratio. The azimuthal modes agree well with the predicted values, n = qD +m.
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(a) Distributed power level, ⌘ = 0.5,
�e/d = 1.39
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(b) Distributed power level, ⌘ = 0.72,
�e/d = 0.92

Figure 7.14: Distributed sound power level for varying ⌘ for an incident mode (6, 1).

The distributed power level for ⌘ = 0.5 is shown in Figure 7.14a. For � > 150�,

the increase in power level near the axis, associated with scattering into the zeroth

azimuthal mode is present, agreeing with the results for modes (6,0) and (13,0). In

contrast, the expected increase in power level for � < 50–60� is not observed, and

instead, there is a decrease with respect to the baseline. At higher cut-on ratio and

lower e↵ective wavelength, Figure 7.14b shows a decrease in power level at lower angles,

consistent with the results for the other modes.

Figures 7.15a and 7.15b show the �SPL over the directivity sphere for mode (6,1).

Decreases in SPL can be seen for � < 50 � 60� and increases for � > 150�. Also

present is the azimuthal structure of periodicity equal to the number of chevrons,

found for mode (6,0) and mode (13,0).

(a) �SPL, ⌘ = 0.5, �e/d = 1.39 (b) �SPL, ⌘ = 0.72, �e/d = 0.92

Figure 7.15: �SPL for varying ⌘ for an incident mode (6, 1).
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(a) Sound power level, ⌘ = 0.5, �e/d = 1.23
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(b) Sound power level, ⌘ = 0.72, �e/d = 0.82

Figure 7.16: Sound power level for each azimuthal mode order for varying ⌘ for an
incident mode (7, 1).

Mode (7,1)

The above analysis is repeated again for mode (7,1) in which the azimuthal mode num-

ber is not a multiple of the number of chevrons. Again, two cut-on ratios of ⌘ = 0.5

and ⌘ = 0.72 are considered. Figures 7.16a and 7.16b show the azimuthal decompo-

sition of the sound field, with the expected peaks at mode numbers corresponding to

n = qD + m. The distributed power level for both cut-on ratios is given in Figures

7.17a and 7.17b. Agreeing with the results for other modes, for � > 150� an increase

in acoustic power level relative to the baseline, is seen for both cut-on ratios. For

� < 60�, a decrease in power level is visible for both cut-on ratios, and no increase is

visible for ⌘ = 0.5. Also agreeing with the results for other modes, Figures 7.18a and

7.18b show the �SPL with increases and decreases in SPL relative to the baseline and

a periodicity equal to the number of chevrons.
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(a) Distributed power level, ⌘ = 0.5,
�e/d = 1.23

40 60 80 100 120 140 160

50

60

70

80

90

100

110

120

(b) Distributed power level, ⌘ = 0.72,
�e/d = 0.82

Figure 7.17: Distributed sound power level for varying ⌘ for an incident mode (7, 1).
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(a) �SPL, ⌘ = 0.5, �e/d = 1.23 (b) �SPL, ⌘ = 0.72, �e/d = 0.82

Figure 7.18: �SPL for varying ⌘ for an incident mode (7, 1).

Additional solutions

Solutions for additional modes are computed for fixed �e/d, �x/d, and ⌘, in Table

7.3. The total power level calculations are condensed into four values computed over

the directivity surface, W 0C
m �W 6C

m , in dB, which is the di↵erence in radiated power

level at the azimuthal order corresponding to the incident azimuthal mode number, m,

between the baseline and chevron geometries. The di↵erence in radiated power level of

them-th azimuthal component with all scattered modes is denoted, W 6C
m �W

6C
sct , for the

six chevron geometry. Finally, the total power over all azimuthal orders is denoted as

W 0C
all , for the baseline, zero-chevron geometry, and W 6C

all , for the six chevron geometry.

The small di↵erences in total power can likely be attributed to some reflections at the

exit plane of the exhaust duct, traveling back towards the source-plane.

7.5.4 Summary of simplified geometry results

This section computed solutions to acoustic mode radiation from simplified exhaust

duct geometries, comparing results for a duct with and without chevrons. Four di↵erent

incident modes were considered in detail, at varying frequency described by the cut-on

ratio and the e↵ective wavelength.

For all modes, the azimuthal modal content in the radiated sound field matched well

with the analytical predictions in Section 7.3. For incident modes with zeroth-order

radial modes and at low cut-on ratio, increases in distributed power level were found

at low angles, �, corresponding to the definition in Figure 7.4. In contrast, at higher

cut-on ratio or e↵ective wavelength, decreases were found for low �. The di↵erences

between the low and high frequency results can likely be attributed to the di↵erence in

the direction of the acoustic energy, varying with cut-on ratio. For cut-on ratios closer
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to one, the acoustic energy travels more axially, so it is expected that the acoustic

pressure at small �, will be decreased compared to lower cut-on ratios. Incident duct

modes with a radial mode were observed to have no increases in distributed power level

at small �.

For all modes, increases in sound power level were observed near the axis, for large

� angles. These increases can be attributed to scattering of the incident mode into

lower-azimuthal mode orders, which are more cut-on and radiate closer to the axis.

Therefore the decreases in sound power level at low � may be caused by redistribution

of the incident mode power into lower azimuthal orders, which are more cut-on, causing

increases near the axis.

7.6 Results for a realistic geometry

The purpose of this section is to determine whether the trends found in the simplified

geometry study in the previous section generalize to a more realistic geometry and flow-

field. The geometries are based on the experimental-scale TURNEX geometry shown

in Figure 7.3a and the modified geometry with eighteen chevrons shown in Figure 7.3b.

The flow-field is defined based on the static-approach experimental conditions, and the

CFD results for both geometries are discussed in Section 7.4.5. While the geometry

has a core and bypass duct, only the radiation of an acoustic mode from the bypass

duct is considered in this work.

7.6.1 Computational setup

To prescribe the acoustic mode in the bypass duct, the band-limited interface source

term of Section 6.3.1 is used so that only a single computation is required to obtain

the frequency response. The mean flow-field in each element is mapped from the CFD

mesh and the thin boundary layers are removed using the tools developed in Section

5.2. Due to the highly non-uniform mean velocity field, aliasing-driven instabilities,

discussed in Chapter 4, are expected to occur. These instabilities are controlled by

application of a periodic filter to the solution DOF, which is discussed in Section 4.5.4.

Aeroacoustic computational domain

The acoustic computational domain is a spherical shape of radius r = 0.5m, centered

at (0.0, 0.0, 0.0), with bu↵er zones at the outflow region, and at the bypass duct and

core inlets. The mesh, shown in Figure 7.19a is comprised of approximately 690,000
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(a) (b)

Figure 7.19: Left: Section of the aeroacoustic mesh for the modified TURNEX geom-
etry. The bu↵er zone is colored by yellow elements. Right: near-wall region for the
chevron geometry mesh, showing curved surface elements.

tetrahedral elements, which are allowed to be curved to accurately represent the engine

geometry. Each DG element has a fixed polynomial order of six, resulting in approx-

imately 290 million degrees of freedom for the total problem. The mesh density and

polynomial order are chosen based on the maximum wavenumber of the duct mode

source.

7.6.2 Results for mode (10, 0) and varying source frequency

A single tone, (10, 0), is prescribed in the bypass duct inlet with no source prescribed in

the core. Computations are carried out with an incident mode frequency corresponding

to an e↵ective wavelength of �e/d = 2, to �e/d = 1 and amplitudes are normalized

by the acoustic power in the bypass duct inlet. This frequency range is chosen to

highlight di↵erences in the radiated sound field for low and high scattering. All of the

results are recorded over the surface of a measurement sphere of radius 0.3m, centered

at (0.0, 0.0, 0.0), which is the exit plane of the baseline bypass duct. Instantaneous

contours of ⇡0 on an x–y slice of the domain are shown at two times, t = 0.001 s

and t = 0.002 s, in Figures 7.20a and 7.20b, respectively. The wave-packet acoustic

disturbance is clearly visible, including the reflections at the end of the bypass and

core ducts. It is important to note that instabilities did not pollute the acoustic

solution. This can be attributed to the rapidly-growing shear-layer and a frequency

range of the band-limited source that is high enough to not excite the shear layer at

its most unstable frequency. In addition, periodic filtering of solution DOF is enough

to eliminate aliasing-driven instabilities for the time-scales required to propagate the

wave-packet past the monitor points.
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(a) t = 0.001 s (b) t = 0.002 s

Figure 7.20: Instantaneous contours of ⇡0 on an x–y slice of the computational domain
at times t = 0.001 s and t = 0.002 s.

Figure 7.21 shows the sound power level over the measurement sphere for each az-

imuthal mode for the two source frequencies. For �e/d = 2, the primary m = 10

mode along with scattered modes, m = �26,�8, 28 are clearly identified. Increasing

the frequency, the �e/d = 1 results show additional scattered modes at m = �44 and

m = 46, which agree with the predictions given in Section 7.3.

The distributed power level over the range of angles, �, is shown in Figure 7.22 for

both source frequencies. It is clear that for the lower frequency case, �e/d = 2, the

distributed power level for the modified geometry matches the baseline results over

most of the angles. Around � = 90�, an increase relative to the baseline is observed.

This behavior may be similar to the smoothing of the directivity observed in the results

in Section 7.5. The lack of deviation from the baseline results over the rest of the angles

and the fewer number of azimuthal scattered modes in Figure 7.21a, indicate that the

acoustic wavelength is too large for the chevrons to cause a large scattering e↵ect. In
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(b) �e/d = 1

Figure 7.21: Sound power level over the measurement sphere for each azimuthal mode
order for an incident mode (10, 0).
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(b) �e/d = 1

Figure 7.22: Distributed power level over the range of axial angles, �, for an incident
mode (10, 0).

comparison, at higher frequency, �e/d = 1, strong decreases in the distributed power

level are seen for angles � < 80�, matching the behavior observed for the simplified

geometries at higher frequency or cut-on ratio. At � > 160�, while there are increases

in sound power level, they are not as strong as what was observed for the simplified

geometries. This could be attributed to the lack of scattering into low azimuthal mode

orders, which would radiate more axially, and the presence of the engine hub.

The apparent di↵erences in the directivity can be clearly seen in the �SPL plots in

Figures 7.23a and 7.23b for �e/d = 2 and �e/d = 1, respectively. At � < 80� and

�e/d = 1, the strong decreases seen in the power level are observed in the �SPL

plot. Along the azimuthal direction for both frequencies, a periodic structure can be

observed, with a number of repetitions equal to the number of chevrons, which is also

apparent in the results for the simplified geometries.

(a) �e/d = 2 (b) �e/d = 1

Figure 7.23: �SPL over the measurement sphere for an incident mode (10, 0).
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7.6.3 Computational cost

Numerical solutions to the detailed geometry study were computed using the University

of Southampton Iridis 4 cluster. Each node of Iridis has two 2.6 GHz. Sandy Bridge

processors with a total of 16 cores and 64 GB of RAM. The results for both geometries

were obtained using four nodes with a total of 64 cores. Due to the distinct geometries,

the meshes, and therefore the total computational cost to obtain the final solutions,

were di↵erent. The total number of quadrature-free and standard tetrahedral elements

are listed in Table 7.2. Notice that the number of standard elements for the mesh

of the modified geometry is much larger than that of the baseline mesh. This can

be attributed to the more complex geometry of the chevrons, shown in Figure 7.19b,

requiring more elements to discretize it.

A lower-bound for the total memory usage for each case is estimated in Table 7.2,

by counting the number of double precision variables stored during the calculation for

the quadrature-free and standard elements. Even though there are far fewer standard

elements, the memory for storing them is the same or greater than for the quadrature-

free elements, since the element matrices must be stored. Comparing the total memory

usage over four nodes to the available memory of 64 GB. per node, the total storage

is not a limiting factor in these calculations.

Counting the total number of floating point operations per stage of a single time-step

and then multiplying by the total number of time-steps and stages, an estimation of

the floating point operations per second (FLOP/s) is given in Table 7.2 for each case in

giga-flop (GFLOP). These estimates do not include the additional cost of damping the

solution in the bu↵er zone, filtering the solution, interpolating the solution to curved

faces, or interpolating the solution at each of the measurement locations. For the 2.6

GHz. Sandy Bridge processors, a theoretical per-core peak e�ciency can be estimated

as, 2.6 GHz. ⇥8 double-precision ops/s = 20.8 GFLOP/s [155]. While these estimates

show the DGM implementation achieving approximately 30% of the theoretical peak-

e�ciency of the cluster, it is important to note that the theoretical estimates assume an

equal number of additions and multiplications per cycle, and of course do not include

the latency associated with communication in solving the distributed problem.

One potential area of ine�ciency is the frequency of computing the solution at the

measurement locations and then writing the data to disk. At each sampling time,

pre-computed interpolation coe�cients in each element that contains a measurement

location, are used to interpolate the solution. For sampling a large portion of the

computational domain, the cost of writing to disk could become excessive. It may be

more e�cient to store this data in memory and then periodically write several samples

to disk at once.
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Baseline Modified

Ne Standard 56787 74026
Ne Quad-free 598839 614730

Polynomial order 6 6
Time steps 12000 13000

Cores 64 64
Wall time (Min.) 641.2 721.8

Est. Mem. Quad-free (GB.) 16.9 17.3
Est. Mem. Standard (GB.) 16.5 21.5
Est. Mem. Total (GB.) 33.4 38.8

Est. GFLOP/s 412 420

Table 7.2: Computational cost of the detailed geometry study.

7.7 Conclusions

This study attempted to understand to what extent the addition of chevrons to the exit

of the bypass duct impacts the propagation of tones, in terms of changes to the radiated

power level and directivity. A simplified analytical expression framed the problem in

terms of interaction tones, analogous to fan-guide-vane or rotor-stator interaction noise.

Fully three-dimensional computations were performed for simplified engine geometries

in an attempt to determine any trends observed for varying incident mode numbers

and frequency.

The results for the simplified geometry study indicated that the chevrons scatter the

source acoustic mode into predictable azimuthal modes with the intensity of scattering

increasing with increasing source frequency. The total sound power integrated over

the directivity surface, associated with the azimuthal mode of the source, is not sub-

stantially changed by the addition of chevrons. However, when considering changes to

the directivity, there can be strong increases or decreases in the intensity and sound

pressure levels, dependent on the frequency of the source. For a low cut-on ratio and

a zeroth-order radial mode, increases in sound power level, relative to the baseline

geometry, are observed for low angles, �. At higher cut-on ratio or e↵ective wavenum-

ber, the opposite e↵ect is observed, with strong decreases in the sound power level.

Downstream toward the axis, or high values of �, strong increases in sound power level

are observed, and are likely a result of the incident mode scattering into low azimuthal

mode orders which are more cut-on and radiate closer to the axis. Overall, at higher

cut-on ratio or e↵ective wavenumber, the local minima or maxima in the distributed

power level appear less pronounced with the addition of chevrons.

Following the simplified geometry study, the experimental geometry of the TURNEX

project was used to determine if the results for the simplified geometries can generalize
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to more realistic configurations. Eighteen, triangular shaped chevrons were added to

the exit of the bypass duct. A realistic mean flow-field, based on the static approach

experimental conditions, was included in the simulations. The radiation of a single

tone over a range of source frequencies for the modified geometry was compared to

the results for the baseline, no chevron geometry. Many of the features observed for

the simplified geometries were present, except for the strong increases in sound power

level along the axis, or high �. It is assumed that the lack of strong increases along

the axis are caused by the lack of scattering of the incident mode into low azimuthal

mode orders, which are more cut-on.

While this study considered only single tones, a more complete picture of the scat-

tering by the chevrons could be obtained by investigating broad-band, multi-modal

sources. However, it is assumed that with broad-band sound sources in the duct, some

strong tones will still exist, making the results of the present study still applicable to

the more realistic case. Additionally, only radiation from the bypass duct was studied,

however chevrons can also be added to the core. Therefore future work can investi-

gate both broad-band, multi-modal sources, as well as radiation from the core with

chevrons added. Additionally, for installed engines, the bypass duct is typically not

exactly annular, and includes bifurcations in the duct associated with the placement

of the pylon and the engine support structure. These bifurcations will likely alter the

scattering and radiation of the incident mode and should be included in more detailed

future studies.
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6 0 9.79 8.69 6.28 6.00 7.50 0.64 2.00 1.45 0.34 8.40 119.63 119.85
6 0 14.63 13.93 12.57 6.00 7.50 0.86 1.00 0.90 0.49 9.52 119.92 119.87
6 1 13.31 8.69 6.28 6.00 11.73 0.47 2.00 1.45 0.42 9.14 119.89 119.95
6 1 17.19 13.93 12.57 6.00 11.73 0.73 1.00 0.90 0.36 9.97 119.93 119.97
7 0 10.63 9.41 6.28 7.00 8.58 0.59 2.00 1.34 0.55 6.81 119.50 119.75
7 0 15.21 14.38 12.57 7.00 8.58 0.83 1.00 0.87 0.48 9.56 119.86 119.81
12 0 15.23 13.55 6.28 12.00 13.88 0.41 2.00 0.93 0.64 4.66 118.84 119.43
12 0 18.72 17.38 12.57 12.00 13.88 0.67 1.00 0.72 0.63 7.66 119.86 119.87
13 0 16.20 14.44 6.28 13.00 14.93 0.39 2.00 0.87 0.68 3.66 118.66 119.47
13 0 19.51 18.08 12.57 13.00 14.93 0.64 1.00 0.70 0.86 6.64 119.92 119.86

6 0 17.35 16.76 15.64 6.00 7.50 0.90 0.80 0.75 0.45 8.74 119.89 119.96
6 0 25.53 25.13 24.41 6.00 7.50 0.96 0.51 0.50 0.35 9.43 119.88 119.98
6 1 19.56 16.76 15.64 6.00 11.73 0.80 0.80 0.75 0.25 11.14 119.90 119.95
6 1 27.08 25.13 24.41 6.00 11.73 0.90 0.51 0.50 0.23 12.22 119.95 119.95
7 0 17.47 16.76 15.22 7.00 8.58 0.87 0.83 0.75 0.38 8.81 119.78 119.91
7 0 25.62 25.13 24.14 7.00 8.58 0.94 0.52 0.50 0.46 9.22 119.93 119.94
12 0 18.15 16.76 11.69 12.00 13.88 0.64 1.07 0.75 0.81 6.69 119.92 119.91
12 0 26.08 25.13 22.08 12.00 13.88 0.85 0.57 0.50 0.67 7.43 119.94 119.94
13 0 18.29 16.76 10.57 13.00 14.93 0.58 1.19 0.75 1.07 5.75 119.77 119.67
13 0 26.18 25.13 21.51 13.00 14.93 0.82 0.58 0.50 0.69 7.10 119.89 119.92

6 0 8.66 7.40 4.33 6.00 7.50 0.50 2.90 1.70 0.65 5.99 118.43 118.74
6 0 14.24 13.51 12.10 6.00 7.50 0.85 1.04 0.93 0.45 9.88 119.89 119.84
6 1 13.55 9.05 6.78 6.00 11.73 0.50 1.85 1.39 0.50 9.81 119.91 119.82
6 1 17.04 13.73 12.35 6.00 11.73 0.72 1.02 0.92 0.41 9.96 119.90 119.89
7 1 14.93 10.23 7.47 7.00 12.93 0.50 1.68 1.23 0.39 10.39 119.80 119.77
7 1 18.78 15.31 13.61 7.00 12.93 0.72 0.92 0.82 0.31 9.86 119.96 120.05
13 0 17.24 15.60 8.62 13.00 14.93 0.50 1.46 0.81 1.18 4.58 119.50 119.56
13 0 28.34 27.37 24.09 13.00 14.93 0.85 0.52 0.46 0.58 7.19 119.82 119.94

Table 7.3: Results of the simplified geometry study for a range of modes and for fixed �x/d, �e/d, and ⌘. The angular frequencies, !, are
given in rad/s. The wavenumbers, k{·} are in rad/m. All power levels, W , are given in dB.



Chapter 8

Conclusions and Future

Applications

This project further developed the time-domain nodal discontinuous Galerkin method

(DGM) for application to turbofan exhaust noise propagation. Several key challenges

were defined, namely, i) the choice of discretization parameters for optimal accuracy

and computational cost, ii) the stability of solutions when the flow-field is highly

nonuniform, iii) the interfacing of the RANS CFD data and the acoustic propagation

solver, and, iv) the accurate and e�cient specification of source terms in the numerical

model. In addressing these challenges, several original contributions were made and

are described in the following section.

The numerical results presented in this work were computed by a nodal discontinu-

ous Galerkin scheme, solving the three-dimensional linearized Euler equations (LEE),

implemented over the course of this work. This solver was developed with the intent

of solving industrial scale aeroacoustic propagation applications, permitting curved

elements, arbitrary-shaped acoustic-damping outflow regions, CFD to acoustic mesh

mapping, interface and band-limited source terms, an e�cient data structure to take

advantage of BLAS [93] optimized matrix products, and parallelization to utilize the

University of Southampton Iridis 4 cluster.
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8.1 Summary of contributions

Accuracy and computational cost analysis

A two-dimensional dispersion analysis of the time-domain nodal DGM was presented,

and used to study the impact of discretization parameters on the accuracy and com-

putational cost of solutions. The linearized Euler equations with a uniform mean

flow-field were discretized, rather than the more commonly considered model advec-

tion equations. To the author’s knowledge, this was the first dispersion analysis of the

complete LEE system. This allowed the study of the dispersion, dissipation, and L2

solution error with varying mesh size and polynomial order, for the acoustic, entropy,

and hydrodynamic solution modes. It was determined that the convergence of the

entropy and hydrodynamic mode error followed a similar behavior to the convergence

of the acoustic mode. To understand the impact of the wave propagation directions

relative to the mesh and the mean flow, an error anisotropy study was performed,

and the best and worst case propagation directions were identified over the structured,

triangularized mesh. A fully-discrete dispersion analysis characterized the impact of

the explicit time integration scheme and the choice of time-step. This was also used

to estimate the computational e↵ort required for varying wave propagation distances,

showing the importance of high temporal accuracy for long distance wave propagation.

Aliasing in solutions to the LEE

The formation and growth of aliasing-driven instabilities in DG solutions to the LEE

were investigated. A new, two-dimensional dispersion analysis of the DGM for the

LEE was developed, supporting a nonuniform mean flow-field. Using an analytical so-

lution to compressible parallel shear flow instability, the dispersion analysis correctly

predicted the growth rates of the instability with varying Mach number, to verify the

method. The fully-discrete dispersion analysis considered the e↵ect of the polynomial

order, filtering, flux function, flow-field, and time integration on the strength of the

aliasing-driven instabilities. With an upwind flux, the predicted growth rates of the in-

stabilities increase with increasing order and fixed mesh size. Using the Lax-Friedrichs

flux markedly improved the stability over the exact upwind flux. Periodic filtering of

the solution coe�cients were shown to nearly eliminate the aliasing instabilities with

the correct choice of filter parameters. The flow-field supporting unstable solution

modes was found to be more susceptible to aliasing instability than one that does not

support unstable solution modes with a similar non-uniformity. This work di↵ered

from past work that consisted of theoretical estimates and numerical experiments, in

that both the growth and advection behavior of aliasing was identified including the
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e↵ect of the discretization. Furthermore, this work considered aliasing in unstable

solutions to the LEE which arise in applications with sheared mean-velocity fields.

Representation and mapping of the mean flow-field

An analytical solution to one-dimensional acoustic wave propagation through a temper-

ature non-uniformity, was derived and compared to numerical solutions with varying

mean variable representation accuracy. It was found that, similar to errors in geo-

metrical representation, the error in the representation of the mean variables leads

to degraded solution accuracy. If the polynomial order of the mean variables in each

element is less than the order of the solution, then convergence of the solution error

with polynomial order will be severely degraded. Following the one-dimensional study,

a two-dimensional study of acoustic wave propagation through a mean flow vortex was

studied qualitatively, illustrating the degradation of solution accuracy with an inaccu-

rate representation of the mean flow-field. To the author’s knowledge this is the first

study of the impact of the mean flow representation error on the acoustic solution in

a hybrid aeroacoustics approach.

Using moving-least-squares approximations, a strategy for mapping CFD data to the

solution interpolation nodes on the DG mesh was developed. Past methods involved

linear interpolation, which does not enforce smoothness and requires a triangulation of

the CFD data, or solution of a global least-squares problem, which is computationally

costly and typically requires first linearly interpolating to a secondary flow-mesh. By

using a local approach, the method scales well, with each processor needing to load

only a small subset of the CFD data to perform the fit. Smoothness in the mapping can

be enforced through altering the support radius, allowing control over fine-scale flow

features that are unresolved on the DG mesh. To improve the mapping regularity of

RANS solutions containing thin boundary layers, a boundary layer truncation process

was developed, smoothly removing the high mean velocity gradient regions adjacent to

the geometry. A Poisson-based normal wall distance estimate was used for locating the

near wall regions for an arbitrary, three-dimensional geometry. While truncation of the

boundary layer has been considered before, past methods considered only a low-order

representation of the mean flow and were less general for complex geometries.

Specification of source terms

A new method of introducing source terms into the discrete LEE model was devel-

oped, using the flux function at the element interfaces. By defining a source-plane at
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an arbitrary location in the computational domain, acoustic, entropy, and hydrody-

namic source terms can be introduced using only the values of the flux at the plane.

Traditionally, certain source terms, such as duct-modes, were injected into the do-

main through bu↵er-zones, requiring a bu↵er-zone that is accurate at both damping

and generating waves, or by application of a spatial windowing function that must be

compact enough relative to the changing geometry and mean flow-field. The inter-

face source terms avoid this complexity. The method was verified for the advection

of entropy and vorticity sources in a three-dimensional domain, and the propagation

of acoustic modes in a cylindrical duct. For turbofan exhaust noise applications, a

band-limited, acoustic source term was derived and applied to the LEE. In contrast to

other broadband source terms, it allows a specific frequency range of the source to be

defined, avoiding high energy in the lower frequencies, which can trigger shear layer

instabilities and also increase the total integration time. The new band-limited source

term was defined as an interface source term, making it compact in both time and

space.

Application to scattering of fan tones by bypass chevrons

The culmination of this work was the application of the above developments to a three-

dimensional acoustic propagation problem of industrial complexity. Chevrons on the

exit circumference of the bypass duct were investigated to understand how fan tones

exiting the bypass are scattered by their presence, and their e↵ect on the radiated sound

field. This work di↵ers from past work in that the scattering of tonal noise was studied,

rather than assessing the jet noise-reducing qualities of the chevrons. To the author’s

knowledge, this is the first study of the impact of chevrons on the radiation of fan tones

from the bypass duct. Numerical studies of representative exhaust duct geometries

were used to understand the relationship between the azimuthal mode number and

the scattered field, by performing a modal decomposition of the radiated sound field

and computing the acoustic power. Solutions to acoustic radiation from the bypass

duct of a realistic engine geometry with a RANS mean flow field at varying frequency,

were then compared to the representative geometry results. The results indicated

that, while the overall radiated acoustic power associated with the incident mode was

not substantially altered by the addition of chevrons, the directivity was significantly

impacted. Decreases in sound pressure level were found at directivity angles, � < 90�,

for higher frequencies, and increases found along the axis, � ⇡ 180�, associated with

scattering into lower azimuthal mode orders.
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8.2 Next steps

Applying the three-dimensional nodal DGM developed in this work to the study of

acoustic scattering by bypass chevrons, showed that the present scheme can accu-

rately and e�ciently solve problems of engineering complexity. However, the present

implementation could be extended with several developments that may improve the

e�ciency, accuracy, or robustness of the solver. Several potential improvements are

discussed below.

8.2.1 E�ciency

Solution adaptivity

Addressing the e�ciency of the numerical scheme, one of the limitations of the present

implementation is the fixed polynomial order of the basis functions. Allowing the order

to vary over the computational domain could be used to better balance the compu-

tational cost by locally increasing the order where the solution exhibits higher error

and decreasing the order where the solution is more spatially uniform. To e↵ectively

choose the local polynomial order, the scheme must have an e�cient estimator for the

time-dependent local error in the solution.

Solution sampling

Mentioned in Section 7.6.3, wavepacket source terms require sampling of the solution

at multiple times per period of the highest frequency component of the source. Writing

data to the disk frequently can be detrimental to performance due to the slow rate

at which the data can be written. To maintain e�ciency, it could be beneficial to

cache solution data in memory and then periodically write it to disk. In addition, the

amount of unsteady solution data could be reduced by nonuniform sampling in time,

e↵ectively compressing the solution data.

Many-core architectures

An advantage of using the nodal DGM is the ability to vectorize many of the spatial

operations of the scheme. Many core architectures, such as graphics processing units

(GPUs), can further exploit this capability to reduce computational cost [74, 75, 76].

However, maintaining e�ciency when p–adaptivity and mixed element types are used,

is an open area of research. For unsteady problems, the time-step size greatly influences
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the total cost of obtaining solutions, and is directly related to the smallest element size

in the computational domain. By varying the time-step over the domain, the cost can

be improved when there are disparate element sizes. Such nonuniform time-stepping

methods have been shown to reduce computational cost and can be combined with

GPUs [74].

8.2.2 Accuracy and robustness

Element types

The present implementation permits only triangular or tetrahedral elements with up

to quadratic curvature. While meshes containing these elements are straightforward to

create, di↵erent applications may benefit from mixed element types. For example, hex-

ahedral elements could be used to cover the volume region between the geometry and

far-field boundary to reduce the total number of elements. Additionally, in regions

where the mean flow or fluctuating solution is anisotropic, hexahedral or prism ele-

ments could better discretize the domain without leading to over-refinement or poor

element quality. Furthermore, implementing higher-order curvature of near-wall el-

ements would allow a coarser mesh to be used, improving e�ciency, or increasing

accuracy at a fixed mesh refinement level.

Outflow regions

Care has been taken to implement the bu↵er regions to be as flexible as possible, allow-

ing an arbitrary shape without requiring much user input. However, the e↵ectiveness

of the bu↵er region used in this work is limited by the ratio of the maximum wave-

length to the bu↵er thickness. A bu↵er thickness that is thinner than the maximum

wavelength causes more reflections at the outflow region, while a thick bu↵er requires

more elements and therefore increases the computational cost. More advanced outflow

regions should be implemented, such as perfectly matched layers (PMLs), which can

potentially damp out-going waves while using less elements. However, the e↵ectiveness

of PMLs in the time-domain for entropy and vorticity waves remains to be proven.

Aliasing-driven instability mitigation

While aliasing-driven instabilities are covered in detail in Chapter 4, a solution to

the aliasing problem that is robust, is e�cient, and minimally impacts the solution

accuracy, was not found. To achieve that, further developments are required, such as
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finding interpolation points that have both good interpolation qualities and mitigate

aliasing, altering the scheme to ensure stability even in the presence of aliasing error,

or developing solution filters which minimally degrade the acoustic solution accuracy.

These developments could be beneficial to not only the solution of the LEE, but also

other linear and nonlinear systems of equations.

8.3 Future applications

The e↵ectiveness of time-domain DGM for linear turbofan exhaust noise propagation

has been demonstrated, but there exist several related applications which may prove

challenging. Some of these application areas and potential di�culties are discussed

below.

Nonlinearities

At high engine power settings, the assumption of linear propagation becomes less

physical. In the exhaust jet, the interaction between shock waves and shear layer

vortices leads to noise that radiates far from the source. In the inlet, the supersonic

tip-speed of the fan blades leads to shock waves propagating forward through the inlet,

causing so-called buzz-saw tones [156]. To model these important e↵ects, solution of

the fully nonlinear governing equations is necessary.

Shock waves are particularly challenging to capture in the numerical model, due to their

high spatial gradients, requiring high local mesh resolution. In high-order schemes,

these strong nonlinearities cause spurious oscillations in the solution, often necessi-

tating some form of limiting of the local polynomial order or addition of artificial

dissipation. However, it is unknown whether or not such limiting procedures cause

excessive dissipation of the acoustic solution in the far-field. Since aeroacoustics ap-

plications are necessarily unsteady, some form of unsteady mesh or order adaptation

may be required to accurately track these locally nonlinear waves, without excessive

global refinement of the mesh.

Installation e↵ects

Installation e↵ects include the overall impact of the airframe on the radiation of sound

from the engines. Such e↵ects are important for characterizing the overall aircraft

acoustic directivity, as well as the engine noise transmitted into the cabin via the fuse-

lage. For analysis of isolated engines, it is possible to restrict the LEE computational
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domain to the nonuniform flow region near the engine, and then use an e�cient uniform

flow acoustic propagation solver to predict the far-field noise. This is not possible for

an aircraft in flight or at take-o↵ where the computational domain must consider the

entire aircraft, due to the nonuniform flow-field around the aircraft. For example, the

deployment of high-lift devices on the wings and the increased aircraft weight during

take-o↵ leads to more distortion of the exhaust jet by down-wash, changing the re-

fraction of acoustic waves. Near the fuselage, the boundary layer refracts the acoustic

waves, leading to potentially di↵erent cabin noise than what would be predicted in

quiescent conditions.

The increased computational domain size leads to longer propagation distances, neces-

sitating higher order and highly accurate time-integration schemes. Realistic aircraft

geometry presents additional challenges with mesh generation. Particularly, how high-

order curved elements can be generated from the CAD geometry without leading to

excessive mesh refinement or poor quality elements in complicated regions such as the

narrow gaps between high-lift devices and the wing.

Time-domain impedance models with flow

To reduce the noise emitted by turbofan engines, acoustic liners are commonly added.

These liners are typically composed of small holes and cavities which dissipate acoustic

energy through the formation of small vortices. Since the geometry of the acoustic

liners is small relative to the acoustic wavelength, and the dissipation process relies

on viscosity and nonlinearity, the damping e↵ect of the liners is generally modeled,

rather than fully discretized. A challenge of developing liner models is the di�culty in

considering the e↵ect of the mean flow boundary layer. Some models which work in

the frequency domain, exhibit unphysical instabilities in the time-domain [117]. While

recently, more physical models have been shown to exist for the finite di↵erence method

[157], their implementation in a time-domain DG model remains unclear.



Appendix

A.1 The two-dimensional linearized Euler equations

The two-dimensional linearized Euler equations (LEE) govern the propagation of small

disturbances, q, in a mean flow-field, q�, where q⌧ q�. In conservative variables, the

fluctuating quantities and the mean flow-field are defined by,

q =

2

66664

⇢0

(⇢u)0

(⇢v)0

⇡0

3

77775
, and q� =

2

66664

⇢�

⇢�u�

⇢�v�

⇡�

3

77775
, (8.1)

where the flow density is defined as ⇢ = ⇢� + ⇢0, the x- and y-momentum by ⇢u =

⇢�u� + (⇢u)0 and ⇢v = ⇢�v� + (⇢v)0, and the pressure ratio variable by, ⇡ = ⇡� + ⇡0.

Substituting the change of variables into the Euler equations and setting to zero any

products of the fluctuating variables, results in the system of equations,

@q

@t
+
@F�q

@x
+
@G�q

@y
= S, (8.2)

where F�, G�, and H� are the flux matrices in the x and y directions, defined as,

F� =

2

666664

0 1 0 0

�u2� 2u� 0 c2�⇢�
⇡�

�u�v� v� u� 0

�
⇡�u�
⇢�
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0 u�

3

777775
, G� =

2

666664

0 0 1 0

�u�v� v� u� 0

�v2� 0 2v�
c2�⇢�
⇡�

�
⇡�v�
⇢�

0 ⇡�
⇢�

v�

3

777775
. (8.3)

The matrix, S, represents any sources present in the problem.
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Eigenstructure of the 2D LEE

Defining an arbitrary unit normal direction, n̂ = nxî + ny ĵ , where î, ĵ, are the unit

vectors associated with the x and y directions, the flux Jacobian along the normal is,

F�,n = F�nx +G�ny. (8.4)

Assuming a uniform F�,n, the homogeneous LEE along the normal direction becomes,

@q

@t
+ F�,n

@q

@xn
= 0. (8.5)

The flux Jacobian can be decomposed into eigenvalues and eigenvectors,

F�,n = W⇤W�1, (8.6)

where the right eigenvectors are given as the columns of,

W =

2

66664

1 0 1 1

nxv�,n �ny u� � nxc� u� + nxc�

nyv�,n nx v� � nyc� v� + nyc�

0 0 ⇡�/⇢� ⇡�/⇢�

3

77775
, (8.7)

and the eigenvalues are the diagonal values of,

⇤ =

2

666664

v�,n 0 0 0

0 v�,n 0 0

0 0 v�,n � c� 0

0 0 0 v�,n + c�

3

777775
, (8.8)

for a normal mean flow velocity of v�,n = u�nx+ v�ny. The characteristic variables are

defined as w = W�1q.

A.2 Cylindrical duct modes

Acoustic modes in a hard-walled, cylindrical duct with uniform flow in the axial direc-

tion, taken here as the x-direction, are governed by the convected Helmholtz equation,

1

c2�

d20p

dt2
�r

2p = 0, (8.9)
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where d0
dt = @

@t + u�
@
@x and p is the acoustic pressure. These equations can be derived

from the LEE assuming a uniform, axial mean flow. The boundary conditions at the

hard walls are the no-penetration conditions,

@p

@n
= n̂ ·rp = 0, (8.10)

where n̂ is the direction normal to the wall.

Solutions of the above equations take the form of,

p0(r, ✓, t) =
+1X

m=�1
Am m(r)ei(!t�kxx�m✓), (8.11)

where  m(r) is the m-th azimuthal Fourier mode of the shape function. Substituting

the above expression for pressure into the governing equation and boundary contidition,

we obtain,
1

r

@

@r

✓
r
@ m

@r

◆
+

✓
k2r �

m2

r2

◆
 m = 0, (8.12)

with the boundary condition,

@ m

@r
= 0, for r = R. (8.13)

The general solution for the mode shape functions is,

 m(r) = AJm(krr) +BYm(krr), (8.14)

, where for a cylindrical duct, B = 0. The boundary condition gives the equation for

the radial wavenumber, J 0
m(krR) = 0, where for each azimuthal mode m, there exist

an infinite number of solutions for kr, defined as radial modes and labeled with the

integer, n.

Using the expression for pressure in Equation 8.11 and the linearized Euler equations

in cylindrical coordinates, one can derive the primitive solution vector describing the
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duct modes,

⇢0 = Re

⇢
1

c2�
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�
(8.15)
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1
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u0✓ = Re

(
mA±

m,n
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 mei(!t�k±x x�m✓)

)
(8.18)

p0 = Re
n
A±

m,n mei(!t�k±x x�m✓)
o
, (8.19)

where k� = !/c� is the free-field wavenumber, M = u�/c� is the Mach number, and ±

indicates propagation in the �x or the +x direction. Expressing the solution in terms

of conserved variables and in Cartesian coordinates we get,

⇢0 = Re

⇢
1

c2�
A±

m,n mei(!t�k±x x�m✓)

�
(8.20)

(⇢u)0 = ⇢�u
0 + u�⇢

0 (8.21)

(⇢v)0 = ⇢�(u
0
r cos(✓)� u0✓ sin(✓)) (8.22)

(⇢w)0 = ⇢�(u
0
r sin(✓) + u0✓ cos(✓)) (8.23)

⇡0 =
⇡�
⇢�c2�

p0. (8.24)

A.3 Acoustic scattering by a cylinder analytical solution

The problem, illustrated in Figure 8.1, consists of a cylinder of radius R, located a

distance L from a time-harmonic, distributed source located at point S of the form

f(rs) = e� ln(2) rsw
2

, (8.25)

where w is the source width and rs is the radial distance from the center of the source.

The point, O, is the observer point at which the solution is calculated.

The total field is given by an incident field and a scattered field such that,

� = �i + �s, (8.26)
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where �i and �s are the incident and scattered fields, respectively. The field scattered

by the cylinder can be written as,

�s =
1X

n=�1
AnH

(2)
n (kr)e�in✓, (8.27)

where An is the nth scattered field coe�cient, k is the wavenumber, and H(2)
n is the

Hankel function of the second kind and of order n. Assuming no mass flux through

the surface of the cylinder and only tangential velocity, the boundary condition at the

cylinder surface is written as,
@�

@r

����
r=R

= 0. (8.28)

Projecting this onto the cylindrical harmonics yields,
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Removing terms for m 6= n, the resulting system becomes,
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Therefore,

An =
Sn

2⇡RkH(2)0
n (kR)

, (8.31)

where Sn is the right hand side of Equation 8.30 and the derivative of the Hankel

function is defined as,

H(2)0
n (kR) =

1

2

h
H(2)

n�1(kR)�H(2)
n+1(kR)

i
. (8.32)

Figure 8.1: Cylinder scattering problem definition.
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Morris [158] derived the incident field centered on the source as,

�i(rs) = �

Z 1

0

sJ0(srs)F̃ (s)

(s2 � k2)
ds, (8.33)

where F̃ (s) is given as,

F̃ (s) =
�ik

2d
e

�s2

4d , (8.34)

for a source of the type Equation 8.25, and d =
ln(2)

w2
. The function, J0, is the Bessel

function of order 0. The derivative of the incident field is found to be,

@�i
@r

(rs) =
@�i
@rs

@rs
@r

=
@rs
@r

Z 1

0

s2J1(srs)F̃ (s)

(s2 � k2)ds
. (8.35)

To avoid the singularity in the integrand at s = k, a change of variables is given

by Morris [158] as s = ⌧ � i↵e��(⌧�k)2 which bends the integration path into the

complex plane around s = k. The constants ↵ and � are defined as ↵ =
k

10
and

� = � ln(1 ⇥ 10�10/↵)/k2. The scattered field coe�cients are found by numerical

integration of the right hand side of Equation 8.30 and then substituted into Equation

8.31.

A.4 Vibrating sphere analytical solution

Consider the small amplitude vibration of a hard-walled sphere, where the radius of

the sphere, d, varies in time like [159],

d(t) = d� + d0ei!t, (8.36)

where d� is the radius of the sphere when stationary, d0 is the maximum perturbation

of the radius, and ! is the angular frequency of the vibration. The motions of the

sphere disturb the surrounding fluid, causing small fluctuations of density, pressure,

and velocity in a quiescent fluid. The linearized Euler equations in spherical coordinates

can be expressed as,

@(⇢0r2)

@t
+ ⇢�

@(u0r2)

@r
= 0 (8.37)

⇢�
@u0

@t
+
@p0

@r
= 0, (8.38)

where r is the radial distance in the spherical coordinate system. If homentropy is

assumed, p0 = c�⇢0, and the above equations can be combined into a wave equation for
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rp0,
1

c2�

@2(rp0)

@t2
�
@2(rp0)

@r2
= 0, (8.39)

which supports solutions for out-going waves from the sphere surface of the type,

p0 =
1

r
Aei(!t�kr), (8.40)

where k is the wavenumber.

The fluctuating velocity can be found by substituting the above expression for pressure

into Equation 8.38, resulting in,

u0 =
A

!⇢�r

✓
k �

i

r

◆
ei(!t�kr). (8.41)

To determine the complex coe�cient, A, the boundary condition for the velocity at

the surface of the sphere, u0 =
dd(t)

dt
= i!d0ei!t is used, giving,

A =
�d0!2⇢�d�
ik + 1

d�

eikd� . (8.42)
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