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We present a new method for calculation of the gravitational self-force (GSF) in Kerr
geometry, based on a time-domain reconstruction of the metric perturbation from cur-

vature scalars.

In our new approach, which relies on foundation work laid out by Pound et al. in
[Phys. Rev. D 89, 024009 (2014)], the GSF is computed directly from a scalar-like self-
potential that satisfies the time-domain Teukolsky equation on the Kerr background.
The metric perturbation from which the GSF is derived has a gauge discontinuity on
a closed sphere r = rp(t), where rp(t) is the Boyer-Lindquist (possibly time-dependent)
radial location of the particle. The crucial step in our method involves the formulation
of suitable junction conditions for the metric perturbation at ry(t), which we do here for

generic orbits in Kerr.

The new approach is computationally less intensive than existing time-domain meth-
ods, which rely on a direct integration of the linearised Einstein’s equations and are
impaired by mode instabilities. At the same time, it retains the utility and flexibility of
a time-domain treatment, allowing calculations for any type of orbit (including highly
eccentric or unbound ones) and the possibility of self-consistently evolving the orbit
under the effect of the GSF.

For a first applications of our method, we consider circular geodesic orbits in Schwarzschild
geometry, and then circular equatorial geodesic orbits in Kerr. For these cases we present
a full numerical implementation, comparing results with those obtained using established
frequency-domain methods, and also with analytical solutions where available. We fi-

nally lay out a roadmap for further applications of the method.
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Chapter 1

Introduction

On September 14, 2015 the Laser Interferometer Gravitational-Wave Observatory (LIGO) [1]
detected for the first time a Gravitational-Wave (GW) signal. The observed signal, des-
ignated GW150914, was consistent with the prediction of General Relativity (GR) for
an inspiral and merger of a binary black-hole system (with initial masses ~ 36 Mg and
~ 29M,) into a single black hole of mass ~ 62Mg, releasing ~ 3Mgc? in gravitational-
radiation energy. This remarkable discovery represented the first direct detection of
GWs, as well as the first direct observation of a black hole in nature, as well as a first

direct observation of a merging pair of black holes.

More detections followed, including binary black-hole mergers GW151226 [2] and
GW170104 [3], with final black-hole masses of ~ 20.8M¢ and ~ 48.7Mg, respectively.
Altogether, LIGO has seen 6 black-hole mergers so far, with many more expected during
the planned third scientific run (scheduled to begin in Autumn 2018). Then there was
GW170817 [4]: the merger of two neutron stars of masses between 0.86 — 2.26 M), for
which an electromagnetic counterpart has been identified. In recognising the importance
of these events, The Nobel Prize in Physics 2017 was awarded to Rainer Weiss, Barry C.
Barish and Kip S. Thorne, key contributors to the development of laser-interferometric
GW detectors. To maximise science return of future observations it is essential to have
accurate models of potential sources [5, 6, 7]. This work is concerned with the modelling

of a particular type of binary source of GWs.

Specifically, we focus on the extreme mass-ratio regime. This is an astrophysically



relevant case of binary system and a key source for the European Space Agency’s mis-
sion LISA (Laser Interferometer Space Antenna [8]). The detector will consist of three
spacecraft, arranged in an equilateral triangle with sides 2.5 - 106km long, flying along
an Earth-like heliocentric orbit trailing the Earth by 20 degrees, and with the orbital
planes of the three spacecraft inclined relative to the ecliptic by about 0.33 degrees. The
mean linear distance between the formation and the Earth will be 50 million kilome-
tres. The detector should be able to detect GW signals (in the milliHertz band) from
extreme-mass-ratio inspirals (EMRIs), a stellar-mass black hole or a neutron star slowly
spiralling towards a massive black hole of mass 10° My — 10" M. During the inspiral,
the compact object typically emits O(10%) cycles of GWs in the LISA band, thus pro-
viding a detailed map of the strong-field region around the massive black hole. EMRIs
are therefore excellent probes of fundamental aspects of GR and they can serve as ex-
tremely precise probes for strong-field gravity [9, 10]. The time-line for LISA mission is
as follows: the project was originally proposed in 2008; LISA Pathfinder was launched
in 2015 to test the necessary technology; the Phase-0 ground study has been performed
and concluded in May 2017; the input for the industrial assessment Phase-A is planned

for 2018; the expected launch is for 2034. The mission is planned for 4 years of duration.

The signals of typical EMRIs will be sufficiently weak to be buried in LISA’s in-
strumental noise, extractable only using phase-coherent matched filtering [11]. Thus,
accurate theoretical templates of EMRI waveforms will be needed to facilitate the very
detection of EMRI signals, let alone enable their analysis of their physical and astro-
physical properties. The scientific value of the observations will rely on the ability to
compute accurate and faithful theoretical templates of the inspiral waveforms. It is

therefore a necessity that a solid theoretical framework is set before the LISA launch.

Although a theoretical foundation of the extreme mass-ratio regime is in place, practi-
cal schemes to compute EMRI waveforms are still in development. This thesis introduces
a new method to compute EMRI orbits and waveforms for use in LISA science. As we

shall see, the new approach offers important advantages over existing methods.

1.1 The binary black-hole problem in GR

The concept of black holes has seen an interesting evolution over the past century, from

a pure mathematical curiosity, through entities of potential physical reality, to central
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players in contemporary high-energy astrophysics. One of the celebrated properties of
astrophysical Black Holes (BHs), as described in GR, is their remarkable simplicity,
owing itself to the no-hair theorems. Quoting from Chandrasekhar [12]: “The black
holes of nature are the most perfect macroscopic objects there are in the universe: the

only elements in their construction are concepts of space and time.”

However, put two such simple BHs in orbit around each other, and the ensuing dynam-
ics becomes extremely complicated, due to the nonlinear nature of Einstein’s gravity.
Even though the binary BH problem, which is purely vacuum, may be said to constitute
the simplest two-body problem in GR, still the description of the radiative inspiral and

eventual merger remains a difficult theoretical problem, in general.

In Newtonian theory, a point-particle is usually represented as a delta-function, con-
sistent with the linear equation of motion of the theory. In GR, this representation

becomes inconsistent because of the non-linearity of Einstein Field Equation (EFE).

A direct approach to solve the EFE is to implement a full Numerical-Relativistic (NR)
treatment. NR methods made an impressive advance in the past decade [13, 14, 15,
16] and they are now used to simulate the non-linear evolution of binary systems, at
least for the final stages of a merger. When the separation between the two bodies is
large or in case of a small mass ratio, the NR methods are less efficient [17] and other
methodologies must be employed. For large separation between the two bodies, the post-
Newtonian methods are best suited for solving the binary evolution. In this framework,
the relativistic equation of motion is solved order by order in the separation of the two
bodies (or in the velocities), introducing GR, corrections for radiation reaction, internal
structure, etc. The post-Newtonian formalism was the first approach to dynamics in

GR [18] and it is today a thriving field or research [19, 20].

However, when the separation between the two bodies is of the order of their radii, the
post-Newtonian approximation breaks down and a different strategy must be employed.
An approximation scheme becomes possible when the mass ratio is very large (the “ex-
treme mass ratio” regime). Black hole perturbation theory is a well suited framework
to tackle the binary problem in this configuration. The system can be described as a
particle of mass p (the light black hole) moving around a black hole of mass M > u
with a background metric described by Schwarzschild or Kerr solutions. At the zeroth

order in the mass ratio p/M, the particle will follow a geodesic of the background metric.



At higher orders in the mass ratio, the particle motion will deviate from a background
geodesic. At first-order in the mass ratio, the linear perturbations of the metric caused
by the particle will back react as a gravitational self-force (SF) to the particle itself.
A systematic expansion in the mass ratio can account, in principle, for all corrections

coming from the finite mass of the small object and its internal structure.

A rigorously established formulation of self-forced motion through second gravitational
SF order is now available, for general vacuum curved spacetimes (at least for non-
spinning particles) [21, 22, 23, 24, 25]. Practical implementation of such formulation are

still in development. This thesis focus on the first-order SF.

1.2 First-order gravitational self-force: an overview

The theory of gravitational SF in curved spacetime has a solid foundation. Recent
foundational work on the SF problem [26, 27] has been inspired by classical work on the
analogous electromagnetic SF problem in flat spacetime (Dirac, 1938 [28]) and curved
spacetime (DeWitt and Brehme, 1960 [29]). The latter laid the mathematical foundation
(i.e. covariant bi-tensors in curved spacetime) needed for the study of the gravitational
problem. The gravitational SF problem has its first development with the independent
derivations carried out by Quinn and Wald [26] and Mino, Sasaki and Tanaka (MST) [27].
The first group derived the SF via comparison between the singular self-field of the point
particle and the one of a particle in a suitably constructed tangent flat space. The second
group derived the same result using two different methods. In the first method they used
local energy-momentum conservation argument, following the structure of DeWitt and
Brehme’s work. Both the Quinn and Wald derivation and the first MST derivation
assumes the notion of a point particle and are therefore not entirely rigorous within a

GR framework.

MST [27] have also for the first time derived the equation of motion using the method
of matched asymptotic expansions, without assuming the notion of a point particle. The
idea of matched asymptotic expansions builds upon the existence of two disparate length-
scales of the system, p < M. The system can then be studied looking at two different
regimes, the first where »r < M (where r is the distance from the small body) also
referred to as “near zone” and the second where r > u also referred to as “far zone”.

In the near zone regime, the metric is dominated by the field of the small body with

4



some tidal correction coming from the background metric. In the far-zone regime the
small object will have the role of a “particle” and will weakly perturb the background
metric. In their work MST showed that the expression for the gravitational SF is derived
constraining the motion of the particle by matching the two approximations in a “buffer
zone”, y <K r < M, where they both apply. The resulting equation of motion was later
named as the MiSaTaQuWa formula, after the names of the five contributing authors.

The formula is discussed and given explicitly in Chapter 2.

A more recent derivation by Gralla and Wald [21] relaxed the assumption of a Schwarzschild
black hole “particle”, so that the small body can be taken to be any sufficiently small
black hole or a blob of ordinary matter. This derivation defines a one-parameter family
of metrics and recovers the two length-scales via a suitable limiting procedure. Addi-
tionally, their work shows that in the far-zone limit the particle’s energy-momentum is
represented by the usual d-function distribution, and the limit 4 — 0 describes a particle

moving along a geodesic of the background metric.

An alternative interpretation of the gravitational SF problem was introduced by De-
tweiler and Whiting [30]. They proposed a new decomposition of the full metric into
regular (R-field) and singular (S-field) parts, and showed that the MiSaTaQuWa gravi-
tational SF can also be expressed as the back-reaction force from the R-field, which is a
smooth vacuum perturbation. This implies that the motion of the particle can now be

seen as the geodesic motion on a certain smooth effective metric.

When dealing with the practical task of modelling the motion of a particle around a
BH, one has to invoke methods that recast the formal equation of motion into practical
regularisation schemes. In the case of orbits around a Kerr black hole the mode-sum
regularisation [31] and the puncture method [32, 33] are two of the leading schemes.
The mode-sum regularisation consists in decomposing the metric perturbation, needed
for the MiSaTaQuWa formula, into modes and subtracting from each some analytical
regularisation parameters. The latter are calculated from the singular form of the per-
turbation near the particle [34]. The procedure regularises each separate mode so that
the sum of all modes converges to the desired regular value. High-order regularisation
parameters are computed in [35, 36]. This method has been implemented successfully
for the gravitational SF in Schwarzschild [37, 38] and more recently in Kerr [39, 40, 41].
The puncture method, on the other hand, relies on separating the full metric perturba-

tion into an auxiliary puncture field and a residual field. The field equations are then
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re-written for the residual field with an effective (non-singular) source. The method was
implemented successfully for the scalar SF in Schwarzschild [42] and Kerr [32, 33], and
in Schwarzschild for the gravitational SF [43]. For a review of both methods we refer

to [44, 45).

There now exist a variety of computational strategies and working codes that imple-
ment the regularisation schemes numerically and calculate the Gravitational Self Force
(GSF) for orbits in Schwarzschild or Kerr geometries (see, e.g., [41, 39] and references
therein). Actual calculations have so far been restricted to 1-GSF order, but second-
order results are expected soon [46, 47, 48, 49]. All GSF calculations require information
about the local metric perturbation near the particle. The various strategies differ on
the precise type of information required and on how it is obtained in practice. More
concretely, schemes may be classified according to the regularization method (as de-
scribed above: mode sum vs. puncture), the version of field equations that are being
solved (e.g., linearised Einstein’s equation vs. Teukolsky’s equation), or, relatedly, the
gauge in which the perturbation is computed. They can also be categorized according to
whether the perturbation is solved for in the frequency domain (FD) [50], based on the
expansion of the field equation in frequency modes, or in the time domain (TD) [51, 52],

where the field equations are solved explicitly in time.

The FD decomposition is most suitable for periodic motion. One solves a single (or a
coupled set of) ordinary differential equations (ODEs) for each frequency-harmonic mode
of the perturbation. In TD methods one instead directly solves the partial differential
equations (PDEs) that govern the time evolution of the perturbation, or of its individual

multipole or azimuthal modes.

A choice of gauge will determine the version of field equations needed to be solved.
The common choice in the past has been the Lorenz gauge, as the SF derivation was
formulated in this particular gauge. This choice has some advantages, for instance
the metric near the particle takes an isotropic form and the field equations take an
hyperbolic form, admitting a well posed initial-value problem. Alternatively, in the
Schwarzschild case, the Regge-Wheeler gauge [53] can be chosen to derive the metric

perturbations [54, 55, 56] . But it is not clear how this may be extended to Kerr.

Recently, the SF has been formulated in a more general class of gauges [57, 21, 58, 59,



60]. This paves the way to a new approach, based on metric reconstruction from curva-
ture scalars. Instead of tackling the complicated set of metric perturbation equations,
one works within the elegant framework of the Newman-Penrose formalism, with the nu-
merical task now reduced to solving the Teukolsky equation for either of the two Weyl
scalars Wy or W,4. Since this equation is fully separable into frequency-harmonic modes,
even in the Kerr case, the problem further reduces to solving a set of ODEs in the FD.
This approach has been gaining much momentum in the past few years, with the for-
mulation of a metric reconstruction procedure suitable for GSF calculations [61, 59, 34],
and with the derivation of a 1-GSF equation of motion based on a reconstructed met-
ric [62]. Our work will also take advantage of this most recent development, proposing

a new practical method of calculating GSF from a reconstructed metric.

Before reviewing our method, let us briefly describe the limitations of the existing

approaches. A summary is given in Table 1.1.

Lorenz gauge in the frequency domain: This approach (used by Akcay et al. [63],
Osburn et al. [64], [65] in Schwarzschild spacetime) is not directly suitable for evolving
the orbit under radiation reaction, as it assumes strictly periodic motion. Secondly,
high eccentricity or unbound orbits are problematic as strong contribution arises from
high-frequency modes in the Fourier decomposition. Moreover, some near-static modes
introduce additional problems arising from the inversion of a near-degenerate matrix

during the numerical procedure [65].

Radiation Gauge in the frequency domain: this approach (developed by Shah et al.,
van de Meent [40]) inherits the first two of the problems mentioned in the above case
because of the frequency-domain treatment. Its main weaknesses are that its efficiency
degrades quickly with increasing orbital eccentricity (see [41] for a detailed discussion of
this point) and that its application to orbits that are not strictly periodic is more subtle.
Though this method is free from the problem of near-static modes, the incorporation of

gravitational SF back-reaction effects is less direct than in a time-domain treatment.

Lorenz gauge in the time domain: this method (developed by Barack, Sago [51], Dolan
et al. [52]) avoids some of the problems related with the frequency-domain treatment.
Nevertheless, the method has two significant disadvantages. First, it is computationally

very expensive: It involves the numerical evolution of a set of 10 coupled PDEs for



Table 1.1: Weaknesses of computational approaches to the gravitational self-
force, and advantages of our new method

Lorenz Gauge Radiation Gauge Regge-Wheeler Gauge
FD
(Akecay, Osburn et al. [63, | (Shah etal ,Van de Meent | (Detweiler, Hopper et
64, 65]) et al. [40]) al. [55, 56])
e Hard to evolve orbit e Hard to evolve orbit e Hard to evolve orbit
e Unsuited for high e Unsuited for high e Unsuited for high
eccentricity eccentricity eccentricity
e Problematic near-static e no Kerr case
modes
TD
(Barack, Sago, Dolan [51, | (Our New Method [67]) (Barack, Lousto [54])
52]) e suitable for any orbit e no obvious extension
e computationally e no unstable modes to Kerr
expansive e 1o problem of
e unstable modes near-static modes

e suitable for
self-consistent evolution
of orbits

each multipole or azimuthal mode of the perturbation, over sufficiently long time to en-
sure that spurious radiation from imperfect initial conditions is sufficiently suppressed.
Second, numerical evolutions have been shown [66] to be contaminated by certain non-
physical Lorenz-gauge modes (which are associated with the low-multipole sector) that

grow linearly in time, the elimination of which remains an open problem.

Regge- Wheeler gauge in Schwarzschild: This choice of gauge has been successfully
implemented in TD for radial geodesics [54] and in FD for circular and eccentric or-
bits [55, 56]. The method is currently restricted to Schwarzschild spacetime. No clear

extension to Kerr spacetime is currently available.

1.3 This thesis: A new approach for self-force calculations

This work aims to develop a new computational approach to the GSF, which combines
the advantages of the Lorenz-gauge/TD and Teukolsky/FD methods, while avoiding
some of their deficiencies. We introduce a new method [67], that is a time-domain
implementation of the radiation-gauge approach. This would give us a way to evolve
the orbit of the particle without recourse to a Fourier decomposition. Moreover, the

gauge choice reduces the field equation to a single decoupled field equation (Teukolsky
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equation). This will avoid the heavy numerics needed to solve the 10 coupled equation

in Lorenz gauge.

The foundation of this work lies in the work of Pound et al. [62]. The authors
have analysed the local form of the metric perturbations near a point particle in the
class of completed radiation gauges. As a result, they obtained a rigorous formulation
of the SF, complete with a practical mode-sum calculation formula, starting from a
reconstructed metric perturbation in a radiation gauge. This method has been applied
already in the frequency domain [68, 40, 41]. Here we are going to apply it in the time
domain for the first time. Instead of reconstructing the metric perturbation from a sum
over frequency-harmonic modes, as is traditional, we obtain it directly from a certain
time-dependent Hertz potential, which, in turn, is obtained by numerically solving the
Teukolsky equation in the TD. Our approach thus retains the utility and flexibility of
a TD treatment, but offers a much more computationally efficient platform compared
to the Lorenz-gauge/TD approach: one solves a single scalarlike equation instead of a

coupled set of ten, and the problem of unstable modes is altogether avoided.

TD evolution of the Teukolsky equation has long been used in studies of black hole
perturbations, notably by G. Khanna and collaborators [69]. Applications include the
study of late-time behaviour of vacuum perturbations outside a Kerr black hole [70],
investigations into the Cauchy horizon singularity inside black holes [71], and the mod-
elling of gravitational radiation from particle orbits [72]. In these studies, the Teukolsky
equation is numerically solved for the Weyl scalar ¥y (or ¥4) via time evolution in 241
dimensions (2+1D), and the relevant physics (e.g., asymptotic behaviour at null or time-
like infinity) is directly read off that curvature scalar. In our approach, a time evolution
of the Teukolsky equation is used only as a first step in a procedure for reconstructing
the local metric perturbation at the particle. Such a direct TD reconstruction has not

been attempted so far, to the best of our knowledge.

Furthermore, in our method we do not solve the Teukolsky equation for the physical
Weyl scalar Wy (or W¥,), as in existing codes. Rather, we solve it for a certain Hertz
potential ® that is not the Weyl scalar corresponding to the physical perturbation. The
field @ satisfies the TD Teukolsky equation in vacuum (with boundary conditions similar
to those of the Weyl scalar), but the source term in that equation differs from that of

Uy (or ¥y). A key ingredient of the formulation work to be presented in this work is a



derivation of the point-particle source function for the Hertz potential.’

In practice, our method is designed with a 1+1D implementation in mind, that is a
numerical evolution (either Cauchy or characteristic) on a 2D grid with one temporal
dimension and one spatial dimension. In the case of a Schwarzschild background, the
Teukolsky equation naturally separates into decoupled 1+1D evolution equations for
each multipole (spin-weighted spherical harmonic) mode of ®. Not so in the Kerr case,
where different multipoles (¢ modes) remain coupled. Nonetheless, a 141D implemen-
tation is still a viable route even in the Kerr case, as demonstrated in [73], at least in
situations where mode coupling is relatively weak. In a 141D treatment, the particle’s
worldline splits the numerical grid into two disjoint domains. The formulation of a source
term for ® then translates into the prescription of junction conditions that the field ®
must satisfy on the interface between the two domains—specifically, the jumps in the
value of ® and a sufficient number of its derivatives across the particle’s worldline. The

bulk of the formulation work will be devoted to deriving these junction conditions.

To recap, our goal here is to formulate a TD evolution problem for a certain Hertz
potential ®, from which the physical metric perturbation and the GSF can be derived
directly by taking derivatives. We will formulate our method for arbitrary particle orbits
in Kerr spacetime, and then, as a proof of principle, we shall present a full numerical
implementation for the case of circular geodesic orbits in Schwarzschild spacetime, and
then for circular equatorial orbits in Kerr. We leave the full numerical implementation

of our method in Kerr to future work.

1.4 Layout

The structure of this thesis is as follows. Chapter 2 reviews the SF formalism. The no-
tion of “gravitational force” is introduced, followed by the notion of GSF, and the MiS-
aTaQuWa formula is provided. Additionally, the interpretation of SF via the Detweiler-
Whiting formulation is described. The gauge dependence of SF is also discussed. The
basics of the Newman-Penrose null-tetrad formalism are given in the context of black-
hole perturbation theory. With the relevant foundation at hand, we describe the met-

ric reconstruction procedure. The reconstruction procedure for vacuum perturbations

'In related literature, the Hertz potential is usually denoted by ¥, with a lowercase v denoting the
Weyl scalars: 1o and ¥4. Here, to avoid potential confusion, we use ® for the Hertz potential; lowercase
¢ and 1o /14 will be reserved for the 14+1D projections of ® and W /W4, respectively.
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developed by Chrzanowski, Cohen and Kegeles is described. Finally, the metric recon-
struction for a particle is given and we introduce the derivation of the GSF from such

reconstructed metric, as proposed by Pound et al. in [62].

In chapter 3, we describe our new time-domain evolution scheme for the Hertz poten-
tial. The chapter analyses the procedure by discussing the three necessary components:
the field equation, the boundary conditions and the junction conditions at the particle.
We provide the field equation for the Hertz field, namely the Teukolsky equation. The
boundary conditions at the horizon and at null-infinity are analysed. Finally, we develop

a procedure to derive junction conditions at the particle for the Hertz potential.

In chapter 4, the procedure proposed is applied to the specific case of circular orbits
in Schwarzschild spacetime. Both field equation and junction conditions are given ex-
plicitly. We also provide the analytical solution for static modes of the Hertz potential,

to be compared with the numerical results.

In Chapter 5, the methodology of our numerical computation is described in detail.
The necessary finite-difference-scheme terms are derived. Our numerical results are then
provided. We show comparison with the frequency domain computation as well as for

the analytical solutions described in Chapter 4.

Chapter 6 extends the computation to the case of circular orbits in Kerr spacetime
and propose an iterative scheme to compute the junction conditions. Similarly to the
Schwarzschild case, the analytical solution for static modes for Kerr background is pro-

vided.

In chapter 7, the methodology of the numerical computation for the Kerr case is
described in detail. The field equation presents couplings between neighbouring modes,
thus we introduce the needed finite difference scheme terms necessary for the numerical
computation. Finally, the numerical results are provided. Firstly, a vacuum tests for
the field evolution is provided. Secondly, we tested the convergence of our proposed
iteration scheme as well as the convergence of partial sum over /-mode contributions.
Moreover, we show the agreement with the analytical solution for static modes given in

chapter 6. To conclude, the numerical results for non-static modes are presented.

In Chapter 8, the content of this work is summarised and the possible applications

and extension of our method are discussed.
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1.4.1 Notation

Throughout this work we use standard geometrized units, in which G = 1 = ¢. We
adopt the metric signature (—+++). Greek letters are used for spacetime indices, and a
comma denotes a partial derivative, as in A o := 0A/J0z®. Bracketed indices, as in e?‘a),
run over 1,...,4 and identify tetrad legs. Complex conjugation is denoted by an overbar,
as in m®. Parenthetical indices are symmetrized, as in A,g) = (Aag + Aga)/2. We will
consider a Kerr background with metric gfﬁ, mass parameter M and angular-momentum
parameter a. This work adopts standard Boyer-Lindquist coordinates (t,7,6,¢). The
sign conventions for the Weyl scalars, the spin coefficients of the Newman-Penrose for-
malism, and the Hertz potential, are consistent with those of [34] (as summarized in

Appendix A therein).
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Chapter 2

Review of relevant background:
self-force and metric

reconstruction

This section reviews the relevant background, while setting up notation and conventions.
We define what we mean by SF and provide the MiSaTaQuWa formula. The alternative
description of motion in a perturbed spacetime proposed by Detweiler and Whiting is
also summarised. Once the foundation work is laid out, we proceed by describing the
practical scheme for calculating the GSF from a reconstructed metric perturbation. We
start by introducing the Newman-Penrose approach to BH perturbation theory. Then,
we present the (TD version of the) reconstruction of the vacuum metric perturbations
in vacuum for Kerr spacetime. The case of perturbations sourced by an orbiting point
particle is then reviewed. To conclude, we summarise the method by Pound et al. [62]
for computing the GSF experienced by the particle, using the reconstructed metric as

input.

2.1 “Gravitational force” and the self-force

It is commonly stated in introductory material on GR that a particle moves on a geodesic
trajectory of the background metric. This statement becomes inaccurate when one takes
into account the finite mass and size of the object represented by the particle. The

motion beyond the geodesic approximation can be described using the SF approach, in
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which back-reaction from the finite mass and size of the object is interpreted in terms
of an effective “self-force” that drives the motion away from being purely geodesic from
the perspective of a certain fixed background geometry. To describe this physical effect,
let us start by introducing the notion of “gravitational force” in the simplest case of a

smooth external metric perturbation.

2.1.1 “Gravitational force”

Consider a background metric g and some smooth perturbation h. A particle of mass
will follow a geodesic trajectory of the perturbed spacetime g + h, described, in a given

coordinate system x%, by

2, . v
g g =0 @
where 7/ is an affine parameter along the trajectory and F;fl‘, are the connection co-
efficients associated with the perturbed metric g + h. The trajectory, defined on the
perturbed metric, can be projected to the background g (with the same coordinate sys-
tem z®). If we interpret this new trajectory as a deviation from a geodesic of g we can
write an equation for the force experienced by the particle as

2, .a L v
o :M<dx LT dz# dx >’ (2.2)

grav dr2 Wodr dr

where 7 is an affine parameter in the background metric g, and T 5 are the connection
coefficients associated with g. The tensorial indices of all these quantities in the back-
ground metric are raised and lowered using g,,,. We intend to write an equation for the
force in terms of the metric perturbation h. To do so, we write the difference between

the connections F;f,‘j and I'7, in terms of linear terms in A only. Explicitly one finds

grav

1
Fe, = —iﬂ(gaA +u®u?) (Vohay + Vihay — Vah) ufu” i= pVo% g, (2.3)

where u® = dx®/dr and V, denotes covariant differentiation with respect to the back-
ground metric g. The differential operator V37 | often calledforce operator, determines
the (entirely fictitious) “gravitational force” exerted by an external perturbation h (at

the linear order). This is given explicitly by
1
\Vialca 3 (ga‘suﬂ —2¢™Byd — uo‘uﬂu‘s) u'Vs. (2.4)
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The metric perturbations are often written in a trace-reversed form, that is

1
hoz,B = hoz,@ — §gaﬂg‘m/huy. (25)

In terms of h,p, Eq. (2.3) becomes

Fgoi"av = M@aﬁ’yﬁﬂ’w (26)
with
— 1
sy — 1 (2ga5u5u7 — 4g°Bu 8 — 2P + ugPTud + gaag,@v> Vs. (2.7)

Different choices of the coordinates in the two spacetimes will in general give different
values for the gravitational force. This is a manifestation of the gauge dependence of
the gravitational force. In general, the gravitational force as defined above will be pure

gauge and have no invariant physical content.

2.1.2 Self-force and MiSaTaQuWa formula

In the case of metric perturbations produced by the particle, the above description falls
apart as the field h is singular at the particle location and equation (2.6) cannot be
employed. This problem was studied by Quinn and Wald [26] and Mino, Sasaki and
Tanaka [27] leading to the so called MiSaTaQuWa formula. The authors originally

derived the formula in Lorenz gauge, that is under the condition
VPheap =0, (2.8)

but their formula was later shown to be valid in a broader range of gauges [57].

To start, the physical (retarded) metric perturbation h, at any point z, is decomposed

as a direct and tail part, that is
hag = hak + 4. (2.9)

The direct term represents the perturbation coming from the intersection of the past

light-cone of x with the particle trajectory. The tail term accounts for the perturbations
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coming from the particle motion inside the past light-cone of x. This latter contribution
can be viewed as resulting from the scattering of waves off the spacetime curvature.
Both ﬁag and ﬁgiﬂr diverge when evaluated on the particle. However, Bg%ﬂ is continuous
and differentiable on the worldline (though it is generally it is not twice differentiable
on the worldline, and it is not a vacuum solution of the linearized Einstein equations).
The MiSaTaQuWa formula states that the physical gravitational SF on a point x of the
particle’s trajectory results from the back reaction of the tail field, namely

Foy(a) = VR ). (2.10)

S

2.1.3 Detweiler-Whiting formulation

The decomposition into direct and tail field is not the only route to deriving a use-
ful formula for the SF. Indeed Detweiler and Whiting (DW) [30] proposed a different

formulation, decomposing the retarded metric perturbation in the form
hap = hyg + his. (2.11)

Here the R-field 7155 is a certain smooth, vacuum solution of the perturbation equations.
The S-field i_zz 3 captures the full singular part of the perturbation near the particle. The
authors show that the SF can be also computed as

Fgy(x) = uVeohg, (o), (2.12)

S

which they showed to be equal to the MiSaTaQuWa force. Hence, The DW formula is
a statement of the fact that a suitably identified singular field A° does not contribute
to the SF. The practical prescription for constructing the R and S fields is described in

the review [74].

The above gives us a new way to interpret the SF. The particle effectively moves freely
along a geodesic of a smooth perturbed spacetime with metric go5 + hgﬁ. However, it is
important to not mistake the effective metric g, + hfﬁ with the actual physical metric
g + h. Note that the R-field itself is a-causal: The value of the R-field at an event x
depends not only on events in the the causal past of x but also on events outside the

light-cone of = [74].
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The MiSaTaQuWa and DW formulas represent two equivalent interpretations of the
same physical SF. This has been demonstrated in, e.g., Ref. [75] with an explicit calcu-

lation of a certain gauge-invariant SF effect using both approaches.

2.1.4 Gauge dependence

The SF is a gauge dependent quantity. The original derivation of the MiSaTaQuWa
formula (2.10) was carried out in Lorenz gauge. Further work has extended the notion
of SF to a wider range of gauges. The first extension of the SF in a gauge other than
Lorenz was carried out by Barack and Ori in [57], where gauges related to Lorenz gauge
by a continuous gauge transformation are considered. By studying the transformation
of Eq. (2.10) under the gauge transformation 2% — z® — % they derived the change
OF*, explicitly

OF® = —p(g™ + u®u) (Exyu + ERE, 5, Julu”. (2.13)

Here £% is continuos and 6 F'* result to be finite. They concluded that any gauge trans-

formation of this kind will simply shift the centre of mass.

Further work by Gralla and Wald [21, 76] extended to gauges related to Lorenz via
transformation that may be discontinuous but bounded. Gralla later [58], and for the
first time, reformulated the GSF without a direct reference to the Lorenz gauge, using
a certain spatial averaging around the particle and demanding continuity as well as
a certain parity condition for the perturbation near the particle. Finally, in [62], the
authors extended to a class of gauges beyond the Gralla or Gralla-Wald class as discussed

in Sec. 2.6.

It is important to clarify the following, potentially confusing point. The GSF itself
can always be nullified with a suitable choice of gauge. In that case, however, the
physical information about the SF motion will be encoded in the gauge-transformed
metric perturbation [55]. It is the combination of the GSF' and the associated metric

perturbation that carries the gauge-invariant physical content.

2.2 The Newman-Penrose null-tetrad formalism

The goal of this thesis is to develop a new method to compute the metric perturbation

hep in order to derive the associated SF via equation (2.12). It is then necessary to
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introduce perturbation theory in GR. We choose to make use of the Newman-Penrose
(NP) description. This will be used extensively throughout this work. Here we review

the method following the discussion in [12].

In [77], Newman and Penrose suggested the introduction of a null basis. Such a choice
is motivated by its effectiveness in making explicit the symmetries of black hole solution
in general relativity. As it will be shown, the perturbation equations in these spacetimes

can be reduced to a simple form, at least for some choice of gauge.

We define a tetrad basis over a spacetime (with a metric g,,,,) as a basis of contravariant
vectors e’(‘a) chosen suitably to the spacetime in consideration (here the index p runs over
the 4 spacetime coordinates and the parenthetical index runs over the 4 basis vectors).

The associated covariant vectors are given by:

Cla)y = g;we?a)' (2.14)
We normalize e’{a) as
E(a)uC(n) = Na)®)> (2.15)

where 7(,)() may be chosen as convenient. The choice of 7)) in this work is of a
constant symmetric matrix given in (2.19) below. We also define the Ricci rotation

coefficients using the tetrad as

Y@)(®)©) = €(a)Ebwin€(e): (2.16)

where the semicolon indicates a covariant derivative with respect to the spacetime metric.
Using this definition it is easy to see that for an 7)) with constant coefficients the
rotation coefficients are antisymmetric in the first pair of indices (V(a)®)(c) = —Vb)(a)(c))-
The rotation coefficients feature, for example, in the derivative of a projected component

of a tensor A; with respect to a tetrad component:

Afa), () = el(a)Au;ve?b) + W(a)(b)(c)A(C). (2.17)

When working in a Petrov type D spacetime (see Sec. 2.2.1), the NP choice of a tetrad
is a tetrad of (complex-valued) null vectors (I,n, m,m), where (I,m) are real and m is

the complex conjugate of m. These null vectors are taken to be all mutually orthogonal,
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except for

l-n=1, m-m = —1. (2.18)

With these choices for the tetrad, 7(q)) takes the form

01 O 0
1 0 0 0
Ma)(b) = . (2.19)
00 0 -1
00 -1 0

The directional derivatives corresponding to the basis vectors will be denoted by the

following symbols:

D :=1"9,, A =110, § =m0, 6" :==m!o,. (2.20)

The Ricci rotation coefficients, when choosing the NP tetrad, are called spin coeffi-

ctents and are denoted by

1 1 1 1

a= 5(7214 +Y344), B = 5(7213 +y343), Y= 5(7212 +Y342), €= 5(7211 + Y341),

™ =241, T = 7312, M = 7243, 0O = 7314,

V=242, A=1244, O =313, K="311-

(2.21)

We recall that the Weyl tensor Cyg45 is the traceless part of the Riemann tensor,

satisfying

1 1
Raﬁ’y& - Caﬂ'yé - 5 (meﬁ& - nﬁ'yRa6 - 77a6RB'y +7766Ra'y) + 6 (%M]ﬁ& - 77a5775'y)R7 (222)

where R is the Ricci scalar and R,z the Ricci tensor. This tensor has ten independent

components that can be written using the tetrad basis as five complex scalars (named
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Weyl scalars)

Wo = —C1313 = —Coapsl®mP1'm?,
Uy = —Cio13 = —Clpysl®n’'m?,
Uy = —Ci342 = — aﬁ’y&lamﬁm’ynaa
(2.23)
U3 = —Clog2 = — aﬁy&laﬂﬁﬁﬂﬂé,
Uy = —Copoqy = — aﬁygnaﬁl’gnﬂ{ﬁlé.

It will be shown in the following subsection that, in the (unperturbed) Kerr back-
ground, all Weyl scalars but ¥, vanish. In the framework of a linear perturbation
analysis, the symbols ¥y, ¥y, Wy, U3, Uy are thus used to represent first-order per-
turbations of the corresponding fields (with 0Ws = Vo — Wy(pqcrground))- One can show
that Uy and ¥4 are invariant under gauge transformations (namely, under infinitesimal
rotations of the null basis and infinitesimal coordinate transformations). The scalars
¥, and P35 are not gauge invariant, and may be nullified by a suitable rotation of the
null frame. Moreover, W5 (which represent perturbations of the “Coulomb-like”, non-
radiative, part of the fields) can also be nullified by a suitable infinitesimal coordinate
transformation (additionally, the Im(dWs) is a gauge invariant quantity). It is therefore
only the scalars (¥, ¥4) which carry gauge-invariant information about the radiative

part of the fields.

2.2.1 Tetrad transformations and type D spacetimes

After we defined our tetrad frame on the spacetime, for a reason that will become clear

shortly, let us consider three types of tetrad rotations (we follow the discussion in [12])

1) rotations that leave l, unchanged:;
2) rotations that leave n, unchanged;

0

e or my, into mae” ,

3) rotations of m, into my

where 6 is a real function on the manifold. For (1) and (2) the other basis component
will mix, while 3 leaves [ and n unchanged. These transformations imply certain trans-
formation properties for the spin coefficients and the Weyl scalars. These transformation

properties determine the so-called Petrov classification of the spacetime, as follows.
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Let’s take, for instance, W4 # 0. In the case of ¥4 = 0 this scalar can be made non-
null by a transformation of type 1 (except for the case of flat spacetime where all Weyl

scalars vanish). Now applying a transformation of type 2 we find the following [12]

Wy — Ug + 400 + 602 Wy + 403 W5 + b,

Uy — Uy + 300y + 30° g + b3y,

Ty — Uy + 2003 + b2 Ty, (2.24)
U3 — U3 + bWy,

\114 — \1’4,

where b is the rotation parameter. The Petrov classification is based on identifying the
number of roots of the equation that nullifies ¥g. In this work, we will only be interested

in the group called type D that has two distinct roots for the equation.

It can be shown that all the scalars but Uy can be nullified in type D spacetimes [12].

As assumed, we have two roots of the transformation equation for ¥y so we can write
o = Wy(b—b1)*(b— b)?, (2.25)

where (b1,by) are the two (complex) roots. Then, we substitute this form into the
other scalar transformations in (2.24) and normalise, at each stage, in order to have
the same coefficient W, for the highest power of b. We can make (¥, V() vanish taking
b = by1. Moreover, we take an additional type 1 transformation with rotational coefficient
d. The latter will leave the first two scalars unchanged and for a rotation coefficient
d = (by — by)~! the new scalars (¥3,¥,) will vanish. The last standing scalar Wy is
invariant under type 3 transformations, so it is the only non vanishing scalar for these

type of spaces.

The black-hole solutions (Schwarzschild, Reissner-Nordstrom and Kerr) of general
relativity happen to be type D spacetimes under Petrov classification. This will be very

useful when looking at perturbations around Schwarzschild or Kerr spacetimes.
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2.3 Vacuum Kerr perturbations in the Newman—Penrose

formalism

The Kerr metric, in Boyer-Lindquist coordinates, is given by

A by in? §
ds* = _f(dt — asin? fdyp)? + Zd?"Q + %((r2 + a*)dyp — adt)? + Xd6?,  (2.26)

where a is the spin parameter, A := 12 —2Mr +a? and ¥ := 72 + a® cos? §. There exists

a class of null geodesics in Kerr described by

dt  r?+a? dr dp a db
= C =+C - = — — =
’ ’ dr A7 dr

- R 2.2
dr A dr 0, (2.27)

where C' is a constant. This suggests a choice for our tetrad basis. The Kinnersley’s null

tetrad is accordingly defined, in Boyer-Lindquist coordinates, by

ef = 1% = % < 24 GQ,A,O,G) , (2.282a)
eg =:n% = % (7’2 +a?, —A,O,a) ) (2.28Db)
eg =:m = —\% (iasin@,o, 1, s11119> , (2.28c¢)
eqg = m® = % <z’a sinf,0, -1, 511:19> , (2.28d)
where
o = —1/(r —iacosb). (2.29)

The legs e are all null and mutually orthogonal, except for the products given in

equations 2.18.

As mentioned in Sec. 2.2.1, on the Kerr geometry all Weyl scalars vanish, except Ws.

This is explicitly given by

M
PUg=———+. 2.
2 (r —iacosf)3 (2:30)
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The only non-vanishing spin coefficients are

— 1 . cot B tasinf
Q—_m7 ﬁ—Qﬂ(r—FiaCOSH)’ W—ﬂ(T—iaCOSQ)2’
B iasin 0 _ A
T__\/§(7’2+G2511’129)7 M__2(7,2+a25in20)(r_iacose)a (231)
r—M _
’Y:N‘i’ Oé:’ﬂ'—ﬁ.

2(r? + a?sin? )’

Now consider a generic vacuum perturbation of Kerr. For a generic choice of gauge,

three of the Bianchi identities take the form [78]

(6% — 4a+ m) W — (D — 40 — 22) ¥y — 3xW5 = 0, (2:32)
(A — 4’y + /L)\I/() - ((5 — 47 — 25)1111 - 301112 = 0, (2.33)
(D-—p—0"—3c+e)o—(0—T7+7"—a*—38)k— ¥y =0. (2.34)

In order to derive two master equations for (¥, ¥4) we need to take out ¥y from these
equations. This can be done by using the following commutation rule, valid on any

type-D spaces [78, 12]:

(D—-(p+1e+qo—0 +e")(0—pB+qr)
(2.35)
—(@=(p+1)B+aqr—a" +7)(D —pe+qo) =0,
with (p,q) any two constants. Here we will use the case p = 2 and ¢ = —4. We apply
the two operators (0 +7* —a* =38 —47) and (D —3e+&* —4p— 0*) to (2.32) and (2.33)
respectively. Now, subtracting one from the other we find that the ¥y term vanishes.
Moreover, the o and k terms resulting from this subtraction have identical coefficients

to the ones in (2.34), thus we can substitute them with ¥( and obtain

(D —3c+¢e" —do—0")(A — 4y + p)
(2.36)
—(0+7m"—a* =38 —47)(0" + 7 — 4a) — 3V ¥y = 0.

This gives the decoupled equation for ¥g.

In order to derive the equation for the second complex scalar ¥4 we interchange

¢ = n® and m® — m®, as the full set of NP equations is invariant under this switch of
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basis vectors. This interchange implies the following substitutions

D—-A e——y o> -—pu 7w—-T, [—=—a §—=058, VYo (2.37)

So we find for Wy the following field equation:

[(A+3y—=7"+4p+p")(D +4e — o)
(2.38)
—(0* =7+ 8" +3a+4m)(6 — T+ 4B) — 3Wy] ¥y = 0.

Eqs.(2.36) and (2.38) can be expressed explicitly in terms of Boyer-Lindquist coordi-

nates by the single equation

2 s\ . (T2+a’2)2 2 2 s —s s+1, /s 4Mar s CL2 1 s

T®) = lA —a”sin“0 gt AT(A - 1/},1")77’ + A to T A sin2o w,w
s . alr — M tcosf] M(r? — a? . s

— m(@[)ﬂsmﬁ)ﬂ —2s { ( A ) + sin20} VY, — 28 l(A) —r—zacos@] (o

+ (s*cot? § — s)* =0,
(2.39)

with Wy = ¢*=12 and ¥y = p*)*=2. This is known as the Master Teukoslky Equation.
The sourced Teukolsky equation can be derived in a similar manner as done explicitly in
[78], and the source is given in Sec. 2.5.2. In Eq. (2.39), the angular dependence of *
is separable through a decomposition in (frequency dependent) spin-weighted spheroidal
harmonics when working in the frequency domain [78]. Because of the frequency depen-
dence of the spheroidal harmonics, separation of the 8 dependence is not possible in the

time domain (namely, without first decomposing the field into its Fourier components).

2.4 Metric Reconstruction in vacuum

In order to compute the value of the SF on a particle orbiting a Kerr Black hole we
need the metric perturbations near the particle. In our approach we will reconstruct
the metric perturbation from the Weyl curvature scalars. A reconstruction procedure
for vacuum perturbations was developed by Chrzanowski [79] and Cohen and Kegeles
[80], with later contributions from Wald [81], Stewart [82], Lousto and Whiting [83] and

others. As it is common, we shall refer to it here as the CCK procedure.
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Considering a vacuum perturbation h,g of a Kerr black hole geometry, with corre-
sponding Weyl scalars ¥y and ¥4, the CCK method prescribes the reconstruction of
hag from either ¥y or W4. More precisely, the reconstruction procedure returns a per-
turbation hf§ that is equal to has up to (i) some gauge perturbation h%3"*", and (i) a
“completion” piece h;c’ﬁmp representing a four-parameter family of simple, stationary and
axisymmetric vacuum solutions: mass and angular momentum perturbations of Kerr,
and perturbations away from Kerr into Kerr-NUT or C-metric geometries [84]. Thus,

the original perturbation is given by
hag = ho§ + hoy™ + h5 5™, (2.40)
where hg )" and h%3"*° are not fixed within the CCK procedure, and must be determined

separately.

In the case of gravitational perturbations, Wald [85, 86] showed elegantly how to
derive the reconstruction formulas via the use of the so called Hertz potential. Here we

will give a summary of the derivation.

2.4.1 Derivation

We introduce the notion of adjoint. For a linear partial differential operator L taking

scalar fields into scalar fields, the adjoint L' is defined as any operator satisfying

V(L) — (LTy)g = Vs, (2.41)

where 1 and ¢ are scalar fields and s* is any vector field. This notion can be extended
to n-index tensor fields. We say that an operator is self-adjoint if L = L (and the two

operators have the same domain).

Define E to be the linearised Einstein describing perturbations in vacuum spacetime
with metric g,,. This operator is a self-adjoint operator [86], which will come to play
at the end of the construction. We now specialize to the case of a Kerr metric. Let’s
denote the Teukolsky operator by 7" as in Eq. (2.39) and define a field ® (Hertz potential)

satisfying the adjoint vacuum equation
TT® = [(A+3y =y +u*)(D+30) — (6" — 7"+ " +3a) (5 +37+453) — 3] d = 0. (2.42)
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We also introduce an operator O such that OA[hW] = Wq, where ¥g is the Weyl scalar

field associated with the perturbation A, .

The Teukoslky procedure derives an equation for a complex scalar field starting from

the Ricci tensor operator. This is equivalent to defining the operator S such that
SE(hyu) =T(¥o) = TO(hu), (2.43)

for all vacuum perturbations k. In practice, the operator S describes the manipulations
that must be performed on the Einstein equations to derive Teukolsky equations. Then

the equation E(h,,) = 0 implies T(¥g) = 0.
Now Wald gives a simply proven theorem:

Theorem: If SE = TO | for (S” BT, O) linear partial differential operators, and &
(Hertz potential) satisfies TT® = 0 (adjoint Teukolsky equation), then ST® (reconstruc-
tion formula) satisfies ET(ST®) = 0. In particular, if £ is self-adjoint then ST® is a
solution of E(f) = 0.

Thus using the theorem, we obtain that ST® is a solution of £ [huw] = 0. Notice that
0S8t maps solutions of Tt® = 0 into solutions of T® = 0: indeed, applying SOt to
TH(®) = 0 we find:

A

SO (@)=0 = S8ESo=0 = (SE)STe=0 = T(05®)=0o.
(2.44)

Here we used that E is self-adjoint. In order for the reconstructed metric to be the

physical metric of our system we impose the inversion relation to map the Hertz potential

to the Weyl scalar ¥y, that is

Uy = ORe[ST®]. (2.45)

Wald gives the operators defined above explicitly in the electromagnetic case [85].

2.4.2 Explicit reconstruction formula

There are two variants of the reconstruction procedure, returning hg in two different

gauges, known as the “ingoing” and “outgoing” traceless radiation gauges (IRG and
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ORG, respectively). The corresponding gauge conditions are
[®hgs =0 (IRG), n“hgs =0 (ORG), (2.46)
along with the trace-free condition
g*’his =0, (2.47)

where ¢®? is the inverse of the background Kerr metric Jap- Notice that in vacuum the

trace condition (2.47) can be imposed consistently with 2.46) [87, 88].

The CCK procedure starts with the derivation of a suitable Hertz potential ® (one
such potential for ORG and another for IRG—call them ®°R and ®™RG | respectively).
This Hertz potential is required to satisfy two differential equations. The first is the

master (source-free) Teukolsky equation [as in Eq. (2.39)],

(r?+a?? ., \0*® 4Mar 5*® a? 1 0?® _s 0 < +18q>>
A S S I\ T (N
( A @S0 ) S Y TR o T\ A T sm2a ) 92 ar ar

2_ 2
_ 1 9 (Sin98@> +(32cot29—s)<1>—23 (J\M —r—iacos@) oo

sin 6 00 00 A ot
a(r— M) icosf\ 0P
-2 — = 24
y ( A + sin29) O 0, (2.48)
with s = +2 for ®ORG and s = —2 for @G, The second equation (derived from 2.45)

links ® to one of the given Weyl-scalar perturbations ¥g or Wy:

D*®RG — 2y, (2.49)
A2A4A2(§ORG _ 329—4\1,47 (250)
where
2 2
+
D = 10, =" C0+ 0+ 40,
B 2% 2 2
A= Tt =-" Z“ 0+ 0, — 10, (2.51)
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and D* := DDDD, etc. Alternatively, instead of (2.49) or (2.50), one can require

L1 LoLy1Lo@™E — 12MP'RE = 8pHy, (2.52)
L1LoL_1L_5@ORC + 12MOYRG = 8y, (2.53)
where
L; = —(0p—scotf+icschO,) —iasinho,
Ls = —(9g+ scotf —icschd,) + iasin 0. (2.54)

It can be shown [89] that the combination of (2.48) and (2.49) [or (2.48) and (2.52)]
determines ®'RG uniquely, and similarly the combination of (2.48) and (2.50) [or (2.48)

and (2.53)] determines ®°R uniquely.

Given &, the vacuum perturbation hes is obtained via
5 = Re (ca(acns) D™®) (2.55)

where the symmetrization is over the tensorial indices a3, and D2P are certain second-

order differential operators. Explicitly, the nonvanishing operators D2P are given by

DY = 2(6+a+338—71)(0+43+37),
D¥ = —2(D - 0)(D +30),

D13 = D3 =(§-2a+28—7)(D +3p)

+(D+0—0)(6+48+37) (2.56)
for the IRG, and by
D2 = 29745 + 20+ 45 — 1) (5" — 3a + ),
DY = 207 A +5u— 37+ ) (A +pu—4y),

D = D2 =7 [(5" 4+ 20 + 43+ 7)(A + p— 4y)

+ (A +5p—fi— 3y —7)(0" — 30 + )] (2.57)
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for the ORG. Here we have for the directional derivatives

A « _ 1 2 2
A = n%, = 22{(7« +a?)0, — A9, + ady|
0 = m%0 = —\% (tasin 00y 4+ 0g + i csc00,),
5 = MO0, = % (iasin 00, — Dy + i csc 00,,) (2.58)

where the spin coefficients are as in (2.31) and D as in (2.51).

In this work we will use the IRG (the choice is dictated by numerical stability of the
corresponding Teukolsky equation, as we shall discuss in Chapter 5). For this choice,

the non-vanishing tetrad components of the metric are reconstructed via

hIRG — _{(5+a+38—7)(0+4B8+37)}
®IRC | e, (2.59a)
IRG . —  _{(D — 9)(D + 30)}®'% + c.c., (2.59b)
hES = {6 -TH88 -7 —)(D+30) +
(D4+2—0)(0+43 +37)}0/R% L cc, (2.59¢)

where c.c. stands for the complex conjugate part of the whole expression. Similar ex-

pressions hold for the ORG case.

2.5 Particle source

The formalism described in the previous section can be extended to the particle case.
In particular, the metric reconstruction in radiation gauge have been carefully studied
in [57, 62]. Here, some basics of geodesic motion in Kerr are described, including the
source terms for Teukolsky equation needed for our implementation. A summary of the

metric reconstruction for a particle in Kerr is then given is Sec. 2.6.
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2.5.1 Geodesic motion

The geodesic equations that govern Kerr black hole orbits are:

dr\? 2
R I B
do\?
»? (d) = Q—cot?0L* — a®cos? 0 (1 - Eg) ; (2.61)
T
Ao\ 2 r? 4+ q? a’l
2 (49 _ 2 T
> ( dT) csc 0LZ+aE< ] (2.62)
dt\ 2 (r? + a?)? r? + a?
o (dt _ (r"+a7)” 5 . 9 _
) (d’]’) E A a“sin“ 0| +alL |1 A ) (2.63)

where 7 is proper time measured along the orbit. Up to initial conditions, orbits are
specified by the quantities E, L, and @ (“specific energy”, “specific z-component of
angular momentum”, and “Carter constant”); F and L are associated with the two

Killing vectors in Kerr spacetime ({ﬁ), féL ¢)) and @ with the Killing tensor Q*¥, explicitly
E=&up L= —Eguu Q=Q"uuu. (2.64)

Thus, these are conserved quantities. In the case of circular and equatorial motion in

Kerr these quantities are explicitly (taking 8y = 7/2 and drg/dr = d*ro/dT? = 0)

1 — 202 + av? 1 — 2av3 + a2t

= L =rgv ,
V1 — 302 + 2av3

, 2.65
V1 — 302 4 2av3 ( )

where v := /M /ro and @ := a/M. The Carter constant is given explicitly (for any

orbit) by

Q = ul + cos? Op[a®(1 — E?) + csc? 0o L?)). (2.66)

Notice that in Egs. (2.60) and (2.61), the RHS is only r and € dependent, respectively.
This fact means that the orbits will have two specific frequencies associated with radial

and longitudinal motion. The orbits are then bi-periodic.

2.5.2 Energy-momentum

The stress-energy tensor for the orbiting particle is modelled as a §-function distribution

along the worldline (as previously mentioned, this representation is suitable at linear
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order in the perturbation theory). Thus, we write explicitly

70 = 1 w6 0(a (7)) (~g) " 2ar

u®uP
=1 | 55500 = 70(7))d(cos 6 — cos (7)) (v — o(7))d(t — to(7))dr  (2.67)
- utf‘rguauﬁa(r — 19)8(cos 6 — cos 0)d(p — o)

where the particle of mass p is located at the point zff with Boyer-Lindquist coordinates
(to, 70,00, p0), u® = dz§/dr and g = det(g"") = —(¥sin#)2. The third line specialize to
circular orbits and it is obtained by changing the integration variable from 7 to ¢t and
integrating in a time-t interval containing ¢o. In the abouve u! is the ¢+ component of the
four-velocity, given explicitly by [in the notation of Eq. (2.65)]

¢ 1+ av?

V1 —3v? +2a03 ( )

The corresponding source of the Teukolsky equation can be obtained in terms of
the components of T projected along the Newman-Penrose tetrad. For s = +2, the

relations are explicitly [78]

Tyy =875 (8 — 28 — 47)(8 — @) Th1 — (D — 40 — 0)(8 + 2) Ths

— (8= 28— 47)(D — 20)Tag + (D — 40— 0)(D — 0)Tss) (2.69)

871 = , .
T, :%[(6+2a+5w—%)(5+2w—7_')T22—(A+3v—’_y+4u+ﬁ)(5+2a—27")T24
—(5+2a+5w—%)(A+2y+2ﬁ)T24+(A+3y—ﬁ+4u+ﬂ)(A+2y—2f‘y+ﬁ)T44},

(2.70)

where T;; = Taﬂe?ef . In Appendix A we explicitly compute and re-write in a convenient

form the Teukolsky source for the case s = 2. The latter will be needed in our later

discussed numerical implementation.
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2.6 Metric reconstruction for a particle source

The vacuum reconstruction procedure is guaranteed to return a valid vacuum solution

o5 Whenever the Weyl scalar one starts with (U4 or Wo) is a solution to the source-
free Teukolsky equation. But when matter sources are present, the procedure can fail
to return a valid solution even at vacuum points away from any sources. This is true
even in the simplest example of a static particle in flat space, in either the IRG or
the ORG. As shown first in [57], the reconstructed perturbation develops a stringlike
singularity, which emanates from the particle in the radial null direction, either outward
or inward, or in both directions (depending on the specific choice of gauge within each
of the IRG or ORG classes). Reference [62] introduced a categorization of reconstructed
perturbations based on the form of singularity—the two “half-string” classes and the “full
string” class—and showed that any reconstructed metric belongs to one of the classes
(assuming continuity away from the string). A “no-string” gauge may be formed by
joining together the two “regular sides” of two opposite half-string perturbations along
a closed surface S through the particle as shown in Fig. 2.1. Such a construction was
first introduced by Friedman and collaborators in [61, 59]. The no-string perturbation is
free from stringlike singularities, but has a gauge discontinuity (and also delta-function

distributions [62]) on the interface S.

Specializing to a particle in a bound orbit around a Kerr black hole, we let the particle’s
worldline be represented (in Boyer-Lindquist coordinates) by x, = {t,75(t), 0p(t), pp(t)},
where the radius rp(t) is compactly supported outside the Black hole’s event horizon.
It is convenient to choose the interface S to be the surface r = r,(t), and we denote
the interior of S [i.e., r < rp(t)] by S~ and its exterior [i.e., r > ro(¢)] by ST. Then
a half-string reconstructed metric has a string singularity in either S~ or ST (and is
smooth elsewhere off the particle), and a full-string metric has a string singularity in
both. A no-string reconstructed metric is smooth anywhere in both vacuum domains
S~ and ST but has a discontinuity across the interface S between them.

Our time-domain metric reconstruction prescription in this work will yield the no-

rect

string vacuum perturbations h, 5™, where £ denotes values in the corresponding vacuum

domains S*. We denote the corresponding total, completed perturbations in S* by
B, = BISGE 4 pCOmPE . pEEE, (2.71)
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b A~

. . . No-string discontinuous
Full-string sigularity Half-string singular in S~ Half-string singular in St 8 .
across the interface S

Figure 2.1: Types of gauge singularities .

where h‘;%mpi and hff@ugei are the contributions from the “completion” and “gauge”
perturbations in the corresponding domains [recall Eq. (2.40)].

comp

The completion piece h, s * has been derived recently in Refs. [34, 90] (for arbitrary
bound geodesic motion in Kerr spacetime). Their main result is that (in a no-string
radiation gauge)
nBROY + uLhl) s,
0 S,

hcomp:l: _

" (2.72)

Here F and L are the specific energy and specific angular momentum associated with

the geodesic orbit (see Sec. 2.5.1) and hgsﬁ]\/[ ) and hgﬁ‘] ) are the vacuum perturbations

given explicitly by [91]

2
h,(ffM) = 277; ( % 1 3a? cos? 0) ,
h((;M) B ra3 sin? 20
te - 2 )
2r
(oM) _ 2 2 2/, )
hyy = A {M’I“ +3a°M + a“(r — 3M) sin 0)},
h((;;M) = —(2/M)a®cos?#,
2a%sin? ¢
hffy) = —% [EQ + Mr(r? — a? cos? 6) sin? 0} ,
(2.73)
CT 4ar cos® 0
tt - N2 )
5 2rsin?
hgw ) = 57 (7"2 — a2 cos? 9) ,
ar
hI) = —W[r+2M—(r—2M)00829],
hg;‘]) = (2/M)acos®#,
2a2sin? 0 .
) = e (B 2Mrtsin0), (2.74)

!The Ilustration is provided through the courtesy of C. Merlin
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with all other components vanishing.

ga uge:t

A gauge adjustment h_ may need to be included in certain applications (see Refs.

[92] or [93] for examples), but in this work we will set hi%ugei := 0 for simplicity. Since
h;egi are each a vacuum solution in its corresponding vacuum domain (S¥), they can be
reconstructed from suitable Hertz potentials @ by applying the vacuum reconstruction

formula (2.55) in each of the domains:

hffgi = Re (ea(aebB)Dabfbi) . (2.75)

2.6.1 Self-force from a reconstructed metric

In Ref. [62], Pound et al. obtained a formulation of the GSF starting from a reconstructed
metric (in either the IRG or the ORG), complete with practical mode-sum formulas. Two
different schemes were described, one based on (either of the two) half-string gauges,
and another based on the no-string gauge. The prescription for calculating the GSF
in the no-string scheme is as follows. First, given the reconstructed (and completed)
perturbations h(fﬁ, introduce the one-sided “force” fields [recall Eq. (2.3)]

1
Fyf = =5 (00 + uau”) (2,1, — Vghiy, Jutu’, (2.76)

07

defined on S*, respectively, where p is the mass of the particle, V, is a covariant
derivative compatible with the background (Kerr) geometry, and u® is any smooth
extension of the particle’s four-velocity to form a vector field in spacetime. Next, expand
each coordinate component of the fields F¥ in spherical harmonics Yy, (6, ) on spheres
of constant r,¢, and for each multipole contribution (summed over azimuthal number

m) take the one-sided radial limits to the particle:

y4
F&* = lim,_ > Yim(Op, op /F Yo (8, 0)dS, (2.77)

T—)Tp m=—/{

where df) := sinfdfdy. These one-sided ¢-mode force contributions are each finite
(bounded), and generally grow in amplitude as ~ ¢ for large ¢. According to [62], given
F'* the physical GSF is calculated via

o0

‘FWO(_ E Fa FCK BO( 5 2.‘8
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where B,, is the standard, Lorenz-gauge regularization parameter (which depends on the
details of the orbit, but not on ¢). An analytical expression for B,, for generic orbits in

Kerr, was first derived in [94] and it is given explicitly in Appendix B as in [44].

The mode-sum formula (2.78) can be implemented in either the IRG or the ORG.
While F** ~ ¢ at large £, the average 3 (FT+F.~) approaches a constant (/-independent)
value, and the entire summand in (2.78) is guaranteed to fall off at least as ~ £=2. Hence,

the mode sum converges at least as ~ 1/£.

In conclusion, we see that knowledge of the “no-string” perturbations hzeﬁci (and their

derivatives at the particle) provides sufficient input for calculating the physical GSF.

In the next chapter we will lay out our proposed method for deriving the appropriate
potentials ®*, via a direct time-domain evolution of the Teukolsky equation. Once
®* are at hand, the GSF is obtained (in a completed no-string gauge) by substituting
for ®* in Eq. (2.75), then consequently for hzfgi in Eq. (2.71) (where the (analytical)
completion part of the perturbation fg,™ * is added), for hiﬁ in Eq. (2.76), for F¥ in
Eq. (2.77), and finally for F* in the mode-sum formula (2.78).

35






Chapter 3

Time-domain evolution scheme

for the Hertz potentials &=+

Our goal here is to formulate a practical evolution scheme for ®*, suitable for numerical
integration in 1+1D. Such a formulation requires three components. First, starting from
the master Teukolsky equation (2.48), we need to introduce a suitable decomposition of
d+ into multipole modes and obtain a time-evolution equation for the “time-radial” piece
of each of the modes. Second, we need to derive the physical boundary conditions for the
fields ®* and for their multipole modes. Third, we need to formulate junction conditions
for the multipole modes on the surface S [i.e., r = 7(t)]. These three components of

the problem are dealt with, each in turn, in the next subsections.

We aim here to give a full formulation for both ®RG and ®ORG, Since the former is
a solution of the master equation (2.48) with s = —2, and the latter is a solution of that

equation with s = 42, we shall use the notation
Dy :=0R¢ @, = pORCG (3.1)

which will allow us to unify the treatment of both gauges. Correspondingly, the vacuum
potentials in the regions ST [i.e., r > r,(¢)] and S~ [i.e., r < 7 (¢)] will be denoted by
®F, with s = —2 for IRG and s = +2 for ORG.
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3.1 The Teukolsky equation in a 14+1D form

As far as we know, in general, the master Teukolsky equation (2.48) cannot be separated
in the time domain, i.e. without first decomposing ®, into frequency modes ~ e**; only
the azimuthal dependence can be separated, using ®5 = >, ®4,,e™?. A full separation
of the angular dependence becomes possible in the special case of a = 0 (Schwarzschild
background), or for ¢-independent perturbations. In both special cases, separation is
achieved using a basis of spin-weighted spherical harmonic functions Y, (0, ) [95]. For
spins s = %2, relevant here, these functions are derived from the standard spherical

harmonics Yy, (0, ) via

Yo, cos £ 2m\ Yy, m? + 2mcos 6
— Y, 2
o0 ( sind ) o0 ( sin” 0 ). (32)

(€ —2)!
(€ +2)

iZYva =

and they satisfy the differential equation

1 8(, asnm) <m2+2mscost9
- sin 6 +|——

5 —s2cot? 0+ s+ (L= 5)(L+ 5+ 1)) ¥ = 0.

(3.3)

Since the spherical harmonics satisfy Yz, = (—=1)™Yy _pm (where the sign factor is con-

ventional), it is easy to see that we have the symmetry relation
i2}7€m = (_1)m:|:2}/€,—m- (34)

Our strategy here will be to expand ®F in Y7,,(0,¢) even in the Kerr case. The
resulting field equations for the time-radial modes will exhibit coupling between modes of
different ¢ (though modes of different m will remain decoupled). We will then formulate

our evolution problem for that mode-coupled set.

We thus expand the fields ®F in the form

[e%) ¢
OF = (rA)TY T ST 0h (6 7) e (0, 5). (3.5)

(=2 m=—¢

Here, the radial factor (rA®)~! is introduced to regulate the behavior of ¢§:zm at infinity
and on the event horizon; its particular form will be explained in Sec. 3.2 below. The

azimuthal coordinate ¢ is a horizon-regularized version of the Boyer-Lindquist ¢, defined
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through

$=p+— 1n(7"_”>, (3.6)
Ty —T_ rT—Tr_
where
re =M+ (M? —a?)V/?, (3.7)

it satisfies 0p/0r = a/A. Had we instead used the standard ¢ in Eq. (3.5), the field
¢4, would exhibit irregular oscillations ~ eX™™21" near the event horizon [96]. Here
Qun = a/(2Mry) is the horizon’s angular velocity, and 7, is the standard “tortoise”
coordinate, satisfying

dri 1%+ d?

-t (3.8)

Note that ¢ = ¢ + O(a/r), and hence ¢ approaches the standard ¢ at large 7.

Inserting the expansion (3.5) into the master equation (2.48), and using Eq. (3.3), we

obtain
> Yim(0,9) [D@m —a?sin? 0 (¢5,,).u + 2iascosd (¢j€m)7t} =0, (3.9)
Im

where D is a certain partial differential operator independent of 6, ¢. Note how the two
terms o< sin? @ and o cos@ prevent a full separation of variables when a # 0 and the
field is ¢ dependent. Following the treatment (and notation) of Ref. [97], we proceed by

re-expanding the angular functions Y7,, cos § and Y7, sin? § in spin-weighted harmonics:

Yycos0 = Yo 4 Yo+ Y, (3.10)

g, sin” 0 = C€t2sn+2 + C€+1S}/é-‘r1 + Cngz + Cﬁ-_lsyé—l + C'i_stz—z- (3-11)

Here we have dropped the index m for clarity, and the coefficients are

¢ ey (eom))

- = { PR0=1)(20+1) ;

0 ms 3.12
€ = Tme+ty (3.12)
cf =,
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and

C—‘Q = _Cﬁlcﬂv

Ct = A+ eh)

G = 1= ()= () = ()%, (3.13)
O{ - e_( +CO ),

cto = =

Substituting back into (3.9) and using the orthogonality property of the functions Y,
we finally separate out the angular dependence, arriving at a mode-coupled set of equa-
tions for the time-radial part. For each s, ¢, m (with s = +2, £ > 2 and |m| < ¢), it has
the form

where, to avoid confusion, we have omitted the label + associated with the domains
S*, and used superscript for the multipole label £. In this equation, D is yet another
time-radial differential operator (independent of 6, ), and Z is a functional describing

coupling between each of the £-modes and their nearest and next-to-nearest neighbours:

T = —a? (L o2+ CLol! + CLaly! + CLgl?) | 4 2ias (Loli) + L aly))

(3.15)

The coupling disappears when a = 0 or the perturbation is ¢ independent.

To write Eq. (3.14) explicitly in a convenient form, we introduce the advanced and

retarded time coordinates,
vi=t+r, and w:=1t—r,, (3.16)

respectively (which reduce to the standard double-null Eddington-Finkelstein coordi-
nates in the Schwarzschild case). Then the 141D modal Teukolsky equation (3.14)

takes the explicit form

(b,euv + U<T)¢,£u + V(?‘)(ﬁfv + W(T)¢€ + K<T) [—CLQCé gb,gtt + I(¢Ei17 ¢Ki2)} = 07 (317)
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where 0., 9, and J; are taken with fixed v, u and r, respectively, and we have dropped

the indices s, m for improved readability. The radial functions in this equation read

A
K(r) = AP fay? (3.18)

U(r)=2K(r) {23]\/[ + ia(sch 4+ m) — a®/r +4Mr(sM — sr +iam)/A], (3.19)
V(r) = 2K (r) [2sr + ia(sch — m) + a*/r], (3.20)

W(r) = K(r)[( = $)(£+ 5 +1) + 2(s + 1)M/r +2iam/r — 2a*/r?] . (3.21)

It is important to reiterate that, even in the Kerr case, the 1+1D Teukolsky equation
(3.17) exhibits only a finite coupling between spherical-harmonic modes: each ¢ mode
couples only to its nearest and next-to-nearest neighbors. This is a remarkable property
that can bring much simplification in practice (see below). We also note that the coupling
terms contained in Z in Eq. (3.17) are expected to be subdominant (compared to, e.g.,
the term o« W in that equation) in the problem of interest to us here: these terms
are relatively suppressed by factors of orders (aw)? or aw, where w is a characteristic
frequency of the perturbation, which, in most relevant scenarios (and for relevant values
of m) is considerably smaller than 1/M, giving suppression factors considerably smaller
than unity.! This can be used to one’s advantage in numerical implementations, as we

further discuss in Sec. 3.3 below.

The term o qﬁftt may be eliminated from Eq. (3.17) by introducing a modified (¢, m, s-

dependent) radial coordinate 7, satisfying

drs
dr

=\/1 — 4K (r)a2C§ =: Bym(r). (3.22)

The expression under the square root here is positive definite, and smaller than 1, since
0 < 4Ka? < 1 and also (it can be shown) 0 < C§ < 1 for all relevant £,m,s. We note

that § — 1 in both limits » — oo and r — r4, meaning the modified coordinate 7,

IThe situation is less clear for strongly bound orbits around a near-extremal black hole, where one
may expect w ~ 1/M. This case will require further investigation. We suspect that coupling between
modes remains subdominant even in that case, thanks to the time-delay effect noted in [98] (recalling
that coupling terms all involve ¢ derivatives).
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coincides with the usual r, in both limits. Introducing also the modified advanced and

retarded times v :=t¢ + 7, and @ :=t — 7, Eq. (3.17) becomes

Ol + U (1)l + V(1o + W(r)e' + K(r)Z(¢™,6?) =0, (3.23)
with
K(r):=K(r)/8% — W(r):=W(r)/5, (3.24)
0:22;2 {(1+5)U+(1—ﬂ)v+;jﬂ, (3.25)
‘7::2;2 {(1+B)V+(1—B)U—;§Z]. (3.26)

The form (3.23) (without a gb,étt term) is more conveniently amenable to a finite-difference

representation, especially in double-null-type coordinates.

We envisage a numerical implementation of Eq. (3.23) using a finite-difference scheme
based on @, ¥ coordinates. For stationary modes of the perturbation, and in the Schwarzschild
case, the coupling terms in (3.23) vanish, and the equation takes a simple form, ready
for numerical implementation ¢ by £. In the general Kerr case, the equation can first
be recast in a matrix form, introducing the vector variable (E = {1, 072, ... plmax]
where £« is a suitable cutoff; in many problems, including the GSF problem, the large-
£ truncation error may be controlled and made sufficiently small. The matrix equation
can then be discretized and solved as in the Schwarzschild case, this time obtaining all
¢ modes at once. Since the coupling between modes is finite and “weak” (modes couple
only to nearest and next-to-nearest neighbors), the matrices involved are band diagonal

and hence comfortably amenable to numerical manipulation.

+
slm

3.2 Boundary conditions for ¢

Typically, and in the GSF problem in particular, we require the physical, “retarded”
solution for the metric perturbation, i.e., the one for which there is no radiation com-
ing in from past null infinity, and no radiation coming out of the past event horizon.
In frequency-domain implementations, and also in Cauchy-type time evolutions, this
requirement is imposed via a choice of boundary conditions on suitable timelike bound-
aries. In a characteristic-type 141D evolution of the kind we have in mind here, the

numerical domain has no timelike boundaries, and the solution is completely determined

42



once initial data are specified on two initial characteristic rays. In principle, one should
be able to select the retarded solution via a suitable choice of characteristic initial data
(though in practice we shall adopt a much simpler approach, described below). But
even though boundary conditions are not actively imposed at each time step, knowl-
edge of the form of physical boundary conditions is still important, for a number of
reasons. First, as we shall see, such knowledge informs our choice of regulator functions
[specifically, the factor (rA%)~! in Eq. (3.5)] that control the behavior of the numerical
field at large retarded and advanced times. Our choice of regulator will be such that the
physical solution is globally bounded in magnitude. Second, once a numerical solution is
obtained, it is important to check that it is indeed the desired physical solution. Third,
there are cases where pieces of the physical field may be determined analytically (see
Sec. 4.1 for an example), and in such cases the choice of a particular solution requires

knowledge of the physical boundary conditions.

Our goal now, therefore, is to prescribe physical boundary conditions for the time-
radial fields gbsiém (t,r). In Sec. 3.2.1 we will consider the behavior at null infinity, and in
Sec. 3.2.2 the behavior at the event horizon. In Sec. 3.2.3 we will discuss the special case
of stationary modes. In all cases we will base our analysis on a study of the asymptotic

form of solutions to the 141D time-domain Teukolsky equation (3.23). We recall the

coordinates (@, ¥) are interchangeable with the standard (u, v) in both asymptotic limits.

3.2.1 Behavior at null infinity

—lwu

Consider solutions of (3.23) that for » > M have the asymptotic forms ~ r%e

(“outgoing waves”) or ~ rPe™? (“incoming waves”), for some frequency w # 0 (the

case w = 0 will be considered separately below). We determine the powers o and 8 by
substituting each of these asymptotic-form Ansdtze in Eq. (3.23). When expanding in
powers of 1/r (at fixed t) we find

V(r)=s/r+0(1/r%), K(r),U(r),W(r) = 0(1/r?). (3.27)
Thus Eq. (3.23) takes the asymptotic form

S
G + ;quﬂ, =0. (3.28)
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where we suppress the ¢, m indexes to improve readability. Substituting the ingoing/out-
going Ansdtze into the equation, the leading-order terms are

1 .
——jawr® e L O(r* %) = 0,

2

(%B —s)rflem™ 1 O(F72) = 0, (3.29)

giving a = 0 and 8 = 2s. Thus we have the two asymptotic solutions

¢S+w ~ i (physical),

¢, ~ r¥e ™ (nonphysical). (3.30)

It is easy to check, using (3.5) and the reconstruction formula (2.75), that the first so-
lution yields a reconstructed metric with a large-r asymptotic form hf§+ ~ e~ WU/ (in
suitable Cartesian coordinates), representing a purely outgoing wave—hence the desig-
nation “physical”. The second solution yields a perturbation h;e;r ~ e~ (multiplied
by some factor of r), which does not represent a purely outgoing wave—hence “non-

physical”.

We note that, for the physical solution, the magnitude of ¢f approaches a constant,
generally nonzero value at future null infinity (v — oo for any fixed u). This behavior,
which is computationally desirable, was achieved by introducing the factor (rA%)~! ~
r=25=1in Eq. (3.5). Without this factor, the physical solution would blow up as ~ r3
for s = —2 (IRG), or would fall off rapidly, as ~ 7=, for s = +2 (ORG), both types of

behavior being computationally problematic.

Note also that, for s = +2, any nonphysical solution blows up rapidly (as ~ 7%) at
infinity. This means that, in an ORG implementation, a numerical solution ¢ that
can be demonstrated to remain bounded at infinity (even as the finite-difference step
size tends to zero) is automatically guaranteed to be the physical solution, i.e., the
one satisfying the correct, outgoing boundary conditions. An IRG calculation does not
share this convenient feature: for s = —2, nonphysical modes decay rapidly (as ~ =)
at infinity and would be hard to identify in the data. In this sense, it is computationally

advantageous to calculate the external field ¢ in the ORG.
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3.2.2 Behavior at the event horizon

Moving on to consider the behavior along the horizon, examine the form of (3.23) for
small A. Noting K (r), V(r), W(r) = O(A) while U(r) = O(A?), we find that, at leading
order in A, the equation reduces to

B s(M—ry) . ) _
_ Q) =0. 31
¢5,uv + < 2M7"+ +1milg gbs,u 0 (3 3 )

This equation admits the two pure-mode asymptotic solutions
Dotmew ™~ e”™“?  (physical),

o~ ASeTWUeT2mur (nonphysical). (3.32)

where we reintroduced the ¢, m indexes as the asymptotic solutions depend explicitly
on m. It can be checked that the first solution yields a reconstructed perturbation
that (in suitable, horizon-regular coordinates such as {v,r, 0, »}) has the asymptotic
—iwv

form hraeg_ ~ e , representing a purely ingoing wave at the future event horizon.

This is therefore the “physical” solution.? For the physical solution, ¢ approaches

8_me
a finite, generally nonzero value at the horizon (u — oo for any fixed v), which is
computationally desirable. Indeed, to achieve this was the purpose of our introduction

of a regulator factor A™* in Eq. (3.5).

It can also be checked that the second solution in (3.32) produces a reconstructed
perturbation that, in coordinates regular on the past event horizon, has the asymptotic
behavior hrjg_ ~ e~ there.? This solution thus represents nonphysical outgoing waves
at the past horizon. Note that for s = —2 the nonphysical modes blow up as ~ A~2 at the
horizon. Hence, in an IRG reconstruction it is sufficient to demonstrate the boundedness
of the internal numerical solution ¢, at the horizon in order to establish that it
represents the true, physical solution (up to numerical error). In the ORG, on the other

hand, nonphysical modes decay rapidly (as ~ A2) near the horizon and would be hard

“From Eq. (3.5) we see that, for the physical solution, the Hertz potential ®; itself is oc A™* at the
horizon. This apparent irregular behavior owes itself simply to the irregularity of the Kinnersley tetrad
at the horizon; see, e.g., Sec. V of [99].

3Note that our coordinate @ is not regular on the past horizon, and it is this coordinate irregularity
that gives rise to the singular factor e~2"™H" in the “nonphysical” solution in (3.32). When we say
that this solution is nonphysical we do not refer to this coordinate irregularity but to the fact that the
solution represents outgoing waves at the past horizon.
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to identify there if they existed in the numerical data. Thus, there is a computational

advantage in calculating the internal field ¢, in the IRG.

3.2.3 Stationary modes

Finally, let us consider the asymptotic behavior of stationary, ¢-independent (or, equiv-
alently, w = 0) modes. Substituting the Ansatz ¢ ~ r® in Eq. (3.23) and considering the
leading-order beavior at r > M, one obtains &« = s — £ or £ 4+ s + 1, and hence the two

asymptotic solutions

L~ 17 (physical),
¢, ~ T (nonphysical). (3.33)

The designations ‘physical’ and ‘nonphysical’ here come from examining the behavior of
the physical perturbation associated with each solution. To eliminate gauge dependence,
it is instructive to consider, for example, the corresponding Weyl scalars ¥g or Wy4. Using
Eq. (3.5) with (2.49) and (2.50) [or with (2.52) and 2.53)] shows Wg, Uy ~ 7—¢=3 for the
first solution in (3.33), and o, ¥y ~ =2 for the second, in both the IRG and ORG
cases. Thus, the first solution corresponds to a perturbation whose curvature decays
at infinity (hence ‘physical’), while the second solution (‘nonphysical’) corresponds to
a perturbation whose curvature does not decay at infinity (and, for ¢ > 2, it actually

blows up there).

We move on to consider the behavior on the event horizon. Two stationary asymptotic

solutions there are

bopm ~ const (physical),

oo, ~ A° (nonphysical), (3.34)

where, importantly, the first solution has a regular Taylor expansion on the horizon,
while the second solution also contains a high-order contribution of the form (log A)x
a Taylor series in A. It can be checked that the corresponding Weyl scalars have the
behavior ¥y ~ A~* for the first solution, and W5 ~ A% (plus higher-order log terms)
for the second solution. As explained (e.g.) in Sec. V of Ref. [99], carefully taking into

account the irregularity of the Kinnersley tetrad at the horizon, for a smooth physical
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perturbation it is not the Weyl scalars themselves that are regular (smooth) at the
horizon, but rather the product A’W¥,. Applying this criterion to our solutions, we have
that ASW, is perfectly smooth for the first solution (“physical”), but non-smooth for the
second solution (“nonphysical”). In the latter case, A*WU, blows up like A=2 for s = —2,

while for s = +2 the differentiability is spoiled by the log A term.

We note that, in terms of our variable ¢*(t,r), the stationary piece of the physical
perturbation is bounded everywhere, just like the rest of the perturbation. For non-
physical stationary perturbations, ¢~ blows up on the horizon in the IRG case, and ¢+
blows up at infinity in both the IRG and ORG cases. This is true for all relevant values
of £,1i.e. £ > 2.

3.2.4 Summary

+

In summary, our choice of time-radial fields ¢3,,,

(t,r) is such that, in terms of these
variables, the physical, retarded solution is bounded both at infinity and on the horizon—

and, in fact, anywhere else in the computation domain. This is a convenient feature,

+

computationally. Furthermore, we have noted that all nonphysical ORG solutions ¢}, .

blow up at infinity, while all nonphysical IRG solutions ¢ blow up at the horizon.

stm
Thus, boundedness of an ORG solution at infinity implies that the correct outgoing
boundary conditions are satisfied at infinity, and boundedness of an IRG solution at

the horizon implies that the correct ingoing boundary conditions are satisfied on the

horizon.

Unfortunately, we cannot make a stronger statement: In the ORG case, bounded-
ness of the solution on the horizon does not necessarily mean that boundary conditions
are satisfied there, because nonphysical ORG modes are subdominant on the horizon.
Similarly, in the IRG case, boundedness of the solution at infinity does not necessarily
imply, in general, that boundary conditions are satisfied there, because nonphysical IRG
modes are subdominant at infinity (with the exception of stationary modes, which blow
up there). This situation suggests that, at least from a computational point of view, it
would be convenient to work with a mixed-gauge field composed of the ORG qﬁjﬁm and
the IRG ¢_,,,,. However, the formulation of jump conditions on the orbit (see below)
would then be harder, and one would also need to generalize the SF formulation to

accommodate the possibility of such a mixed-gauge perturbation. It would be worth

47



exploring the mixed-gauge idea in future work, but here we shall stick with the more

straightforward single-gauge approach.

3.3 Jump conditions for ¢* across S

Finally, we need a set of rules that relate the fields gb:gm and ¢ along the particle’s

stm
timelike trajectory in the 141D domain. Specifically, we need the “jumps”

(] = lim |67 (¢, mp(t) + €) = 67 (£,my(t) — €)] (3.35)

e—0

as well as the jumps in the first derivatives—say, [¢ 4] and [¢3]. (In this subsection we
occasionally, where possible, omit the indices s¢m for brevity.) The jumps in higher-
order derivatives may also be required, depending on the particular numerical method
implemented and on the order of numerical convergence sought. Our goal now is to
describe a method for determining these jumps, as functions along the particle’s world-
line. We will assume that the jumps [¢)4o] in the physical Weyl scalars, and in their
derivatives, are already known. These jumps may be deduced directly, in analytic form,
from the source term of the (141D version of the) Teukolsky equation, without needing
to solve the equation for the Weyl scalars themselves—a specific example will be worked
out explicitly in Appendix A. Thus, we will be seeking to determine the jumps in the
Hertz potential and its derivatives in terms of the jumps in the physical Weyl scalars

and their derivatives.

Our starting point are Egs. (2.49), (2.50), (2.52) and (2.53), as applied to the vacuum
solutions ®F. Recall these are relations that the vacuum Hertz potential must satisfy
given the physical Weyl scalars ¥ or ¥4. First, we need to obtain the 1+1D version of
these equations. To this end, we substitute the expansion (3.5) for <I>5i on the left-hand
side of each of these relations, and on the right-hand side we substitute for Uy =: p*W¥,__,

and Uy =: U,_,9 using the analogous expansions

0o Y/
UE =AY ST w6 )Y (0, 9) (3.36)
(=2 m=—/

for s = +2.
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Considering first the relations (2.49) and (2.50) (whose frequency-domain versions
are often referred to as “radial inversion formulas”), we observe that the differential
operators on the left-hand side do not couple between different £ modes: the equations
relate each (spin-weighted spherical-harmonic) ¢ mode of the Hertz potentials ®F and
their derivatives to the same £ mode of the Weyl scalars \I/j_ts (with m opposite in sign).

Using (3.4) and the orthogonality of Y7, we obtain, for each ¢, m,

SrA?D} (A2GREE/r) = (<1)"03, (3.37)
1 -, /-
58 (G0n /) = (F)™MEy (3.38)

where the differential operators are

Dy = AN(2, —ima),

D, = —(X/A)dy; (3.39)

here 0, is taken with fixed u, and 9, is taken with fixed v. We observe that (3.37)
and (3.38) are effectively ordinary differential equations for @Ef’i and QBORGi, with

Im

independent variables v and u, respectively.

In general, the alternative relations (2.52) and (2.53) (“angular inversion formulas”)
are less useful here, because they feature operators that do mix between different /¢
modes, giving rise to mode-coupled relations; even worse, the equations relate each £
mode of ®* to an infinite number of £ modes of UF. The coupling disappears only in
the Schwarzschild case, a = 0, where, in fact, the angular inversion formulas become
extremely simple (since the operators L, and L reduce to, respectively, spin-lowering
and spin-raising operators when they act on spin-weighted spherical harmonics). This
simplicity was noted previously by Lousto and Whiting in [83], where they considered
141D metric reconstruction in Schwarzschild. Here, however, our ambition is to treat
the more general Kerr case, so we will utilize the “radial” inversion equations—even as

(in the next two sections) we consider a Schwarzschild example.

Focusing thus on the 141D inversion formulas (3.37) and (3.38), we first note that the
general solution for each of these two ODEs can be written down in a simple closed form
(involving four nested integrals with respect to v or u, respectively). Based on the form

of these general solutions it is straightforward to show (in analogy with Ori’s analysis in

49



[89]) that QSIRGi and quRGi each admits a unique particular solution that also satisfies
the vacuum Teukolsky equation (3.23), as required. This confirms the uniqueness of the

Hertz potential in the reconstruction procedure.

However, the above closed-form particular solutions for qSIRGi and cbORGi involve
integrals of the Weyl scalars (¢2 and wj_EQ, respectively) along rays extending to infinity
and down to the event horizon, and to evaluate them in practice would require solving
the appropriate sourced Teukolsky equations as a preliminary step. In our method we
wish to bypass this preliminary step, and work directly with the Hertz potential; we
wish to have no recourse to knowledge of the Weyl scalars themselves (except the values
of their jumps across the particle, which, as mentioned, are accessible directly from the
source of the Teukolsky equation). Our goal, therefore, is to express the jumps in ¢ (and
its derivatives) in terms of the jumps in ¢ (and its derivatives) alone. In what follows

we describe a procedure that achieves that.

Let us start with the IRG case (the ORG case will follow analogously). Evaluating
the difference between the ‘+’ and ‘—’ versions of Eq. (3.37) at r = () yields a relation

of the form

E:!ﬂz JORc] = (~1)™ a0, -m) (3.40)

in which f,(rp) are some smooth functions along the orbit, and the jumps on the right-
hand side are assumed known. For a reason that will become clear shortly, we also need

the v derivative of (3.37), which yields
Z Falrp) 03] = (—1)™ | (B2, -m) 6] (3.41)

where fn(rp) are some other smooth functions, and the jumps on the right-hand side
are also known. Our goal is to determine the jumps [¢] and [¢ 3], as well as [¢ 4], as
functions along the orbit (here and in the following discussion we omit the labels ¢,m

and IRG for brevity).

Using an overdot to denote d/dr, where 7 is proper time along the orbit, we write

[¢] = ap [¢,ﬁ] + 1;’19 [ﬁb,f;] ) (3.42)
[ba] = ip[p0a] + Tp [D00], (3.43)

where @, (7) and 0, (7) are the values of @ and ¥ at a worldline point with proper time
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7. Equation (3.42) gives [¢ 3] in terms of [¢] and [¢ 5]. In Eq. (3.43) we replace [¢ 53] in
favor of [¢], [¢5] and [¢ 4] using the Teukolsky equation (3.23), and hence express [¢ 53]
in terms of [¢] and [¢ 5] (and their 7 derivatives) alone. (For a # 0 this relation will
involve also the jump in the coupling terms Z. Let us ignore these terms for a moment

to simplify the discussion; we shall return to them momentarily.) Next, we write

(6] = bpls) +iploal + 2 [¢,aa) + U2 [0,55] + 20ptip [¢,5a] , (3.44)

[b5] = ¥plo00) + tip [b0a] + 2 [¢,5aa) + Up [6,005] + 20pip [Pova],  (3.45)

and use (3.23) again to replace all mixed-derivative jumps with lower-order-derivative
jumps. We thus express [¢ 45] and (in turn) [¢ g55) in terms of [¢] and [¢ 3] (and their

first and second 7 derivatives) alone.

Proceeding in a similar way, we can determine [¢ z3a] and [¢ s555] in terms of [¢], [¢ 3]

and their first, second and third 7 derivatives; and finally we can determine [¢ zaaa

Equations (3.40) and (3.41) can thus be written as a coupled set of ODEs for [¢] and
[¢,5]:

3
d" [¢] d" [‘b,ﬁ] _ m |7
nzz:o (an(T) o + by (7) Ton ) + Z-terms = (—1) [¢2’€7_m] ’ (3.46)
S d" [ a" ¢, ]
> (Cm Pl dnde,;)  Tterms = ()" [(Gag)e] . (340
where ay,(7), ..., d,(T) are certain smooth functions along the worldline (depending only
ON Tp, Tps - - - 7d47'p /dr*, as well as on ). The terms collected under ‘Z-terms’ are certain

linear combinations of the coupling term Z(¢!*!, $**2) and its ¥ and @ derivatives (up to
third derivatives), which have entered the relations via our use of the Teukolsky equation
(3.23). Unfortunately, the general explicit form of Egs. (3.46) and (3.47) is too unwieldy
to be presented here in any meaningful way, but it can be straightforwardly obtained
using computer algebra tools, following the procedure described above. In Chapter 4
we will present explicit expressions for the special case of circular geodesic orbits in
Schwarzschild spacetime [where all Z-terms drop, and the coefficients ay, . .., d, depend

only on 7, (=const)].
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Let us for the moment ignore the coupling terms in Eqgs. (3.46) and (3.47). Then these
equations constitute a coupled set of fourth-order ODEs for the jumps [¢¢,] and [¢em, 5]
as functions along the orbit. How to solve these equations depends on the particular
problem under consideration. If the perturbation is sourced by a particle on a fixed
bound geodesic orbit, then the jumps may be assumed to exhibit the same periodicity
as the orbit (two fundamental frequencies, in general), and the ODEs (3.46) and (3.47)
can then be conveniently recast as a set of algebraic equations, one for each frequency
(the assumption of periodicity then effectively selects a particular solution of the ODEs).*
If the perturbation is sourced by a slowly evolving orbit (e.g., under the effect of the
SF), then one should still be able to obtain a frequency-by-frequency algebraic solution
at some initial point along the orbit, then solve the set (3.46) and (3.47) as ODEs,
starting from these initial conditions. For nonperiodic (parabolic- or hyperbolic-type)
orbits, initial conditions may be formulated at infinity, using an asymptotic analysis. In
Chapter 4 we give the explicit physical solution of Eqgs. (3.46) and (3.47) for the special

case of circular geodesic orbits in Schwarzschild spacetime.

How should the /-mode coupling terms in Eqgs. (3.46) and (3.47) be dealt with, in the
Kerr case? As already mentioned, we expect the Z-term in the field equation (3.17) to be
small, in general, in a certain relative sense. The coupling terms in the jump equations
(3.46) and (3.47) will be small in the same sense. One could then incorporate these terms
perturbatively, using an iterative scheme: In the first iteration, Eqgs. (3.46) and (3.47)
are solved for each ¢, m with the coupling terms dropped. The solutions are then used
to calculate the Z-terms in Eqgs. (3.46) and (3.47), and the equations are solved again,
with these Z-terms as sources. One keeps iterating in this manner until a sufficiently
convergent solution is achieved; the smaller the coupling terms are in relative magnitude,
the less iterations should be required. How computationally tasking this procedure may
prove to be would depend on the number of iterations required and on whether the
jump equations are solved as ODEs or via a mode decomposition. Yet we expect the
computational cost of calculating the jumps to be negligible compared with the cost of

solving the field equation in the time domain.

At any rate, once the jumps [¢] and [¢ 3] have been computed as functions along the

“By solving the jump equations (3.46) and (3.47) frequency by frequency we would not be reverting
to the standard frequency-domain approach to metric reconstruction: the field equation (3.17) would
still be solved in the time domain. In Appendix C we follow this procedure and calculate the jumps for
any bound geodesic orbit in Schwarzschild
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orbit, the jumps in any higher ¥ and @ derivatives of ¢ are calculable algebraically using
the order-reduction procedure described a couple of paragraphs above: [¢ ;] is obtained

from (3.42), then [¢ 53] is obtained from (3.43), and so on.

Finally, the ORG version of the problem is dealt with in a completely analogous
manner, this time starting with Eq. (3.38). The procedure again yields ODEs of the
form (3.46)-(3.47), but now with [¢ 5] replaced with [¢ 3] and, on the right-hand side,
1/_12’57,”1 replaced with QE,M’,m. The explicit form of the coefficients ay(7),...,d,(T)

and of the Z-terms will also differ.

3.3.1 An illustrative example: static particle in flat space

Let us illuminate the construction of junction conditions using the simple case of a static
particle in flat space. This toy model will provide a clear idea of the method that will
be applied later on to more relevant cases. The Teukolsky equation and the inversion

relation reduce to

Ao

* 6 * *
angém = _;aT(me + ﬁ¢€m7 (348)

O Do = V20— (3.49)

where we defined \g = (¢ + 3)(¢ — 2). With the first equation we are able to write
the second derivative 8T2¢zm in terms of 0,¢;,, and ¢;, . By taking derivatives of the
same equation we can write higher derivatives of ¢j,, in terms of 0,¢},, and ¢; by

substituting again from Eq. (3.48). In this manner we obtain

(Mo +42)0,:95,, 8o,

3 1k
87’ ¢€m - r2 r3 ’
4k Xo(Ao +66)d;,  16(Ao +21)0,:9;,,
a?“ (;Sfm = 4 - 3 )
T T
A2 4+ 2107 + 3024) 0,0 2010( Ao + 30)0%
a§¢zm _ ( o+ O::l ) ¢£m . 0( Or—: )¢gm (350)
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Substituting the above into the inversion relation and its r derivative, and taking the
difference across the particle, we find

Ao(Ao +66)[¢7,] — 16(Xo +21)[0, 07, ]

,',.4 - ,,,,3 - [1/}2,67m}7

(A3 + 210X + 3024) [9:45,,]  20A0(Xo + 30)[¢7,,]
4

= [aer,Z—m]~ (3'51)

r 7o

This set can be inverted algebraically to derive [¢p,,] and [penr] in terms of [t o]

and (¥ ¢, r]. Explicitly,

o = (il B¥iaeal) (4 4) 7 (5.5)

B B B B
Wsoml O3, )\ (B B\
[&*Mm] - ( A - /Nl Z - Z . (353)
where we defined
Ao(A 16(\o + 21
A= w, B .= _M, (3.54)
T T
N 2 _ 2491 24
A= —%(iﬁ 30 g Qo 020 +304) (3.55)

In these equations, the jumps [¢3, ] and [0,45,_,,] on the right-hand side are read-
ily obtained from the source of the Teukolsky equations, as explained in Appendix A,
where explicit expressions for these jumps are given in the case of circular orbits in

Schwarzschild .

3.4 Summary of proposed evolution scheme

In summary, our evolution scheme for the Hertz potential consists of the 1+1D evolution
equation (3.23), the asymptotic boundary conditions (3.30) and (3.32) (“physical”), and
jump conditions across the particle’s orbits, given as solutions to Egs. (3.46) and (3.47).
We have sketched how the actual jump conditions for the modes of the Hertz potential

may be obtained in practice, depending on the orbital configuration.

In the next Chapters we will illustrate the application of our method with the concrete
example of a particle moving in a fixed circular geodesic orbit around Schwarzschild and
Kerr black holes. We formulate the evolution problem as applied to this case, including

explicit expressions for the jumps across the particle. A full numerical implementation
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will be presented in Chapter 5 for Schwarzschild and in Chapter 7 for Kerr. In our

implementation, we will choose the IRG.
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Chapter 4

Circular orbits in Schwarzschild

(formulation)

As a first example, in this chapter we apply our new method to the case of circular
geodesic orbits in Schwarzschild spacetime. An important simplification arises, since
the individual (I, m) modes decouple from each other in the Schwarzschild case. Still,
the example is useful in illustrating the applicability of some of the key novel features
of our method, and in starting to build the necessary computational tools for a Kerr

implementation.

In this Chapter we present the formulation of the problem, specializing the equations
of the previous chapter to the case of circular geodesic orbits in Schwarzschild, and giving
all relevant equations in explicit form. We also derive explicit analytical solutions for
the axially-symmetric modes of the Hertz potential. A full numerical implementation

will be presented in the Chapter 5.

Specialized to a = 0 (Schwarzschild case) and s = —2 (IRG), the 141D Teukolsky

equation (3.23) becomes

Ol + U)o, + V ()8l + W(r)e" =0, (4.1)
with
2M 2
v =22 vin=-2, (4.2
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A 2M
win=1(z-%). -
where we have introduced
f(r)y:=1-2M/r, A= (+2)(¢—-1). (4.4)

Note that, in the Schwarzschild case, (i) the 1+1D Teukolsky equation does not cou-
ple between ¢ modes, so individual modes evolve independently of each other; (ii) the
equation has no reference to the azimuthal number m (as expected, by virtue of the
background’s spherical symmetry); and (iii) the modified coordinates @, v reduce to the

standard coordinates u, v.

Next consider the jump equations (3.46)-(3.47). For a = 0, the coupling terms drop.
Specializing further to a circular geodesic orbit with radius r, = ro(= const > 2M), the
coefficients on the left-hand side of (3.46)-(3.47) work out to be

1
ag = iréfgx\(k +2)
o = 25 [A—y(A=3) = 28%(A +5)] /0,

az = 2r5fo(\+6y)/72,

as = 16MrS/~3, (4.5)
bp = 0=bo,
by = 47“8 [)\ —2y(A—1) — 6y2} /70,
by = 85/, (4.6)

c = r0fi1—yAA+2),

o = ford [A(A +5) = 2(A% + 2\ — 6)y — 2(4\ + 17)y>

+ ]-23/3] /707
_ 5 2 3 2
er = 20 [3A+ (15— TA)y + 200~ 23)? + 249°] /43,
3 = 2forg(A+22y) /78,
ey = 16Mr8/’y§,
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1
do = FrofiAN+2),
i = 23fo [3X— 500~ Dy — 1247 /0,

dy = 20§ [3)+2(5 - 3)\)y — 249?| /3,

ds = 16for/5,
dy = 8r5/7,
(4.8)
where »
T T T (- B (4.9)

We have used here the fact that, for circular geodesics, 4, = 0p(= 7o) and all higher-

order 7 derivatives of u, and v, vanish.

Furthermore, for a circular geodesic orbit we may assume that [¢¢,,] depends on time

Q:=dpy/dt = \/M/r} (4.10)

is the orbital angular velocity. Hence, in Eqs. (3.46)-(3.47) d/dr may be replaced with

—imSQt

solely via e , where

—imS(dty/dT) = —imSQyg. These equations then become algebraic, taking the simple

form

as [@] +b[6.] = (—1)" [dom] -
enlg] +dsloe] = (~1)™ [Otag m|, (4.11)

where ay, = Zizo(—imQ’m)”an and similarly for by, ¢» and dx. The solutions are

[ %G] = (_é)m (dz [@Ez,e,—m] — by [31;152,4,—77@])7 (4.12)
[&Gﬁigﬂ = (_é)m (az [&ﬂﬁz,z,fm} —Cx [@uﬁmb, (4.13)

where A = andy, — by.cxy;, and we have restored all labels. We find
- 1
A= 1 X2\ +2)% + (12mM0)?) (4.14)

which, we note, is positive definite.

Equations (4.12) and (4.13) give the desired jumps in the Hertz potential and its v
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derivative in terms of the jumps in the Weyl scalar (¥g) corresponding to the physical
perturbation. The latter jumps are easily obtained from the distributional source of the
Teukolsky equation satisfied by the Weyl scalar. In Appendix A we show how the jumps
|:8U1;2’f’_m:| and {1/_)2’&_4 are derived, and give them explicitly for circular geodesic
orbits in Schwarzschild. Once [¢] and [¢,] are known, the jumps in other derivatives
of ¢ can be obtained iteratively, by means of the general procedure described in the

previous chapter. For instance,

[¢u] = —imQ[¢] —[¢.],

[P0u] = =U(ro) [pu] = V(ro) [¢.0] = W(ro) [4],

[Pu] = —imQ[du] = [Pu],

[P0] = —imQ[pu] = [P0u], (4.15)

and so on.

4.1 Analytical solutions for m =0

Axisymmetric modes (those with m = 0) are also stationary, and admit simple analytic
solutions. We write these solutions here explicitly, as they will be useful in testing our

numerical implementation in the next chapter.

For m = 0 we have qﬁft = 0, and the homogeneous Teukolsky equation (4.1) reduces

to
’ /
r|(Rr2e) 102n] = aef =0 (416)
where a prime denotes d/dr. Two linearly independent solutions are
P7=2(x)
’ ‘ Y
¢ oo o) or)
Qm:2 T
” W g, (417

2O+ 2)(r — 2M)

where P} and Q' are associated Legendre functions of the first and second kinds,

respectively,  := (r — M) /M, and the solutions have been normalized so as to render
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the Wronskian ¢ independent:

M
(¢5) 66 — dp(0h) = ey (4.18)

/—

The solution qbfp blows up as ~ =1 at infinity but has a regular Taylor expansion at

the event horizon. The solution gi)é) is regular at infinity (where it falls off as ~ r—¢=2)

but blows up as ~ f~2 at the horizon.

Recalling Egs. (3.33) and (3.34), we see that ¢% satisfies physical boundary conditions
on the horizon (but not at infinity), while (;56 satisfies physical boundary conditions at

infinity (but not on the horizon). Therefore, a unique physical solution is given by

Doy = Cy(ro)dp(r),
Doy = CF(r0)d5(r). (4.19)

The coefficients C;"(rg) are determined from the two jump conditions ¢ (r0) — ¢y (70) =

[be0] and ()" (r0) = (¢0) (10) = [¢}e), giving

Cr = 73 (9] dro) — (8] 9(ro)) /M,
Cf = 1313 (1] 6p(ro) — [d] &p(ro)) /M, (4.20)

where we have substituted for the Wronskian from Eq. (4.18). The jumps [¢g] and
[®50) = (2/f0) [¢e0,] are calculated using Eq. (4.12) with Egs. (A.16) and (A.17). For

m = 0 we obtain the simple expressions

167 pyo .
(0] = 2N+ 2) (yzyé - zforoﬁyg) ; (4.21)
/ _ 87 Lo N2 2 )
[600] = AT 2) {20001 = 9)* + 4 + yfoA| ¥
+2i fo(1 + 2y)roQV — f3 Vs } (4.22)

where V* := ¥y (5,0), and Y and Y, are, respectively, the first and second derivatives
of 94, (#,0) with respect to 6, evaluated at § = /2. We note that )¢ and yge vanish
for all odd values of ¢, while yg vanishes for all even values of ¢. Inspecting Eqs. (4.21)
and (4.22) we consequently find that the jumps [¢g] and [¢y,] are real for even £ and

imaginary for odd /.

In summary, the axially symmetric piece of the IRG ¢-mode Hertz potential in and out
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of a circular geodesic orbit in Schwarzschild spacetime (¢_,,, and (Zirzeo: respectively) is
given analytically by Eq. (4.19), with the coefficients Cj(ro) given in Eq. (4.20) [with
Egs. (4.21) and (4.22)]. The m = 0 solution is purely real for even ¢ and purely imaginary
for odd ¢. We have checked that our analytic solution (4.19) agrees with that obtained
in Ref. [34] using a different method, namely starting with ¥4 and using the “angular”

inversion formula (2.52).

62



Chapter 5

Circular orbits in Schwarzschild

(numerical implementation)

In this chapter we present an illustrative numerical implementation of our method, spe-
cializing to circular geodesic orbits in Schwarzschild spacetime. Our goal here is twofold:
First, we will be able to provide some test for our formulation by comparing numerical
results with results obtained analytically or using other methods. Second, we aim to
illustrate the kind of numerical implementation strategy we have in mind, which, we be-
lieve, can be used to tackle more general cases. Here we do not seek sophistication in our
numerical technique, and we do not concern ourselves with questions of computational

performance or code optimization. We leave such matters to future work.

5.1 Method

Our code solves for the IRG Hertz-potential modes qﬁg‘f}(r,t) by evolving a finite-
difference version of the hyperbolic equation (4.1) on a fixed 1+1D grid in double-null
(u,v) coordinates, subject to the jump conditions (4.12) and (4.13). This double-null

approach follows the general strategy set out in Refs. [50, 51, 38].

Such characteristic evolution has been successful in computing GSF for circular [51],
eccentric [38] and generic orbits [100] in Schwarzschild. The major advantage comes
from imposing only initial conditions on the null rays instead of conditions on the causal
boundaries of the numerical domain needed in a standard Cauchy evolution. A careful

implementation of the latter boundary conditions becomes difficult for high ¢ modes as
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discussed in [101]. We avoid this problem altogether with a characteristic evolution.
Moreover, we choose the 141D approach as it fits our setup, where the spacetime is
separated in two halves and matched with a discontinuity at the particle location. A
2+1D approach would require a careful handling of a string-like discontinuity over the
spacetime. Such procedure has not been implemented to the best of our knowledge
and may need careful and non-trivial handling of such discontinuities. Additionally, the

reduced dimension of the 141D scheme allows for a faster computation.

Our finite-difference method, detailed in Sec. 5.2, is a straightforward second-order
convergent scheme. By this we mean that its global (time-accumulated) error scales as
h?, where h x h are the null-coordinate dimensions of a single grid cell. (To achieve
this requires that the local finite-difference error at each grid cell scales with a higher
power of h). Higher-order convergence may be desirable in future applications. It can
be achieved in a straightforward manner, following, e.g., the methods of [103] or [38].
In practice, we compute finite-difference scheme with an error of O(h?*) in the case of
vacuum cells (since the total number of such cells scale as h~2) and an error of O(h?)
for the cells crossed by the particle (since the total number of such cells scale as h™1),
thus providing an accumulated error of O(h?).

The code, implemented in Mathematica, takes as input the orbital radius rg and the
mode numbers ¢, m, and returns the fields ¢2t7flRG(t, ). The evolution starts from initial
data on two characteristic rays v = r.(rg) =: v and u = —r.(rg) =: ug, which intersect
on the particle’s orbit at ¢ = 0. The numerical integration then proceeds along successive
v = const > vy rays, with the jump conditions (4.12) and (4.13) imposed whenever the
particle’s worldline [represented by the line v = u + 2r.(rg)] is crossed. The future
boundaries of the grid are taken at some large values of v and u (approximating null
infinity and the event horizon, respectively), so the numerical domain has no timelike
causal boundaries where boundary conditions would have been required. For initial
data we take, for simplicity, (;ng’(v =) =0 = gbg;G(u = ug). This choice, which
violates the jump conditions at r = rg, produces an initial burst of nonphysical (“junk”)
radiation, which, however, dies out over time (with some /-dependent inverse-power
law). Non-zero values of the fields are provided by the jump conditions at the particle
location. As shown in Fig. 5.9, the evolution proceeds until the level of junk radiation

(as determined from the residual nonstationarity of the numerical solution) drops below

a set threshold, and one then discards the early, junk-dominated part of the data.
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How can one be sure that the late-time solution thus obtained is the physical, “re-
tarded” solution sought for? Our artificial choice of characteristic initial data means that
the early part of the evolution likely contains a nonphysical component that violates the
retarded boundary condition (it would contain, in particular, radiation that comes in
from past null infinity and out of the past horizon). Since the numerical solution satis-
fies the correct jump conditions on the particle (up to numerical error), this nonphysical
component may be thought of as a homogeneous (vacuum) perturbation superposed on
the true, inhomogeneous physical solution. With our choice of initial conditions, we
also know that this vacuum perturbation has an initial compact support. It is a well
known feature of the vacuum Teukolsky equation (see, e.g., [97]) that solutions of an
initial compact support die off at late time and have no manifestation at timelike infinity.
Thus, we expect the nonphysical component of the numerical solution to die off at late

time, and the full solution to relax to its physical value.!

As discussed in Sec. 3.2, one can also check a posteriori whether the numerical solution
is the physical one. For stationary (m = 0) modes, in our IRG case, all nonphysical
solutions blow up either at infinity or at the horizon (or at both), so demonstrating
boundedness of our solution (even in the limit of diminishing step size) should suffice
to establish that the solution is indeed the physical one. For nonstationary (m # 0)
modes, boundedness on the horizon implies that the internal solution ¢~ is the physical
one, though, in our IRG implementation, we have no such direct test for the external

solution ¢*.

Our numerical experiments indeed suggest that the Hertz-potential field always settles
down to the true, physical solution at late time (to within our controlled numerical
accuracy). This is shown most convincingly by comparing with analytic results (for
m = 0) and frequency-domain numerical calculations (for m # 0), in which the correct

boundary conditions were explicitly imposed. We present some of this evidence below.

n order to obtain a late-time solution other than the retarded one, one would need to adjust the
form of characteristic initial data at late retarded and advanced times, so as to represent radiation
coming out of past null infinity and/or out of the past horizon. Our argument is that whenever the
initial data are compactly supported, as in our implementation, the solution will relax to the retarded
one at late time.
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5.2 Finite-difference scheme

In this section we describe the finite-difference scheme used in this chapter for numeri-
cally computing the Hertz-potential modes in the time domain. Our treatment is based
on a characteristic evolution of the vacuum field equation (4.1) on a fixed 141D uniform
mesh in double-null (v, u) coordinates. The numerical domain is depicted in Fig. 5.1. We
start with initial conditions on the rays v = vy and v = ug, and evolve along successive
rows (“rays”) of constant v. At each step of the integration, we approximate the value of
the field at a grid point using the already-known values at a few grid points in its recent
“causal past”. The form of the finite-difference formula applied depends on the position
of the grid point with respect to the particle’s worldline (represented by the vertical line
v — g = u — up): For points that are sufficiently far from the worldline (those marked
‘V’ in Fig. 5.1) we apply a certain “vacuum” formula, whereas for points in the vicinity
of the worldline (‘L’, ‘R’ or ‘RR’) or on it (‘P’) we apply modified formulas that involve
the known jumps in the value of the field and its derivatives across the worldline. Below

we shall describe the finite-difference schemes applied for each type of point.

Figure 5.1: Our 141D double-null uniform grid in (u,v) coordinates. The
numerical integration starts with characteristic initial conditions on v = wvg
and v = wug and proceeds along successive lines of constant v. The particle’s
worldline is represented by the vertical dashed line at v — vg = u — ug, and grid
points are labelled in accordance with their position with respect to it. In the
text we describe the finite-difference formula applied for each type of grid point.

But first we introduce some notation. We let h denote the constant stepping interval
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(in each of v and u), so that the u, v-coordinate dimensions of a single grid cell are h x h.
Consider an arbitrary grid point C at the coordinate position (u,v) = (uc, v.), for some
u. and v.. With reference to the point C, we denote by ¢(n,k) (where n,k € N) our
finite-difference approximant for the value of the field at the grid point with coordinates
(u,v) = (ue — nh,v. —kh). Our goal is to obtain, for each such point C, the value
#(0,0) in terms of the values ¢(n > 0,k > 0) (excluding n = 0 = k) that are computed
in previous steps of the integration. For our second-order-convergence scheme it will
prove sufficient to use the six values ¢(1,0), ¢(0,1), ¢(1,1), ¢#(2,0), ¢(0,2) and ¢(2,2).

This requires storing field values at three successive v=const rays at a time.

We note that the field value at a P-type point is ambiguous: the field there admits,
in general, two different one-sided values ¢~ and ¢. We have found it convenient to
assign to each P point a concrete one-sided value, and in practice we take it to be the
left-hand value ¢~. (The choice of side here is arbitrary; assigning the value ¢+ would
work just the same.) This amounts to taking the orbit to pass “just to the right” of the
line of P points. Henceforth, whenever we refer to the value ¢(n, k) at a P-type point,
we mean ¢~ (n, k). Of course, given ¢~ at a P-type point, the right-hand value may be

immediately recovered using

¢t =9~ + 9], (5.1)

where [¢] is the known jump in ¢ at that point.

5.2.1 V-type (vacuum) grid points

V-type points are those with coordinates (u,v) satisfying Av — Au > 3h or Av — Au <
—2h, where henceforth Av := v — vy and Au := u — ug. Let us consider an arbitrary
V-type grid point at (u,v) = (ue,v.). To obtain a finite-difference expression for the
field value at that point, it is convenient to consider the integral of both sides of the
field equation (4.1) over the grid cell with vertices (uc, ve), (ue — h, ve), (e, ve — h) and
(ue—h,v.—h) (i.e., the grid cell with our V-type point as its upper vertex). We represent

that integral with the symbol .

Let us consider Eq. (4.1) term by term. First, we have

/<>¢,m dudv = $(0,0) — ¢(1,0) = ¢(0,1) + (1, 1), (5.2)
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which is ezxact, and does not involve any finite-difference approximation. Next, for the

fourth term in (4.1) we obtain

[ Woduts = S1EW () [6(1.0) + 6(0.1)
+0(h%Y), (5.3)

where 7. is the value of r at the point (uc,v.). This finite-difference approximation
suffices for our purpose: since the total number of V-type grid points scales as h™2, the
accumulated error from the omitted O(h*) terms should be of O(h?) at most, consistent

with the sought-for quadratic convergence.

To obtain finite-difference approximations for the second and third terms in (4.1), we
apply the following, more systematic procedure (following [38]). We first formally write
¢ as a double Taylor expansion in u and v about the point (u., v.), keeping terms up to

O(h?):

d(u,v) = Z cij(u —ue)' (v —vo)? + O(h%). (5.4)

i,j=0
This should be valid in a vacuum neighborhood of (u., v.). Taking (u., v.) as our “(0,0)”
point, we then apply Eq. (5.4) at each of the vacuum points (1,0), (0,1), (1,1), (2,0),
(0,2) and (2,2). This yields six algebraic equations for the six coefficients ¢;; (0 < i,j <
2) in terms of the values ¢(1,0), ¢(0,1), ¢(1,1), ¢(2,0), ¢(0,2) and ¢(2,2), assumed
known. We solve these equations and substitute the coefficient values back into Eq.
(5.4), to obtain an approximation formula for ¢(u,v) valid through O(h?) in the vicinity
of (uc,vc). Using this formula with a Taylor expansion of the (smooth) potentials U(r)
and V(r) about r = r., we obtain approximation formulas for the two terms U(r)¢,,
and V(r)¢,, valid through O(h) near (uc,v.). Finally, integrating over the grid cell, we
obtain
/<> U(r)ududo — % (AU + hU,.) [6(1,0) — 6(2,0)]
HE8U — AU ) [9(0,1) — 6(1, )]

AU [$(2,2) — 6(0,2)]} + O(hY),
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[ VOIsdude = SV V) 60,1 - 0(0.2)
8V + WV, [6(1,0) — 6(1,1)]

+AV [6(2,2) — (2,0)]} + O(h*),

in which the radial functions U, U, V and V. are all evaluated at r = r.

Adding together the expressions (5.2)—(5.6) and equating to zero [the cell integral of
the right-hand side of (4.1)], we obtain the desired finite-difference formula for ¢(0,0)

in the vacuum case:

Bvac(0,0) = Hyp, d(n, k) + O(h*), (5.7)
n,k

where the only nonvanishing coefficients are

h h?
Hypy = 1-— 6(U+ 7V) — Q(U’r* + ‘/,T* + 12W),

h h?
Hy = 1——(V+70)+ ﬁ(U,T* + V., — 12W),

6
Th h2
Hy = —1+F(U+V)—Q(U7T*—Vr*),
h h2
H = = aaY.re
20 6(U+V)+24U,*
h h2
Hopp = E(U+V)—QV,T*,
h
Hoy = —E(U—I-V). (58)

Here, all radial functions are evaluated at r = r..

5.2.2 Near-particle grid points

RR, R, L and P-type points are those with coordinates (v, u) satisfying Av — Au = 42h,
+h, —h and 0, respectively. For such points, the above vacuum scheme (5.7) does not
quite work as it stands, because it involves field values at points on both sides of the

particle’s worldline, where the field has a jump discontinuity.

To account for the discontinuity we apply the following procedure (again following

[38]). For a given near-particle point (RR, R, L or P) with coordinates (u., v.), we write
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down two separate Taylor expansions,

oF (u,v) = 22: cig (u —ue) (v —ve)? 4+ O(h?), (5.9)
i,j=0

each suitable for points on the corresponding side of the particle: ¢~ for points on the
“left” (r < rg) and ¢ for points on the “right” (r > rg). We apply the formula to the six
points (1,0), (0,1), (1,1), (2,0), (0,2) and (2,2) as before. This now yields 6 equations
for the 12 coefficients cf; (0 <1i,5 < 2), so the system is underdetermined. However, the
known jump conditions across the particle’s worldline provide additional constraints: we
get 6 additional relations between the cgg’s by imposing the known jumps [¢], [¢ 4], (@],
[0 wul, [Puv] and [¢ 0] at some point along the worldline. We choose that point to be
(0,2) for the RR case, (0,1) for the R case, (1,0) for the L case, and (0,0) for the P
case. Solving the resulting set of 12 equations, we obtain the 12 coefficients cz?? in terms
of the field values at the above six points and the above 6 jumps. Substituting back into
(5.9) again gives an approximation formula for ¢* in the vicinity of (u.,v.), which can
be used to construct approximate expressions for each of the terms in the field equation
(4.1) near (u.,v.). Finally, we integrate these expressions over the grid cell, using either

‘+’ or ‘=’ values, as appropriate (the former for cases RR and R and the latter for case

L; for P points we use ¢ on the right-hand half of the cell and ¢~ on its left).

Following this procedure, and collecting all terms, we arrive at the near-particle finite-
difference formula

¢x(0,0) = ¢vac(0,0) + Jx + O(h?), (5.10)
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in which X € {RR, R, L, P}, ¢vac(0,0) is the vacuum expression given in Eq. (5.7), and

the form of the jump terms Jx depends on the point type in question:

1 1
JRR = (h(U+ V) - 24}12‘/}*) [Pl (0,2)>

6
Jp = (1 — hU — %h2W + 214h2U,r*> (90,1
—éhQ(U +W)owl0,1)
J = — (éh(U—i— V) + 214h2U,r*) [9)(1,0)
+éh2(U + W)@ .ul (1,05
Jp = — (1 —hV — 214}12‘/,7‘*> (9] (0,0) — %hQV[dzv](o,O)

1 5)
+ (h - §h2U - 6h2v) [d),u]((),())

1

—§h2 ([¢,uu](o,0) + [¢,uu](0,0)) : (5.11)

Here, all radial functions are evaluated at the point (0,0) under consideration, while the
jumps are evaluated at the appropriate worldline point, indicated in subscript. Note
that we have truncated the expressions at O(h?), leaving an O(h3) error in Eq. (5.10).
We allow ourselves to do so because the total number of near-particle (RR, R, L and
P-type) points scales only like 1/h, so the accumulated error from the omitted O(h?)
local term should scale as h? at most, consistent with quadratic convergence. We also

note that Jp may be written, through the relevant O(h?), in the alternative form

1 1

Jp = —3 ([(f)]((]’o) + [¢](1,1)) — Zh ([¢,r*](0,0) + [d’,r*](l,l))

1 1
+ (hV + 24h2v,r*> (9] (0,0) — ghQV[dﬁvko,O)

1 )
- <3h2U + 6h2V> [9,u) (0.0 (5.12)

which involves jumps in the field and its first derivatives only [at the expense of requiring

the jumps at the point (1,1) as well]. This form may be simpler to use in practice.

Equations (5.7) and (5.10) constitute our finite-difference scheme. We see that, at the
required order, the implementation of our scheme requires knowledge of the jumps in
the field and its first derivatives only. Jumps in higher derivatives may be required for

scheme with convergence faster than quadratic.
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5.3 Sample results: Circular orbits in Swarzshild space-

time

Table 5.1 compares our TD values of the

fields || with the respective FD values Table 5.1: Our time-domain numerical re-
’ sults for [¢~(rp)| (upper values) compared

[104]. Figure 5.2 shows sample results for with frequency-domain results [104] (lower

(¢,m) = (2,0), demonstrating the relax- values). Here rp = 7M and h = M/8.

ation of the numerical solution towards the (I,m) s (T‘p)|

analytically known solution (4.19) at late
2,0 | 0.01210855

time. The figure displays the behavior of

0.01210815
the fields ¢4, and ¢y, on the particle (fixed 2,1 | 0.00305721
on a circular geodesic orbit at rg = 7M), as 0.00305704
a function of time. The inset illustrates how 2,2 | 0.00172599
0.00172575

the asymptotic agreement with the analyt-
ical solution improves with decreasing grid
size. Our highest-resolution run in this case (with h = M/8) took about 3 minutes on a

modest laptop.

We tested convergence for a single (I,m)-mode and found the expected quadratic
convergence for all modes as shown in Fig. 5.8. The convergence results both for
static and non-static modes are positive and provide a convergence ratio approaching
the value of 4 (as confirmation of quadratic convergence). If we use as a rough measure
of numerical error the difference between the highest-resolution value and the value
obtained via a Richardson extrapolation to h — 0 (assuming quadratic convergence),
we see that the extrapolated value is consistent with the analytical result to within the
estimated error. As can be seen from Table 5.1 the accuracy of our results is good, as
relative errors show (for our highest-resolution run h = M/8) a mere ~ 5 x 10~° relative

error.

Figures 5.3 and 5.4 further test the m = 0 solution for a variety of £ values, again
comparing with the analytical solution (4.19). Higher multipoles exhibit smaller-scale
features, the resolution of which demands smaller step sizes and hence extra computa-
tional resources. On the other hand, higher multipoles also relax faster at late time,

allowing a shorter evolution, which somewhat alleviates the computational burden.

Figures 5.5 and 5.6 display numerical results for a nonaxisymmetric mode of the Hertz
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Figure 5.2: Relaxation of the numerical solution at late time. Shown here are
numerical results for ¢, (t,79) (divided by p/M?), i.e. the (£, m) = (2,0) mode
of the IRG Hertz potential along the particle’s orbit (where it is discontinuous),
as a function of time. The orbit is a circular geodesic with ro = 7M. The early
part of the solution is dominated by nonphysical junk radiation. The solution
relaxes at late time to a stationary value, shown to be in agreement with that of
the analytical solution (4.19), indicated as a dashed line. The inset shows, for
®90, how the agreement with the analytical solution improves with increasing
numerical resolution: shown, on a semilogarithmic scale, is the magnitude of
relative difference between the numerical data and the analytic value for each
of h = {%, %, %}M , along with (in the dashed line) a Richardson extrapolation
to h — 0, which assumes quadratic convergence in h. As a rough error bar
on the extrapolated value one may take the magnitude of its difference with
the h = M/8 result, which in relative terms is ~ 3 x 107°. We see that the
extrapolated value agrees with the analytical result to within that error bar.

potential (m = 1). In this case we do not have analytical results, but we can compare
with numerical solutions obtained using the frequency-domain approach of Merlin and
Shah [68], who kindly provided us with numerical data generated by their code. As
demonstrated in Fig. 5.5, our results agree with theirs to within our (small) estimated
numerical error. Figure 5.6 illustrates the behavior of the m = 1 solution on a t=const
slice, showing waves away from the particle and a discontinuity on it. In Fig. 5.9 we

show the real part of the Hertz field on the full (u,v)-grid.

Once we have at hand the Hertz potential, reconstruction of the IRG metric per-
turbation becomes straightforward, through a mode-by-mode application of Eq. (2.75).
Figure 5.7 shows, as an illustration, some of the components of the (¢, m) = (2,0) mode
of reconstructed perturbation in the vicinity of the particle. The analytical solution is

also shown, for comparison. We observe hrae5+ #* hgfg_ on the particle, as expected.
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and they can be used to compare with results obtained in other gauges.
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Figure 5.3: The axisymmetric piece of the Hertz potential on the particle, for
different ¢ values. We show here |¢,,(t,70)| (divided by pu/M?) for £ = 3,4,5,10
and rg = 7M. The corresponding known analytic values are shown in dashed
lines, for comparison. Note how modes of higher ¢ relax faster, as expected.
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Figure 5.4: Same as in Fig. 5.3, this time showing the behavior of |¢7;| as a
function of r at some fixed (late) time ¢ = tg. We show individual numerical
data points, with the analytic solutions (dashed lines) displayed for comparison.
The fields ¢,, and ¢}, do not agree on the particle [recall Eq. (4.21)], which is
clearly manifest in the ¢ = 3 case; higher-¢ modes have smaller jumps, which
are harder to resolve by eye in this figure.

We remind that the components on the metric perturbation shown in Figure 5.7 are

given in a particular gauge (the IRG). It is useful to consider gauge-invariant quantities

constructed from the perturbation, as these have a more solid physical interpretation,

gauge-invariant quantity (for circular orbits) was first introduced by S. Detweiler in

[65]: it is the contraction hj,,ufu”. It can be shown that each of its £,m modes is
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Figure 5.5: Results for (¢,m) = (2,1). This figure is organized the same as Fig.
5.2, but for convenience we show here the quantities |¢3; (t,70) —2Ya1(7/2, ¢p(1))]
(divided by p/M?), which are ¢ independent in the physical solution. Again,
ro = 7M. Each one-sided numerical solution settles down to a constant value,
which appears to be in agreement with solutions obtained using the frequency-
domain approach of Ref. [68] (dashed line). The inset explores the agreement
for ¢5; in more detail: it shows the relative difference between our numerical
results and the frequency-domain ones for three choices of step size h, with a
Richardson extrapolation to h — 0 (dashed line). As a rough error bar on the
extrapolated value we take the magnitude of its difference with the h = M /8
result, which in relative terms is ~ 3 x 107°. We see that the extrapolated value
agrees with the frequency-domain result to within that error bar (the numerical
error of the frequency-domain value is known to be much smaller).
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Figure 5.6: A t=const slice of the same solution shown in Fig. 5.5. We show
the real part of the IRG field ¢2; as a function of r, on some (late) time slice.
The noisy features at both extremes are remnants of initial junk radiation, to
be discarded.
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Figure 5.7: The (¢,m) = (2,0) mode of the time-domain reconstructed IRG
metric perturbation hraeCi, in the vicinity of the orbit (a circular geodesic at
ro = 7TM). We show, for illustration, only four of the components (with hy and
hy divided by p/M and hgg and hy, divided by pM ), on a t=const slice. Data
points correspond to numerical data, and the solid lines come from applying
the reconstruction formula (2.75) to the analytical solution (4.19). This recon-
structed perturbation can be used directly as input for a SF calculation, using
the mode-sum procedure reviewed in Sec. 2.6.1.

individually gauge invariant. Here we compare the value reconstructed from the static

mode (¢, m) = (2,0) of the Hertz potential (ro = 10M):
(hpuu 5P = 0.0784077,  (hyutu?)iP = 0.0784074. (5.13)

These values show a relative error of ~ 3 x 1076 for our highest resolution (h = M/8),
below our estimated error (see [105] for a discussion on similar overestimated errors in the
scalar case). The surprisingly good match may relate to the comparison of static modes,
where the evolution is particularly stable and the rate of convergence behave marginally
better then a second order one (notice inset in Fig. 5.8 (a), where the convergence ratio

sits above the value of 4).
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Figure 5.8: Convergence test in semi-Log scale for rg = 7TM, m = {0,1}, M =1
and grid-step h = {M /2, M /4, M/8}. Here we show the test for ¢ = 2 for static
case (up) and non-static case (down). Similar results are found for different
values of £. The insets show the absolute value of the convergence ratio (¢a7/2 —
®rni/a)/(Dar/a — Prrys) where the subscript denotes the grid-step size h. We find
quadratic convergence for static modes and non-static modes for the field values

near the particle.
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Figure 5.9: Here we show u/M?Re[¢y;(u,v)] for 1o = 6M, M =1, u = 1
on the full (u,v) grid. The initial noise clearly falls off at late time and the
discontinuity at the particle (diagonal of the grid) is visible.
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Chapter 6

Circular orbits in Kerr

(formulation)

In this chapter we extend the application of our method to circular orbits in Kerr space-
time. The Teukolsky equation for a # 0 cannot be fully separated into multipole modes
in the time domain. Nevertheless, we choose to decompose the Hertz field ® in (spin-
weighted) spherical-harmonic ¢-modes and solve Teukolsky equation as a set of coupled
equations. We compute the jumps needed for the numerical implementation by solving
the system of equations (3.46) and (3.47). In this system, the coupling terms are dealt
with using an iterative scheme to be described below. The Teukolsky equation (3.23)
contains new types of terms (involving first and second time derivatives), necessitating
significant modification to our finite-difference scheme. Similarly to the Schwarzschild
case, the solution for the axisymmetric modes (m = 0) is obtained analytically. We

derive this solution here and compare it with our numerical results in Chapter 7.

Here we specialize to a circular geodesic orbits with radius rg = const > 2M in Kerr

—imSQt

spacetime. Thus, we assume that [¢s,,] depends on time solely via e , where €) is

the orbital angular velocity. This is explicitly

1

\/W+a'

Q= dyp/dt = (6.1)
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Hence, in Eqgs. (3.46)-(3.47), the derivatives d/dr may be replaced with —imSQ(dt,/dr) =

—imSyy, where

1+ o’
SN b s it B (6.2
\/1 —3v? + 24503
with v = \/ro/M. Thus, we write the system (3.46)-(3.47) as
ay [¢] + b [p.] = (=)™ {1/_12’@7,”1} — Z-terms =: Sy,
ex [ +ds o] = (=)™ {81)1;27474”] — Z-terms =: So, (6.3)

where ay, = Zf’l:o(—imﬁw)”an and similarly for by, ¢y and dy. We recall that the
terms collected under ‘Z-terms’ are certain linear combinations of the coupling term
T(¢**, ¢**2) and its © and @ derivatives (up to third derivatives), which have entered
the relations via our use of the Teukolsky equation (3.23). The Z-terms are taken to the
RHS and considered as sources for the set of equations. To write explicitly S; and S
as functions of [1212,6,—m} and {81,152757_74 we impose the circular orbits condition for the
Z-terms. The time derivatives in {I (¢, qbgﬂ)} can be written in terms of [¢y,,] using

ddem /dt = —im&Q¢yy,, resulting in

[Z] = —a?(—imQ/2)> (Ci+ [ ﬁﬁ] +ct M#} +ct [ ﬁ%l] e [ ﬁfnzD

t2ias(~imQ/2) (¢ [o5] + e [65]). (6.4)

where the constant coefficients are given by (3.11) and (3.12). We are now ready to

implement an iterative scheme over the Z-terms in the equations (6.3).

6.1 Iterative scheme for coupling terms

The equation (6.4) shows that all interaction terms are proportional to at least one power
of aQ2. In Fig. 6.1 we plotted af) for a particle orbiting at the ISCO (the Innermost
Stable Circular Orbit). We see that afdigsco is bounded from above by 1/2, and it is
usually quite a bit smaller than 1/2 (except for prograde orbits around a near-extremal
hole). Since aQ) < aflsco, this suggests that the dimensionless quantity a2 may serve
as a perturbative parameter in Eq. (6.3). With this in mind, we impose at zero-th order
the following:

[I(O)} =0 = Z-terms® =0, (6.5)
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Figure 6.1: The dimensionless parameter a{ligsco as a function of black-hole
spin. Note this parameter is bounded from above by 1/2, and it is usually quite
a bit smaller than 1/2.

where the subscript indicates the order of the iteration. Then, the jumps for the Hertz
potential are computed following the procedure used in the Schwarzschild case (see

Chapter 4). These are given explicitly by

[¢IRG(0 ] = (_é)m (dz [ﬁuﬁm} — by {3v1;2,£,7m]), (6.6)
[ U¢IRG(O] — <_é)m (az [&ﬂ]}u,—m} —cy [@ZQ,L—’”D' (6.7)

Here the coefficients (ay, by, cx, ds) will hold a less simple form than the Schwarzschild
case. We compute each (¢, m)-mode separately, as no general expression takes a mean-

ingful and readable form.

At the first order, we write explicitly the coupling terms substituting the zero-th order
jumps from equations (6.6) and (6.7). Recalling equation (6.4), the first-order jumps for

the coupling terms take the form

[20] = —a(=im9/2)? (04, [6520] +C4 [64510] + ¢ [#520)] + ¢ [65,2))
+2ias(—im$2/2) (c+ [¢£+1(0 ] +ct [(bg;l(O)D .
(6.8)

Using equations (4.15), we write all u-derivatives acting on [I (1)} as v-derivatives. Then,

IRG(0

the zero-th order jumps [8(n Do } can be substituted into Z-terms(!). Notice that the

jumps |0 gZ)IRG for any n, can be written solely in terms of |0, vgbIRG 0 QSIRG .
Im Im
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Furthermore, the latter are computed at the zeroth order and explicitly written only in
terms of [ﬁz,g,fm} and {81,1;2757,,”} as in (6.6)-(6.7). Thus, substituting (6.8) into the
Z-termsV) and making explicit the W”?‘m} and {81,1/;27&_,”} dependence, we conclude
that

Z-termsY) = ag [avd_}lf,fm} + Bo [1/_12,5,4;1} : (6.9)

where (ag, 5p) are constants. In this form, we consider Z-terms™M) as part of the source

for the set of equations (6.3). Thus, the solutions for the latter are

[ﬁ%ﬂ = 2 (ds:S1 — bxSa), (6.10)
[&)qﬁ?;ﬂ = 2 (GZSQ - 0251), (6.11)

where A = agdg — bECE.

This scheme can be implemented iteratively. For the n-th order, Z-terms(™ will be
written explicitly in terms of the jumps {gb?:f("fl)} and {(%(ﬁzic;(n*l)} that are conse-
quently written only in terms of {&2,@,7771} and [&ﬂﬁu’,m}. The iteration can be cut
when the solution reaches the precision desired. We tested the convergence of such

iteration and encouraging results are given in the next numerical chapter.

6.2 Analytical solution for m =0

Similarly to the a = 0 case, the analytical solution of Teukolsky equation (3.23) can be

computed for the static case m = 0. For this mode, we have gbf}t = 0. Hence, Teukolsky

0.008 | ‘ 1
(I, m=(@,0)
0.006 |

0.004 -

0.002 -

0.000 - &
I I I

Figure 6.2: A time-slice of the static inhomogeneous physical-solution of Teukol-
sky equation. Here a = {—0.3M,0.3M}, ro = 7TM, £ = 2 on the left and ¢ = 3
on the right. The dashed vertical line indicates the particle location. The
discontinuity at rg is present for both modes.
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equation reduces to [Eq.(A13) of [91]]

A_S(AS+1(¢5€),T),T - )\sﬂd)sf =0, (612)

where \gp = ¢({+1)—s(s+1). In our implementation we will use IRG, which corresponds

to s = —2. Thus, two linearly independent solutions are
¢5(r) = AP %(z), (6.13)
do(r) = AQ % (x), (6.14)

where z = (r — M)/v/M?% — a2 and (P, ?(z),Q; *(x)) are associated Legendre functions
of the first and second kinds, respectively. The boundary conditions analysis and the
derivation of the jumps for the phyisical solution hold as in the case a = 0. The (;Sf;(r)
satisfies physical boundary conditions on the horizon (but not at infinity), while ¢é (r)
satisfies physical boundary conditions at infinity (but not on the horizon). Therefore, a

unique physical solution is given by

P9y = C[(T0)¢§3(T)7
o = Cf(ro)gg(r). (6.15)

The coefficients C’gt (ro) are determined from the two jump conditions ¢ (ro) — ¢y (ro) =

[be0] and (¢y5)'(r0) — (¢g0) (r0) = [¢}e), giving

- _ [be0] P (r0) — [B40) ¢ (r0)
¢ Pp(r0)dq(ro) — d(r0)¢p(r0)”
i [be0] 9p(ro) — [¢h0) ¢5(r0)
= Garo)dalre) — dp(ro)dp(ra)’ (610
where [¢y0] = (2/f0) [¢r0,0] and
fo= 2A+°2, Ag =12 —2Mrg + a®. (6.17)
7’0 a

The coupling terms for m = 0 vanish [see equation (6.4)]. Then, the jumps [¢)]

and [¢g,] are computed using equations (6.6) and (6.7). For the static case, only the
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coefficients (ag, bo, co, dp) are needed and these are for a # 0

1
apg = §A2A2, (618)
bo = 0, (6.19)
= — —_— .2
€0 2)\2 a2+ T(% s (6 O)
1
do = §>\2A2, (6.21)

where Ay = (¢ — 1)¢(¢ + 1)(¢ + 2). Thus, we find

A= (%AQAQ)Q. (6.22)

Then, the jumps are readily derived as

2

[peo] = MA? [Yo,0] , (6.23)

2(M — 7’0)

2
[Ovbeo] = — [Ovb0.00]) + MA@ +12)

oA [Yo.e0] - (6.24)

These can be compared with equation (40) in [91], where the angular inversion formula

is used to derive [¢y9] from the s = —2 Weyl scalar 14 ¢0.

In summary, we substitute (6.23) and (6.24) into (6.16). The coefficients are then
substituted into the unique solution (6.15). We provide in Fig. 6.2 the plot of this

solution for some values of ¢ and a.
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Chapter 7

Circular orbits in Kerr (numerical

implementation)

In this chapter we present an illustrative numerical implementation of our method,
specialising to circular geodesic orbits in Kerr spacetime. The methodology and the
code implementation setup follow to the previously discussed Schwarzschild case (see
Chapter 5). However, after mode decomposition, the Teukolsky equation is a set of
coupled equations that we solve as a matrix equation. Additionally, time derivatives
are now present in the Teukolsky equation and need to be expressed within our finite-
difference scheme. Similarly to Chapter 5 we do not concern ourselves with questions of

computational performance or code optimisation.

7.1 Method

Our code solves for the IRG Hertz-potential modes QS?;G(T,t) by evolving a finite-
difference version of (3.23) on a fixed 141D grid in double-null (@, ?) coordinates, subject

to the jump conditions derived from the iterative scheme described in Sec. 6.1.

The evolution here presented is not a characteristic one, as for the Schwarzschild
case. The normals to the surfaces @ = const or 0 = const are spacelike (see [106] for
a discussion on light cones in Kerr). This ensure us with a causal evolution, once the
values of the field is set on both initial rays. This kind of evolution is similar to the one
given (for the scalar case) in [73], where the author successfully compared a 241D code

with a 141D code, testing the validity of such scheme. Here we set our code to solve a
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141D evolution in Kerr for the gravitational case. The motivation behind this choice is
strongly related with the simplicity of the extension of our tested Schwarzschild code.
Additionally, as discussed in Chapter 5, our method relies on a clear separation of the
space-time into two separate regions where the vacuum equation are solved and matched
via junction conditions. Such simplification would break down in a 241D approach,
where the major complication of dealing with a string-like discontinuity would arise.
Here we aim to test for the first time such evolution, providing a first insight to the

validity and stability of the method.

Our finite-difference method is a straightforward second-order convergent scheme as
described in Sec. 7.3 and integration of the time derivatives will be given in the finite-
difference form. Higher-order convergence can be achieved in a straightforward manner,
following, e.g., the methods of [103] or [38]. The set of coupled equations is solved for
a set {¢£iim(r, t),..., "¢ (r,t)}. This means that we compute the value of the field
for each point C with coordinates (@, 0) = (%, ¥.) for all the f~-modes within our set
simultaneously. The set of equations must be cut at a chosen £,,,4., and the missing field
values £ap+1 and Cpq42 necessary to solve for p,q:—1 and 4, are set to zero. The
accuracy of such cut-off can be tested by comparing a fixed field mode for different cut-

offs 4. We run such a test and we provide the results in Sec. 7.3. The convergence

may differ for different kind of orbits as higher /-modes may be dominant.

The code presents the same implementation strategy described in Sec. 5.1. The initial
conditions on the (4, v)-axis are set to zero for all modes within our set, producing an
initial junk radiation that we discard. The particle location is set on the grid diagonal
defined by © = @ + 2r(rp). The jump conditions are imposed each time the particle
location is crossed. As discussed in Sec. 3.2, one checks a posteriori whether the numer-
ical solution is the physical one. Our tests suggest that, also for Kerr, the numerical

solution settle to the physical solution. We provide evidence of this in Sec. 7.3.

7.2 Finite-difference scheme: Coupling terms

In the case of Kerr, the coupling terms between different ¢-modes must be added to our
finite-difference scheme described in Sec. 5.2. These are first and second derivatives in

time of the neighbouring ¢-modes (recall, Teukolsky equation (3.23)). To write the time
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derivatives within our (u,?) scheme we use
/ F(r)é, dadi = / F(r)é.; dadi + / F(r)é 2 dids, (7.1)
O O O

/ F(r) s diid = / F(r) 00 ditdis + / F(r)paa didi + 2 / F(r)éas dids, (7.2)
¢ o O o

where F'(r) is a generic function of r. The first derivatives can be written using (5.6)

and (5.5). Explicitly we find for the terms in (3.23)

(iascl,

M R (r) = hE()1) [01(0.) - 641(0,2)]
HAK (1) + hE (1) ,) [¢"1(1,0) = 6°1(2,0)]
H(R(r) + hE(r),,) [61(1,0) — 61 (1,1)]
+H(R(r) = hE(r),,) [610,1) = ¢*1(1,1)]

HK (1) [26(2,2) - 6™(2,0) - "1(0,2)] } + O(h

/(2iasci)[§'(r)¢efl dudv
<> ’

(7.3)

where K (r) and ¢ are given in (3.24) and (3.12), respectively. The second derivative
terms can we written using and expansion with additional grid points. For our second-
order-convergence scheme we add to the previous set six values ¢(0,3), ¢(1,3), ¢(3,0),
#(3,1) and ¢(3,3). This requires storing field values at five successive v=const rays at
a time. We compute each term in Eq. (7.2) and find for the sum:

K(r)

[ Koyt dna = Z0[ - 6(3.0) - 8641(3.8) + 8041 0. 1)

+86°(1,0) — 32¢"(2,2) — 49™1(2,0) — 4671 (2,0)

—941(0,3) + 17641(1,2) + 17641 (2,1)| +

K ()] = 91(3,0) +4671(0,1) — 491(1,0) - 4051 (2,0)
+4651(2,0) + 6°1(0,3) + 6"1(1,2) — 61 (2,1)] +
R ()] 0(3.0) — 801(3.3) + 86410,

+86°1(1,0) — 32¢™(2,2) — 491(2,0) — 46°1(2,0)
—¢1(0,3) + 1761(1,2) + 1761(2,1)| + O(h).

(7.4)

Similarly we write the coupling terms for ¢ + 2.
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These terms will be added to the scheme given in Eq. (5.10) effectively modifying the

vacuum term ¢vac(0,0) as follow:

(bVachoup(Oa 0) = ¢Vac(07 0) + (z)dl (07 0) + ¢d2(07 0)7 (75)

where we defined

a1(0,0) := /<> [(2iasct ) K(r)o + (2iasch) K (r) ¢ diads, (7.6)

$a2(0,0) = /<> @R (r)(CL 057 + CLoft + CLoly! + CL_gy %) dadv. (7.7)

Thus, the finite-difference scheme for Kerr is defined by
QZ)X(O’ 0) = ¢Vac—Coup(Oa 0) + JX + O(hs)a (78)

in which X € {RR, R, L, P} as described in Sec. 5.2.2.

7.3 Sample results: Kerr Case

7.3.1 Vacuum test

As a first test of our code implementation, we have run it without a source, using
compact pulse as initial data. Fig. 7.1 displays a sample of results from our vacuum
runs. We imposed a pulse at » = 7M as initial condition (in practice setting the value of
the first grid element to 1). The typical features of solutions to the Teukolsky equation
in vacuum are present: the quasinormal-mode oscillations at early times and the inverse-
power-law tails at late time. The slope of the tails, for all /~-modes is o t~7 as expected,
since the ¢ = 2 tail is known to dominate the late time behaviour of all £ > 2 modes

through coupling [97].

7.3.2 Static modes: Comparison with analytic solutions

Similarly to the Schwarzschild case, we can compare the particle static axial-symmetric
modes with the analytical solution given in Sec. 6.2. In Fig. 7.2 we present the com-

parison for two values of ¢ and several values of £.
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Figure 7.1: The vacuum Hertz field for a = 10/11M, M =1, m = 0, { =
(2,3,4,5,6,7) and £y, = 7 in a semi-log scale. The inset shows the late time
tails in a Log-Log scale compared with a ¢~7 fall off (red line). The tails, for all

¢-modes, present a fall off < t~7 as the late time behaviour is dominated by the
{ = 2 mode.

7.3.3 Sample results for non-static modes

A set of non-static modes are shown for two values of a in Fig. 7.3. Additionally, we
show a time slice of I'm[po1] for two different spins in Fig. 7.4. The discontinuity at the
particle is clear for both spins and the initial condition noise have been discarded. For

a view of the field on the full (@, ?)-grid, we refer to Fig. 7.5.

7.3.4 Convergence of iteration scheme for jump calculation

In Sec. 6.1 we described how we compute the jumps for the Hertz potential, starting
from the jumps [toen]. Here we tested the iteration procedure for the coupling terms,
by computing numerically the jumps for a fixed (¢, m)-mode of the Hertz potential ®
for different number of iterations. Figure 7.6 shows the results of our convergence test
for a sample of a values. The convergence improves strongly with smaller spin, but even

for spin as high as a = 0.99M only 3-4 iterations are needed in practice.
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Figure 7.2: The plots show the behavior of |¢2%| as a function of r at some fixed
(late) time t = to. Here a = {—0.3M,0.3M }, ro = TM, M =1 and {4, = 5.
We show individual numerical data points, with the analytic solutions (dashed
lines) displayed for comparison. The dashed vertical line defines the particle
location. The fields ¢,, and qz% do not agree on the particle, which is clearly
manifest in the cases of ¢ = {3,5}.
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Figure 7.3: The plots show in a semi-log scale some non-static modes of |gz§j:m|
(m =1and ¢ = {2,3,4,5,6}) for a fixed cutoff of £, = 6. Here ro = 7TM,
M =1 and a = (—0.3M,0.3M) for figure ((a),(b)), respectively,. Similarly to
the Schwarzschild case, an initial noise is present. This fall off rapidly in the
evolution and the field settle to its physical value.

90




0.00015F

Im® (to, r.)]
(I, m)=(2,1)

a=03 | i Im[e(fo, r.)] a=0.9
] (l,m)y=(2,1)

0.00001
0.00010
0.00005

6|
0.00000 5.x10

~0.00005 -
-0.00010 [ of
~0.00015F !
-150 S0 50 0 I 50 100 -150 100 50 0 50 100
r./M r./M
(a) (b)
. ‘
i a=-0.3 r ‘ ‘ i R
| P I (to. )] . a=-09
0000~ 0.00004[ (I, m)=(2,1)
1
1
| 0.00002 | i
1 1
-0.005| : 1 0 !
1
1
1
- Im¢ (¢, 7.)] -0.00002 :
U (bm)y=(2,1) ! il ~0.00004]- !
S50 100 sso ‘(‘)I‘ TS 100 ~150 S0 50 o 50 100
r.M r./M
(c) (d)

Figure 7.4: We show the imaginary part of the IRG Hertz potential for (¢, m) =
(2,1), ro = TM, M = 1, by, = 4, t = constant as a function of r,. The
discontinuity at the particle location (dashed vertical-line) is clear for both
spins. The noisy features at the extremes have been discarded.

80
0.00004

0.00002

o Im(¢)

-0.00002

-0.00004

Figure 7.5: The imaginary part of the Hertz field on the full (@, v)-grid. Here
a=03M, M =1, m=1, ¢ =3. The initial noise decays rapidly and the jump
at the particle (diagonal of the grid) is clearly visible.
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Figure 7.6: The plot presents the convergence test for the Hertz jumps over
the Z-terms iteration for a set of values of a. Here ro = ™M, M = 1,
(¢,m) = (2,1) and a = {—0.99M,0.99M,0.1M,0.01M,0.001M}. The rel-
ative difference for the Hertz jump of two subsequents iterations (namely

([gbIRG(n_l)} — [qﬁéRG(n)} )/( {qﬁzRG(n_l)] )) is plotted in a semi-logarithmic scale.

Im m m
The convergence clearly improves for smaller values of a.

7.3.5 Numerical convergence

We tested convergence for a single (¢,m)-mode and found the expected quadratic con-
vergence for static modes. The tests for non-static modes show a linear convergence,
in disagreement with our expected quadratic result. We show in Fig. 7.7 the conver-
gence results both for static and non-static modes. Additionally, we observe for some
f-modes that the convergence ratio deviate marginally from 4 and 2, for the stationary
and non-stationary modes respectively. An estimate for the error can be taken to be
of the order of the relative difference of our best two resolutions. By use of Fig. 7.7 and
normalising to the field value we find a relative error of ~ 8 x 10~3 for non static modes

and ~ 2 x 1075 for static modes.

The incorrect convergence for the non-static case can arise from different factors in
the code. Firstly, the junction conditions may play a role in the convergence rate.
Our method is the first to explicitly compute the jumps at the particle for the Hertz

potential in IRG, so we have not been able to compare our numerical jumps with other
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existing codes. Here we used as jump values numerical result from a 3-loop iteration
of our iterative scheme. Higher precision on our jumps may resolve the issue. We
ran an additional test actively removing the coupling terms from the finite-difference
scheme, without improvement in the convergence rate. For the scope of this work, linear
convergence is a good enough result as we are not looking for high precision nor highly
efficient computation. Future work would aim to improve efficiency and convergence of

the method. These technical issues should not hold major difficulties.

7.3.6 /-mode truncation

As discussed in Chapter 6, in order to compute the field values, we need to choose a
cut-off for the £ modes to have a finite dimensional matrix-system. We can test the
convergence of a fixed mode by comparing the values for different cut-offs £,,x. Figure
7.8 shows the field for different values of /... We fitted the late time field values with a
function of the type f(fmax) = A + B/, and we found C' ~ 0.759. This convergence
test is specific for our setup of circular orbits. For some general orbits, a higher cut-off

could be needed to reach the desired precision, as higher modes will contribute more

strongly.
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Figure 7.7: Convergence test for a = 0.3M, 1o = 7TM, m = {0,1}, M =1 and
grid-step h = {M/2, M /4, M/8}. Here we show the test for £ = 3 for static
case (up) and non-static case (down). Similar results are found for different
values of £. The insets show the absolute value of the convergence ratio (¢, /2~
br17a)/(Par/a — Parss) Where the subscript denotes the grid-step size h. We find
quadratic convergence for static modes and linear convergence for non-static
modes the for the field values near the particle. We observe that for some /-
modes the convergence ratio deviate marginally from 4 and 2, for the stationary
and non-stationary modes respectively.
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Chapter 8

Conclusions

A recent body of work [61, 59, 62, 68, 92, 40, 41, 34, 90] showed how the gravitational self-
force experienced by a point particle in orbit around a Kerr black hole can be calculated
from a reconstructed metric perturbation, starting from frequency-domain solutions of
the fully separated Teukolsky equations. In this approach, a suitable version of the
metric perturbation is reconstructed as a sum over frequency-harmonic modes (subject
to a certain regularization procedure). This thesis develops a time-domain version of
that approach, which circumvents the need to calculate individual frequency modes of
the perturbation. Instead, each multipole [(¢,m) mode] of the perturbation is recon-
structed (numerically) directly as a function of time. This should enable tackling some
SF problems that are not directly amenable to a frequency-domain treatment, including
the very important problem of self-consistently evolving the orbit under backreaction

from the SF.

The new method, developed in Chapter 3, has the metric perturbation reconstructed
multipole by multipole from scalarlike potentials qﬁjm(t, r) and ¢, (t,r) defined in the
vacuum regions r > 7,(t) and r < ry(t), respectively. Each of these fields is a solution
of a 141D version of the vacuum Teukolsky equation [Eq. (3.17), or its alternative form
(3.23)], which, for a # 0, exhibits coupling between different ¢ modes. The crucial and
most difficult step in the method is the determination of jump conditions that relate
between d)jm and ¢, across the particle’s trajectory r = 7p(t) in the 141D domain. A
general method for doing so, for arbitrary motion in Kerr, was developed in Sec. 3.3.
The jump conditions were derived explicitly, first for the example of circular geodesic

orbits in Schwarzschild and then for the example of circular equatorial geodesic orbits
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in Kerr. Chapters 5 and 7, respectively, presented full numerical implementations for

these two cases.

Looking ahead, let us first consider the extension of our treatment in Chapters 4 and
5 to an arbitrary motion in Schwarzschild spacetime. The most nontrivial aspect of the
extension concerns the explicit determination of jump conditions for gbztm. For this, one
needs to refer back to the general jump equations (3.46) and (3.47), which are a coupled
set of fourth-order ODEs along the orbit. Strategies for solving this set were discussed
in Sec. 3.3. For strictly periodic orbits (including any bound geodesic orbit), one can
decompose the jumps by means of a discrete Fourier series, and solve the resulting
ODEs frequency mode by frequency mode. But the main potential of the method is
its ability to tackle non-periodic setups, including the problem of parabolic/hyperbolic
flybys or captures, and the problem of self-consistent evolution. In such cases, the jump
equations may have to be solved as ODEs, with suitable initial conditions. For orbits
that start or end at infinity, such conditions may most conveniently be imposed there.
In the case of self-consistent evolution, initial values for the jump conditions could be
well approximated by assuming exact orbital periodicity at an initial moment where
the evolution is strongly adiabatic. In both cases, it remains necessary to explore the
numerical stability of the set of ODEs and develop a robust and efficient method for

solving them along the orbit.

Moving on to implementation in Kerr, the main additional complication comes from
¢-mode coupling. The 141D Teukolsky equation (3.17) [or its alternative version (3.23)]
couples between each ¢ mode and its nearest and next-to-nearest neighbours, so the
numerical evolution problem needs to be recast in a matrix form, with “all” £ modes
solved for simultaneously. In practice, a large-¢ cutoff must be introduced, and its error
controlled. As already mentioned, the narrow band-diagonal form of the matrix operator
is computationally advantageous. Chapter 6 formulated the case of circular equatorial
geodesic motion in Kerr spacetime and introduced an iterative scheme needed to derive
the jump conditions at the particle. The system of equations was then written as an
algebraic set of equations with a source modified at each step of the iteration. Chapter
7 gives the results evolving our 1+1D Teukolsky equation both in vacuum and with a
particle in Kerr explicitly. We explored the dependence of the numerical solution on
the multipole cutoff and quantified the convergence. The iterative scheme proposed in

Chapter 6 was tested for different spin values. As expected, the iteration converge faster
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for smaller values of a. The analytical solution for static modes is successfully compared
with the numerical solution. Some issue of numerical convergence is present and would

have to be addressed for a higher precision computation.

The next necessary step in the development of the method is to address the problem
for generic orbits in Kerr. A first step to such extension is to consider eccentric orbits.
The major changes from the discussed circular orbit case would be in the computation
of the jump condition. The set of equations (3.46) and (3.47) will now need to be solved
as a set of ODEs. Nevertheless, the iteration procedure proposed would not significantly
change. For highly eccentric orbits, a slower convergence as higher /-modes contribute
more strongly is expected. In the Kerr case for generic orbits, this additional hurdle is

not expected to present a major difficulty in practice.

Finally, the most inspiring extension of our method lies on self-consistent evolution.
The numerical method must be cast in such a way that at each time step (or several-time
steps) the trajectory of the particle is corrected by the SF computed from the metric
reconstruction. The method is particularly well suited for such implementation as the
field can be updated at each time-slice with new initial conditions matching the correct
(updated) field values. The numerics involved will need to be efficiently implemented to

make such evolution computationally appealing.

The method developed in this thesis is the only method thus far proposed capable
of fully tackling the problem of time-domain calculations of metric perturbations from
a point particle in Kerr spacetime. (The Lorenz-gauge approach of Dolan and Barack
[66] is hampered by gauge-instability problems.) We are therefore looking forward for

its further development.
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Appendix A

Calculating the discontinuity in

the Weyl scalar and its derivative

In Chapter 4 we described the derivation of the (IRG) Hertz potential for circular
geodesic orbits around a Schwarzschild black hole. Equations (4.12) and (4.13) therein
gave necessary jump conditions for the /-mode Hertz potential across the particle’s orbit
in the 1 + 1D domain. These jumps were expressed in terms of the jumps in the corre-
sponding ¢ mode of the Weyl scalar ¥ associated with the physical perturbation—more
precisely, in terms of [¢s—2 ] and [Oyts=2¢m]. In this appendix we show how the
latter jumps are derived directly from the source of the s = 2 Teukolsky equation, and

provide explicit expressions for them.

Let ¥y = U,_9 be the Weyl scalar associated with the physical metric perturbation
sourced by the point particle. We expand it in s = 2 spherical harmonics, as in Eq.

(3.36):

) J4
\115:2 = (TA2)71 Z Z 1/}2€m(t7 T)me(g, 90) (Al)
(=2 m=—/

Thus Yo, = w;}m for r > rog and vop, = 1y, for 1 < ro, where ¢§E£m are the “ho-
mogeneous” f-mode fields featured in Eq. (3.36). The field 94, satisfies the 1 4+ 1D
s = 2 inhomogeneous Teukolsky equation (here specialized to a = 0 and s = 2) with
a suitable distributional source term 7' corresponding to the energy-momentum of our

geodesic pointlike particle:

w,uv + U2(7‘)w,u + VZ(r)d},v + W2(7‘)¢ = Ta (A2)
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where hereafter indices sém are dropped for brevity, and the potentials are

2M 2f

Us(r) = R Va(r) = P (A.3)
Wa(r) = g (“*iﬁgf‘” + 635) . (A.4)

We now need the explicit form of the -mode source T, for the case of a point particle
in a circular geodesic orbit. This can be worked out as explained (e.g.) in Sec. III.A of
Ref. [34] (where T was derived for s = —2 and m = 0), by using Eq. (A10) therein with
the energy-momentum tensor (21) therein, and then decomposing into spin-2 spherical

harmonics. We obtain the distributional form

T(t,r;710) = so(t,70)8(r — 10) + s1(t,70)8" (r — 70)

+89(t,10)0" (r — 19), (A.5)
where the coefficients are given by
Sp = WYOT 5, (A.6)
with

S0 = foro [201— 4y + 10y%) — 2imQro(1 + 3y) — ] V(#)
—2 370 [iQro(1 + 4y) + 1] Vo(t)
— fdroVae(t), (A7)

1= 2fgro |[~2M(1 +y) +imrg| V(t)
+2i fgro QD (t), (A.8)

s2= MfGri)(t). (A.9)

We recall y = M/rg and fy =1 — 2M/rg, and we have further introduced here

i =mryy 2 =m(l —3M/rg) (A.10)

102



and

Y(t) = Yem (;Qt> : (A.11)

with Yy and Ygy being, respectively, the first and second derivatives of 5Yp, (0,Qt) with
respect to 6, evaluated at 6 = w/2. We have taken ¢, (t) = Qt, with Q being the orbital
angular velocity, and used dY/dt = —imQY and d?Y/dt? = —m?Q?Y = —mQ(M/rg)y.

Next, we substitute the Ansatz

=T (t,7)O(r — 1)+ (t,7)O(rg — 1) (A.12)
+1)s(t,m0)d(r — 1), (A.13)

where O(-) is the standard Heaviside step function, into the field equation (A.2). We
note all resulting terms that are proportional to ©(r — rg) or to ©(ro — r) vanish, by
virtue of 1*(¢,r) being homogeneous solutions. The remaining terms are supported on

r = 1 only, and are each proportional to d, 6’ or §”. We use the distributional identities

E(r)é(r—ro) = F(ro)é(r —ro),

F(r)§'(r—ro) = F(ro)d'(r—ro) — F'(ro)d(r —ro),

F(r)d"(r—ro) = F(ro)d"(r —ro) — 2F'(ro)d' (r — o)
(

+F"(r9)d(r — r0) (A.14)

[valid for any smooth function F(r)] to reexpress the coefficients of 4, ¢’ and ¢” in
terms of ry (and t) only, and then compare the values of these coefficients across both
sides of Eq. (A.2), recalling the form of T in Eq. (A.5). From the coefficient of " one

immediately obtains

%(t, TO) - _4f0_282(t7 7“0), (A15)

and subsequently comparing the coefficients of ' and § uniquely determines the jumps

[¢] =¥ (ro) = ¢~ (ro) and [¢'] = (¥)'(ro) — (¥7)'(ro). We obtain

[v)] = 8muyorg [(yQ - 73?7197’0) Y(t) - iforoﬁya(t)} ; (A.16)
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[1//] = druyoro { [2y2 —2—y(A—4)+ ﬁlzf(;l(l + y2'y§)
~2imroQfy (3 Ty)| Y(t)

+2 (=3iforoQ +m) Vo(t) + foVeo(t)} . (A.17)

We recall A = (¢4 2)(¢ —1).

In summary, and restoring all suppressed indices, Egs. (A.16) and (A.17) give the
desired jumps [¢s=2¢.m] and [@D;:Q’&m} in explicit form. The jump in the v derivative,

needed as input for Eqgs. (4.12) and (4.13), is obtained via

0] = 3o 0]+ [0
= ShW]- im0y, (A1

The above computation can be repeated in Kerr, with no substantial changes. The
final expressions for the jumps in Kerr are not as compact as for the case a = 0 and are

not of particular insight, so we avoid printing them explicitly.
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Appendix B

Regularization paramenter B,

For completeness we give here the values of the regularization paramenter. This can be

expressed in a compact form as [44]

B, = u2(2ﬂ)7lgaﬁpﬁa60d1abcd?

(B.1)

where hereafter roman indices (a, b, ¢, ...) run over the two Boyer—Lindquist angular

coordinates 0, . The coefficients P, , are given by

1
Sbed = i[Poél(SPabc + 2P, P.) — Pa)\<2P)\ab + Pupr) Ped)

+(3P% Py — PCP,)Cy,
where
P, = u)\upg)\p,av Paﬁ = Jap + UaUg, Paﬁ'y = Fg}ng

and

1.
C(Z(p = 5 sin 6o cos bo, C;‘; = Cﬁe -

1
—3 cot 6y,

with all other coefficients Cgﬁ vanishing, and with Fé 3 being the background

connection coefficients at z. The quantities 19 are

21
100 — (sin o)™ [ G0~ (sin ) (e0s ) dx.
0

where

G(x) = Pygcos® x + 2Py, sin x cos x/sin b, + Py, sin? y/ sin” 6,
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and N = N (abcd) is the number of times the index ¢ occurs in the combination
(a,b, ¢, d), namely
— b d
N =0g + 0, + 6, + 0. (B.7)

We may write 79°¢ explicitly in terms of standard complete Elliptic integrals.

Introducing the short-hand notation

o = sin? 0 Pyp/ Ppyp — 1, B =2sin6, Pyy/ Py, (B.8)
we have
sin )N N N
ot = SO 100 9 ey 4 10 o), (B.9)
where
Q=a+2—(a?+ )2 (B.10)
d =3P} (sin6,) > (a® + B)? (4o + 4 — B%)¥2(Q/2)'/2, (B.11)

K(w)= 07r/2(1 —wsin?z)"2dz and E(w) = f(;r/Q(l — wsin? z)'/2dx are complete

Elliptic integrals of the 1st and 2nd kinds, respectively, and the argument is

2(042 + 62)1/2

T a2+ (24522 (B.12)
The ten coefficients IE(N), IJ(EN) in Eq. (B.9) are given by
1Y = 4120° +a?(8 - 36%) — 4ap? + F2(5% - 8)],
IV = 16803 + a2(4 — 782) + aB2(B2 — 4) — B2(B% + 4)], (B.13)
1Y) = 8p9a° —2a (5% - 4) + 7],
IV = —4B[126® — a2(82 — 52) + (32 — 128%) + B2(38% + 4)],  (B.14)
I = —480® — o*(8* - 8) — 8af? + B2(35° - )]
1 = 8o+ o3(B% +12) — 20%(8% — 4)
+3a8%(8% —4) +26°(36% - 4)], (B.15)
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1 = 88[a® —7a% + a(38° - 8) + £7,

I¥ = —4B[8a* — 40P + a2(156% — 44) + 4a(58% — 8)
+52(38% + 4)], (B.16)
I = —4lda’ — 40 + o782 — 8) + 1208% — BX(B2 — 8)],
I = 16[40° + 40* + a3 (782 — 4) + a2(118% — 4)
+(2a +1)3%(8% + 4)). (B.17)
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Appendix C

Solving for V| and |V ,| for

periodic orbits in Schwarzschild

When solving the set of equations (3.46) and (3.47) we want to keep the solution

non-periodic to allow a self consistent evolution. For generic (bound) orbits, we can

solve the equation for a periodic case and use the solution as initial condition, thus

evolve the system numerically without imposing periodicity. An error in the initial

conditions will be present but it will only negligibly affect the full evolution if enough

orbits are computed.

Looking at the fourth order ODEs (3.46) and (3.47), it is possible to show that there is

no periodic solution for the homogeneous case, and then find a specific periodic

solution of the inhomogeneous case. Thus, this solution will be unique as the only one

periodic. In this section we will explicitly find a periodic solution of the

inhomogeneous equation imposing periodicity via Fourier decomposition.

If we specialize to the Schwarzschild case, we aim to solve a set of equations of the kind

4
dTL
> AN
o drn
- ar

+ZB" ) 1)) = [Wol(),
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Let’s first look at the simple case of a single ODE with non-constant coeflicients

4 d”
Z ClT" ) = f(T)7 (03)

where for periodic orbits we will have both f(7) and A™(7) to be periodic. When
searching for periodic solutions of this equation we can decompose y(7) in a Fourier

series

9
y(T) — Z yqpeiQTpTeiQ‘PqT, (04)
q,p=0

where €, is the libration of epicyclic frequency of the orbit and €2, the angular
frequency. Lets impose periodicity also for the solution and the coefficients and

decompose both with a Fourier series as

00 [o¢]
= S Lyt ) = Y At (C)
q,p=0 L,k=0

Substituting we obtain

00
iQrq7 iQopT
E fape™ 1T el =

q,p=0

Z Z ZA ( ) (1Q27q)" " (1Qp) gy (@ DT iR (PRI

1,k=0 q,p=1 n=0

co 4
+ Z A?kyooeiQTlTeiQ‘PkT-i- Z ZA;}C [(igw)nyloeiﬂrl‘reiﬁw(k+1)7'+ (iQT)nymeiﬂr(lJrl)Teika‘r} )
1,k=0 1.k=0 =0
(C.6)

Equating coefficients, we obtain an equation for each coefficient y4,. For instance, we

find for the (0, 0)-coefficient of y(7) expansion

Y00Agy = foo — oo = foo/Agy  for Agy # 0. (C.7)
Similarly we derive for the (1,0)-coefficient, by substituting (C.7), that

_ fio+ JooAYy/ Ao
0 Ap (i)™

4
Adgyoo + D 11045 (1) = fio = Y10 (C.8)
n=0

when {Zizo Ago(iQw)"} # 0. This procedure can be iterated to find the (n, m)-th

coefficient for the expantion of y(7).
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The equations for the Hertz jumps (C.1) and (C.2) are a set of coupled equations of
the same kind we just solved above. Extending this method to the full system is
straightforward. We expand the fields ¢p and ¥ as in (C.4) and equate the coefficients.

For instance, the first coefficient is derived from
Ago[®oo + Bio[¥,0]oo = [th0]oo, (C.9)

ABo[W]oo + B[P wJoo = [¢0,.0)00, (C.10)

that gives .
[tholoo Wq,v]oo)(i&) _ A
Biy By " B B
[Yoloo  [owloo,, B By, 1

A() - AO )(AT - /IO ) . (012)
00 00 00 00

[W]oo = ( ) (C.11)

[V »]oo = (

Similar equations hold for higher coefficients of the expansion.

This method can be extended to the Kerr case, where we would impose a 3-frequency
expansion for the fields and the sources. In order to write the system of equations as in
(C.1) and (C.2), the source must be modified accordingly to our iteration procedure

described in Sec. 6.1.
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