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ABSTRACT: We obtain the general asymptotic solutions of Einstein gragity with or without
cosmological constant in Bondi gauge. The Bondi gauge wasoriginally introduced in the
context of gravitational radiation in asymptotically flat gravity. In the original work, initial
conditions were prescribed at a null hypersurface and the' Einstein equations were shown
to take a nested form, which may be used to explicitly integratexthem asymptotically. We
streamline the derivation of the general asymptotic solution in the asymptotically flat case,
and derive the most general asymptotic solutions_for the case of non-zero cosmological
constant of either sign (asymptotically locally AdS ‘and d$ solutions). With non-zero
cosmological constant, we present integration schemes which rely on either prescribing data
on the conformal boundary or on a null hypersurface and part of the conformal boundary.
We explicitly work out the transformation to Fefferman-Graham gauge and identity how
to extract the holographic data directly in Bondi coordinates. We illustrate the discussion
with a number of examples and show thatifer asymptotically AdS, spacetimes the Bondi
mass is constant.
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1 Introduction and summary of results

The Bondi metric was introduced in the seminal workssof Bondif Sachs and others on
gravitational radiation [1, 2]. While all gauges are equivalent @aconvenient choice of a coor-
dinate system may bring in simplifications and make the physical properties of spacetimes
most transparent. In the case of gravitational radiation, the,objective was to examine the
behaviour of the gravitational field far from the isolated object generating the radiation,
and to obtain and use asymptotic solutions,of Einstein equations to characterise radiating
spacetime.

In asymptotically flat gravity, gravitational waves travel to future null infinity and
the task becomes that of obtaining asymptoticisolutions near future null infinity. It was
shown in [1, 2] that in Bondi gauge the Einstein equations take a nested form and they
can be readily integrated nearsnull infinity. If.one specifies initial data on an outgoing null
hypersurface then the Einstein equations tell us how to propagate this data forward in
time to a nearby outgoing null hypersurface. The asymptotic solution involves a number
of data that are not determined. by the asymptotic analysis alone: such data will be fixed
in any given exact solution of the field equations. This undetermined data consists of a
scalar function (the Bondi mass aspect); a vector (the angular momentum aspect) and a
tensor (the Bondi news). Theamass and angular momentum aspects integrated over a cut
at null infinity define the.total mass and total angular momentum' of the system at that
time and the news tensor controls how these quantities change in time. In particular, one
can show that(if \the news tensor vanishes (and the matter stress energy tensor goes to
zero fast enough at future null infinity) the total mass is constant, while if the news tensor
is non-vanishing the'total, Bondi mass monotonically decreases in time capturing the fact
that the.system loses mass by emitting gravitational waves.

In the presence of a cosmological constant the nature of infinity changes: with nega-
tive cesmological constant conformal infinity is timelike while with positive cosmological

1 This definition of angular momentum suffers from supertranslation ambiguities. This issue will not play
a role here,



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - CQG-105637.R1

constant infinity is spacelike. As there is no null infinity in either case one may question
whether analyzing Einstein equations with non-zero cosmological constant in Bondi gauge
would be useful. There are however several reasons to do this. In the case of a negative cos-
mological constant, as we review below, asymptotic solutions in Fefferman-Graham_gauge
[3] have a clear holographic meaning [4] and one would like to understand the holggraphie
meaning of the data in Bondi gauge. This may then be used to get insight into ‘a pessible
holographic structure of asymptotically flat gravity. In addition, Bondi-like gauges where
Einstein equations take a nested form have been in the used already in the helegraphy
literature (see [5] and references therein) and it would be desirable to understand hew to
extract the holographic data directly in this gauge. Furthermore, an<analogue. of Bondi
mass with many interesting properties has already been defined for a class of asymptoti-
cally locally AdS spacetimes [6] and one would like to understand whether such a quantity
exists more generally in asymptotically locally AdS spacetimes. o

In the case of positive cosmological constant such results,are needed even more ur-
gently: current observations indicate that we live in a Universe withha positive cosmological
constant and we have also observed gravitational waves. {Yet a satisfactory discussion of
gravitational waves in de Sitter spacetime is still missimginReeentworks addressing these
issues include [7-17].

With negative cosmological constant, the appropriate boundary conditions are to fix
a conformal class of metrics on the conformal boundary; angd a natural coordinate system
to use is Gaussian normal coordinates centred at the conformal boundary, the Fefferman-
Graham gauge [3]. One may then obtaim,the generall asymptotic solution to Einstein
equations by treating the radial coordinate as arsmall parameter. The Einstein equations
become algebraic in this gauge (i.e. they are'selved by algebraic manipulation rather than
by integrating differential equations). anduthe pieces of data needed that are left unde-
termined by the asymptotic analysis aresthe conformal class and a covariantly conserved
symmetric traceless tensor (in'even dimensions, in odd dimensions the tensor has a trace).
In holography, the boundary metrie,is the background for the dual CFT and the tensor is
(the quantum expectation value) of the'energy momentum tensor [4, 18]. The same tensor
can be used to obtain the bulk Qnserved changes when the spacetime possesses asymptotic
Killing vectors [19].

With positive cosmological constant, one may similarly use Gaussian normal coordi-
nates centred at future infinifyrand work out the asymptotic expansion [20] and the data
are again a conformal class ofimetrics and a covariantly conserved symmetric traceless ten-
sor. Actually, the asymptotic solutions for positive and negative cosmological are related
by simple analytie continuation [21].

With non-zero cosmological constant, one may foliate infinity with null hypersurfaces,
now ending either at timelike infinity (negative A) or spacelike infinity (positive A). The
structurerof the Einstein equations in Bondi gauge and in the presence of a cosmological
constant is very similar to that with no cosmological constant. To explain the similarities
and_differences relative to the case of no cosmological constant we first briefly review the
latter.

In this paper for simplicity we restrict ourselves to d = 4 and axial and reflection
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symmetry. It would be straightforward but tedious to relax these conditions. The metric
in Bondi gauge (for any cosmological constant) then takes the form

ds® = — (Wr2e?? — U?r2e®)du?® — 2e2P dudr—

1.1
2Ur%e® dudf + r*(e*7dh? + e~ sin? 0d¢p?). N\

Here u is retarded Bondi time, r is a radial coordinate and 6, ¢ parametrise’the transverse
space (which is topologically an S?) and W, U, 3, v are functions to be determinediby solving
Einstein equations.

We find it useful also to define the coordinate z = 1/r, which brings infinity to z = 0.
Inserting (1.1) in the Einstein equations leads to four main equations and three supplemen-
tary conditions. One can then show that the coefficients appearing in these equations are
regular as z — 0. This means that they admit asymptotic solutions withW, U, 5, ~ being
regular around z = 0 and one can obtain the asymptotic solutions<by successively differ-
entiating the equations w.r.t. z, setting z = 0 and solving the résulting€quations (as was
done for AdS gravity in Fefferman-Graham gauge in [4]). In all cases we solve the resulting
equations in the most general way, so we obtain the most general asymptotic solutions of
Einstein equations with the only assumption being that thexfunetions W, U, 8, are four
times differentiable.

With no cosmological constant, one providesfas initial condition the value of v at a
null hypersurface u = ug = const. Imposing thie “ofit-going gauge condition” V22 = 0 2
(as in [1]) one finds that all functions admit regular Taylor expansions around z = 0, and
one can iteratively solve for all coefficients, except that the coefficient W ..., U ..., . are
left undetermined by the asymptotic analysis (apart from two equations that link their
uw and 6 derivatives). These three/functions are essentially the Bondi mass aspect, the
angular momentum aspect and the Bondi news mentioned earlier and the relation of their
derivatives is linked to the monotonicity of the total Bondi mass. This data is then enough
to determine v, which allows us te obtain v at u = ug + du and thus continue the iterative
construction of the solution. Note that if one is to relax the “out-going gauge condition”
then the solution will also contain logarithmic terms in z [22].

In the presence of astosmological constant (with any sign), three of the four main
equations can be solved in exactly the same way as in the A = 0 case but the fourth
equation couples the/eoefficients{in such a way that the integration scheme we used for
A = 0 does not work'angnmore. We have found however two alternative integration schemes.
First, we note that the, “out-going gauge condition” v, = 0 is now implied by the field
equations, so ghere is no possibility for logarithms in the case of the vacuum Einstein
equations withmeosmological constant (in four dimensions). In the presence of matter such
terms can arise and theyalways have a meaning in the AdS/CFT correspondence: they are
related to conformal anomalies of the dual CFT. The cases of A > 0 is related to A < 0 by
analytic continuation. We will phrase our discussion using the AdS language, but the same
integrations schemes also apply to the dS case (but one should note that 9, now becomes
spacelike at-future infinity).

Indices after comma indicate differentiation, i.e. v, = dv/0z etc.
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The first integration scheme, which we call the “boundary scheme”, requires as initial
data the values of U, 5,7 and v,...,U ..., W .., at 2 =0 (i.e. at the conformal boundary).
One can understand the meaning of this data by transforming to the Fefferman-Graham
gauge. Recall that in Fefferman-Graham gauge (I is the AdS radius)

dp2 1 : a
ds® = I? 2 + ?(Q(O)ab + P’ 9@y + P 9@y + - - )dada’| (1.2)

where now the free data is g(g) and g(3) (with g(3) traceless and divergenceless), with 9(0)
being a representative of the conformal class and the background metric©f the dual CF'T
and g3) is related to the energy momentum tensor of the dual CFT. New U, By at 2 =0
determine 9(0) while v...,U ..., W ... at 2 = 0 determine 93)- So the analy§is in Bondi
gauge reproduces the salient features of the asymptotic solutionstin' Fefferman-Graham
gauge. o

As mentioned earlier, one can obtain the bulk conserved charges from g3y and thus as
in the asymptotically flat case U ..., W ... are related to conservedicharges, and so is 7 ...
which was not related to a conserved charge in the asymptotically flat case. In contrast to
the asymptotically flat case v, is now fully determineddnterms\UsB,~v at z =0 , i.e. the
analogue of the news is now fixed. If we further restrict to Asymptotically AdS solutions,
7, actually vanishes and the Bondi mass is constant. Similar observations were made in
7,12, 14-16] (mostly for the dS case). One can understand this result as follows. Since AdS
and dS do not have a null infinity, any gravitational radiation will have to be absorbed
at the conformal boundary and this would,make the boundary metric time dependent.
If we fix the boundary metric to be time independent as in the case of Asymptotically
AdS solutions then there is no possibility for gravitational radiation. A class of radiating
spacetimes in AdS, the Robinson-Trautman,spacetimes are indeed asymptotically locally
AdS and have a time dependent boundary metric [6, 23].

The second integration s¢heme is a hybrid version of the flat scheme and the previous
one: one fixes now v, W ..., U . at a null hypersurface v = ug = const and U, 3,7 at
z = 0, for all times u > ug. With this data one can recursively construct the solution to
the future of the initial hyperSJ{face.

The rest of this paper is/organised as follows. In section 2 we present background
material needed in order to‘understand this paper: we introduce null hypersurfaces and
the Bondi gauge and we present a brief review of asymptotic flatness and of asymptot-
ically locally AdS.and dS,spacetimes. Section 3 contains the detailed derivation of the
asymptotic solutions and in section 4 we compare and contrast the different integration
schemes used in section 3. In section 5 we derive the transformation from Bondi gauge
to Fefferman-Graham gauge and discuss the holographic interpretation of the functions
appearing fin the asymptotic solution in Bondi gauge. In this section we also illustrate the
discussiemusing AdSy4, Schwarzschild AdS,; and AdS, black branes as examples and discuss
the propertiestof Bondi mass for asymptotically AdSs solutions. We conclude in section
6. The paper/contains a number of appendices: in appendix A we present the solution
of the supplementary conditions for asymptotically locally (A)dS solutions, in appendix
B .we provide technical details about the coordinate transformation from Bondi gauge to
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Fefferman-Graham gauge, in appendix C we discuss the presence of logarithmic terms in
the asymptotic solutions when appropriate matter is present and in appendix D we show
the equivalence of the Bondi and Abbott-Deser masses in asymptotically AdS spacetimes.

2 Bondi gauge metrics

We begin this section with an introduction to the Bondi gauge and explain’its advantages
in studying asymptotically flat space-times. We then review essential features of anti-de
Sitter and de Sitter asymptotics, as a precursor to analysing such spacetimes in Bondi
gauge.

2.1 Null hypersurfaces

Bondi gauge metrics were introduced and studied in [1, 2] in/the context of studying
gravitational waves. The Bondi approach involves foliating the spacetime manifold by null
hypersurfaces. Following [2], one chooses the coordinate system, as follows. Consider a
Lorentzian 4-manifold, M, equipped with a metric g,, (%) of signature (— + ++) and
assume the existence of a scalar field F' = F(z#) such that the mormal co-vector to F, 0, F),
is null:

" (0,F) (0, F) <0, (2.1)

This criterion means null hypersurfaces, N,, can/be describgd in terms of the level sets of
Fie.
N, = {2 @M | F (") =@} (2.2)

and the spacetime (M, g,,) can be foliated, atleast locally, using the null hypersurfaces,
namely

M =A{N, Jae Range(F)} (2.3)

where Range(F') denotes all possible valuesiof the function F'.

The motivation for choosinghaull hypersurfaces can best be illustrated by looking at
their interesting geometrical properties. Let us consider an arbitrary surface N, C M
and the integral curves in the spacetime of the vector field t* = ¢g"”9,F'; such curves are
clearly null and normal todV;, andare/commonly referred to as null rays. Null rays are also
geodesic curves contained within N,:

IVt = A(aP)t. (2.4)

By choosing a suitablei(affine) parametrisation we can set A = 0 and thus the null rays are
also null generators of M. This outlines the overall picture of this procedure as being a
way to work frem space-time — null hypersurface — null ray — null geodesic.

An adapted(coordinate system can be chosen to describe such a situation. Typically,
one works invretarded Bondi coordinates (u,r,©', ©2). The coordinate u is a retarded time
coordinate which labels the null hypersurfaces N, (v = F from above equations); this
coordinate is commonly referred to as the Bondi time and takes values in R. The 4 are
angular cooerdinates which are defined to be constant along null rays:

t0,0' = t40,0% = 0. (2.5)
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This condition means that rays take the form c#(\) = (ug,r(\),0f,03) and thus the
coordinate r can be interpreted as a radial distance coordinate measuring the distance
along a null ray.

Figure 1: Penrose diagtam of null hypersurfaces, NV, , foliating future null infinity, &+,
of an asymptotically flat spacetime. As indicated by the solid red axis, the retarded time
coordinate u ranges from (—00,00) along .#* and thus the dashed green lines represent the
u = constant hypersurfaces: (The arrows show the direction of increasing radial coordinate
r). The dotted blue curves represent timelike hypersurfaces of constant r.

2.2 The Bondi gauge

Following closely the notation of [24], the most general line element that satisfies the
previously discussed coordinate conditions is

1 1
ds® = —Xdu® — 2e*Pdudr + hap (d@A + 2UAdu> (d@B + 2UBdu> . (26)
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It is usual to impose in addition the following four gauge conditions:
hap
87= det TT = O, Grr = grA = 0. (27)

This metric together with the gauge conditions is known as the Bondi gauge (or Bondi=
Sachs gauge) and any spacetime metric can be locally written in this form. It is the most
commonly used approach to analyse foliations by null hypersurfaces, although there are
alternative approaches based on the Newman-Penrose formalism [25] usingra null, tetrad
instead of a metric e.g. [26].

The capital Roman indices A, B take values {1, 2} which togetherwith the symmetry
of hap, gives seven functions in the line element: (X, 3, hag, U4), all of which depend upon
the spacetime coordinates (u,r, 0!, ©2). The gauge condition on theé determinant of hap
reduces the number of unknown functions in the metric to six. The lafter are determined
by the Einstein equations, subject to asymptotic data (r — od).

One may choose to retain general covariance in the angular coordinates as in [27] but
it is often useful to consider a local choice. In this paper wé will commonly utilise the usual
(6, ¢) of the spherical coordinate system as well as compléx.cootdinates (, (), related by

¢ = e cot <Z> , ¢ =e @ ¢ot (Z) . (2.8)
- 4

2.3 Asymptotic flatness

The Bondi gauge has frequently been used to, study asymptotically flat spacetimes and
their symmetries. Asymptotic flatness may be viewed as the property that the spacetime
tends to Minkowski spacetime as r #sec.. This imprecise statement can be given a rigorous
definition, which we will briefly touch mupon referring to [28, 29] for a detailed discussion,
before seeing how to implement asymptotiéflatness in a coordinate dependent manner by
imposing suitable fall-off conditions upon the metric components.

Let us first recall the notién of €enformal compactification [30]. Consider a manifold
with boundary M = M U M where M is the boundary. A metric g, is conformally
compact if there exists a defining function Q which satisfies

QOM) =0,  dQOM)£0, QM) > 0. (2.9)

and the metric g defined by

G = g (2.10)
extends smoothly to M. Let us also consider an embedding f : M — M such that f
embeds M as asmanifold with smooth boundary M in M and such that

9= f«(9), (2.11)

where" fi denotes “pull back” of the embedding function f. The unphysical spacetime
(M, g) is.often referred to as the conformal compactification of the spacetime (M, g) and
OM is the conformal boundary of the spacetime.
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Asymptotic flatness is now defined by putting further conditions on the conformal
compactification. Different definitions have been proposed through the years, see [28, 29]
(and references therein). The precise details also depend on whether one would liké to
consider asymptotic flatness at spatial infinity, null infinity or both. We will not.need
these details here. For our purposes it suffices to say that we will consider cages with
R, = 0 in an open neighbourhood of OM in M = M U oM?3.

Let us now implement asymptotic flatness in a coordinate dependent manner. The
Minkowski metric in retarded coordinates (u,r,(,() is given by

dsyy = —du® — 2dudr + 2r*y.zd(dC (2.12)
where 5

Here u is a retarded time coordinate and 7.z is the round mefric on 52, This metric is in
Bondi gauge with function choices h¢e = hgz = 8 = UA =0, X =1, heg = rzfycg. Note
that this choice of coordinates is suitable for analysis near Z*. To analyse neighbourhoods
of .#~ the metric can be expressed in advanced coordin@tesy(v, 7¢{¢) where v =t + 7 and
thus

dsyy = —dv® + 2dvdr + 28 ygd(dC. (2.14)

For this paper, we will use retarded coordinates and thus réstrict our attention to neigh-
bourhoods of .# .

For a general asymptotically flat metric the metric functions admit power series ex-
pansions in 1/r with the leading order term being, that of the Minkowski metric, as we
will re-derive here. The review [24)(discusses suitable fall-off conditions for the subleading
terms in the series: the fall-off should inelude gravitational wave emitting solutions, as was
the motivation in [1]. These criteria were imposed in [1, 2] and if we combine this with the
following fall-off of the Weyl curvature tensor components at large r

CTCTC ~ O(’I‘ig), Crur( ~ O(Tﬁg), c

r

we ~ O™ (2.15)

A S
as in [24] then we obtain/the ¢lass of asymptotically flat metrics in Bondi gauge as

9 _ _ . _
ds? = ds?, + %duz 400 dC? + rCzzd® + DECecdudl + DECrzdudC

1 (4 1

(2.16)
where D4 issthe covariant derivative with respect to the metric of the round sphere y4p
and the fizst term im the,equation is just the Minkowski metric. The rest of the terms in
the first line are the'first order subleading terms in powers of r. Notice that although these
terms‘have different powers of r preceding them, they are all subleading as r — oo when
compared to the Minkowski metric. The second line of the equation contains second order
subleading terms, included here as these terms contain physically interesting functions.

3Such conformal compactification is called asymptotically empty.
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At O(1/r) in gy, is a function mp = mp(u, (, ) is known as the Bondi mass aspect.
One of the key results of [1] is that the Bondi mass aspect can be integreated over the unit
S? to give the total Bondi mass* Mp of the system at time u

Mp = ﬁ o mp = % /szWCCmB. (2.17)
The Bondi mass is a natural way to define the mass of a system at .# 7, and is an alternative
to the ADM mass which is defined as an integral at spatial infinity 4°.

Contained in the 1/r suppressed terms relative to the Minkowski meétric is the shear
tensor Cap(u,(,(); a symmetric and traceless tensor of type [0,2]. This'tenser, describes
the gravitational waves in the spacetime (recall we wanted the fall-off conditions to include
these solutions) and it motivates the definition of another key congept imthe Bondi gauge,

the Bondi news tensor, Nap, o

NAB(“aCaE) = 8uCAB(u7<7§)' (218)

The news tensor is again a symmetric and traceless tensor of type [0;2]. The name “news”
for this tensor can be best explained by imposing Eingtein’s'equations (with A = 0) upon
the metric .

R, — §g/wR = 81T, Tlggo T,L: =0 (2.19)
where the limit condition on the stress energy tensor'is typically enforced such that Q=17
has a smooth conformal completion to & ={ = 0} (where Q ~ 1/r for the case at hand).
This condition is a requirement for asymptotic flatness as it forces the asymptotically empty
condition mentioned above. The authors of [1] solved the field equations by expanding in
large r and solving the equations that arise atreach order and we will streamline this deriva-
tion here. The leading order (O(r~2)) ofithe (uu) component of the Einstein equations
then reads (see discussions il |24, 27])

T—00

1 ——
dump = Z[DgNCC +HDEN — NecNS] — 4 lim 17T, (2.20)

Thus the news tensor, along W?h the stress tensor, governs the change in the Bondi mass
aspect - it provides the “news” regarding the change in the mass aspect. If the spacetime
under consideration is vacuumr(as in [1]) then the news entirely governs the change in
mass.

The final inferesting, term is the N4 which appears in the subleading terms in the
second line of(2:16). This vector is named the angular momentum aspect and - in a
similar fashion to the mass aspect - can be used to define the total angular momentum
at £ via a suitable intégral. Both the mass aspect and angular momentum aspect arise
as functions of. intégration in the full set of Einstein field equations, although the field
equations do gontain evolution equations for these [27, 33-35] which we will discuss in
detail later.

4This quantity is sometimes referred to in the literature as the Trautman-Bondi mass, as it was also
discussed by Trautman in [31], see also the lecture notes [32] for further comments and references.
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Comparing the general Bondi gauge metric with the asymptotically flat metric, the
fall-off conditions on the metric functions are

2
X=1-=L40072), =00,

, 1 i (2.21)
ga =1°vap +rCap + O1, UA:ﬁD Cap+O(r—).

The infinite dimensional symmetry group of all coordinate transformations that preserves
these conditions as well as the gauge itself is known as the BMS group [36)¢

2.4 Anti-de Sitter and de Sitter asymptotics

Let us now consider spacetimes that satisfy the Einstein field equations with & # 0
1
R, — §Rg’“’ + Agu = 81T, ~ (2.22)

We will focus mainly on the case of anti-de Sitter asymptoties, (A ,<0) although the
discussion generalises straightforwardly to the de Sitter case (A > 0). Throughout this
paper we will concentrate on vacuum spacetimes, i.e. T}, = 0.

AdS, is the maximally symmetric solution to the vacuum Einstein equations with
negative cosmological constant. The AdS,; metric catibe written in Bondi gauge as

2
r
ds} 5 = — <1 + l2> du? — 2dudp=-%*d0* (2.23)
where 12 = —3/A; [ is the AdS radius or curvature raditis of the spacetime as the Riemann
tensor for AdS, takes the form
1
Ryvpor = ﬁ(guagvp - gupgl/a)- (2.24)

We define an asymptotically locally AdS metric to be a conformally compact Einstein
metric of negative cosmological constant. In what follows we briefly review the key features
relevant for this paper, see [3, 21, 37;, 38| for more details. Consider a manifold with
boundary M = M UM, equipped with a conformally compact metric g, as in (2.9)-
(2.10). We further require

9(0) = Jlom (2.25)
is non-degenerate. Note that g is not unique since the choice of defining function is
non-unique: if € israssuitable/defining function, then so is 2e", where w is a function with
no zeroes or poles on M, Thus the induced metric at M, g, is also non-unique. This
procedure defines a conformal class of metric and g(q) is a representative of the conformal
class of metrics.

Using (2.10) the Riemann tensor of g, takes the form

Roprslg] = [dQ2(9asgsy — gavgss) + O(Q72) (2.26)

whete theleading order term is O(Q27%). One can also define

|dQ2 = g (0,9)(9,9), (2.27)

~10 -
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Figure 2: Left panel. Penrose diagram of the asymptotic region of an asymptotically
locally AdS spacetime, where the timelike boundary manifeld, OM is denoted .#. The
dashed green curves represent null hypersurfaces N, = {u = u; | u; = constant} and the
dotted blue curves timelike surfaces of constant(r. Right pgnel. Penrose diagram of the
asymptotic region of an asymptotically locally dS gpace-time, where we have chosen to
foliate the future spacelike boundary OM = # . The dashed green curves represent null
hypersurfaces NV,,, = {u = u; | u; = constant} and the dotted blue curves spacelike surfaces
of constant r. The difference in the properties of constant r surfaces between AdS (timelike)
and dS (spacelike) is due to the presenceiof.a.cosmological horizon in asymptotically locally
dS spacetimes.

a quantity which smoothly extends to My its restriction to M is a conformal invariant [21].
The metric g, should be Eins.t\ein, i.e. it should satisfy (2.22). As in the asymptotically
flat case, Q7 17),, should Have a'smooth conformal completion to IM = {Q = 0}. Enforcing
(2.22) upon (2.26) gives

39 |dQ2 + Agpw + O(Q ) = 87T (2.28)

and thus as Q — 0 (after rearrangement)

2
Q3|0 = ik (2.29)

Thus nearrthe boundary OM, the Riemann curvature tensor of the metric g, is to leading
order/the sameé as that of the AdS; metric.

We emphasise that this definition does not enforce any restriction on the topology
of OM or the metric g(p) induced at M. For global AdSy the conformal boundary has
the topology of R x S? and the metric 9g(o) is conformally flat. Asymptotically locally

- 11 -
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AdS spacetimes for which g(g) is conformally flat are called asymptotically AdS spacetimes.
(Thus asymptotically AdS spacetimes are a subset of asymptotically locally AdS space-
times). Holographically g(g) corresponds to the background metric for the dual quantum
field theory and it is thus essential to consider generic g(g).

The discussion of asymptotically locally AdS metrics extends to the case of a/positive
cosmological constant in a very straightforward manner. The Einstein equations for asymp-
totically locally dS spacetimes are related to those of AdS via the simple transformation

Pas — —g (2.30)

and thus to define dS asymptotics, one simply repeats (2.22)-(2.29) with every, oceurrence
of 12 being replaced by —I2.

In preparation for the discussion in the next section we indicate in figure’2 how asymp-
totically locally A # 0 spacetimes are locally foliated by null hypersarfaces.

3 The Einstein field equations

In this section we will compute the vacuum Einstein/equations in the presence of a cos-
mological constant for an axisymmetric, ¢-reflection‘symmetric'Bondi gauge metric. The
techniques employed in doing this are very similar 4o these of [1] and many of the properties
of the original method carry over. y

3.1 General considerations

We first apply some simplifications to the general Bondi gauge metric. Working in coordi-
nates (u,r, 0, ¢), we enforce both axi-symmetry (0/0¢ a Killing vector field) and reflection
symmetry in ¢ (so the metric is invariant under d¢ — —d¢). In Bondi function notation,
this means we set hgy = hgg =U ¢ = 0, reduéing the number of unknown functions to four.
These choices are made entirely for, computational simplification in the calculations that
follow.

Following [1], we now Write\the remaining functions in the form

X = Wr2e?s, Heo =127, hgg = 1 sin? fe =7, Ul = —2U (3.1)
giving us the line element

ds? = — (WT2€2B — U2r2627)du2 — 2¢28 dudr—

3.2
2Ur%e® dudf + 1 (e27d6? + e~ 27 sin? 0d¢p?). (32)

This choice of metric has @restriction in the determinant along the sphere ( det(hap/r?) =
sin? 0);#§s a luminosity distance. The Einstein equations are expressed in terms of the
four metric funetions (y(u,r,0), 5(u,r,0), U(u,r,0), W(u,r,0)).

In this paper we will analyse the Einstein vacuum equations,

Ry, = Aguw. (3.3)

- 12 —
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The generalization to include matter would be straightforward. It is quite common in
the relativity literature to solve Einstein’s equations with “asymptotically vacuum” matter
such that lim, o 7},, = 0; an example can be found in [27], involving an asymptotic power
series expansion in negative powers of the radial coordinate. However, as is well known in
holography, the presence of matter generically affects the powers arising in the asymptotic
expansions and logarithmic terms can arise for matter of specific masses, see the discussion
in appendix C as well as the references [4, 21].
Following [1], we separate Einstein’s equations into the four ‘main equations’

R,y = Ry =0, Rpp=Ar2e?, Ryy = Ar?e ) sin? 6; (3.4)

three ‘trivial equations’
Rup = Ryy = Rop =0 (3.5)

and three ‘supplementary equations’
Ryu = —A(WTQleB — U2r2627), Rug = —AUr?e®, Ry = —N\e?P. (3.6)

The main equations are so named because they must be solved in order to generate solutions
to the field equations. The trivial equations are automatically satisfied because of the
symmetries of the spacetime metric. The supplementary.conditions will be shown to provide
constraint equations for the functions of integration'arising from the main equations. These
will be discussed in section 3.4 but first we will focus/our atténtion on the main equations:

1

0=—-R,, =—4 [ﬂ,r - 27‘(7,7")2} L (3.7a)

0=2r2R,g = [7’462(7_5)U¢],r—

) . (3.7b)
2r°[Bro — Vo 27,70 — 2807 — 27, cot 0]
—2Ar2e?P = —Ryge?P) — rzRgew =2(r3W) . + %7“462(7_5)(U,T)2 — 72U pp—
4rUg — r?U,, cot O — 4rU cot 0+ (3.7¢)
N 2e2B=7)[—1 — (379 — B) cot O—
Y00 + Boo + (Bo)* + 27,0(v.0 — Bo)]
—Ar2e? — M SOy + (1= ) (W) = (1 7)W=
r(1—ry,)Ug —1%(cot 0 — v)U,,+

r(2ry,0 + 279 + r7y,. cot @ — 3cot )U (3.7d)

+ 21 — (370 —20B,) cot O—
Y00 +27,0(7,0 — Bo)l-

Notice that thefirst two equations agree with the first two main equations in [1]. The second
two_areraltered by the inclusion of the cosmological constant but they manifestly reduce
t0 the original equations in the A — 0 limit. We will now follow closely the integration
scheme of [1] to see how this alters the solutions to the equations above.

~13 -
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We will first solve the main equations following the same approach as the original
analysis [1]:

1) Specify v(u,r,0) on an initial null hypersurface N, i.e. y(uo,r,6).

2) Solve (3.7a) on the null hypersurface N,, to compute S(ug,r,6). This is possible as
only y(ug, r,0) appears in the equation,

3) Solve (3.7b) for U(ug,r, ). This is possible as only «(ug,r,0) and 5(up, 7 8) appear
in the equation.

4) Solve (3.7¢) for W(ug,r,0). Only y(uo,,8), B(ug,r,0) and U(ug;r, ) appear in the

equation.

5) Solve equation (3.7d) for 7, (ug,r,0) i.e. to obtain v on the next mull hypersurface
Nu0+5u-

6) Repeat from step 1 with the new Bondi time wuy + du. Iteration gives the Einstein
solution for the future domain of dependence of N, Dift (N, ), see Fig. 3.

DE(MNo) \
AN
N 5
N\
AR

Figure 3:[ Causal diagram illustrating how one applies the BMS scheme when given suit-
able initial data on‘a null hypersurface N,

Specialising briefly to the case of AdS, we observe that unlike asymptotically flat space-

time we have DV (N,,) # J(Ny,), where J* indicates the causal future. To solve the
equations in JT(N,,) we would need to specify extra data on a new hypersurface (e.g.

— 14 —
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the conformal boundary .#). We will discuss in detail the integration scheme for AdS
asymptotics in section 4.

In the case of asymptotically locally dS spacetimes the situation is slightly different,
firstly because we now have two boundaries: future spacelike infinity, #*, and past _space-
like infinity, .# . We will restrict consideration to a retarded null foliation of the future
spacelike boundary, .# T, when we discuss this case in greater detail in section 4.3.. We will
see that this has a number of different subtleties when compared with the flat and AdS
cases.

3.2 Solving the main equations asymptotically

We are interested in solving the Einstein equations in the asymptotic region (large r) of the
spacetime in the most general manner possible. It is convenient todmplement an inversion

~
map

r=- (3.8)

z
so that solving the equations as r — oo is reduced to the amalytically simpler procedure of
solving around z = 0. Carrying out this substitution in the main equations gives

0=28,+2(7.)* (3.9a)
0=484— 2627_%(],2 _ 22,627—2/3[]’25% =4z cot 0y, + 42767+

22e277 U 1y, + 228 19 — 227 200k 267 P (fzz (390)
—2Ae?P = 6W + 4z cot OU — 2:W, 42Uy — 22228727 1

222628727 cot 05,0 + 222626_2’7(579>2 — 6220727 cot 0vy.9—

4226%7275,9’7,9 4 4z2626’27(7,9)2 X 22262,8727/3,09_ (3.9¢)

2
22262’8*277799 + 2% cot U + %eQV’Qﬁ(U,Z)2 + ZQU,ZQ

—Ae®P = 3W — 32cot QU B2U g+ 2:Ux g — 2W, 4+ 22 Wy, + 227, —
2228727 4 9,262 Mt 05,6 — 3228727 cot 0v,6—
222625_27/870’7,K+ 22262072 (v 9)? — 2228y gg 4 2 cot OU ,— (3.9d)
Py oU, £ 22 ot U7, — 2*U gy, — 2°W o7y~

222U7,z9 Ny Z2W’Y,zz - 2227,uz-

where we have multiplied. the second equation through by z, and the last two through by
2% in order to ohfain expressions that are regular at z = 0. We have also rescaled the first
equation by dividing through by 223; this is not necessary to make the equation regular at
z = 0 but enables iterative differentiation of the field equation.

We assumethat theunetric functions (v, 8, U, W) are suitably differentiable (at least
C*) at z.==10 and/derive asymptotic solutions to the field equations via the following
procedure:

1) Evaluaté the field equations at z = 0 and solve the resulting algebraic equations.

2) Differentiate the field equations with respect to z.

~15 —
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3) Return to step 1) for the differentiated field equation.

We will follow this procedure equation by equation, making use of the nested structure to
move from one to the next.

3.2.1 The first equation

The first main equation is (3.9a). Applying the differentiation procedure and solvingat
each order we obtain

B,2(u0,0,0) =0

1
B.22(u0,0,0) = =5 [72(uo, 0, 0)]*

/B,Zzz(u()a 07 0) - _2’7,,2(”07 07 9)7,22(“’07 07 0) ~
/B,ZZZZ (U(), 0, 9) =3 [('7,22 (u0> 0, 9))2 - 7,2(“07 0, 9)'7,zzz (UO» 0, 0)] .

(3.10)

This procedure can be continued to arbitrary order although thesterms displayed above
will be sufficient for our analysis. In solving the subsequentyfield equations, it will be left
implicit that the equations are evaluated at (ug,0,6). Note that.the iterative procedure
does not produce an equation for 3(ug, 0, 6); the latter(is an integration function, which we
denote as fo(u,0) = 5(u,0,0).

3.2.2 The second equation y

The second equation is (3.9b). Given that we know both v and 3 from the first equation,
we can now solve this equation via the recursive, differentiation procedure. The first two
iterations give

U = 2Bppe* P~ (3.11a)

)

U..= —26250_27(25079772 =2707,2 + 7,20 + 2cot(0)7,) (3.11b)

where all the equations are implicitlynevaluated at z = 0 on the hypersurface N,,. The
procedure does not constrain U(ug,0,6) thus giving an integration function Uy(u,0) =
Ul(u,0,6). >

The third iteration of the differentiation procedure does not give an equation for U ..
but instead a constraint equation:

207,22 — V220 — 2c0t(0)y,., =0 (3.12)

This equation‘was solved in the asymptotically flat case of [1] by setting 7 .. = 0, the
‘outgoing wave condition’. It has since been argued, most notably in [22, 39, 40], that this
equation implies thé existence of polyhomogeneous asymptotic solutions for asymptotically
flat spacetimes.i.c./series involving terms of the form z%log?(z), i, € N.

We will leave this equation unsolved for now and return to discuss it after we solve the
fourth of the main equations; we will argue that the solution to that equation forbids the
possibility of a polyhomogeneous form of the solution for non-zero cosmological constant
(in the absence of matter). For now, we merely note that this equation indicates the

~16 -
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presence of another integration function, as U ,..(uo,0,#) remains undetermined by the
iterative procedure. We name this function Us(u,0) = U ...(u,0,6)/3! where the choice
of normalisation will become clearer as we continue to solve the main equations. In the
asymptotically flat literature, this function is related to the Bondi angular momentum, of
the spacetime [1, 41].

The fourth iteration of the differentiation procedure produces the following ‘equation

Upszzz = — 2¢727(=166* By 977 + 30¢*%y,677% — 15207072 + 4e”% By 07, St
10€*%07 7072 — 3677 22072 + 26°% B0 97 222 + 662707 220y o~
462ﬂ0’y72Z77Z9 — 36250%2229 - 30 Cot(Q)eZ'BO’y’?’Zf
10 cot(ﬁ)ewof)/,zz’y,z — 600t(0)ew°’y,zzz + 3627’)/73[]72%)

(3.13)

which is an algebraic equation for U ..., in terms of U ... The presence e of this equation
makes sense because of the structure of the integration functions for equation (3.9b). If

we were to repeat the differentiation procedure we would see that aﬁ”“)

U would be given
algebraically in terms of ai”)U for n > 3 so we observe that knewledge of U ...(u,0,60)
would allow us to compute all higher derivatives at z ="0: We iwill later see via the

supplementary conditions that one does arrive at an eyolution equation for U ...

3.2.3 The third equation

The third equation is (3.9¢); this is the first equation that @xplicitly includes the cosmo-
logical constant A and thus it will have different solutions from [1].
The equations are again solved by applying the iterative differentiation procedure:

1
W = —562’80/\ (3.14a)

W, = cot(0)Uy + Up g (3.14b)

Wz = P72+ Ae?(7,2)? + 4ot (0)Bo0 + 8(Bo.0)>+
) (3.14c)
6 cot(@)vo.— 850,070 — 4(7,0)° + 480,00 + 27,06)-

The third equation does not give an algebraic equation for W .., but rather another con-
straint equation
AGZﬂOV,z'y,zz =0 — V,2Y,zz = 0. (3.15)

Note that this equation is unique to A # 0. We will not yet solve this constraint: the solu-
tion is determined.by. the fourth main equation. This constraint equation again implies an
integration function forthe third equation as the differentiation procedure does not produce
an equation for W... ... We will name this integration function W3(u,0) =W ,..(u,0,8)/3!.
In the asymptoticallyflat case, this function is related to the Bondi mass aspect of the
spacetime,| a concept we will examine in more detail in the asymptotically AdS case in
section. e

The structure of the higher order equations in the recursive differentiation procedure

is similar to that of the second equation. The result of the procedure is that 8§n+1)W

(

is determined algebraically in terms of 8Zn)W. We again remark that once we know the
integration function W3 we can then compute all derivatives of third order and higher.
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3.2.4 The fourth equation

The fourth and final main equation, which we consider as an equation for 7, is (3.9d).
We again apply the recursive scheme to solve for «,. Using the solutions to the previous
equations, the first non-trivial equation is

3
Ay, = —56_2'80(00‘5((9)U0 —Uo,o —2U07,0 — 27,u) (3.16)

This equation is presented slightly differently to the previous main equations; we will
discuss this further in section 4. The key point here is that the presence of the cosmelogical
constant couples the equation for 7, to v ..

The next non-trivial equation is

Ae*Pory . =0 = ~,.=0. (3.17)

This constraint automatically solves the two previous constraint eqiiations (3.12) and
(3.15). This is precisely the outgoing wave condition that was enforced a priori in [1]
and has since been understood in more generality in a Bondi type set up (see e.g. [42]). In
the case of non-zero cosmological constant, 7., = 0 is required by the field equations i.e.
it is not an assumption.

At the next order of the recursive differentiation procedurey we find the equation

BQ’Y'Y,uzz(UOa 0, 0) =0 = 7,uzz(u07 0, 9) =0 (3'18)

which implies that the form of v ,,(ug,0,8) is preserved onﬁlypersurfaces N, for u > ug.
Since v . (ug, 0,6) = 0 from (3.17), the outgeing wave equation is propagated into D (Nj).

When A = 0 equation (3.16) implies v(up,050) = 0 (as we will shortly discuss in detail
in section 3.3), .., = 0 for u > wug as we just discussed, and we are left with one integration
function v ;(u, 0,6) = v1(u, #). (The u-derivative of) this integration function is essentially
the Bondi news.

Returning to the A # 0 case we note that,the procedure of differentiation did not pro-
duce an equation for 7, (uo, 0, ),;again implying the presence of an integration functions
7,2(1,0,0) = v1(u,0) (as in the A = 0,case). Finally, to determine v, (so that we can
move to the next null hypersurface Ny, +5,) we also need to know non-trivial integration
functions (Up, By). We will diseuss im more detail (A)dS integration schemes in section 4.

As a final comment we note that the next non-trivial equation produced by the iterative
procedure is

Aoz = _ge‘z(ﬁ””) @862 82 y(v,2)* — 96e* By 97,0(7,2)? + 6% By 9o (7,2)?
247707 99 (7,2)” + 108e* By 97,-67,= — 48¢*™,97,267, =+
18e2% g7, + 1827 (v .9)? — 24 cot?(0)e*™ (v,.) 2+
90 COt(0)6250,8079(772)2 + 24 cot(9)62607,0(7,z)2+ (3.19)
30 cot(&)ezﬂofy%g’y,z — 24 csc?(0)e2% ()% — 8e¥ Y uzant
€U ,..(—6B0.0 — 27,0 + cot(0)) — 1227 ..Uy o—
€U .00 — 8277 1..0Uo—

12 cot(@)ehmzzzUo - 26277,zwyzzz)

~ 18 —
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which shows that the evolution equation for 7 ... is coupled to 7 ..., via the cosmological
constant A. This coupling is a general feature of this field equation at higher orders, namely

the equation for 8§n)77u is given in terms of 8§n+1)’y. So if we provide a new integration
function v..(u,0,0)/3! = 43(u, ) then all higher order terms are determined. A.more

detailed discussion will be given in section 4.

3.3 General form of the asymptotic solutions

Using the procedure of recursive differentiation we have obtained a general form for the
asymptotic solution to the field equations. The key to this structure is'that v 2(u,0,0) =
0 which results in the vanishing of potential polyhomogeneous terms in the asymptotic
solution (as discussed in [22]). Note that the vanishing of this term is forced/by equation
(3.17) rather than being assumed as it was in [1]. =

In previous literature it has been found that the metric funetion expansions can contain
logarithmic terms of the form log’ (r)r~%, both for the asymptotically flat case in [39, 43]
and for arbitrary A but with matter in [13]. These cases are qualitatively different. In the
asymptotically flat case there is no analogue of (3.17). In thepresence of a negative cosmo-
logical constant, logarithmic terms in asymptotic expansions arise whenever the coupled
matter is of specific masses, see for example [4, 21}ysuch matter is associated with matter
conformal anomalies in the dual CFT. &

For pure cosmological constant, the most general form of the asymptotic solutions
take the form of power series about z = 0, eonsistent with the boundary conditions of
asymptotically locally AdS4 and dS4 in the absence of matter. Specifically, v admits an
expansion of the form

(n)
v(u,r,0) Z%ue Z%ue yn:az 7 (3.20)

!
=0

and the other functions admit,analogous expansions. These conditions ensure that the
metric coefficients do not growécponentially with  and that the metric has a pole of order
two at the conformal boundary .#; this will be discussed in greater detail in section 5.

We also note how the presence of the cosmological constant in the Einstein equations
modifies the solutions eompared with the asymptotically flat case considered in [1], even
though the asymiptotic series form of the equations initially seems to be the same. At this
point it will be helpful to consider the AdS and dS cases separately, as there are subtle
differences in the tworcases.

The key assumption made in [1] which results in this discrepancy is that the vector
field Jydisyeverywhere timelike <= g, < 0. Physically, this is a reasonable condition
to impose ongasymptotic solutions for A < 0, as the neighbourhood of the conformal
boundary in these cases is exterior to any potential region where 9, ceases to be timelike
(e.g inside a horizon). We note that the leading order terms (7o, 8o, Up) are not present in
the asymptotically flat case and are forced to vanish due to this condition.
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These choices are overly restrictive in the AdS case as the cosmological constant allows

for freedom in these functions. To see this, consider the limit
oy Juw 260 _ 172,27
Tlggo 2 (Woe Uye ) <0 (3.21)

where the inequality on the right hand side follows from the condition that 0, isstimelike.
In the flat case, Wy = 0 and so the above equation reduces to Uy = 0. It was then argued
in [1] that Up = 0 implies 79, = 0 (use (3.16) with A = 0) and this may be reduced further
to 7o = 0 by using a coordinate transformation (for details see [1]).

In the AdS case Wy = —Aewo/ 3 so the inequality is different, namely

AelPo A 2Bo="0
63 +Uge?™ < 0= |Uy| < \/—56450—2% = ° l (3.22)
~

from which we see that Uy can now clearly be non-zero, implying that generically vo # 0

also.

The integration function [y is also set to zero in the flat case, using the freedom in the
BMS group. Since the BMS group is the asymptotic symmetry group of flat space-time
it would be premature to make the same choice beforé determining the AdS asymptotic
structure. For the time being we will choose 8 # 0 to.retain fullygenerality.

Turning now to the dS case of A > 0, the previously. imposed condition of 9, being
timelike is unphysical in the asymptotic region. Using/the:Bendi gauge in a neighbourhood
of #, the cosmological horizon in the asymptotically locally dS spacetime must have been
crossed, and thus the vector field 9, is spacelike in“thé region of interest, see discussion
in [44]. Thus one should not impose this econdition in the dS case, leaving (7o, B0, Uo)
generically unconstrained.

A second important difference to note, forsany non-zero cosmological constant, is that
the cosmological constant couples the fourth equation at each order in z. We find equa-
tions which give aﬁ”)fy,u in termsyof 8§n+1)’y, e.g. (3.16) and (3.19). This coupling of orders
together with the structure of #he other main equations implies that if we are given suit-
able seed coefficients then we can obtaim all the other expansion coefficients. The initial
coefficients are (9, Bo, Up )together with (3, Us, W3); from these the entire solution can be
determined algebraicallyl Weawill see below that these coefficients have an important holo-
graphic interpretationybut first we analyse the remaining Einstein equations, the so-called
supplementary conditions.

3.4 The supplementary conditions

Although theamainequations give equations for the four metric functions, they do not form
the complete set of field equations. The remaining three supplementary equations are:

Ruu = Aguy = —A(Wr2e?P — U%r2e); (3.23)
Rup = Agup = _AUTQeQ’Ya Ryr = Agur = —Ae?.

In the asymptotically flat case, these equations were denoted as supplementary conditions
as, they are automatically satisfied provided they hold on a particular hypersurface of

—90 —
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constant radius and the main equations are satisfied [2]. In this section we will discuss how
this property carries over to the A # 0 case.

Following the original work, the supplementary conditions are derived from the con-
tracted Bianchi identity

1
VVGVM = gl/o’vo_ <Ryu — QQV'U'R> =0. (324)
We can expand the Bianchi identity as
vo B vopf 1
0" (Ruvo = Do Ry ) = 9" TRy = SRy =0 (3.25)
and using R, = V(9" Rus) = ¢"°VuRuse = ¢"° Ry — 2g”UF§MR5,, allows|us to write
the contracted Bianchi identity as g
vo 1 8
g R0 — 5RWW — I, Rg, | =0, (3.26)
To analyse the components of the contracted Bianchi identity. we use the inverse metric
0 —e 2 0 0
—e 28 We 28,2 _[Je—28 0
e : 727“ 726 —2 (3.27)
0 —Ue 28 e 20 0
0 0 0 22 sin—2 ¢

where we use the coordinates (u,r, 6, ¢). The followingiddentity is also useful:
v A —2B5.—1
gy, =2e (3.28)

This identity is computed using the inverse metric above and the metric (3.2); the same
identity was given in [1], up to a sign change due to different signature conventions.

We will now examine the eomponents of the contracted Bianchi identity (3.26) and
show that they lead to the supplementary equations. When doing this, we enforce the main

equations, expressed as

N
Ry = Rg =0, Rgg=Aggs, Ry = Agse (3.29)

as well as the triviabeéquations Ry, = R,4 = Rgy = 0.
Let us consider firstathe ¢ = r component of (3.26)

1
gyg <RT‘IJ,U - §RVO',T’ - F50R5r> =0. (330)
Using the mainand trivial equations this reduces to
1
~3 (geeAgee,r + g¢¢/\9¢¢,r) — 9T Rur = 0. (3.31)

The latter term can be processed using the identity (3.28) and after algebraic manipulation
we obtain
Rur = —Ae?® = Agy,. (3.32)

~921 —



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - CQG-105637.R1

which is precisely the {ur} component of the field equations. Thus we conclude that if the
main equations hold then the {ur} equation is automatically satisfied.
Next consider the p = 6 component of (3.26)

1
g’ (ng — iRWﬁ — r50359> =0 (3.33)

Uising the main and trivial equations we obtain
gurRuG,r - gyarggRUO"i_

(3.34)

1 1 V
A (gregee,r + 5999999,9 — 9" Gurp — §9¢¢9¢¢,9 -9 Ufgg%e) = 0.

Applying equation (3.28) to the second term on the first line and s1sing equations (3.2) and
(3.27) to write the second line in terms of metric functions we_obtain

— r262ﬂ§(r2Rug) = AP 2Br(rU, $2U(2 +90) (3.35)
r

which can be integrated to give

2Ry = —AUre? 4uf (u,6) (3.36)
L
where f(u,6) is an integration function. Dividing through by r? gives
) 0
Ry = ~AUre + WS g, o T00) (3.37)

which implies that the {uf} component of the:Einstein equations is only satisfied if f(u, ) =
0; this is our first supplementary condition.
Finally consider the p =“w ecomponent of the contracted Bianchi identity

1
& ( Ruvo =5 Ruon F*faRﬁu> —0. (3.38)
N
Applying the field equations (including f(u, ) = 0), we obtain

gurRuu,r - gVUF;L/Lg Ryu+

1
A ':nggur,r + gr@ (gurﬂ + guG,r) + 999 <gu0,6 - 2990,u> - (3.39)
1
§g¢¢g¢¢>,u - gugrzcggur - gwrfo/ggue] =0.

The strueture of this equation is similar to that of (3.34): the first line contains the Ricci
tensor terms of interest and all other terms can be written explicitly using (3.2) and (3.27).
Doing this gives

- T'_Qe_%;r(rzRuu) = Ar[2W (2 +7B,) +1W,] = 20> rU2U + U, +rU~,] (3.40)

—99 _
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which can be integrated to give
2Ry = Art (= We + U%e?) + g(u, 0) (3441)

with g(u, @) an integration function. Thus

Ruu — AT2(*W62B + U262'Y) + &;0) — Aguu +
r

g(u,0)
7.2

(3.42)

implying that the second supplementary condition is g(u, ) = 0.

Explicit expressions for the supplementary conditions may be derived using the solu-
tions to the main equations up to O(1/r%) for (v, 3,U, W) and then inputting these into
the above equations to derive expressions for (f,g). The resulting’equatiensitake the form
of evolution equations for Us and W3 and they will be discussed further in section 4.2.2.
The explicit expressions for these equations can be found in appendix A{ Here we present
the much simpler expressions for asymptotically (A)dS and flat spacetimes.

Asymptotically (A)dS spacetimes in Bondi coordinates have v9 = 5o = Uy = 0 (this
will be shown explicitly in section 5) which gives v; =0 by equation (3.16). Setting these
values in the supplementary equations gives us

1 - 4
U37u = §(4A COt(Q)’y;g + W379 -+ 2A’7379) (343&)

1
W3 = —iA(COt(e)U3 -+ U379) (3.43b)

)

For the asymptotically flat supplemeéntary conditions, we again have vg = g = Uy = 0 as
well as A = 0 but now vy; # 0. Then

1
Uz = 3 (7v1,0% + 71 (371,u0 + 16 cot(0)y1,4) + W3 ) (3.44a)
W3,u =2 (71,u)2 + 2’Yl,u — Y1,ub6 — 3 COt(a)’}’l,uG- (344b)
N

in agreement with the expressionsgiven in [1].

4 Integration.scheme

In this section‘we\will discuss the integration scheme used in the previous section in order
to solve the'Einstein equations. We will begin with a reminder of the Bondi integration
scheme in lasymptotically flat spacetime before focusing specifically on the A < 0 case of
asymptetically.locally AdS spacetime. We will propose two modified integration schemes
for the AdS case which will be compared and contrasted to the flat scheme. Much of
what we, will discuss for the AdS case has a corresponding description in the A > 0 case
of asymptotically locally dS spacetime, a topic we will discuss briefly here and elaborate
upon in future work.
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4.1 The flat scheme

Let us briefly review the integration scheme in the asymptotically flat case as presented.in
[1]. The basic quantity necessary to solve the field equations for all u was the knowledge
of v on some initial null hypersurface N,,,; this allows us to solve the main equation§mup
to the undetermined integration functions. In the Ricci flat case we can reapply, the field
equations (3.7a-3.7d) although we now set A = 0 in those equations. For the remainder of
this subsection we have A = 0.

Knowledge of 7| N, allows us to solve for the other functions. Disregarding integration
functions, (3.7a) determines 3|y, ; (3.7b) determines Uy, , (3.7¢) gives Wiy, and (3.7d)
allows us to compute our v at the next time step i.e 7| Nug45° Iterating this process allows
us to determine all metric functions at time u > ug, i.e. the functionsin the future domain
of dependence of Ny, DT (Ny,).

~

. .

Figure 4: Penrose diagram illustrating the integration scheme for asymptotically flat space
time

Turning to the integration functions, we recall that the main equations in the flat case
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admit five such functions; (Bo, Up, Us, 71, W3). The original argument of [1] was that Up
and Sy could be set to zero. Uy is set to zero to preserve the condition that the vector field
0y is everywhere timelike and y can be fixed to zero using the freedom of the BMS group.
These restrictions also give vy, = 0 and thus we can also set 9 = 0 by a suitable.BMS
transformation.

Such considerations reduce the number of unknown functions to three: (vi,Us, W3),
all of which are functions of u and 6. These integration functions have wellhunderstood
physical meaning: ~; plays the role of the Bondi news function, Us the Bondirangular
momentum aspect and W3 the Bondi mass aspect [1]. If we know the values of these three
functions and we know | Nug then from the main equations we can obtain the full solution
to the Einstein equations in the region D*(MN,,). The integration scheme ruus as follows

(for the no-log case with v5 = 0)
~

3.7a 3.7b 3.7¢c
7 (u,0) B0, B1, B2, B3 &), Ui, U GAEN Woa W, Wa, Wy (4.1a)

so 1 gives us these functions. The rest of the scheme is

(3.7a) (3.7b) (3.7¢) (3.7d)
Yn(tg) ——— Bny1(uo) —— Uny1(ug) —— Wiy 2(uo) =—— Ynuluo) (4.1b)

L

where the subscript n > 2. The final arrew. going back to the original function indicates
that we are solving for v at the next instant of time i.e. ug + dug, so iteration gives us the
future evolution. We note thafif the functions,Us, W3 are not specified for all u a priori, this
scheme treats them as integration»functions which are constrained by the supplementary
conditions (A.1), (A.2) respectively. Wewill return to discuss these equations in the context
of the AdS integration schemesito follow but for now these steps outline the procedure of
the integration scheme in the asymptotically flat case, using some of the simplifications
that BMS originally applied/{(namely v = 0).

4.2 The AdS integration schemes

In order to understand how one needs to modify the specified data in the case of asymptot-
ically locally AdS\spacetimes it is convenient to first observe the results when one naively
applies the flat scheme“as described in the previous section to asymptotically locally AdS
spacetime.

To.repeat the steps of the flat scheme we again specify « on an initial null hypersurface
Ny, as well agiy1, Us, W3 over the whole spacetime. The issue with applying this proce-
dure toran asymptotically AdS spacetime is that we now have three additional integration
functions (79(u, 0), Bo(u, ), Up(u, d)) and in particular Sy, Uy will not be determined using
the Einstein equations (3.7a-3.7d) and the specified data (y9 would be determined using
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7o on Ny, and equation (3.16)). These functions will also appear in the expressions for
the higher order coefficients (e.g (3.11a)) and can be seen in the evolution equation for
Y (3.16). Clearly we will need an alternative integration scheme which specifies these
functions and thus generates a fully determined solution to the field equations.

This issue can also be framed in terms of a causal picture as in figure 3. In this figure
we see that specifying v on an initial null hypersurface N, and 1, Us, Waor u >up,.and
following the flat scheme will give us the solution in D* (N, ). In the AdS case(unlike the
flat case) this region is not equivalent to the causal future of the null hypersurface, JH(N,,,)
(as shown in figure 5 below). In order to solve the Einstein equations for,J'(N,,) in
asymptotically locally AdS space-time, one either has to specify extra data on an additional
hypersurface or different data to that of v on the null slice NV,,,. We will now present two
different integration scheme for asymptotically locally AdS spacetimes which.will allow one
to solve the field equations in J1(Ny,).

JH(Noy) — D)

Figure 5: Penrose diagram illustrating the difference between DT (N,,,) and J*(N,,) in
agymptotically locally AdS spacetime.
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4.2.1 The “boundary” scheme

The first scheme we present is one which we will refer to as the “boundary” scheme where
instead of specifying all coefficients ; on an initial null hypersurface, one should specify
certain coefficients (of our metric functions) for all available Bondi time, and use'these
coefficients in order to make the equations algebraic. The coefficients that should be
specified are

Y0, Bo, Uo, 73, Uz, Wa. (4.2)

We will see later that these particular coefficients admit a natural holographic interpre-
tation. Even before relating them to coefficients in the Fefferman-Graham expansion, one
can note that the coefficients (7o, 5o, Up) clearly specify the values of/the metric functions

(v, 8,U) at the conformal boundary .#;
~

lim v(u,r,0) = (u,0), lim B(u,r,0) = Bo(u,d), lim Uluas0) =Uo(u,0) (4.3)

r—o0 r—00 r—09
and thus define the boundary metric for the dual conformal field theory. We will understand
the precise physical meaning of the components (73, Us, W3) in section 5, when we discuss
the relation to the asymptotic expansion in Fefferman-Graham gauge. In particular, we will
see that the (7o, B0, Up) and (v3,Us, W3) are conjugate variables in a radial Hamiltonian
formalism, thus explaining why they provide a goodiset of initial data.

The scheme works in two parts. Given the boundary data (o, 8o, Uy) we see that the
first part of the integration scheme is

(3.74) (3.7b) @.7¢) (3.7d)

W(],Wl —_— 7. .-

Y0, Bo, Uo Uy

(3.7a)

B
32
3.

(3.7b) (3.7¢), (3.7d)

W2 Y2 ... (44)

7 U2
. (3.7a)

In words: we specify the data (59,8, Up) at .#; (shown in figure 6 below) at the 2-surface
where a particular null hypetsurface Mg, meets the conformal boundary. We can solve
equations (3.7a)-(3.7c) algebra{cally for the coefficients /31, Uy, Wy, Wi. This is indicated
in the figure by the solid/green arrow in the diagram which points from .# to the timelike
surface r = r1.

In order to continue theischeme, we need to know vy, as this function will allow
us to algebraically.solve equation (3.7d) at the lowest non-trivial order for 7, (equation
(3.16)). Since we know all values of vy on .# and we know 7p,. The knowledge of this
derivative is indicated in/the diagram by the dotted red arrow which points into the bulk
spacetime, again ending on the timelike surface r = ry. In order to implement this step
in a numerical$cheme, one would want to know ~o(ug) and ~o(ug — dup) and construct a
backwardrdifferencé. This explains why the dotted red arrow starts at a different cut of
&, simply to indicate that we have used the extra information of vy(up — dug) (and thus
Yo,u-diseretely) in order to solve (3.7d).

The arrows point towards smaller values of r as we solve the Einstein equations. The
purpose of this is to show that as we solve the Einstein equations, we obtain the values of
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r3 o T 5
P {0, 5o, Uo}
&
Y - - {61, Us, W, AP
S G
/\‘D\ ;/' {[))27 U27 1//1/727 72}
o

103}
&

Figure 6: Penrose diagram for AdS indicating discretely how the first part of the scheme
is solved. This figure only includes omneshypersurface, N\, for clarity; when solving the
equations explicitly we would consider all null surfaces A; in the foliation.

N
higher order coefficients in thé metric functions v, 5, U, W. Obtaining these higher order

coefficients extends the series expansions (3.20) to higher powers of 1/r, hence our solution
includes contributions.from smaller (but still asymptotic) values of r.

After these first steps have been performed, we solve (3.7a-3.7d) algebraically for
Bo, U, Wo, v (e extra evolution equation is needed as the field equation imply 5 = 0,
as noted earlier). Knowledge of these functions is not enough to continue the integration
scheme as the next unknown function in the field equations is Us, an integration function
which/eannot be determined by the iteration process.

We now give the second piece of the scheme: now the functions vz, Us, W3 are specified
for all Bondi time u. This allows us to compute the higher order metric function coefficients
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via the following application of the Einstein equations

3.7a 3.7b 3.7c 3.7d
’73,U37W3( )54( ) U4( ) W4( )74---
3.7a 3.7b 3.7c 3.7d
AN N L NG N
(1.5)
' (3.7a) ﬁn (3.70) U, (3.7¢) W, (3.7d) Y-
~
T3 T2 r1 54
(“D,a {,737U37W3}
& 3
W{C)\ N @ . {/647 U47 1][742%/}
(3.7a-c)  (3.7d)
{657 U57 1/1/51 ’\//5}
(3.7a-c) (;;(/1)
{/36: U67 VVG? ﬂ/ﬁ}
$“° (3.7a-0)  (3.7d)

Figure 7: Penrose diagram for AdS indicating how the second part of the scheme is
implemented. The logic for' this scheme is much the same as the one presented on the
original diagram of figure 6.

Putting the two parts of the integration scheme together, we observe that knowledge of the
six functions o, Bo, Uo, Us, 3, W3 is sufficient to algebraically solve the Einstein equations
for all otherfcoefficients.

Finally, we recall theyfunctions Us and W3 have close analogies to the angular mo-
mentumrand mass{aspect functions and may be thought of as representatives for these
functions. Wetwill discuss the holographic interpretation of these functions and gain an
extra understanding using the AdS/CFT correspondence in section 5.

As a final comment upon this procedure, we note that this alternative scheme includes
no. evolution from one null hypersurface to the next. This algebraic procedure may be
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somewhat preferable when applied to a numerical scheme as one does not have to worry
about errors accumulating in a discretisation scheme when evolving from one null hyper-
surface to the next. We will now present another new scheme which is based both on null
evolution and boundary data.

4.2.2 The “hybrid” scheme

It has been shown that asymptotically locally AdS spacetimes admit an integration scheme
where one specifies data at the conformal boundary as opposed to an initial null hyper-
surface (as in asymptotically flat spacetime). We will now present a &£hybrid” seheme
for asymptotically locally AdS spacetimes, where one specifies a mixture of data on the
conformal boundary .# and on an initial null hypersurface N, .

This scheme consists of the following data which one must speeify before solving the
field equations: {v, Ws3,Us} on Ny, and {~0, U, Bo} on & V u /> up« This is illustrated
in the asymptotic Penrose diagram below. As we will see in, the'section 5, {~o, Uy, fo}
are related to positions and {vs, W3,Us} to (radial) canonical momenta in the covariant
phase space of the theory, thus we effectively specify momenta on Ny, and positions at the
conformal boundary, as shown in figure 8.

It remains to explain how this data is sufficient to(solve forall coefficients of the series
expansions of the metric functions in J*(N,,). We will first show that one is able to obtain
all coefficients of v and then use this to show that one can, obtain all coefficients of the
other metric functions, including Us and Wj.

Specifying {~o,Up, Bo} at & gives u$ these functions as well as all spatial and time
derivatives of these functions V u > wg. This infermation gives 41 and all spatial and time
derivatives of 1 V u > ug via the Einstein equation (3.16). The higher order coefficients
of v are obtained by evolving from therinitial null hypersurface instead. As we saw in
equation (3.17), 72 = 0, so the first coefficient to consider is v3. In order to do this we
apply equation (3.19) to obtailnys ,, on the null hypersurface N, (this can be done because
the scheme specifies v, Us, W3 on N, ). As was the case in asymptotically flat spacetime,
when applied to a numerical scheme this will correspond to knowing 3 on the next null
hypersurface Ny, +s,. This proecedure will repeat for the higher order coefficients in 7 in
that the Einstein equations will produce expressions for 7, ,, on V,,, and thus will determine
Yn o0 Nygysu ¥V 1 > 3.

Using the main equationsi(8i7a-3.7d) we know that knowledge of v(ug+du) is of course
sufficient to give us f(ug=0u), as well as U(ug + du) and W (ug+ du) up to the coefficients
W3 and Us which are of\course not determined by the main equations (higher coefficients
are also determined by these). To solve for these coefficients we will need to consider the
supplementary conditions (A.1), (A.2) which take the schematic form

US,u » ‘F(ﬁ@v 307 007 :)/U,ua Bo,ua :}/17 ,N)/l,ua :)/37 :)/3,’117 [737 V~V37 :}/4) (463‘)
W3,u = H('S’Oa BOa Uo, :)/O,Ua ﬁO,ua '%a :)’l,ua '?Ba :73,1“ U37 W37 '74a U37U) (4'6b)

where the tildes indicate that spatial derivatives of these functions may also be present.
These are u-evolution equations for the functions W3 and Us. Note that all of the
functionsjon the right hand side of each equation are known on N,,,. Starting with equation
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J+(Nuo> {’Yo;ﬁo,Uo}

Figure 8: Penrose diagram for thé “hybrid scheme”. The data which we specify is indi-
cated on the hypersurfaces N, and Zifor u >"ug. Specifying these coefficients allows one
to solve the field equations insthe causal future of Ny, JT(Ny,).

(4.6a): Ao, Bo, ffo,%,u, Bo,u, 3shUs, Wi, Jw.are all given on N, as part of the specified data
and the remaining functions 41,54 ., 73,4 can all be determined on N, by using the Einstein
equations (3.16) and (3.19) as discussed above. This means that we are able to obtain Us,,
on N,, and thus Us on ‘thenext hypersurface Ny,1s,. An identical argument holds for
(4.6b), although now there isithie extra requirement of knowing Us,, on N, which is of
course obtained from (4.6a).

Putting all of this together, we conclude that the specified data, along with iteration of
both the main equations and supplementary conditions is an alternative way of constructing

solutions tosthe field equations for asymptotically locally AdS metrics in the Bondi gauge
for Jt(Nug)-

4.3 dS schemes

Much “of . the previous discussion for asymptotically locally AdS spacetimes has a parallel
discussion in the case of asymptotically dS spacetimes. The two new integration schemes
that we have introduced are only dependent upon A # 0 in the field equations (3.7a-3.7d),
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and are insensitive to the sign of A. Due to this, we will now provide a brief description of
the Bondi scheme applied to asymptotically locally dS spacetimes, as well as an analogue
of the two AdS schemes that we have introduced.

Firstly, we must mention that will restrict our attention to a retarded null foliation of
#+ when discussing the Bondi approach to dS. If we consider applying the asyniptotically
flat integration scheme of specifying v on N, as well as (y1, Us, W3) for all wand 6, then
in a similar fashion to the AdS case we will not be able to construct a fully determined
solution to the field equations in a neighbourhood of # . In the dS caséi(as in AdS) we
will still have the undetermined functions (8y, Uy) which will propagaterinto selutions at
later retarded times via the null hypersurface evolution.

In order to remedy this problem we can adjust the two AdS integration'schemes that we
introduced in the previous section in order to describe asymptotically locally d.S spacetimes
and solve the field equations in precisely the same order as before. Thet“boundary” scheme
now consists of specifying the data {0, 80, Uo, 73, Us, W3} @n..#+ and then solving the field
equations in the same order as described in section 4.2.1«

Y0, Bo, Uos 135 Us, W5 ™

j-i—

D7)

Figure 9: Penroserdiagram for the boundary scheme applied to an asymptotically locally
dS spacetime. Notice that giving the data over the whole boundary £ gives us the
solution in J*(N,)

The, “hybrid” scheme is again a scheme which involves specifying data on £ and Ny, .
As in the. AdS hybrid scheme we specify (yo, Up, B0) on £+ for u > ug and (v, W3,Us) on
Ny, solving the field equations in the same manner as described in section 4.2.2.
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7076071]0

jJr

J*Neg)

é \\\\

~
Figure 10: Penrose diagram for the hybrid scheme applied to ‘an-asymptotically locally

dS spacetime. This scheme generates solutions to the field equations ind™ (N, )

It seems that the hybrid scheme applied to dS generates a smaller portion of the
spacetime when compared with the scheme applied to AdS»yas shown in figure 8. This
discrepancy is simply due to the causal differences between the respective cases and not
an issue with either class of spacetimes. We not€ that im, both cases the hybrid scheme
generates the solutions to the field equations in JH(Ny,) and thus the solutions in the
neighbourhood of the conformal boundaryto the future of N,,. This method of specifying
data agrees with similar Bondi type integration schemes for asymptotically dS spacetimes
as discussed in [44, 45].

5 Holographic interpretation

In this section we will study the, Bondi gauge metric from the perspective of holography,
connecting with [4, 18, 19, 21,46-51]. We begin with a review of the Fefferman-Graham
coordinate system before deriving the eoordinate transformation from Bondi gauge to
Fefferman-Graham gauge.«#Thisswould allow us to give a holographic interpretation to
the metric functions used in the integration scheme of section 4.

5.1 Fefferman-Graham gauge

Asymptotically locally. AdS spacetimes can be described in Fefferman-Graham gauge in
the neighbourhood of the.conformal boundary OM = .#; see the review [21]. In this gauge
the metric can beexpressed as
2 2 dp* 1 2 3 aq..b
ds” =1 .3 + ﬁ(g(o)ab + P 9@)ab T P°9(3)ap + - - )dada’ |, (5.1)
where [ = /~3/A is the AdS radius. Following the discussion of section 2.4, p is a
coordinate which describes the location of the conformal boundary, specifically .# = {p =

0}. The lower case Roman indices (a,b) run from 1 to 3 for asymptotically locally AdSs
spacetimes.
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Comparing with (2.10) and choosing p as the defining function, we see that the term
g(0) in the FG expansion is a representative of the conformal class of metrics induced on .#.
If the metric g(g)qp is conformally flat i.e. the Cotton tensor vanishes, then the spacetime
is Asymptotically AdS; otherwise it is Asymptotically locally AdS.

Holographically, g is viewed as the background metric for the 3-dimensiopal cons
formal field theory dual to the 4-dimensional spacetime. The coefficients, of even powers
of p in the asymptotic expansion are determined locally in terms of derivagives of g(g);
see [4] for explicit expressions. The coefficient g(3) is constrained to be divergenceless and
traceless with respect to g(g), but is otherwise undetermined. This coefficient corresponds
to the energy momentum tensor in the dual 3-dimensional field theorywhich isidefined as
[4, 18, 21, 50]
oS,

2
\/ —detg(o) 59?(?) ~

where S, is the renormalised on-shell gravitational action. For asympotically locally AdSy

(Tap) = (5.2)

spacetimes
312
(Tap) = —27,{29(3)@ (5.3)
where 2k? = 167G and G is Newton’s constant. This energy momentum tensor satisfies

tracelessness and conservation properties with respeet t0.g(0)
&4
g((l()b) <Tab> =0, V((l()) <Tab> =0. (54)

Finally, we note that the pair (g(g), Ty) ot equivalently (g, g¢3)) provide local co-
ordinates on the covariant phase space [52,,53] of the theory; in a radial Hamiltonian
formalism, where the radial coordinateyplays the role of time, g(g) is the position and g(3)
the corresponding canonical momentum,[19].

5.2 Coordinate transformations

In order to extract holographic data from spacetimes expressed in Bondi gauge, we need
to determine the coordinate transformation from our asymptotically locally AdS metric in
Bondi gauge N

ds? =4L (Wrzew — U27°262Ay)du2 — 22 dudr—

5.5
2Ur%e® dudf + v (e*7dh? + e~ 7 sin? Odp?) (5:5)

to the Fefferman-Graham form of (5.1). We will derive the transformation up to the
coeflicient g(3), as this is/the highest order term of holographic interest.
5.2.1 Global AdS4

A usefal first step’in performing this computation is to recall the transformation of global
AdS4spacetime into Fefferman-Graham form. We begin with the metric of AdS, in Bondi
gauge

2
ds? = — (1 + ;) du® — 2dudr + r2dQ?, (5.6)
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where we have reinstated the factors of [ for clarity. In Bondi coordinates, the metric for
AdS, corresponds to choosing functions

1 1

l2 ﬁ’ (5'7)

so in the notation of section 3 this corresponds to Wy = 1/I%, Wy = 1, withfall other
coeflicients zero.
We begin by transforming from the retarded time coordinate w into the usual time
coordinate t. This is achieved by
t=u-+r, (5.8)

where the tortoise coordinate 7, is defined by

dr dr
fr) 1+ (r/1)?

with ¢ is an integration constant whose value will be fixed later. Applying equations (5.8)
and (5.9) transforms (5.6) into the standard AdS metric of

dry =

— 71, = larctan (%) +€, = (5.9)

2 ANt
ds? = — <1 n ;) 2 + (1 + %) dr? + #2402, (5.10)

The next step is to transform from our radial distance*coordinate r into the tortoise
coordinate r,. The motivation for doing this is that we can fix the the conformal boundary
to be located at r, = 0, providing an immediate comparison with the FG coordinate p
as the conformal boundary in those coordinates is also located at p = 0. Choosing the
integration constant in (5.9) to be e=. —I7/2"allows us locate the conformal boundary .#
at 7, = 0. We implement this part of the transformation by only including the leading
order term in the large r approximation of .

L s O(r—3) (5.11)

which brings the line element’(5,10) into the form

12 7n2 TQ -1
ds? & = (1 + z2> dt* + (1 + lQ) dr? + 1?0’

T

(5.12)

This metric has/similarities with (5.1); the gauge conditions of g, = g9 = gps = 0 are
all satisfied automatically if r. = f(p) for any function f(p). We hence need to solve for
f such that@,, = 12/p*¢ Carrying out this procedure we derive the defining equation for

f(p)

12 12 1
4 = — (5.13)
PR+ 2
which admits two solutions
2klp 2klp
_ Sl 5.14
fl 1_(,{p)27 f2 p2—k2 ( )
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where in both cases k is an integration constant. These two solutions are related via the
map k — —1/k so it is unimportant which is chosen to be f.
Picking f = f1 we observe that in a neighbourhood of .# we have

2kpl
The metric (5.12) transforms to
l2 (1 4 k2p2)2 l2(k2p2 o 1)2
2 _ 2 2 2

We can now read off g(g), which is conformally equivalent to the Einstein metric on R x S?

dslyy = —dt* + dQ*. (5.17)

~

Notice that the leading order truncations of the Taylor series forour transformations (5.11),
(5.15) allow us to compute only gy correctly. To compute higher order gy we need to
include higher order terms in the transformation, giving

1

2(—dt2 — db? — sin® 0d¢%) (5.18)

dS%Q)

as well as g3y, = 0. The latter is the expected result for the energy momentum tensor of
the CFT state dual to global AdSy.

In generalising this procedure to asymptotically locally AdS, spacetimes we repeat the
steps of this procedure, namely using series expansions to transform the coordinates and
truncating at the necessary point to compute eachig; coefficient.

5.2.2 Computing gg)ab

For computational and notatienal simplicityawe will from here onwards fix the AdS radius
Il =1 (A = -3). Factors of the radius may be reinstated using the following dimensional
considerations. The Fefferman-Graham coordinates (t,p, 0, ¢) are dimensionless coordi-
nates, and thus the only dimensions are those of the Bondi metric functions (v, 8, U, W).
Working with dimensional‘conyéntion$ of [length] = +1 we first compute the dimensions of
the functions in the Bondi gauige metric (5.5). Using the standard definitions of the Bondi
coordinates we have

[w =1, [F]=1, [0]=0, [¢]=0 (5.19)

and the line element hagidimension [ds?] = 2. Using the length dimensions of the coordi-
nates, the dimensions of the Bondi functions are

=0, [Bl=0, [U]=-1, [W]=-2. (5.20)

Each of these functions is expanded in negative powers of 7 in the asymptotic region of the
spacetime (3.20). Using this, we can determine the dimension of each of the coefficients in
therasymptotic expansions as

hi] =1, [6@] =1, [Uz] =1—1, [Wl] =i—2. (5‘21)

— 36 —

Page 38 of 70



Page 39 of 70

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - CQG-105637.R1

To reinstate all the factors of [ in the transformation formulae one simply needs to match
the dimensions of each side of the equations by multiplying the Bondi functions by suitable
powers of [ as determined by (5.21).

To compute g(g) we need to impose the vacuum Einstein equations to leading order;
this corresponds to switching on the leading coefficients in the metric functions{fg, 7o, U
and imposing Wy = ¢2%0). The leading order line element (5.5) takes the form

ds? = — (64’807"2 - Ugr26270> du? — 2e2P0 dudr—
(5.22)
2Ugr?e0dudf + 2 (e*°dh? + e=2° sin® fdp?).

We now carry out the coordinate transformations (5.8) — (5.11) —_(5:15) using the form
7« = p as we are for now only concerned about computing g(g). ‘Fhis sequence of transfor-
mations gives the metric components at order 1/p? as

1
o = e et 4 g (5.232)
1
Yot = pﬁ(ew0 — &*% — 2200) (5.23b)
eZ’YDUO
oo = e (5.23c)
1 L
-k’ (5.234)
270,
€ 0
gip = — e (5.23e)
62’70
oo = p2 (5.23f)
e~ 270 sin?(0)
g ) (5.239)

The resulting coefficients (5.23a-5.23c) are clearly incompatible with the Fefferman-Graham
gauge. We thus carry out _further transformations in 6 and ¢, namely

t—t+ ai(t,0)p, 0 — 6+ ax(t,0)p. (5.24)

where oo are funétions which are fixed by setting g,, = 1/ 0, 9ot = gpo = 0. When
considering the @(1/p2), piéces of the metric it suffices to transform the forms as

db— dt +on(t,0)dp+---,  dO — d+ as(t,0)dp+ - -- (5.25)

as terms involving derivatives of o o are subleading in the radial expansion.
Under, this transformation g,, is given by

1 A JUNDN A A DN DN

72[(*64@) + 2003t — a1 (2(e2P0 — et 4 2002) + 220 Ugan )+

£ - (5.26)
(26200 — 40 1 2002 4 20U + e21003)]

op =
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where the hat symbol over metric functions signifies the boundary value e.g..
Fo(t,0) = lim ~o(u, 6). (5:27)
r+—0

Let us now solve the equation g,, = 12/p?, which is regarded as a quadratic equation for
aq (or equivalently as). Solving this equation gives us two roots:

1 — 2P0 Ao, Fo
o = - —¢" T ettt el (5.28a)
e'VOUO — 62’80
—1+4 €2 4 B0 + eMay

WUy + e2bo

o = (5.28b)
There seems to be no particular motivation to choose one or the other so wewill proceed by
choosing o ; we will show below that either root could have been chosén. Notice that (5.28)
gives o in terms of g, which is viewed as a free function. Examining theé transformations
of the g, gpp coefficients fixes ap and thus o also.

Using the transformation with ay = o, gpt reduces to

0 (T + 2o

N - L
so we can set g,y = 0 by choosing as = —Upe=2P. We thus conclude that the coordinate
transformations are given by

tst+ (1—e200)p 0 B 0 — Upe 2%, (5.30)

Note that this value of as automatically sets af = a7 . We could have alternatively
started by choosing a1 = a7 ; this would have resulted in the same value for aso, showing
that the freedom in choosing aqwas actually trivial. As a final check for this part of the
transformation, we can show that g,g= 0, verifying that the Fefferman-Graham gauge has
been reached.

This transformation illustrases.the leading order part of the general procedure to trans-
form from Bondi to FG [gauge. Using our solutions of the vacuum Einstein equations, we
first transform from the Bondi coordinates (u,r, 6, ¢) into coordinates (¢, 74,6, ¢) and then
use transformations‘of the form

i+ i+1 i+1
re = DU (600, =t Y t(t0)p), 00+ 0;(t,0) (5.31)
j=1 j=1 j=1

where the limit of the sum 7 + 1 indicates the order necessary to compute the coefficient
9(i) (thusswe will enly be concerned about summing to an upper limit of four). At each
order/we needtto solve for the coefficients r,;,t;,0; to preserve the FG gauge conditions
Gpp= 1/ 0%, 9tp = 96p = 0 (g¢p = 0 will be satisfied automatically due to axisymmetry and
trivial ¢ — ¢ transformation). More detail and computation of the higher order coefficients
is\given in appendix B.
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5.3 Background metric

The transformation (5.24) gives the following results for g(p)ap:
dsfy) = (e*°U5 — e?0)dt2 — 262000 dtdd + e210d6? + e~ sin?(0)dg?. (5.32)

Note that the boundary is not necessarily topologically equivalent to R x4S? inhgeneral;
the spacetimes are asymptotically locally AdS rather than asymptotically?AdS.

When Ug vanishes, the boundary metric is topologically R x S? but the metric on the
S? is deformed by non-trivial 49. The boundary metric retains the determinant condition

on the angular part of the metric
~

dQ? = e210dh? 4 e sin?(0)d¢? = |Q| =%in? 6, (5.33)

which was part of the definition of the Bondi gauge. ThiS'is an unusual restriction on the
boundary metric: it is somewhat unnatural to impose a fixed determinant for the metric
on the sphere. It would thus be interesting to revisit the Bondi gauge analysis, dropping
the determinant condition on the spherical part of the metric.

5.4 The energy-momentum tensor

The final term of physical interestin the Fefferman-Graham expansion is g(3) as this de-
scribes the energy-momentum tensor of the dual conformal field theory (5.3). To compute
9(3)ab We have to include termsyup to O(r~3)sin the metric functions

Y(u,r,0) =y + % + % (5.34a)
) N
B(u,r,0) = Bo — 4;% (5.34b)

2
U(u,r,0) =Uy+ _50’062(%—70)7
. r U (5.34c)
;562(’80_70)(230,071 = 270,0m1 + 11,0 + 2cot(0)71) + 77?
1 1
W (u,7,0) =02 4= [cot(0) Uy + Up o] + ﬁeQ(ﬁo_W)[Q — 3621047 + 4 cot(0) By o+
\ " (5.34d)

8(0,0)% + 6 cot(8)70,0 — 8B0,070.0 — 4(70,0)> + 40,60 + 270,00] + 733

As a brief aside, we observe that the integration functions Us and W3 enter the metric at
this order. Recall that W3 has the interpretation in asymptotically flat spacetime as the
Bondi mass aspect, W3 = —2mp [1]. If we follow [13] in defining the mass aspect function
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as the O(1/r) term in the Bondi metric component g,,, then we obtain

2mp = — e 2H0) (290, — Up(cot(6) — 2v0,0) + Un ) (4e*™ (8o 9)*—
e0Uo(—270,u6 + 470,u(70,6 — cot(8)) + Uo(4(70,6)°—
270,00 — 6 cot(0)v0,9 + cot®(0) — 1) — Up g9 — cot(8)Uo )+
e 220Uy Us — 267 By (—290,u0 + 470,u(0,0 — cot(6))+
Uo(4(70,0)* — 270,00 — 6 cot(0)70,0 + cot?(0) — 1) — Ug go — cot(9) U o). (5.35)

1 1
§62%U02 63 + 56_6’80(—2’70,u + Up(cot(8) — 270,0) — Uog)®| +
2e™2% By, oUo(270,u — Uo(cot(8) — 2y0,6) + Uo,e)*+

ée_wo(Uo,e + cot(8) Up) (270,u — Uo(cot(8) — 2y0,9) + Uph)? — 20045

Here we have used the Einstein equation (3.16) to express eontributions in terms of
(70, Uo, Bo) wherever possible. In the asymptotically AdS case ygn= 5o = Uy = 0 we
obtain the same definition of the mass aspect, 2mp = —Wshas in the asymptotically flat
case [1].

In the asymptotically flat case, the Bondi mass at.time u = g is obtained by integrat-
ing the mass aspect over the ug cut of £ (2.17). Igis.natural to suggest that an extension
should exist for the AdS case whereby one could obtain the analogue of the Bondi mass
in asymptotically locally AdS spacetime by integrating over a cut of .# instead. We will
discuss this definition in asymptotically "AdS,spacetimes in section 5.5.5 while the more
general case of asymptotically locally AdS remains ongoing work.

Returning to the discussion of #he coordinate transformation in order to obtain g3,
we note that when performing the series transformation into the Fefferman-Graham form
we also need to extend our transformatiomyin the coordinates to O(p?)

re = p+ b1 (00 + 1 (t,0)p” + du(t,0)p"
t—t+ a1t 0)p + balt,0)p + ca(t,0)p> + do(t, 0) p (5.36)
0 — 0 Far(l30)p+bs(t, 0)p” + c3(t, 0)p* + ds(t,0)p".

where «;, b;, ¢; are the funetions already obtained from previous orders (see appendix B for
b; and ¢;). To obtain 9@3)ap We will need to choose d; 23 suitably in order to force the dp
terms to vanish ati@(1/p):

Once we haye performed this transformation we have to check equations (5.4) are
satisfied. First wewse the g(g) of equation (5.32) to check tracelessness

9?5)9(3)@ =993y + 29?8)9(3)w + g(eg)g(:s)ee + 9?&9(3)@ =0, (5.37)

whichi is automatically satisfied by g(3)q;, without having to apply either the supplementary
conditions or the higher order main equations.

In orderto present expressions for the g(3) coefficients, we give formulae for (Us,y3, W3)
which have been obtained via rearrangement of the expressions for (g(3)u,9(3)9,9(3)60)-
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Although there are four non-zero components of the energy-momentum tensor, the three
functions below suffice to read off all components due to the tracelessness equation (5.37).

US — ¢ 20 (9(3)9900 + 9(3)t9) + U3 (o, BO: Uo);

~ 3 Y R . X . .
Wy = 5e 280 (9(3)99U02 + 29(3)t9Uo +g(3)tt) -+ Ws (50, Bo, Uo); (5.38)
1 : A N L

BTy (6 (9310005 + 29(310000 + 9(3)e) — 2€ 2’*“9(3)99> +G5(30, Ba, U),

where all of the metric coefficients are functions of (¢,6), defined at .#, and explicit expres-
sions for (Us, W5, Gs) can be found in appendix B.3.

Verification of the conservation condition (5.4) is less straightforward than ehecking
tracelessness. The simplest component to check is the ¢ component, forswhich the required
result is obtained using the equations (B.20-B.22) above and the tracelessness property
(5.37)

Vi 9@ = 956V ©0)cd3)a0 = —900 T ud3)06 — 900 Besd(3)ad™= 0 (5.39)
where the Christoffel symbols T’} are those associated withiythe metrie gg)qp-

The remaining conservation equations are harder gowerifys, The Finstein equations
(3.16), (3.19) for 43 and 43; and the supplementary conditions (A.1-A.2) are required,
the latter giving expressions for the functions (73,t and W3’t. These equations, combined
with the relations (B.20-B.22), are sufficient to show that tlie t and 6 components of the
conservation conditions (5.4) are satisfied.

5.5 Asymptotically AdSs; examples

The first interesting example to look at is the classrof asymptotically AdS, Bondi gauge
pacetimes. Recall that we defined asymptotically AdS, spacetimes as asymptotically locally
AdS, spacetimes for which g(g) is conformally flat. We can choose the representative of
this conformal class to be

o = Bo = U =0, (5.40)

so that the metric g(g) is the standard metric on the Einstein universe.
Applying these values#6(B.16a-B.16d) and (B.20-B.22) to compute g(3) we obtain

ds%) — —%[dtQ +d0?) (5.41)

2 . - 1. 1 N
dsly) = §W3dt2 + 2Usdtdl + <3W3 — 2@3> do* + (3 sin? O3 + 2 sin? 9%) d¢?  (5.42)

Notice that g(9) €an also/be obtained from (5.17) using the curvature formula (B.12)).
The second of these two formulae gives us the energy-momentum tensor for an asymp-
totically AdSsfspacetime in terms of Bondi gauge functions. From (5.42) we note that

2W3 4ip
Iam = "3 T g (5.43)

which arises from the formula (5.35) for the Bondi mass aspect, mp, now restricted to
the boundary, mp = mp|s. Thus, the g(3), component of the energy-momentum tensor
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is determined entirely by the mass aspect function. This implies in particular that the
Bondi mass for asymptotically AdS4 spacetimes is equal to the mass computed using the
holographic energy momentum tensor. Indeed,

3 1
— dS, (TH )N = ——— N npg = 44
M - SM( >f 167 - g(3)tt e /S2 mp MB (5 )

where in the first equality £* is an asymptotic timelike killing vector, which we taketo be
&= — (%)“ and we set [ = G = 1. This also implies that the Bondi mass for asymptoti-
cally AdS4 spacetimes is equal with all other definitions of mass for asymptoticallynAdSy
spacetimes as all of them are known to agree with the holographic mass (as.they had to
since [19] provided a first principles derivation that the conserved charges for general Al-
AdS spacetimes are the holographic charges). In appendix D we demonstrate the equality
between the Bondi mass and the Abbott-Deser mass.

~
We will now discuss interesting examples of asymptotically AdS4 spacetimes.

5.5.1 Global AdS,4

An obvious example of an asymptotically AdS, spacetime 1s the case of global AdS, itself.
Using the usual normalisation of [ = 1, the line-element in retarded Bondi coordinates
reads

ds* = —(1 + r?)du’® — 2duds +u>d02. (5.45)

Clearly W3 = Us = 73 = 0. Applying this to (5.42) we seerthat g(3) vanishes and thus the
energy-momentum tensor of the CFT state (the vacuum state) dual to global AdSy is zero.

5.5.2 AdS,4 Schwarzschild

We now consider the AdS,-Schwarzschild black hole solution whose metric in retarded
Bondi coordinates reads

2
ds* = £ <1 + 72 — ﬁ) du? — 2dudr + r*dQ?. (5.46)

r

This solution is an example ¢f an asymptotically AdSy; metric and thus it automatically
has the same values for g() and, g(2) as presented above.

This solution has métric funetions 5 = v = U = 0 and matching (5.46) with the
general Bondi gauge metric (3.2) gives W = 14 1/r2 — 2m/r3 i.e. W3 = —2m. Using the
relation (5.42) we obtain

9m 20 O
9(3)ab = _? 01 0 (5.47)
0 0 sin?6

which reduces to the ¢ase of global AdS4y when m = 0.

5.5.3 Flat g(o)

Let us now comsider the case where the metric g(g) is flat. One can show explicitly that the
metric on the Einstein universe is conformally flat using the coordinate transformation

74y =tan [;(t + 9)} . (5.48)

— 492 —
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to obtain . )
ds%o) = 4 cos? [2(t + 9)] cos® [Q(t — 0)} (—dr? + dy? + y*d¢?) (5.49)

which is clearly conformal to the flat metric on R*! in polar coordinates.
Under a conformal transformation gy — 62"g(0) the coefficients of the Fefferman=
Graham expansion transform as (see discussion in [51])

9(0)ab = = €7 g(0)ab
J2yab = I)as T VaVeo = Vao Vo + 5 (fo) 9(0)ab (5.50)
9(3)ab = € 9(3)ab
and therefore
gEO)ab = Nab; dS/(%) = —d7-2 + dyQ + y2d¢2 o
(2yab =0
2I/T/vi% Ug 0
1 1 5 17% 4
923)@ = 2cos {2(t + 9)] cos [Q(t — 9)} Us W3 — 293 0
0 0 sin” 6 (%VT@ + 2%)
2 ~5/2
=3+ r+ya+ -y -
x {[~48yr(1+ 3 + 7305 + 8(y* + (13 722 FGP(1 + 4r2)) W5

96y>743)d? + [24(y* + (1éh>)? + y2(24672))Us—

A8yt (1 + o + 72)W3 + 96y (b + 924 72)3s]dydr+

[—48y7(1 + y% 4+ 72)Ust 4(y* + (1 + 72)% 4+ 22 (1 + 572)) W3 —

24(1 + y® + 72) %3] dy” +

4y (1 + (7 + 9)2) (1 + (7 — 9)2) (W3 + 693)]de”}.
The equation for gEO) is presented in the flat coordinates (7,y,¢) and both gy and g(3)
have been presented in both/the old (€0, ¢) coordinates as well as the new coordinates
(7,9, 9) (g(2) trivially so). ~
We observe that 923) is merely (5.42) multiplied by a conformal factor. (5.51) presents
the specific factor when‘we have a flat metric at the boundary gya = 7ap. We also
remark that one could,immediately deduce that g22)ab vanishes by applying (B.12) to the
flat metric.

5.5.4 AdS,dblack brane

An example of a vacutim solution with a flat g is the AdS black brane solution. The
black brane is an asymptotically AdS solution to the vacuum Einstein equations with planar
horizon«topology,

e dp? n —fo(p)dt? + da? + da}
2 )
32
folp) =1 = =5
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where b is related to the temperature T of the brane via b = 3/(47T).

It is straightforward to transform the black brane solution into the Fefferman-Graham
form using a redefintion of the radial coordinate p (see for example [54]), resulting in
Fefferman-Graham expansion coeflicients:

9Oyab = Nab;  dsly) = —dr° + dy* + y*d¢*;

92)ab = 0;
(5.53)
1 aer\? (200
9(3)ab = _g 3 010 ,
00 2

where we use the flat coordinates (7,y, ¢) of (5.51).
We can calculate the relevant Bondi quantities for the Ad$ black'brane from (5.51)
and (5.53):

3
=g (50 AV P D T e
7. = _1 (4T 37- 72 142 ~ )2 T 2
G =~ (557 70 (4224 1) VTRE T+ DG 9 -
3
W= () VD g
X ((72—}—1)2—|—y4+ (47'2—|—2) y2>.

Note that W3 will be related to thesmass aspeet if we use (5.50) to transform the solution
so that to boundary metric is R x S%3The eotresponding mass will then be the conserved
charge associated with time translations. Hewever, as the coordinate transformation (5.48)
transforms ¢ to 7 and y, what was a mass aspect on R x 52 is not a mass aspect on R2.
Indeed, it was shown in [51] that

1
N = 5 (Pr+ o) (5.55)

where P, = 0 is the generator of 7-translations and K; = 220; — 2x;27 0; the generator of
special conformal transformations (see also the discussion in [55]) . Thus, W3 is related to
a linear combination’of théxniass and the “special conformal” aspects on Rb2. 5

5.5.5 Bondi mass

In our gauge the Bondinmass (2.17) reduces to

1

Mp = —
B 47 S2

1 s
mp = 2/ mpsin(f) df (5.56)
0

where mprisithe mass aspect function defined in (5.35).

°>One can explicitly confirm this using (5.50), (5.48) and K, = (y* + 72)0- + 27yd,.
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We would like to examine whether or not the Bondi mass in asymptotically locally
AdS spacetimes maintains the monotonicity property of the mass in asymptotically flat
spacetime [1, 2], namely

OMp <

0. (5057)

ou

Note that for asymptotically flat spacetimes saturation of the bound corresponds.to the
absence of gravitational radiation.

To examine the AdS analogue of this result, we begin by examining thease of asymp-

totically AdS space-times for which 79 = By = Uy = 0. In this case ghe mass aspect

coincides with the original definition, 2mp = —W3 and
BM B 1 & 6m B . 1 g 8W3 .
= - 0)do = —— 0)de. 5.58
ou 2 )y Ou sin(9) 4 )y Ou sin(0) (5.58)

~

To analyse this, we use the supplementary condition (A.2) (evolution egquation for W),
which reduces to

1
W3,u :5[6'){l — 7%,9 + 47%’,“ + 471,u - 2’71,u06 - 8C0t2(9)’7%+ (5'59)

Y1 (=123 + 71,00 — 15 cot(0)v1,9) — 6 cot(B)y1 e +3Us,9 + 3 cot(0)Us]

in this case. S
To simplify this relation further we use the Einstein equation (3.16), which implies

% =0 (5.60)

and thus .
Ws,, = > (Us o cot(0)Us) (5.61)
and thus substituting into equation (5.57) gives

OMp _ 3 /07r (Us g sin(@) + cos(0)Usz) db = —g [Us sin(0)]; - (5.62)

ou 8

To evaluate the limits of thisdntegral we use the same regularity conditions as in [1]. At

the poles of the 2-sphere,
Us

Sn(0) = f(cos(0)) (5.63)

where the function f is‘regular at the poles. Applying this condition in (5.62) gives

‘9ng _ —g[sin2(9) Flcos(8))]F = 0 (5.64)

using thewregularity of f.

Thus for asymptotically AdS spacetimes the Bondi mass is constant and does not vary
with respect to the Bondi time, u. This confirms earlier results in [7, 12, 14-16] (mostly
for the dS ease). The result is striking and is what would be expected on physical grounds,
as\we will now explain.
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Firstly, let us recall the interpretation of equation (5.60) in the language of the original
work by BMS. Vanishing of 7; implies there is no news and thus (in the asymptotically
flat case) the mass is automatically conserved. This interpretation carries over to the
asymptotically AdS case. Note however that it seems less likely that this result will extend
trivially to the broader class of asympotically locally AdS spacetimes, as it is possible to
have vanishing 77 but non-trivial (g, 50, Up). The latter would play a role,in thé equation
(A.2) for the evolution of the mass aspect and could alter the monotonicity properties of
the mass.

Another way to understand why the Bondi mass remains constant ferrasymptotically
AdS space-times is that the boundary metric is unchanging, indicating'a’lack ef gravita-
tional radiation to perturb it. Any outgoing radiation would effect the boundary metric
and as the metric is unchanging with time there is no gravitationala#adiation. The original
motivation of BMS was to define a mass which captured radiation/escaping at (null) infinity
and thus our conclusion is consistent with their approach.

5.6 Integration scheme

In this section we summarise the relation between thenEefferman-Graham integration
scheme, which effectively allows the spacetime to be reconstrueted in the neighbourhood of
the conformal boundary in terms of CFT data, and the integration scheme in Bondi gauge
discussed in section 4.2. In the latter, one specifies the datay

{;)’O(ta H)a BO(ta 0)7 UO(t> 9)7 '3/3(257 9)7 U3(t7 9)7 W?:(t? 9) l te R7 0 € (07 271‘)} (5'65)

which has the effect of reducing the Einstein equations to algebraic equations from which
one construct fully the asymptotic solutions te the Einstein equations without having to
evolve betweeen null hypersurfaces.

The holographic interpretation of (Jgy Bo, Uo) is given by equation (5.32): these func-
tions define the metric at the eonformal boundary, g(g)ss- The commonly imposed de-
terminant constraint on the spherical part of the metric in Bondi gauge translates into a
determinant constraint on the spherical part of the boundary metric, a constraint which is
unnatural from a CFT perspective.

The data (93, Ug, Wg) definescthe energy momentum tensor of the dual theory, Typ.
More precisely, equation (5:38) gives the relation between g(p)q, and Top (~ g(3)ap) and the
coefficients (%3, Us, Wa). With this holographic interpretation we can rephrase the Bondi
integration schemerinnthe following form:

Knowledge of the metrie\g)ay at & and the energy momentum tensor Top ~ g3yap for
the CFT dual of the Bondi gauge spacetime is sufficient to algebraically solve the vacuum
Einstein equations in the asymptotic region.

6 Conclusions

The_main result of this paper is the general asymptotic solution of asymptotically local
AdS and dS‘spacetimes in Bondi gauge. We saw that we can use two different integration
schemes: in the boundary scheme we fix data on the conformal boundary only, while in the

— 46 —

Page 48 of 70



Page 49 of 70

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - CQG-105637.R1

hybrid scheme we give data on a null hypersurface and a portion of the conformal boundary.
We also presented the coordinate transformation to Fefferman-Graham coordinates and
identified how to extract the holographic data/conserved quantities directly in Bondi gauge.

The analysis was done for vacuum Einstein gravity in four dimensions and for solu-
tions that are axially and reflection symmetric. It would be straightforward to relax these
conditions, i.e. to consider solutions with no axial and reflection symmetry, add matter
and generalise to higher dimensions. In odd dimensions the asymptotic expamsion will
involve logarithmic terms, and so it will in any dimension with specific types of matter (as
discussed for d = 4 in appendix C). These logarithms are related to logarithmie.divergences
in the on-shell value of the gravitational action [4, 18].

One undesirable feature of the Bondi gauge is the determinant condition on the angular
part of the metric (2.7). In the context of (A)dS this implies that the ar%ular part of the
boundary metric satisfies a similar condition (5.33). Via gauge/gravity duality however the
boundary metric also has the interpretation of a source for the energy. momentum tensor of
the dual QFT and in QFT the sources should be unconstrained. It would thus be desirable
to relax/replace this condition so that the boundary métrig,is uneonstrained.

We have seen that the Bondi mass is constant foriasymptotically (A)dS metrics, re-
flecting the fact that these boundary conditions’ do net allow for radiating spacetimes.
To accommodate radiating spacetimes one needs to considel, asymptotically locally (A)dS
spacetimes with a time dependent boundary metric. While we now know the general
asymptotic solution for such spacetimes, we.domot know yet what is the correct identifica-
tion of the appropriate notion of mass that aecounts,for the radiation (but see [8, 12-17]).
Such mass should be monotonic and ituis.not yet clear whether the Bondi mass defined
using (5.38) has such monotonicity properties. A radiating spacetime which is asymptoti-
cally locally AdS and possesses.a “Bondi mass”’ with the required properties [6] is the AdS
Robinson-Trautman solution. It'weuld thus be useful to bring this solution to Bondi gauge
and use it as a playground.

In this paper we onlystouched upon the case of positive cosmological constant, only
discussing properties that can befdirectly inferred from those of negative A. There are
however importantsglobal differences between the two cases and it would be interesting to
completely analyse theicase of positive cosmological constant in detail, especially given its
phenomenologicalfimportance. We hope to return to this and related issues in the near
future.

The diréct analogue of the asymptotically flat case when A # 0 is the case of asymp-
totically (A)dS spacetimes. When A # 0, however, we have seen that we can obtain
asymptetie solutions more generally for asymptotically locally (A)dS spacetimes. It would
be interestingo revisit the case of no cosmological constant and determine the most gen-
eral boundary conditions allowed by Einstein’s equations (and the variational problem)
at null infinity and find the corresponding asymptotic solutions. This may be relevant in
understanding how holography works in asymptotically flat gravity.
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A Supplementary conditions ~

In section 3.4, we explained how the {uf} and {uu} Einstein equations.can be reduced to
f=0and g =0 where f, g are functions of (u,f). Here we present these equations in the
A < 0 case as constraints upon the derivatives of the functions Uz, and W3,. We have
used the normalisation of | = \/—3/A = 1. The formulae for A*> 0 can be obtained by
using dimensional analysis (see section 5.2.2) to rein§tate [ and then A.

f=0: v
4
Us.u = =73((270,0 — 4 cot(0))(Uo)? + 2(e29m— Up o+ Y0,u)Uo—

3
1
340720 (cot(0) + fo.p — gt 5 (e Vo(m)" -

3077270 (cot(0) — o0 — Y0,00q1)” — 14(Uo)*(cot(8) — 270,0) (71)*+
14U0(Uo,p + 2y0,u) ()2, + 3e*0 7290 4(7 cot(6) + 80,0 — 870,6)+
2%y g — Up g + 4(=4¢ot(8) + Bo.o + 470,0)70,u + 3Bo,us — 870,u0) (71)—
6Ug W31 + 362[30_470(26260(—4(’)/0,9)3 +6 cot(@)(’yo,g)Q—l—

(8 esc?(6) + 48040 + 6¥0.d 2)70.0 + 8(80,0)* (2ot (6) — 70,0)+

2 cot(6) .00 — Beat(B)v0,90 — 280,6(csc®(8) — 4(70,9) + 8 cot(0)y0,0+
4B0.00 + 270,00 + 2(=2B0 000 — 70.000) + €27 (471.6(Uo.0 — 270.u)+

2(8 cot (0)=R380 a=870.0)11,u + 371.u0)) 11 — 2420 Ugyy — 12U0U3 g+
3e200 2201, 5 126250 =013 8 o — 12U0Us(cot(8) + vo,0)—
18640072 M0yy o & 24(Uo) 3,0+

12650701 5260, (cot(6) + 3600 — 270,0) + Bo,oe) + Bo.sy1,00)+
32002007 ((csc?(0) + 16(70,0) + 860,0(2 cot(6) + Boo)—

4(7 0t (0) + 3B0,0)v0.0 + 4Bo.00 — 12(Y0,00 + 1)) (71)*+

2((16 cot(6) + 12800 — 1670,0)71,0 + 371,00)71 + 10(71,0)%)+

603 (201 — 2Ug9 + 3B0,u — Yo,u) + 21207210 gy o, — 24Tpy3,)

(A1)
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1
2
3
: g=0:
6
1
; W5, = 3etPo~t 4 56_270(6270U0279 — e (8ct?(h) — 1670,0ct(6) + 46379 + 87(2),9+
1 _
?o TBo.s(ct(8) — 2v0,9) + TBo,00)) (1) + 3¢ 290 (—12e 020y —
1; 2Up o (42 ct?(0) — 9e*P g gct (0) — 3e2%0 csc? () + 6625‘%379 + 662’80’7[2)704‘
13 €270y 9 (11ct(0) — 1670,9) + 3¢ Bg.90 — 5e*%70 .09 — 26270791 )+
1‘5‘ €0 (—e*% (15¢t(0) — 1480, — 1470,0) 71,0 + 4(—ct(8) + Bog + Y0.0)To,00+
16 271 g9 + 2Uy 000 + 32¢t(6) Bo.070,u — 32B0,070,670,u — 12¢t(60)86,u6—
:; 160,080,u6 + 1670,650,u0 + 4ct(0)70,u0 + 2480,670,u6 — 870,070 — 450ub6+
19 450.u00)) 71 + 8040 (g ) — 1620 740¢t(0) (B 9)> + (- 14040t (9) —
20 _ 1 _ 7 _
py 8¢ 30 9) (10,0)° — 56450 20 (y1,9)* + (U0)3(§e%0 250et(0) #270,0)()°+
- 462107250 (45 (2ct(0) — Y0.0) + Y3.0)) + 4070 B3 o(—e20ctR(Q) — 26270+
24 2¢°% csc®(0) — 4¢% By pp + 2¢2%70,00 + €707 et V(3260058 o+
;2 2840 =H0ct(9) By g — 0740 (—3e2P0ct2(9) 444627090 csc?(0)+
1
Z 16625050,99 + 186250’}/0’99 + 462%717”)) + (Uo)2(§(—14)e270ﬁ—
. 4

7 1
> €770 (U + 2y0)(1)° + 5 (~19c83(0) 7 600,08 (6) + 10 csc(9) -
g; 8686 — 32750 + Bo.0(870,0 — 17t (61,750 99 + 200,00 + 8)(11)*+

1
33 56_260(262%”/3 — % (8¢%2993 + (5et(6) + 30800 — 5670,0)71,0 + 971.00)) 71+
34

1
:2 56—250(_136250 (71’9)2 + 862(50"'70)74) T 8€2W073U079 + 7e20 Us o+
2373 3¢¥0U3(3ct(6) — 2600 5270,0) — 8¢709370,u + 8¢7°73.))+

1
39 Y1,0(—2e2P07200 30 o (309 — o) — 56250*270(13ct(¢9)U0,9 + 2Up g0+
40
41 8B0,u0 — 4Y0,u0)) & 625\_4705079(—62600‘5(0) csc?(0) — 2e2P0ct () + 3eM0U5—
fé 1662’8065(9)50799 — 1062’800‘6((9)70799 — 862’30,30’999 — 262’80707999— (A.2)
44 106270Ct(9)’)/1’u - 46270’}/1#9) + ’7079(3264&]_470 (6079)3 + 86460_470Ct(9)ﬁg79+
22 262’807470(—262[30%2(6) + 6e2P0 4 320 csc(6) + 2462’80ﬁ0,99 + 6e2ﬁ0fm’99+
1

j; 4e¥0935)B0.0 + 807200 g1 9 + 562507470(—3625006(9) csc?(6) 4 2% ct(0)+
49 8e209¢t(0) Balga+ 30e>7ct(6)70.00 + 16€2% By gap + 102 oo+
50
51 1262719€t (010 498627071 49)) + U (1062 (ct(8) — Boo — 70.0)(71)>+
52 (Uo,0(=66t(0) — 8800 + 870,0) — €719 + Up g0 + 16¢t(6)v0,u — 4B0,070,u—
53 _
54 1670,090.u — 3B0.u0 + 870,u0) (11)% + €27 (—e?0ct? (6) + 3677070 pct?(6)+
55 26260 csc?(0)ct(0) — 146260’7379Ct(9) — 92 34 ggct(6) + 9620 gact(0) —
g? 146270’}/1@@6((9) + 8¢ (7079)3 — 4etoyy — 46250’}/0,9 — 10e%%0 csc2(9)'yo’9—
58
59
60
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22 33 5 (15¢t(6) — 870,0) — 26*°Up 971,60 — 16€*770 670,00 + 26> By 000+
4€*750 9pg + 86”01 970,u + 166”770 71 0 + Bo,o(—13e* M ct*(0)+
606250’}’0’9Ct(9) + 8¢%P0 4 126250 CSCQ(Q) — 326250’}/3’9 + 862ﬁ°ﬂo,99+

1
206”70 99 — 66*7°71,u) — 36091 up) 1 + 56_2(ﬁ0+%)(*7645071,9@2(9)*

48¢*7 By g1 9ct(0) + 16€*00 gv1 gct(8) — Te 0y goct(0) + 8e* 0 UsUp p—
4e2 Pty o — 205 (3ct(0) + 4B0,0)+

24€4BO+2’Y0'73(Ct(9) + Boo —Y0,0) + getho CSCQ(Q)’}/L@ — 4064505(2)79’}/1’9—
864607(2),97179 + 64e* By g70,071,0 + 12620205 5 — 1240 o BTG5+
8e*™1 970,00 — 162 By 971 .90 + 800 971,00 — 262701 ggo F.6P10 Uy —

1
12670 Us B0, + 46" Usyo,u — 667077091 g71.4)) + e 110 (— 268085 goct? (6)

364’80’)/0799662 (0) — 462(ﬁ°+70)717uct2(0) + 3e2ot0 7, c6(6) — 464’80507999Ct(9)—
46450’)/0,999Ct(9) — 662(ﬂ0+%)’yl’u90t(9) — getho (50,99)2 + 6400 (70,99)24-

40 (y1,4)? + 3201005 o — 460 By g9 + 4 P-asc*(0)80.00 + 2617 V0,00 +
6e*90 csc?(0) 0,60 + 86*™ Bo pa10,60 — 52 P TIVUG oy1 i 26 By 6600 —
"0, 6000 — € W3 (3Uo,0 — 4B0,u) + 4e* 1 esc? ()71 o+
42B010) 85 091 o + 42 PoT10) g oy, B 2eHP0T0E, )

where we have used the abbreviations ‘ct(0)" to refer to the cotangent function and ‘csc(6)’
for cosecant. These two equations are essential to'check that g3, satisfies the conservation
property (5.4).

The supplementary conditions arerenormously complicated by the presence of A # 0
with non-trivial coefficients ~p, 8o, Up. These formulae simplify significantly in the asymp-
totically (A)dS and asymptotically flat cases.

Asymptotically (A)dS spacetimesiin Bondi coordinates have vy = 5y = Uy = 0 which
gives 1 = 0 by equation (3.16). Setting these values in the supplementary equations above
gives us

—_

Uspe="~ (4A cot(0)y3 + W39 + 2A739) (A.3a)

3
1
W3 = —§A(00t(9)U3 + Usp) (A.3b)

where we havemreinstated the factors of A using dimensional analysis.

For the asymptotically flat supplementary conditions, we again have vy = g = Uy =0
as well as Av="0 but now 7; # 0. As given in [1], the asymptotically flat supplementary
conditions are

1
U3,u = g (7’71,9’}/1,11 +m (3'71,u9 + 16 COt(H)’Yl,u) + W3,9) (A4a‘)
WS,u =2 ('Yl,u)2 + 271,u — Y1,ub6 — SCOt(a)VI,uG- (A4b)
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B Intermediate pieces of the Fefferman-Graham transformation

In this appendix we provide formulae for transforming the Bondi gauge metric intosthe
Fefferman-Graham form. Expressions for the intermediate metric tensors are omitted for
brevity.

B.1 Vanishing of gy

In this section we demonstrate explicitly that g(;) vanishes. Note first that the Bondi metrie
(5.22) used to compute g() is insufficient for computing g(;): it only includes the solution
to Einstein’s equations at leading order but for gy we require 1/ ~preontributions to
the metric. To compute g(;) we therefore need to retain the following contributions to the
metric functions

(u,0) -
3 (u, 7, 8) = ~o(u, 0) + - T’ (B.1a)
B(u,r,0) = Bo(u, 0) (B.1b)
U(u,r,60) = Up(u, 8) + X500 -200Mge oy ) (B.1c)
T
W(u,r,0) = 2P0 4 cot(6)Uo(eh) + Uo,o‘ (B.1d)

r

which are the solutions to the field equations (3/7a-3#d) upso O(1/r). Note also that we
use the normalisation [ = 1.

As before, we begin with the Bondi'metric in theform (5.5) and transform into the
coordinates (t, 7,0, ¢) using transformations, (5.8).and (5.11)

uw=1t=r (B.2a)

r = tan (7“* + g) (B.2b)

where we have written the transformation (5.11) in exact form.
Next we extend the transformations)(5.15, 5.24) to one order higher in p

~ 2

re =+ p+01(t,0)p (B.3a)
t—t+ai(t,0)p+ ba(t,0)p (B.3b)
0 — 0+ as(t,0)p + bs(t,0)p (B.3c)

where a2 are given in(5.30) and b; 2 3 are to be determined. When considering how the
differentials transform it will again be sufficient to consider the pieces which contribute to
the metric at O(1/p)

dr. — dp + 2b1pdp (B.4a)
dt — dt + aydp + (Opaq) pdt + (Ogavy ) pd + 2pbadp (B.4b)
df — db + asdp + (Oran) pdt + (Dgaa) pd + 2pbsdp. (B.4c)

i.e. we do not need to include terms of O(p?) or higher.
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The final subtlety when applying this procedure is to take into account that the metric
functions (v, 8, U, W) are all functions of (t—r,, #) prior to applying these transformations.
Terms up to O(p) need to be included in these arguments, i.e.

t—1e = t+pay —p+O(p*) =t +pla; — 1) + O(p?) (B'5)

and
0 — 0+ azp + O(p?), (B6)

to calculate all terms contributing at O(1/p).
At order 1/p we are initially left with a seemingly non-zero termiwith dependence
upon our three undetermined transformation coefficients b 2 3. To fix by 2 3 we enforce the

following
S

9(1)pp(b1,b2,b3) = g1)pt (b1, b2,b3) = g(1)p0(b1, b2 b3) =0 (B.7)

which gives us three equations for the three unknowns b1 2.3 (g(1)pe, vanishes automatically
by the axi and reflection symmetry). It turns out that the,g,, term is,given by

I1)pp = I(1)pp(b1) = 2b1 + €72 cot (@) Up e 200 (B.8)
so we can solve g(1),, = 0 for by and then we will beleftwith two equations for the other
two unknowns bg 3. Solving g(1),, = 0 gives us TS

L oz ~
b = —56 O(U()’g + COt(H)Uo) (B.9a)

using by it is straightforward to now,solve the remaining equations of (B.7), with solutions

1 R « R n “ N N

by = —56_460 (€20 (U 9 +ieat(0)U) + 2(Bot + Boelo)) (B.9b)
s Qo ¥ .

by = e 2800 + 3¢ 50 (U4 + Uo(Uo o — 2(Bot + Boelo))).- (B.9c)

where all function arguments are (¢, 6).

Enforcing equations AB.9a-B9¢) in the transformation should make all other coeffi-
cients at O(1/p) vanish! \To check this we input the values of b1 23 in (B.9a-B.9¢c). At
O(1/p), the line element reduces to

1 3 A DA DA .
dstyy = — e PP UF — ddtdoe Ty + 24670 - 25in?(9)d?) x 510)
(Uop + 250, — cot(8)Un + 290,0Uo + 2e2%47).
From equation/(3.16)
1
7= e 2% (cot(0)Uo — Uo,p — 2U0%0.0 — 270,u) (B.11)

and thus _the second line of (B.10) is precisely this Einstein equation (at the boundary),
forcing equation (B.10) to vanish, as required.
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B.2 Checking g9

The g(2) term in the Fefferman-Graham expansion is a useful consistency check as it must
take the form [4, 49]

1
9@)ab = ~ o) + 7 R(0)9(0)ad (B.12)

where R(g),; and R(g) are respectively the Ricci tensor and scalar of the boundary metric
tensor g(gyap-

We now proceed to compute g(y) from the Fefferman-Graham expansion and check it
via use of the formula above. The procedure for this step is the same,as before with a term
of one order higher added in each step. We impose the solutions o theEinstein equations
as terms up to O(1/r?). This procedure gives us the functions

Y(u,r,6) =0 + % (B.13a)
,Y2
Blu,m,0) = o= 17 (B.13b)

2
U(u,r,0)=Uy+ *50,962(60_70)_
X r y (B.13c)
r726250—2’70 (250’9’}/1 — 2’)/0’0’71 + 71,0 + 2 COt(Q)'Yl)

1
W (u,r,0) = 2™ + ;[COt(Q)UO + Uoel+

1 _
552 - 3R Saot(0) Ao + 8(800)® + Gcot(B)r00—  (B.13d)

850.070,0 — 4(Yaw)* + 450,00 + 270,00]

where, as usual, all of the coefficient functions are taken to be functions of (u,6). We will
also make use of (3.16) througheut.

The full transformation i§ again performed by first using the transformations of (B.2) to
move into real timé¢@nd tortoisé coordinate r, before expanding our coordinates (r,t,0)
in a series in powers of gy In order to correctly compute g(3) these power series will include
terms up to O(p3). Weruse the choices of a; and 3; as before and introduce new unknown
coefficients ¢;(&pf) at the next order

re— p+b1(t,0)p” + i (t, 0)p°
t—t4+ay(t,0)p + ba(t,0)p* + ca(t,0)p> (B.14)

0 — 0+ as(t,0)p -+ b3(t,0)p* + c3(t,0)p°.

The procedure for obtaining the ¢; is very similar to that for b;: we fix them by setting
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9©2)pp = 9@2)pt = 9(2)po = 0. This gives

1 3 N A N 5 s
8ci(t,0) = 56_460_270(—864ﬂ°+2% — 120 (50,9)2 — 24€*™ By 9A0 o+

664’30:)/0’99 + 18 cot(@)e‘lﬁo%,g + 6P + 946450 (3079)2 + 12643060799—‘1-
12 COt(9)€4BOBO,e — 6e210(50,1) — 12B0,0€*70Up pUp — 1250,.¢*7° Ul
12 cot(8) 5o, 0> (Up)? — 12 cot(8) Bo 1210 Uy — 6270 (Uy)? —
6e*7°(50,0)*(Uo)* — 6>1°40,6U,gUp + 6€>7° U 9o Un—
1262%’70,9%,t00 + 362%(00,9)2 - 66’2%%,15[70,9 + 670 Uo,te—

3 cot?(8)e210(U)? + 6 cot(8)e> 1050 0(Up)? + 18 cot(h) g0 00,9\004—

6 cot(0)e*1040 .Uy + 6 cot(8)e? 10Uy ;)

1 s s o N ) .
8ca(t,0) = — 5676&]7270(26270(170)2 + 61250 ()2 4 46270 cot?(0) (Uy)+

3200290 cot2 () (Up)2 — 42 csc?(8)(Uy)? + 32827 (54,92 (U) >+
6627 (30,6)2(Un)? + 6254210802 (U 2o 4% cot(60) Bo.0 (Uo) >+
12¢280+2%0 cot(6)Fo,0(Un)? — 6¢%1° cot()5o.0(Uo)*—

Ge2Po+2i0 cot(6)40,0(Ua)2=:8e>" Bojpo (Uo)*—

182504230 cot(0) Uy, 6 Uy — 126270 U 60,600 + 1262042900 o By g U+
620Uy 950,000 + Ge200+2i0 Uo,670,0U0 + 2e27°Uq g Up—

662B0+2:¥0 U0,0HUO £ e CO'G(Q)BO,tUO + 126230+2% COt(G)BO,tUO+
64¢270 B oG  Ug=6e>2° cot(0)30,Un — Ge2Po+2i0 cot(6)40.:Uo+
1221040,670gU 4 12887021046 670,:00 — 16627 By 150 — 2P0 —
655 + 8eb00+2%0 9270 (Uo,e)2 - 3€2ﬁ0+2%([70,9)2 — 24¢160 (3079)2_
94540 (,30,6)2 S gt (50.0)2 + 12560 (F0.0)% + 32¢2%0 (B(Lt)H—
66230(50,1)% 166270210 (50,)% — 4e*% cot(8) Bo,g — 12¢5% cot(6) fo0—
6™ cotl(@)50.0 — 18657 cot ()70, + 867 Bo.690.0 + 24¢5% B 970, 9—
4643050,99 — 12668060799 — 26430’3’0,90 - 66630%,00 +2¢*7° cot(0) Uo 1 —
662701210 cot ()T — 82 B gUp ¢ — 420U g o i+

12¢20+2%0 Uo.0B0.4 + 6270 T5 o501 + Ge2Po+2i0 Uo.690, + 2¢21°U5 19—

662504-270 UO,t9 _ 862%607”)
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2

8cs(t,0) = — §6—650—2%(62%((70)3 + 2e2%0 cot?(0) (Up)? — 2¢¥70 esc?(0) (Uo)3+
7o)*—

16¢°% (B0,0)*(Un)* + 3¢ (50,0)*(Un)* — 2¢*7° cot(6) 5o,6(Uo)?

3e2%0 cot(6)40,0(Uo)* — 4621 By 00 (Uo)* — 186Uy 080,0(U)*+

3¢ 00,0906 (00)” + 320U 99 (Un)” — 2¢°7° cot () Bo,(Uo)*+
3261 B0 /30,4 (U0)* — 3¢*7 cot(6)70,:(To)” + 667950 650,+(To) >4
862%BO¢9(UO)2 - 46430 COtZ(G)ﬁo + 46430 0502(9)[70 + 362%(00,9)2(?0_
126450 (By,6)20 — 66*%° (30,9) 2T + 16627 (B )2 + 327 (3012l —
#5000y + 6¢*%0 cot(8) 5o, Uy + 9¢*% cot(6)30,00 — 12¢*%° 3 o0, 0 Unt
6643030799(70 + 36480”70799% + ¢ cot(0)Uo U — 16”1986 ol Uns~
14629007y 00 U + 3621000630400 + 520 U 19U — 4627 3 lo +
12¢4% Uo,0B0,0 + 2¢210T0 gUp s — 12¢*10U 10+ + 8ot cot(6)F0,t—
166%%° 5,690, — 8¢ 40,090,¢ + 8% By 1 + 48040 19 + 2620 T 41)

(B.15c¢)

L

Using the ¢; coefficients above, we obtaingthe following components for g(z):

9yt =

1 o5 a8,/ 4 . 5 . .
56270 450((70,9)2 -3 COt(g)’YO,e - QBO,O(COt(G) - 270,9) — 290,00 —

D(Uo)* + 362@0—450(0&9(230,9 > 3%0.0) — Unge — 2 cot(0) o+
40,050, — 3 cot (@02 T BBaY0, + 250,650, — 430,.0)(U0)>+
%e“lﬁo(—eﬁo(Uo,a)2 + 22801 — %0.4) Vo + 92¢*P0 | 46430(50,9)2—
3eibo (50,0)° + €2 (50,0)* + Getfo cot(6)40,0 + 4@430[3’0,9(cot(9) — 290,0)+

2645 Bign + 3680 50,65 + €210 cot (0)Un,e — 2621050,001 + 4e270 fo Ao~ (B-162)
e? 000N =12¢19%0,11) (Uo)? + %(00,9(3%,9 —260.0) + Uo 00—

2ot () 5,4+ 5 €6t ()30 — 80,090, — 230,650, + 450.40) U+

36_2% (¥ (Un9)* — €2 (2B0 4 — 350,) Vo — o — 46430(30,0)2+

2" 0(0,0)? + 3710 (30.0)* — 3¢ cot(6)30,0 — 2¢*% Bo o (cot(6) — 2490,0) -
2643030799 - 64’@0%,90 + 270 cot(Q)Uo,t + 270 Uo,te)
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9@y6 = 250,4(Bo.0 + F0,0 — cot(0)) — A0 + = 5 (Uo)3 230 4B°(250 o(cot(0)—

. . . . 1 - Y s
250.0) — (50.0) + 290,00 + 3 cot(0)F0.0 + 1) + §(Uo)2€270 B0 (— 40 4H0,6—

480 6501 + 2 cot(0) Bo. — 250,090 + 450,40 + 3cot(0)F0. + Uo.o(350.0—

280.0) + Uo.00) + %6_4’5)0[70(264/;0 (50,0)% — €4ﬁ°70 00 — 450,.€27°30 41— (B.16D)
3 cot(0)e%044.9 — 26450 By 5(cot(8) — 290.0) — e*P0 — 4¢P (By 5)2—
2645030,99 — €20(304)% + 2621040 14 — 21005 6(260.4 — Fo.t) + €27 @org) >+
227104 gUp ¢ + €210 Uy 49 — cot(8)e* 10Uy ;)
9(2)00 = %(%)26%_460(—2/3)0,9(00t(9) — 250,0) + (50,0) — 290,00~ Y
3cot(0)dop — 1) + %er%—% (400.190.6 + 4B0.670. — 2cab(@)Bo.+
240,090, — 490,00 — 3 cot(8)30,e + Uo,0(250,0 — 330,0) =0, 00)+
3¢ ¢4 (2¢460 (50,6)* — 6430%,99 + 480 1274, — 3 cot(8) 4&)70 g — oy (B.16¢)
4¢*%0(By.6)? + 26%%0 By gy — 2 cot(8) e gy Fie> (@’o,t)2 — 2e21°40 1+
20Uy 0(2B04 — Ho.) — €210 (Up )%~
262%:}’079[70’15 — 20 UO,tG + cot(&)eﬁo U'o,t)
92)60 = % sin(9) (Up)2e 2250 +70) (2B (cos (12 sin(6)0,0) + sin(6) (30,0)>+
2sin(0)90 00 + cos(@)o.0 + sin(h))=
5 sin(6)0oe > CLRE) 5o Ao + 45in(0) o0 — 2c0s(6) o~
2sin(0)50.070. — 4si(0) 70,19 — cos(6)90, + U o(25in(0) B o—
5sin(0)5,0 + 2cos(f)) —sin(0)Up o)+ (B.16d)

1 . .
3 sin(0) P 02 sin(0) 1% (70,6)? — sin(6)e*¥ 30,00

4sin(0) 0.t€ VO'yOt <3 cos(f)e Bofyo g — 4sin(6 )6450 (Bo 9)2 — sin(@)emo—
2Si1"1(9)€46(’f9’0 90+ 2 cos(0 )ewoﬂo,e + sin(0)e*7° (J0,4)*+
28in(0)e* 4 — sin(6)e*7 0079(230,1& — 340.) + sin(f)e2 (U0,9)2+

(0)e

2sin(0)e?104, Yo, 9U0 t+ sm(@)eQ% (A]O,tg — COS(0)€2% 007,5).

Given these g(@ coefficients, we can use formula (B.12) as a consistency check, using the
non-zero, coefficients of the Ricci tensor, Rg)qp, and the Ricci scalar, R ), of the boundary
metric, given below.
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Ricci Tensor

Ry = e~ 2PoF30) (830 (T70)4 (39 9 (cot (0) — 250,0) + F0,00)+
Y0 (U0)3(—260.650.0 — 2B0.6%0.4 + 25040 + cot(8)F0. + Uo.a(—250 0+
230.0 + cot(8)) + Up.ge) + €27 (U0)*(— 4'3070 00 — 20 €704 —
cot(0) 4’8070 o — 2% By p(cot(8) — 350,0) — 464/30(50,9) — 2€4ﬁ°50,99+

2030 1 — €205 6(2B0.4 — Fo.t) + €270 (Uo9)% + €¥7°40,6U0 1 + X1 1) —

UpetPoF230 (2(3g,4 (cot(0) — 230,0) — cot(8)Bo.s + Fo.u0)+
Uoo(—2B0,9 + 230, + cot(8)) + Up.ge) — e (—2e*% 3y g(cot(6)—

20,0) — 4€*P0(By 9)2 — 264 By 9o + 2270 (30,4)2 — 227Uy o (Gof="0.0)+

e¥10(Uo,9)* + 710U 19 + cot(8)e** Uy 1))

Ry = R — &40 (%0 (240 4(— Boo — %0.0 + cot(0)) FHoun)—
e (Un)* (50,6 (cot(0) — 2B0.6) + Adpe) —
21 (Uo)*(—2Bot50,0 — 280,050,474 2A0u0 + cot(8)F0,.+
Uo.0(—2Bo,0 + 20,0 + cot(0)) + Up oa)=To(—260 1*7°%0 1 —
26450 5y 5 (cot (6) — 24dip). — 4¢* 0 Bog)? — 2¢% o 6o+
21040, — 270U 9(2B0p—A0y) + €7 (Uo,0)*+
940,000 + €27°Up 1))

Royp0 = ~480 (—26% (49.9)2 + 2¢ P WBgi0.0 + €7040,90 — 2601670 1+
3 cot(6)e*® 30,5 1880 — 4% (By )% — 26450 5y g9 + 21050, 4—
e21000,0(2B0, +50.) + €239(Uo)*(Fo,0(cot(8) — 2B0,0) + F0,00)+
e U (— 280 30,82500 0. + 230,10 + cot(0)Fo.+
Uo,6(—2B0,0. 25,0+ cot(0)) + Up ge)+
e?(Upg)* + €290,V ¢ + €¥°Up10)

Rpypp = sin(9)674(éo+%)(—2 sin(f)e 480 (Yo, 0) + sin(f)e 45070 o0+
28i1i(8) B2 0.1 + 3 cos(6)e 30,5 + 2677 By o (sin(6) 50,0 — cos(8))+
sin(@)e450 —sin(0)e*1090,4 + 27 (Un)*(2B0,6(sin(0)%0,0 — cos(6))—
sin(@)(Fo g0 + 1) — cos(0)%0,9) — €270 Up(—2sin(6)Bo.690,+
2B0.4(cos(6) — sin(0)40,0) + 2sin(0)A0,.0 + cos()Fo,.+
200,0<Sin(9)’?0 9 —cos(f))) —sin(0)e 270’70 9U0 t—

sin(8)e21040 :Ug 0 + cos()e* Uo.t)
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Ricci Scalar

Ry = 26_2(230+%)(—264BO (%0,0)% + 4646080,9%,9 + 6430%,99—1—
300t(9)6430%,0 + o getho (Bop)? — 2643030,90 -2 COt(9)€4B°Bo,e+
e¥(30,0)* — € U0,0(280.1 — Fo.1) — €77°(To)* (2 cot(6) fo.o = (50.0)>%
cot(8)40,0 + 1) + €27°Uo(—2 cot(8) Bos + 230,090 — coti(®) Y01+
Uo.6(—2B0,0 + F0,0 + 2 cot(6)) + Uo g0)+
62%(170,9)2 + 20 Uow + cot(h)e*1° (A]o,t).

(B.18)

B.3 Explicit expressions for g3

Finally, we want to obtain g(3). To do this we extend our transformation in the coordinates
to O(p*)

N

e = paby (t,0)p% + c1(t,0)p + di(t,0)p"
tesibt ay(t,0)p + ba(t,0)p* + co(t, 0)p® + da(t, 0)p* (B.19)
0 56+ @ (t,0)p + bs(t, 0)p° + c3(t,0)p” + ds(t,0)p",

where «;, b;, c;fare the functions already obtained from previous orders. As in the previous
orders, we obtain d; 23 by forcing the vanishing of the dp terms, now at O(1/p). The
expressions for d; are too long to be reported here but they can be found in Mathematica
file included in the arXiv submission of this paper. Using this transformation we can finally
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1
2
3
: extract g(3)qp, which may be manipulated to the form (5.38) with U3, Ws, G3 given by
6
7
8
9
10
11
12
13
14
15
16
1 -
1; Us 256_2(50"’70) [—12 cot3(9) + 15 CSCz(Q) cot(6) + 72@379 cot(0)—
;g 80,00 cot(8) — 3090,9 cot(6) — 24 cot(8) — 3233 o+ -
21 3235 g (cot(6) — 290,0) + Yo,0(—2(13 cos(20) + 2) csc?(0) 41650,09+
22 ~ 5 A ~ N
23 3690.00) + Bo.g(—T7 cot?(0) + 9240 o cot(6) — 607879 + 4840 99 + 24)—
. . 1 oBy+a 5 . -

ég 8%0,000]U5 + 12°¢ 20900 [—165 4 cot?(0) — 16504€0t2(0) =90 0 cot(6)+
;? 323079/3’07,5 COt(H) + 48’3/079[3(” COt(@) + 76307.9’3/0715 COt(Q) + 104”3/079’3/0775 COt(@)—
28 830,40 cot () — 469,49 cot(6) + 2450,0Uo 60 + 6%,000,00;
gg Uo,g(cot2(0) + 12499 cot(8) + 5 csc?(6) + 323379 - 12&379—%
31 280.6(cot(8) — 1840.6) — 880,00 + 1890.000+ 2) — 4l ggp + 8 csc*(0) Fo .1 —
32 2 5 5 oA B . 5 «
33 3245 980t — 6450,6%0,650,t + 1640,6050,4 = 10@€sc”(0)50,:—
34 64652 50,4 — 6498 950, — 88 60 90t 1650,0050, + 2090, 660,¢ + 2490 4+
35 s N g = A
36 1690,050,t6 + 80850.690.t0 + 5290,0Y0 tv— 1690.100]Uo+ (B.20)
37 L ) Ny . B.20
38 3¢ 2Bo+290) (36290 (cot (0) % 350,60 — 27079)U02,9—
o ¢*1°(30n,g9 — 2(4(cot(0) — 450.0)e + (5 cot(6) + 2600 — 2400)F0.+
2; 4Bo 19 — 5o,0)) Uo gt 2(Bet04g ,+
43 (8¢*700 4 — 12¢4%0 cot(9))‘y§,9 - 2(36460 csc?(0) + 9¢4h0 862’%’3/(2)’154-
44 5 5 L . A A N
45 8¢ 3y g + 66403 g9 + 6270 cot(0) Uy 1 + 8¢*7° By 1504 — 4€27940.41) 0.0+
j? 16¢7° cot (0)75 % 16643033,9@0’5(9) — 250,0) + 4¢P cot(6) o g0+
48 Getho cot(€)90,00 + 44 9 Bo.000 + 2¢4 940,000 + 4270 cot*(0)Up 1 —
49 5 A 20 a A I 5 S N
50 2eM0 csc”(0)Ug = 4¢” 090 0o Uo 1 + 4¢*7°Us 9950, + 367U po 0,1+
g; 1662’70 COt(@)BQt’Ay{),t — 2¢270 COt(Q)U(]’t@ + 862%’?0,t30,t9 + 862%Bo,tﬁ/0,t9+
53 1062%;)/0,{3/07759 — 2¢%%0 ﬁ07t99 — 8e2T0 cot(8)A0,1 — 2,30’9(26430 CSC2(9) — 464BO+

4 . 5 . . 5 - A
gS 782%:}/37,5 — 8¢ By gp + 4€270 cot () Up ¢ — 850.,9(e*™ cot(8) + e*10Up 1)+
g? 16€27° By 1501 — 4e270U 19 — 8621050 4t) — 421040 119)]
58
59
60
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1 ~
Ws = — g(3_450(00‘5(0) —2%.0)[— cot?(9) + 4406 cot(0) + 3esc?(0)+

860,0(cot(0) — 240,0) + 830,00 + 1]UG +

%67460 [(7079(2 cot2((9) — 840,9 cot(0) + CSC2(9) + 12’3/3’94-
860.0(cot(8) — 20.6) + 490,00 + 1) + 2{2(~270,0(cot(6) — 250,6)
(cot(6) — 290,6)*Bos + (2 cot(8)F0.0 + 4B0.6(cot(6) — 290,6)+
240,00 + 1)90.¢) — (cot(8) — 290,0) U0 ] UG +

1 A . . .

1672(2,6’0%0)[_6270(3 cot () + 4609 — 8%79)U02,9+

2270 (U, 66 + 4(cot(0) — 2%79)5’07t — 2cot(8)50, — 80,690, + 850,690,/
450,40) V0,0 + 2{8e*% (cot(0) — 240,6) 53 y— ~

2(e% cot?() — 126040 g cot(0) — 3¢ 4 €150 csc? (0) +8E* 42+
038, — 40500 + 2 (D (cor(8) — Zige)? + PoealBIRE,+
20,6690, + 8 cot(8) Bo,i 50,0 — 160,680,490, — cot(0)Ulagg + 270,000 10+
8%0,t50,t0 — 2 cot(6)70,4+ + 4%,9:)’0,&)}]00 + 36_2(2[;04_%)[62% (73,9_
4e¥(Bo s — A0.4)Ug g + 2(—864BOB§,G + 4¢ifo COt(Q)é(J,B +€%70(245 ,—
860,490, — (cot(0) — 230,0) Ut + Un o +24det)) Uo.o—

4{86430%7%870 — 26450([70799 + 2(2(eot(9) —461)50.t + H0.0)) P00+
e¥1°40,4((cot(8) — 290,0)Uo.x + 40,030, — Voo — 250.11)}]
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1 5 R
Gz =—e 990[—19 cot3(0) + 18 csc?(6) cot () + 36&879 cot(0) + 160 g9 cot(0)+

48
244,09 cot(0) — 18 cot(6) — 2443 4 — 64133 5(cot(0) — 290,0)—

290,0(7 cot2(9) + 2 0502(0) + 1630,09 +2)— 85079(00‘52(«9) + 8%9,0 cot(6)+
csc®(6) + 124,00 + 5) + 1690,600) U5+

Zlége—ﬁﬁo (o0 (—T7 cot(8) + 8450,6 cot (6) + 10 csc®(6)+

64133 5 — 364¢ g + 6450,9(cot(0) — 350,0) — 1660,60 + T230,00 + 22)+
2(—480,¢ cot?(0) — T+ cot?(8) + 1650 49 cot(6) + 244049 cot(8) + 4Ty pgo—
dcsc®(0)Bo,e — 4890,0080.4 — 2080, — 2 ese® (0)F0,¢ + 6463 pF0.4—

36’?3,9%,7& — 1600.00%0.¢ — 290t + 490,0(3U0,00 — 8 cot(8) Bo.+ - 9ot(0)50 1
80.10) — 850,0(3U0,00 + 4(2(cot(0) — 240,0)Bot + cot(0) o4+ 3%,t9$+
2440 100) U3+

1

4—8e—2(350+%>[—3e2% (cot(8) + 1660,9 — 1040,9) U o 4> (6T g+

4(3 cot(0) + 85,0 — 1090,0) Bo¢ + 15 cot(8)30,c — 24800, — 1850.090.4—
850,10 + 24%0.40) U0 — 4(86430’?3,9 — 12¢*0 cot(B)5¢ o+

2(2€4B0 cot?() — 4e210 0 4 cot(h) — 5etho csc?(0) = 16Q2%B§,t+

9e*1045 , — 86450 B, g9 — 69030 09 521000 it 4627 Bo.1)F0,0+

16627 cot (8) 32 , — 9¢27° cot(0)42 , +16e42,2 5 (cot (8) — 230,0)+

4etho cot(0)Bo.00 + Gt cot(#)do,00 + AeiPo Bo.pes + 9¢8 940,000 — 510U 4 —
g2 CotQ(H)UQt — 2 CSCQ(Q)U'OJ - 1262%%79900715 + 12270 [70’99,3(”—

26270 U5 go0.+ + 16627060t (0)Bo.+50.c +2e%7° cot(8)Up 19 + 1627040 + 80,10+
4862%30753/07159 — 4270 ﬁo]teg =462 cot(8) fo.ir — 66270 cot(8)0,1t—
26079(764&) cot2(9) + 8e)o UO,t cot(0) + 36430 — 56430 csc2(9) — 86480@)799—
850.0(e%% cot(8) -+ 2e2%ff\o,t) 5326270 By 150+ — 620U 19 — 12627050 41) —
1262%’3’0,&9)]004-

4718672(330+%)[62%(ﬁg,9 — 21660 + 5’?0,t)[702,9 - 4(—168(2),#

160,050, & 936, $2(2 cot(8) + 280,60 — 590,0) U, — 4Uo,10 + 450, —
6%,tt)00,0 + 8(_3’78,t + 16@(2),ﬁ0,t + Uo,to%,t - 4BO,tt%7t+

Uo,60U0.4 680,tUoy0 + Uo 1 (6(cot(8) — 230.6)Bo,e+

(cot(8) = 450.0) 0.+ + 690,0) — cot(0)Uo et + 230,000.41 — 1280 150, + Uo o+
230,41¢) & de*% {—2(4(csc?(8) + 485 g — 489 — 2 cot(0)Bo.o+

cot(@)A0,0 + 250,00 + F0,00)F0, + 2(cot(0) — 4B0.0)Bo.e0—

cob(0)0,0 + 230,0%0..6 — 280,400 — Fo.100) }]

)
)
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where all of the metric coefficients are functions of (¢, ) (as indicated by the hats over the
functions).

C Logarithmic terms in the presence of matter

In this appendix we explore how matter can affect the asymptotic expansionsginducing
logarithmic terms that are related to conformal anomalies. The latter is‘well-understood
within the context of holography (see [4]). When logarithmic terms in the asymptotie
solutions appear then the on-shell gravitational action also has closely logarithmic diver-
gences®. The presence of such divergences implies that the theory dependsmot only on
the conformal class fixed at the conformal boundary but also on the specific representative
picked: there is a conformal anomaly. Via AdS/CFT this anomaly should match a corre-
sponding quantum anomaly in the dual QFT (and it does [4, 18])¢ In the-eontext of Bondi
gauge analysis for A # 0, it was noted in [13] that the metric funetions acquire logarithmic
contributions given specific fall-off conditions on the bulk stress energy.teénsor, and we now
explain how such terms emerge.

Using the Fefferman-Graham gauge (5.1), the fall-off conditions on the bulk stress

energy tensor that lead to logarithmic terms in the métric expansions in [13] are
7;7/) ~ p; Taponp- (Cl)

This can be understood easily from the Einstein equations i) this gauge. The (pp) equation
is 1
P - P N - T
- ZTT(Q 1g,p)2 + §T1"(9 1g,pp) - §Tr(g lg,p) = PTpp (0'2)
where ’7_7“, is the trace adjusted bulk stress tensor and the subscript denotes a derivative;

the trace is over the indices (a, b). The (ab)requations are

1 _
_iTr(g 1g,p)gab E (gab),p (03)
1 1 0 R 1 _
+p 5(gab),pp - §(g,pg 9p)ab — Rab + —Zﬂ(g 9.0)(Gab).p | = PTab,

where Rab is the Ricci cufvature of gap- We do not give the (pa) equations as we will not
need them below.
In the absencefof/a bulk stress tensor these equations admit asymptotic solutions with

Gab'= 9(0)ab + 9(2)abP” + I(3)abP” + - (C.4)

where g(9) is determined by the curvature of g5) and g(3) is traceless and divergenceless.
(The tracelessness of gy follows from differentiating (C.2) and (C.3) with respect to p and
then setting p 4 0.)cIf we now impose the falloff conditions above:

7_;Jp = ﬁl)ppp +oe 7_:117 = ﬁl)abﬂ +- (05)

5The logarithmic terms both in the on-shell action and the asymptotic solution are local functions of
the'fields specifying the boundary conditions for gravity coupled to matter. The logarithmic term in the
asymptoticssolution of a given field is given by the functional derivative of the on-shell logarithmic term
w.r.t. the corresponding boundary condition [4].
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then the asymptotic expansion is modified to

Gab = 9(o)ab T 9@)abP” + (G@)ab + hz)aplog p)p° + - - (C:6)
with 9
TY(g(_(ﬁh(g)) =0; Tr(g(_(ﬁg(s)) =37 (C.7)
and
2 2
h@ab = 3TWpp9(0)ab + 3 T(0)ab (C.8)
Note that self consistency requires that
_ 1 -~
T(ypp + gg(o)T(l)ab =0. (C.9)

The (pa) equations determine the divergence of g3) and hz); apart from the trace and
divergence constraints, g(3) remains undetermined by the fieldequations and describes the
energy momentum tensor of the dual theory.

Thus the falloff conditions (C.5) imposed on the bulkstress tensor induce logarithmic
terms in the asymptotic expansion, along with non-zeroitrace and.divergence of g(3). Such
effects are associated with conformal anomalies.

An explicit example of bulk matter that induces such a conformal anomaly is the
following. Consider a bulk scalar field ¢ of mass m2i= 52, corresponding to a scalar
operator of dimension two in the conformal field theory, and let the field have a cubic

interaction i.e. the field equation is
(O + 2)6. = X (C.10)
where A is the cubic coupling. The asymptoticrexpansion of the field ¢ is of the form

¢=omyp+ - (C.11)

where ¢(1)(z) is the source for the dualoperator in the field theory. The cubic interaction
induces terms of the form (C.5),in the bulk stress tensor, and hence logarithmic terms hs3)
and non-zero trace and divergence of ¢(3). These are associated with a conformal anomaly
in the dual stress energy tensor of the form

900 (Tup) ~ A$yy- (C.12)

It follows that there is‘a)conformal anomaly associated with the 3-point function of the
operator of dimension 2,/in agreement with the QFT analysis in [56].

D Equivaléence of Bondi and Abbott-Deser masses in asymptotically AdS
spacetimes

In this appendix we will show that our candidate for the Bondi mass (5.56) agrees with
the well-known Abbott-Deser mass [57] in asymptotically AdS spacetime. We recall that
the Abbott-Deser mass is defined relative to a reference background spacetimes which for
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asymptotically AdS spacetimes is taken to be pure AdS. Specifically, we write the spacetime
metric g, as
G = Guv + huu (Dl)

where gy, is the metric of pure AdS4 and h,,, is a perturbation chosen such that g, solves
(2.22) and hy, vanishes at .#. Note that the vanishing condition at .# ensuressthat g,
is asymptotically AdS as it has the same conformal structure induced at’.# as guuy the
metric for pure AdS,. In this appendix we will restrict our attention to A < 0'and. 7}, = 0:
We will use the normalisation of [ = 1 (A = —3) which can of course be reintroduced via
dimensional analysis.

We first recall the definition of the Abbott-Deser energy-momentwm for asymptotically
AdS spacetimes as given in [57] (using units where G = 1):

~

BIE = o Jim ¢ dS./=glDaK" - K ADgE, (D2)
where the integral is taken over a spacelike 2-surface at the.conformalboundary .. € is a
Killing vector associated with the background metric g, (which is/also used to raise and
lower indices) and Du its associated covariant derivative operator. In the equation above
we continue to use the convention that Greek indices‘8, v run over all spacetime values and
Roman indices a,b over spatial values (the index#is of course the time coordinate). The
rank four tensor K is known as the superpotential and is gi\’en by

Kuoa/ﬁ _ %[QVBHVOL + gVaHu,B o guVHa,B o gaﬁHul/] (DS)
where \
HM sy he, (D.4)

In order to compute thé Abbott-Deser mass we follow the prescription of [57] and
evaluate (D.2) when & is a timelike Killing vector, namely

N = — <§;>H = (-1,0). (D.5)

To evaluate this integrand (and to make connection with our earlier discussion of the Bondi
mass) we will work dn the Fefferman-Graham gauge. We note that we have

[ dp? 1 a
fy o2 = o+ (9(0yab + P°9(2)ab + P* G(ayap) dada® (D.6)

where the terms'in the expansion on the RHS have the line-elements

2 _ 2 2

1

dsly) = 5(—dt? —d0?) (D.7)
1

d8?4) = E(—dt2 + dQ2)
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(9(0) and g(2) were already given in equations (5.17) and (5.18) respectively). Enforcing the
requirements that g, solves the field equations and h,, vanishes at .#, the most general

form for hy,, is
hapdz®dz’ = pg(zyapda’dz’ + O(p?) (D.8)

where g(3) is given by (5.42) and we note that the Fefferman-Graham gauge forces h,,, = 0.
The higher order terms do not contribute to the Abbott-Deser mass (they vanish in the
limit to .#), so we focus on the g(3) term.

With the coordinates, timelike Killing vector and perturbation specified, we aréiready
to compute the Abbott-Deser mass. In Fefferman-Graham coordinates the limit in (D.2)
simply becomes p — 0 (recall .# = {p = 0}) and we can apply formulae (D.6)=(D.7) for
the background metric and (D.8) for the perturbation in order to write the superpotential
(D.3) and thus the Abbott-Deser mass. Explicitly the Abbott-Deser masgysM ap, is given
by

1
- li m® D.
Muap B il dS,m (D.9)
with
m® = /—g[DsgK"™P — K™ IDyé, . (D.10)

Given that we are working in the Fefferman-Graham'gauge, the only component which we
will need in order to compute M 4p is m”:

L
4 o OTR
) (p* + 48) sin OWs(t, 0)
m 12 (2=1) (L+ O(p)) (D.11)
Taking the limit to . gives
1
= — 1 P
Muaup 8 ll_r{(l)]{dspm
1 2 ™ R
= dgb/ df Ws(t,6) sin 0 (D.12)
&1 0 0
1
47‘(’ 52 mB( ’ ) MB

N
where in going from the second t6 the third line we have used the relationship (5.43) to
rewrite the integral.inderms of the Bondi mass aspect. Thus we have shown that the Bondi
and Abbott-Deser masses are the same for asymptotically AdS spacetimes.
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