THE HOMOTOPY THEORY OF POLYHEDRAL PRODUCTS ASSOCIATED
WITH FLAG COMPLEXES

TARAS PANOV AND STEPHEN THERIAULT

ABSTRACT. If K is a simplicial complex on m vertices the flagification of K is the minimal flag
complex Kf on the same vertex set that contains K. Letting L be the set of vertices, there
is a sequence of simplicial inclusions L — K — KY. This induces a sequence of maps of
polyhedral products (X, A)¥ BN (X,A)K i) (X, A)Kf. We show that Qf and Qf o Qg have
right homotopy inverses and draw consequences. For a flag complex K the polyhedral product of
the form (CY,Y)¥ is a co-H-space if and only if the 1-skeleton of K is a chordal graph, and we

deduce that the maps f and f o g have right homotopy inverses in this case.

1. INTRODUCTION

The purpose of this paper is to investigate the homotopy theory of polyhedral products as-
sociated with flag complexes. Polyhedral products have received considerable attention recently
as they unify diverse constructions from several seemingly separate areas of mathematics: toric
topology (moment-angle complexes), combinatorics (complements of complex coordinate subspace
arrangements), commutative algebra (the Golod property of monomial rings), complex geometry
(intersections of quadrics), and geometric group theory (Bestvina-Brady groups).

To be precise, let K be a simplicial complex on the vertex set [m] = {1,2,...,m}. For 1 <i <m,
let (X;, A4;) be a pair of pointed CW-complexes, where A; is a pointed CW-subcomplex of X;.
Let (X,A) = {(X;,4;)}™, be the sequence of pairs. For each simplex o € K, let (X, A)? be the
subspace of [[\~, X; defined by

m s
(K,A)”:HYQ where Y, = X ?“'60
i—1 A; ifido.

The polyhedral product determined by (X, A) and K is

=

(X, )% = |J(X,4)7 ¢

ceK %

X;.
1

For example, suppose each A; is a point. If K is a disjoint union of m points then (X, %)X is
the wedge X; V ---V X,,, and if K is the standard (m — 1)-simplex then (X,x)¥ is the product
X1 X x X,

The combinatorics of K informs greatly on the homotopy theory of (X, A)X. One notable family

of simplicial complexes is the collection of flag complexes. A simplicial complex K is flag if any set of
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vertices of K which are pairwise connected by edges spans a simplex. Flag complexes are important
in graph theory, where they are referred to as clique complexes, in the study of metric spaces, where
they are referred to as Rips complexes, and in geometric group theory, where they are referred to as
Gromov’s no-AA complexes.

The flagification of K, denoted K7, is the minimal flag complex on the same set [m] that con-
tains K. We therefore have a simplicial inclusion K — K. For example, the (m —1)-simplex A™~1,
consisting of all subsets of [m], is flag, while its boundary dA™ !, consisting of all proper subsets
of [m], is flag only for m = 2. The flagification of 0A™ ™! with m > 2 is A™~L. An m-cycle (the
boundary of an m-gon) is flag whenever m > 3.

The main result of the paper is the following.

Theorem 1.1. Let K be a simplicial complex on the vertex set [m], let K/ be the flagification
of K, and let L be the simplicial complex given by m disjoint points. Let (X, A) = {(X;, A},
be a sequence of pairs of pointed CW -complexes, where A; is a pointed CW -subcomplex of X;. Let
(X, A)F N (X, A)F N (X, A)Kf be the maps of polyhedral products induced by the maps of
simplicial complexes L — K — KI. Then the following hold:

(a) the map Qf has a right homotopy inverse;

(b) the composite QL f o Qg has a right homotopy inverse.

In particular, consider the special case when each A; is a point. Write (X, *) for (X, A) and
notice that (X, *) = X; V---V X,,. If K is a flag complex on the vertex set [m] then the simplicial
map L — K induces a map f: X; V---V X,, = (X,*)* — (X, *)%. By Theorem 1.1, Qf has a
right homotopy inverse. That is, Q(X, %)X is a retract of Q(X; V ---V X,,). This informs greatly
on the homotopy theory of Q(X, %)X since the homotopy type of Q(X; V ---V X,,) has been well
studied; in particular, in the special case when each X; is a suspension the Hilton-Milnor Theorem
gives an explicit homotopy decomposition of the loops on the wedge. Theorem 1.1 also greatly
generalizes [GPTW, Theorem 5.3], which stated that such a retraction exists in the special case
when each X; = CP> provided spaces and maps have been localized at a prime p # 2.

Theorem 1.1 can be improved in certain cases. In Section 6 we consider polyhedral products of
the form (CY,Y)X where CY is the cone on Y, and identify the class of flag complexes K for
which (CY,Y )% is a co-H-space. As a corollary, we obtain conditions that allow for a delooping of
the statement of Theorem 1.1. In Section 7 we relate Theorem 1.1 to Whitehead products. First,
we consider polyhedral products of the form (X, %)X with flag K whose 1-skeleton is a chordal
graph, and obtain a generalisation of Porter’s description of the homotopy fiber of the inclusion of
an m-fold wedge into a product in terms of Whitehead brackets. Second, we consider the loop space
Q(S, *)X on a polyhedral product formed from spheres for an arbitrary flag complex K, and obtain
a generalisation of the Hilton—Milnor Theorem.
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2. COMBINATORIAL PREPARATION

This section records the combinatorial information that will be needed. We begin with some
definitions. Let K be an abstract simplicial complex on the set [m] = {1,2,...,m}, i.e. K is a
collection of subsets o C [m] such that for any o € K all subsets of o also belong to K. We refer
to o € K as a simplex (or a face) of K and denote by |o| the number of elements in 0. We always
assume that the empty set @ belongs to K. We do not assume that K contains all one-element
subsets {i} C [m]. We refer to {i} € K as a vertex of K, and refer to {i} ¢ K as a ghost vertez. We
say that K is a simplicial complex on the vertex set [m] when there are no ghost vertices.

Let K be a simplicial complex on the set [m]. For a vertex v € K, the star, restriction (or

deletion) and link of v are the subcomplexes

starg(v) = {re€K|{v}Ure K};
K\v = {reK|{vinTt=g}
linkg (v) = starg(v) N K\v.

Throughout the paper we follow the convention of regarding stark (v) as a simplicial complex on
the same set [m] as K, while regarding K \ v and linkx v as simplicial complexes on the set [m] \ v.
This implies that stark (v) and linkx v may have ghost vertices even if K does not.

The join of two simplicial complexes K1, K5 on disjoint sets is the simplicial complex
Ky« Ko ={o1Uoy | 0; € K;}.
From the definitions, it follows that stary (v) is a join,
starg (v) = {v} * linkg (v),
and there is a pushout
linkg (v) — starg (v)
0 i |
K\v —— K.

A non-face of K is a subset w C [m] such that w ¢ K. A missing face (a minimal non-face) of K
is an inclusion-minimal non-face of K, that is, a subset w C [m] such that w is not a simplex of K,
but every proper subset of w is a simplex of K. A ghost vertex is therefore a missing face consisting
of one element. Denote the set of missing faces of K by MF(K). For a subset w C [m], let dw denote
the collection of proper subsets of w. Observe that w € MF(K) if and only if w ¢ K but dw C K.

A simplicial complex K on the set [m] is called a flag complex if each of its missing faces consists

of at most two elements. Equivalently, K is flag if any set of vertices of K which are pairwise
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connected by edges spans a simplex. Every flag complex K is determined by its 1-skeleton K, and

is obtained from the graph K*! by filling in all cliques (complete subgraphs) by simplices.

Lemma 2.1. Let K be a flag complex on the set [m] and let v be a vertex of K. If w € MF(linkg (v))
and |w| > 2, then w € MF(K\{v}).

Proof. Suppose not. Then there is a missing face w of linkg (v) with w € K\{v} and |w| > 2.
Therefore, 0w C linkg (v) but w ¢ linkg (v). Since w € K\{v}, we also have w € K. On the other
hand, as starg (v) = linkg (v) * {v}, we have dw * {v} C starg(v), and so dw * {v} C K. Therefore
Ow*x{v}Uw C K.

Observe that dw * {v} Uw = 97 where 7 = w* {v}. Thus 97 C K. As K is flag and |w * {v}| > 2,

this implies that 7 = w * {v} € K. Hence, w € linkg v, a contradiction. ]

Lemma 2.2. Let K be a flag complex on the set [m]| and let v be a vertex of K. Then K\{v},

starg (v) and linkg (v) are all flag complezes.

Proof. Since K\{v} is a full subcomplex of K, any missing face of K'\{v} is also a missing face of K.
So as K is flag, any missing face has at most two elements, implying that any missing face of K'\{v}
also has at most two elements. Thus K\{v} is flag.

Let w € MF(starg (v)) and |w| > 2. We claim that w € MF(K) as well. As dw C starg(v), we
also have dw C K, so if the claim does not hold then it must be the case that w € K. Then v ¢ w, as
otherwise w € starg (v). For 7 = w*v we have 01 = dwxvUw € K. As K is flag and |w * {v}| > 2,
we obtain 7 = w * {v} € K. This implies that w € starg(v), a contradiction. Hence, w € MF(K)
and so |w| = 2 since K is flag. Thus starg (v) is flag.

Let w € MF(linkg (v)) and |w| > 2. By Lemma 2.1, w € MF(K\{v}) as well. It has already been
established that K\{v} is flag, so we have |w| = 2. Thus linkg (v) is also flag. O

Given a subset w C [m], the full subcomplex of K on w is
K,={ceK|oCuw}.
Note that K\ {v} = Kpm)\{v}- A key property that will be important subsequently is the following.

Lemma 2.3. Let K be a flag complex on the set [m] and let v be a vertex of K. Then linkg (v) is
a full subcomplex of K\{v}.

Proof. Let w be the vertex set of link x (v). Suppose that linkx (v) is not a full subcomplex of K\{v}.
Then there is a face 0 € K\{v} such that 0 C w and o ¢ linkg (v). By selecting a proper face of o
if necessary, we may assume that o is a missing face of linky (v) with |o] > 2. But then as K
is flag, Lemma 2.1 implies that o is also a missing face of K\{v}. In particular, o ¢ K\{v}, a

contradiction. 0
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3. HOMOTOPY THEORETIC PREPARATION

3.1. The Cube Lemma. Assume that all spaces are pointed and have nondegenerate basepoints,
implying that the inclusion of the basepoint is a cofibration. This holds, for example, for pointed
CW-complexes, and hence for polyhedral products. One part of Mather’s Cube Lemma [Ma] states

that if there is a diagram of spaces and maps

E

NN

where the bottom face is a homotopy pushout and the four sides are obtained by pulling back with
H — D, then the top face is also a homotopy pushout. In what follows this will be used to identify
the homotopy type of the pushout H in a certain context. However, we need this identification to
have a naturality property, which is not immediate from the statement of the Cube Lemma. To
obtain this, we prove a special case of the Cube Lemma from first principles.

In what follows, we work with strictly commutative pushouts and pullbacks rather than homotopy
commutative ones. For a space Y let 1y be the identity map on Y. Suppose that there is a strictly

commutative diagram

1B><i
BxA——BxX

]

(2) CxA—— D Jxix

CxX

where the square is a pushout, and the maps i, j and f are pointed inclusions of subspaces. We
will turn the maps f, 1¢ X 4, j X 1x and j X i from the four corners of the pushout to C x X into
fibrations, up to homotopy, and examine their fibres.

There is a standard way of turning a pointed, continuous map ¢g: Y — Z between locally com-
pact, Hausdorff spaces into a fibration, up to homotopy. Let I be the unit interval and let Map(I, Z)
be the space of continuous (not necessarily pointed) maps from I to Z. Let d: Map(I,Z) — Z x Z
be defined by evaluating a map w: I — Z at the two endpoints, explicitly, d(w) = (w(0),w(1)).
Define the space ]59 by the pullback

P, — Map(I, Z)
l

y — 7 o

Q
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where evg(w) = w(0). As a set,

3) Py = {(y.w) € Y x Map(I, Z) | w(0) = g(y)}.
Then, as in [Se, p. 59] for example, there is an inclusion Y — 1’59 which is a homotopy equivalence
and the composite

eV,

q: Py — Map(I,Z) <% Z

is a fibration, where ev;(w) = w(1). Moreover, if 1 is the basepoint of I and PZ is the path space
of Z (with paths at time 1 ending at the basepoint of Z), then the fibre of ¢ is homeomorphic to
the mapping path space of g,

(4) Py ={ly,w) €Y x PZ[w(0) = g(y)},

which is obtained by the pullback

Y*Q>Z.

Consider how these constructions behave with respect to pointed subspace inclusions. Let S — Y
be the inclusion of a pointed subspace. If @ is the pullback of S — Y and ﬁg — Y, then the
pullback defining }39 implies that @ is also the pullback of g o s and evy. But this pullback is the
definition of ]Sgos, so @ = ]Bgos. Similarly for Py, giving pullbacks

159 Pgos — P
Y S —> Y.

Since P, and P,.s are the respective fibres of f’g and ﬁgos over Z, we obtain a pullback

PQOS PQ

® b

BB,

Next, suppose that Y is the union of pointed, closed subspaces S and T. Let s: S — Y and

t: T — Y be the pointed subspace inclusions, and let v and v be the pointed subspace inclusions
u: SNT — Sand v: SNT — T. Since S and T are closed subspaces of Y, the pushout of u
and v is Y. (More generally this is true if (Y;S,T) is an excisive triad, but we do not need this level

of generality - in our case each of S, T and Y will be certain polyhedral products.)
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Lemma 3.1. Suppose that Y -2 Z is a pointed subspace inclusion and that Y = S UT where S

and T are closed, pointed subspaces of Y Then there are pushouts

Pgosou — Lgot Pgosou — Lgot
B B, PP

Proof. By its definition, 13g is the space of paths on Z that begin in Im(g) and end in Z. As g is a
subspace inclusion, we may regard f’g as the space of paths on Z that begin in Y and end in Z. As
Y = SUT, any such path either begins in S or in T - that is - the path is either in P, yos OF ﬁ

Moreover, the intersection PgOS N Pgot is all paths on Z that begin in SN7T and end in Z - that is
- the paths in Pgogou = gotov Thus Pg = Pgog U Pgot and Pgogou = PgOS N Pgot Further, since S

and T are closed subspaces of Y, we have Pgos and P, closed subspaces of Pg. Therefore there is

a pushout
ﬁ gosou — Ngot
0 l l
B B,
The same argument shows that Py, is the pushout of Py, and Pyor over Pyosou = Pyotow- O

Now apply this construction to the maps f, 1¢ x4, j X 1x and j X i from the four corners of the

pushout in (2) to C x X.

Lemma 3.2. There is a commutative cube

Pj><i

S N

P —— ﬁf

where the top and bottom faces are pushouts and the four sides are pullbacks. Further, this cube is

natural for maps of diagrams of the form (2).

Proof. Since f, 1¢ X i, j X 1x and j X i are all subspace inclusons, the four sides of the cube are
pullbacks by (5). Since D is a pushout, it is the union of C' x A and B x X with intersection B x A.
The top and bottom faces of the cube are therefore pushouts by (6). The naturality statement holds

since the constructions of Iﬁg and P, are natural. O

The top face of the cube in Lemma 3.2 will be more precisely identified. This requires two lemmas.
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Lemma 3.3. A map gx h: Y xM — Z x N has Pyxy, = Py x Pp,. Further, this decomposition is

natural for compositions s X t: Z x N — Z' x N'.

Proof. First observe that P(Z x N) = PZ x PN since any pointed path w: I — Z x N is equivalent
to the product of the pointed paths wy: I — Z and wy: I — N given by projecting w to Z and N

respectively. Moreover, the evaluation map P(Z x N) £ Z x N becomes a product of evaluation
maps PZ x PN WX Z x N. Thus the pullback P,y is identical to the pullback
Q — PZ x PN
l L evg X evg
t

Yx M —"0 ZxN,

where

Q = {(lyym),(w1,w2) €Y x M x PZ x PN | s(y) = w1(0),t(m) = w2(0)}

{(y,w1) €Y x PZ | s(y) = w1(0)} x {(m,wz) € M x PN | t(m) = w2(0)}
= fjs X Pt.

The identification of Psy; as Ps x Py only used the fact that P(Z x N) = PZ x PN. As the latter
decomposition is natural, therefore so is the former. O
Lemma 3.4. There is a natural homeomorphism Py, = PY .

Proof. Taking g = 1y in (4) gives

Py ={(y,w) €Y x PY [w(0) = y}.
Define ¢: PY — Pi,, by ¢(w) = (w(0),w) and ¢: P, — PY by 9(y,w) = w. Both ¢ and 1) are
continuous, 1 o ¢ = idpy and, because for any pair (y,w) € Pi, there is the condition y = w(0),

we also have ¢ o ¢p = 1p, . Hence ¢ is a homeomorphism. As both ¢ and v are natural, the

homeomorphism is too. O

Applying Lemmas 3.3 and 3.4 to the top face in Lemma 3.2, the space Py is homeomorphic to
the space Q¢ defined by the pushout
Pj X Pz —_— Pj x PX

o

P)C'XPZ Qf.

Moreover, the naturality statements in Lemmas 3.2 through 3.4 imply that (7) is natural for maps
of diagrams of the form (2).

One further modification of (7) is needed. If Y is a pointed space the reduced cone on Y is the space
CY =YAI (ie,CY =(Y xI)/(YVI). I Y and Z are pointed spaces with basepoints yo and zg
respectively, then the reduced join is defined by Y « Z = (Y x I x Z)/ ~, where (y,0, z) = (y,0, 2'),
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(y,1,2) ~ (v/,1,2) and (yo,t,20) = (y0,0,20) for all y,y’ € Y, 2,2/ € Z and t € I. Observe that

there is a pushout
YXxZ ——=YxCZ

L

CYXZ ——=YxZ

Proposition 3.5. Up to homotopy equivalences, the top face in Lemma 3.2 can be identified with

the pushout
Pj X R —_— Pj X CPZ

i |

CPj X Pi e Pj *Pz
In particular, Py is homotopy equivalent to P; x P;. Further, this homotopy equivalence may be

chosen to be natural for maps of diagrams of the form (2).

Proof. In general, suppose that Z is contractible. Then there is a pointed homotopy Z x I — Z
which at t = 0 is the identity map on Z and at ¢t = 1 is the constant map to the basepoint. The
homotopy sends Z V I to the basepoint, and so factors through a map CZ = Z AT — Z. That is,
the contracting homotopy for Z determines a specific map CZ — Z. If the contracting homotopy
is natural for maps Z — Z’, then the map CZ — Z is also natural. In fact, it is a natural
homotopy equivalence. Refining, if g: Y — Z is a pointed map with Z being contractible, then we
obtain a composite C'Y 9, CZ — Z with the same naturality properties.

In our case, consider (7). Since PC and PX are contractible, we obtain composites P; —
CP; — PC and P, — CP; — PX in which the right hand maps are homotopy equivalences.
Thus the pushout Q in (7) is homotopy equivalent to the space P; * P; obtained from the pushout

PjXPi4>PjXCPi

l !

CPjXPi 4>P]*PZ

Since Py is homeomorphic to )¢, we obtain Py ~ P; x P;. Further, since the contracting homotopy
for a path space PZ can be chosen to be natural for any map Z — Z’, this homotopy equivalence
for Py is natural to the same extent as (7) is natural. That is, it is natural for maps of diagrams of

the form (2). O

3.2. Two general results on fibrations. Now assume that all spaces have the homotopy type of
pointed CW-complexes. If X is such a space then by [Mi, Corollary 3] so is 2X. Also, any weak
homotopy equivalence between two such spaces is a homotopy equivalence (see, for example, [Sp,

Ch. 7, §6, Corollary 24].

Lemma 3.6. Suppose that QB S r i E " Bisa homotopy fibration sequence and p has a

left homotopy inverse. Then O has a Tight homotopy inverse.
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Proof. Let s: B — FE be a map such that s o p is homotopic to the identity map on E. Then f ~
sopo f, implying that f is null homotopic since po f is. If X is any pointed space then the homotopy
fibration QB -2 F X5 E induces an exact sequence of pointed sets [X, B] RN (X, F] ELN (X, B]
where [X, Y] is the set of pointed homotopy classes of maps from X to Y. Since f is null homotopic,
f+ =0, so O, is onto. Taking X = F implies that the (homotopy class of the) identity map on F'
lifts through 0, to a map t: F' — QB. That is, 0 o t is homotopic to the identity map on F'. |

In general, if F S B Bisa homotopy fibration where E is an H-space and p has a right

homotopy inverse s: B — E, then the composite
BxFXpxEg S E

is a weak homotopy equivalence, and hence a homotopy equivalence. We wish to give a slight
variation on this in the case when B = B; X By and each factor has a right homotopy inverse. For
i =1,2 let p; be the composite p;: E -5 By x By =% B, where m; is the projection. As maps into

a product are determined by their projection onto each factor, we have p = (p1,p2).

Lemma 3.7. Let F L> E -2 By xBs bea homotopy fibration where p is an H-map. Suppose that
for i =1,2 there are maps s;: B — E such that p; o s; is homotopic to the identity map on B,
and p; o s; is null homotopic for i # j. Then the composite

By x Byx F 22 gy px g g

is a homotopy equivalence, where p is the multiplication on E.

Proof. From the general result stated before the lemma, it suffices to show that s; x s is a right
homotopy inverse for p. Consider the diagram

Byx By — "  _ ExE " E

M \LPXP lp
’

(B1 XBQ) X (B1 XBQ) L> B1 XBQ

where 4 and i are the inclusions into the first and second factors respectively and p’ is the multi-
plication on By x Bs. The left triangle homotopy commutes since p; o s; is homotopic to the identity
map on B; and p; o s; ~ x if ¢ # j. The right square homotopy commutes since p is an H-map.
Observe that the lower direction around the diagram is homotopic to the identity map on B; x Bs.
Therefore the upper direction around the diagram implies that p o (s1 X s2) is a right homotopy

inverse for p. O

4. POLYHEDRAL PRODUCTS AND THE PROOF OF THEOREM 1.1

Let K be a simplicial complex on the set [m] and let v be a vertex of K. Following Félix and

Tanré [FT], define a new simplicial complex K on [m] by

K = K\{v} * {v}.
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Observe that there is an inclusion of simplicial complexes K\{v} — K given by including the join

factor, so as starg (v) = linkg (v) * {v}, there is a pushout map
K — K.
Observe also that K\{v} is the full subcomplex of K. That is, K\{v} = K\{v}.

By [GT2], the pushout of simplicial complexes in (1) induces a pushout of polyhedral products

1Xiy

(2, Ay x4, S0 (x, AYink) X,
(8) ijxl i
(X, A\l A, —— = (X, A)K

where 4, is the inclusion. (Here we regard linkg (v) and K \ {v} as simplicial complexes on the
set [m] \ {v}.) To relate this to (X, A)X, observe that the definition of the join of two simplicial

complexes implies that if K = K7 x K5 then there is a homeomorphism
(X, A)F = (X, 4)F x (X, )=
In particular, as K = K\{v} x {v} there is a homeomorphism
(X, 4)F = (X, )M x X,
and a strictly commutative diagram

(X, AYki®) 5 A, " (X, )ik x X,

- |

9) (X, A)FM x4, ——— (X, AH)F

(X, A\ < X,

Jgx1

where f is the map induced by the simplicial map K — K and all maps are inclusions of subspaces.
Let BX be the fibre P; obtained by turning the map (X, A)linkx(®) SN (X, A\ into a
fibration and let Y, be the fibre P;, obtained by turning the inclusion A, oy X, into a fibration.

Lemma 4.1. If EX is the fibre Py obtained by turning the map (X, A)K N (X, A)FMUE X, into
a fibration, then there is a homotopy equivalence
FX ~ BK 4v,.

Further, this homotopy equivalence is natural for inclusions of simplicial compleres K — K’ on

the set [m)].

Proof. Proposition 3.5 immediately implies the asserted homotopy equivalence for FX and states
that it is natural for maps of diagrams of the form (9). Now observe that any inclusion of simplicial

complexes K — K’ on the vertex set [m] induces such a map of diagrams. O
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To take this further we need a general result about polyhedral products.

Lemma 4.2. Suppose that K, is a full subcomplex of a simplicial complex K. Then the map of
polyhedral products (X, A)X« — (X, A)X induced by the simplicial inclusion K, — K has a left
inverse, that is, there is a retraction (X, A)X — (X, A)%«. Further, the construction of the left

inverse s natural for simplicial inclusions K — K.

Proof. We have

(X, A)K U(HXx H Al), x.H% = Y (HXix HAi).

cEK i€o ocek,o0Cw i€co iEw\o

Since each A; is a pointed space, there is a canonical inclusion (X, A)¥« — (X, A)¥. Furthermore,
for each o € K there is a projection

HXX HA—>HX><HA

€0 \o 1€oNw i€Ew\o

Since K, is a full subcomplex, the image of r, belongs to (X, A)%~. The projections r, patch
together to give a retraction r = |J, ¢ x 701 (X, A)® — (X, A)"~. The naturality assertion follows

from the naturality of inclusions and projections. O

Proposition 4.3. Let K be a simplicial complex on the index set [m] and let v be a vertex of K.

Then there is a homotopy equivalence
QX AE ~ X, x X, KM 5 Q(BE «v,)
which is natural for inclusions of simplicial complexes K — K' on the set [m).

Proof. Consider the homotopy fibration
(10) FE — (X, A)F Ly (x, A\ x,

from Lemma 4.1. Observe that K\{v} and {v} are the full subcomplexes of K on the sets [m] — {v}
and {v} respectively. So by Lemma 4.2, the maps s;: (X, A)S\MF — (X, 4)% and s9: X, —
(X, A)X have left inverses (X, A)X - £ 2L (X, A)FMU and (X, A)K iE 25 X, = (X, A} respectively.
Since the vertex sets for K\{v} and {v} are disjoint, the left inverses have the property that fi o sy
and fs o s7 are trivial. Lemma 3.7 cannot be applied immediately since f is usually not an H-map,
but after looping the homotopy fibration (10) it can be applied, and this gives the asserted homotopy
equivalence.

The naturality property follows from the naturality properties of the simplicial map K —
K\{v} * {v}, the polyhedral product and Lemma 4.2, together with the fact that Q(X, A)%
Q(X, A is an H-map. O

One more preliminary result is needed before the proof of Theorem 1.1. Let K be a simplicial

complex on the vertex set [m], let K/ be the flagification of K, and let L be the simplicial complex
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consisting of the vertices of K. Let M be either L or K. If v is a vertex of K then the simplicial

map M — K/ implies that there is commutative diagram of simplicial complexes

linkps (v) — M\{v}

| |

link s (v) — K\ {v}.

Taking polyhedral products and then taking homotopy fibres gives a homotopy fibration diagram

Q(K7A)M\{U} Bé‘/’ (17A)1inkM(v) -5 (17A)M\{v}

oo b |

QX, 4K\ BET s (X, AYlie () (X, 4K

for some induced map of fibres b,.

Lemma 4.4. Let M be either L or K. Suppose that in (11) the map Q(X, A)M\} — Q(X, A)Kf\{”}
has a right homotopy inverse. Then b, has a right homotopy inverse s, : Bfff — BM . Moreover,

Sy can be chosen so that it factors through the map Q(X, A)M\{”} — BM,

Proof. Consider the homotopy fibration along the bottom row of (11). Since K7 is flag, by Lemma 2.3,
link s (v) is a full subcomplex of K/\{v}. Thus (X, A)'"5xs () is a retract of (X, A)Kf\{”}. There-
fore, by Lemma 3.6, the map Q(X, A)Kf\{”} — Bff has a right homotopy inverse ¢: Bff —
QX, A)Kf\{”}. By hypothesis, the map Q(X, 4)M\{v} — Q(K,A)Kf\{”} has a right homotopy

inverse s: Q(X, A)K'f\{”} — Q(X, A)MM¥} Thus there is a homotopy commutative diagram

BK’ _t QX A)EMY 2 o(x, A)MMer o pM

T~ | |-

Q(X, AKX\ o BET

As the lower direction around the diagram is homotopic to the identity map on BX f7 the upper

direction around the diagram implies that b, has a right homotopy inverse. O

Proof of Theorem 1.1. Let K be a simplicial complex on the vertex set [m], let K7 be its flagification,
and let L be m disjoint points. Then there is a sequence of inclusions of simplicial complexes
L — K — K7. Taking polyhedral products with respect to (X, A) gives a sequence of maps
h: (X, A)r N (X, A)K i) (X, A)Kf We will show that Qh has a right homotopy inverse, implying
that the map Qf: Q(X, )% — Q(X, A)Kf also has a right homotopy inverse. This would prove
both parts of the statement of the theorem.

The proof is by induction on the number of vertices. If m = 1, then L, K and K7 all equal
the single vertex {1}, implying that h is the identity map, and so ©Qh has a right homotopy inverse.

Assume that the statement of the theorem holds for all simplicial complexes with strictly less than m
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vertices. The decomposition and naturality statements in Proposition 4.3 imply that there is a

homotopy commutative diagram of homotopy equivalences

(QUX, AP x OX,) x Q(BL «Y,) —— Q(X, A)F
(12) i (Qax1)xQ(by*1) i
f

(QUX, AKX, x QBE +Y,) — Q(X, A)K.

Observe that Kf\{v} has m — 1 vertices and L\{v} — K7¥\{v} is the inclusion of these vertices.
Since L and K/ are flag complexes, by Lemma 2.2 so are L\ {v} and K/\{v}. Therefore, by inductive
hypothesis, the map Qa has a right homotopy inverse s: Q(X, A)Kf\{”} — QX A)L\{”}. As L
and K/ are flag complexes and Qa has a right homotopy inverse, by Lemma 4.4 the map b, also
has a right homotopy inverse t: BX N BL. Therefore t' = Q(t * 1) is a right homotopy inverse

for (b, * 1). Putting s and ¢’ together we obtain a map
QX A)F Y % X, x QBE +v,) 228 (X, AP < X, x QBE +Y,)

which is a right homotopy inverse of (Qax 1) x (b, *1). The homotopy equivalences in (12) therefore
imply that the map h: Q(X, A)* — Q(X, A)Kf has a right homotopy inverse. This completes the

induction. O

5. REFINEMENTS

This section gives two refinements describing the homotopy type of the space BX under certain
conditions. First consider the homotopy fibration diagram (11) in the case when M = K. Define

the space DX and the map d, by the homotopy fibration
(13) DK v, pK v, K7
Lemma 5.1. Given the hypotheses of Lemma 4.4, there is a homotopy equivalence BEX ~ Bff x DE.

Proof. By Lemma 4.4, b, has a right homotopy inverse B{ff LT BX. As BE need not be an
H-space this does not immediately imply that it is homotopy equivalent to BX T x DE. However,
Lemma 4.4 also says that s, can be chosen to factor through the homotopy fibration connecting map
Q(X, A\t BK | That is, s, can be chosen to be a composite Bf'f i> Q(X, A\t BE
for some map s,,. For any homotopy fibration sequence QB 2 F % E — B the connecting
map ¢ satisfies a homotopy action 6: QB x F' — F' which restricts to the identity map on F' and §

on 2B. In our case, we obtain a composite

dy

: BE' x DE 220 o(x, AR\ pK %, BK

Observe that the restriction of 1 to BX' is s, and the restriction to DX is d,. Thus 1 is a

trivialization of the homotopy fibration (13), implying that it is a homotopy equivalence. (|
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Second, suppose that K is a flag complex. By Lemma 2.3, linky (v) is a full subcomplex of K\{v}.
So by Lemma 4.2, the inclusion (X, A)kx () — (X, A)K\Mv} has a left inverse. Define CX by the
homotopy fibration

(14) Cﬁf N (X,A)K\{U} N (K,A)link}{(v).

From the retraction of (X, A)i"kx(®) off (X, A)A\Mv} and the definitions of BX and CX we obtain

a homotopy pullback diagram

BK BK
% (K; A)linkK(v) (K,A)link[((v)

I

CK o (X’A)K\{v} - (&aé)linkK(v)~

v

Thus BE ~ QCK.

Lemma 5.2. Let K be a flag complex on the vertex set [m| and let v be a vertex of K. Then there

are homotopy equivalences

QX, A ~ X, x X, )\« Q(CK «v,)

Q(X’A)K\{v} ~ Q(X,A)linkx(v) % QCf.

Proof. The first homotopy equivalence follows immediately from Proposition 4.3, while the second
is an immediate consequence of the homotopy fibration (14) and the retraction of (X, A)kx () off

(K,A)K\{”}. 0

6. CO-H-SPACE PROPERTIES

In this section we consider polyhedral products of the form (CY, Z)K and identify the class of
flag complexes K for which (CY,Y)¥ is a co-H-space. As a corollary, we obtain conditions that

allow for a delooping of the statement of Theorem 1.1. This begins with an abstract lemma.

Lemma 6.1. Let A and B be pointed spaces with the homotopy types of CW -complexes. Suppose
that there is a pointed map f: A — B and B is a co-H-space. If Q0 f has a right homotopy inverse

then f has a right homotopy inverse.

Proof. Since B is a co-H-space, by [G2] there is a map s: B — QB which is a right homotopy

inverse to the canonical evaluation map ev: XQB — B. Let t: 2B — QA be a right homotopy
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inverse of 2f. Consider the diagram

B — > OB

=5

04 2 soB

| f |

A B.

The upper triangle homotopy commutes since t is a right homotopy inverse of 2 f. The lower square
homotopy commutes by the naturality of the evaluation map. The upper direction around the
diagram is homotopic to ev o s, which is the identity map on B. The lower direction around the

diagram therefore implies that ev o ¥t o s is a right homotopy inverse of f. |

Proposition 6.2. Let K be a simplicial complex on the vertex set [m], let K71 be the flagification
of K, and let Y1,...,Y,, be pointed CW -complexes. If (CY, X)Kf is homotopy equivalent to a co-
H-space then the map f: (CY,Y)X — (CY, X)Kf induced by the simplicial inclusion K — K/f

has a right homotopy inverse.

Proof. Taking (X, A) = (CY,Y), by Theorem 1.1, Qf: Q(CY,Y)X — Q(@,X)K'f has a right
homotopy inverse. Since (CY,Y)¥ "isaco-H -space, Lemma 6.1 implies that f has a right homotopy

inverse. |

Remark 6.3. Note that in Proposition 6.2 we do not need to assume that Y7,...,Y,, are path-
connected. Since we asssume that every singleton of [m] is a vertex (K is on the vertex set [m]),

(CY,Y)¥ is path-connected even if Y is not.

Next we obtain a characterisation of those flag complexes K for which (CY,Y )X is a co-H-space.
In terms of notation, when all pairs in the sequence {(X;, 4;)}, are the same, (X;, 4;) = (X, A4),
we use the notation (X, A)¥ for (X, A)X. Special cases are the Davis-Januskiewicz space DJ(K) =
(CP*>, %)X and the moment-angle complex Zx = (D2, S*)E.

A graph T is called chordal if each of its cycles with > 4 vertices has a chord (an edge joining two
vertices that are not adjacent in the cycle). Equivalently, a chordal graph is a graph with no induced
cycles of length more than three. By the result of Fulkerson and Gross [FG] a graph is chordal if
and only if its vertices can be ordered in such a way that, for each vertex i, the lesser neighbours
of 7 form a clique. Such an order of vertices is called a perfect elimination ordering.

By [GPTW], Zxs = (D?, Sl)Kf is homotopy equivalent to a wedge of spheres if and only if the
1-skeleton of K7 is a chordal graph. In particular, if the 1-skeleton of K7 is a chordal graph then
Zr is a co-H-space. This result is readily extended to general polyhedral products of the form

(CY,Y)X where CY denotes the cone over Y. Let X V¥ be the k-fold wedge of X.

Theorem 6.4. Assume that K is a flag complex on the vertex set [m] and H*(Y;Z) # 0 for

1 <i<m. The following conditions are equivalent
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(a) the 1-skeleton K' is a chordal graph;
(b) (CY,Y)¥ is a co-H-space.

Furthermore, if K' is chordal, there is a homotopy equivalence

(15) (QyX)K ~ \/ \/ (EY;I /\.._/\Yék)\/c(h,m,ik)’
k=2  1<ii<--<ix<m
where (i1, ..., i) = rank HO(K{il,,,.,ik}) is one less than the number of connected components of

the full subcomplex Ky, . iy

Proof. The argument is similar to [GPTW, Theorem 4.6] or [PV, Theorem 4.3], but this time we keep
track of the wedge summands. Assume that K' is chordal. Choose a perfect elimination ordering
of vertices, and for each vertex i = 1,...,m denote by o; the face of K corresponding to the clique
of K' consisting of ¢ and its lesser neighbours. All maximal faces of K are among o1, ..., 0, SO
we have (J/-, 0; = K. Furthermore, for each k = 1,...,m the perfect elimination ordering on K
induces such an ordering on the full subcomplex Ky, _1y, so we have Uf;ll op = K, k—1}-
In particular, the simplicial complex Ui:ll o; is flag as a full subcomplex in a flag complex. The
intersection oy N Uf:_ll o; is a clique o \ {k}, so it is a face of U;:ll 0;. Therefore, K is obtained by
iteratively attaching oy to Uf:_ll o; along the common face oy, \ {k}.

We use induction on m to prove the decomposition (15). When m = 1, both sides of (15) are
trivial. Now assume that (15) holds for K with < m vertices. The pushout square (1) for v = {m}
becomes

Om \{m} —— om

L

K\{m} —— K.

According to our convention, o, \ {m} and K \ {m} are regarded as simplicial complexes on [m] \
{m} = [m — 1], while o, is regarded as a complex on [m]. The corresponding pushout square (8) of

the polyhedral products becomes

(oY, y)r=\{mt x v, ——~ (CY,Y)m
(16) \ijl l
(Y, y)K\Mm} Y, —— (Y, Y)K

As oy, \ {m} is a face of K\ {m} and o,, is a face of K, we have

cr.yy-\tm= [ cvix [[v, @ry™=]]ovix]]v

i€om\{m} i¢om 1€ i¢om

Since each {i} is a vertex of K, the inclusion [, Y: — (CY, Y)¥ is null-homotopic for any subset

w C [m], and the same holds with K replaced by K \ {m}. Hence, the map j x 1 in (16) decomposes
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into the composition is o w5 of the projection onto the second factor and the inclusion. It follows

that the pushout square (16) decomposes as

w1

Hi%am Y; X Ym Higom Y;

|- |

(Higgm Yz) * Yo,

. |

(oY, y)K\Mmt xy, (cYy,Y)K

where the map e is null-homotopic. From the bottom pushout square we obtain

(CY. V)% = (€, V)™ s vy ) v ((T] i)Y ),

i¢om
where X xY = X x Y/(x x Y) is the right half-smash product, which is homotopy equivalent to
X V(X AY) when X is a suspension. By the inductive hypothesis, (CY,Y)¥\{™} is a suspension,
so we can rewrite the identity above as
(CY, V) = (Y, V)N v (Cr, RN Ay, v () S A AT A Y,

1<i1<---<ip<m—1
{ijm}¢K

Now a simple counting argument together with the inductive hypothesis gives (15). This also proves
the implication (a)=(b).

To prove the implication (b)=-(a), assume that K is not chordal. Choose an induced chordless
cycle K, with |w| > 4 (i. e. a full subcomplex isomorphic to the boundary of an |w|-gon). Then there
is a nontrivial product in the cohomology ring H*((CY,Y)%«;7Z). (When (CY,Y) = (D', 5°), the
polyhedral product (D!, S%)X« is an orientable surface of positive genus [BP1, Example 6.40]; the
general case then follows from [BBCG2, Theorem 1.9]). By Lemma 4.2, the same nontrivial product
appears in H*((CY,Y)¥;Z). Thus, (CY,Y)¥ is not a co-H-space. O

Remark 6.5. Theorem 6.4 implies that the wedge decomposition of 3(CY,Y)¥ of [BBCG1] desus-
pends when K is flag and K* is chordal; this also follows from the results of Iriye and Kishimoto [IK,
Theorem 1.2, Proposition 3.2]. Other classes of simplicial complexes K with this property are de-
scribed in [IK] and [GT3]. The novelty of Theorem 6.4 compared to [IK] is the description of the
wedge decomposition of (C'Y, Y)¥ in terms of the degree zero cohomology of full subcomplexes of K,
which does not follow readily from desuspending the decomposition in [BBCG1].

When K is not flag, the implication (b)=-(a) of Theorem 6.4 still holds, but (a)=-(b) fails. Indeed
one can take K to be the boundary of a cyclic polytope [BP2, Example 1.1.17] of dimension n > 4
with m > n + 1 vertices. Then K! is a complete graph on m vertices, so it is chordal. On the other
hand, Zx = (D?, S1)¥ is an (m + n)-manifold with nontrivial cohomology product, so it cannot be

a co- H-space.



POLYHEDRAL PRODUCTS ASSOCIATED WITH FLAG COMPLEXES 19

Finally, we give conditions that allow for a delooping of the maps in Theorem 1.1.

Corollary 6.6. Let K be a simplicial complex on the vertex set [m] whose 1-skeleton is a chordal
graph. If K7 is the flagification of K then the map f: (CY,Y)K — (Q,X)Kf has a right

homotopy inverse. O

Proof. As K and K/ have the same 1-skeleton, Theorem 6.4 implies that (cy, X)K "isaco-H -space

(and even a suspension). The result follows from Proposition 6.2. g

Corollary 6.7. Let K be a flag simplicial complex on the vertex set [m], and let L be the simplicial
complex given by m disjoint points. The map h: (CY,Y)r — (CY,Y)X has a right homotopy
inwverse if and only if the 1-skeleton of K is a chordal graph.

Proof. Assume that K' is a chordal graph. As K is flag, Theorem 1.1 implies that QA has a right
homotopy inverse, and Theorem 6.4 implies that (CY, X)K is a co-H-space. Then h has a right
homotopy inverse by Lemma 6.1.

Now assume that h has a right homotopy inverse. Then (CY,Y)¥ is a co- H-space, being a retract

of the co-H-space (CY, X)L. Theorem 6.4 implies that K! is a chordal graph. O

Remark 6.8. Given (CY,Y)! -4 (CY,Y)¥ N (cy, X)Kf, Theorem 1.1 states that each of
the two maps Qf and Qh = Qf o g has a right homotopy inverse. Corollary 6.6 gives a sufficient
condition for a delooping of the first map, and Corollary 6.7 gives a necessary and sufficient condition
for a delooping of the second map. In both cases the condition is that K is a chordal graph. However,
this condition is obviously not necessary for a delooping of 2 f. Indeed, f has a right inverse for any

flag K, not only for those with chordal K, because in this case K/ = K and f is the identity map.

7. WHITEHEAD PRODUCTS

In this section we describe two ways of relating the results of Theorem 1.1 and Theorem 6.4 to the
classical iterated Whitehead products. First, we consider polyhedral products of the form (X, )
with flag K whose 1-skeleton is a chordal graph, and obtain a generalisation (Proposition 7.1) of
Porter’s description of the homotopy fiber of the inclusion of an m-fold wedge into a product in
terms of Whitehead brackets. Second, we consider the loop space Q(S, )% on a polyhedral product
of spheres for an arbitrary flag complex K, and obtain a generalisation (Proposition 7.2) of the
Hilton-Milnor Theorem.

First, specialize to the case when each pair (X;, 4;) is of the form (X;,*) and write (X, x*) for
(X, A). By [GT1], for example, there is a homotopy fibration

m
(COX, 0X)" 15 (X, 0% — [[ X
=1

for any simplicial complex K. This is natural for simplicial inclusions, so if K is a flag complex on

the vertex set [m] and L — K is the inclusion of the vertex set then there is a homotopy fibration
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diagram
YL
(COX OX)F —— (X, )" — [[, X;

b

(COX, QX)K 5 (X, 0K —= [, X;

where both h and h’ are induced maps of polyhedral products. By Theorem 1.1, Qh’ has a right
homotopy inverse. Further, if K' is a chordal graph then Proposition 6.2 and Theorem 6.4 imply
that h’ has a right homotopy inverse.

Observe that as L is m disjoint points we have (X, *)* = X;V---VX,,, implying that (CQX, QX )"
is the homotopy fibre of the inclusion of the wedge into the product. Porter [P] identified the

homotopy type of this fibre, from which we obtain a homotopy equivalence

(18) (cox, ox)t ~\/ \/ (2QX;, A AQX;, )V ED,

k=2 1<i<--<irp<m
Notice that L' is a chordal graph and the decomposition in (18) exactly matches that of (CQX, QX )"
in (15). Moreover, by [T, Theorem 6.2], Porter’s homotopy type identification can be chosen so that

the composite

er: \/ Vo ExX, A AQX)VETD S (cax, X)) I (X, 0"

k=2 1<i;<---<ip<m

is a wedge sum of iterated Whitehead products of the maps
evi: XX 5 X, = X VeV X, = (X, 3L

Returning to (17), the naturality of the Whitehead product implies that h o ¢, is a wedge sum of
Whitehead products mapping into (X, i)K . The right homotopy inverse for h’ when K is a chordal
graph therefore implies the following.

Proposition 7.1. Let K be a flag complex such that K' is a chordal graph. Then the map
(COX,0X)K 25 (X, %)X factors through a wedge sum of Whitehead products. O

In the case when (X, x)K = (CP>* %)X = DJ(K) and (CQX, QX)X ~ (D2, SHE = Zx the
result above follows from [GPTW, Theorem 4.3], where the Whitehead products were explicitly
specified as iterated brackets of the canonical generators.

Theorem 1.1 also leads to a generalization of the Hilton-Milnor Theorem. In this case we specialize
to pairs (XX, ), giving (XX, i)L =YX1V---VYX,,. The Hilton-Milnor Theorem states that there
is a homotopy equivalence
(19) QEXL V- VEX) > [ QEX A AX))

acL(V)
where: V is a free Z-module on m elements 1, ..., z,,; L(V) is the free Lie algebra on V; « runs

over a Z-module basis of L(V); and «; is the number of occurances of x; in the bracket . Here, if
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a; = 0 we interpret X; as being omitted from the smash product rather than as being trivial. For
example, X712 A X§ = X{*2. The Hilton-Milnor Theorem also describes the maps from the factors on
the right side of (19) into Q(XX; V- --VXX,,). If the length of a is 1 then the relevant factor is QXX
for some ¢ and the map QX X; — Q(XX; V---VXX,,) is the loops on the inclusion into the wedge.
If the length of « is larger than 1 then the map Q(X X[ A -+ A XA%) — Q(2X; V -+ V EX,,)
is the loops on the Whitehead product corresponding to the bracket c.

By Theorem 1.1, if K is a flag complex on the vertex set [m] then the map Q(XX,*)L N
Q(ZX, x)¥ has a right homotopy inverse. In particular, Q(XX, *)¥ is a retract of the product on
the right side of (19). It is probably the case that the retraction consists of selecting an appropriate
subproduct, but this is not immediately clear. That is, simply knowing that QA has a right homotopy
inverse leaves open the possibility that some of the factors Q(X X' A --- A X %) split as A x B
where A retracts off Q(XX, x)X while B does not. However, if we specialize a bit more then this
possibility is essentially eliminated.

Suppose that each X; is a connected sphere S™~! and write (S, x) for (XX, x). Since each X;
is a sphere, the space ¥ X'** A --- A X/\®m is homotopy equivalent to a sphere, so the right side
of (19) becomes a product of looped spheres. The space £25™ is indecomposable unless n € {2,4, 8}.
In the latter case, we have a homotopy equivalence QH x E: Q8271 x §7~1 =5 Q8™ which is
a product of the looped Hopf map H and the suspension map E. The retraction of (S, *)¥ off
Q(S, ¥)¥ implies the following.

Proposition 7.2. Let K be a flag complex. Then

Q(S, %K ~ (H QS"i> x M
i=1

where M is homotopy equivalent to a product of spheres and loops on spheres. Further,

(a) a factor QS™ of M with n ¢ {3,7,15} maps to Q(S, )X by a looped Whitehead product
Qs 2% (s, x)K;
(b) a factor QS?"=1 of M with n € {2,4,8} maps to (S, *)X by a looped Whitehead product

Qg1 2% Q(S, %)E or by a composite QS5*~1 28 qgn 24 Q(S, %)™, where H is the

Hopf map;
(c) a factor S"' of M has n € {2,4,8} and maps to Q(S,*)X by a composite S EEN
Qsn 24 Q(S, *)X, where E is the suspension map and w is a Whitehead product. O

Refining a bit, by [GT1] the homotopy fibration (CQS, QS)K 5 (S, %)X — [, S™ splits

after looping to give a homotopy equivalence

Q(S, %) ~ (ﬁ QS™) x Q(CQS, QS)K.

i=1
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Therefore, Proposition 7.2 implies that if K is a flag complex then Q(CQS,QS)¥ is homotopy
equivalent to a product of spheres and loops on spheres, and under this homotopy equivalence Qyg
becomes a product of maps of the from Qw, Qw o QH or Qw o E.
This has implications for moment-angle complexes and Davis-Januszkiewicz spaces. Recall that
DJ(K) ~ (CP*>, %)X and Zx ~ (D? S')X. There is a homotopy fibration
Zre S DJ(K) — ﬁ cp™
i=1

which splits after looping to give a homotopy equivalence

QODJ(K) ~ (ﬁ SH x QZk.

i=1
The inclusion $? —s CP> induces maps of pairs (S2,%) — (CP*,%) and (CQ5% QS?) —
(CQCP>,QCP>®) =5 (D?,S"). These then induce a commutative diagram of polyhedral products

YK

(CNS?, 08K —— (82 %K

(20) ic w iF

Zy ——~ DJ(K).

Observe that the suspension map S* £, 052 induces a map of pairs (CS?, 1) — (CQS?%,Q5?)
with the property that the composite (CS!,S') — (CQS%,QS5?%) — (D? S') is a homotopy
equivalence. This implies that the map G in (20) has a right homotopy inverse. If K is a flag
complex then Proposition 7.2 says that Q(CQS?,QS52)K is homotopy equivalent to a product of
spheres and loops on spheres, and the factors map to (52, )% by maps of the form Qw, Qw o QH
or Qw o E. Thus from the map G in (20) having a right homotopy inverse, and F being natural
with respect to Whitehead products, we obtain the following.

Corollary 7.3. Let K be a flag complex. Then QZk is homotopy equivalent to a product of spheres
and loops on spheres, and under this equivalence the map QZx i QDJ(K) becomes a product of

maps of the form Qw, Qw o QH or Qw o E where w is a Whitehead product. O

Notice that Zg itself is often not a product or a wedge of spheres. For example, if K is the
boundary of an n-gon for n > 5 then K is flag and Zk is diffeomorphic to a connected sum of
products of two spheres. Nevertheless, (2Zk is homotopy equivalent to a product of spheres and

loops on spheres.

8. HOMOTOPY THEORETIC CONSEQUENCES

We restrict attention to Davis-Januszkiewicz spaces DJ(K) = (CP>, %)X and moment-angle
complexes Zx = (D?,S1)E. Let S2 —s CP> be the inclusion of S? = CP! into CP*°. Then there

is an induced map of polyhedral products

ir: (8%, %)% — (CP>=, %)X,
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Building on the fact that the map G in (20) has a right homotopy inverse, in [GT3] the following

was proved.
Lemma 8.1. The map Qix has a right homotopy inverse. ([l

Lemma 8.2. Let K be a flag complex. Suppose that there is a map h: (CP>®, %)X — Y where Y
is 2-connected. Then Qh is null homotopic. Consequently, h induces the zero map on homotopy

groups.

Proof. Let L be the simplicial complex on m disjoint points. The simplicial map L — K induces

a map of polyhedral products g: (52, %)L — (52, %)X, Consider the composite
(82, 5%)F L5 (82, 5)K 2, (CP>, %K sy

Observe that by the definition of the polyhedral product, (52, %)% ~ \/I"  S2. Since Y is 2-connected,
the composite h o ik o g is therefore null homotopic. Since K is a flag complex, by Theorem 1.1, Qg
has a right homotopy inverse. Therefore Qh o Qig is null homotopic. By Lemma 8.1, Qix also has

a right homotopy inverse. Therefore QA is null homotopic. |

For example, let C' be the homotopy cofibre of the composite

m m
¢ \/ 8% — \/ CP® — DJ(K)
i=1 i=1
where the left map is the wedge of inclusions of the bottom cells and the right map is the map of
polyhedral products induced by including the vertices into K. The description of H*(DJ(K);Z)
(see, for example [BP1]) implies that C is 3-connected. Therefore Lemma 8.2 implies that if K is a
flag complex then the quotient map

f:DJ(K) — C = DJ(K)/(\W} S%)

i=1
induces the trivial map on homotopy groups.
Lemma 8.2 says that if K is a flag complex then the bottom 2-spheres in DJ(K) have a great
impact on its homotopy theory. The next lemma says this much more dramatically in the case of Z§

when K' is a chordal graph.

Lemma 8.3. Let K be a flag complex such that K' is a chordal graph. Then there is a homotopy

commutative diagram

ViZ, 5?

P
Zx — DJ(K)

for some map .
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Proof. As usual, let L be the vertex set of K. Consider the diagram

YL

(CQS?,08%)E —— (52 %)

| l

YK

(082, 082K 55 (62 5)K

|- |-
Zyx ——~ DJ(K).

The upper square is induced by the simplicial inclusion of L into K. The lower square homotopy
commutes by (20). Notice that the right column is equal to 1. As mentioned in the previous section,
the map G has a right homotopy inverse. Since K is a flag complex and K! is a chordal graph, by
Corollary 6.7, the map h has a right homotopy inverse. Thus G o h has a right homotopy inverse

and the lemma follows. ]
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