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The radiation resistance matrix allows for the calculation of structurally radiated
sound power using a series of measured structural responses. Currently, estimating
the radiation resistance matrix requires precise modelling of the structure which, for
practical structures, can lead to estimation errors. This paper presents two meth-
ods for identifying the radiation resistance matrix for a structure using measurable
structural and acoustic responses and the solution of an inverse problem. Although
well suited to practical, complex structures, to allow the accuracy of the proposed
methods of identifying the radiation resistance matrix to be reliably validated, they
are compared with the theoretical radiation resistance matrix for a flat plate in an
infinite baffle. It is shown through a simulation-based study that the accuracy of
the proposed identification methods depends on the number of structural and acous-
tic sensors and structural forces used in the identification process. The proposed
identification methods are then implemented experimentally to identify the radiation
resistance matrix for a flat plate. The results demonstrate that an accurate estimate
of the sound power can be obtained using the experimentally identified radiation re-
sistance matrix using the two proposed methods, and the limits on the two methods

are discussed.
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I. INTRODUCTION

Active Structural Acoustic Control (ASAC) has been proposed as an effective, lightweight
solution to structure-borne sound radiation problems. Generally speaking, ASAC uses an
array of structural control actuators to minimise the acoustic pressure measured at an array
of error microphones, located in the radiated sound field. The application of such a system
can be limited, however, owing to the fact that it is not always practical to position error
microphones in the radiated sound field. In previous work, to overcome this problem, a
number of strategies have been developed for use in both ASAC and Active Noise Control

(ANC), that allow the sound field to be estimated from remotely located error sensors' .

Controlling the pressure radiated from a structure at discrete points may be sufficient in
certain applications, however, many ASAC systems have focused on controlling the radiated
sound power, which when minimised ensures a global reduction. Measuring the radiated
sound power directly is not straightforward, however, there have been a number of publi-
cations that propose different approaches to controlling the radiated sound power from a
structure using only structural measurements®®. One such approach, that has been pro-
posed relatively recently, uses the Weighted Sum of Spatial Gradients (WSSG) to attempt to
control the structural radiation”'”. The WSSG can be measured using a closely spaced array
of four accelerometers and it has been shown that the WSSG provides a uniform measure
across the surface of a plate and, therefore, is insensitive to the location of the WSSG sensor
and does not require advance knowledge of the structure’. The WSSG control method has

been shown through both simulations and experiments to provide effective control of the
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sound power radiated from a flat plate’. More recently, the method has been extended to
a cylindrical structure'’, where it has been shown to provide close to optimal sound power
control in numerical simulation, but has some limitations in an experimental implementation
due to discrepancies in the structural properties and assumed boundary conditions'’. Nev-
ertheless, the WSSG method does potentially provide an ASAC method that is convenient
to implement in practice requiring only a small number of error sensors, even if multiple

WSSG sensors are required to improve the practical robustness.

Alternative approaches to implementing ASAC using only structural sensors include the

!, which completely describes the radiation from a

use of the radiation resistance matrix”’
structure in terms of its radiation modes®. The radiation resistance matrix has previously
been calculated using a variety of methods, including analytical or numerical modelling us-
ing an elemental lumped parameter approximation, for example'' . These modelling-based
methods, however, often rely on specific assumptions about the radiating structure. For ex-
ample, that the sound radiation can be approximated by the radiation from an array of point
monopole sources, which may lead to inaccuracies when considering more complex practi-
cal structures. In order to overcome these difficulties, various methods of identifying the
radiation resistance matrix experimentally have previously been proposed'*'”. Koopmann
and Fahnline for example, developed a method to measure the elements of the radiation
resistance matrix using a bespoke measurement probe, named the resistance probe'*. This
method relies on the probe generating a known volume velocity from a loudspeaker posi-
tioned on the surface of the structure. To achieve accuracy at higher frequencies the probe

must be sufficiently small so that it represents a small area of the radiating structure, how-
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ever, this conflicts with the requirement to be able to generate sufficiently high volume
velocity at low frequencies. These conflicting requirements mean that the method has been
shown to have a low frequency limit of around 200 Hz and, therefore, may have limited ap-
plicability in situations where active control would be appropriate. More recently, Berkhoff
et al. presented a method whereby the radiation resistance matrix is calculated by solving an
inverse problem, which uses the responses measured between a number of structural forces
and distributions of both structural velocity and acoustic pressure measurements'®. This
method has been shown to be effective experimentally, however, as the acoustic pressures are
used to calculate the radiated sound power, in order to accurately identify the radiation re-
sistance matrix, the radiating structure must be located in a free-field acoustic environment
and the pressure measurements must be taken in the far-field. This may be infeasible for
many practical structures, which cannot be relocated to a free-field acoustic environment.
Therefore, in this paper a method to identify the radiation resistance matrix is proposed
that does not require a free-field acoustic environment or far-field pressure measurements.

The proposed method can thus be used, for example, when the structure is in situ.

Two formulations of the proposed method are presented which both rely on the solution
of an inverse problem. In the first formulation, the proposed method uses the responses
measured between a distribution of structural forces and an array of structural velocity,
and near-field acoustic pressure and particle velocity measurements to identify the radiation
resistance matrix. In the second formulation, it is assumed that the particle velocity imme-

diately in front of the surface of the structure is equal to the velocity of the structure itself
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and, therefore, only structural velocity and near-field acoustic pressure measurements are
used to identify the radiation resistance matrix.

The structure of this paper is as a follows: Section II introduces the theoretical back-
ground for the radiation resistance matrix and, using the amplitudes of an array of elemental
radiators, the radiation resistance matrix is calculated for a flat plate in an infinite baffle for
reference. Section [II then presents the formulation of the first radiation resistance matrix
identification method. The accuracy of the proposed method is then assessed via compari-
son to the theoretical radiation resistance matrix formulated in Section II, for a simulated
flat plate in an infinite baffle. A simulation based investigation into how the accuracy of
the proposed radiation resistance matrix is affected by the number of forces and sensors
used in the identification process is then carried out and this is followed by an experimental
validation of the method. In Section IV, the second identification method is formulated and
its accuracy is assessed through both simulations and an experimental validation. Finally,

Section V draws conclusions based on the presented results.

II. FORMULATION OF THE RADIATION RESISTANCE MATRIX USING EL-

EMENTAL RADIATORS

In this section, a well established, theoretical radiation resistance matrix formulation is
presented. Initially, the theory of the formulation is detailed, followed by an example of
the radiation resistance matrix calculated for a flat plate in an infinite baffle. This estab-
lished structure will be used in the following sections to validate the proposed identification

methods.
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A. Theory

A lumped parameter model can be used to model the acoustic radiation from a vibrating
structure as equivalent to that of a simple point source, at low frequencies, where the acous-
tic wavelength is much larger than the characteristic dimension of the vibrating structure.
In this form, the acoustic field depends only on the volume velocity of the source'*. This ap-
proach can be extended to model larger structures and/or higher frequencies by subdividing
the surface of the radiating structure into a number of elements'?!*.

In this formulation, it is assumed that the sound radiated by a structure is due to a

number of elementary radiators®'!.

The acoustic pressure immediately in front of each
radiating element can be related to the complex velocity of each element at a single frequency

according to the impedance relationship
Ps = ZV, (1)

where v is the vector of complex elemental structural velocities, p, is the vector of corre-
sponding acoustic pressures on the surface of the structure and Z is the matrix of specific
acoustic impedances, which incorporates point and transfer impedance terms over the grid
of elements. Assuming at this point that the acoustic radiation from each element can be ap-
6,11,

proximated as a monopole source radiating into half space, defined by the infinite baffle

the impedance between the i and j*" elements of the matrix Z can be defined as

jprAe —ikRs
Zij(w) = =——=—e " (2)
J 27TRZ']'

where w is angular frequency, py is the density of air, A, is the area of each element, k is
the wavenumber and R;; is the distance between the centres of the i and j* elements.

7
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The sound power radiated by the elemental array described above can be defined in terms

of the vector of structural velocities and acoustic pressures as

W= (%) melpt), 3)

By substituting Eq. 1 into Eq. 3, for the vector of pressures, the radiated sound power can

be written as''
Ae H A\ g o o
W = > Re[v"Zv]| = A Z+Z"]v=v'Rv (4)

where, in the final expression, the impedance matrix, Z, is assumed to be symmetric due
to acoustic reciprocity and the real, symmetric, positive definite radiation resistance matrix
is defined as R = (A./2) Re[Z]. It can be seen from the final expression of Eq. 4, that
the radiation resistance matrix can be used to calculate the radiated sound power using
only structural velocities and, therefore, can be used in an ASAC system that only requires

structural error sensors rather than acoustic sensors'’.

B. Baffled plate

In the following, the radiation resistance matrix is calculated according to Section II, for a
flat, rectangular plate in an infinite baffle. For elemental models, a common rule of thumb is
to use six elements per wavelength®. In the following, a 0.414 m by 0.314 m plate is divided
into ten elements along the z-axis and eight elements along the y-axis, as shown in Fig. 1.
When the upper frequency of interest is 1 kHz, this provides at least eight elements per the
shortest radiated acoustic wavelength and will thus provide an accurate model of the plate

radiation.
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FIG. 1. Geometry of the 0.414 m x 0.314 m plate subdivided into a 10x8 grid of elements in an

infinite baffle.

As noted above, the radiation resistance matrix completely describes the acoustic radi-
ation from a structure. It is possible to gain insight into the physics behind this sound
radiation via an eigen-decomposition of the radiation resistance matrix which can be ex-

pressed as’,
R=Q"AQ, (5)

where Q is the matrix of eigenvectors, in which each row contains the amplitudes of each
radiation mode, and A is the diagonal matrix of eigenvalues, which are proportional to
the radiation efficiencies of the radiation modes. The radiation efficiencies of the first six
radiation modes of the baffled plate shown in Fig. 1 have been plotted in Fig. 2 using the
eigenvalues, A, of the radiation resistance matrix. From this plot it can be seen that the
magnitude of the radiation efficiencies vary slowly with frequency, increasing in magnitude as
the frequency increases. It can also be seen that at low frequencies the radiation response will
be dominated by the first radiation mode, whilst with increasing frequency the contribution
of the higher order modes will become increasingly important. Through the decomposition

of the radiation resistance matrix, surface plots of the velocity distribution of the six lowest
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order radiation modes of the plate, when excited at 39 Hz, have been plotted in Fig. 3. From
these plots it can be seen that the first and most efficiently radiating mode is the piston mode;
this is followed by two rocking modes, a torsional mode and two saddle modes. Visualising
the radiation modes in this way could help to tailor the positioning of control actuators and
sensors when designing an ASAC system, or even lead to the design of radiation based modal
actuators as in'®!7. It is important to note that although the radiation modes are frequency
dependant, within the range considered (0 Hz to 1 kHz) there is only a slight variation in

the mode shapes of the dominant, lower order modes®.
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FIG. 2. Eigenvalues of the six lowest order modes of the radiation resistance matrix.

III. INVERSE ESTIMATION OF THE RADIATION RESISTANCE MATRIX US-

ING P-U MEASUREMENTS

In the section, the first of the proposed methods of estimating the radiation resistance
matrix via the solution of an inverse problem is formulated and investigated via both simula-

tions and experiments. This method uses a series of near-field particle velocity and acoustic

10
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FIG. 3. (color online) Six lowest order radiation modes of the plate when excited at 39 Hz.

o pressure measurements, as well structural measurements, taken when the structure is excited

i by a distribution of independent structural forces.

172 A. Formulation

173 The sound power radiated from a structure can be expressed in terms of the vectors of
s particle velocities, u, and acoustic pressures, p, measured on a virtual surface enclosing the

s structure as
W= (5 ) Re(p"u). (6)

e where A, is the area over which the particle velocities and acoustic pressures are measured,

8

177 divided by the number of measurement positions'®. It is possible to express the acoustic

s pressures and particle velocities in terms of the structural responses as
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where v is a vector of structural velocities measured on the surface of the structure and pr
and H,, are the transfer response matrices between the measured structural velocities and the
acoustic pressures and particle velocities respectively. It should be noted that the structural
response could alternatively be expressed in terms of accelerations or displacements without
any implications on the proposed method, which may have practical benefits. Substituting
Egs. 7 into Eq. 6 for the vectors of acoustic pressures and particle velocities, the radiated

sound power may be written in terms of the structural responses as
A, ~ H ~
W= (7) Re{v"H, H,v}. (8)

Expanding this in terms of its real and imaginary parts allows a simplification that gives

W = (%) v 2" + Zlv = v Ry, 9)
where = = ﬁfﬁu and the radiation resistance matrix is defined as R = (A4,/2) ]Re[ﬁf H,).
It is not possible to measure the matrices ﬁp and H, directly, as each of the structural
responses cannot be independently driven and are only controllable via a fully coupled
transfer response matrix'?. It is possible, however, to estimate these matrices via the solution
of an inverse problem'??".

The vector of structural responses, v, can be expressed in terms of a distribution of forces,

f, and a structural transfer response matrix as
v = H,f, (10)

where H, is the matrix of transfer responses between the distribution of forces and the
measured structural responses, which can be measured directly. The relationships between

12
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the transfer responses, ﬁp, H, and H,, and the vectors of forces, f, structural velocities,
v, acoustic pressures, p, and acoustic particle velocities, u, are summarised by the block
diagram shown in Fig. 4. From this block diagram, or by substituting Eq. 10 into Eqgs. 7,

the vectors of acoustic pressures and particle velocities can be expressed as
p=HHf=Hf and u=HH/f=H,f (11)

The transfer matrices pr and H,, can then be obtained using the directly measurable transfer

response matrices, via the solution of two corresponding inverse problems given as
H,=HH  and H,=HH (12)

where the superscript T denotes the pseudo-inverse operator. When the number of structural
measurements is equal to the number of forces, so that Hy is a square matrix, Eqs. 12 can
be solved using the direct matrix inversion H;!. However, if the structural response matrix
is not square, then the solution to the inverse problem must be calculated via the pseudo-
inverse. The particular solution to the pseudo-inverse is dependant on the dimensions of
the structural response matrix and, therefore, the relative numbers of forces and structural
sensors used to measure it. Section [II1 B 1 presents an investigation into how changing the
number of forces and sensors affects the accuracy of the radiation resistance matrix. The

specific solution to the pseudo-inverse will also be discussed in more detail.

B. Simulation based investigation

In this section, the radiation resistance matrix is estimated, via the proposed inverse
method, for a simulated flat, rectangular plate of dimensions, [, = 0.414 and [, = 0.314, as

13
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FIG. 4. Block diagram showing the relationships between the vectors of forces, f, structural
velocities, v, acoustic pressures, p and acoustic particle velocities, u, in terms of the directly
measurable transfer response matrices H,, H, and H, and the transfer response matrices ﬁp and

ﬁp that can be identified via Eq. 12.

described in Section II B. A diagram of the simulated plate setup used to obtain the transfer
responses used in the formulation is shown in Fig. 5, and this includes an example of the
distribution of structural forces and sensors and the acoustic pressure and particle velocity

sensors used in the identification procedure.

In order to assess the performance of the proposed identification method, the accuracy of
the sound power estimated using the radiation resistance matrix is compared to the directly
evaluated sound power. The modelled plate is excited by an acoustic plane wave incident
at 45° in the horizontal plane and 45° in the vertical plate, which approximates a diffuse
field excitation®. The sound power radiated by the plate is then calculated using both the
structural responses of the plate with the estimated radiation resistance matrix and directly
from the pressures and particle velocities according to Eq. 6.

14
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FIG. 5. Diagram of the plate with a distribution of independent forces (arrows), collocated with
an array of structural velocity sensors (light circles), beneath an array of near-field acoustic sensors

(dark circles).

The estimated radiation resistance matrix, fi, is initially calculated using the modelled
transfer responses between a uniform distribution of 10 x 8 forces to an equal number of
structural velocities and near-field acoustic pressures and particle velocities. This means
that the matrix of structural responses, Hj, is square and the direct matrix inversions can
be used in Eqgs. 12 during the estimation procedure. It is worth reiterating that this force-
sensor arrangement gives a minimum of eight forces and sensors per the radiated acoustic
wavelength at 1 kHz, but it is also worth noting that this provides around 2.4 forces and

sensors per structural bending wavelength at the upper frequency of interest.

Fig. 6 shows the radiated sound power when the plate is excited by an incident acoustic
plane wave, as defined above. The sound power calculated using the estimated radiation
resistance matrix, ﬁ, is plotted along with the directly evaluated sound power, which is
calculated according to Eq. 6, using the uniform array of 10 x 8 particle velocities and
acoustic pressures, evaluated 10 mm above the surface of the plate. These results show that

15



20 the sound power estimate is consistent with the directly evaluated sound power when the
21 same number of both forces and sensors are used to estimate the radiation resistance matrix

22 as acoustic sensors are used to evaluate the sound power.

—Directly evaluated sound power
- - Sound power estimate

102 10°
Frequency, Hz

FIG. 6. Sound power radiated by the plate when excited by an incident acoustic plane wave. The
solid line shows the directly evaluated sound power and the dashed black line shows the sound

~

power calculated using the estimated radiation resistance matrix, R.

243 1. The effect of the number of forces and sensors used in the estimation of the

24 radiation resistance matriz

25 It has been demonstrated above that the proposed method of estimating the radiation
us Tesistance matrix is able to accurately estimate the radiated sound power when large and
27 equal numbers of both forces and sensors are used in the identification procedure. However,
ug  in practice it may not always be possible to use such large and square arrays and, therefore,

29 this Section will present a simulation based investigation into the accuracy of the proposed

=

=0 radiation resistance matrix identification procedures when the numbers of sensors and/or
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forces are both modified and made unequal. To assess the accuracy of the identification
method as the number of forces and/or sensors is altered, the sound power calculated using
the proposed radiation resistance matrix is compared to the directly evaluated sound power.

In the first instance, the number of structural sensors used to estimate the radiation
resistance matrix has been decreased whilst the number of acoustic sensors and structural
forces remains fixed at eight per the shortest acoustic wavelength, which is approximately
0.34 m at 1 kHz. This means that the matrix describing the structural transfer responses,
H,, is not square, and therefore, the estimation procedure cannot utilise the direct matrix
inversions. Instead the inverse problems defined by Eqgs. 12, must be solved via the pseudo-
inverse. The form of the pseudo-inverse required is dependant on whether the number of
forces, Ly, is greater or less than the number of structural sensors, L. In the following, the
number of forces will always be greater than the number of structural sensors and, therefore,
the matrix H,, which has dimensions (Ls x Ly) will be full row rank. This means that the
solution to the inverse problem is obtained using the right-sided pseudo-inverse, which is

given as

Hf = H(HH])™". (13)

Fig. 7 shows the sound power estimated using the radiation resistance matrix as the
number of structural sensors was reduced, plotted along with the directly evaluated sound
power. It can be seen from Fig. 7, that reducing the number of structural sensors used to
calculate the radiation resistance matrix to seven per the shortest acoustic wavelength, which
corresponds to two per the shortest structural bending wavelength, has negligible effect on

the estimated sound power over the presented frequency range. Reducing the number of
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structural sensors to five per the shortest acoustic wavelength, which corresponds to around
1.2 per the shortest structural bending wavelength, begins to introduce some small errors
at the upper end of the presented frequency range. As the number of structural sensors
reduces further, to approximately three per the shortest acoustic wavelength, it can be seen
from the results that errors begin to appear at higher frequencies. The results in this case
are still accurate up to around 400 Hz, because the structural sensor arrangement provides
around 8 sensors per the acoustic wavelength or approximately 2 per the structural bending
wavelength at this frequency. Reducing the number of sensors further, to approximately one
per the shortest acoustic wavelength, leads to the errors becoming large and occurring at

lower frequencies.

= Directly evaluated sound power
— ~ 7 Structural sensors / A
80+ ---- ~ 5 Structural sensors / A
—— ~ 3 Structural sensors / A

~ 1 Structural sensors / X

102 10°
Frequency, Hz

FIG. 7. (color online) Sound power estimated using the radiation resistance matrix as the number
of structural sensors used in the identification is decreased. The blue solid line shows the directly
evaluated sound power, the solid, dot-dashed, dashed and dotted black lines show the sound power
estimate when seven, five, three and one structural sensors per the shortest acoustic wavelength

were used in the identification of the radiation resistance matrix, respectively.
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In the following, the number of forces used to identify the radiation resistance matrix
is reduced and the number of structural and acoustic sensors used remains fixed at eight
per the shortest acoustic wavelength. Again, as matrix the H, is not square, the inverse
problems must be solved via the pseudo-inverse as defined by Eqs. 12. In this case, the
number of forces will always be less than the number of structural sensors and, therefore,
the matrix H, will be full column rank. This means that the solution to the inverse problem

should be obtained using the left sided pseudo-inverse, which is given as

H = (HH,)"'H". (14)

Fig. 8 shows the radiated sound power calculated using the estimated radiation resistance
matrix as the number of forces used in the estimation is reduced, plotted along with the
directly evaluated sound power. From Fig. 8 it can clearly be seen that as the number
of forces used to identify the radiation resistance matrix is reduced, the accuracy of the
sound power estimate decreases. In particular, it can be seen that with seven forces per the
shortest acoustic wavelength, the sound power estimate is accurate over the full frequency
range presented. When the number of forces is reduced to five per the shortest acoustic
wavelength a similar level of accuracy is obtained, but with some small errors at higher
frequencies. However, when reducing the number of forces used in the identification to three
per the shortest acoustic wavelength, which corresponds to less than one per the shortest
structural bending wavelength, the accuracy of the sound power estimate is limited at higher
frequencies. When the number of forces per the shortest acoustic wavelength is reduced to
approximately one, more errors are introduced across the entire frequency range, as expected.
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— ~ 7 Forces / A
--—- ~ 5 Forces / \
-— ~3Forces/ A

= Directly evaluated sound power
~ 1 Forces/ A

102 10°
Frequency, Hz

FIG. 8. (color online) Sound power estimated using the radiation resistance matrix as the number of
forces used in the identification is decreased. The blue solid line shows the directly evaluated sound
power, the solid, dot-dashed, dashed and dotted black lines show the sound power estimate when
seven, five, three and one forces per the shortest acoustic wavelength were used in the identification

of the radiation resistance matrix, respectively.

Finally, the effect of reducing the number of acoustic sensors has been investigated. In the
following simulation results, the number of structural sensors and forces was fixed at eight
per the shortest acoustic wavelength, whilst the number of uniformly distributed particle
velocity and acoustic pressure measurements was decreased. In this case, the matrix Hy
is square and, therefore, the direct inverse solution can be used. Fig. 9 shows the sound
power calculated using the estimated radiation resistance matrix as the number of acoustic
measurements is reduced. From these results it can be seen that the accuracy of the sound
power estimate is largely unaffected as the number of acoustic measurements is decreased.
That said, some errors are introduced into the sound power estimate when there are only 1.5

sensors per acoustic wavelength. This observation is consistent with the Nyquist sampling
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theorem and it is evident that an accurate estimation is provided when there are at least
2 acoustic sensors per the shortest acoustic wavelength. This is in contrast to the results
presented in Figs. 7 and 8, because the speed of sound in the structure is much higher
than in air and the associated wavelengths are thus much shorter. This means that a larger

number of forces and structural sensors is required in relation to the acoustic wavelength.

= Directly evaluated sound power
— ~ 7 Acoustic sensors / A
801 --=- ~ 5 Acoustic sensors / A
-~ ~ 3 Acoustic sensors / A
~ 1 Acoustic sensors / A

102 10°
Frequency, Hz

FIG. 9. (color online) Sound power estimated using the radiation resistance matrix as the number
of acoustic measurements used in the identification is decreased. The blue solid line shows the
directly evaluated sound power, the solid, dot-dashed, dashed and dotted black lines show the
sound power estimate when seven, five, three and one acoustic measurements per the shortest

acoustic wavelength were used in the identification of the radiation resistance matrix, respectively.

Following the simulation investigation carried out above, it is clear that a reduction in
the number of forces and structural sensors results in a rapid reduction in the accuracy of
the sound power estimate. The number of acoustic sensors also effects the accuracy, but, due
to the longer wavelength in air compared to that in the structure, the effects are smaller. In
Section [11 C, the proposed radiation resistance matrix identification method is implemented
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in practice to obtain a sound power estimate for an acoustically excited aluminium plate. In
order to carry out this experiment, an appropriate number of structural and acoustic sensors
and forces should be chosen. It is obvious that for the most accurate sound power estimate,
a very large number of sensors and forces should be used, however, this would increase the
cost of conducting the procedure. On the other hand, using less sensors and forces would
reduce the cost of the procedure but at a detriment to the accuracy of the sound power
estimation. Therefore, to strike a balance between an overly populated system, in which
the number of actuators, sensors and cabling required would make the system extremely
costly, and the accuracy of the sound power estimate, three forces and three structural and
acoustic sensors per the shortest acoustic wavelength has been chosen. According to the
results presented in Figs. 7, 8 and 9, this is expected to provide an accurate estimation up
to around 400 Hz, but it is important to initially assess within the simulation environment
the impact of reducing both forces, and structural and acoustic sensors simultaneously.
The proposed configuration corresponds to 12 forces and 12 structural and acoustic sensors
uniformly distributed over the plate and the accuracy of the sound power estimate achieved
when using this arrangement to identify the radiation resistance matrix for the simulated
plate is shown in Fig. 10. These results show that the estimate identifies the majority of the
radiating modes of the plate across the given frequency range, however, above approximately
400 Hz errors appear in the level of the sound power estimate. This is as expected from
the results presented in Figs. 7, 8 and 9 and provides two clear frequency ranges where the

estimation is expected to be accurate (f < 400 Hz) and suffer from errors (f > 400 Hz).
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FIG. 10. Sound power radiated by the simulated plate when acoustically excited with broadband
noise. The solid line shows the measured sound power and the dashed line shows the sound power
calculated using the proposed radiation resistance matrix R with 3 forces, and 3 structural and

acoustic sensors per the shortest acoustic wavelength.

C. Experimental Validation

Based on the simulation study carried out above, an experimental rig has been built to
validate the proposed methods of estimating the radiation resistance matrix. In the exper-
imental setup, which is shown in Fig. 11, the forces have been provided by 12 lightweight
(29.6 g) inertial actuators, the structural sensors have been provided by 12 accelerometers,
approximately collocated with each actuator, and the acoustic pressure and particle veloc-
ity have been measured using a Microflown p-u probe. To measure the transfer responses
required for the estimation of the radiation resistance matrix, each of the inertial actuators
was driven independently with broadband noise to excite the plate and the structural re-

sponse was measured by the array of accelerometers, and the acoustic pressure and particle
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velocity responses were measured above each accelerometer position, approximately 10 mm

from the surface of the plate.

FIG. 11. (color online) Photograph of the experimental setup used to measure the radiation
resistance matrix for the plate. The 12 actuators and approximately collocated accelerometers can

be seen on the plate and the p-u probe can be seen in 11(b)

A loudspeaker enclosed in the sealed cavity below the plate, shown in Fig. 11(b), was
used to excite the plate acoustically. The radiated sound power was then calculated directly
using the measured pressure and particle velocities as in Eq. 6, and using the radiation
resistance matrix estimated using the proposed method, formulated in Section IIT A.

Fig. 12 shows the sound power estimate plotted along with the directly evaluated sound
power. It should be noted that for this plate the breathing mode is at approximately 100 Hz
and the peak at around 50 Hz is due to the resonance of the actuators. From these results
it can be seen that, at frequencies below around 400 Hz, the identified radiation resistance
matrix is able to estimate the radiated sound power relatively accurately. The four lowest
radiating modes, which are within this bandwidth, are identified in both frequency and
amplitude. At 400 Hz and above, the accuracy of the estimation reduces, as expected
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from the simulation results presented in Fig. 10. Initially, the resonance frequencies are
identified, but the sound power level estimation is inaccurate. Then, at higher frequencies,

the resonance frequencies themselves become poorly estimated.
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FIG. 12. Sound power radiated by the plate when acoustically excited with broadband noise. The
solid line shows the measured sound power and the dashed line shows the sound power calculated

using the estimated radiation resistance matrix R.

IV. INVERSE ESTIMATION OF THE RADIATION RESISTANCE MATRIX US-

ING PRESSURE AND STRUCTURAL VELOCITY MEASUREMENTS

In practical applications, it may be beneficial to avoid the requirement to measure the
acoustic particle velocity, which requires a costly measurement probe. This can be achieved
by assuming that the velocity of the vibrating structure is equal to the acoustic particle
velocity immediately in front of it. Based on this assumption, in this section, an alternative
approach to identifying the radiation resistance matrix using only near-field acoustic pres-
sure and structural velocity measurements is presented. Following the formulation of the
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proposed estimation method, a simulation based investigation and experimental validation

are carried out.

A. Formulation

As suggested above, by making the approximation that the structural velocity, v, is
equal to the particle velocity, u, immediately in front of it, the matrix of responses between
structural velocities and acoustic particle velocities, H,, becomes equal to an identity matrix.
In this case, following the derivation presented in Section IIT A, the radiated sound power

can be approximated as

A, ~ H
W ~ (7) Re[v'H,, v], (15)
~ (%) VH[ﬁf + ﬁp]v = VHﬁpv, (16)

where the radiation resistance matrix in this case is f{p — (A./2) Re[H,)]. As detailed in
Section IIT A, the transfer response matrix, ﬁp, cannot be directly measured and must be
estimated through the solution of an inverse problem, which is given by the first part of Eq.

12.

It should be noted that the approximation in Eq. 15 relies on the assumption that the
structural velocities are equivalent to the particle velocities measured at the same points as
the acoustic pressures. Thus, if it were possible to measure the pressures on the surface of
the structure, as assumed in the theoretical formulation in Section II, then this assumption
would be perfectly accurate. However, in practice, the pressures will be measured at a finite
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distance from the surface of the structure and this assumption will only be approximate;

this will be demonstrated in the following section.

B. Simulation based investigation

Using the simulation environment described in Section [II B, the performance of the
radiation resistance matrix identified using the method outlined in Section IV A has been
validated. For conciseness, this investigation is only presented using a single arrangement of
forces and sensors, because the same trends are observed for this method as were shown in
Section [II B. Therefore, in this case, the 10 x 8 arrays of forces, structural velocities and
acoustic pressures were used to estimate the radiation resistance matrix.

Fig. 13 shows the sound power radiated by the plate, along with the sound power esti-
mated using the radiation resistance matrix, f{p, when the array of pressure measurements
are evaluated at various distances from the plate. When the pressures are evaluated at
0.01 m from the surface of the plate, it can be seen that the estimated radiation resistance
matrix, ﬁp, provides an accurate measure of the radiated sound power. In this case, there-
fore, the approximation that the structural velocity is equal to the acoustic particle velocity
is reliable over the full frequency range presented. However, it can also be seen from the
results presented in Fig. 13 that as the array of pressure sensors is moved away from the sur-
face of the plate, the accuracy of the sound power estimate reduces. This indicates that the
approximation becomes increasingly less accurate as the pressure measurements are moved
away from the radiating surface and the upper frequency at which the approximation is
reliable can be related to the acoustic wavelength.
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FIG. 13. (color online) Sound power radiated by the plate when excited by an incident acoustic
plane wave. The blue solid line shows the directly evaluated sound power, the solid, dot-dashed,

dashed and dotted black lines show the sound power estimated using the estimated radiation

resistance matrix, f{p, when the pressures are measured at 0.01, 0.2, 0.4 and 0.6 m respectively.

C. Experimental validation

In this section, the sound power radiated from the acoustically excited plate shown in
Fig. 11 has been estimated using the radiation resistance matrix, f{p, which is identified
as formulated in Section [V A. This validation has been carried out using the same 4 x 3
experimental setup shown in Fig. 11, with the pressures measured at a distance of 0.01 m
from the surface of the plate. Fig. 14 shows the sound power estimated using the identified
radiation resistance matrix, fip, plotted along with the directly evaluated sound power. It
can be seen from these results that the estimated sound power, again, is reasonably accurate.
In this case, the majority of the resonance frequencies have been identified, however, the level
of the sound power estimate, across the presented frequency range, is slightly less accurate
than when calculated using the radiation resistance matrix that utilises the particle velocity
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which assumes that the structural velocity is equal to the acoustic particle velocity.
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FIG. 14. Sound power radiated by the plate when acoustic excited with broadband noise. The
solid line shows the measured sound power and the dashed line shows the sound power calculated

using the proposed radiation resistance matrix R,,.

V. CONCLUSIONS

The radiation resistance matrix allows for an accurate estimation of the sound radia-
tion from a structure using only structural measurements. A number of formulations have
been presented in previous work that enable the estimation and measurement of the radia-
tion resistance matrix. However, these methods have not been widely applied to practical
structures due to either limitations in their accuracy due to modelling requirements or the
complexity of the measurement procedure for practical structures. Therefore, in this pa-
per, a method of estimating the radiation resistance matrix from measurable structural and
acoustic responses has been proposed. This method does not require a bespoke measurement
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device, does not require the measurements to be conducted in a free-field environment and

is functional over the frequency range of interest for ASAC.

Two approaches to the radiation resistance matrix identification problem have been pre-
sented; the first requires measurement of both the acoustic particle velocity and structural
velocity, whilst the second approach assumes that these are equal. Both methods are based
on solving an inverse problem that is used to estimate the transfer response matrix between
a number of structural and acoustic responses. In both methods, a series of response mea-
surements are required when the structure is excited by a distribution of independent forces,

but no knowledge about the operational structural excitation is assumed.

To assess the limits on the accuracy of the proposed radiation resistance matrix identi-
fication methods, a series of simulations for a flat rectangular plate have been carried out,
as this provides a well-known benchmark. Within this framework, to investigate the prac-
tical requirements of the proposed estimation procedures, the numbers of forces and both
acoustic and structural sensors used during the identification procedures were altered both
independently and simultaneously. As the number of structural sensors used is decreased,
the sound power level is overestimated at higher frequencies. As the number of forces used is
decreased, the sound power level is underestimated at higher frequencies. In both instances,
however, the resonance frequencies of the radiating modes are generally well estimated. As
the number of acoustic sensors is decreased, the sound power estimate remains accurate over
the presented frequency range, since the acoustic wavelengths within this range are much
larger than the bending wavelengths in the plate and so sampling resolution limits are not
met.
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Although the requirements in terms of the density of forces and sensors used in both
methods are equivalent, it has also been shown that the second method, which makes the
assumption that the structural velocity is equal to the particle velocity, is also sensitive to
the distance of the acoustic sensor array from the structure. Specifically, as the acoustic
pressure sensors are moved further away from the radiating surface, the accuracy of this
identification method reduces and the sound power at frequencies where the distance between
the surface and the acoustic pressure sensors is comparable to the acoustic wavelength is
underestimated. Despite this limitation, this method may be more practicable in certain
situations than the identification method that requires both acoustic pressure and particle

velocity measurements.

Finally, to validate the simulation-based study, an experimental rig was set up to measure
the radiation resistance matrix for a flat rectangular plate mounted on an enclosure. Based
on the simulation study, three forces, structural sensors and acoustic sensors per the shortest
acoustic wavelength were used to identify the radiation resistance matrix using the two
approaches. This number was chosen as it provides a practicable configuration, but also
provides insight into the practical accuracies and limitations of the proposed methods. The
results of this experimental study have shown that the proposed identification methods able
to accurately estimate both the level and resonance frequencies of the radiating modes up
to around 400 Hz, which corresponds to 8 forces/sensors per acoustic wavelength. At higher
frequencies, the accuracy begins to reduce and, although the frequencies of the radiating
modes are generally well estimated, errors in the estimated sound power level begin to

occur.
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