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The structure-borne tones generated by themain gearbox are the primary components of helicopter interior noise.

Recently, a kind of periodic strut has been designed to isolate the multispectral vibration from transmitting to the

cabin, for their specific stop-band characteristics. Using multicell optimization, the disorders are designed into the

strut to obtainbetter vibrationandnoise reduction effect. Thedynamicmodel of theperiodic strut is firstly established

by combining the spectral element method and the transfer matrix method. On this basis, a multi-objective

multivariable genetic algorithm is adopted to optimize the geometry by taking the maximum attenuation as the

performance objective function. Then, a near-periodic structure is achieved. Compared with the perfect periodic

strut, the optimal one has a much wider and deeper stop band, which is critical for a better vibration and noise

attenuation effect. In addition, amethod is presented to analyze thewave propagation to explore the increase of width

and depth of the bandgaps more closely. Experimental investigations are then carried out on a pair of original and

optimal struts to validate the improvements. It is shown that 26.22% more attenuation is achieved through this

structural optimization.

Nomenclature

A = cross-sectional area, m2

d = length of the cell, m
E = elastic modulus, Pa
Efuselage = connection stiffness of the strut
F = force, N
f = frequency, Hz
f0 = amplitude of excited force, N
Iρ = polar second moment of area, m4

i = imaginary unit
K = dynamic matrix element
K = dynamic stiffness matrix
k = wave number
l = length of the layer, m
N = periodic number
T = transmissibility
T = transfer matrix
t = time
U = longitudinal vibration mode function
u = longitudinal displacement, m
z = longitudinal direction
λ = eigenvalue of transfer matrix
μ = propagation constant

μ0 = Poisson’s ratio
ρ = density, kg∕m3

ω = circular frequency, rad/s

Subscripts

b = bottom side
t = top side

I. Introduction

H ARMONIC noise generated by the main gearbox is generally
considered the most intrusive and irritating component of noise

in a typical helicopter interior. This kind of structure-borne noise, in
the range of 500 ∼ 2000 Hz, is generated by the gear meshing
vibration, which passes through supporting struts to the airframe, and
then radiate sound into the cabin [1]. As the flight test result of the
S-76 helicopter [2], the interior noise spectrum has prominent gear
meshing noise components as well as their harmonics.
Currently, there are two main methods to address this problem.

One way is to actively isolate the gear meshing vibration using
actuators installed on the support struts [1–5] or the panel nearby the
mounting points of the struts [6–8] as secondary forces. The active
method can manage multiple-frequency components effectively.
In a practical situation, however, the availability of required electrical
power, actuator, and sensor bandwidths; the stability of active control
algorithms; prohibitive costs; and actuator heating effects are major
constraints [9,10]. Passive periodic struts that consist of periodically
layered cells are identified as the other way to attenuate these high-
frequency vibrations [11–16]. The so-called periodic structure, a kind
of structure with geometrical or material discontinuity, has elastic-
wave stop bands. These unique dynamic characteristics make the
structure act as mechanical filters for wave propagation. When
waves propagate along a periodic structure, there appear reflection,
deflection, and transmission phenomena at the interfaces of
dissimilarmaterials [17]. If the phase of the reflectedwave is opposite
to the incident wave, the latter will be partially or totally canceled,
resulting in the so-called stop-band effect.
Obviously, periodic strut for a gearbox support system is an

exploration and application of this technology. When designed
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properly, the periodic strut can stop the propagation of vibration from
the gearbox to the airframe within critical frequency bands.
Currently, related researches are mainly carried out at the University
of Maryland and Pennsylvania State University. Several researchers
[11,12,18,19] at the University of Maryland have developed a new
class of gearbox periodic struts containing five cells for helicopter
cabin noise reduction. The broadband attenuation effect of the strut
with a gearbox assembly has been monitored experimentally. Other
researchers at the Pennsylvania State University have identified a
helicopter gearbox isolator using elastomer layers to provide
broadband high-frequency attenuation [9,13–16]. Recently, re-
searchers at the Nanjing University of Aeronautics and Astronautics
[20–22] have designed a tandem/parallel composite periodic strut for
interior noise reduction, which can also satisfy the intensity and
stiffness constraints required by a helicopter.
To achieve better vibration and noise reduction effects, some

researchers have explored the passive performance limits of the
periodic strut using a design optimization methodology employing
the simulated annealing algorithm [9,23]. In the research, the design
domain is the periodic base cell, that is, only one cell of the periodic
structure is optimized, and then a new periodic structure is reformed.
Suppose that all the cell sizes are taken as the design variables
simultaneously, and then the optimized strut is expected to have a
better performance and no longer be periodic. More recent works
have already been performed on the band characteristics of the simple
common near-periodic or disordered structures, which show that
nonperiodicity probably presents a better effect than perfect
periodicity [24–27]. However, most of the structures studied are
quasi-disordered, which consist of two periodic structures with
different bandgaps and not globally disordered ones. Also, random
defects or deterministic defects are generally introduced to create the
near periodicity, which makes it difficult to use the disorder
sufficiently to bring improvement [28]. It is worth mentioning that
Langley [29] and Langley et al. [30] have conducted optimization
research about a near-periodic beam. In Ref. [29], Langley presented
a deterministic analysis about the occurrence of perfect transmission
and minimum transmission for a one-dimensional near-periodic
structure. The results show that perfect transmission occurs in
relation to the periodicity and symmetry of the structure, whereas the
minimum transmission is related to the width and position of
optimum frequency. In addition, a new analytical method to estimate
the localization factor is presented in this paper. A perturbation
expansion was used to gain the interaction between damping and
disorder. On this basis, Langley et al. further concerned to optimize
the design of the near-periodic beam to minimize the vibration
transmission andmaximum stress levels [30]. The kinetic energy and
strain energy response are applied as the objective functions.
Meanwhile, individual bay lengths and damping values are
separately used as the design parameters. Three optimal frequency
types of a single frequency, narrowband, and wideband are
considered, respectively. For each optimal process, only one
objective function and one design parameter are included to achieve
the specific optimal frequency. The results show that, with relatively
minor design changes, the vibration transmission and maximum
stress levels can be effectively adjusted by the bay length and
damping, and also be affected by the frequency position. Inspired by
these research works, we attempt to deliberately design disorder into
a periodic gearbox strut to reduce vibration and noise transmissibility
in the helicopter interior, referred to as multicell optimization in this
paper. In the preliminary work, however, as the concern tends to be
with excitation at high frequencies and the total length of the beam is
uncontrolled during the optimization process, the conclusions
achieved are of limited significance within relatively low-frequency
bands. With respect to the focus of this paper and the research
questions involved, both the boundary condition and various
constraints related to a helicopter are of importance. Thus, further
optimization work is necessary.
In the present work, multicell optimization on a periodic strut is

investigated for target frequency band structures, given a certain set
of design constraints. The dynamic model of a periodic structure is
firstly built based on the spectral element method and transfer matrix

(TM) method. On this basis, we introduce the multi-objective
multivariable genetic algorithm (GA) technique and apply it to
optimize the geometry of the target struts, althoughmodifications are
made to allow for the presence of various constraints related to
helicopter structures. A comparison work is then conducted between
the original, local near-periodic, and global near-periodic struts.
Besides, the displacement profile of the strut is calculated to further
explore the increase of width and depth of the bandgaps. To validate
the improvement obtained through simulation, experiments are
carried out on both the original and optimized struts.

II. Dynamic Model and Analysis Method

In Ref. [31], to conduct the helicopter cabin noise reduction
research caused by the main gearbox, Brennan et al. have
experimentally studied the vibration transmission characteristics in
longitudinal/lateral/rotational directions of a real helicopter gearbox
strut between 500 and 2000Hz. In the test, the strut is from an EH101
helicopter, which is connected with two free mass blocks through
bearings on both sides of the strut. The contribution of the various
modes of vibration to the transmission of the structure-borne noise
was quantified by calculating the kinetic energy of the receiving
structure from measured data. The results show that the longitudinal
vibration is dominant in thewhole interested frequency range, having
a much larger influence on the transmitted force than the lateral
vibrations. Thereby in this research, the strut is mainly designed for
longitudinal vibration control. However, even if the strut is only
under longitudinal excitation, it will also be compressed/stretched in
the other two orthogonal directions, which is caused by the Poisson
effect, that is, transverse vibrations are produced. Depending on
whether the Poisson effect is considered, different kinds of classical
andmodified rod theories are established for the dynamic response of
the strut [32–34]. For this work, a classical modified rod theory is
sufficient enough, based on its scope of applications [32].
On this basis that a suitable model is established, the stop bands of

the periodic structures can be predicted by suitable analysis methods,
such as the TMmethod, plane wave expansion, finite difference time
domain, multiple scattering theory, and finite element analysis.
The TM method is used here to derive the propagation of vibration
wave in a periodic structure, as the element stiffness matrix is
established in frequency domain, and thus, the transmissibility at
different frequencies can be observed more intuitively. In addition,
the TM method is a continuous model-based analytical method
suitable for all frequencies. The analytical solution can be obtained
without any need for numerical solutions. This is the basis of the
optimization work here.

A. Wave Propagation in the Finite Periodic Strut

The designed supporting strut has five unit cells, each consisting of
a metal and a rubber layer, ensuring end metal layers for ease of
installation, as shown in Fig. 1.
The material properties and original sizes are listed in Table 1.

1. Selection of Modeling Method

As the frequency of excitation force increases, the Poisson effect
will gradually influence the deformation of the strut. In contrast,
the transverse displacement due to the longitudinal tension is not
significant, as the Poisson effect is very weak at low frequencies.
Therefore, classical andmodified rod theories produce similar results
at low frequencies, which can be precisely predicted, according to the
following cutoff frequency criterion [32]:

ω ≤ 0.6ωc � 0.6

������������
EA

ρIρμ
2
0

s
(1)

in whichω is the cutoff frequency of the classical rod theory;ωc is the
cutoff frequency of Love rod theory, a kind of modified rod theories;
ρ and E are the density and elastic modulus of the material,
respectively; A is the cross-sectional area; Iρ is the polar second
moment of area; and μ0 is the Poisson’s ratio of materials. According
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to Eq. (1) and Table 1, we can see that ωc is around 5000 Hz for the

rubber. Then, ω is 3000 Hz, covering the frequency range of gear

meshing vibration. Thus, the classical rod theory is adequate enough

and can be adopted here.

2. Governing Equation for Longitudinal Wave Propagation

Consider a general multilayered medium; the interface between

the layers in the multilayered structure is assumed to be ideal. Then,

the longitudinal wave propagation in the z direction in one layer can
be described by the solution of the one-dimensional governing

equation:

ρA
∂2u�z; t�

∂t2
− EA

∂2u�z; t�
∂z2

� 0 (2)

in which u�z; t� is the displacement field, and t denotes time.
The longitudinal displacement is obtained by using the method of

separation of variables as follows:

u�z; t� � U�z�e−iωt (3)

in which ω is the temporal frequency of harmonic motion.

Combining Eqs. (2) and (3) gives

d2U�z�
dz2

� k2U�z� � 0 (4)

in which k � ω
�������������������
ρA∕�EA�p

is the wave number of the layer, which

relates to the frequency ω.
The solution of Eq. (4) is

U�z� � W1e
−ikz �W2e

−ik�l−z� (5)

in which W1 and W2 are the constants determined by the boundary

conditions of the layer, and l is the length of the layer.
Based on the dynamic shape function, the dynamic stiffnessmatrix

of the layer is obtained as [35]

Klayer �
�
Ktt Ktb

Kbt Kbb

�
� EA

l
⋅

ikl

�1− e−2ikl�
�
1� e−2ikl −2e−ikl
−2e−ikl 1� e−2ikl

�
(6)

It is not difficult to show that the force response at the bottom is

related to displacements by the relation:

�
Ft

Fb

�
� Klayer

�
ut
ub

�
�

�
Ktt Ktb

Kbt Kbb

��
ut
ub

�
(7)

in which Ft, Fb, and ut, ub define the forces and deflections states

with subscripts t and b denoting the top and bottom sides of the layer.

Equation (7) is rearranged to take the following form [36]:

�
ub
Fb

�
� Tlayer

�
ut
Ft

�
�

�
−K−1

tb Ktt K−1
tb

−Kbt � KbbK
−1
tb Ktt −KbbK

−1
tb

��
ut
Ft

�
(8)

If a cell contains two layers named layer A and layer B, according

to the principle of superposition, the cumulative TMof the cell can be

computed as

Tcell � TlayerB × TlayerA (9)

Obviously, Tcell is the ratio between the state vectors at two

consecutive cells.

3. Eigenvalue Problem of an Infinite Periodic Layered Structure

For an infinite periodic layered structure consisting of repeated
unit cells, Bloch’s theorem [37] is used to relate the time-harmonic

response at a given cell to that of an adjacent cell, and then group

translation theory [38] is used to obtain the dispersion relation in the

irreducible Brillouin zone. Combining Bloch’s theorem and the TM

method provides an exact elasticity solution for the frequency

spectrum. For simplicity, the frequency spectrum is obtained by

solving the dispersion relation, which is expressed as the following

eigenvalue problem:

�
ub
Fb

�
z�d

� Tcell

�
ut
Ft

�
z

� λ

�
ut
Ft

�
z

(10)

in which d is the length of the cell. Here, λ � eμ or λ � e−μ, which
determines the nature of wave dynamics in the periodic strut; μ is

called the propagation constant. That is, the bandgap of an infinite

periodic structure can be described by the characteristics of one unit

cell in it. As e−μ � eμ � 2 cos�μ�, we have

μ � a cosh

�
eμ � e−μ

2

�
� a cosh

�
λ� 1∕λ

2

�
(11)

Coupling the material parameters with Eq. (10) results in the
eigenvalues. The real part of μ represents the decay of the amplitude

of the wave propagating from one cell to the adjacent one, and the

imaginary part of μ determines the phase difference between the

two cells.

4. Transmissibility of a Finite Layered Strut

From a practical perspective, a finite periodic structure composed

of several unit cells could be used to attenuate the propagation of

harmonic waves, but theoretically, Bloch’s theorem can only be used

under periodic boundary conditions. For this reason, transmissibility

Table 1 Properties and sizes of aluminum and rubber layers

Material Density, kg∕m3 Modulus of elasticity, GPa Diameter, m Length, m Poisson’s ratio

Aluminum 2700 73 0.05 0.02 0.33
Rubber 1291 0.0024 0.043 0.015 0.49

Fb

Ft
ut

ub

Unit cell

Fig. 1 Metal/rubber periodic strut designed by Asiri.
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is employed as the alternative performance measure of the dynamic

properties, when the periodic condition is violated. To calculate the
transmissibility, the TM of the whole strut is needed. For the
completed finite periodic strut, we have

Tstrut � �Tcell�Ncell (12)

in which Ncell is the number of cells in the strut. We can obtain the
transmission of the whole strut by replacing the TM Tlayer in Eq. (8)

using Tstrut. Worth mentioning, Ft, Fb, and ut, ub define are adopted
to represent the displacements and forces of a layer, a cell, or a strut.
In a disordered or near-periodic strut, however, each cell has a

distinct TM. As a combination in tandem of the cells, the cumulative

TM of the strut can be obtained by multiplying the transfer matrices
of the individual cells as

Tstrut �
YN
k�1

Tcellk (13)

On the one hand, only one or two unit cells of an infinite periodic
structure could be sufficient for the size and location of frequency

bands to carry over to a finite periodic structure. On the other hand,
no more than three or four cells are necessary for the decay in

transmission within a stop band, affirmed by the work of several
researchers [39–41]. That is, for a finite structure composed of even
only a few cells, the vibration-attenuation frequency ranges on the

vibration transmission curve correspond to those of the infinite
periodic structure. Hence, the process of unit-cell design is

sufficient for the design of finite periodic structures. From this point
of view, if the entire strut is regarded as one big cell, its eigenvalues

can be calculated based on the Tstrut matrix in Eq. (13), which are
expected to be mostly match the transmission characteristics of

the strut.

B. Transmissibility Under Different Boundary Conditions

As the periodic condition is violated, it is more appropriate to
analyze the wave transmission properties of a finite periodic or near-

periodic structure based on transmissibility, rather than eigenvalues.
Here, the transmission characteristics of the strut are obtained under

two typical boundary conditions.

1. Free–Free Condition

From Eqs. (8) and (13), we can get

�
ut
Ft

�
� Tstrut

−1
�
ub
Fb

�
�

�
T11 T12

T21 T22

�−1� ub
Fb

�

�
�
Z11 Z12

Z21 Z22

��
ub
Fb

�
� Z

�
ub
Fb

�
(14)

in which T11, T12, T21, and T22 are the elements of the TM. This

yields the following equation:

ut � Z11ub � Z12Fb (15)

in which Fb � Efuselageub. Thus, we have

ut � Z11ub � Z12Efuselageub � �Z11 � Z12Efuselage�ub (16)

T�f� � ub∕ut � 1∕�Z11 � Z12Efuselage� (17)

If Efuselage ≪ 1, then T�f� � 1∕Z11, in which f � ω∕2π. This is
the displacement transmissibility, which is similar to that under
free–free condition. The boundary conditions for a free–free rod can

in effect be expressed as

�
ut ≠ 0; Ft � f0
ub ≠ 0; Fb � 0

(18)

inwhichf0 is the time-dependent amplitude of the applied excitation.
According to Eqs. (7) and (17), we have

T�f� � ub∕ut � �−T11T
−1
21 T22 � T12�∕�−T−1

21 T22� (19)

Simulations show that the results obtained by Eqs. (17) and (19)
are the same if Efuselage ≪ 1.

2. Free–Fixed Condition

The boundary conditions for a free–fixed strut can be expressed as�
ut ≠ 0; Ft � f0
ub � 0; Fb ≠ 0

(20)

in which f0 is the amplitude of the applied excitation. According to
Eqs. (8) and (20), we have

T�f� � Fb∕Ft � −T21T
−1
11 T12 � T22 (21)

It is worth mentioning that, with the increase of the size of the
periodic structure or the frequency range, large elements in the TM
will submerge small ones, and thus, the TM could be numerically ill-
conditioned. This shortcoming may lead to unstable and inaccurate
calculation results of transmissibilities and eigenvalues. Therefore,
further complicated improvements could be needed [42–44], for
example, the method of reverberation-ray matrix [45,46].

III. Optimization

The prototype strut designed byAsiri andAljawi [19] is selected as
the configuration to be optimized, as the simplicity of the system
allows a number of physical insights to be made. A typical GA is
employed here with several new ideas encompassed, which are
suitable for engineering design problems. Such methods are set up to
mimic those of natural selection, and hence, the method’s name. In
the basic manner, the processes work by maintaining a population of
competing designs to seek improved solutions. Each member of
the population is encoded by a binary string characterizing the
design variables. By an iterative process of selection, crossover, and
mutation of the strings in the pool, it is hoped that new generations of
designs can be searched out with, on average, better properties than
their predecessors have.
Because only optimizing the depth of the stop band is not that

meaningful under certain conditions, while taking the expansion of
bandwidth as the only target reduces the depth of the bandgap, a
special objective function is therefore chosen to find a balance
between the depth and thewidth. As the types ofmaterials are usually
assigned in advance due to the requirements of strength, stiffness
limits, fatigue life, etc., we can optimize the bandgaps by adjusting
the geometrical shapes in periodic and nonperiodic directions
according to the design tolerances. The design parameters are thus
taken to be the thickness and diameter of each cell, which are encoded
using the binary code. In addition, the design is constrained so that
the length and diameter of any cell lie within a relatively small range.
Let us define the wave-attenuation index (performance objective
function) as

eval � −
Xfmax

f�1

20 log�T�f�� (22)

This index is directly related to wave transmissibilities in a wide
frequency range; thus, it is a multi-objective optimization problem.

A. Optimization of Asiri and Baz's [19] Strut

The wave-attenuation capability of the initial supporting strut
shown in Fig. 1 is given in Fig. 2.
In Fig. 2, the result achieved by GA with zero range of variation

agrees well with that in [19]. Here, a very small damping is included
to avoid ill-conditioning. The transmissibility of the original finite
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periodic strut shows that there exist two deep stop bands in the range

of 1 ∼ 2000 Hz, the same as those given by the eigenvalues

calculated based on the Tstrut matrix of the whole strut. Because the

real part of eigenvalue represents the logarithmic decay of the

vibration or force, the correctness of the model and the GA built are

verified. In fact, attenuation happens at some frequency in which a

negative real part exists rather than positive. According to Eq. (22),

the wave-attenuation index of the original strut is 1.05 × 104 dB.
The optimization work is based on the transmissibility of free–free

boundary condition instead of the propagation coefficient. The

population size is 20, themaximum genetic algebra is selected as 300

generations, the generation gap is 0.9, the mutation probability is

0.01, the number of the binary variable is 10 bits, and the crossover

probability is 0.7. During optimization, the total length of the strut is

kept unchanged. The thickness and diameter of each layer are

optimized simultaneously, and hence, there are 21 variables in total,

as shown in Fig. 3. Various cases are considered during optimization.

Figure 4 shows the scheme of the optimization process.

1. Case 1:�10% Length Change

For simplicity, the length of each layer is set to vary in the range of

�10% (a large disorder), and the radii are kept unchanged during the

multicell optimization. The GA optimization results are given as

follows.
As can be seen in Fig. 5a, the GA tends to converge after

220 iterations. Comparing Fig. 5bwith Fig. 2 shows that the shapes of

the optimized stop bands change significantly. Although the start

frequency of the first stop band changes slightly, its end frequency is

pushed outward from 1430 to 1940 Hz. The wave-attenuation index
changes from 1.05 × 104 to 1.15 × 104 dB, (i.e., an increase of about
8.96%). It is shown in Fig. 5c that the total length of the metal

increases.

2. Case 2:�10% Length Change;�5% Radius Change

When the radii in the range of�5% are also set to be the variables,

the following results are obtained.
Bringing Figs. 2, 5b, and 6b into comparison, we can find that the

distribution and shapes of the stop bands have changed after

optimization. The wave-attenuation ability after optimization is

1.27 × 104 dB. A decrease of transmissibility (i.e., increase in

attenuation strength) of up to approximately 21% is achieved due to
disorder. Also, 10.76% increase is achieved when compared with

the optimal results in the case of only �10% length change

(1.15 × 104 dB). Because of different boundary conditions, the peak
frequencies around 1350 Hz, indicated by both eigenvalues and

transmissibility approaches, are slightly different. However, the start
and stop frequencies of the stop band are identical. That is, the

eigenvalues of the newbig cell do show themain characteristics of the

finite near-periodic strut. The aforementioned phenomenon indicates

that the vibration attenuation is caused by the bandgap behavior.

Further, the edge effects do not obscure the basic physical
phenomenon of the stop bands.
As mentioned earlier, the stop bands in a periodic structure

result from the interference of reflected and transmitted waves in

periodic interfaces (i.e., Bragg reflection [37]). The reflection and

transmission coefficients at the interface of materials depend on the
ratio of the wave impedances, z � A

������
Eρ

p
, of the materials to a great

extent [47–49]. Thus, apart from the length, elastic modulus, and

density of each layer, the key to achieving an optimal strut is choosing

the cross-sectional areas of the layers that have the largest impedance
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mismatches. This has been verified by the bigger radius gap of the

adjacent layers shown in Fig. 6d. Therefore, it is necessary to

simultaneously take the length and diameter as the variables to be

optimized. Generally, the optimized strut still looks like a near-

periodic structure due to slight variations among the lengths and radii.

The results under selected cases are gathered together in Fig. 7.

As seen in Fig. 7, when the percentage changes in sizes vary from

�1 to �20%, significant improvements in vibration reduction

ability can be achieved by performing relatively minor design

changes. The larger the range of permitted change, the better

would the effect be. In general, the frequencies and amplitudes

of the resonant peaks below 410 Hz are decreased slightly. As

the damping is set as a small constant value throughout (to avoid

ill-conditioning), the changes of these peaks are mainly determined

by the variations of the mass and stiffness of each cell. Another

phenomenon is that the peaks around 1500 Hz are even pushed out

of the range of interest due to the optimization of cell sizes, which

also influences the performance of vibration attenuation around

2000 Hz (better in some cases than others). This is also the result of

bandgap changing brought about by multicell optimization. The

optimization goal is to improve the vibration-attenuation effect

over the entire frequency band. Hence, the effects at some specific

frequencies may not be guaranteed.

When larger percentage changes are permitted, for example,

�15% or more, a much better attenuation effect can further be

obtained.With these designs, the structuremay start to look far from
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near periodic, not to mention periodic. Near periodicity can mean

different degrees of deviation from a periodic structure, depending

on the design constraints in practical situations. With some designs,

particularly with finely tuned aerospace structures, a significant

deviation from the original design may not be allowed, and hence,

percentage changes must be very low, whereas with less sensitive

structures, higher changes may be allowed. The performances

of the structures produced by higher percentage changes may

significantly deviate from the original one. Ideally, the optimization

work should not only consider the constraints of diameter and

thickness, but other constraints, such as mass, strength, stiffness,

fatigue life, etc. Because, for the understudied helicopter strut

prototype, no detailed constraints are offered in the relevant

references [18,19], this paper provides the basic ideas and

procedures of optimization that only take the main objectives and

constraints into account.

3. Case 3: Effect of the Frequency-Dependent Material Properties

To isolate the vibration transmission from 500 to 2000 Hz, the

periodic strut was optimized with small damping value in cases 1

and 2. The results show that multiple resonances in passband exist

below 2000 Hz, which should not be neglected in the application of a

helicopter. Based on Ref. [50], for the simple strut structure, the

amplitudes of these resonances are driven by the damping in this

interested frequency range. Therefore, the effect of damping should

be investigated in the process of strut optimization.

Table 2 gives the elasticity parameters of the rubber between 0 and

2000Hz. In this frequency range, both storagemodulus and damping

change a lot with increasing frequency. Hence, the effects of these

two frequency-dependent (FD) parameters on the optimization

method are investigated separately in what follows.

For the effect of structural storage modulus, the parameter of

the rubber is separately defined as a constant value and FD values

without damping. The constant value is the same as before, and

the FD values are based on Table 1. The optimization is

conducted under �10% length change and �5% radius change

like case 2. Figure 8 gives the optimization results of the designed

periodic strut. By comparison, we can see clearly that, no matter

the storage modulus of rubber is defined as constant or FD

values, the changing trends are coincident, which have slightly

decreased the beginning frequency and broadened the first stop

band caused by the adopted optimal method. Therefore, the

optimization method in this paper is not restricted by the FD

property of storage modulus.

The effect of structural damping is included by allowing flexural

stiffness to take the complex form E 0 � E�1� iη�. This method is a
common treatment method for material damping [52,53], which can
be well combined with the spectral element method.
With constant storage modulus, the transmissibility of the periodic

strut with various damping values is obtained in Fig. 9. Here, the loss
factor of the metal is set as 0.0015, and that of the rubber is defined
as constant values (0 ∼ 0.8) and FD value shown in Table 2,

respectively. Linear interpolation method is adopted to connect the
discrete values in the table. By comparison, it can be clearly seen that,

whether optimization or not, the influence of damping is mainly
reflected in the resonance zones. As the damping increases, the

amplitudes of the resonance peaks are more obviously inhibited,
which means that the energy dissipation of the elastic wave in

viscoelastic materials can be characterized by damping. Because of
the strong inhibition role of high damping, the first stop-band range of
the periodic strut can be greatly broadened.
In addition, under the effect of all these two FD parameters, the

comparison between the optimal and original results has been
presented in Fig. 10. Just likewhat is displayed in Fig. 8, nomatter the

material properties are defined as constant or FD values, the changing
trends caused by the presented optimal method are coincident. In
conclusion, although the damping model contains FD material

properties, using constant values in the interested frequency range
was adequate to validate the optimization method.
Of course, for the accurate prediction of the stop band, the FD

material properties should be considered. As shown in Fig. 10b, with

the FD values in Table 2, the range of the stop band is broadened by
∼40 Hz. On the other hand, the original wave-attenuation ability of

this damped system is 9.26 × 103 dB when it is 1.06 × 104 dB after
optimization, improving about 14.5%.
It should be noted that ill-conditioning problem is not encountered

during the optimization, as the number of cells and the frequency

range are not large enough. The curves shown in Figs. 2, 5b, 6b, 7,
and 10 are all continuous and smooth, with no instability observed.

Furthermore, we can find that the transmissibility is not very large
(around 40 dB) in low-frequency range, and quite small (−150 dB)
under some higher frequencies in the range of interest. Such a small
value means that the vibration in that frequency can hardly pass
through the strut, and hence, the value itself is meaningless. That is,

we do not need an accurate transmissibility value lower than
−150 dB. Thus,when the transmissibility is too small, a threshold can

be set to avoid the numerical ill-conditioning problem. Based on the
preceding analysis, no further improvement work is added here, as it

is not themain focus of this paper. However, it does notmean that this
point should be neglected.

B. Comparison Between Multicell and Single-Cell Optimization

For comparison, multicell and single-cell optimizations are
performed simultaneously in this section. Figure 11 shows the

selection of the variables to be optimized under both cases.
During the single-cell optimization, the length of each cell (lattice)

is kept as a constant (0.035 m) and the last metal length is fixed at
0.02 m, as seen in Fig. 11a. Thus, there are five variables to be

optimized simultaneously. On the condition that the metal layer in
each cell is arbitrarily allowed to vary in the range of 1–34 mm, we

search the best length ratio of metal and rubber in each cell, as shown
in Fig. 12.
In Fig. 12a, the wave-attenuation index is 1.44 × 104 dB (i.e.,

the best attenuation effect that we can obtain via single-cell

optimization). Figure 12b shows the minimum wave transmissibility
that can be achieved when the lengths of metal layers are all nearly

0.0266m. It is not hard to know that the ratios are consistent with that
obtained from single-cell optimization (see Fig. 13a), wherein only
one cell is optimized. Furthermore, the result agrees well with that

from the perspective of the eigenvalues, obtained via exhaustive
search, as shown in Fig. 13b. As shown, the red curve represents the

largest wave decay when the length of the metal is 0.027 m, close to
0.0266 m in Fig. 13a. It is obvious that the start frequency of the first

stop band, which results from the best length ratio for maximum

Table 2 Frequency-dependent parameters of the rubber [51]

Frequency range, Hz Storage modulus, MPa Loss factor

1–10 3 0.2
10–100 4 0.3
100–500 6.5 0.6
500–1000 9 0.7
1000–2000 12 0.8

0 500 1000 1500 2000
-150

-100

-50

0

50

Frequency/Hz

T
ra

ns
m

is
si

bi
lit

y/
dB

Original
±1%length     ±0.5%radius
±5%length     ±2.5%radius
±10%length   ±5%radius
±15%length   ±7.5%radius
±20%length   ±10%radius

Fig. 7 Optimal results under different cases.
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attenuation, is not the lowest, but the combined effect of width

and depth.

When multicell optimization is applied, as seen in Fig. 11b, the

length of each metal layer can vary in the range of�40% and the last

metal length is also set as 0.02 m. Figure 14 shows the obtained

results.

As seen in Fig. 14a, the wave-attenuation index is 1.48 × 104 dB,
even slightly higher than that obtained from single-cell optimization.

Figure 14b shows that the lengths of themetal layers are inconsistent.

Obviously, the disorder can bring further improvement of attenuation

effect.

C. Analysis of Wave Propagation in the Optimized Strut

To get further insight into the performance improvement

introduced by the disorder, a computational approach is proposed

here to calculate the displacement response spanning the whole
strut at some relevant frequencies. The basic idea is to divide each
layer into several equal parts, and then calculate the displacement
at each cross section. As finite domains are modeled, both the
influence of boundaries and the defects in the strut have been
taken into consideration. Take the free–free strut as an example,
Fig. 15 gives the calculation process of the displacement at each
cross section.
Obviously, the boundary conditions of the upper part of the

strut are unknown, but they can be obtained indirectly according
to those of the whole strut. According to Eqs. (8), (13), and
(18), the displacement at the top of the whole strut can be
expressed as

ut � −T−1
21T22f0 (23)
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Fig. 10 Transmissibility of periodic strut before and after optimization.
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Similar to Eq. (8), the transmission of the upper part of the strut

can also be expressed as

�
uu b

Fu b

�
� Tu

�
ut
Ft

�
�

�
Tu 11 Tu 12

Tu 21 Tu 22

��
ut
Ft

�
(24)

in which Tu is the TM of the upper part; uu b and Fu b represent
the displacement and force at the cross section of the upper part
of the strut. Next, we calculate the displacement response at the
bottom of the strut as

uu b � Tu 11ut � Tu 12f0 (25)
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According to Eqs. (23) and (25), we can obtain the

displacement at each cross section, and thus, the mode shape of

the whole strut.

As can be seen in Fig. 16, the vibration at 430 Hz can pass the

original strut, but will be attenuated when propagating through the

optimized one. Thewave at 1500Hz is amplified in the original strut,

but will be totally stopped in the optimized one and the situation is

reversed at 1890 Hz. We can obtain the mode shapes at any given

frequency at time t to verify the conclusions. Figure 17 gives the

propagation information of the waves at the aforementioned three

frequencies.

As shown in Fig. 17, great attenuation in the optimal strut can be

observedwhen comparedwith the displacement in the original one at

430Hz. Obviously, the optimization broadens the bandwidth. In fact,

the introduction of the disorder makes the bandgaps of the cells differ
from each other. If the passbands of the cells are not overlapped in a
certain frequency range, the vibration cannot pass through the entire
strut, which produces a broader stop band. Meanwhile, if they are
partially overlapped, only the overlapped frequencies can pass
through the strut.

IV. Experimental Investigation

To demonstrate the feasibility of the optimization work, a set of
experiments were conducted. A pair of struts was fabricated: the
original one and the optimized one (case 2 with damping included).
Table 3 lists the layer sizes of the optimal strut.
In each strut, the aluminum and rubber layers were fixed together

with a special glue that can carry the applied loads, as shown in
Fig. 18. Test results show that little effect on the wave propagation
and reflection is caused by the adhesive, as it is very thin in contrast
with the wavelength passing through.
The vibration transmissibilities of the struts were tested under

shaker excitation. Figure 19 shows the details of the employed test
facility. A band-limited white noise in the range of 1 ∼ 2000 Hzwas
generated by a signal generator, and then used to excite the struts.
Two accelerometers weremounted on both ends of the strut to collect
vibration signals.
Here, the transmissibility is defined as

T � 20 log

���� abat
���� (26)

in which ab and at are the accelerations at the bottom and top of the
strut, respectively. Figure 20 illustrates the frequency responses in the
range of 1 ∼ 2000 Hz on both ends of the strut.
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Fig. 15 The displacement profile of the strut under free-free boundary condition.
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Fig. 14 Multicell optimization results.
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As shown in Fig. 20, both of the experimental transmissibility
curves verify the broadbandvibration-attenuation characteristics of the
struts, with the maximum experimental transmissibility attenuation
exceeding40dB.Thevibrationwave in the range of1–400Hzcanpass
through the strut, whereas the vibration wave fallen into 400–2000 Hz
is difficult to propagate. This is close to the bandgaps obtained via
simulation. The attenuation effect of the optimized strut is better than
that of the original one, improving it by 26.22%. Moreover, the
vibration amplitude of the original strut reduces from about 410 Hz,
whereas the optimized one from 360 Hz, that is, the width of the stop
band is broadened by 50 Hz. As the curves suggest, vibration
transmission is substantially reduced by the multicell optimization.
Moreover, we can see that the amplitudes of the low-frequency

mode peaks are amplified slightly. According to Eq. (22), as a multi-
objective optimization research, the goal was to improve the
vibration-attenuation performance in the entire frequency band from
1 to 2000 Hz, although the effects at some specific frequencies could
not be guaranteed. In fact, the changes of these peaks are mainly
determined by the size variations of the cells and the damping of the
whole strut. From Table 3, we can find that, in general, the low-
frequency peak is amplified due to the decrease of the strut damping,
which is caused by the shrinking of the volume of the rubber part.
Meanwhile, the resonant frequency decreases because of the
combined effect introduced by the changes of the mass and stiffness
of each layer.

Table 3 Thicknesses and diameters
of aluminum and rubber layers

Material Length, mm Diameter, mm

Aluminum 18.30 47.98
19.57 52.50
21.35 52.42
23.13 52.30
23.21 52.46
21.39 52.16

Rubber 18.07 40.94
13.92 40.94
12.33 40.92
12.06 40.98
11.67 40.88
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Fig. 17 Spatial distribution of wave field in the struts at time t.

Fig. 18 Original and optimized struts under case 2.
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Fig. 19 Test system of the struts.

Article in Advance / WANG ETAL. 11

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
SO

U
T

H
A

M
PT

O
N

 o
n 

A
pr

il 
23

, 2
01

9 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.J

05
78

66
 



V. Conclusions

A near-periodic gearbox strut is designed in the present work
for helicopter interior noise reduction using multicell optimization.
By designing disorder into a periodic strut deliberately, a much wider
and deeper stop band is obtained, which is critical for minimal
vibration and noise transmissibility. The main conclusions drawn are
summarized as follows:
1) A much wider and deeper stop band can be achieved with

relatively minor design changes via the GA that leads to significant
vibration and noise reductions.
2) By comparing the wave-attenuation abilities of the single-cell

and multicell optimized gearbox struts, it is shown here that the latter
has a better performance.
3) The frequency range can be increased by deliberately

decreasing the periodicity of the strut, that is, disorder or irregularities
in the periodicity cause the expansion of the stop bands into the
adjacent frequencies. With the displacement profile calculated, the
increase of width and depth of the bandgaps is expressed more
clearly.
4) In the experimental test, the attenuation effect of the optimized

strut is better than that of the original one, improving by 26.22%, and
the width of the stop band is broadened by 40 Hz.
5) The optimal design shows that the volume of the metal in the

strut increases, whereas the rubber part decreases, which implies that
the performance improvement of vibration attenuation is not
necessarily enhanced by adding more rubber damping.
6) As a prototype of the periodic gearbox strut is selected as the

objective in this paper, only the main constraints are considered to
provide the basic ideas and procedures of the optimization work.
However, the proposed optimization scheme can be easily extended
to manage more complex situations as well. In future works, with an
eye on practical implementation, many other constraints should be
included, such as mass, strength, stiffness, fatigue life, and so on.
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