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Abstract

The sparse linear programming (SLP) is a linear programming problem equipped with a spar-
sity constraint, which is nonconvex, discontinuous and generally NP-hard to solve due to the
combinatorial property involved. In this paper, by rewriting the sparsity constraint into a dis-
junctive form, we present an explicit formula of Lagrangian dual problem for the SLP, in terms
of an unconstrained piecewise-linear convex programming problem which admits a strong duality.
Furthermore, we show a saddle point theorem based on the strong duality and give two first-order
necessary and sufficient optimality conditions for the saddle point problem without any constraint
qualification for SLP. Additionally, as an extension, we show that these main results are also valid
for the case when the nonnegative box constraint [0,u] in the SLP is replaced by [—u,u] for any
positive vector u.
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1 Introduction

In recent decades, sparsity has attracted a great deal of attention in a wide range of applications
including compressed sensing in signal processing [1], the variable selection [2] and the best subset
selection [3] in high-dimensional statistical regression and machine learning, the sparse portfolio in
finance [4], the network design [5], the data and knowledge intelligence [6], etc. Sparsity constrained
optimization problems (SCOP) aim to minimize a general continuously differentiable function subject
to sparsity, equality and inequality constraints. It is generally NP-hard due to the intrinsic combinato-
rial property possessed by the sparsity constraint in terms of the zero-norm. Thus, classical continuous
optimization theory is unable to cope with such a problem and new theory tailored for SCOP is in
need. Most of the existing theoretical analysis of SCOP is concentrated on the optimality conditions.
For example, Beck et al. [7] presented three kinds of first-order necessary optimality conditions for

*Corresponding author; Department of Mathematics, Beijing Jiaotong University, Beijing 100044, P. R. China;
14118409@bjtu.edu.cn.

fState Key Lab of Rail Traffic Control and Safety, Beijing Jiaotong University, Beijing 100044, P. R. China; starkey-
nature@hotmail.com.

tDepartment of Mathematics, Beijing Jiaotong University, Beijing 100044, P. R. China; 13121542@bjtu.edu.cn.

8School of Mathematics, University of Southampton, Southampton SO17 1BJ, UK; hdgi@soton.ac.uk.

Y Department of Mathematics, Beijing Jiaotong University, Beijing 100044, P. R. China; nhxiu@bjtu.edu.cn.



problem of SCOP merely with the sparsity constraint. Later, by exploring projection properties on
the so-called symmetric sets, Beck et al. [8] extended the above results to the problem of minimizing
a general continuously differentiable function over sparse and symmetric sets. Based on the Robinson
constraint qualification from nonlinear programming, Lu et al. [9] introduced a first-order necessary
optimality condition for general SCOP. For the SCOP problem equipped with sparse and polyhedral
constraints, Li et al. [10] presented the first-order necessary conditions based on the expressions of the
Fréchet and Mordukhovich normal cones to such a special feasible set. Decomposition properties of
different types of normal cones and tangent cones to the intersection of the sparse set and some special
structured sets were further characterized to establish first- and second-order optimality conditions
for SCOP with nonnegativity constraints in [11], general nonlinear equality and inequality constraints
in [12], and even conic constraints in [13], besides the sparsity constraints. More recently, by refor-
mulating the sparsity constraint into a set of relatively complicated but smooth constraints, Bucher
and Schwartz [14] gave some new optimality conditions with the help of some well-known constraint
qualifications from the traditional nonlinear programming.

In this paper, we mainly focus on a special case of SCOP, the sparse linear programming (SLP)
problem which is to minimize a linear function subject to linear equality, box and sparsity constraints.
Its mathematical model takes the form of

(P) min Tz, st. Az =0, 0<z<u, ||z]o <,

where A € R™*" b € R™ ¢ € R", u is a positive vector in R™, 0 < r < n is a positive integer and
||z]|o is the Iy norm of 2 which counts the number of nonzero components in z. Assume throughout
the paper that the feasible region of (P) is nonempty, which leads to the solvability of (P) (i.e.,
(P) has at least one optimal solution) due to the box constraint involved. SLP has been widely
employed to many fields, such as, the reformulation of linear compressed sensing [1], transportation
problems [16], Sudoku games [17], and so on. It also resembles the problems of finding the sparsest
solution of a linear programming problem [18,19] or a linear complementarity problem [20,21], but
not exactly so. In contrast to latter cases, SLP is more applicable to the circumstances when people
demand a vector with a certain degree of sparsity rather than the sparsest one. It is worth mentioning
that the nonnegativity involved in the box constraint of (P) is motivated from the prior information
from the aforementioned application problems, along with the consideration that the standard linear
programming problems are always equipped with nonnegativity.

With the special structure in (P), it is hopeful that more properties can be explored for SLP than
those for general SCOP. In this paper, we aim to give an explicit form of the Lagrangian dual problem
for SLP and then emphasize on the study of the corresponding strong duality theorem. Distinct from
the traditional duality theory for linear programming (LP), the nonconvexity of SLP embedded in the
additional sparsity constraint makes things not straightforward any longer. A natural question is, can
we write out an explicit form of the Lagrangian dual problem and further achieve the strong duality
for SLP without any constraint qualification (CQ), just like the case for LP [22]. Normally, even for
smooth nonlinear programming, the Lagrangian dual problem cannot be formulated explicitly, and
the desired strong duality fails if no CQ is required. Interestingly, by rewriting the sparsity constraint
into a disjunctive form, we can derive an explicit expression of the Lagrangian dual problem of SLP.
By taking the advantage of such an explicit form of the dual problem, we can show the strong duality
without any CQ for the nonconvex discontinuous problem SLP. To our best knowledge, this is the
first time that the strong duality theorem with no CQ is achieved for SCOP.

We summarize our main results below and explain why the strong duality is not end of the story.
The strong duality result (i.e., zero duality gap between the primal and the Lagrange dual problems)



without any CQs is stated in Thm. 3.1. Two more nice features of the dual problem is that the objective
has an explicit formulation and it is piecewise linear over the whole dual space. Furthermore, the strong
duality allows us to recover the primal optimal solution for some important cases, see Thm. 3.5. In
other words, the strong duality only provides a partial answer to the original (NP-hard) problem. In
order to provide a complete characterization of the primal and dual optimal solutions, we develop a
saddle point theorem (Thm. 4.3). This further motivates us to study first-order optimality conditions
for the saddle point problem. In particular, we propose the - and N -stationary points and investigate
their relationship to the primal and dual optimal solutions of the original problem (see Thm. 4.6).
As an extension, the box constraint of the form —u < z < w for any given positive vector u is also
considered in the setting of SLP, which is shown to inherit all aforementioned nice properties following
a similar routine with subtle modifications.

This paper is organized as follows. The model of SLP and the explicit formula of its Lagrangian
dual are stated in Section 2. The strong duality theorem is then established in Section 3. We present
saddle point theorem and two first-order necessary optimality conditions for the SLP in Section 4. An
extension with a different box constraint in the SLP is proposed in Section 5. Conclusions are drawn
in Section 6.

Notation For convenience, the following notations will be used throughout the paper. Denote the
set of all nonnegative (positive) vectors in R™ by R’ (R’ ). For any given closed set § C R"

and any x € R", define Ilg(z) := arg min |z — y||?>. The l; norm, the Iy norm and the projection
ye
n n 1/2
onto the nonnegative orthant R” of x are defined as |z = > |xi], ||z]2 = ( x? and
i=1 i=1
[x]+ := max{x, 0}, respectively. For any given positive integer n, denote [n] := {1,...,n}. For any

index set I C [n], 2 represents the subvector of x indexed by index set I. For any given vector
d € R", Diag(d) stands for the diagonal matrix whose diagonal elements is generated by d. Let z*
be the vector of entries of 2 being arranged in the non-increasing order z} > --- > z;. The symbol o
stands for the Hadamard product, i.e., for vectors u,v € R™, (wov); = u;v;, ¢ € [n]. For any given
optimization problem labeled by (P), we denote its optimal value by Val(P) and its optimal solution
set by S%. Finally, we denote the convex hull of Q by conv ().

2 The Lagrangian Dual Problem

Given u € R} | and any positive integer r < n, denote
Sir):={z eR"|zllo <7}, Clu;r) :={z e R"0 <z <wu,z€S(r)}
Problem (P) can be rewritten as

. T
Azx = b}.
zelggll;r){c . | v }

By relaxing the linear equality constraint, we define the Lagrangian function of (P) as
L(z,y) = c'e —yT(Az — b), Vz e C(u;r),y € R™.

Then the corresponding Lagrangian dual problem takes the form of

sup {H(y) = min L(x,y)}. (2.1)
yER™ z€C(u,r)

It is worth pointing out that with different ways of relaxation for the constraints we can get different
formulas of dual problems for the same primal problem. For example, in [15], the sparsity constraint is



relaxed to get a discontinuous Lagrangian function involving £p-norm and then an implicit formula for
the corresponding Lagrange dual problem. Here, the constraints embedded in C(u;r) are treated as
an indicator function and the linear equality constraint Az = b is relaxed to construct the Lagrangian
function which leads to an explicit formula of the corresponding Lagrange dual. The remainder of this
section is devoted to the explicit form of 6(y) as defined in (2.1). Before proceeding, several essential
lemmas are stated for preparation.

Note that (P) is actually a disjunctive programming since the feasible region can be rewritten as

U {reR} |Az=0b,0<z<u}:= U Fr,
Ieg(r) IeJ(r)

where J(r) = {J C {1,...,n} | |J| = r}, R} is the subspace of R™ spanned by {e; | i € I} with
e; € R™ being the i-th column of the identity matrix. Thus, (P) can be cast as

min min ¢’ z. (2.2)
IeJ(r) =z€Fr

For any given I € J(r), the corresponding inner minimization problem

(Pr)  minclz
xeFT

is a linear program and hence it admits the strong duality. By utilizing the following lemma, we can
get an explicit form of the dual problem of (Py).

Lemma 2.1. Given I C [n], p € R" and u € R}, we have
min {p’z: 0 <& <w,x € RF} = —|Urpars (—uop)[. (2.3)
Proof. Set 7 = u;, if i € I and p; < 0, and x = 0 otherwise. Then

Pt = 3 wpi= =Y l—upils = —zprrs (—uop)s. (2.4)

i€l, p;<0 el

Thus, the desired equality can be obtained from that for any « € R} N[0, u],

pm-Zml Z“l —pily =pla*.

i€l i€l

This completes the proof. O

Lemma 2.2. The dual problem of (Pr) is

(Dr) - max b"y — [Teyrmy [wo (ATy = ). (2.5)
Proof. The desired formula follows directly from Lemma 2.1 by taking p = ¢ — ATy. [

For later analysis, we review the explicit expression of projection on S(r) "R’} in Lemma 2.3 below
which is a well known conclusion and has been mentioned in several papers [11].

Lemma 2.3. Let z € R" and m € Ilg(r)npn (2). Thenme, = [21,]4 for alli € [r], and m, = 0 otherwise,

s s
where {t1,ta, ..., tn} satisfies z¢, > 21, > ... > 2, . Furthermore, ||l = Y. [21,]+ = D ([2]+ )w for
i=1 i=1

<.

any m € HS(T)QRi (2).



As indicated in Lemma 2.3, all projection vectors of z onto S(r) N R’ share the same £; norm,
which allows us to simply use the notation [|IIs(,)nrs (2)[[1 for the involved identical ¢1 norm without
ambiguity. Combining with Lemma 2.1, this notation can further help characterize the optimal value
for a relevant nonconvex optimization problem of (P) as shown by the following theorem.

Theorem 2.4. Given p € R", u € R} and an integer r (0 <r < n), we have
min {p’z |z € C(u;r)} = — s (ynrr (—uo p)llr- (2.6)

Furthermore, x* is an optimal solution of Problem (2.6) if and only if for any X > 0, z* satisfies
" € U (2% — Ap), e

S*(p) := argmin {pTx |z € C(u;r)} = {a:* e R" | 2" € Mgy (2" — Ap), VA > O} ) (2.7)

Proof. The desired assertion can be derived by

. T . . T .
— = — H n n|—
,Jain - pa (hin min _ pw= min [Tk Az (—u o p)
s
1
— — max —UiD: —_ —U O Y 2.8
nax iel[ iDil+ ;([ pl+); (2.8)

)
1

= - HHS(r)mRi(—U Op)‘

where the first equality is from S(r) = |J RY, the second and the last equalities from Lemmas 2.1
IeJg(r)
and 2.3, and the fourth equality from (2.4). The following part is devoted to prove the conclusion of

optimal solution.
Suppose that z* is an optimal solution of (2.6), then pTz* < pTz is true for any = € C(u;r).
Furthermore, for any A > 0,

lz = (@ =2)I7 = o — 2" + [IAp]* + 2(x — 2™, Ap)

> 2Mz — 2%, p) + | Mpl®
IApl? = llz* = (=" = Ap)I*.

Y

According to the definition of projection, we have x* € Iy (2% — Ap).
Now let us consider another side of the conclusion. Suppose that for any A > 0, * satisfy
x* € Heum (2% — Ap).

lz* = (=" = Mp)|* < lz = (" = p)|?
IApl* <l =21+ [ 2pl? + 2(x — 2™, Ap)
ANz —x,p) < oz —a*|? (2.9)

Assume that z* is not the minimum of (2.6), then
(¥ —2Z,p) >0, (2.10)
where 7 is the optimal solution of (2.6). Taking z = 7 in (2.9), we render
2\ z* — 7,p) < |7 — 2*|? (2.11)

Due to the arbitrariness of A, (2.10) contradicts (2.11). O



Remark 2.5. Theorem 2.4 shows that, for the special sparse linear programming problem (2.6), the
optimal solution x* can be obtained from its stablility condition (i.e. first-order optimality condition):
x* € e ur) (2% — Ap) and the arbitrariness of A > 0 is essential. If there exists some X > 0 such that
x* € oy (z* — Ap), ©* may not be the minimizer. For evample, let r = 2, p = (=2, —1, —1,0)7,
uw=(1,1,1,1)T, \y = 0.5, Ao = 1. Then z* = (0,1,1,0)7 satisfies x* € He(ury (2 — Mq*), o ¢

He(uyry (2* — A2q™), and obviouly x* # arg min plz.

zeC(u;r)

Now we are in a position to explicitly formulate the dual problem (2.1).

Theorem 2.6. The Lagrangian dual problem (2.1) can be explicitly formulated as the following un-
constrained convex program

(D) max6(y) =b"y — [Ms(rymy (o (A"y = ).

Moreover, 0(+) is piecewise linear over R™. Consequently, y* is an optimal solution of (D) if and only
if b € Aconv(S*(c — ATy")).

Proof. It follows from the definition of 6(y) in (2.1) that

0(y) = min {c'z—y"(Az—b)} =bTy+ min (c— ATy)x.

() = _xmin { y' )} =b"y+ min ( y)

Then the formula of (D) follows readily from Theorem 2.4. To verify the convexity of —6(-), one can
regard —0(-) as the pointwise supremum of a collection of affine functions (and hence convex) in the
way of

_ 4T N\T T
—G(y)—xenéz(aﬁr){(c A y) T+0b y}

and the convexity follows directly from [23, Theorem 5.5]. Since mﬂi{l {—0(y)} is an unconstrained
ye m

convex program, the first-order optimality condition then indicates that y* is an optimal solution of
(D) if and only if 0 € 9 (—6(y*)). To explicitly characterize such a sub-differential, we first claim that
—6(-) is piecewise linear over R™. Denote by II the set of all permutation matrices in R"*™ and by

II, = {BoP|Be{0,1}""",PeIl|BoP|o<r}.

The cardinality (the number of distinct members) of IL, is less than () -2" - n! (finitely many). In
view of

._ _ T
9(p) = s(ryrmy (—uep)| = max {—e"MUp},
where e € R™ is the all-one vector and U is the diagonal matrix generated from wu, the piecewise

linearity of g over R™ is then achieved (see, e.g., [26, Chapter 2] or [27, Section 2]). Armed with the
function g, we can rewrite —6 as

—0(y) = —b"y+g(c—ATy).

Thus, by applying [25, Exercise 10.22 (b)], we can show that —6(-) is convex and piecewise linear over
R™ and

d(—0(y)) = —b— Adg (c — ATy). (2.12)
On the other hand, according to Theorem 2.4, g(p) = max {—pTJ; |z € C’(u;r)}. By employing the
sub-differential of supremum functions addressed in [24, Theorem 2.93], one has

0g(p) = conv U (—Z) = conv U (=) = conv (=S*(p)), (2.13)

ze{z|g(p)=—pTz,2€C(u;ir)} z€S*(p)

[=p}



where the second equality is due to (2.7). Invoking the display in (2.12), we can conclude that
d(—0(y)) = —b + Aconv(S*(c — ATy)).

Thus, the optimality condition 0 € 9 (—6(y*)) is equivalent to b € Aconv (S*(c — ATy*)). This
completes the proof. ]

3 Strong Duality

This section is devoted to the strong duality between (P) and (D).

Theorem 3.1. (Strong Duality Theorem) If (P) (or (D)) is solvable, then so is (D) (or (P)) and
the duality gap is zero.

Proof. “S} # () = S5 # (”: Assume that z* is an optimal solution of (P). The weak duality
indicates that Val(D) < ¢Tz*. Note that 6(-) is proper and hence §(y) > —oo for all y € R™. Thus
Val(D) is finite. Now we claim that this finite supremum is attainable. Assume on the contrary that
O(y) can not reach Val(D) at any finite y € R™. Then there exist yo € R™ and d € R™\{0} such that

Val(D) = (Yo + Ad). (3.14)

¢
Denote the following three index sets with respect to the signs of components in the vector u o A7d:
I, ={ie[n]| (UOATd)i >0}, Ip={ien]| (UOATd)i =0}, and I_ = {i € [n] | (uOATd)i <0}.
Denote by ¥ the set of all permutations of [n] such that for any {t1,...,t,} € %,

(uoArd), >---> (uoATd), . (3.15)

Such an order can be certainly preserved by multiplying u o A”d with any positive a € R. Set v :=
uo(c— A"yp). Then we can always find a permutation {t},...,%,} € ¥ such that vy < vy, provided
T _ T
that (qu d)tg = (qu d)t§+1
positions of #; and #; ;, the resulting new permutation still lies in . Furthermore, define

. This can be achieved since if v > Ve then by exchanging the

tit1

Vi, — Vi, Vk
= ma, : , and 7o := ma —_— .
n (voaTa),, > (i(o ATd) , { (uo ATd)t; - (u o ATd)téJrl } 2 k€I+Li(I_ { (u o ATd)k }

i I, cee,m — 1
Combining with (3.15), we have that for any given Ao > max {0,v1,72} and any given o > 0,

(uwo (AT (yo + Aod) —¢)); > 0, a(uoATd) >0, Viel,,
(uwo (AT (yo + Aod) — ¢))x <0, a(uoATd), <0, Vkel_,
(uo(z‘lT(yo—f—)\od)—c))t1 >0 > (uo(AT(yo—l-)\od)—c))tn,oz(uOATal)t1 2~-~2a(quTd)t .

n

(3.16)
The properties in (3.16) further lead to the following decomposition equality for any « > 0:
HHS(TWM (uo (AT (yo + Aod) — ¢) + a (uo ATd)) H1
= [ Mty (o (A7 (g0 +20d) ) |, + | Msrymy (wo 47a)| - (3.17)



Note that for any A > Ao,
Byo + Ad)
=" (yo + Ad) — HHS(r)mM (uo (AT (yo + Ad) — C))Hl
= 5 (yo + dod) + (A = A0} d — |[Hsmy (A= o) (wo A7a))
- HHS(r)mRi (uo (AT (yo + Nod) — ¢)) ’1

= 0(yo + Aod) + (A — Xo) (de - HHSWRi (wo ATd)Hl) : (3.18)

1

where the second equality follows from (3.17). Taking the limit of 6(yo + Ad) as A tends to +oo, (3.18)
and (3.14) tell us that

Val(D) = (9o +Ad) = 0(yo + od) + lm_(A= o) (bd = [Mspyzs (wo A7 d)| ).

lim 6
A—+00
Since 0(yo+Aod) and bT'd— HHS(’"V‘RQ (uo ATd)H are constant in \, N hr}rl (A—=Xg) = +o0, and Val(D)

1 —+oo

is finite, we can conclude that b"'d — HHS(T)Q]M (uo ATCZ)H1 = 0 and hence 6(yo + Aod) = Val(D). This
contradicts to the hypothesis that Val(D) is not attained at any finite y € R™. Thus, (D) is solvable.

“Si # 0 = Sp # 0 & Val(P) = Val(D)”: Taking p = — (ATy — ¢) in (2.8) yields that the dual
problem (D) can be equivalently rewritten as

e i, {170 = [Degaes e (47w = )]} (319

Let 4* be an optimal solution of (D). According to (3.19), there exists some index set I € J(r) such
that

y* € arg Iax {bTy — HHR?QM (uo (ATy —¢)) H1} . (3.20)

As one can see, the involved maximization problem in (3.20) is exactly problem (Dj), and it shares
the same optimal value of problem (D), i.e., Val (D;) = Val(D). Additionally, as stated in Lemma 2.2,
(Df) is indeed the dual problem of the linear programming problem (731»). Then the strong duality
admitted by linear programming supports us with an optimal solution Z of the problem (Pf) such
that

i = Val (P;) = Val (D;) = bTy* — HHR?QM (wo (ATy* — c))Hl . (3.21)

Notice that & € F} is certainly a feasible solution of (P). Along with Val (D;) = Val(D), we have
Val(P) < Val (P;) = ¢'& = Val(D).

The weak duality forces the above inequality to be an equality, which actually implies that Z is also
an optimal solution of (P) and the duality gap vanishes at (#,y*) for problems (P) and (D). This
completes the proof. O

We would like to take this opportunity to emphasize the essential difference between our strong
duality result and that from mixed integer linear programming (MILP). The reason is that the sparse
LP considered in this paper can be reformulated as a MILP and there already exists rich duality theory
for MILP. Therefore, in principle, we could apply the duality framework of MILP to the sparse LP and



establish the corresponding strong duality results. We will see that it would result in a significantly
different duality formulation from ours. The difference is a bit surprising and is indeed in favour of

ours.
We first recall the duality framework for MILP from [31]. Consider

(MILP) VP = min 'z, st. Az =0b, ze€ X,

where the data ¢, A,b are as in the sparse LP and X is a mixed integer linear set. The augmented
Lagrangian dual is defined as follows [31, Eq. 7, Sect. 3.1]:

LD+ — inf T T _A _A
v, = sup inf {c"z+\"'(b— Az) + py(b— Ax)}
= su inf 'z 4+ pw+ AT (b— Az
,\eéRpm z€X, w(bfA:v)Sw{ r ( )}
= sup inf {2+ N (b—Az)+pw | (z,w) € conv(Sy)}, (3.22)
AEERTH, T, w

where p > 0, ¢ : ®™ — R, is an augmenting function satisfying certain properties, and
Sy i ={(z,w): z€X and ¥P(b— Az) <w}.

To simplify, we take 1 to be the quadratic augmenting function: ¥(z) = ||z[|?, 2 € R™.

A key message from [31] is that, for the quadratic augmenting function, there exists MILP examples
( [31, Example 1]) such that V}'D'i_ < vIP for any finite value p > 0. In other words, there exists
non-zero duality gap between the primal and its augmented Lagrangian dual for any choice p > 0. If
we let p = 0 resulting in the Lagrangian dual, the duality gap gets even bigger. Therefore, developing
strong duality results for MILP is not trivial. We also note that the example constructed in [31] is
not from the sparse LP. We wonder if the (disappointing) non-zero duality gap would happen when
the sparse LP is reformulated as a special MILP. If it does not happen, then our strong duality would
not show any advantage over that of the MILP reformulation. As the example shows below, it can
happen.

Example 3.2. Consider the sparse LP

VP — i —qy — Ta, s.t. —r1+x2=0, 0<2<1, and |z|o <1

Obviously, the only feasible point is (0,0) and the optimal objective is VSLP — g, According to [30,
Lemma 1], the constraints 0 < x <1 and ||x||o < 1 is equivalent to x € X with

zs+ x4 <1, x3€{0,1}, x4 €{0,1}
0<z <z3, 0<x2 <y, '

X = {(ml,x2,$37x4) ‘
Hence, the sparse LP has a MILP reformulation. The augmented Lagrangian dual Vf{’DJF in (3.22)
satisfies (see also [31, Eq. 15]):

yp[’D+ < sup {c"z+ AT (b— Az) + pw}

inf
(z,w)Econv(Sy) xeR™
= inf {"z+AT(b—Az) + pw | (z,w) € conv(Sy)},

where, with the choice being the quadratic augmenting function,

Sy = {(x175527953»$4aw) | (21 —22)® <w, (21,29,23,14) € X}~



The following choice of two points are motivated by [31, Example 1]. Let 0 < v < min(1,1/(2p)) and
(-%17§32uf37i.47®) = (07 v 03 17 ’72) S Sdﬁ (.%17.%2,{%3,‘%4,(:1> = (77 07 17 Oa 72) € S’lﬁ
Then the new point
N N Al )
(1’1,%2,.%3,()34,&)) = §($1,ZQ,$3,$4,W> + 5(%1,1‘2,(]}3,1’4,&1) = (7/2a7/23 1/27 1/277 )

For this choice, we have

VPLD+ < =Ty — To+ po = —y + py? <max{—1/2, —1/(4p)} <0 = ISP,

Hence, the duality gap exists for any finite value of p > 0.

Since SLP admits a strong duality, one question is that whether the optimal solution to the dual
problem of (D) is the solution of (P). This is true for convex problems, but we are not sure for
the nonconvex cases. In order to explore this question, we work out the explicit formulation of the
dual problem of (D). For the convenience in analyzing the following result, we rewrite (D) into its
equivalent form :

(D) max by — [Msrynrn (uo 2)
st. z=ATy—c

Theorem 3.3. The dual problem of (ﬁ) can be formulated as

(P) min fw st Aw=0b, wiu™t <r, w>0.
Furthermore, Sp, = S5 N S(r).
Proof. Problem (D) is equivalent to

: T AT,
i {67y sy (uo 2)l | 2= ATy — e} (3.23)
in the sense that they share the same optimal solution set and have the same optimal value in
magnitude with opposite signs. Define the Lagrangian function of problem (3.23) by

Ly, z,w) == =bTy + h(z) + wl (ATy — 2 — ¢), Y(y,z,w) € R™ x R" x R",

where h(z) = ||g(ynr» (uoz)|1. The dual problem of (3.23) takes the form of sup inf Ly, z,w).
+ weRn YER™ zeR™

Note that

inf L
yeri g (y, z,w)

=—cT inf {—b7 Aw)T inf {h(z) —wT
c w+y1€rﬁm{ Y+ (Aw) y}+;€an{ (2) —w' z}

= — CTU} — 5{w|Aw:b} (U)) —h* (’LU) (324)
where h*(w) = sup {zTw — h(z)} is the conjugate function of h(z). According to Theorem 2.4,
Z€R™
h(z) = max 2Tz,
zeC(u;r)

10



which is exactly the supporting function with respect to the set C(u;r). Applying the conjugacy
between the indicator function and the supporting function (see, e.g., [25, Example 11.4]), we can
rewrite i as h(z) = 0¢,,.,(2). By the virtue of [25, Theorem 11.1], together with the observation

cl(conv(C(u;r))) = {w € R” |wTu_1 <rw>0},
we have
R (w) = 66 (w) = cl (conv (dc(uy)) (w) = 5{wemeTu_1ST}(w). (3.25)
Thus, the dual problem of (3.23) takes the form of

ks {—CTw | Aw = b,wTu™ <rw> O} ,
which implies the desired dual problem for (D). Since the dual problem of (D) optimizes over the

convex hull of the feasible set of (P), by utilizing the strong duality as shown in Theorem 3.1, we can
verify that S = S2 0 S(r). O

Figure 1 shows the relationship between (P), (D), (P) and (D). As we have mentioned in Theorem
3.3, due to the sparsity constraint set, the solution of (P) cannot be obtained through (D) directly.

A~

But when the Iy norm of (P)’s optimal solution Z is not larger than r, & is also the minimizer of (P).

Dual

(P) min cf'z ‘ (D) max by — I s(ryrrn (uo ATy —e))|1.
s.t. Az =1,
0<z<uy, |z|o <.
Convexification Equivalent
. . - Dual . T
(P) min c'w “ (D) max by — [Hsrnry (wo 2)[
st. Aw=b, st. 2=ATy—c

Figure 1: Relationship between (P), (D), (P) and (D)

Definition 3.4. An index set I* € J(r) is said to be an optimal index set of (P) if there exists an
optimal solution x* such that x* € R7..

The following theorem provides several sufficient conditions for getting an optimal index set of (P)
by utilizing the optimal solution of (D).

Theorem 3.5. Suppose that (y*, z*) is the optimal solution of (D). Let {t1,...,tn} be a permutation
of [n] such that us, zf, > us, 25, > ... > uy, 2{ . Then,

(i) 0 is an optimal solution of (P) if z* < 0;
(i1) {t1,...,t.} is an optimal index set of (P) if one of the following holds

() [[z"]+llo = r;

11



() Nlz"lllo > 7 and wy, 25, > w275

(¢) 0 <|[e"]4llo <7 and z; ,, <O.

Proof. Note that y* is also the optimal solution to (D). Thus, there exists an index set I* € J(r)
such that

bTy* — ey, ey (uo (ATy" — )1 = b"y" — |[Ms(rynmn (o (ATy" — ).
It then follows from Lemma 2.3 that for any index set I € J(r),
Mg, men (wo (ATy* —c))lli > [Meparn (wo (ATy* — ). (3.26)

Let z* be an optimal solution of (P;«). It follows from the proof of Theorem 3.1 that z* is exactly
an optimal solution of (P). By invoking (3.26), we can get the assertions in (a) and (b) immediately.
From the first-order optimality for (Pr«), we know that (x*,y*) will satisfy

(ATy* — ) = —w + v,
wlzt. =0, 2%, >0, w >0,
vl (upe —23.) =0, u—2%. >0, v>0.

Note that z* = ATy* — ¢. By direct calculation, we can verify that for any i € I*, if 2} < 0, then
xf = 0. Thus, it is straightforward to verify that the results in (i) and (c) are valid. O

We can apply the conditions introduced in the above theorem to determine whether the solution
of (P) is detectable by (D), see the following numerical illustration.

1 -1 0 O
0O 0 1 -1
r = 2 in problem (P). One can find that the optimal solution of (P) is (0,0,1,1)T with the optimal
value —2. By simple calculation, we know that the optimal solution of related (D) is (y*,z*) with
y* = (0,007 and z* = (0,0,1,1)T. As can be seen that (y*,z*) meets condition (a) presented in
Theorem 3.5, and hence the optimal index set of (P) is I* = {3,4}. Then by solving (P~ ), we can
obtain the optimal solution of (P).

Example 3.6. Set A = < ), b= (0,007, ¢=(0,0,—-1,-1)T, v = (1,1,1,1)7 and

4 Saddle Point Theorem
In this section, we study the saddle point theorem of SLP.
Definition 4.1. Let z* € C(u;r) and y* € R™. If
L(z*,y) < L(z",y*) < L(z,y"), Vz € C(u;r), y € R™,
i.e.
¥ = argwerg%gr) L(z,y*), and y* = arg ;Ielﬂ%ﬁ L(z*,y), (4.27)

then (z*,y*) is called a saddle point of the Lagrange function L(z,y) of (P).

Before presenting the saddle point theorem, we propose a necessary and sufficient optimality
condition for (P) and (D) which follows immediately from strong duality theorem.

12



Theorem 4.2. (Optimality Condition) (z*,y*) € R™ x R™ is a solution of

o =0Ty + s rynrn (wo (ATy —¢))[1 =0,
Azr =0,

0<z<u,

x € S(r),

(4.28)

if and only if x* and y* are optimal solutions of (P) and (D) respectively.

By utilizing the first-order optimality condition of convex program, together with Lemma 2.4, we
can easily get the equivalence between the system (4.27) and the system (4.28) with z = z* and
y = y*. Combining with Theorem 4.2, the following theorem comes directly.

Theorem 4.3. (Saddle Point Theorem) (z*,y*) is the saddle point of the Lagrange function of (P),
if and only if * and y* are the global optimal solutions of (P) and (D) respectively.

Proof. (=) From the definition of saddle point, we have y* = arg max L(z*,y). Then
yeR™

V,L(z*,y) = Az —b=0.

This is the second formula of (4.28). From the definition of saddle point, we also have a* =
arg zerg%rul;r) L(x,y*). According to Lemma 2.6,
L(z*,y") = b"y" — [Hsynms (wo (ATy" — ). (4.29)
Substituting (4.29) and Az* = b to
L(z",y) < L(z",y") < L(z,y")
and let x = z* in the second inequality, we can derive

cha” <Ty" —|[Mspynry (wo (ATy" — o)l < o™

Then cTa* = bTy* — s (rynry (w0 (ATy* — ¢))||1, which is the first formula of (4.28). Above all,
if (z*,y*) is the saddle point of the Lagrange function of (SLP), (z*,y*) is the solution of (4.28).
Applying Theorem 4.2, we show that «* and y* are the global optimal solutions of (P) and (D),

respectively.
(<) Denote 6(y) = Ig%n )L(:L',y). Since x* is the optimal solution of (P), we have z* € C'(u;r)
zeC(u;r
and Az* =b. Then
0(y*) = min z—y"(Az —b)

zeC(u;r)
CT.’I]* _ y*T<A.’17* _ b)

_ L(.’E*,y*):CTLC*

T

Since the duality gap is zero, we can get 0(y*) = L(z*,y*) = ¢* *. Furthermore, according to the

definition of §(y*) and Az* = b, we can conclude that

L(Z‘*,y) < L(l‘*,y*) = e(y*) < L(xvy*)7 (S C(U;T).

13



The remaining part of this section is devoted to studying the first-order necessary optimality
conditions of saddle point problem (4.27). We first recall the expression of Fréchet normal cone of
S(r) [11, Theorem 2.1] and show the decomposition property of ]\Afc(u;r) (). For any = € S(r) and
letting I’ = supp(x), the Fréchet normal cone to S(r) at = is

~ ]RE7 |I‘| =r;
N = r 4.
5()(7) { {0}, |Il<n (4.30)

where supp(x) = {i € T | x; # 0}.

Lemma 4.4. For any © € C(u;r), denote T' = supp(xz) and T = {x € R" | « < u}. The Fréchet
normal cone to C(u;r) at x has the following decomposition:

Ne(usry(x) = Ns(ry (z) + Nen (2) + Nr (=) (4.31)
i.€.
R, x; = 0;
EeRE € {0}, 0 <z < ug; , if |F|:7”;
=5 R , Lj = Uyj.
NC(u;r) (SC) = R+ i = 0 (432)
- (2 )
EeR™E e {0}, O<zy<wy; p, D)<
R+, T; = Uj.

Proof. (4.31) can be obtained directly from [12, Corollary 2.9]

N R_, z;=0;
Ngn = eR": i € ’ ¢ k 4.33
R+(1‘) {5 3 { {0}, z; > 0. } ( )
~ Ry, = =uy;
N ={¢(eR": & € L v 4.34
ro) = feerge { T T (1.3)
After simple calculation, we can have the explicit formula. O

Now we introduce the definitions of S—stationary point and N —stationary point of saddle point
problem (4.27) based on the expression of projection and Fréchet normal cone of C'(u;r).

Definition 4.5. Given 2* € C(u;r), y* € R™, and 3 > 0, set ¢* :==c — ATy*.
(i) (z*,y*) is called a B—stationary point of the saddle point problem (4.27) if it satisfies

Ax* =b
’ 4.35
{ NS HC(u;T)(x* - 5(]*) ( )

(i) (z*,y*) is called an N—stationary point of the saddle point problem (4.27) if it satisfies

Ax* =b
[P 4.36
{ 0e q* + Nc(u;r)(x*). ( )

It is noteworthy that the N —stationarity coincides with the S-stationarity for any given 8 > 0
with C(u;r) replaced by any closed convex set C, due to the fact that
Ne(2*) = No(2*) = {v[(v,x —2*) <0, Vz € C}

(See, [25, Theorem 6.9]). However, it is not the case for the nonconvex set C'(u;r). The relationship
among these two types of stationarity and the optimality of problems (P) and (D) are elaborated in
the following theorem.
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Theorem 4.6. Given x* € C(u;r) and y* € R™, denote ¢* = ¢ — ATy* and

B(z*,y*) = {ﬂ S R_H_‘B < min {—x(r)}, if |lx*llo =7 and {i € [n] | ] =0,q] <0} # @},

z¥=0,q} <0 q;‘
where ;vfr) is the rth largest element of x*. Consider the following statements
x* is an optimal solution of (P) and y* is an optimal solution of (D);

(z*,y*) is a f—stationary point of the saddle point problem (4.27) for any 8 > 0;

(iii) o B(z",y") =Ry (e.g., |2"[lo <7), then (a) & (b) & (c) & (d).

Proof. (i) “(a) < (b)”: Taking p = ¢* in Theorem 2.4, the following equivalence

" € arg Ie%l%gr) L(z,y*) <= 2" € lgm (2" — Bq"), VB >0,

is due to (2.7). Along with the observation

Rm™

y* € arg max L(z*,y) <= Ax™ = b,
ye

we can conclude the equivalence between assertions in (a) and (b).
(i1)&(iii): For any given § € B(x*,y*), Definition 4.5 (i) allows us to get an equivalent characterization
for (z*,y*) being a f—stationary point of the saddle point problem (4.27) by

g > - e =0

=0,  if0<af<u; o if[27o=7;

q <0, if oF = ;. (4.37)
q >0, if 27 = 0;

g =0, if0<af <ug o if[Ja*]lo <7

q;‘ <0, if x:‘ = Uj.

Combining with the expression of N’C(Wn) as presented in (4.32), we can easily get the implication
“(c) = (d)”. On the other hand, from the definition of the set B(z*,y*), we can verify that if the
assertion in (d) holds, then for any choice of 8 from B(z*,y*), the system (4.37) is valid, which indeed
shows the S—stationarity of (x*,y*). Thus, the equivalence in (ii) is established. Due to the two
equivalences in (i) and (ii), the assertion in (iii) follows readily. This completes the proof. O

We demonstrate the subtle difference between the two concepts of stationary point below.

Example 4.7. Let A, b, ¢, u, v be defined in Example 3.6. It is easy to verify that x* = (0,0,1,1)T is
the unique optimal solution to (P), and y* = (0,0)T is an optimal solution to (D), with the common
optimal value —2. Note that

Mo (@ = Ble = ATy") = eq ((0.0,1+ 8,1+ A7) = {a"}, v8>0
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c— ATy* ¢ NC(,L;T)(x*), and B(z*,y*) = Ryy. Thus, (z*,y*) is an N—stationary point and a
B—stationary point of the saddle point problem (4.27) for any 5 > 0. This confirms all conclusions
in Theorem 4.6. Now, if we take 5j = (10,1)T. By direct calculation, we have

B(z*,9) = (0,1/10], A"y~ c € Non (a®),
while
HC’(u;r) (.’E* - ﬂ(c - AT@)) = {(LO» 170)T} % 1'*7 Vﬁ > 1/10
Thus, (z*,y) is an J\Affstationary point but not a f—stationary point for any § > 1/10.
Recall from [12] that a point z* is called a B-KKT point of (P) if there exist y* € R™, pn € R”

and A € R" such that R

—(c— AT?J*) +ut = A" € NS’(T)(x*)’

pt > 0,2 >0, p "2t =0,

o

N> 0,u— 2" >0, (u— %) =0, (4.38)
Ax* =b,
x* e S(r)
Note that
>0z > O,M*Tx* =0 < —u'e j\\[Ri(QT*)
and

N >0u—z* >0 (u—2")=0 = Ne ﬁT(w*),
where the involved two normal cones are established in (5.45) and (5.46). The decomposition property
as stated in Lemma 4.4 then leads to the following characterization for a B-KKT point z*:

{ —(c— ATy*) € Ny (2*) + Ngs (%) + Np(2*) = Noum (27),
Ax* = b,

which is exactly the defining formula for (z*,y*) being an N —stationary point.

It is well-known in the theory of constrained nonlinear programming that a local minimizer is not
always a KKT point, even for nonlinear convex programming problems, unless some regularity condi-
tions, also termed as constraint qualifications (CQs for short), are enforced to the constraint system
(see, e.g., [28]). For sparse optimization problems, the nonconvexity and discontinuity resulting from
the involved fp-norm function will unsurprisingly aggravate the need of such CQs in general. For
example, the popular CQs include the Robinson CQ in [29] and the restricted linear independence
constraint qualification (R-LICQ for short, see [12, Definition 2.4]) in [12] for general sparsity con-
strained nonlinear programming. More specifically, as discussed in [12, Theorem 3.2 (ii)], if 2* is a
minimizer of (P), then z* is a B—KKT point under the restricted linear independence constraint
qualification (R-LICQ). The linear independency as required in R-LICQ may fail for general SLP due
to the free choice of A and the constraint functions corresponding to the box constraint in problem
(P). See, for example, in the instance of (P) in Example 3.6, the gradients of active constraints at z*
form the following set of linearly dependent vectors:

1 0 -1 0 0 0
-1 0 0 -1 0 0
of’ftr)’tof’fto )’ tr)’1o ’
0 -1 0 0 0 1

and hence the R-LICQ is not valid anymore. In this regard, to get the strong duality and the
equivalences that are addressed in Theorems 3.1 and 4.6 without any CQs comes to be the main
contribution in this paper, which in turn enriches the theory of nonlinear programming.
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5 An Extension

The box constraint with 0 as the lower bound in (P) can be extended to the case of —u <z < wu for
any given v € R’ , . The corresponding sparse linear programming problem takes the form of

(P) min Tz, st. Az =b, —u<z<u, ||z]o<r

This section is devoted to the strong duality and optimality conditions for (P) by utilizing a similar
scheme as that for (P). Before proceeding, some essential technical properties are stated as follows.

Lemma 5.1. Given I C [n], p € R" and u € R}, we have

min {p’z | —u <z <u,z €R}} = —[|Hgn (u o p)lf1- (5.39)
Proof. Set x = —sign(p;)u;, if ¢ € I and p; # 0, and zF = 0 otherwise. Such an z* is obviously an
optimal solution to (5.39), and
pPlat =Y (—luipil) = =[Tey (wop)ls-
i€l, p;#0
This completes the proof. ]

Corollary 5.2. Given p € R", u € R | and an integer r (0 <r < n), we have
min {p"z | 2 € C(ur) | = ~|Tsery(wop)ll, (5.40)

where C(u;r) = {x € R" | —u < x < u,||z|o < r}. Furthermore, =* is an optimal solution of problem
(5.40) if and only if x* € ey (xz* — A\p) for any A >0, i.c.,

S*(p) := arg ;1611%1% {pTx |z € C’(u;r)} = {:c* €ER” |a* € ey (27 = Ap), VA > O} . (5.41)

Proof. By employing Lemma 5.1, we have

: T . . T .
min x = min min r= min —||lgr(uo
seBlar) ¢ 169 (r) 2eR} muga<u L 1ed(r) 1Tz (o p)lly
-
= —max 37 (upi) =~ Y (luop)f
€T el pisto i=1
= —|Tsmuop,-
Mimicking the proof of Theorem 2.4, we can derive the desired assertions. O

Define the Lagrangian function of (P) as
L(z,y) = Tx —yT(Ax —b), Yz e C(u;r),y € R™,
and denote by II® the set of all signed permutation matrices in R"*™ and by
I = {BoP|Be{0,1}"",P e’ |BoP|y<r}.
The cardinality of IT¢ is less than (7') -3” - n! (finitely many). In this case, we can verify that
9(p) == s (uwop)ll = e {e"MUp},

where e € R" is the all-one vector and U is the diagonal matrix generated from u. Thus, we can also
get the piecewise linearity of g over R™. With a similar proof as used for Theorem 2.6, we can write

the explicit form for the dual problem of (P).
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Proposition 5.3. The Lagrangian dual problem of (75) can be explicitly formulated as the following
unconstrained convezr program

(D) max 0(y) =b"y = [T (uo (e = ATy))h-

Furthermore, y* is an optimal solution of (D) if and only if b € Aconv(g*(c — ATy")).

Utilizing almost the same routine of the proof for Theorem 3.1, we can also establish the strong

duality between (P) and its dual problem (D) that addressed in Proposition 5.3. We present this
duality theorem as below without proof.

Theorem 5.4. If (P) (or (D)) is solvable, then so is (D) (or (P)) and the duality gap is zero.

Now, let us discuss the corresponding saddle point of (P).
Definition 5.5. Let 2* € C(u;r) and y* € R™. If
L(z*,y) < L(z*,y*) < L(z,y"), V= € C(u;r), y € R™,

i.e.
" =arg min L(z,y*), and y* = arg max L(z*,y), (5.42)
zeC (u;r) yeR™

then (x*,y*) is called a saddle point of the Lagrange function L(z,y) of (P).

The results reported in Theorems 4.2 and 4.3 can be extended to the case of (P) by replacing
HHS(T)HRQ(')Hl and C(u;r) by [[Tlg() |l and C(u;7), respectively, facilitated with the following two
lemmas.

Lemma 5.6. For any x € R", we have Il () = sign(z) o Iljg 4 (ILs(r(|z])), where sign(z) and
|x| are the component-wise sign function and the absolute value of x, respectively.

Lemma 5.7. For any z € C(u;r), denote T' = supp(z) and Ty = {x € R" | z < u}, Ty = {z € R" |
x > —u}. The Fréchet normal cone to C(u;r) at x is

&(ur) (@) = Ns(ry(x) + N1y (2) + N1y (2) (5.43)
i.e.
R,, T = —Uq;
£eRe e {0}, —u; <z <wuy and z; # 0; D =
R, x; = 0;
C(u;r) (117) = R-i—a Ti = Uj. (544)
R_, o =-u;
EeRME e {0}, —wi < <wy o, if || <.
R+7 T; = Uj.

Proof. (5.43) can be obtained directly from [12, Corollary 2.9]. Note that

= Ry, = =u;
N — R™|¢&; ’ v v 5.45
n) ={eemfee { T T (5.45)
and
= R_, x; = —uy;
N = R™(¢; o " 5.46
nw ={eerfae B BT (5.46)
Together with (4.30), we can get the explicit formula (5.44) by direct calculation. O

Additionally, all those concepts and properties in Lemma 4.4, Definition 4.5 and Theorem 4.6 can

also been extended for (P) and (D) with subtle modifications.
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Definition 5.8. Given a* € C’(u;r), y* €R™, and B > 0, set ¢* :=c— ATy*.

(i) (x*,y*) is called a B—stationary point of the saddle point problem (5.42) if it satisfies

Ax* =0
’ 5.47

(ii) (z*,y*) is called an N—stationary point of the saddle point problem (5.42) if it satisfies

Az* =b
e ) (5.48)

Theorem 5.9. Given z* € C(u;r) and y* € R™, denote ¢* = ¢ — ATy* and

- 1'* T . * . * *
Bty = {erefos i, SO et —r ond (e ol 1o = 0.0 £0) #0),

where |x*|(,y is the rth largest element of |x*|. Consider the following statements
(a) x* is an optimal solution of (P) and y* is an optimal solution of (D);
(b) (x*,y*) is a B—stationary point of the saddle point problem (5.42) for any 8 > 0;
()
(d) (z~
We have
(i) (a) < (b);
(i) (c) & (d);
(i) if B(z*,y*) = Ryy (e.g., [|2*]lo <7), then (a) & (b) & (c) < (d).

T,y
(z*,y*) is a B—stationary point of the saddle point problem (5.42) for any B € B(x*, y*);
5,y

*) is an N—stationary point of the saddle point problem (5.42).

Proof. (i) “(a) < (b)”: By utilizing Corollary 5.2, the equivalence between assertions in (a) and (b)
can be obtained by mimicking the first part of proof of Theorem 4.6.
(i1)&(iii): For any given S € B(z*,y*), we can rewrite the second condition in (5.47) by

q =0, if 2F = —uy;
q; =0, if —u; <2 <w,; and zf #0;

lg7] < oy ot = 0; , b [lz7 o =7

g <0, ’ if 2 = u,. (5.49)
q =0, if o = —uy;

4 =0, if —u; < af <wip if fla* lo < .

g <0, if 2 = .

Combining with the expression of Né(u;r) as presented in (5.44), we can easily get the implication “(c)
= (d)”. On the other hand, by the definition of B(z*,y*), we can verify that if the assertion in (d)
holds, then for any 8 € B(z*,y*), all conditions in (5.49) are satisfied. This shows the S—stationarity
of (z*,y*). Thus, the equivalence in (ii) is established. By virtue of those two equivalences in (i) and
(ii), the assertion in (iii) follows readily. This completes the proof. O

An interesting question arises: Can we make the box constraint more general, e.g., | < z < u for
any given vectors [ < 0 and w > 07 This will be one of our research topics in the future.
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6 Conclusions

In this paper, we have given an explicit formula for the Lagrangian dual of SLP by employing the
disjunctive structure of the sparsity constraint involved. The resulting dual problem has been shown
to admit the strong duality theorem without any constraint qualification. Based on the strong duality,
we have studied when the optimal index sets of the original problem can be obtained and established a
saddle point theorem. Relations among the global optimality, the S-stationarity and the N -stationarity
of the saddle point problem have been analyzed as well. These results have been extended to the case
with & € [—u,u] instead of x € [0,u] for any given v € R" | in the setting of SLP, by exploiting the
properties of the projection and the normal cone with respect to the resulting new constraint system.
More work needs to be done when working with more general box constraints (e.g., I <z < u for any
given | < 0 and u > 0). Additionally, from the numerical perspectively, our future research will be
focused on designing efficient numerical algorithms for the SLP based on the equivalences addressed in
Theorem 4.6, especially for large-scale problems with special structures of the inputs (A, b, r) arising
from real application problems.
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