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ABSTRACT A novel total variation (TV) framework is conceived for joint detection and dynamic state
estimation (JDSE) for wireless transmission from the measurement devices to the control center in a smart
grid. The proposed scheme employs a TV regularization based decoder in conjunction with a Kalman
filter-based dynamic power system state estimator to minimize the detection error for transmission of the
measurements over a fading wireless channel. A novel application of the Viterbi algorithm is proposed
for TV detection of the received measurement vectors. Furthermore, the proposed JDSE scheme is also
extended to a system in which each measurement is quantized to a single bit. This reduced-bandwidth-
based TV-JDSE leads to a significant bandwidth efficiency improvement in the smart grid and to improved
state estimation. Our simulation results provided for the standard IEEE−14 bus test system under different
operating conditions demonstrate improved performance in comparison to conventional techniques and
they are capable of approaching the ideal Clairvoyant Kalman filter benchmark.

INDEX TERMS Smart grids, dynamic state estimation, Kalman filter, total variation, Viterbi algorithm,
wireless communication, PMU, SCADA.

I. INTRODUCTION
The increasing demand for electric power has led to severe
challenges in ensuring reliable, efficient and economic oper-
ation of the existing power grid infrastructure. Conventional
grids lack intelligent mechanisms for avoiding equipment
failures, meeting the steep rise in demand for energy at
peak hours, integration of renewable energy sources, among
others, which makes the grid prone to power outages and
blackouts. Therefore, smart grids [1], [2] that incorporate
advanced capabilities into the conventional electrical grid
for improving the reliability, safety and efficiency of power
system operation, have gained significant popularity [3], [4].
A key focus of research in smart grids is the development
of intelligent techniques for the prediction, prevention and
correction of faults for realizing the above goals [5], [6]. This
is possible through real time monitoring and control of the
power system that is performed at the control center or energy
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management system (EMS) [7], [8] via state estimation [9].
The power system state, which provides vital information
regarding its various components, is estimated via various
measurements that are collected from the different compo-
nents of the power system and it includes the voltage magni-
tude and the phasor information at the different buses. Thus,
state estimation plays a central role in meeting the desired
objectives of smart grid operation. These measurements are
subsequently transmitted over a communication channel for
processing at the control center for dynamic state estimation.
Accurate state estimation based on the received measure-
ments is of utmost importance to meet the stringent specifica-
tions of the smart grid [10]. The next subsection describes the
existing research and challenges for communication in smart
grids.

A. WIRELESS COMMUNICATION FOR SMART GRID
Modern digital communication technologies, which can be
readily deployed and scaled, are essential for reliable and
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efficient functioning of a smart grid [11]–[13]. In this
context, the papers [14]–[18] describe various communica-
tion technologies and the ensuing challenges. Conventional
wireline systems, such as those based on optical fibers, power
line communication [19], copper wires etc., lack the flexibil-
ity required for rapid deployment and for meeting the require-
ments of a rapidly expanding grid. On the other hand, wireless
technologies are gaining popularity for smart grid applica-
tions due to their low infrastructure costs coupled with fast
deployability, especially in difficult-to-access remote loca-
tions. However, a fundamental shortcoming of wireless com-
munication technologies is their high error rate [20], which
arises due to the severe fading nature of the wireless channel.
Furthermore, electromagnetic noise arising due to the corona
effect [21] and the electric discharge between the different
line components in a power system [22] also degrade the
quality of the wireless signal. These factors lead to erroneous
detection of the measurements at the control center, in turn
resulting in faulty state estimation, hence preventing reliable
operation. To enhance the reliability of wireless communica-
tion, error control coding-based communication techniques
have been proposed in [23] and [24]. However, these schemes
impose significant overheads, and are thus unsuitable for
high traffic phasor measurement unit (PMU) measurement
communication. Sharma and Samantaray [25] describe a pro-
cedure for robust state estimation in smart grids that utilizes
a state forecasting approach to obtain pseudo measurements
during temporary disruptions of the communication link,
which impose data packet losses. Thus, there is significant
scope for the development of techniques that improve the
accuracy of measurement detection at the receiver followed
by accurate state estimation at the control center. To this end,
total variation (TV) regularization has shown significantly
improved performance for signal recovery in various practical
applications pertaining to signal denoising [26], image/video
deblurring [27], image/video recovery in wireless sensor
networks [28], compressive sensing [29] etc. The proposed
scheme therefore incorporates TV regularization for joint
detection and dynamic state estimation (JDSE) in smart grids.
This is achieved via a novel application of the Viterbi algo-
rithm to evaluate the optimal solution of the TV regular-
ized cost minimization problem. Furthermore, a significant
drawback of the existing schemes designed for dynamic state
estimation [30]–[36] in smart grids is that they employ ana-
log measurements, which are not suited for direct transmis-
sion in digital wireless communication systems. Explicitly,
themeasurements have to be quantized [37] and subsequently
digitally modulated prior to transmission over high speed
wireless links. Therefore, we conceive practical schemes
based on quantized measurements, relying on a limited num-
ber of bits, and the pertinent optimal decoder. In order to
further reduce the bandwidth required, 1−bit quantization
based reduced-bandwidth (RB) schemes are developed for
both PMU and conventional supervisory control and data
acquisition (SCADA) measurements, thereby improving the
spectral efficiency and in turn making the communication

infrastructure scalable. The organization and contributions of
the paper are briefly described next.

B. CONTRIBUTIONS OF THE PAPER
• Against the above background, in this paper, a novel
framework is proposed for improved-accuracy state esti-
mation in smart grids relying on the wireless transmis-
sion of measurements from the measurement devices
(PMU/SCADA) to the control center. The schemes
advocated consider only quantized measurements, thus
making them relevant for practical implementation with
digital modulation for wireless communication.

• A TV regularized cost function is developed at the
receiver, which exploits the bounded temporal variation
of the state vector sequence to overcome the high error
rate arising due to the fading nature of the wireless
channel.

• Furthermore, a novel application of the Viterbi algo-
rithm is conceived for estimating the optimal state vector
sequence as the solution to the TV regularized joint
detector and Kalman filter (KF)-based dynamic state
estimator [38].

• Additionally, a reduced-bandwidth scheme is devel-
oped for quantization of the analog measurements using
only a single bit per measurement, which significantly
reduces the bit rate required for communication in the
smart grid.

• Simulation results are presented to illustrate the per-
formance of the proposed schemes and to compare it
with that of conventional schemes, under different oper-
ational conditions of the standard IEEE−14 bus power
system.

C. ORGANIZATION OF THE PAPER
The organization of the rest of the paper is as follows.
Section II presents linear and non-linear power system mea-
surement models followed by measurement quantization and
subsequent transmission over a fading wireless channel.
This is followed by a brief description of the conventional
maximum likelihood (ML) detector and the proposed TV
regularized enhancement in Section III. The scheme for
Viterbi algorithm based TV regularized joint detection and
state estimation (TV-JDSE) is also detailed therein. Next,
in Section IV, reduced-bandwidth schemes (RB-JDSE and
TV-RB-JDSE) are presented, wherein the analog measure-
ments are quantized to a 1−bit message prior to transmission
over thewireless channel followed by joint detection and state
estimation at the receiver. Section V presents the simulation
setup and the simulation results, followed by our conclusions
in Section VI. Appendices in the end present our proofs for
the various analytical propositions.

D. SYMBOLS AND NOTATIONS
Scalars, vectors and matrices are denoted by lower case
letters (a), lower case boldface letters (a) and upper case
boldface letters (A), respectively. E{f (x)} denotes the stan-
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FIGURE 1. Schematic diagram of an p−bus power system in a smart grid
with wireless communication.

dard expectation operator which returns the stochastic aver-
age of the function f (x) with respect to the probability
density function (PDF) of random parameter x. x̂ denotes
the estimate of x. R, C denote the set of real and complex
numbers, respectively. Q [·] denotes the tail probability func-
tion of the standard normal random variable that is defined
as Q [t] = 1

√
2π

∫
∞

t exp
[
−
u2
2

]
du. N [µ,C] represents the

multivariate normal distribution with mean µ and covariance
C. diag (x) denotes an n × n diagonal matrix with diagonal
elements given by vector x of size n × 1. Im represents an
identity matrix of size m× m.

II. SMART GRID MEASUREMENT AND WIRELESS
COMMUNICATION MODEL
Consider a p−bus power system in a smart grid relying on
wireless communication as shown in Fig. 1. To monitor the
smart grid, various measurement devices are installed for
monitoring the different buses in the power system. These
are either phasor measurement units (PMU) that obtain syn-
chrophasor measurements, or conventional devices that mea-
sure the injected and transferred real and reactive powers,
power flows etc. The p−bus power system at time instant n
is fully characterized by the p voltage magnitudes Vi,n, 1 ≤
i ≤ p and the p − 1 phasors δi,n, 2 ≤ i ≤ p, since the
phasor corresponding to the reference bus 1 is set as δ1,n = 0.
The quantities Vi,n, δi,n are termed the state variables and the
corresponding state vector xn ∈ RP×1 at time instant n is
defined as

xn =
[
V1,n,V2,n, . . . ,Vp,n, δ2,n, δ3,n . . . δp,n

]T
, (1)

where P = 2p− 1 and 1 ≤ n ≤ N , with N denoting the total
number of time instants.

Let zn ∈ RM×1 denote the corresponding measurement,
where M denotes the number of measurements [39], [40] at

each time instant. The measurement vector in the smart grid
is obtained as per one of the models described below.

In the PMU measurement model, PMUs that measure the
voltage phasors are assumed to be installed at all the buses in
the power system. The measurement process for such a setup
can be described by the linear model [41]

zn = xn + rn, (2)

where rn denotes the additive Gaussian measurement noise
that has zero mean and the error covariance matrix of
E{rnrTn } = Cr , which is attributed to measurement uncertain-
ties, similar to other related contributions, such as [42]–[44].
It can be seen that for the PMU model, the number of mea-
surements obeys M = P. Furthermore, for the specific sce-
nario wherein the PMUs measure the current phasors instead
of the voltage phasors, the measurement model in (2) and the
proposed scheme can be suitably modified for dynamic state
estimation from the measurements.

By contrast, the conventional voltage magnitude mea-
surement process is described by the SCADA measurement
model as follows

zn = h (xn)+ rn, (3)

where h (xn) ∈ RM×1 is a function of the state vector xn.
It can be observed that when the elements of the measurement
vector zn also include the real and reactive injection powers
and the power flow of the various buses, the resultant model
is a non-linear function of the state vector xn. Although the
proposed dynamic state estimation schemes are developed
for the measurement model in (3), its scope can be readily
broadened to a non-linear model employing the extended or
unscented Kalman filter frameworks.

One can now employ a suitable state estimator [9] for the
estimation of the state vector xn from the measurements.
A majority of the state estimators proposed in the existing
literature can be classified as being either static or dynamic
in nature. However, the accuracy of static state estimation
(SSE) [45]–[47] schemes is typically poor since it fails to
exploit state evolution, which is an important characteris-
tic of power systems. By contrast, dynamic state estima-
tors (DSE) [30], which predict the variation of the state fol-
lowed by estimation, are better suited for smart grids [48]
and thus form the focus of this work. A pair of popular
models for the time evolution of the state vector xn in a
power grid, frequently invoked by the existing contributions
on dynamic state estimation, are briefly described below. The
linear discrete-time evolution model [49] that captures the
quasi steady-state behavior of the power system is

xn+1 = F̃nxn + qn, (4)

where F̃n = αnIP is the state transition matrix at time-instant
n, which characterizes the rate of evolution of the state vector.
The vector qn ∈ RP×1 represents the model noise that is
additive Gaussian with zero-mean and covariance matrix Cq.
A slightly more sophisticated dynamic model that incorpo-
rates a priori knowledge of the system’s behavior, termed as
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the linear exponential smoothing (LES) model [42], is given
as follows

xn+1 = Fnxn + gn + qn. (5)

The additional parameter vector gn of this model depends on
the behavior of the state trajectory. The matrix Fn and vector
gn are defined as

Fn = w1 (1+ w2) IP, (6)

gn = (1+ w2) (1− w1) x̂n|n−1 − w2an−1 + (1− w2)bn−1,

(7)

where the parameters w1 and w2 are computed using Holt’s
technique [42] for online parameter estimation and typically
belong to the range 0 ≤ w1,w2 ≤ 1. Furthermore, x̂n|n−1, x̂n|n
denote the predicted and a posteriori estimates of the state
vector at time instant n, obtained using the previous n− 1, n
observations, respectively. The vector parameters an ∈ RP×1

and bn ∈ RP×1 are computed as

an = w1x̂n|n + (1− w1) x̂n|n−1, (8)

bn = w2 (an − an−1)+ (1− w2)bn−1. (9)

The estimation error covariance matrices M̂n|n−1 and M̂n|n of
the predicted (a priori) and updated (a posteriori) estimates,
respectively at time-instant n are defined as

M̂n|n−1 = E{
(
x̂n|n−1 − xn

) (
x̂n|n−1 − xn

)T
}, (10)

M̂n|n = E{
(
x̂n|n − xn

) (
x̂n|n − xn

)T
}. (11)

The next section details the wireless model of conveying the
measurement vector zn from the measurement devices to the
control center in the smart grid.

A. WIRELESS CHANNEL MODEL
Wireless communication facilitates the prompt transmission
of the measurements from the different buses equipped with
measurement devices such as SCADA systems/PMUs etc,
to the control center for effective monitoring of the smart
grid. Due to the digital modulation schemes such as QPSK,
M-QAM etc. that are typically employed in state-of-the-art
wireless systems, one cannot directly transmit the analog
measurement vector zn over the wireless channel. Hence,
prior to transmission, each element zn (m) of the measure-
ment vector zn is quantized to one of the Nq levels ζm (i) ∈
ζm, 1 ≤ i ≤ Nq to obtain the quantized value žn (m). This
operation can be described as

žn (m) = fq [zn (m)] , (12)

where fq represents the quantizer. The set ζm is comprised of
the Nq quantization levels corresponding to the mth measure-
ments device. The vector žn is comprised of the quantized
measurements in zn. Each of the quantized measurements
žn (m) is then digitally modulated at the transmitter as
described below. Consider a digital symbol constellation S
with R symbols, i.e., |S| = R, with each symbol representing
log2 R bits. For instance, popular constellations are BPSK

(R = 2), QPSK (R = 4), 16−QAM (R = 16) etc. Since the
set ζm is comprised of the Nq quantization levels, Ns =
log2 Nq
log2 R symbols ξmn (1), ξ

m
n (2), . . ., ξ

m
n (Ns) are required

to transmit each quantized measurement žn (m), which are
represented by the transmit vector ξmn . Thus we have ξmn =
φ
(
žn (m)

)
∈ S =

∏Ns
i=1 S where φ (.) denotes the modulation

operation.
The modulated symbols are subsequently transmitted over

a wireless channel. The multipath nature of the wireless chan-
nel leads to fading, which results in high bit error rate (BER)
for the measurements of the smart grid communicated over
the wireless channel. Thus, for reliable operation of the smart
grid, we need efficient schemes for minimizing the BER
of the measurements received at the control center. Let the
flat-fading wireless channel corresponding to the mth mea-
surement device at time instant n be characterized by the
channel coefficient hmn . It can be obsedrved that this model
is general and covers a fast-fading scenario in which the
coefficients hmn are distinct for each time instant, as well as
the slow-fading scenario with the corresponding coefficients
hmn being constant for all n. The input-output model [20] of
the wireless system that relates the received signal ymn (i) ∈ C
corresponding to the ith transmitted symbol ξmn (i) ∈ S is
given by the following equation,

ymn (i) = hmn ξ
m
n (i)+ η

m
n (i) . (13)

Therefore, the input-output wireless transmission-reception
model that relates the received signal vector ymn ∈ CNs to the
transmitted symbol vector ξmn is given by

ymn = Hm
n ξ

m
n + η

m
n , (14)

where the matrix Hm
n ∈ CNs×Ns for the mth measurement at

time instant n is

Hm
n =


hmn 0 . . . 0
0 hmn . . . 0
...

...
. . .

...

0 0 . . . hmn

. (15)

The quantity ηmn denotes the additive white Gaussian
noise (AWGN) vector comprising the zero-mean noise sam-
ples ηmn (i) of variance σ 2

η , which is frequently used for
modeling the noise at the receiver in wireless communication
systems [20], [50]–[53]. The next section describes the pro-
cedure of minimizing the error in dynamic state estimation at
the receiver arising due to the various imperfections such as
fading, measurement and thermal noise.

III. TV-REGULARIZATION BASED JOINT DETECTION AND
DYNAMIC STATE ESTIMATION (TV-JDSE)
Conventionally, the maximum likelihood (ML) detector [20]
is employed to obtain the estimate ξ̂

m
n of the transmitted

symbol vector ξmn from the received signal ymn at the receiver,
as shown below

ξ̂
m
n = argmin

ξmn ∈S
‖ymn −Hm

n ξ
m
n ‖

2
2. (16)
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This is subsequently employed for dynamic state estima-
tion at the control center. However, the above conventional
approach leads to a high error rate in the reconstructed mea-
surements due to the fading nature of the wireless channel.
Furthermore, a significant weakness of the above conceptu-
ally simple detector is that it does not incorporate the power
system dynamics in (4) and (5) for joint detection and state
estimation.

To overcome the above shortcomings, a novel total varia-
tion (TV) regularization [54] based joint detector and state
estimator (JDSE) is developed below, which exploits the
bounded variation (BV) property [55], [56] of the state vector
time-series 4m

=
[
ξm1 , ξ

m
2 · · · ξ

m
N
]
, for the power system

under consideration. Thus, it achieves robust dynamic state
estimation from the noisy signal vectors ymn received over
the fading channel for improved accuracy of measurement
reconstruction. To develop the TV cost-function, consider the
received signal vector overN time instants represented by the
concatenated matrix Ym

=
[
ym1 , y

m
2 · · · y

m
N

]
∈ CNs×N . The

estimated transmit vector sequence 4̂
m
=

[
ξ̂
m
1 , ξ̂

m
2 · · · ξ̂

m
N

]
∈

SNs×N corresponding to the time-series xn (m) , 1 ≤ n ≤ N
of themthmeasurement is given by themaximum a posteriori
probability (MAP) rule [38]

4̂
m
= argmax

4m
∈SNs×N

P
(
4m
|Ym)

= argmax
4m
∈SNs×N

P
(
Ym
|4m)

× P
(
4m)

= argmax
4m
∈SNs×N

N∏
n=1

P
(
ymn |ξ

m
n
)
×

N∏
n=1

P
(
ξmn
)
. (17)

The probability density function (PDF) P
(
ymn /ξ

m
n
)
follows

the Gaussian distribution as determined by the input-output
relationship in (14). On the other hand, the term P

(
ξmn
)

represents the a priori distribution, which is characterized by
the Gibbs measure [57] given by

P
(
ξmn
)
=

1
σz
e−U(ξ

m
n ). (18)

The quantity σz is a suitable normalizing factor andU
(
ξmn
)
is

the prior energy functional considered to be the TV norm of
the transmitted symbol vectors ξmn . Hence, the MAP detector
above reduces to evaluation of the time-series estimate 4̂

m

that minimizes the TV regularized cost-function of

4̂
m
= argmin
4m
∈SNs×N

N∑
n=1

(
‖ymn −Hm

n ξ
m
n ‖

2
2 + γ ‖ξ

m
n ‖TV

)
. (19)

The TV regularization exploits the bounded variation (BV)
property arising from the quasi-static behaviour of the
power systems under normal operating conditions [30], [58].
In essence, the TV term ‖ξmn ‖TV characterizes the temporal
correlation of the state vector elements and it is mathemati-
cally defined as the integral of the absolute temporal gradient
of the state vector sequence [59]. Hence, for a discrete vector
sequence xn (m) it can be defined in terms of the l1 norm

of the difference between the current and the previous state
vectors similar to [26]–[28], as shown below

‖ξmn ‖TV = ‖xn (m)− xn−1 (m) ‖1. (20)

The Lagrange parameter γ is the regularization parame-
ter [57] that controls the weight assigned to the TV regular-
ization factor vis-a-vis the observation error ‖ymn −Hm

n ξ
m
n ‖

2
2.

It is worth noting that the above MAP cost-function yields
a tractable framework for the decoding of the state vector
sequence ξmn . By contrast, other related approaches such as
minimum mean squared error (MMSE) estimation etc are
intractable due to the non-linearity of the quantization opera-
tion in (12) and also owing to the large dimensionality of the
state space.Moreover, the linearMMSE (LMMSE) approach,
which minimizes the mean squared l2 norm of the estimation
error fails to exploit the sparsity arising due to the bounded
variation (BV) property. Finally, the traditional compressive
sensing (CS) framework [60] is not well suited either since
the diagonal channel matrix Hm

n is of full rank, in contrast
to a CS problem, wherein the dictionary matrix comprises
of an over complete basis with number of observations i.e.
the dimension of ymn much smaller than that of the transmit
symbol vector ξmn .
Direct minimization of the cost-function in (19) for detec-

tion of the sequence 4̂
m
has a potentially excessive complex-

ity since the size of the symbol vector sequence space is of
the order ofO

((
Nq
)N). This renders the problem of optimal

sequence detection formidable via conventional approaches.
Thus, in order to overcome this challenge, a novel Viterbi
algorithm based decoder is developed below for the mini-
mization of the TV cost function of (19) for the computation
of the optimal state vector sequence estimate ξ̂ l

m
from the

received signal time-series Ym.

A. VITERBI DECODER FOR TV-JDSE
The proposed Viterbi-based TV-JDSE scheme employs a trel-
lis that has Nq states and N stages, which corresponds to the
N time instants, considered as shown in Fig. 2. The ith state
corresponds to the transmitted symbol vector νi ∈ S for 1 ≤
i ≤ Nq, where each νi represents one of the Nq quantization
levels in ζm. The state metric 9m

n (i) corresponding to state i
at stage n is defined as

9m
n (i) = ‖y

m
n −Hm

n νi‖
2
2 ∀1 ≤ i ≤ Nq. (21)

The branch metric of the state transition from the jth state at
stage (n− 1) to the ith state at stage n in the trellis is defined
as

ρmn (i, j) = γ |x̃
i,j
n (m)− x̂jn−1 (m)|, (22)

where the quantity x̃i,jn (m) represents the state vector estimate
for the transition from state j at stage n− 1 to state i at stage
n corresponding to the mth element xn (m) of state vector xn.
The step-by-step procedure of determining x̃i,jn (m) is com-
prehensively summarized in Algorithm 1, along with the
update equations for the Holt parameters of g̃i,jn (m), ã

i,j
n (m)
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FIGURE 2. The trellis structure for the proposed TV-JDSE, RB-TV-JDSE schemes.

Algorithm 1 Viterbi Decoder Parameter Update Procedure
for TV-JDSE for Transition From State j at Stage n − 1 to
State i at Stage n for mth Measurement

Input Data: i, j, m, n
Input Parameter: w1, w2, ζm, gjn−1 (m), ajn−1 (m),
bjn−1 (m), x̂

j
n−1 (m), M̂

j
n−1 (m,m).

Compute matrix: Fn using (6).
1. Prediction for state i at stage n:

x̂i,jn|n−1 (m) = Fn−1 (m,m) x̂
j
n−1 (m)+ gjn−1 (m)

2. Update g̃i,jn (m) = (1+ w2) (1− w1) x̂
i,j
n|n−1 (m) −

w2a
j
n−1 (m)+ (1− w2)b

j
n−1 (m)

3. Compute innovation for transition from state j to i at time
n: z̃i,jn (m) = ζm (i)− x̂i,jn|n−1 (m).
4. Prediction error variance

M̂i,j
n|n−1 (m,m) = F2

n (m,m) M̂
j
n−1 (m,m)+ Cq (m,m)

5. Kalman gain Ki,j
n (m) =

M̂i,j
n|n−1(m,m)

M̂i,j
n|n−1(m,m)+Cr (m,m)

6. Correction x̃i,jn (m) = x̂i,jn|n−1 (m)+Ki,j
n (m) z̃

i,j
n (m)

7. Estimation error variance

M̃i,j
n (m,m) =

(
1−Ki,j

n (m)
)
M̂i,j

n|n−1 (m,m)

8. Compute ãi,jn (m) and b̃
i,j
n (m) as given by,

ãi,jn (m) = w1x̃i,jn (m)+ (1− w1) x̂
j
n−1 (m)

b̃i,jn (m) = w2

(
ãi,jn (m)− ajn−1 (m)

)
+ (1− w2)b

j
n−1 (m)

and b̃i,jn (m) and the estimation error variance M̃i,j
n (m,m) for

each branch of the trellis, corresponding to the LES model of
dynamic state evolution in (5).

The accumulated metric 8m
n (i) for each state at stage 1

is initialized as 8m
1 (i) = 91 (i). For the subsequent stages,

i.e., n ≥ 2, it is defined as

8m
n (i) = 9

m
n (i)+ min

1≤j≤Ns
{8m

n−1 (j)+ ρ
m
n (i, j)}. (23)

The corresponding survivor node for each state i at the sub-
sequent stages n ≥ 2 is decided as follows

δmn (i) = argmin
1≤j≤Ns

{8m
n−1(j)+ ρ

m
n (i, j)}. (24)

Since the proposed scheme performs joint detection and state
estimation, the survivor state vector estimate x̂in and the corre-
sponding error covariance matrix M̂i (n) are also determined
for each state i at the stage n as

x̂in (m) = x̃i,jn (m)
∣∣j=δmn (i) , (25)

M̂i
n (m,m) = M̃i,j

n (m,m)
∣∣j=δmn (i) (26)

Holt parameters corresponding to the survivor node for each
state i and each stage n of the trellis are obtained as

gin (m) = g̃i,jn (m)
∣∣j=δmn (i) , (27)

ain (m) = ãi,jn (m)
∣∣j=δmn (i) , (28)

bin (m) = b̃i,jn (m)
∣∣j=δmn (i) . (29)

After reaching the last stage of the trellis at n = N ,
the optimal TV-decoded symbol vector sequence 4̂

m
and the

corresponding estimated state vector time-series x̂n (m) are
determined as follows. The index îm (N ) of the symbol vector
estimate at stage N is obtained by finding the specific state
corresponding to the minimum accumulated metric as

îm (N ) = argmin
1≤i≤Ns

8m
N (i) . (30)

The symbol and the state vector estimates corresponding to
the above state at stage N are given as ξ̂

m
N = ν îm(N ) and

x̂N (m) = x̂î
m(N )
N (m), respectively. The symbol vectors at the
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previous stages n ≤ N are then decoded recursively from the
minimum metric path indexed as

îm (n) = δmn+1
(
îm (n+ 1)

)
, n < N , (31)

with the corresponding TV-optimal symbol and state vector
estimates given by ξ̂

m
n = ν îm(n) and x̂n (m) = x̂î

m(n) (m),
respectively. The bandwidth required for transmission of the
measurements from the above devices can be seen to be pro-
portional to the number of bits log2

(
Nq
)
per measurement.

The next section therefore presents a scheme for enhancing
the bandwidth efficiency of measurement transmission in the
smart grid by quantizing each measurement to a single bit
followed by state estimation at the receiver.

IV. REDUCED-BANDWIDTH STATE ESTIMATION (RB-SE)
FOR EFFICIENT WIRELESS COMMUNICATION IN SMART
GRIDS
Again, the quantization and subsequent transmission of the
raw measurements in (12) requires significant bandwidth and
high data rates, which leads to substantial overheads and
higher costs in the smart grid. This becomes increasingly
burdensome for a large power system with a proportionally
higher number of buses equipped with advanced measure-
ment devices such as PMUs [61] due to the increased com-
putational load for dynamic state estimation at the control
center. In this context, the classical works by Steele [62], [63]
which describe the linear and adaptive delta modulation
techniques for the transmission of a binary coded analog
signal, provide an excellent foundation for the development
of bandwidth-efficient communication schemes for smart
grid. Such limited bit-rate schemes have been found to be
immensely useful in order to reduce the channel state infor-
mation (CSI) feedback overhead from the receiver to the
transmitter in modern wireless systems. Various schemes
have been proposed towards this end, such as for quan-
tized beamformer feedback in multiple transmit antenna
systems [64], multi-user MIMO-OFDM systems [65], tem-
porally correlated channels [66] and quantized covariance
feedback for MIMO channels [67]. Furthermore, Grass-
mannian manifold-based techniques have gained significant
appeal for codebook design with quantization, such as for
beamforming in [68], multi-user MIMO precoding in [69].
Most recently, the work in [70] presents a comprehensive
overview of codebook design, transmit precoding and sig-
nal detection schemes in mmWave massive MIMO system
with low-resolution ADCs. The above works motivate the
development of schemes for measurement transmission and
subsequent state estimation for smart grid with a limited
number of bits. However, the existing works reviewed above
cannot be directly extended to wireless transmission and
Kalman filter based dynamic power system state estimation
where the signal is corrupted by measurement noise prior
to being quantized for modulation. Therefore, to overcome
this, an efficient one-bit measurement transmission scheme
is proposed below based on the sign-of-innovation (SOI)

framework in [71], which significantly improves the spectral
efficiency, followed by the development of the corresponding
reduced-bandwidth framework for TV-based state estimation
in the power system. Consider the equivalent dynamic state
evolution and measurement models for the mth measurement
device, extracted from the overall model in (5) and (2),
as shown below

xn(m) = Fn−1(m,m)xn−1(m)+ gn−1(m)+ qn−1(m), (32)

zn (m) = xn (m)+ rn (m) . (33)

To reduce the bit-rate required for transmission, the innova-
tion corresponding to each measurement device m at each
time instant n is quantized to a single bit vn (m) ∈ {−1,+1},
which is determined as follows,

vn (m) = sgn
[
zn (m)− ẑn|n−1 (m)

]
∀1 ≤ m ≤ M (34)

sgn [x] =

{
1, if x ≥ 0
−1, otherwise,

(35)

where sgn [·] denotes the standard signum function. Thus,
in essence, the reduced-bandwidth scheme quantizes themea-
surement zn (m) to a single bit with respect to the quan-
tization threshold which is equal to the predicted value
of the measurement ẑn|n−1 (m) = x̂n|n−1 (m) at time
instant n. The quantization process transforms the linear KF
for state-estimation with conventional analog measurements
described in Appendix-C into a non-linear filtering problem
arising due to the non-linearity of the thresholding operation
in (34). Therefore, the a posteriori PDF p [x (m) |v1:n (m)] is
no longer given by the normal distribution, as in the conven-
tional KF. This necessitates a more elaborate procedure for
evaluation of the a posteriori PDF for computation of the
MMSE estimate x̂n|n (m) of xn (m) as shown below

x̂n|n (m) =
∫
R
xn (m) p [xn (m) |v1:n (m)] dxn (m) (36)

The evaluation of the a posteriori PDF in p [xn (m) |v1:n (m)]
is carried out in a recursive fashion, similar to the procedure
given in [71], as

p [xn (m) |v1:n−1 (m)]

=

∫
R
p [xn (m) |xn−1 (m) , v1:n−1 (m)]

× p [xn−1 (m) |v1:n−1 (m)] dxn−1 (m)

=

∫
R
p [xn−1 (m) |v1:n−1 (m)]

×N
[
Fn (m,m) xn−1 (m) ,Cq (m,m)

]
dxn−1 (m) , (37)

where the last equality arises since p[xn (m) |xn−1 (m),
v1:n−1 (m)] equals the Gaussian probability density func-
tion with mean Fn (m,m) xn−1 (m) and variance Cq (m,m).
Furthermore, it can now be seen that the a posterior PDF
p [xn (m) |v1:n (m)] can be determined as

p [xn (m) |v1:n (m)]
= αnp [xn (m) |v1:n−1 (m)]
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×Q
[
−vn (m)

(
xn (m)− x̂n|n−1 (m)

Cr (m,m)

)]
, (38)

where αn is the normalization factor that is appropriately
chosen for ensuring

∫
R p [xn (m) |v1:n (m)] dxn (m) = 1. The

procedure described above is challenging due to the numeri-
cal evaluation required for evaluating the various integrals in
order to determine the MMSE estimate x̂n|n (m). This in turn
leads to a high computational burden at both the encoder as
well as the decoder that entails expensive hardware at both
ends of the communication link. Thus, for simplifying the
practical implementation of the proposed reduced-bandwidth
scheme, the procedure above can be simplified by approx-
imating the PDF p [xn (m) |v1:n−1 (m)] by the normal PDF
shown below

p [xn (m) |v1:n−1 (m)] = N
[
x̂n|n−1 (m) , M̂n|n−1 (m,m)

]
.

(39)

This leads to our low-complexity MMSE estimation algo-
rithm detailed by the following proposition.
Proposition 1: For the power system model described

in (32) and (33), the MMSE state estimate x̂n (m) and the
corresponding a posterior error variance M̂n|n (m,m), cor-
responding to the reduced-bandwidth transmission scheme
described in (34), can be determined using the recursions
below

x̂n|n−1 (m) = Fn−1 (m,m) x̂n−1|n−1 (m)+ gn−1 (m)

(40)

M̂n|n−1 (m,m) = F2
n (m,m) M̂n−1|n−1 (m,m)+ Cq (m,m)

(41)

x̂n|n (m)= x̂n|n−1 (m)+

(√
2
π

)
M̂n|n−1 (m,m) vn (m)√

Cr (m,m)+M̂n|n−1 (m,m)

(42)

M̂n|n (m,m) = M̂n|n−1 (m,m)

−

(
2
π

)
M̂2

n|n−1 (m,m)

Cr (m,m)+ M̂n|n−1 (m,m)
(43)

Proof 1: Given in Appendix A.
The step-by-step procedure for obtaining the single-bit

measurements vn (m), corresponding to themth measurement
device, is detailed in Algorithm 2. Since each measurement is
quantized to a single bit, the modulated symbol vector ξmn can
now be replaced by a single symbol ξmn permeasurement. Fur-
thermore, low complexity binary phase shift keying (BPSK)
symbols of Sb = {−1,+1} can be used. Let the modulated
symbol be represented as

ξmn = φ [vn (m)] . (44)

Based on the wireless transmission model in (13), the corre-
sponding received symbol ymn can be expressed as

ymn = hmn ξ
m
n + η

m
n . (45)

Algorithm 2 RB Framework for 1−bit Quantization of the
mth Measurement
Input Data: z1:n (m), x1 (m), x2 (m)
Input Parameter: Holt parameters w1, w2 and Cq, Cr

Initialize: x̂1|1 (m) = x1 (m), M̂1|1 (m,m) = Cq (m,m),
a1 (m) = x1 (m), b1 (m) = x2 (m) − x1 (m) and g1 (m)
using (7).
Evaluate: Fn (m,m) using (6).
for n=2 to N do
1. State prediction: Evaluate x̂n|n−1 (m) using (40).
2. Update the Holt parameter: gn (m) =

(1+ w2) (1− w1) x̂n|n−1 (m) − w2an (m) +

(1− w2)bn (m)
3. Prediction MSE update: M̂n|n−1 (m,m) =

F2
n−1 (m,m) M̂n−1|n−1 (m,m)+ Cq (m,m)

4. Set ẑn|n−1 (m) = x̂n|n−1 (m).
5. Determine single bit measurement vn (m) using (34).
6. Update state estimate x̂n|n (m) using (42).
7. Update estimation MSE M̂n|n (m,m) using (43).
8. Evaluate Holt parameters an (m) and bn (m) using (8)
and (9) respectively.

end for

Consider now the concatenated transmit vector ξn ∈ SM×1b
corresponding to all the measurement devices, defined as
ξn =

[
ξ1n , ξ

2
n , . . . , ξ

M
n
]T
. Note that SM×1b denotes the entire

set of 2M legitimate BPSK symbol vectors. The correspond-
ing received symbol vector yn =

[
y1n, y

2
n, . . . , y

M
n
]
∈ CM×1,

obtained by the concatenation of received symbols from the
M measurement devices, is given by

yn = Hnξn + ηn, (46)

where thematrixHn ∈ CM×M comprised of the channel coef-
ficients corresponding to the wireless links in the smart grid
is defined asHn = diag

([
h1n, h

2
n, . . . , h

M
n
]T)

and the AWGN

noise is denoted by ηn =
[
η1n, η

2
n, . . . , η

M
n
]T
. Employing the

MLdetector of (16), the symbol vector estimate ξ̂n is obtained
as

ξ̂n = argmin
ξn∈SM×1

b

‖yn −Hnξn‖
2
2. (47)

This is subsequently employed for state estimation at the
control center and the corresponding procedure is succinctly
described in Algorithm 3.

The above technique of state estimation using the
ML-detected symbols along with the reduced-bandwidth
transmission scheme of the smart grid is termed as
RB-MLD-SE. It can be observed that the RB scheme offers
several key advantages for practical wireless communication
protocols in the smart grid. Firstly, it minimizes the bit-rate
required for wireless communication since it only transmits
a single bit per measurement per time instant. Furthermore,
it does not require any knowledge of the quantization levels
at the receiver, thus substantially simplifying the receiver
design. The RB-MLD-SE technique can now be extended
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Algorithm 3 RB Framework for Dynamic State Estimation
Input Data: y1:n, x1, x2
Input Parameter: w1, w2, Cq, Cr

Initialize: x̂1|1 = x1, M̂1|1 = Cq, a1 = x1, b1 = x2 − x1
and g1 using (7).
Evaluate Fn using (6).
for n=2 to N do

1. State prediction: x̂n|n−1 = Fn−1x̂n−1|n−1 + gn−1
2. Update gn using (7).
3. Prediction MSE update:

M̂n|n−1 = Fn−1M̂n−1|n−1FTn−1 + Cq

for m=1 to M do
a. Decode the single bit measurement v̂n (m) =
φ−1

(
ξ̂n (m)

)
b. Determine the Kalman gain kn (m) and error vari-
ance M̂n|n (m,m) employing (55) and (43) respec-
tively.
c. Estimate state x̂n|n (m) = x̂n|n−1 (m) +
kn (m) v̂n (m)

end for
4. Evaluate Holt parameters an and bn using (8) and (9)
respectively.

end for

to leverage our TV-framework for joint detection and state
estimation as described next.

A. REDUCED-BANDWIDTH TOTAL VARIATION
REGULARIZATION BASED-JDSE (RB-TV-JDSE)
Similar to the TV-JDSE procedure described in Section III,
TV regularization can now be readily incorporated into our
RB-MLD-SE detection as shown below, and the resultant
detector is termed as RB-TV-JDSE. Following a procedure
similar to the one described in (19) for the MAP rule,
the pertinent detector for the transmit symbol vector sequence
4 =

[
ξ1, ξ2, . . . , ξN

]
∈ SM×Nb is given as

4̂ = argmin
4∈SM×N

b

N∑
n=1

(
‖yn −Hnξn‖

2
2 + γ ‖ξn‖TV

)
, (48)

where the TV regularization factor is ‖ξn‖TV = ‖xn−xn−1‖1.
It can now be seen that the above cost function is similar
to the one obtained in (19), after dropping the subscript m.
Hence, the Viterbi decoder can once again be employed for
joint detection and state estimation. The total number of states
in the pertinent trellis is Nq = 2M with the number of stages
beingN , where each state denoted by νi corresponds to one of
the 2M possible combinations of the single-bit measurements
transmitted by themeasurement devices in the smart grid. The
corresponding procedure of computing the various quantities
x̃i,jn , M̃

i,j
n together with the Holt parameters g̃i,jn , ã

i,j
n and b̃i,jn for

the transitions from state j at stage n − 1 to state i at stage n
in the trellis is comprehensively detailed in Algorithm 4. The

optimal detected symbol vector sequence 4̂ and the estimate
of the state vector time series X̂ =

[
x̂1, x̂2, . . . , x̂N

]
can now

be obtained via minimization of the above cost function using
a procedure similar to the one described in Section-III.

Algorithm 4 Viterbi Decoder Parameter Update Procedure
for RB-TV-JDSE for Transition From State j at Stage n − 1
to State i at Stage n

Input Data: i, j, n
Input Parameter: w1, w2, Cq, Cr , νi, g

j
n−1, a

j
n−1, b

j
n−1,

x̂jn−1, M̂
j
n−1.

Compute matrix: Fn using (6).
1. State prediction at state i: x̂i,jn|n−1 = Fn−1x̂

j
n−1 + gjn−1

2. Update g̃i,jn = (1+ w2) (1− w1) x̂
i,j
n|n−1 − w2a

j
n−1 +

(1− w2)b
j
n−1

3. Update prediction error covariance matrix:

M̂i,j
n|n−1 = FnM̂

j
n−1F

T
n + Cq

for m=1 to M do
a. Set sign-of-innovation bit vin (m) = φ

−1 (νi (m))
b. Evaluate Kalman gain ki,jn (m) =(√

2
π

)
M̂i,j
n|n−1(m,m)√

Cr (m,m)+M̂
i,j
n|n−1(m,m)

c. Update state estimate x̃i,jn (m) = x̂i,jn|n−1 (m) +

ki,jn (m) vin (m).
end for
7. Update estimation error covariance M̃i,j

n using (43).
8. Evaluate ãi,jn and b̃i,jn as

ãi,jn = w1x̃i,jn + (1− w1) x̂
i,j
n|n−1

b̃i,jn = w2

(
ãi,jn − ajn−1

)
+ (1− w2)b

j
n−1

V. SIMULATION RESULTS AND DISCUSSIONS
A. SIMULATION SETUP
Our simulation results are presented for the standard
IEEE−14 bus (p = 14) power system [72] to illustrate
the performance of the proposed schemes for wireless mea-
surement transmission, detection and state estimation in the
smart grid. The four different scenarios detailed below are
considered for comprehensively illustrating the performance
of the proposed TV-JDSE, RB-MLD-SE and RB-TV-JDSE
techniques.

1) CASE-I: SMART GRID WITH PMU MEASUREMENT
DEVICES UNDER NORMAL OPERATING CONDITIONS
Under normal operating conditions the power system exhibits
a quasi-static behavior. Furthermore, the PMUs [73] typically
collect the measurements from the grid at a very high tem-
poral resolution of approximately 30 to 60 measurements
per second. Hence, for the simulations characterizing this
scenario, the PMU measurements are generated as follows.
Similar to [74], the load flow is executed repeatedly for vari-
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ous loading conditions with random variations in the loads at
time instants n = 1, 2, . . . ,N with N = 100. The maximum
and the minimum limits on the overall load variations are
set to +25% and −25% of their baseline values. The loads
change gradually at each time-step due to the quasi-static
behavior and the limit on load variation in a single time-step
is set to±5% of the previous load value. This scenario ideally
captures the behavior of the smart grid and the performance
of the proposed techniques for wireless transmission of the
measurements under normal conditions.

2) CASE-II: MART GRID WITH SCADA MEASUREMENT
DEVICES UNDER NORMAL OPERATING CONDITIONS
SCADA devices provide lower resolution measurements at
a much lower frequency then PMU devices, typically of the
order of one measurement per few seconds interval [75].
Thus the temporal resolution of measurement collection is
much lower than in Case-I above. The generator and load
profiles for this scenario have been obtained from the real
time operational data of the UK’s national power grid [76],
thus demonstrating the performance of the proposed tech-
niques based on practical grid data. Similar to Case-I, the cor-
responding voltage magnitude and phasor profiles are now
obtained by repeatedly running the static load flow analysis
for N = 100 time stamps for the generator and load power
profiles considered above. Thus, this scenario demonstrates
the applicability of the proposed techniques also for SCADA
measurements, in addition to the PMUmeasurements consid-
ered in Case-I, thus illustrating the versatility of the proposed
wireless communication framework.

3) CASE-III: SMART GRID WITH PMU MEASUREMENT
DEVICES UNDER SUDDEN LOAD CHANGES
Typically, power grids also experience outages, thus deviating
from their normal operating conditions. In such conditions,
in order to prevent deviation of the power line frequency from
its nominal value (e.g. 50Hz for UK/India grids), the imbal-
ance between load and generation is corrected through a
sudden outage at a PQ-bus for a short duration. To model this
effect, in the above setting of the PMUmeasurements in Case-
I, a PQ-bus in the power system is suddenly disconnected
by setting its load power to zero during the time interval
45 ≤ n ≤ 55 followed by carrying out the load flow analysis
for N = 100 time instants. This results in a sudden change in
the voltage magnitude and phasors, which corresponds to the
transition from normal load to no-load [77] and back to nor-
mal load condition of the smart grid. This setup thoroughly
examines the impact of outages, which although infrequent,
may significantly affect the performance of the smart grid and
in turn of the proposed techniques.

4) CASE-IV: SMART GRID WITH PMU DEVICES UNDER A
SUDDEN LOAD DROP
This case arises, when there is a sudden load drop and the sys-
tem transitions from an overloaded to no load condition. This
occurs when the circuit breakers automatically disconnect a
particular bus in the system due to overloading. To model this

scenario, the load power at bus-4 is changed from 2.5 times of
its base value to zero in the time interval 1 ≤ n ≤ 50 and the
load flow is executed by varying the other loads randomly in
the range of±10% of their base value in a single time-step for
the time instants 1 ≤ n ≤ 100. In this scenario, the variation
in the voltage magnitude and phase is significantly higher in
comparison to the other scenarios considered in Cases I, II,
III for the smart grid and hence tests the robustness of the
proposed methods.

The linear measurement model described in (2) is
considered for the PMU voltage magnitude, phasor and
SCADA voltagemagnitudemeasurements in the above cases.
To simulate real time PMU measurements, both the voltage
magnitude and the phasor measurements are assumed to be
corrupted by measurement uncertainties of 0.02% and 0.01◦,
respectively [78], [79]. For conventional SCADA measure-
ments, measurement uncertainties of 1% [80] are considered
for the voltage magnitudes. The values of the other param-
eters in the power system are set as follows. The number
of measurements i.e. the size of the state vector is M =

P = 27, and the Holt parameters are set to w1 = 0.9 and
w2 = 0.5 as proposed in [25], [36], and [74]. Similarly
to [36] and [81], considering the initial states at time-instants
n = 0, 1 to be known accurately, the diagonal elements of
the prediction error covariance matrix Cq are set to 10−6.
Furthermore, the elements of the measurement noise vector
rn are considered to be i.i.d Gaussian distributed with zero
mean and variance σ 2

r . Thus, the noise covariance matrix
is Cr = σ 2

r I. The various benchmarks described below
are used for comparing the performance of the proposed
practical schemes. The first one is the ideal clairvoyant KF
state estimator, which assumes the availability of infinite
bandwidth for the transmission of the analog measurements
zn together with error-free reception over the wireless chan-
nel. The procedure for this is summarized in Algorithm 5
of Appendix C. The second benchmark used purely for the
purpose of comparison pertains to reduced-bandwidth trans-
mission relying on ideal error-free reception of the measure-
ment bits, v̂n = vn, followed by the state estimation at the
control center using Algorithm 3. This is termed as Ideal
RB-SE. The Rayleigh fading wireless channel coefficients

are generated as hn =
√

1
2 (hR + jhI ) where hR and hI , are

i.i.d. Gaussian random variables distributed as N
[
0,
√

1
2

]
.

As seen from the model above, the average power of the
channel coefficients is fixed as unity i.e. E{|hk |2} = 1. The
covariance of the zero mean AWGN ηmn at the receiver is set
toCη = σ 2

η Ib where σ
2
η =

1
SNR and SNR is the signal to noise

ratio at the receiver. The standard mean absolute estimation
error (MAEE) [36] metric is considered for characterizing the
performance of state estimation in various schemes, which is
defined corresponding to the mth measurement as

MAEE (m) =
1
N

N∑
n=1

∣∣xn (m)− x̂n (m)
∣∣ . (49)
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TABLE 1. Average MAEE performance for the proposed TV-JDSE, RB-TV-JDSE schemes applied on the test data set for bus 4 and 7 measurements, for
cases I, II, III, IV in the standard IEEE-14 bus system.

B. RESULTS AND DISCUSSIONS
1) OPTIMAL VALUE OF THE TV REGULARIZATION
PARAMETER γ
The optimal value of the TV regularization parameter γ in the
TV cost function described in (19) in Section III for TV-JDSE
is found as follows. The average MAEE is computed over
1000 Monte Carlo simulations of the power system under
consideration (IEEE−14 bus) for γ in the range of

[
1, 106

]
.

The resultant MAEE values are shown in Fig. 3, where it
can be observed that the optimal value of γ that minimizes
the average MAEE belongs to the range [500, 5000]. Thus,
rather than arbitrarily setting γ , the value of γ chosen above
is guaranteed to yield the best system performance.

2) PERFORMANCE COMPARISON OF PROPOSED TV-JDSE
VERSUS CONVENTIONAL MLD-SE
Results are now presented for comparing the MAEE perfor-
mance of the proposed TV-JDSE to that of the conventional
MLD-SE. Table-1 shows the average MAEE performance of
the proposed TV-JDSE scheme for 1000 Monte Carlo simu-
lations of the voltage magnitude and phasor measurements in
the IEEE-14 bus system for Cases I, II, III and IV described
above.

The voltage magnitude estimate for bus−4 and phase angle
estimates for bus−7 corresponding to a normal operation
scenario, such as Case-I are plotted in Fig. 4 and Fig. 5,
respectively. It can be seen from Table-1, Fig. 4 and Fig. 5
that the MAEE of the TV-JDSE scheme is significantly lower
than that of the conventional MLD-SE. For instance, the

FIGURE 3. Determination of the optimal value of Lagrange parameter γ
using lowest average MAEE criterion for the proposed TV-JDSE scheme for
Nq = 16 for PMU measurements for different channel SNRs.

proposed TV-JDSE technique conceived for wireless mea-
surement transmission leads to a reduction of more than
50% in the MAEE in comparison to the MLD-SE estimate
of the bus−4 voltage magnitude for Nq = 64, thus illus-
trating the substantial improvement in performance. Similar
performance improvements can be seen for Nq = 16 and
also for various SNR values equal to 10, 15 and 20dB.
Similarly, Fig. 6 and 7 plot the voltage magnitude estimate
for bus−4 corresponding to the scenario of Case-III asso-
ciated with sudden load changes and Case-IV with a load
drop from over-loading to no-load condition. Once again,
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FIGURE 4. Voltage magnitude dynamic estimation using the proposed
TV-JDSE scheme for bus-4 PMU measurements at SNR = 10dB and
Nq = 256.

FIGURE 5. Voltage phase angle dynamic estimation for PMU
measurements at bus-7 using the TV-JDSE scheme at SNR = 10dB and
Nq = 256.

as it can be verified from Table-1, TV-JDSE leads to a 60%
and 75% reduction in the MAEE over MLD-SE for Nq =
64 corresponding to Cases III, IV respectively at SNR =
10dB. Furthermore, the robustness of the proposed tech-
niques manifests itself in terms of their ability to accurately
track the bus voltagemagnitude variations under such adverse
conditions.

3) PERFORMANCE COMPARISON OF THE EFFICIENT
REDUCED-BANDWIDTH (RB) SCHEMES
To characterize the performance of the proposed bandwidth
efficient transmission schemes, the estimated voltage magni-
tude for bus−4 corresponding to the RB-TV-JDSE technique
is plotted in Fig. 8 for Case-I, where it is observed that this
is better suited for tracking the variations in the voltage mag-
nitude than the conventional RB-MLD-SE. The correspond-
ing MAEE performance averaged over 1000 Monte-Carlo

FIGURE 6. Dynamic estimation of the voltage magnitudes of bus-4 PMU
measurements for the scenario in case-III using the TV-JDSE scheme at
SNR = 10dB and Nq = 256.

FIGURE 7. Dynamic estimation of the voltage magnitudes of bus-4 PMU
measurements for the scenario in case-IV using the TV-JDSE scheme at
SNR = 10dB and Nq = 256.

simulations across the SNR range of [0, 30] dB is shown
in Fig. 9 from which it can be seen that RB-TV-JDSE yields
about 50% reduction in MAEE at SNR = 10dB, as also
confirmed by the values in Table-1. As the SNR is increasing,
the performance of both techniques can be seen to coincide
with that of the ideal RB-SE benchmark having no bit-errors.
Furthermore, the average MAEE can be seen to decrease
upon increasing the number of quantization levels, finally
approaching the Clairvoyant KF benchmark having Nq =
256 levels for SNR ≥ 20dB. Additionally, to provide further
insights, the performance of TV-JDSE andMLD-SE recorded
for Nq = 4, 16, 64, 256 quantization levels is also shown
in Fig. 9. The average MAEE can be seen to decrease upon
increasing the number of quantization levels, as is naturally
expected, closely approaching the Clairvoyant KF benchmark
for Nq = 256 levels for SNR ≥ 20. Thus, although the
RB scheme has a slightly higher MAEE, it is well suited for
practical scenarios, since it only requires the transmission of
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FIGURE 8. Voltage magnitude dynamic estimation using RB-TV-JDSE
scheme for PMU measurements at bus-4 with SNR = 10dB.

FIGURE 9. Average MAEE performance of the proposed RB-TV-JDSE and
TV-JDSE schemes for Nq = {4,16,64,256} with respect to the channel
SNRs for PMU measurements.

a single measurement bit. Furthermore, it can be observed
that similar to the single-bit quantized MIMO aided wireless
communication systems [82], [83], the proposed single-bit
measurement based RB-MLD-SE andRB-TV-JDSE schemes
also exhibit a flat MAEE performance at higher SNR values
(typically in the range 20dB to 30dB).

4) IMPACT OF MEASUREMENT NOISE ON PERFORMANCE
Fig. 10 compares the average MAEE of the proposed
TV-JDSE to that of the conventional scheme for different
levels of measurement noise characterized by the variance
σr in the range of

[
10−5, 10−1

]
at SNR = 10dB. Similar

to the trends observed in the previous figures, the average
MAEE of the proposed TV-JDSE is lower than that of the
conventional MLD-SE for state reconstruction at different
levels of the measurement noise. For instance for noise levels
at σr = 10−3 TV-JDSE yields approximately 35% reduction

FIGURE 10. Average MAEE performance of the proposed TV-JDSE,
RB-TV-JDSE schemes for bus−4 measurements at SNR = 10dB and
Nq = 16 with respect to the measurement noise levels σr ∈

[
10−5,10−1

]
.

in MAEE in comparison to MLD-SE at Nq = 16, while
RB-TV-JDSE yields a 60% reduction in MAEE in com-
parison to its RB-MLD-SE counterpart. Another interesting
observation is that the RB-TV-JDSE reconstruction tends to
yield a performance similar to the TV-JDSE scheme forNq =
16 at higher levels of measurement noise. This is due to the
fact that as σr →∞, the a posteriori PDF p [xn (m) |v1:n (m)]
converges to a normal distribution. Hence, the accuracy of
the approximation in (39) improves upon increasing the value
of σr , leading to the performance of RB-TV-JDSE becoming
similar to that of TV-JDSE as σr →∞.

It can be observed from the above results that the
TV-JDSE proposed for wireless measurement transmission is
a better choice for state estimation in a smart grid due to the
improved performance resulting from exploiting the bounded
variation (BV) property [26] of the state vector sequence.
Furthermore, the proposed scheme is also practical, since it is
based on digital modulation schemes such as QPSK, using a
finite number of quantization levels Nq. Moreover, the RB-
TV-JDSE scheme that uses only a single bit per measure-
ment is highly practical due to its extremely low bandwidth
requirement, which makes it ideally suited for smart grids.
These techniques are capable of significantly improving the
cost-efficiency and deployability of wireless communication
systems for the smart grid. Finally, the framework presented
employs a simplistic encoder that does not increase the com-
plexity of the measurement devices, which makes it even
more attractive for employment in smart grids of the future.

VI. CONCLUSION
A novel TV regularization based joint measurement detector
and dynamic state estimator has been proposed for robust
state estimation from the measurements transmitted over a
wireless channel in a smart grid. The framework developed
intelligently combines the KF for dynamic state estimation in
power systems with the TV detector that exploits the bounded
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variation property of the state variables. The proposed scheme
outperforms the conventional ML detection that leads to sig-
nificant errors due to the fading nature of the wireless chan-
nel. Furthermore, a spectrally efficient TV-RB-JDSE scheme
that uses single bit measurements has also been developed
for dynamic state estimation, which is ideally suited for prac-
tical deployment due to its low bandwidth overhead coupled
with its improved estimation accuracy. Our simulation results
demonstrated the enhanced accuracy of dynamic state estima-
tion using the proposed schemes for wireless transmission of
power grid measurements over a fading wireless channel.

APPENDIX A
PROOF OF PROPOSITION 1
The predictors in (40) and (41) follow from the observation
model given in (5) and (10). The MMSE estimate x̂n|n (m)
in (55) is obtained by evaluating the expected value of the
quantity xn (m) over its a posteriori PDF p [xn (m) |v1:n (m)]
i.e.

x̂n|n (m) =
∫
R
xn (m) p [xn (m) |v1:n (m)] dxn (m) (50)

The a posteriori PDF p [xn (m) |v1:n (m)] follows applying the
Bayes’ rule as

p [xn (m) |v1:n (m)]
= p [xn (m) |v1:n−1 (m) , vn (m)]

=
p [vn (m) |xn (m) , v1:n−1 (m)]× p [xn (m) , v1:n−1 (m)]

p [vn (m) |v1:n−1 (m)]
(51)

The various quantities above can be evaluated as described
next. The PDF p [vn (m) |xn (m) , v1:n−1 (m)] can be deter-
mined as

p [vn (m) |xn (m) , v1:n−1 (m)]
= Pr{vn (m) = ±1|xn (m) , v1:n−1 (m)}

= Pr{zn (m) ≶ ẑn|n−1 (m) |xn (m)}

= Pr{rn (m) ≶
(
x̂n|n−1 (m)− xn (m)

)
|xn (m)}

= Q
[
vn (m)

x̂n|n−1 (m)− xn (m)
Cr (m,m)

]
. (52)

The PDF p [xn (m) , v1:n−1 (m)] is approximated as
N
[
x̂n|n−1 (m) , M̂n|n−1 (m,m)

]
as justified in (39). The con-

ditional probability p [vn (m) = ±|v1:n−1 (m)] can now be
obtained as

P [vn (m) |v1:n−1 (m)]=Pr{zn (m)≶ ẑn|n−1 (m)} =
1
2

(53)

The above result follows from the fact that the probability
of the normal random variable xn (m) leaving a value either
greater or lesser than its mean value x̂n|n−1 (m) equals half,
together with the property that zn (m) is a linear transforma-
tion of xn (m) as given in (3). Upon substituting the proba-
bilities and PDFs above in the integral of (36) to evaluate the
MMSE estimate, the expression reduces to

x̂n|n (m) = 2
∫
R
xn (m)N

[
x̂n|n−1 (m) , M̂n|n−1 (m,m)

]

× Q

[
vn (m)

(
x̂n|n−1 (m)− xn (m)

)
Cr (m,m)

]
dxn (m) .

(54)

The integral in (54) can be further simplified using the pro-
cedure detailed in Appendix B, leading to the results given
in (42). The Kalman gain kn (m) for this scenario is given by

kn (m) =

(√
2
π

)
M̂n|n−1 (m,m)√

Cr (m,m)+ M̂n|n−1 (m,m)
. (55)

Finally, the expression for the MSE in (43) can be derived
by substituting the expression for kn (m) above into (55) and
simplifying it as shown below

M̂n|n (m,m) = E{
(
xn (m)− x̂n|n−1 (m)− kn (m) vn (m)

)2
}

= M̂n|n−1 (m,m)+ (kn (m))2 E{(vn (m))2}
− 2kn (m)E{vn (m) xn (m)}. (56)

Employing the result Pr{vn (m) |v1:n−1 (m)} = 1
2 together

with the total probability rule, one obtains

E [vn (m) xn (m)]

=
1
2
E [xn (m) |vn (m) = 1]−

1
2
E [xn (m) |vn (m) = −1]

=
1
2

(
x̂n|n−1 (m)+ kn (m)

)
−

1
2

(
x̂n|n−1 (m)− kn (m)

)
= kn (m) . (57)

SubstitutingE{vn (m) xn (m)} from (57) to (56), together with
the fact that E

[
vn (m)2

]
= 1, leads to the expression for

M̂n|n (m,m) given below.

M̂n|n (m,m) = M̂n|n−1 (m,m)− (kn (m))2 . (58)

Finally, substituting the expression for the Kalman gain
kn (m) from (55) into the above equation yields the variance
update rule of (43).

APPENDIX B
SIMPLIFICATION OF ESTIMATION UPDATE
EQUATION (54)
To simplify the analysis, the vector and matrix elements are
replaced by their respective scalar quantities after dropping
the measurement indexm. Thus, the various quantities can be
expressed as x̂n|n−1 := x̂n|n−1 (m), M̂n|n−1 := M̂n|n−1 (m,m)
and Cr := Cr (m,m). Considering the case when vn (m) = 1
and substituting x̃n , xn− x̂n|n−1, equation (51) can be recast
as

x̂n|n = x̂n|n−1 + 2
∫
R
x̃nQ

[
−

x̃n
√
Cr

] exp
[
−x̃2n

2M̂n|n−1

]
√
2πM̂n|n−1

dx̃n.

(59)
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Algorithm 5 KF Based Dynamic State Estimation
Input Data: z1:n, x1, x2
Input Parameter: Cq, Cr , Holt parameters w1, w2

Initialize: x̂1|1 = x1, M̂1|1 = Cq, a1 = x1, b1 = x2 − x1
and g1 using (7).
Evaluate: Fn using (6).
for n=2 to N do
1. State prediction: x̂n|n−1 = Fn−1x̂n−1|n−1 + gn−1
2. Evaluate innovation ẑn|n−1 as z̃n|n−1 = zn− ẑn|n−1 =
zn − x̂n|n−1.
3. Update gn using (7).
4. Prediction error covariance update

M̂n|n−1 = FnM̂n−1|n−1FTn + Cq

5. Evaluate Kalman gain matrix (P×M)

Kn = M̂n|n−1

(
Cr + M̂n|n−1

)−1
6. Correction step

x̂n|n = x̂n|n−1 +Knz̃n|n−1

7. Estimation error covariance update

M̂n|n = (I−Kn) M̂n|n−1

8. Update an and bn using (8) and (9) respectively.
end for

On substituting ũn =
x̃n√
M̂n|n−1

, the integral in the above

expression reduces to

I =
2
√
M̂n|n−1
√
2π

∫
R
ũnQ

−ũn
√
M̂n|n−1
√
Cr

 exp
[
−ũ2n
2

]
dũn

(60)

I =
2
√
M̂n|n−1
√
2π

∫
R
ũn exp

[
−ũ2n
2

]
×

(
1
√
2π

∫
∞

−ũn

√
M̂n|n−1
√
Cr

exp
[
−t2

2

]
dt

)
dũn. (61)

Employing l1 =
−t
√
Cr√

M̂n|n−1

and interchanging the integrals

above, followed by further simplifications yields,

I =

√
M̂n|n−1

π

∫
R
exp

[
−t2

2

] ∫
∞

l1
ũn exp

[
−ũ2n
2

]
dũndt

(62)

I =

√
M̂n|n−1

π

∫
R
exp

[
−t2

2

] ∫
∞

l1

(
−∂

∂ ũn

)
exp

[
−ũ2n
2

]
dũndt

(63)

I =

√
M̂n|n−1

π

∫
R
exp

[
−t2

2

](
− exp

[
−ũ2n
2

])∣∣∣∣(ũn=∞)
(ũn=l1)

dt

(64)

I =

√
M̂n|n−1

π

∫
R
exp

[
−t2

2

(
1+

Cr
M̂n|n−1

)]
dt. (65)

Hence, the MMSE estimate can be determined as

x̂n|n = x̂n|n−1 +

√
M̂n|n−1

π


√
2π√(

1+ Cr
M̂n|n−1

)
, (66)

x̂n|n = x̂n|n−1 +

√
2
π

 M̂n|n−1√
M̂n|n−1 + Cr

. (67)

TheMMSE estimate for vn (m) = −1 can also be determined
similarly and its expression is given in (55).

APPENDIX C
DYNAMIC STATE ESTIMATION USING KALMAN FILTER
The Kalman filter for dynamic estimation of the state
sequence x̂n with analog error-free transmission of the mea-
surements zn, for the state evolution model given in (5) and
linear measurement model in (2), is briefly summarized in
Algorithm 5.
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