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A Parametric Study of an ABH on a Beam

Acoustic black holes (ABHs) are geometric structural features that provide a poten-
tial lightweight damping solution for flexural vibrations. In this article, a parametric
study of an ABH on a beam has been carried out to assess how practical design
constraints affect its behaviour, thus providing detailed insight into design trade-offs.
The reflection coefficient of the ABH has been calculated for each taper profile, pa-
rameterised via the tip-height, taper-length and power-law and it has been shown to
exhibit spectral bands of low reflection. These bands have been related to the modes
of the ABH cell and become more closely spaced in frequency as the ABH parame-
ters are suitably varied. This suggests that ABH design should maximise the modal
density to minimise the broadband reflection coefficient, however, the minimum level
of reflection is also dependent on the power-law and tip-height. Consequently, broad-
band reflection values have been used to show that optimum power-law and tip-height
settings exist that achieve a balance between maximum modal density and minimum
level of reflection. Additionally, at discrete frequencies, in cases where tip-height and
taper-length are practically constrained, the power law can be tuned to maximise

performance. Finally, an experimental study is used to validate the results.
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A Parametric Study of an ABH on a Beam

I. INTRODUCTION

There is a requirement for lightweight vibration control solutions in a variety of appli-
cation areas. One such solution is the so-called ‘acoustic black hole’ (ABH), which relies
on introducing modifications to the design of the structure that reduce the structural wave
speed and thus allow their control. The desired design modifications are generally achieved
via a change in the geometry of the structure'. Specifically, when the edge of a beam or
plate is tapered, over a distance comparable to or larger than the flexural wavelength?, the
flexural wave speed decreases as the beam or plate thickness decreases. This phenomenon
was described by Mironov in 1988° and later termed the ‘acoustic black hole’ effect by Krylov
and Tilman'. Figure 1 shows a simple example of an ABH, where a beam has been tapered
to a point via a power law curve. As flexural waves propagate towards the tip, the wave

speed is reduced following the relationship

er(z) = (Eh%)> Wb, 0

12p,

where F is the Young’s modulus of the beam material, p; is the volume density of the beam
material and h(x) is the height function. Equation 1 shows that the wave speed in a tapered
beam is proportional to the square root of the beam height and, therefore, the wave speed
will decrease along the length of a taper with a decreasing height.

From equation 1 it can be deduced that, theoretically, if the taper reduces to zero thick-
ness, then the velocity of the propagating wave will converge to zero. In this idealised case,
the propagating wave will never reach the tip of the taper and will, therefore, not be reflected

from the end of the tapered beam; hence the analogy to a black hole. In reality, the tapered
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A Parametric Study of an ABH on a Beam

FIG. 1. A diagram of an ABH taper with characteristic features indicated as: width, b; tip height,

htip; taper length, Iy, and height function, h(z).

section will have a finite length and the tip height will be limited by both manufacturing
and structural integrity limitations* ™. As a result of these practical limits, it has previously
been shown that the ABH effect is negligible for practical tip heights, but that significant
vibration reduction can be achieved through the addition of a thin layer of passive damping
material’.

The significant effect of a thin damping layer on the vibration control provided by a
practical ABH can be understood by considering the change in the flexural wavelength, Ay,
along the length of the taper, which can be expressed as

) = (F’l’; (”)i(%)é, 2)
Ps Jo

where fy is the frequency of the wave. Equation 2 shows that as a wave travels down the

taper, its wavelength decreases. It is well known that shorter wavelength vibrations are
more easily attenuated using traditional passive damping treatments and this, therefore,
explains why adding a thin damping layer to a practical ABH provides a significant level of
performance. This effect has been practically demonstrated for thin viscoelastic damping
layers added to either one or both sides of the taper’”® and composite plates’. Additionally,

4
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it has previously been shown that the whole taper need not be covered by the damping layer'’
and that the thickness of the damping layer can be up to six times the thickness of the base

layer before the increase in loss factor diminishes''?,

In addition to practical ABHs requiring an additional damping layer to be applied to the
taper, previous research has also investigated how the geometrical properties of the taper
should be defined for optimal performance. In particular, it has been shown that the taper
profile, tip height and taper length influence the performance of the ABH'. Although the
literature has broadly shown that maximising the taper length and minimising the tip height
will maximise the performance, it has more recently been demonstrated that the selection
of the power law profile requires a tradeoff'*. That is, a high power law is predicted from
the original theoretical analysis"® to maximise the reduction in the wave speed within the
taper and thus minimise the reflection coefficient, however, a high power law simultaneously
violates the smoothness criterion inherent in the analysis utilised in the original modelling
approach'®. As a result, Shepherd et al proposed a method of selecting the power law profile
to reach an optimal tradeoff'?. Since then, further physical insight into this tradeoff has been
gained through more complete models, which include both the uniform and tapered sections

of the structure'*!'020

. Within this body of work it has been shown that high power laws,
which were penalised in'® due to violation of the smoothness criterion, physically result in

significant reflection from the junction between the uniform section of the beam and the

taper due to the rapid impedance change at this point'®?!.

Although significant physical insight has already been demonstrated through various

studies of ABHs, these previous investigations have generally focused on a specific design
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12,19

parameter , or considered only a small number of design cases over frequency or a pa-

rameter sweep at a specific frequency’*!%1"?Y  Therefore, to provide more detailed insight
in to the effect that the geometrical design parameters have on the performance of an ABH
terminating a beam, this paper presents a full parametric design study, which considers the
influence of the tip height, taper length and power law on the overall reflection coefficient
over a broad frequency range. This study provides new physical insight into the design
of an ABH and is complemented by a corresponding modal analysis. This modal analysis
builds on previous work that demonstrates the link between the ABH performance and the
modal density'” and the link between the bands of low reflection and the local modes of the
ABH cell”?, by highlighting in detail how the local modes of the ABH are influenced by the
geometrical design parameters. Furthermore, using the data from the full parametric design
sweep, an investigation is also presented here into how the geometrical parameters should
be selected for optimal broadband performance, which is particularly useful when selecting

the optimum power law for an ABH design with practical constraints on the taper length

and tip height, but also shows new insight into the selection of the tip-height.

The presented investigation is laid out in the following structure. In section I, a numerical
model of a lightly damped ABH taper on a beam is presented. This is followed, in Section
ITI, by the full parametric study, which investigates the effect that varying each geometrical
parameter has on the reflection coefficient of the ABH on a beam over frequency and how
this can be related to the modes of the ABH. An investigation into the optimal broadband
performance is then presented in Section [11 D. In section [V, an experimental case study is

presented, which serves to validate how the characteristics of the reflection coefficient can
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be related to the modes of the ABH cell as indicated by the numerical study. Finally, in

Section V, the conclusions of this investigation are presented.

II. NUMERICAL MODELLING

In order to carry out the parametric study, a numerical model of an ABH on the end
of a beam has been developed. The numerical model was implemented using the finite
element modelling software COMSOL Multiphysics, with the beam physics module using
Timoshenko beam theory. This allows the beam and taper to be defined as a 2D cross-
section, before being assigned a finite width. Although this 1-dimensional model neglects
torsional modes and flexural modes across the width of the beam, it allows a comprehensive
parametric study to be carried out within practical computational limitations. The use of
1-dimensional models in the study of ABHs is common and has previously been successfully
utilised in a number of studies such as?'??. This section will describe the geometry and

physical properties of the modelled beam, discuss the meshing procedure and outline how

the generated data will be processed to obtain the reflection coefficient.

A. Model Geometry

A diagram of the model geometry is shown in Figure 2 and the range of parameters
used in the following parametric study are detailed in Table I. In the following parametric
study, the uniform beam geometry is kept constant, with the beam height, width and length
as defined in Table I. The ABH geometrical properties (excluding its width) are, however,

varied over practical ranges, as also defined in Table I. Although a variety of taper profiles
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us have been investigated in the literature ', the differences in performance are relatively

uz  small. Therefore, in this study, the widely used power law profile has been assumed and the

us height function in this case can be defined as

h(z) = ezt + hyp, (3)

us where € = h(0) — hy;,, is a scaling factor, x is the position along the taper, p is the power

120 law of the taper that defines the gradient and hy;, is the tip height at the end of the taper.

TABLE I. The parameters used in the model geometry.

Parameter Symbol Value / Range of Values
Beam height h(0) 10 mm
Beam length lbeamn 300 mm
Beam/ABH width b 40 mm
ABH tip height hiip 0.01 mm — 3 mm
ABH taper length Labh 10 mm — 300 mm
ABH power law I 1-10
Excitation force F 1N
121
123
124 Figure 2 also shows the position of two sensors on the beam and a point force excitation,

125 which was symetrically located so as to only excite longitudinal flexural motion. The sensors

126 were positioned midway along the beam section, separated by A, = 2 cm, to allow extraction
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/ al @2 @ :/’l :hnp
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FIG. 2. A diagram of the modelled beam and ABH (not to scale). The locations of the force

excitation and sensing locations are also indicated.

of the reflection coefficient, as described in Section [ C. The length of the uniform beam was
chosen to be sufficient such that evanescent components could be neglected in the analysis, as
also discussed in Section I1 C. The beam and ABH were both assumed to be constructed from
aluminium alloy 6082-T6 and some inherent damping has been implemented as an isotropic
loss with a factor of 7peem = 0.0001, which is consistent with other studies'"'%?*, To model
the additional damping required in the practical ABH, further damping was included in
the tapered section of the beam by applying an isotropic loss factor of napy = 0.2 and the
additional mass of this damping layer was modelled by an evenly distributed mass of 11.9 g
along the length of the taper. This level of damping and additional mass were calculated to
match the damping layer used in the experimental implementation discussed in Section ['V.
The initial conditions of the ABH were set to stationary and the boundary conditions of all

the edges were set to free.

B. Meshing

Typically, a minimum of 6 elements should be used per wavelength when constructing

124

a finite element model”*. However, as noted in the introduction, the wavelength varies in

the tapered section and, therefore, some care must be paid to the meshing of the ABH. To
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validate the meshing requirement for the ABH, a convergence study was performed with
the number of (edge) elements per wavelength ranging from n = 1 to n = 20. To ensure
a sufficiently fine mesh within the ABH, the reference wavelength was taken from the tip
of the ABH, where the wavelength is the shortest, ensuring that there is a minimum of n
elements per wavelength at all points along the taper. Although the resolution of the mesh
could be varied over the length of the taper to improve efficiency, this is not straightforward
because the details of the variation in the wavelength depend on the specific properties
of the ABH, which will be investigated in Section III. Therefore, although reducing the
computational efficiency, selecting the mesh according to the minimum wavelength ensures
sufficient accuracy at all points. To ensure that the meshing procedure is sufficient for
the full parameter sweep, a mesh convergence study has been conducted for the longest
taper (30 cm), smallest tip height (0.01 mm) and a power law of p = 10, which gives the
largest variation in the wavelength along the taper. To assess the convergence, the mean of
the magnitude of the displacements measured at each element was calculated at the upper
frequency of interest (10 kHz), using an increasing number of elements per wavelength and
the results are shown in Figure 3. From these results it can be seen that the mean of the
magnitude of the displacement per element has converged to a constant value when there
are approximately 10 or more elements per wavelength and, therefore, this value has been

used in the following parametric study.

Based on the results of the convergence study, Figure 4 shows how the total number of
elements required to model the taper section varies with the tip height at the maximum
frequency of interest in the following study, which is 10 kHz. From this plot it can be

10
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FIG. 3. The mean of the magnitude of the displacement per element plotted against the number

of elements per wavelength at 10 kHz.

seen that the number of elements required rapidly decreases as the tip height increases. A
convergence study was also carried out to ensure that a sufficient number of elements were
used to model the uniform beam section, which is constant over the various parameterisations
and a total of 10 elements per wavelength were used, giving a total of 32 elements in the
beam section at the upper frequency of interest. The change in the size of the mesh elements
between the ABH and the beam section, which is related to the difference in the minimum

wavelength in each section, is depicted in Figure 5.

C. Wave decomposition in a beam

Wave decomposition is the separation of a measured disturbance into the individual

wave components. For example, wave decomposition has previously been used to calculate

the wave components in both acoustic systems? and in structures such as beams®**" and
ABHs?®. To investigate the performance of the ABH, a wave decomposition, based on”®, will

11
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FIG. 4. The number of elements required to model a 7 cm taper with a power law of 6 for each tip
height increasing from 0.01 mm to 3 mm with 10 elements per wavelength at a 10 kHz excitation

frequency.

Bomidaiy

Beam Acoustic Black Hole

FIG. 5. The meshing difference between the beam, on the left, and the ABH, on the right.

be used in this investigation to obtain the reflection coefficient and facilitate the following

comparison of the various ABH configurations.

To decompose the waves in a beam, the number of sensors required is dependant on the
number of waves that make up the disturbance. For example, in the case where there are both
positive and negative evanescent (near-field) waves and propagating (far-field) waves, four
sensors are required to form four simultaneous equations that can be used to calculate the
amplitude and phase of the individual waves. However, when the sensor array is sufficiently
far from any impedance changes or excitation source, the contribution from the near-field
waves can be neglected and thus only two sensors are required.

12
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It has been assumed in the following that the near-field contribution can be neglected

once it has decayed to 10% of its original magnitude, i.e.
ek =0.1, (4)

where [ is the distance from the sensor array to any features, such as impedance changes
that introduce near-field components, and ky is the flexural wavenumber; this is consistent
with?®. To address the limits that this assumption imposes on the system geometry, it is

necessary to express the flexural wavenumber in the beam as’

k= (pEf) Wi, (5)

Substituting equation 5 into equation 4 and rearranging gives the low frequency limit as

=

fmin =

1 <M) )

2 472p,S
In addition, an upper frequency limit due to aliasing can be calculated based on the require-

ment that the distance between the two sensors must be less than half a wavelength, which

from Equation 2 gives

1 (m2EI\?
fmax — A_%(leSS) . (7)

In the presented study, the sensor array was located at 14 cm from the excitation force
and 14 cm from the ABH boundary, so that [ = 14 cm and the sensor spacing was set to
A, = 2 cm. These parameters give a low frequency limit of approximately 600 Hz and an
upper frequency limit of approximately 57 kHz. However, this analysis assumes that the
structure behaves as a beam with one-dimensional wave propagation, which will break down
when the wavelength becomes comparable to either the width or height of the beam?®. In

13
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the following study, this limit first occurs where the wavelength becomes comparable to the
width of the beam, which is 4 cm, and gives a practical upper frequency limit of ~ 14 kHz.
Therefore, in the following investigation the analysis has been limited to a maximum fre-

quency of 10 kHz.

HAVAVAVAVAVASS

W(xl)i | iW(xz)

Ay

FIG. 6. Two sensors placed at x1 and xo that are used to measure the velocity, w, at each point.
The velocity measured at each sensor is then used to calculate ®~ and ®*, the positive and negative

travelling propagating waves along the beam.

A diagram of the beam section of the model is shown in Figure 6 indicating the sensing
points and the two propagating waves. Each sensor measures the velocity, which is the

superposition of the two propagating waves at each point, such that

w(x) = iw(®Te T 4 d k), (8)

where w is the transverse velocity measured at a point, z, along the beam and ®* and &~
are the complex amplitudes of the positive and negative propagating waves respectively?’.
The positive and negative propagating wave amplitudes can then be calculated in terms of

14
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the velocity at the n-th sensor, w(x,,), as*

—1 ik Ay —ikyAg
CI)+ R — Y 2 — 2
2wsin(krA,) (e wz)e )
_ _1 ) ik Qg ) —ikyAg
= m[w(@ ez —w(xy)e 2 (10)

The magnitude of the reflection coefficient can then be calculated as

o

Bl =37 (11)

This will be used in the following parametric study to investigate the tradeoffs in the design

of an ABH terminating a beam.

ITII. PARAMETRIC STUDY AND MODAL ANALYSIS

In this section, the results from the parametric study of an ABH on a beam are presented.
In particular, the effects over frequency of varying the tip height, taper length and power law
are investigated, before the broadband design is considered. A parametric study was chosen
for this investigation rather than a direct optimisation procedure as highlighted in'®, to
enable the intricate effects that each design parameter has on the reflection coefficient of the
ABH over a broad frequency and parameter range to be examined. Although this parametric
study can ultimately be used to assess optimal design parameters, it is not restricted to a
specific optimisation cost function and, therefore, is able to provide broader insight. That
said, it would be more appropriate to perform a direct optimisation process if an ABH was
to be designed for a specific application and thus utilise such methods as outlined in'°.

The reflection coefficient for each parameterisation has been calculated using the method
defined in Section [IC over a frequency range of 100 Hz to 10 kHz, which is well within

15



228

229

230

231

232

233

234

236

237

238

239

240

242

243

244

245

246

247

248

249

A Parametric Study of an ABH on a Beam

the upper and lower limits of validity, as discussed in Section IIC. In addition, for each
parameterisation, the modes of the ABH cell have been calculated by modelling the cell
in isolation and assuming a no-rotation boundary condition at the junction between the
beam and the ABH. The no-rotation boundary condition was found to approximate the
modal behaviour of the ABH coupled to the beam section well, because, in the fully-coupled
system, the rotational stiffness of the beam at the ABH junction is much greater than the

bending stiffness.

A. The effect of the tip height

Figure 7(a) shows a contour plot of the reflection coefficient plotted as a function of
frequency for a range of tip heights from 0.01 mm to 3 mm, which has been chosen to cover
practically realisable tip heights. The taper length has been fixed at 70 mm and the power
law set to ;4 = 4. The resolution of the change in the tip height was decreased iteratively
until the results shown in Figure 7(a) converged. The tip height was ultimately varied in
steps of 6.67 um, which corresponds to 1/5 of the minimum flexural wavelength.

The results in Figure 7(a) show that as frequency increases from 100 Hz to 10 kHz, there
are varying bands of high and low reflection coefficient. At larger tip heights, the spectral
bands become wider in both bandwidth and spacing and, resultantly, there are fewer bands
of low reflection within the presented frequency range. Interestingly, it is also clear that
the minima in the spectral bands are lower in the mid-range of tip heights presented and,
therefore, if the ABH was being tuned for a narrowband control problem, there may be a
benefit to selecting a tip height that is greater than the minimum manufacturable limit; this

16
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FIG. 7. (color online) (a) The reflection coefficient, shown on a colour scale of 0 to 1, plotted as a
function of frequency and tip height for an ABH with a taper length of 70 mm and a power law of
4. The modal frequencies are indicated by the white dotted lines and the first five mode shapes are
shown. (b) The change in modal density averaged across the considered bandwidth as a function

of the tip height.

is distinct from the general ABH design approach. For example, the performance at 7 kHz
can be maximised by using a tip height of 0.7 mm. Despite this potential for narrowband
tuning, by decreasing the tip height the bands of low reflection begin to overlap and the
broadband performance tends to increase; this broadband performance will be explored in

more detail below.

In addition to the narrowband and broadband performance of the ABHs, it is interesting
to consider the low frequency performance limit. From the results presented in Figure 7(a),
it can be seen that at frequencies below ~2 kHz, the bands of low reflection become narrow
and the performance of the ABH is poor for the range of tip heights examined. This low
frequency performance can be related to the length of the ABH taper because, as noted
in the introduction, an ABH is known to become effective when the length of the taper is

17
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comparable to or longer than the flexural wavelength?. Although this is somewhat difficult
to measure because of the change in the wavelength over the length of the taper, an estimate
can still be made by considering the wavelength halfway along the taper. For example, for a
power law of u = 4, a taper length of 7 cm and a tip height of 0.6 mm), the taper becomes
comparable to the wavelength at approximately 2 kHz, which generally aligns well with the
results presented in Figure 7(a). However, it is clear that there is appreciable performance
at lower frequencies, and that a more robust explanation for the low frequency limit can be

achieved through evaluating the modes of the ABH.

To provide further insight into the physical behaviour of the ABH, the modes of the ABH
cell have been calculated as described in the introduction to Section [11. The variation in the
frequency of the first 5 modes of the ABH cell over tip height are shown by the white dotted
lines in Figure 7(a) and the corresponding mode shapes are shown for the first 5 modes.
From these results it can be seen that the frequencies at which the modes occur align well
with the bands of low reflection and that at low frequencies the ABH only achieves a low
reflection coefficient at frequencies very close to the first mode. It can also be seen from
these results that that the modal density increases with a decrease in the tip height, which
is consistent with'” and Figure 7(b) shows the change in the modal density averaged across
the considered bandwidth as a function of the tip height. From this plot it can be seen
that the modal density increases exponentially for a decreasing tip height. The increase in
the modal density for smaller tip heights is due to higher order modes occurring at lower
frequencies and this can, in turn, be related to the increased reduction in the wavelength
over the length of the taper.

18
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B. The effect of the taper length

Figure 8(a) shows a contour plot of the reflection coefficient plotted as a function of
frequency for a range of taper lengths from 10 mm to 300 mm, which has been chosen to
represent practically realisable taper lengths. The tip height has been fixed at 0.6 mm and
the power law set to u = 4. As in the previous section, the resolution of the change in
the taper length was decreased iteratively until the results shown in Figure 8(a) converged.
The taper length was ultimately varied in steps of 2 mm, which corresponds to 1/10 of the
minimum flexural wavelength. The results in Figure 8(a) show that, as frequency increases,
the reflection coefficient of the ABH varies in bands, similarly to Figure 7(a). For longer
tapers, there are more bands of high and low reflection than for shorter tapers over the same
bandwidth. As discussed in Section 1T A, the low frequency limit of the ABH is dependent
on the length of the taper and it can be seen from the results in Figure 8(a) that the low
frequency limit decreases as the taper length is increased. For the considered power law (u
= 4) and tip height (A4, = 0.6 mm), when the taper is shorter than 2.6 cm, the broadband
performance of the ABH is limited over the presented frequency range. As in Section [11 A,
this can be related to the length of the ABH and a 2.6 cm taper becomes comparable to the
flexural wavelength at a frequency of 10 kHz. At taper lengths below 2.6 cm it can be seen
from Figure 8(a) that a dip in the reflection coefficient only occurs over a narrow bandwidth
around the first ABH mode, as discussed in the previous section. That said, considering
the relatively small amount of damping assumed in the presented results, it can be seen
that ABHs with longer tapers are very effective, especially at higher frequencies, where

19
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the reflection coefficient is between around 0 and 0.2 over a large portion of the presented

bandwidth.

o
©
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FIG. 8. (color online) (a) The reflection coefficient, shown on a colour scale of 0 to 1, plotted as a
function of frequency and taper length for an ABH with a tip height of 0.6 mm and a power law of
4. The modal frequencies are indicated by the white dotted lines and the first five mode shapes are
shown. (b) The change in modal density averaged across the considered bandwidth as a function

of the taper length.

Once again, the first 5 modes of the ABH cell have been calculated over the range of
taper lengths and their frequencies are indicated by the white dotted lines in Figure 8(a).
From these results, it can again be seen that the modal frequencies correspond to the bands
of low reflection. In addition, it can be seen that the modal density increases as the taper
length increases and this is clearly shown by Figure 8(b), which shows the average modal
density as a function of the taper length. From this plot it can be seen that the average
modal density increases linearly with the taper length, resulting in improved performance
for longer tapers.
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The final geometrical parameter that can be tuned when designing an ABH for a beam

application is the power law. In fact, in many applications this may be the main design

parameter due to restrictions on tip height, due to manufacturing and structural integrity

requirements, and taper length, due to the space available for the ABH. Figure 9(a) shows

a contour plot of the reflection coefficient plotted as a function of frequency for a range of

power laws from 1 to 10. The taper length has been fixed at 70 mm and the tip height has

been set to 0.6 mm. In this case, the power law has been varied in steps of 0.1, which has

been determined iteratively, as in the previous sections.
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FIG. 9. (color online) (a) The reflection coefficient, shown on a colour scale of 0 to 1, plotted as a

function of frequency and power law for an ABH with a tip height of 0.6 mm and a taper length

of 70 mm. The modal frequencies are indicated by the white dotted lines and the first five mode

shapes are shown. (b) The change in modal density averaged across the considered bandwidth as

a function of the power law.
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From the results presented in Figure 9(a) it can be seen that the spectral bands of high and
low reflection, observed previously, also vary with the taper power law. At higher frequencies,
on average, the reflection coefficient is lower for all power laws and this is consistent with
the previous results and literature. Figure 9(a) once again shows the alignment between
the modal frequencies of the ABH and the bands of low reflection for the range of power
laws examined. A higher power law changes the mass distribution of the taper and can be
seen to lower the modal frequencies and thus increase the modal density over the presented
frequency range. This is also shown by the average modal density versus power law, which
is shown in Figure 9(b). From this plot it can be seen that the modal density increases
exponentially with the power law. In addition to the changes in the modal frequencies, it
can be seen from the results shown in Figure 9(a) that for power laws less than around 5,
the minima in the spectral bands are lower than for higher power laws. For example, in the
band corresponding to the third mode, the reflection coefficient is lowest for a power law
between 3 and 5. There thus exists an optimal power law, which reaches a tradeoff between
the large impedance change between the beam and the taper at higher power laws, and the
limited length of the taper over which the wave speed is relatively slow at lower power laws.
That is, the reflection at higher power laws becomes dominated by the component reflected
from the junction to the ABH rather than from the ABH itself, as demonstrated in'®, and

it can be seen from the results in Figure 9(a) that this is a frequency dependent effect.

Based on the above discussion and the results in Figure 9(a), it is evident that there is an
optimum power law that can be used to attenuate a particular frequency. For example, if
attenuation is required at 7 kHz and the ABH has been constrained to a length of 7 cm and
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a tip height of 0.6 mm, the optimum power law would be 3.3. This introduces the idea that
the power law can be used to tune the behaviour of an ABH when the other key geometrical

parameters, namely the length and tip height, are constrained due to practical restrictions.

D. Parameter selection for optimal design

It has been shown in the previous sections that the geometrical parameters of an ABH
can be tuned to achieve a change in its performance characteristics. In particular, it has
been discussed how the parameters can be tuned to optimise the ABH for performance at
a single frequency or over a narrowband. However, the ABH design parameters could also
be tuned to minimise the reflection over a broadband frequency range and in this case the
optimal parameters will depend on both the bandwidth of interest and the constraints due
to the application. In this section, the potential design tradeoffs will be considered for the
case when the maximum broadband performance of the ABH is required and the optimal
design parameters will be evaluated. In this investigation, the broadband performance will
be assessed over a frequency range of 100Hz — 10kHz by calculating the average reflection
coefficient, and the minimum broadband reflection coefficient over the parameter space will
be evaluated.

In the first instance, Figure 10 shows how the broadband average reflection coefficient
varies with both taper length and tip height for an ABH with a power law of 4. From these
results it can be seen that increasing the length of the taper lowers the broadband average
reflection coefficient for this power law. The optimal configuration is thus relatively trivial
in this case, essentially requiring the longest taper length achievable. That said, for each
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taper length there is an optimum tip height and it is, therefore, insightful to discuss the

behaviour further.

Reflection Cgefﬁcient

3

Tip Height (mm)

o

(%]
[
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0.05 0.1 0.15 0.2 0.25 0.3

- Taper Length (m)

FIG. 10. (color online) The variation in the broadband average reflection coefficient with both the
tip height and taper length of an ABH with a power law of 4. The reflection coefficient has been
averaged over a broadband frequency range (100 Hz — 10 kHz) and is shown on a colour scale of 0

to 1. The optimum tip height is shown by the dotted white line.

For the parameter ranges examined, it is clear that the optimum tip height, which min-
imises the broadband reflection coefficient for a specific taper length, varies with taper length.
This is shown by the dotted white line in Figure 10 and is generally lower for longer taper
lengths. This is somewhat distinct from current ABH design strategies, which specify that
reducing the tip height improves the performance of the ABH. This is because, as shown
in Section IIT A for a power law of 4, that although a small tip height gives a higher modal
density, the minima in the bands of low reflection are low enough to shift the minimum in
the broadband average up to the mid-range tip heights. This may explain the lower opti-
mum tip height at longer taper lengths because, as shown in Section [II B, increasing the
taper length reduces the reflection coefficient at all frequencies and would therefore reduce
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the difference between the minima in the bands of low reflection in Section [II A and the
reflection coefficient when the modal density is high. It should be noted then that the opti-
mum tip height for minimising the broadband reflection coefficient may not be suitable for
all broadband vibrational problems as there may be cases where the problematic frequencies

do not align with the bands of low reflection.

Figure 11 shows how the broadband average reflection coefficient varies with both the
power law of the ABH and the length of the taper. For a fixed power law, the results show
that increasing the length of the taper decreases the broadband average reflection coefficient.
As shown in Section 11 B, increasing the length of the taper increases the modal density and,
therefore, increases the attenuation provided by the ABH. A more interesting observation
from the results presented in Figure 11 is, however, that at each taper length there is an
optimum power law that can be used to achieve the lowest broadband reflection and this

power law has been indicated by the dotted white line.

From the indicated optimal results shown in Figure 11, it can be seen that the optimum
power law varies with taper length. In section [IIC, it was shown that increasing the
power law results in an increase in the modal density, but also increases the reflection
from the junction between the beam and the ABH. This trade-off differs for each taper
length, due to the corresponding variation in the modal density as discussed in Section
[TT B. Specifically, for a long taper with a high modal density, a lower power law is used to
limit the impedance change and, therefore, reflection at the junction. Whereas for a shorter
taper, with a relatively low modal density, a higher power law provides the optimal trade-off
between reflection from the junction and modal density. This trend can be seen from the
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FIG. 11. (color online) The variation in the broadband average reflection coefficient with both
the power law of the taper and the taper length for an ABH with a tip height of 0.6 mm. The
broadband reflection coefficient is shown on a colour scale from 0 to 1. The optimum power law is

shown by the dotted white line.

results presented in Figure 11. It is also interesting to note that for taper lengths greater
than about 10 cm, the optimum power law is relatively constant with a value between 2
and 3. In summary, the results in Figure 11 show that the power law of an ABH can be
optimised for a specific taper length to achieve the minimum broadband reflection coefficient.
For example, if the length of the ABH taper was constrained by the intended application,
the power law of the ABH could be optimally tuned according to the data shown in Figure

11.

In addition to considering how the broadband performance varies with both power law
and taper length, it is interesting to consider the variation with power law and tip height
and this is shown in Figure 12. The optimum power law, which minimises the broadband
reflection coefficient for each tip height, is shown by the dotted white line. From these results

it can be seen that the optimum power law is greater for larger tip heights and this can be
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related to a shift in the trade-off between modal density and reflection from the junction.
That is, when the modal density is limited by the tip height, the benefit of increasing the
modal density by using a higher power law outweighs the relative change in the reflection
from the junction to the ABH. For smaller tip heights, this balance between the reflection

from the junction and the modal density occurs at a lower power law.
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FIG. 12. (color online) The variation in the broadband average reflection coefficient with both the
power law of the taper and the tip height of an ABH with a taper length of 70 mm. The broadband
reflection coefficient is shown on a colour scale from 0 to 1. The optimum power law is shown by

a dotted white line.

IV. EXPERIMENTAL VALIDATION

In this section, the reflection coefficient of a practical ABH will be presented and the
experimentally identified modes will be assessed to validate the physical insights provided
by the simulation-based study. This experimental study will demonstrate that the practical
ABH behaves with the characteristics that were predicted in the simulation study.
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A. Experimental setup

An ABH on a beam was cut from an aluminium plate, alloy 8082-T6, using a water jet and
the dimensions are shown in Table II. The manufactured beam with the ABH termination
is shown in Figure 13, with and without the additional damping applied to the taper. The
damping that was used in this experiment was ‘yellow plastic compound’, manufactured by
WT Henley®’. The compound is easy to mould and was stuck to the aluminium surface
without requiring additional adhesive. The structure was then mounted, via a force gauge,
onto a large shaker as shown in Figure 14. The shaker was driven with white noise, using a

sample time of 41.7 us (corresponding to a Nyquist frequency of 12 kHz).

FIG. 13. (color online) A picture of the ABH that was used in the experimental study, with and

without damping.

The resulting vibration of the structure was measured at intervals of 5 mm along the
length of the beam and the taper sections using a Polytec PDV-100 laser vibrometer
mounted on a tripod 210 mm above the ABH. Each measurement was taken for a duration
of 60 s to allow significant averaging to achieve good coherence. The reflection coefficient
was then calculated using the wave decomposition method, described in section I1C. A

good signal to noise ratio was observed by using a sensor separation of 2 cm. Based on the
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TABLE II. The dimensions of the manufactured ABH on a beam.

Parameter Value
Beam height 10 mm
Beam length 300 mm
Beam width 40 mm

ABH tip height 0.5 mm

ABH taper length 70 mm

ABH width 40 mm
ABH power law 4

Damping layer thickness

~0.5 -1 mm

Laser
Vibrometer|

U

Acoustic black
hole on a beam

Force gauge

FIG. 14. (color online) A diagram (a) and picture (b) of the experimental setup used.
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experimental dimensions, the lower frequency measurement limit was ~ 600 Hz (based on
the distance between the sensor and any near field components) and the upper frequency
measurement limit was ~ 14 kHz (based on the assumption that there are no flexural modes

across the width or height of the beam).

B. Results

Figure 15 shows the measured reflection coefficient over frequency along with the mea-
sured mode shapes of the ABH cell and their frequencies. The small peaks in the data,
such as at approximately 4.3 kHz, occur at frequencies where the coherence of the measured
signal was limited due to the location of the measurements with respect to nodal points on
the beam. Minima in the reflection coefficient occur at 1.3 kHz, 3.35 kHz, 6.01 kHz and
9.45 kHz. The modes of the ABH cell were extracted by examining the amplitude of the
displacement along the taper and have been numbered in Figure 15. The first five modal
frequencies match the frequencies of the bands of low reflection, with the first mode occur-
ring at approximately 315 Hz. The first mode falls outside of the valid frequency range of
the wave decomposition and therefore the reflection coefficient measured at this frequency
is not valid, but is still included for reference. Figure 15 also shows finite element results
for the same ABH design parameters, where the mass and loss factor of the yellow damping
material have been matched in the model as discussed in Section Il A. Although there are
slight deviations, the finite element results match the experimental results well and validate
the insight gained from the model based investigation.
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FIG. 15. The reflection coefficient calculated using the experimentally measured velocities from an
ABH on a 300 mm beam. The dimensions of the beam and ABH are specified in Table II and the
measured mode shapes at each minima have been plotted. The grey shaded area is the frequency
range that the wave decomposition is invalid for. In addition, the reflection coefficient calculated

using the FE model is shown.

V. CONCLUSIONS

This article has presented an extended study of how the controllable geometrical param-
eters of an ABH influence the reflection coefficient and the broadband average reflection
coefficient of a beam. A finite element model has been developed and utilised to carry out a
parametric design study. In the first instance, the variation in the reflection coefficient over
frequency has been investigated as either the tip height, taper length or power law of the
ABH are modified. These results have shown that the reflection coefficient exhibits bands of
low reflection and, through a modal analysis, these bands have been linked to the modes of
the ABH cell. As a result of this insight, it has been shown how the ABH can be tuned for
optimal performance at either a single frequency or in a broadband sense. In the case of the
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tip height, it has been shown that although a smaller tip height increases the modal density,
greater levels of narrowband attenuation can be achieved with an increased tip height. An
optimal tip height is, therefore, shown to exist. It has also been shown that the modal
density and the performance of the ABH is increased by increasing the taper length. In
terms of the power law, it has been shown that a higher power increases the modal density,
but this does not necessarily minimise the reflection coefficient. It is shown that there is
an optimal setting for the power law that must reach a trade-off between maximising the
modal density and limiting the reflection from the junction between the uniform beam and

the taper, which becomes significant at higher power laws.

Although the presented narrowband results are consistent with individual parameterisa-
tions already presented in the literature, the presented parameter sweep over a broadband
frequency range provides clear insight into the tuning of an ABH under particular design
constraints. It has also provided new physical insight into the trade-off that must be con-
sidered when selecting the power law, as previously discussed in'?, but not directly linked to
the underlying physical behaviour and the tip height. That is, it is highlighted through the
presented study that the trade-off is between maximising the modal density, which occurs
for higher power laws and smaller tip heights, and limiting the reflection from the junction

to the ABH.

The broadband parameter sweep has also fed into an investigation into the variation in
the broadband averaged reflection coefficient with the three geometrical design parameters.
This has initially shown that the broadband average reflection coefficient is minimised by

maximising the taper length as expected. However, contrary to current ABH design strate-

32



501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

A Parametric Study of an ABH on a Beam

gies, the tip height was shown to have an optimum value for a specific ABH parameterisation.
In practical applications, the tip height and taper length are likely to be constrained and,
therefore, a series of results have also been presented that demonstrate how the power law
should be optimally tuned depending on other design constraints. In overview, it has been
shown that the optimal power law decreases with the taper length and increases with the
tip height and this observation has been linked to reaching a trade-off between maximising
the modal density and limiting the reflection from the junction between the beam and the

taper.

Finally, an experimental case study has been presented that validates the ABH be-
havioural trends predicted by the parametric numerical study. That is, the bands of low
reflection were shown to align with the experimentally identified ABH modes, thus support-

ing the presented numerical analysis.
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