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Abstract

Two approaches have dominated formulations designed to capture small departures from unit
root autoregressions. The first involves deterministic departures that include local-to-unity (LUR)
and mildly (or moderately) integrated (MI) specifications where departures shrink to zero as the
sample size n — o0o. The second approach allows for stochastic departures from unity, leading to
stochastic unit root (STUR) specifications. This paper introduces a hybrid local stochastic unit root
(LSTUR) specification that has both LUR and STUR components and allows for endogeneity in
the time varying coefficient that introduces structural elements to the autoregression. This hybrid
model generates trajectories that, upon normalization, have non-linear diffusion limit processes that
link closely to models that have been studied in mathematical finance, particularly with respect to
option pricing. It is shown that some LSTUR parameterizations have a mean and variance which
are the same as a random walk process but with a kurtosis exceeding 3, a feature which is consistent
with much financial data. We develop limit theory and asymptotic expansions for the process and
document how inference in LUR and STUR autoregressions is affected asymptotically by ignoring
one or the other component in the more general hybrid generating mechanism. In particular, we
show how confidence belts constructed from the LUR model are affected by the presence of a STUR,
component in the generating mechanism. The import of these findings for empirical research are
explored in an application to the spreads on US investment grade corporate debt.

Key words and phrases: Autoregression; Local unit root; Nonlinear diffusion; Stochastic unit root;
Time-varying coefficient.
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1 Introduction

For over four decades various devices have been employed to study and to model the progressive deteri-
oration of Gaussian asymptotics in the simple first order autoregression (AR(1)) as the autoregressive
coefficient () approaches unity from below. Edgeworth and saddlepoint approximations (Phillips,
1977, 1978) showed clearly with analytic formulae the extent of the error in the stationary asymptot-
ics as 8 — 1 and numerical computations (Evans and Savin, 1981) revealed that the unit root (UR)
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limit distribution typically provides better approximations than stationary limit theory in the imme-
diate neighborhood of unity. The use of local-to-unit root (LUR) autoregressions provided a direct
approach to modeling processes with a root near unity. In independent work using different methods
and assumptions, Chan and Wei (1987) and Phillips (1987) explored LUR models of the form

Yi=B,Yi1+er Bp=e"~14 S t=1,m, (1)
n

where c¢ is constant and f[,, is nearly nonstationary in the sense that c¢/n is necessarily small as the
sample size n — oo.

Under quite general conditions on ¢; and the initial condition Yp, the asymptotic distribution of
the least squares estimator of j3,, takes the form of a ratio of quadratic functionals of a linear diffusion
process that depends on the localizing coefficient ¢ in (1) and nonparametric quantities that depend
on the one-sided and two-sided long run variances of ¢;. These results provided a natural path to the
analysis of power functions (Phillips, 1987) and power envelopes for UR tests (Elliott et. al., 1995;
Elliott and Stock, 1996), as well as the construction of confidence intervals (Stock, 1991) and prediction
intervals (Campbell and Yogo, 2006; Phillips, 2014) in models where persistence in the regressors is
relevant in practical work.

The array mechanism of (1) has also proved useful in developing methods of uniform inference.
Giraitis and Phillips (2006) established uniform asymptotic theory for the OLS estimator of §, in
models like (1) but where ,, is more distant from unity so that (1 — 3,,) n — oco. These models allow
values of stationary f,, that include neighborhoods of unity beyond the immediate O (n_l) vicinity of
unity, such as when 3, = 1 — L, /n, where L,, — oo is slowly varying at infinity. These cases were
explored in detail by Phillips and Magdalinos (2007a, 2007b) by using moderate deviations from unity
of the form

B, =1+ i, with ¢ constant and 1 + Fn — 0. (2)
kn, kn, n
Models with such roots are considered mildly integrated (MI) as f3,, lies outside the LUR region as n —
oo. Phillips and Magdalinos (2007a) developed central limit theory for the near-stationary case (¢ < 0)
and, somewhat surprisingly, for the near-explosive case (¢ > 0), finding a Cauchy limit theory in the
latter case that matched the known Cauchy limit that applies in the pure explosive case under Gaussian
errors (White, 1958; Anderson, 1959). In a significant advance, Mikusheva (2007, 2012) demonstrated
that careful approaches to confidence interval (CI) construction with appropriate centering were capable
of producing uniform inferences about the true /,, in a wide interval that includes stationary, MI, LUR,
and UR specifications.
A different approach was considered by Lieberman and Phillips (2014, 2017, 2018), who considered
localized stochastic departures from unity via the stochastic unit root (STUR) model

Yi = e,

Y, = u+exp<

e

NG

where p can be zero or otherwise and in which departures from unity are driven by a possibly endogenous
K x 1 vector of explanatory variables u;. In their formulation, Lieberman and Phillips (2018) allowed
{ug, &1} to follow a general linear process satisfying mild summability and moment conditions. STUR-
type models have been successfully applied in the following contexts: Dual stocks (Lieberman, 2012),

> Yi1+te, t=2,..,n, (3)



in which u; can be an excess return on the stock in an ‘away’ market and Y; can be the log of the
price of the stock in a ‘local’ market, so that whether the autoregressive coefficient is less than-,
equal to- or greater than unity, depends on the sign of u;, for any given ¢; Exchange traded funds
(Lieberman and Phillips, 2014); Option pricing (Lieberman and Phillips, 2017), where it was shown
that in most moneyness-maturity categories the model substantially reduces the average percentage
error of the Black-Scholes and Heston’s (1993) stochastic volatility pricing schemes, and in some cases
the reduction is up to 73%; Bond spreads (Lieberman and Phillips, 2018). This line of stochastic
departure from a UR follows in the tradition of earlier contributions by Leybourne, McCabe and Mills
(1996), Leybourne, McCabe and Tremayne (1996), Granger and Swanson (1997), McCabe and Smith,
(1998), and Yoon (2006).

The present paper investigates a hybrid model that combines both LUR and STUR specifications
in a localized stochastic unit root (LSTUR) model of the following form

Yi = &,
}/t = Bnt}/t—l + €, t:2,...,’l’l, (4)
where .
c a'up
o= (£4224). )

c € R and a € RX. In this model the autoregressive coefficient is a stochastic time varying parameter
that fluctuates in the vicinity of unity according to the properties of u;, the value of the localizing
constant ¢, and the size of the sample n. The time series w; = (u},&;)" is assumed to be generated
according to a linear process framework that allows for both contemporaneous and serial cross depen-
dence, thereby allowing the random coefficient 3,,, to be endogenous. It is clear from the proof of
Lemma 1 below that the initial condition is allowed to satisfy Y1 = o, (n_l/ 2) without affecting the
asymptotic theory of the paper.

Denoting by F; the o-field generated by the w;’s up to time ¢, when w,; is an MDS our model
satisfies

Var (Y| Fi-1) = 02 + (Var (B Fe-1)) Y24,

where o2 is the variance of £;. In other words, the model has an ARCH(1) conditional variance dynamics
and this class of models, is no doubt very relevant to finance.

The paper establishes limit theory for the normalized form of the output process Y; in (4) and
for nonlinear least squares (NLLS) estimation of the components, a and ¢, of ,;. It turns out that
the limiting output process of (4) is a nonlinear diffusion process that satisfies a nonlinear stochastic
differential equation corresponding to a structural model of option pricing that has been considered in
the continuous time mathematical finance literature (F6llmer and Schweizer, 1993). So the model may
be considered a discrete time version of such a system. Working directly with this nonlinear continuous
time system, Tao et. al. (2017) developed an estimation procedure for the structural parameters of the
stochastic differential equation using a realized variance approach and established asymptotic properties
of these estimates under infill asymptotics. The model considered in the present paper therefore links
to the continuous time finance literature and to ongoing work on continuous time econometrics.

A primary goal of the current paper is to examine the properties of this hybrid model and, in doing
so, study the implied empirical features of the model in comparison with the discrete time random
walk (RW), LUR and STUR models. In particular, we show that certain LSTUR parameterization



are consistent with a mean and variance which are equal to those of a RW process but with a kurtosis
coefficient which is greater than 3 - a feature which is arguably consistent with much financial data.
In particular, indices of financial returns typically display sample kurtosis that declines towards the
Gaussian value 3 as the sampling interval increases. In work in progress we have used the LSTUR
model to explain the phenomenon, with limit theory showing that LSTUR specifications provide two
sources of excess kurtosis, both of which decline with the sampling interval. Applications to several
financial indices demonstrate the usefulness of this approach.

The analysis helps to document how inference in LUR and STUR autoregressions is affected by the
presence of the other component in the time varying autoregressive coefficient f3,,, in the generating
mechanism. In particular, we show how asymptotic confidence belts constructed using the LUR model
(Stock, 1991) are affected by the omission of a random coefficient STUR component. There is ample
evidence that bond spreads returns and stock market returns are negatively correlated (e.g., Kwan
1996) and so, for our empirical application we estimated an LSTUR model in which an AR(1) model
for the log of the bonds spread of an index of investment grade assets has a time varying coefficient
which is a function of the return on the S&P 500 index.

The plan for the rest of the paper is as follows. Notation, assumptions and limit theory for n=1/2Y;
are given in Section 2. Asymptotic theory for parameter estimation follows in Section 3 and extensions
to the model are given in Section 4. Some further results including asymptotic expansions are given
in Section 5. Robustness of the misspecified STUR-based NLLS and IV estimators of a and the
covariance parameters are established in Section 6. A simulation study to the effects of an omitted
STUR component on the confidence belts given by Stock (1991) for ¢ and 5 in the LUR model is
provided in Section 7. The empirical application supporting the analytical findings and simulations
follows in Section 8. Section 9 concludes. All proofs are placed in the appendix except for proofs for
the results of Section 4 which are provided in an online supplement to the paper.

2 Preliminary Limit theory for the LSTUR Model

We start with the following assumption that will be used in the sequel detailing the generating mech-
anism for w;.
Assumption 1. The vector w; is a linear process satisfying

o (0.9}
wg =D (L)n, = ZDjntfj, Zj | Dj|| < oo, D (1) has full rank K + 1, (6)
=0 j=1

n; is wd, zero mean with B (nn;) = Xy, > 0 and max;<g41 B |n,l’ < oo, for some p > 4.

Under Assumption 1, wy is zero mean, strictly stationary and ergodic, with partial sums satisfying
the invariance principle

[n-] Ir Ir

) )
n V2N w, = B()=BM (7)), 2t = u vy |, 7
t; t ¥ ( ) (Eﬁ’;’ (Uﬁ’”)2> ")

where |-| is the floor function and B = (B,, B.)' is a vector Brownian motion. The matrix X" =
D (1)%,D (1) > 0 is the long run covariance matrix of w;, with K x K submatrix % > 0, scalar



(O_er)2 >0 and K x 1 vector . In component form, we write (6) as

== (@)= ( 22 ()G ) 0
(S )

>0 D2,

where 7y, is K X 1, 1y, is scalar, Dy j is K x (K 4+ 1) and Dy is 1 x (K +1).

We denote the contemporaneous covariance matrix of w; by ¥ > 0, with corresponding components
Yue = B (uguh) > 0, Bye = B (uey) and 02 = E (6?) > 0. The one-sided long run covariance matrices
are similarly denoted by A = >"7° | E(wow},) and A = "7° (B (wowy,) = A + X, with corresponding
component submatrices Aye = Y 30 E(uoep), Aee = > poi E(0en), Aue = Y pooBE(uoen), Ace =
ZZO:O E (6 o0& h) .

We use H and L to denote the zero-one duplication and elimination matrices for which

vec (A) = Hvech (A) and vech (A) = Lvec (4), 9)

where A is a symmetric matrix of order K +1. Under Assumption 1, centred partial sums of 7,7, satisfy
the invariance principle

[nr]
1
% ; vech (77t77:t - En) =&(r), (10)

where £ (7) is vector Brownian motion with covariance matrix
Sneon =B (L (0, ®n,) —E @, @n,)) (0 @) —E (n; @n)) L') -
Furthermore, for any [ # 0 we denote by ¢ (r) the vector Brownian motion with covariance matrix
E ((77t772 ® 77t7l77;:—l)) =E (nmé) ®E (77t7l77;—l) = Yy @ Xy,
Finally, the matrix of third order moments of 7, is denoted
Mz =E ((n, @ n,) ;) - (11)
The limit process of the scaled time series Y; is given in the following Lemma.

Lemma 1 For the model (4), under Assumption 1,

Y* I r i r i
t=|nr] N Ga,c ('f’) — erc+a By (r) </ e~ Pc—a Bu(p)ng (p) . alAu5 e—Pc—a Bu(p)dp> ) (12)
\/ﬁ 0 0

Lemma 1 extends the limit theory for the special case where there is no LUR component (¢ = 0)
and the case where there is no STUR component (a = 0). The latter case leads to the familiar limit

3//% = Uﬁr/o er=sequ (s) =: U?JC (r) = Go,c (r) =: G (1), say

where W (r) is standard BM and J. (r) is a linear diffusion (Phillips, 1987). When the model includes



a drift, the asymptotic properties are naturally different and are given in the following result.

Lemma 2 For the extended model (4}) in which Y1 = p+¢e1, Y, = p+ 5, Yi-1+¢, t =2,...,n, under
Assumption 1,

n

Yiclnr) | grevaButr) / " redBuld) g,
0

The proof is similar to the subcase in which ¢ = 0 (see, Lieberman and Phillips 2018) and is omitted
for brevity. Note that in the drift case Y; is normalized by n rather than by /n and is asymptotically
dominated by a stochastic drift.

3 Parameter Estimation

Let a, and ¢, denote the NLLS estimates of a and ¢, defined as solutions to the NLLS extremum
estimation problem argmin, ., ce {Z?Zl (Y — B (a1, 1) Yt,1)2} , where © is a compact subset of

the parameter space R® x R that contains the true value (a,c) in its interior.

This section presents the limit theory for these estimates in various cases. The method of proof
of Theorem 5 below relies on providing an asymptotic approximation to the NLLS objective function
which is asymptotically quadratic and convex in the parameters, so that the NLLS estimates exist and
are unique for large enough n. We use the following sample covariance limit theory.

Lemma 3 For the model (4), under Assumption 1
1< !
S e / Gue (r)dB. (r) + A, / e () dr + Aev. (13)
t=2 0

The limit in (13) reduces to the standard result fol Go,c (1) dB: (1) + Aec when a = 0.

We start with the case where a is known, which enables us to relate results to earlier literature on
the LUR model in a convenient way. This simplification is relaxed below.

Theorem 4 For the model (4), under Assumption 1 and when a is known,

n—C= (/01 GZ.(r) dr) B </01 Gac(r)dB: (r)+ Al a /01 Ga,c(r)dr+ )\E€> . (14)

When a = 0 the result in (14) reduces to the standard limit theory for the least squares estimate ¢, of
the localizing coefficient ¢ in a LUR model, viz.,

—c:></ G2 (r ) (/G dB()+)\€6). (15)

The presence of the stochastic UR component alters the usual limit theory (15) by (i) modifying the
limiting output process to G (r) in which the effects of the random autoregressive coefficient figure,
and (ii) introducing the additional bias term, Al _a fol G, (r) dr to the limit distribution.

Next consider the case in which a is unknown.



Theorem 5 For the model (4) under Assumption 1 with ¥,c # 0

= 1G27C(T)dr B 1Ga,c(r)dr DINED I (16)
(f cteow) ([ Geern)

and
(o G (r) dB- () + A, af r)dr+\oc)
(én B C) 0 Ya.c 0 €e
fo
G2, (r)dB, (r) ( afo (r) dr + Aue [y Gae (r) dr)
DI / Gac (1) dr
ue u 1 9 a,c
(fo Ga,c (T) )
1 2
Gac(r)d
_alzus 01 7 (T) i - 72{11621112”6 <f01 i > (17)
o G2 . (r)dr 2 fo G? (r
When ¥y =0,
E 1 0 1
Vi (by —a) = ——4 Z(Dz,jewl,j)ﬂ / G (r) dE (1)
fo §=0 0
% j-1 "o j—1 !
+Z(D2,j®D1,j)M3 (Z Dl,i) a/ Gae(r)dr + <Z D2,z'>
j=1 =0 0 i=0
+37 Dy 0 D) / Gae (r) dC (1) + B (cturula) / G () dr
J7#k
and

= </01 G2 (r) d7~> B </01 G (r)dB: (r) + Al .a /01 Gac (r)dr+ >\55> -

The distribution of a,, depends on the localizing coefficient ¢ through G, . (r). The convergence rates
in the theorem imply that the estimator is consistent when X, = 0. When X, # 0, the parameter a
may be estimated consistently using instrumental variables (Lieberman and Phillips, 2018), see Section
6 below, or by infill asymptotics via a two-stage process involving realized variance when high frequency
data is available (Tao et al., 2017)). Unlike ay, ¢, is inconsistent irrespective of whether ¥,. = 0 and
this accords with known results for simpler models without STUR effects (Phillips, 1987).

The next result concerns the OLS estimator of the autoregressive coefficient 3,,,, defined in the
usual way as 3, = S ViV, 1/ Y2, asif 3, were a fixed parameter. The asymptotic distribution of
Bn and that of the usual t-ratio for testing the hypothesis of a unit root are used later in the paper to
construct confidence intervals for the autoregressive parameter.

Theorem 6 Under Assumption 1, the OLS estimator Bn of By, treated as a fized coefficient in the

nt»



model (4), satisfies

a'’y,.a

n (Bn — 1) =c+
o (Jy G o) dBy () +2 (Nya fy G2 () dr + $A,e fo r)dr)) + Jy Gae () dBe () + Aec
fo |

(18)

When w; is a martingale difference, the one-sided long run covariances are zero and the limit result

reduces to )
a’Xya + a f() Gg,c( + fo dB ( )

2 fo

n([an—l) = c+ (19)

4 Extensions

We provide in this subsection some possible extensions to the model. All proofs for the results of this
subsection are provided in an online supplement to the paper. First, our model requires u; to have a
zero mean. Suppose that instead the autoregressive coefficient is

1, %
a'uy

C *
Bnt (Cv a, ,U’u) = exp <n \/ﬁ> y Uy = Ut — Hoyy, (20)

where p,, = E (u;) is unknown. Under Assumption 1, u; is a linear process with coefficients that
satisfy the condition of one-summability. Therefore, its sample mean, f, , = n~1 > uy, satisfies
V1 (T — 1) = N (0, »fr) = Z,, , where £f7 is given in (7). Let a5 and &, be the NLLS estimates of a

and c, defined as solutions to the NLLS objective function arg ming, ., {thl (Yt — Bt (al, c1, ﬂum) }/}_1)2},

in which p,, is plugged in for u,. We have the following results.

Theorem 7 For the model (4) under Assumption 1 and with (3, given by (20), the asymptotic distri-
bution of ab, is equal to that of a,, whereas when Y. # 0

@ — o) = fol Goc(r)dB ~|—A’ afo r)dr + Aee
fo
Jy G2.(r)dB, (r) af ) dr 4 Mye [} G ( dr
2252171 . ( : = / Gac )d

(fy G2 (r)d )

1 2 /
—CLE fO a,C T>dr _72/ »- IEUS (f() Gmc(’f')dr) + <CL+E 12 fO a,c T)d’f') Zuu-

fo (r) 2w fol Gac(r)dr fo (r)

and when ¥, = 0,

= </ Gic (r) dr> </ Ga,c(r)dBe (1) + A;ea/ Ga,c(r)dr+ )\58> +dZ,,
0 0 0



Comparing Theorems 5 and 7, the asymptotic distribution of &, has the additional terms

!
a+%; 12 M VA
fo (r)dr Hu

and a’ Zy,, in the 3y # 0 and ¥, = 0 cases respectively, which do not appear when p, = 0. On the
other end, the asymptotic distribution of the NLLS of a is unaffected by the plug-in of f,, ,, in place of

Hoyy -
For unit root testing we make the following remark.

Remark 8 The OLS estimator B of By, treated as a fixed coefficient, when Bnt is given by (20) and
Ly, 18 unknown, has the same asymptotic distribution as given by (18), because B depends directly on
the observations on Y; and not on unknown parameter estimates.

Next, we address the question of how the distribution of the OLS estimator of 3,,, would be affected
by an inclusion of a constant, or a constant and trend in the dgp. To this end, let

where Y; is given by (4) and (5). The model is equivalent to
};Vt = Hy (1 - Bnt) + ﬁm&)}tfl + &t

Treating the coefficients of this model as if they were fixed, the OLS estimator of the autoregressive
o ~ ~ ~ 2 ~ ~ -
coefficient 8, is defined as B, = SV, Y/, /3 (Ytﬁi1> , where V' =V, — (n — 1) 30 Y.

Theorem 9 For the model given by (4), (5) and (21), under Assumption 1,

n (BZ — 1) =c+ @Zua
a’ (fol Ggyc (r)dBy, (1) ( w0 fo r)dr + Aus fo dr)) + fol Goc(r)dB: (r) + Aee
fol G2 (r)dr— ( fo (r) dr)
- <f01 G (1) dr) a' <f01 Gac (r)dBy (r) + A0 fo r)dr+ Aue) B (1) fol G (r)dr

fol Gg, r)dr — <f0 () d’r)

The last line of the asymptotic distribution of n (BZ — 1) contain additional terms which do

not exist in the py = 0 case, given in Theorem 6 and the denominator changes to fol G2 . (r)dr —



2
(fol Ga,c(r) dr) . In the MDS case, the formula reduced to

a'Y,.a

n(BZ—1>:>0+

@ (Jo G2o () dBy (1) = [y Gae (1) dr [y Gae (1) dBy (1)) + Jy Gae (r) B (r) = B (1) 3 G

fol Gg’ r)dr — <f0 () dr)

Finally, the model 3
Y = Ky + (5yt + Y;ﬁ,

where Y; is given by (4) and (5), is equivalent to

Vi = [y (1= Brg) + Brgdy ] + 0y (1= Brg) t + By Y1 + ev.

(22)

(23)

Treating the coefficients of this model as if they were fixed, the OLS estimator of the autoregressive
N o~ ~ 2 ~
coefficient 3, is defined as B:L =YY,/ (Yt’i 1) , where Y™ ; is the residual from the regression

of Y;_1 on a constant and a linear time trend. In the online supplement to the paper, we show that

say.

Theorem 10 For the model given by (4), (5) and (23), under Assumption 1,

n (1) » (/1<Gz<r>>2dr)
(¢ (f erernamrsa(sae [ herars e L)

-1

Y, e
\/ﬁ:>Gac /Gac d?”— </TGac d?”—/ Gac >(r_2>:Ga,c<r)7

1
—6 <2/ rGa,c(r)dr — / G ( )dr) a (/ rGa,c (1) dBy (1) + Aa / G, (r)dr+ ;Au5>
0 0 0

1 1 1
+ <6/ rGa,c (r)dr — 4/ Ga,c(r) dr) a < Ga,c(r)dBy (r) + A;ua/ Ga,c(r)dr+ Au5>
0 0 0

1 1
+<c+ aEua) / G () GLo () dr + / Guo(r)dB. (1) + A.a / e () dr + Mee
0

/Gac Ydr —6 </TGQC dr—/Gac )d)(/ﬂlrng(r)—;Bg(l))>.

10



In the MDS case, the formula simplifies to

”@2-1):‘(/01 @woon'n) (¢ (f e vram00)
oo e [ dr)a(/olm 50
+</0rGac( )dr — 4 /Gac dr>a<0 Gavc )

1
-+ (C + 2(1I2u(1) / Ga,c (T‘) G;,c (T) dr + / Ga ¢ ( ) dB BE / Ga C o
0 0

6 <2/017~Ga,c (r)dr—/ol G () dr) (/0 rdB. (r) — ;B5(1)>>.

If in addition, a = ¢ = 0, then G, (r) = B: (r), G} . (r) = BI (r) and

o J3 B (r)dB: (r) — B-(1) Jy B
()= Jo (BZ (r))* dr

6 (2 JErB. (r)ydr — [} B (r) dr) ( JrdB. (r) - 1B, (1))
Jo (B (r))? dr '

It is straightforward to verify that this result agrees with the well known result for this case (see, for
instance, Hayashi (2000, equation (9.3.19)).

5 Empirical Implications and Further Results
This section explores the relationships among the RW, LUR and LSTUR models in more detail in the
univariate case (K = 1) with 3, = 0 and for iid (u},e;). This special case highlights the distinguishing

features of these models and some key elements in their relationships that are important for empirical
work. The output limit process (12) in this case has the simpler form

r
Ga,c ('r') = erc—l—aBu(r) / e—pc—a’Bu(p)dBS (p) ) (24)
0

which satisfies the generating differential equation
b
dGac(r) =aGqc(r)dB, (r) +dB: (r) + (c + 2) G, (r)dr, (25)

where we recall that b = (ac,)?. The covariance kernel and moments of the output process G, (1) are
given in the following result.

Lemma 11 For the model (4), under the assumptions that K =1, ¥, =0, and uy and & are iid,



2(ct+b)rAs _q

_ 2 (c+b)(r\/sfr/\s) e _.
Cov (Gape(r),Gac(s)) =o0ze\“ 2 Y D) S Y G (r,s), (26)
and
4o4(c+20)r (1 _ o—2(c+3b)r 1 — e—4(ct+2b)r
B (Gh, (r) = 7= : — 2 (21)
: c+b 2(c+ 3b) 4(c+2b)
An immediate consequence of Lemma 11 is that
62(c+b)r -1

Var (Goc(r)) =E (Gic (r)) = 027 (28)

2(c+0b)

The function (e*” — 1) /z is monotonically increasing and equals r at z = 0. It follows from (28) that

an LSTUR process with ¢ = —b has a limit process with variance 27, which is the variance of a
Brownian motion. However, the process G, (r) is non-Gaussian in this case and has covariance kernel
VGoey (T s) = agefg(rvsfw\s)r A's # r A s. Thus, the particular case where ¢ + b = 0 provides an
interesting example of a non-Gaussian LSTUR limit process whose first two moments match those of
Brownian motion. For ¢+ b < 0 the variance of the LSTUR limit is less than that of Brownian motion
and for ¢ 4+ b > 0 the variance is larger and increasing with the value of ¢ + b. In particular, given c,
the variance of the process increases with b (equivalently, with either |a| or o,). Alternatively, given b,
the variance of the process increases with c. A small b expansion of (28) yields

Var (Gae(r)) = o2

£

e%r 1 (1 + €27 (2cr — 1)) 5
( 5 T 5.3 b+0 (V) |,

showing that the lead term of the variance is the variance of the linear diffusion LUR process, as
expected, coupled with a second linear term in b.

Even though the special case ¢+ b = 0 matches the first two moments of the LSTUR limit process
with a Brownian motion, the kurtosis of the processes differ. In particular, using Lemma 11, we have

lim E(GE, () = Soe (e tder - 1)
a,c

pim 52 = 302 (7‘2 +0(0)), andblim E (Gic (r) = o’r,  (29)

+c—0

so that in this case the kurtosis of the process, {302 (r? + O (c))} / (O’?T’)2 =3+ O (c), matches that
of Brownian motion when ¢ — 0 because the variances are the same when ¢+ b = 0. However, kurtosis
exceeds 3 in the case ¢+ b = 0 and ¢ < 0 and kurtosis increases as ¢ becomes more negative when
c+b=0. The case ¢ +b=0 and ¢ > 0 is excluded because b = (ac,)* > 0.

We introduce a new instantaneous kurtosis measure for the process increments dG, .(r) at r, which
extends the idea of instantaneous drift and instantaneous volatility. The kurtosis measure is defined as

E (B [(dGa. () 17])

Hlb,c (T‘) = 29

{E(B[(dGae () 17])}
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which has the following explicit form for the diffusion process (25)

ose (B, ()~ (B(C2. ()] (30)
T B (B(G20)))7 o+ 2078 (G (1)

as shown in Lemma 18 of the Appendix. The second term on the right side of (30) shows the excess
kurtosis in the process increments arising from the non-Gaussianity of Go.(r). As b — 0 we have
ke (1) — 3, as expected since in that case Gac (1) — Ge (1) = [, e~ =PdB_(p) = o.J. (r), which is
a linear Gaussian diffusion. But when ¢ — 0, G (1) — G (r) = e®Bu(r) I e~@BuP)dB, (p) which is
still non-Gaussian and k0 (r) > 3. A large b expansion of (30) shows that k. (1) ~ 3e!", with kurtosis
increasing exponentially with b = a?02, measuring the impact of non-Gaussianity in the process Ga,c(r)
as either a? or o2 rise, which originates in the nonlinear dependence of G, .(r) on aB, (r).
These results are summarized in the following remark.

Remark 12 For the model (4) with K = 1, X, = 0, and iid (u,e¢), the instantaneous kurtosis
measure of the increment process dGg (1) is

N 362V ar (Gac (7"))
02 (B (G2,.(r))" + of + 2b02E (G2, (r))

Kb (T) =

Y

and the kurtosis of the process G, (1) itself satisfies

E 4 —4er _
i (Ga’C (7“)) _ 3 (e + 4der 1)

e+h—0 (B (G2, (1))’ 8 (cr)?

I

which rises as ¢ — —oo and has minimum of 3 at ¢ = 0.

Financial data are well known to resemble trajectories generated by a RW but with the important
exception that the kurtosis coeflicient of asset returns exceeds 3, typically by a large margin. This
stylized feature of financial times series matches the corresponding characteristic of the LSTUR limit
process Gg. (r), which has random wandering behavior similar to a Gaussian RW but with kurtosis
of its increments in excess of Gaussian increments. These features give the LSTUR process a desirable
property for empirical work.

In spite of their common features, the limit processes corresponding to RW, LUR, and LSTUR
time series are very different, including the special parameter configuration ¢ + b = 0 in LSTUR. In
particular, when K =1, ¥, =0, and (u, e) are iid, the limit process G (r) satisfies the stochastic
differential equation (25). Non-Gaussianity in the process G () is then governed by the magnitude
of the coefficient b = a?02. The following result sheds light on the composition of the process Ga,c (1)
when the parameter b is small.

Lemma 13 For the model (4) when K =1, ¥, =0, and u; and &; are iid,
Gac(r)=Ge(r)+Vea(r)+0p(b), (31)

where G, (r) = [y e"=PIdB, (p) is a Gaussian process, Ve, (r) = afy er=P)¢ (B, (1) — By (p)) dB. (p)
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is a mized Gaussian process, and G, (r) and V.4 (r) are uncorrelated. To first order in b

Var (Gae () = o? <€2C;c_ L bl (2((;7;); D 1)> +O(). (32)

According to (31) and (32) the STUR component effect is small when b = a?02 is small, in which
case the limit process G, . (r) is approximately mixed Gaussian, with variance that exceeds the variance
of the LUR process component, viz.,

2r _ 1 b(e2" (2er—1)+1 2er 1
Ug(‘f + (€ ( )+1) ZJ?(e >

2¢ (20)2 2¢

In the special configuration ¢ + b = 0 when b is small, ¢ is also small and then the LSTUR process is

approximately Brownian motion with variance agr.

6 Robustness to Misspecification

This section explores the robustness of STUR-based NLLS and IV parameter estimation to misspeci-
fication that arises from an LSTUR generating mechanism. Let (dn, &g’n) be the STUR-based NLLS
estimates of (a, ag), so that

i 2 1 ~! 2
Gp = argmgnzt: (Yt _ el Ut/\/ﬁn—l) 7 5?771 _ - zt: (n _ eanut/\/ﬁy;_l) .

When ¥, =0, (u, &) is iid, and the generating mechanism is LSTUR, a,, and 6?771 are still consistent
for a and o2, as shown below.

Lemma 14 For the model (4) when Y. =0 and (ug, &) is iid,
(i) V(A —a) = ot St {{B ()} a ) Goe (1) dr + [ G (r) dBue (r)}

(i) &g,n —p ag,
~ =~/ P 2
(iii) If YP = <1 + a\?}:ilt + M) Yi 1 and Y7 ( + a\“/’%t + = (c+ ()" ut) >> Yi_1 are in-sample
predictors based on STUR and LSTUR specifications, then

fz(yt ) = B.(1 +c/Gac 12()@ ) = B (1),

t

3

. N2
and ), (Ytp — Ytp) = 2 fol GZ’C (r)dr.

Parts (i) and (ii) of Lemma 14 are obtained in the same way as Theorems 2 and 3 of Lieberman and
Phillips (2017). The only difference in the limit distribution in (i) compared to the case where STUR
is the correct specification the limit process is now Gy () rather than G, (r). An implication of this
result is that the n~!-normalized sum of squared errors of (the misspecified) STUR and LSTUR will
be identical asymptotically and therefore, for large enough n, AIC and BIC should always favor STUR
over LSTUR, even when LSTUR is the true DGP. This finding corresponds with the known result that
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information criteria such as BIC are typically blind to local departures of the LUR variety (Phillips
and Ploberger, 2003; Leeb and Potscher, 2005).

In part (iii) of the Lemma, f@p and thp are the STUR- and LSTUR-based predictors of Y;. The latter
is infeasible as ¢ is unknown but may be replaced by an inconsistent estimate or by imposing a special
restriction such as ¢ = —b, Wthh is discussed in Section 5. In this case, the n~'/2-normalized error
sums differ by the term ¢ fo (r) dr and the sum of squared discrepancies between the two predictors
converges to c? fo Gac(r ) dr SO that the value of the localizing coefficient ¢ affects these differentials
directly as well as through the correct limit process G, () corresponding to LSTUR rather than G, (r)

In the case X, # 0, even the correctly specified LSTUR-based NLLS estimator is inconsistent. For-
tunately, for the LSTUR model the misspecified STUR-based IV estimators (Lieberman and Phillips,
2018) of a and the covariance parameters are still consistent. Let @.”, 7 V' (4) and ALY n (j) be the
STUR-based IV estimators of a, v, (j) = Cov (4,&4—;) and v, . (j) = Cov (ut,et_J) for (] =0,1,2,...).
That is, @." solves the K-moment conditions

n

Y (Y= B (@) Yier) Zo = 0, (33)

t=2

where Z; is a vector of instruments which satisfy Assumption 3 of Lieberman and Phillips (2018), viz.,
for all t, E (Zie;) = 0 and E(Zuy) = Xz, a matrix of full rank K,

1 n
~IV v IV ~1v N v
E € C—j> uan(])_g § Ut€i—_j)
"2 G2 t=5+2
and
~IV/
=Y, — e w/VY, | =2 .. n. (34)

An example of an instrument in an empirical example will be given in Section 9. In the misspecified
model case, the STUR-IV estimators are still consistent. In particular, for the model (4) and under
Assumptions 2-3 of Lieberman and Phillips (2018), we have @V —a = O, (n_l/z), ﬁ% (J) =7 (9) =
Op (n~%/?) and 'yuan(j) — Yue () = Op(n ~1/2) for all fixed and finite j. The proof follows the
arguments given in Theorems 3 and 4 of Lleberman and Phillips (2018) and is omitted.

The results established hitherto enable us to conduct hypothesis tests using plug-in estimators in
place of nuisance parameters. In addition, even though ¢, is inconsistent, as a,, is consistent when wuy,
is not endogenous, the LSTUR model can be consistently estimated in this case under the important
restriction ¢ + b = 0. As under endogeneity a can still can still be consistently estimated using the
IV method, the LSTUR model under the restriction ¢ + b = 0 can be consistently estimated in this
case as well. In contrast, the LUR model cannot be consistently estimated, unless certain conditions
are satisfied, such as when the data support joint large span and infill asymptotics (Tao et. al., 2017).
These results are employed in the empirical section below.

7 The Effects of Misspecification on CI Construction

Stock (1991) constructed confidence belts for the localizing coefficient ¢ in the LUR model from which
confidence intervals (CIs) valid within a vicinity of unity for the autoregressive coefficient 5 could be
deduced from unit root tests. Application of this methodology to the Nelson Plosser (1982) data pro-
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duced very wide confidence bands. Hansen (1999) showed how the accuracy of these simulation-based
ClIs deteriorated as the stationary region was approached. He suggested a grid bootstrap procedure
for the construction of the CIs which helped to improve coverage accuracy of the bands'. By Theorem
2 of Hansen (1991) the grid bootstrap is consistent for an LUR process. However, there is no theory
for LSTUR processes in general and so this method is not suitable for our purposes. Phillips (2014)
provided an asymptotic analysis that explained the deterioration of the Cls as the generating process
moves deeper into the LUR region and ultimately the stationary region, reinforcing the work of Hansen
(1999) and Mikusheva (2007) on the role of correctly centred statistics in the development of uniformly
valid confidence bands. In this literature the primary interest lies in developing Cls for the autoregres-
sive parameter and the LUR specification is simply a vehicle for delivering such a CI that has validity
over stationary and nonstationary regions.

The research referred to above was all conducted using LUR formulations of departures from unity.
The present section addresses the issue of how confidence band accuracy is affected by an underspeci-
fication of an LSTUR process as an LUR process. To this end, we consider the limit distribution given
n (19). The t-ratio for the UR hypothesis is given by

n (B —1)
i (62/n23y, v2 )" o

! 2 'y G2 dBu + ! Ga c st
S L (/ G, (r)er) oy Y2ua | @ Jo Gac(r) ' (r) fzo e (r)dBe(r) 7
9e \Jo 2 fo Ga,c (r)"dr

o

where &2 is a consistent estimator of o2, such as the IV estimator IV (0), discussed in Section 7.
When a = 0, the result (35) reduces to equation (2) of Phillips (2014), or equation (5) of Stock (1991)2.
To get an idea of how the confidence belts of Stock (1991) would be affected by the omission of a
stochastic component, we simulated the right side of (35) with parameter settings 02 = 1, X,. = 0,
a=(0,1,2,3,4), 2 = (0.1,1) and ¢ = (1,0, —1, -5, —10,..., —35). As b= (aau)2, the setting includes
parameter combinations under which —35 < ¢+b < 17. Table 1 was constructed with 5000 replications
and 400 integral points and includes the 5th, 10th, 50th, 90th and 95th percentiles of the simulated
asymptotic distribution, as well as the width of the 80%- and 90%-ClIs in each case. For brevity, in
Table 1 we only display a subset of the cases. The full Table is supplied in the online supplement.
The most striking feature of the results is that the CIs become wider as the value of ¢+ b increases.
In other words, given a c-value, the effect of misspecification becomes more pronounced as the value of
a and/or o2 increases. This is expected, as a very negative value of (c + b), for instance, is consistent
with a dominant LUR - relative to STUR - component. Each value of ¢ gives a point on each confidence
line in the Stock (1991) confidence belts, from which the permissible values of the test statistic can be
implied, given a confidence level, and vice versa. Therefore, wider Cls for the test statistic for larger a
and/or o2 values translate to wider Cls for ¢ and for 3, implying that Stock’s (1991) conclusion that
the CIs for § are typically wide applies with greater force in the presence of a STUR component in
the process. In effect, the Cls grow wider as the STUR signal becomes more dominant. For instance,
suppose that the observed value ¢ 5= —2.0. Reading from Table 1, the value ¢ = 0 is not in the 90%

'In his simulation experiment comparing between various methods, Hansen (1991, p. 600) commented that the only
nongrid method that provides good coverage is Stock’s confidence interval, which provides very accurate coverage rates
for the autoregressive parameter near unity (including the explosive case).

2To be precise, Stock (1991, equation (5)) used a demeaned ADF t-statistic in constructing the confidence belts.
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Clif a = 0,1,2 and o2 = 0.1, but it is inside the 90% CI if a = 3,4 and o2 = 0.1. Put differently,
when b = [0,0.4], ¢ = 0 is not in the 90% CI, given a t5-value of —2.0, but for larger b-values, the value
of ¢ = 0 is within the 90% CI.

The above discussion pertains to a given c-value. In practice, as shown in the next section, a
fitted LSTUR model may lead to a substantially narrower CI for ¢, compared with the CI for ¢ that
would be obtained from an LUR model. The results shown in this simulation are simply illustrative
of the implications of having a generating mechanism that involves random as well as deterministic
departures from unity. Comprehensive tabulation is a multidimensional task, involving a constellation
of conceivable parameter values, and the limit theory is non-pivotal so that practical work would require
consistent estimates of many unknown parameters and an approach that led to uniformly valid (over
LUR and STUR departures from unity as well as stationary departures) confidence intervals. Such a
program is beyond the scope of the present paper.

8 An Empirical Application

Lieberman and Phillips (2018) estimated a STUR model in which the dependent variable is the log
spread between an index of U.S. dollar denominated investment grade rated corporate debt publicly
issued in the U.S. domestic market and the spot Treasury curve. The variable u; — g, ,, was taken to be
the demeaned 100log(SPys;:/SPys;t—1), where SPyg; is the opening rate of the SPDR S&P 500 ETF
Trust. The sample correlation between u; and AY was —0.52, supporting Kwan’s (1996) report of a
negative correlation between stock returns and bond spread changes. In this case the NLLS estimator
is inconsistent. The IV estimator, which is consistent, was estimated with 1454 daily observations over
the period January 5, 2010, through to December 30, 2015, giving a value a!" = —0.245. In addition,
the misspecified STUR-based IV estimators of the covariance parameters are consistent as discussed in
Section 6.

The sum of squared errors (SSE) of the fitted LSTUR model under the restriction ¢ + b = 0 is
0.102, for the fitted STUR model it is 0.102, and for the unrestricted AR(1) model it is 0.135. For the
latter, the estimated coefficient was equal to 0.9997. Thus, LSTUR reduces the SSE of the random walk
model by 24.4% and the STUR and LSTUR SSE’s are equal to a third decimal place, corroborating the
results of Section 7. The sample kurtosis of the returns is equal to 13.32 whereas that of the returns of
the fitted values of the LSTUR model - 12.48, in line with the results of Section 6 and further enforcing
the good fit of the model. The graph of the LSTUR-based Bm against ¢ is displayed in Figure 1, from
which it is obvious that there is a substantial variation over the unit root. In particular, the mean,
variance, skewness and kurtosis of Bm are 0.99998, 0.08, 0.57 and 7.94, respectively and the range is
[0.97,1.05], showing that large deviations from the unit root do occur over the sample.

Using the IV estimation results we calculated the t-statistic (35) with error variance estimated by
fng; (0) obtaining a value of ¢t; = —0.659. We recall that by Remark 8 demeaning of u; does not affect
the asymptotic distribution of the test statistic. The 5th, 10th, 50th, 90th and 95th percentiles of the
asymptotic distribution were simulated® using the rhs of (35) with parameters replaced by their IV-
consistent estimates. The intersection points of ¢ = —0.659 with the percentiles are shown in Figure
2 and Table 2. The 90% CI for c is given by the intersection of the horizontal line t; = —0.659 and

the 5th and 95th percentiles lines, in the (c, tfi) plane. As shown in Figure 2, the CI lower and upper

3A MATHEMATICA program was written to evaluate the percentiles using 400 integration points, 5000 replications
and a grid of 0.1 over the c-values.
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limits are ¢} = —4.15 and cf; = 3.16 and the median unbiased estimate of ¢ in the LSTUR model is
Cmed = —0.42. The procedure was repeated for the LUR model, where the asymptotic distribution is
given by (35), with a = 0, 02 = 0, X,c = 0. The results are shown in Table 2. For this model we
obtain the 90% CI limits ¢y, = —4.25 and cy = 3.24.

Table 2 reveals that the 90% CI for ¢, which is LSTUR-based, is narrower and is in fact fully
within the 90% LUR-based CI. Thus, at least in this case, LSTUR attenuates the estimated impact
of ¢ on the time varying autoregressive coefficient (,,. The induced 90% CI for 3,, which is LUR-
based is approximately [1 — 4.25/n,1 4 3.24/n|, whereas the variation of u; needs to be accounted for
in the construction of an LSTUR-based 90% CI for 3,,. Conditional on u; and on the values of the

nuisance parameters, the LSTUR-based 90% CI for 3, is [6_4'15/7”“““/\/7‘,63‘16/7“““1“/\/5}, so that

the width of the interval is approximately 7.31/n, compared with a width of 7.49/n for the LUR-
based CI. The means of the CI bounds, taken with respect to u; and assuming that w; is multivariate
normal, are BecLtou/Vn — (L +8/2)/n and Bectraue/va — ((ch+b/2)/n, Plugging in the IV estimates,
alV = —0.245 and 62 =n"1Y (ut — ﬂu7n)2 = 0.983% into these formulae, the estimated means of the
bounds are 1 —4.12/n and 14 3.19/n, which are slightly smaller in absolute values than the respective
LUR-based bounds. Furthermore, Given the model parameters, and assuming that w; is multivariate

normal, y
¢ aug . ¢ caVb
Pr (e"+ﬁ < L) =a iff L=ern’ vn ,

where ¢, is the a’th percentile of the standard normal distribution. Thus, given the model parameters
and the distribution of wy, the induced 90% CI for j3,,, is

_415_04 316,04
|:€ n \/H7e n \/H:|

So, the width of the CI is approximately 0.8/y/n + 7.31/n. Compared with the LUR-based induced
CI for f3,,;, the LSTUR-based induced CI has a term which is O (n_l/ 2), to account for the additional
variability in ,,; which is due to u;. On the other hand, the O (n™!) term in the CI which is due to ¢
and b in LSTUR and due to ¢ only in LUR, is smaller in absolute value in the LSTUR-based bounds
than in LUR.

We remark that an ‘exact’ analytical CI which accounts for the variability in the estimates of a
and the covariance parameters is analytically intractable, because these estimates influence both the
percentiles of ¢ E (and, hence, the values ¢ and c{;) as well as the summand alVug /v/n. Nevertheless,
qualitatively, the message from the empirical application is that the reported CI for ¢ can be wrong
and, in reality, wider when an LSTUR process is misspecified as a LUR model. On the other hand,
unconditionally, the induced CI for 3,,; is wider when a STUR component is present as is expected from
the additional random variability that is embodied in the LSTUR representation of the time variation
in the autoregressive coefficient.

9 Discussion

It is widely acknowledged that with much economic and financial data the unit root hypothesis may
only hold approximately or in some sense on average over a given sample. A more general modeling

4The estimator &2 is consistent as it does not depend on a.
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perspective that offers greater flexibility is that the generating mechanism may involve temporary de-
partures from unity at any sample point that can move the process in stationary or explosive directions.
Recognition of this type of functional coefficient flexibility and its relevance for applied work has led
to the literature on LUR, functional LUR (Bykhovskaya and Phillips, 2017, 2018), and STUR models,
which seek to capture certain non-random and random departures from an autoregressive unit root
process. The hybrid model introduced in this paper incorporates two streams of this literature as
special cases and the limit theory generalizes results already known for the LUR and STUR models.
As expected, ignoring one or other of these component departures introduces inferential bias. Both
simulations and empirics reveal how the construction of uniform confidence intervals for autoregressive
coefficients using a LUR model formulation are affected by misspecification in which the random de-
partures of the LSTUR mechanism are neglected. Of particular relevance in applications is the fact
that an LSTUR process, may have the same mean and variance as a Gaussian random walk but with
kurtosis that is well in excess of 3, a feature that is consonant with the heavy tails of much observed
financial return data.
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Table 1. Percentiles and Confidence Intervals for ¢ L 02 =0.1

5 10 50 90 95 80% CI  90% CI
—-1.724 —-1.361 0.3 2.466 3.144 3.827 4.868
-1.73 —1.355 0.273 2.588 3.423 3.943 5.152
—-1.716 —1.367 0.151 2.935 4.199 4.302 5.915
—-1.807 —-1.4917v -0.1127 3.988 6.432 5.479 8.239
—-1.974 —-1.641 —0.467 4.921 9.538 6.562 11.512

— R =~ 0
B~ wNn — o Q

—-1.913 —-1.62 —0.508 0.9445 1.311 2.564 3.224
-1919 -1.607 —0.534  0.907 1.374 2.514 3.293
—-1.976 —-1.641 —0.562 1.068 1.753 2.71 3.729
-2.03 —-1.712 —-0.736 1.25 2.264 2.962 4.294
—2.064 —1.817 —0.94 1.882 3.437 3.698 5.492

o O O OO
= w N = O

-1 0 -2.145 -1.852 —0.877  0.125 0.432 1.977 2.576
-1 1 -2136 —-1.812 —-0.887 0.101 0.472 1.914 2.608
-1 2 -2.195 -1.889 —0.955 0.171 0.592 2.059 2.786
-1 3 -2195 -1.905 —1.021 0.21 0.862 2.115 3.057
-1 4 -—-2.255 —-198  —1.187 0.32 1.277 2.306 3.532
-5 0 —-2.746 —2472 —-1.642 —-0.996 —0.81 1.476 1.936
-5 1 =275 —=2501 —-1.656 —0.996 —-0.802 1.505 1.953
-5 2 =2757 =249 -1.664 —-1.01 —-0.819 1.486 1.938
-5 3 —2.788 —-2.52 —-1.7 —1.023 —-0.804 1.497 1.983
-5 4 -=2875 —=2.556 —1.755 —1.102 —-0.838 1.454 2.037
-10 —-3.283 —-3.047 —2.257 —1.628 —1.468 1.419 1.815

0
-10 1 -3.274 -3.026 —-2.269 —-1.63 —-1.463 1.396 1.811
-10 2 —3.297 —-3.063 —2.285 —1.642 —1.475 1.411 1.821
-10 3 -3.308 —-3.064 —2.272 —-1.624 —1.462 1.44 1.846
-10 4 -335 —-3.116 —2.299 —-1.685 —1.496 1.431 1.854

Note: The entries in the table are the percentiles- and confidence interval width (last two columns) of
the limit distribution of the statistic ¢ B based on 5000 replications and 400 integral points, with

02 =1, ¥y = 0. The full table is given in the online supplement to the paper.
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Table 2. c-values percentiles.
Percentiles
Model  5th  10th  50th  90th  95th
LUR 324 226 -0.41 -3.16 -4.25
LSTUR 3.16 2.23 -0.42 -3.21 -4.15

Note: The figures in the Table are percentile c-values, obtained from the intersections of the line

t5 = —0.659 with the confidence lines for the LUR and LSTUR models, using Stock’s (1991) method.

10 Proofs

10.1 Proofs of Lemmas and Supplementary Results

Proof of Lemma 3. From (), %Z?:z eYi_1 = %Z?:z Z;C:)o Dy jny_;Yi-1. As ;1 is uncorrelated
with n;,

*DZOZWK‘ 1:>D20/ Gac )dB () (36)

t=2

Next decompose the contemporaneous sample covariance as

1 1 a'ug—q
-D Y, 1= Yi_ _
n 27127&1 t=1= 2127715 1(6XP< + NG > t—2 T &t 1>
1 a'up—1 _
= %D2,1 zt:ntl {(1 + NG + o (n 1/2>> Yio+ Stl} , (37)

where 3" 9, 1Y, o = fo (r)dBy (r) from (36) and

1 1 & i
n3/2 Z 77t—1a’ut—1Yt—2 = 73/2 Z M1 Z Dl,jnt—l—j ath_Q

a'up_o
n3/2 Zm 170 1D10aYt 2+ 3/227% 127% 1- ]Dlja <9XP< + NG Yi3 + €12

t=2 j=1

1
= Z77D,1,0a/0 Gae(r)dr+ Y5 mel Zﬁé—l—jDi,ﬂEt% +op(1). (38)
=2 =1

Further,

1 [ee} o0 1 oo o0 0.)
n3/2 Z M—1 Z 772—1—]'D,1,j0¢5t72 = 32 Z Mt—1 Z 77::—1—]‘D,1,ja Z Do gny—o—
— j=1 = j=1 k=0
n3/2z77t 122172/&77& 2 kTTt—1— ngga—Op( )>

7=1 k=0
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so that )
1
peYe] Zntfla'ut,lYt,g = ZnDll,oa/ Ga,c(r)dr. (39)
t O

The last non-vanishing term in (37) involves

*Zm 1&t-1 = — Zm 1ZD2k77t 1k —p 2 D207 (40)
"=
and so
1 1 1
51)2,121715,1YH¢D2,1 < / Gac(r)dB, (1) + £,D} ga / Gac (r)dr+an’2,0>. (41)
7 0 0
Continuing,
c  duiq
Yi 1= — Y;
t—1 eXp<n+ \/ﬁ> t—2 + €t—1
c  dui_q c  dui_9
= — — Yi_ _ _
eXP<n+ \/ﬁ>(exp<n+ NG t—3 T €t—2 | + &1
2¢  a (up—1 + up—2) c  duq
= — Yi_ — _ 1. 42
eXP<n+ Jn t—3 + exp n+ n €t—2 + €11 (42)

We therefore have

1 1 2¢ d (up—1 + u—9) c  dui_q
-D Y. 1=—-D — Yi_ — _ _
n 2,2;7%_2 =1= 2,2;77t_2<exp<n+ n t—3 + exp n-i- Jn Et—2+ Et—1

(43)
:%DzQZnt 2( (o \I/;L_ut 2)>Y;€3 (44)
+ %ng ;m2 exp (; + al:}%1> Et—2 (45)
+ %ng zt: N—2€t—1 + 0p (1). (46)

To deal with (44), we write

u +u
Znt2<1+ t\l/ﬁ t2>>Y;t 3—/Gac dB( 3/227715 2a utl“‘ut 2)th 3+Op()
(47)

and using (39) gives
1 1
n3/2 Z”tﬂ“/“t*QYt*i” = Z17D/1,0a/ G, (r)dr, (48)
t 0
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so that

1 1 > 1
n3/2 Z”tﬂalut*lyt*?’ = 32 Z’ltfz ZDlyjnt—lfj aYy3 = 32 qu%qu,oatha
7=0 t

3/2 Zﬁt oMo Dy 1aYi3 + 3/2 Zﬁt 22% ;D j_1aYi-3.
7j=3

(49)

Two types of terms occur in (49): one with equal lags of 7, and the other with non-equal lags. Since

Y;_3 = exp ( + a\utf3) Y, 4 + &3, the first term is
1 / / 1 / /
372 Z Ne—oNi—1D1 paYi—3 = R Z Ny—oMt—1D1 pact—3 + op (1)
t t
1
= 3R Z Ni—os 1D} ga (D2on; 3+ ) +0p (1) =0, (1).
t
The second term in (49) gives
1 / / / !
n3/2 Znt—gnt_ng,lan_g = EnDLla ; Ga,c (T‘) dr,
t

and the third term in (49) is

n3/2 Zm QZnt ]Dlj 10Y;-3 = 3/2 Zm QZTH ]‘D]._] 1a€t-3 +0p (1) = 0p (1)

Jj=3 7=3

It follows from (49)-(52) that
1 /! / !
3 Znt_ga ur—1Y;-3 = ¥, Dy 10 ; G, (r)dr.
t

Then, from (47), (48) and (53) we deduce that

Zm( “ ““ﬁ“t ”)Ytﬁ/(;m (r)dB, (r) + %, ZD /Gac

Using (40), we have

CL Ut—1
- Zﬁt 2 €Xp < \} > et—2 = Xy Dj,
and

1 1 -
n Z Mt—28t-1 = Z Mi—2 Z 77;—1—jD/2,j5t—1 = EnDIQ,l-
t t j=0
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Combining results from (42), (54), (55), and (56) gives

7D22Znt Y1 = Dao /Gac r)dB, (r) +znZD /Gac dr+EnZD2] (57)

For n*1D27j DM ;Yt—1,7 > 3, the pattern is similar to the one eatablished above. Under Assumption
1, the D’s satisfy the one-summability condition, so that, by the Dominated Convergence Theorem,
for any real r and any m > 0,

1 - — 1
lim E | exp T—ZZDQ,J% th 1 = Fexp TEZZDQ,jnFth,l

m—0o0
t=2 j=0 t=2 j=0

In view of (36), (41) and (57) then, we have

fZEtY% 1= — ZZDQJW JYVt 1= ZD2m/ Gac dB ()

t 2 j=0
e8] m—1 1 m—1
+> Do (24 ) Df / Gac(r)dr+ 5, Y Dh;
m=1 §=0 0 j=0

Now, > D2 = Dy (1) and B, has variance matrix X,, so that Dy (1) B, () = Bc (r) has variance
matrix Ds (1) X,D5 (1)" and

<2D2m>/Gac )dB, /Gac YdB: (r).

Further, recalling that A,. = > ;2 B (uoep) , we obtain

Nya=E{(Dron; + Diins 1+ ) [(D2,0ne41 + Doy + - ) (Da2,0mi19 + Daimyyy + -+ )] },a
= {D10%; (D21 + D32+ -++) 4+ D115, (Dag + Do+ - }a

= {D1,02, Dy + (D1o+ D1,1) SyDhy -+ Y a

= {D21%,D} g+ D225y (D1po+ D11) - }a

= Z Dy %y (Z Dll,k) a. (58)
=1 k=0
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Similarly, Aee = B> 72 16444, 18

E { (Do + Daany g 4+ ) [(D20meq + Daang + -+ ) + (Doongo + Doanyg + -+ ) + - ]/}

= Dy, (Da1+Doo+-+) +Do1Xy(Dao+ Dog+--) +-
= Dyo¥yDar’' + (D2o+ Do) Xy Do +

j—1
= D21¥,Dyg + D25y (Dao + Daj) +- ZDzvg ( Dy k) : (59)

0

i

This implies the result given in (13) and the Lemma is established. W

Lemma 15 For the model (4), under Assumption 1,

1 1
o ZutugY}?,l = EU/O G(21,c (r)dr
t

Proof of Lemma 15. The result follows immediately from

e L () B () () 2 [

Lemma 16 For the model (4), under Assumption 1,

1
ni/zzutyfl;»/o G2, (r)dB, ( /G dr—l—Aug/ G (r )
t

Proof of Lemma 16. We have

WY = SO D V2
t

t=2 j=0
For j =0
or j 7 L 1
n3/2 z; Dyon, Y72, = Dl,o/0 Gic (r)dBy (r).
t=

For j =1,

1 & 1 > . g )
n3/2 ZDLlnt—lYffl =k E IR/ <eXP (n + NG ) Yio+et1
t=2 t=2

1 n / n
1 2a’up_q 2
= Dl,l/o G2 . (r)dBy (r) + 32 > Dian —F—Y2, + 37 > " DiangYioer1+0p(1)
t=2 t=2

vn

1 1 1
= Di, / G2, (r)dBy (r) 4+ 2Dy 1%, D] a / G2, (r)dr+2D115,Ds g / Gac(r)dr
0 0 0
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For 5 =2,
1 n
n3/2 Z D17277t72Y152—1
t=2

1 < 2¢  a (ug—1 +up—2) ¢ a'u_q 2

— Do [ G2 aBy () ¢ - Zn:D 20 (w1 T ura) o
- 1,2 0 e ] n3/2 pas 1,272 \/'71 t—3
2 n

—l—m Z Dy on_o9Yt-3 (Et_g +e1) + op (1)
t=2
1 / X .
= D1y / G: . (r)dBy (r) +2D12%, (D1o + D11) a / G2 . (r)dr +2D1 5%, (Dag + D2,1) / G (r) dr-
0 ; O
Continuing this scheme and using summability, we deduce that

1 00 1 0o 7j—1 1 j—1 1
~7 > wY? =Y Dy /0 G2.(r)dBy (r)+2) D15, <Z D} ,a /O G2.(r)dr+Y Db, /0 G (r)dr ).
t j=0 j=1 k=0 e

and the proof of the Lemma is completed by using (58) and (59). B

Lemma 17 For the model (4), under Assumption 1,

n 1 o0 1
Z weYi_1 = n3/22m/ Goc(r)dr+n Z (D2, ® D1) H/ Ga,c (r)dE (r)
t=2 0 Jj=0 0
- i1 - j-1 '
+ Z (D2 ® D1,j) M3 (Z Dl,i) a/ G (r)dr+ (Z D27i>
j=1 =0 0 i=0

1
+3" (Do @ Diy) / G (1) dC () $ + 0, (n).
, 0
J7#k
Proof of Lemma 17. The proof is similar to that of Lemma 8 of Lieberman and Phillips (2018)
and is omitted.

Lemma 18 For the model (25) where K = 1, ¥, = 0, us and &; are iid, and with the filtration
Fr=0{(By(s),B:(5)),0 < s <r} the instantaneous kurtosis measure is

B (B |(dGa. (M) 17]) 36 [B (G (1) — (B(G2.())’]
Kb,c (T) = 2 = 3+ 2 (60)
B(E[dC ) |17])) 0 E(C0)) +0t+202B (G2 (1)
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Proof of Lemma 18. The process increments dG, () at r satisfy (25)

dGa.c(r) = aGqc (1) dBy (r) + dBe (1) + <c + g) G, (r)dr, (61)

where b = a?02. In the arguments that follow we evaluate conditional expectations and expectations
of the second and fourth powers of the stochastic differential dG, () in order to calculate the instan-
taneous kurtosis measure kp . (1) at 7. The components involve powers of the stochastic differentials
dB, (r) and dB.(r) and we use the fact that (dW (r))* = d[W], = dr a.s. and is a nonstochastic
differential, where (W], = [ (dW)? = r is the quadratic variation of the standard Brownian motion
W. The resulting expressions therefore involve deterministic differentials dr and these are treated in the
usual manner according to their respective orders of magnitude. When these deterministic differentials
are scaled by stochastic processes then O, rather than O notation is used for the respective quantities
in the following derivations. We have

B [(daa,c (r))"* ‘}"r] - [aGa,c (r)dBy (r) + dB. (r) + <c + g) Gae (1) drm] '

—E [(aGa,c (r)dBy (r) + dB. (r))* u—;] +4 <c n ;’) E [(aGa,C (r)dBy () + dBe (r))? G (r) u—;] dr

+6 < + 2) B (aGae (r) dB, (1) + dB. (1)* Gae (1)’ 1] (dr)?

+4 <c n Z)g ) [(aaa,c (r) dBy (r) + dB. (r)) G (r)? ]}}} (dr)® + (c + S>4 ) [G (r)* m} (dr)*

= [80Gue ()" + 662G (r)? + 302 | (dr)? + 6 (c + g) 2 (VG (1) + Gae (1) 02| (dr)* + O, ((ar)")
(62)
since E [(aGa,c (r)dBy () + dBe (1)) Ga. (1) \fr} dr =0,

E {E [(aGa,C (r)dBy (r) + dB: (r))* m] } — 3a'0lE (G, (r)) + 6a%0%0%E (G2, (r)) + 30"
= 3V°E (G, . (r)) + 6bo?E (G2, (r)) + 302, (63)

and
B [(aGu (1) dB. (r) + dB: (1)) G (0 |7, = [?02GE (1) + 02Ge ()7 d.
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Similarly
B :(dGa,C (r)? |fr} ) [aGa,c (r)dBy (r) + dB. () + <c + g) Gay (r) dr\]—}] i

- E :(aGa,C (r)dBy (r) + dB. () |fr} + <c + ;’)215 [G (r)? \]—“T] (dr)?

) :<a2agea,c ()2 + og) yfr} dr + <c + S)QE [G (r)? \fr} (dr)?

= [0Gae () + 02| dr + ( + 3)2 Gae (r)? (dr)?. (64)

Using (62) - (64) and treating terms of order o ((dr)2) as zero gives

B (B |(aGac (r)dB, (1) +dB. ()" 17,]) + o ((dr)?)
(B (B [(0Gac (r) dB. (1) + dB. () 7,] ) + o (ar)?) }
3V°E Gy (r)) + 6b02E (G2 . (1)) + 302

(b (G2, (1) +02)°

Kpe (1) =

3V°E (G . (1)) + 6b02E (G2, (1)) + 302
02 (E (G2, (1)))? + ot + 2002E (G2, (r)
3% [B(GL. () — (B(G2, ())°]
b (B (G2 ()" + ot + 2002E (G2, (r)

)

as stated. For large b, note that

4 ,4(c+2b)r 4 o4 (c+20b)r —
B(G() = 2 <2( ! ! >_3oae 2 (c+2b) — (c+3b)

c+b c+3b)  4(c+2b) 4(c+b)  (c+3b)(c+2b)

3048164(c+2b)r c+b 30364(c+2b)r

4(c+b) (c+3b)(c+2b) 4(c+3b)(c+2b)’

2(c+b)r _ 2(c+b)r
and B (G2, (r)) = 02¢ L~ o2e . Hence, as b — oo

€ 2(c+b) € 2(c+b)
oletlct20)r
ol BE (G, (1) + 600%E (G2, (1) +30%  3P°E(GL.(r)) 32 e
,C 9 2\2 2 2 2 e2(c+b)r 2
(bE (Gmc (7")) + 06) b’k (Gmc (7")) <Ugm>

)

e4br (C + b)2 9 4br
(c+3b)(c+2b) 6
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and kurtosis of the process increments dG, . () grows exponentially with b irrespective of the fixed
value of c.

10.2 Proofs of the Main Results

Proof of Lemma 1. By repeated substitution, we obtain

Zexp ( n. /Zl\fﬁrl ) g5, t>2. (65)

Therefore, setting ¢t = |nr] and using a strong approximation version of the invariance principle (7),
we have

|nr] . :
Vi nr] _  reda’Bu(r)4op(1) je d Zgzl U; |\ €5
N DI e v

j=1

|nr] . o j— /
= TC+a/Bu(T) — (] — 1) Z 1 UZ _L‘ u'] 67] 1
‘ Zm« n v ) e

7j=1

|7 ’ 1,0 \2
— T’C+CL Bu(r E ] — 1) ZZ 1 Ui _auy ((Z uj) Z; €j
o xp < n \/ﬁ 1 \/ﬁ * 2n ¢’ \/ﬁ + Op (1)

[nr] _(=1c_2a El 1"z 5]

= eTc-i—a,’Bu(T Z e n Z e e UC a/B“(%) (alzus -+ o (’LLj€j — Zus)) + Op (1) .

n n
(66)
The error order in (66) holds uniformly over j = 1,...,n because the components u;; of u; satisfy
]P’{max \F > e} =P{— Zuztl {luit] > v/ne} > e
v B usd {{ug| > /ne 1
2z B v sl }] = SB[ {Jual > vie}] -0 (67)
so that max;j<y @%‘ = 0, (1). Then, max;<, |T;| < max;<y ’%‘ = 0p (1). Similar arguments may

be used in the arguments that follow in order to establish uniform error bounds as may be needed,
although details are not always provided.

_G=De_ @ X5 uj o .
Now let e n v = f (—(Jinl)c - a'ﬁ {:11 uj> . Then,

o . G-De ~ G-De 14~
ox (‘n‘“XL_f; P (‘n‘“ﬁ-z“)
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and by Ibragimov and Phillips (2008; equation (4.9)) we obtain the following sample covariance limit

Lnr)
(J—1Dec ’Zjluz
ZexP( n v )ﬁz

= — Aué«/ epca,B“(p)dp—i—/ e Pemd'BuPgB_(p). (68)
0 0

Furthermore,
Sl (—1)c =1\ @/Su " .
g exp <— —a' B, ( )) = a’Eue/ e Pem@'BulPp 4 o, (1) (69)
= n n n 0

The last term in braces in (66) is

o i (2) o oo ()

(70)

As the differentials dB. (%) are independent Gaussian variables, each with a variance which is

0] (n_l), max;<p dBye (ﬁ> =0, <\/ 105"), see for instance, equation (1.7.2) of Leadbetter et. al.
(1982). It follows that (70) is Op, (n"/2) and therefore, from (66), (68) and (69), that

Y / r i r ! r
At gretdBu(r) {_a,Aus / e—Pc—a Bu(p)dp + / e Pea'Bulp) g p_ (p) — G/Eus/ e—pc—aBu(p)dp}
0 0 0

4D
ereta’ Bu(r) { / e~ Pc—a'Bu(p) g B. (p) — a'Aye e~ Pc—aBu(p) dp} 7
0 0

T

which is the stated result. W

Proof of Theorem 4. Existence and uniqueness of the estimate ¢, follows from the convexity
of the NLLS objective function and monotonicity of dependence of the function f3,;, = f,;(c) as a
function of ¢, given a’u;. The method of proof then relies on asymptotic expansions of the first order
conditions. The NLLS ¢, of ¢, given known a, is defined as the solution to the equation

S (Vi = B (€0, 0) Yie1) By (én,a) Vi =0, (71)

t

where 8, (¢, a) = %(C’a) = 18, (c,a). The solution to (71) is equivalent to the solution of

C
Y ViBog (Enya) Yior =Y By (6ny0) i1
t t
or

D (Bui (e,0) Yier +€0) By (6nra) Yir = D By (260, 20) Y2 .

t t
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Rearranging the last equation, we seek a solution to

Ze2a'ut/\/ﬁ |:e2én/n _ e(chén)/n} Y2, = Zea/ut/\/ﬁeén/ngtyt_l. (72)
: t

Expanding the left side of (72) we get

o0 y .
' (2¢,) — (c+ &) ' (2¢,) 20 + [c—én])’

2:2au/\f§: n n 2 _2:2au/\/ﬁ n n n 2
‘ t ]:1 n]]' }/til_ t ‘ t ]: 1/; !

[y

/ © (26,) =S _ () (280)% [e — e, F
_ Y u/vE Z( ) r—o (1) (2¢0)" [ ] y2,
t

jil nJj!
T — S0 (@) e e — e R
— Z 62 t/f Z }/152 1
t

nij! B

, 00 =1 (7) (96 (o — & 1-1—F
_ Z e?a ut//n (én o C) Zkz:() (k) ( Cn) [C Cn] Y? .
t

At the true value of ¢, the objective function Q2 (¢) = n~! (Y; — 8,,; (¢, a) Y;—1)? converges in probability
to 02 and therefore the only term in the square brackets which contributes asymptotically is the first
order term, (¢, — c¢) /n. The leading term on the left side of (72) is therefore

2d'uy  2a'3,a 24 (wul — X,)a 1 én —cC s 9
Z<1+ N - +op —+0, ()| V2.

t

Upon scaling by 1/n, we have the following asymptotic form:
Yt 1 2 du (Yii1\? 2 ;W — Xy, Vii1)?
{ £ w2 m ) e T ) U
Eu }/t 1 1
e ;m +0p<n>}

— (G0 {711 > (%)2 10, Cl) } ~a (e ) /01 G2, (r) dr, (73)

where the notation ~, means that the difference between the lhs and the rhs of the symbol is o, (1).
Scaling by 1/n, the dominant term on the right side of (72) is

1 1 Y1
—E Yi_ —E ! —
n’ ety 1+n t autgtfa
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and

H

1 / alzua Y 1 / Ut(‘:t Due \ Yic1 / /1
_ E a Y, = E p— E a =>aX G d
n3/2 t ettt n t \/> ’I’L 7 \/ﬁ e 0 “e (T) "

Using Lemma 3, we obtain

1 1 1 1 1
ﬁ Z eYr1+ W Z alutEtY;t—l = </ Ga,c (T) dB. (T) + a/Aua / Ga,c (T) dr + /\se> + a,zus / Ga,c (T) dr
; ; 0 0 0

1 1
_ / Gae (r)dB. (r) + a Aue / Gae (r) dr + Mee. (74)
0 0

The result of the theorem then follows from (73) and (74). B

Proof of Theorem 5. We maintain the notation (a,c) for the true value of the parameter and
denote by (a1, c1) any other parameter in the parameter space. The NLLS estimate of (a,c) satisfies
the extremum problem

(Gn,Cp) = arg  min {Z (Yy — B, (a1,¢1) }/}1)2} ) (75)

(a1,c1)€0© P

The objective function ), (Y; — 3, (a1,c1) Yt 1)? is quadratic and hence convex in §,; and the ex-
c1 alut

ponential function 3, = B, (a1,c1) = e™  v* is monotonic and local to unity, which simplifies the
development of asymptotics for (a,,¢,). We proceed by providing an asymptotic approximation to
(75). As shown below the objective function is asymptotically quadratic and convex in the parameters,
so that the NLLS estimates exist and are unique for large enough n.

We start by noting that in view of the asymptotic expansion

ey e a1y 1 g\ 2 1
But = e”+ﬁ:1—i—( +\1/ﬁt>+2< +\1/ﬁt> +O(3/2)
¢+ 3 (aur)? aluy

1
= 1+ o +\/ﬁ+0p<n3/2> =: 140 (a1,¢1)

the model Y; = §,,; (a,c) Yi—1 + & has a linear in variables and non-linear in parameters asymptotic
representation of the form

A)/t - 5nt (CL, C) }/%—1 + &t
e Yo dwYiq | 1(dw)’Yig 1
—\/ﬁ\/ﬁ"f' 7 +2ﬁ \/ﬁ+€t+0p\/?l,

where we use use the fact that n=1/2Y,_; = Op (1). The approximation holds uniformly over © by

lwie] _

compactness and uniformly over ¢ = 1,2,...,n because max;<y = 0p (1), just as in (67) above.

Similar arguments may be used below in order to establish uniform error bounds as may be needed.
Standardizing and centering the objective criterion in (75) we obtain the following asymptotic
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approximation as n — o0,

1 1
By (a1, ¢1) = nZ<AYt—5nt (a1,c1) Yi-1) —fz (AY;)?
t t

3

92 1
S PILICRARNCERE SUACH ST

e
2
= zt: Ont (a1, ¢1) {0nt (a,0) Vi1 + e} Vi1 + o zt: Int (a1, 01)2 3/}2_1

2 2 1
) , Vii—=Y) 96 ) Y2, +=) 6 2y? ..
n; nt (al 61)€t t—1 n; nt (al,Cl) nt (a,C) t—1+n¥ nt (01,01) t—1
(76)

Next, substitute

c  djup 1 (a’lut)2 1
6nt (CLl,Cl) *‘i‘ \/ﬁ +§ n +Op ryr K (77)

and consider successive terms of (76) as follows:

2 2 ¢ adjug 1 (a’lut)Q
nz5nt(a1,cl)sm-1:nZ[+ +§ -

t

_ 2@12 tgf:}l +0, ( 11/2>

2
- Z Snt (a1, c1) 6ne (a,¢) Y24
t

and

1 5o 1
—§ ) Y, :f§
n - nt(alacl) t—1 n .
1 Y, 1\?2 1

= —§ hugulbay | 2= o, — .
e . < Vn > T <”1/2>
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Then

2 2 1
Ry (a1,e1) = == 0nt (a1, c1)e0Yp1 — Zém (a1, ¢1) Ont (0, ) Y21 + =D Gt (a1, e0)* ¥
t

t
1
e

~ 2d] Y, Vi1 \?
12 ko | t 1 Zalutut ( > Zalututal < \}1> JrOp

which is quadratic in a; with a unique minimum up to O, (n_l/ 2) . It follows that

. . Y1 1 i1 1 , (Y1 2 1
Ra. § S we 2 =S b o, (s
arg iin (a1, 1) ( Uty < ) ) {n - et N - Ut Vn P\ ni/2

ez (2)) () o)

which is independent of ¢ up to this order and as n — co. We have

1 -1 1 1 -1
an, = a+ (Eu/ G?l,c (r) dr) Eue/ Gae(r)dr = a+X; e (/ szc (r) dr) / Ga,c (r)dr = a+o,,
0 0 0 0
(78)
1 -1 0
Qo = Eglzue (/ Gig) / Ga,c-
0 0

Note that the limit distribution of a,, given in (78) depends on ¢ only through the limit process G ¢. It
can be shown that to O, (n*1/2) the solution to a,, —a in (78) is identical to the solution of the exact ob-

S
3
Il

where

jective function and so, (16) is established. Continuing, the objective function 3> (Y; — B, (Gn, ¢1) Yi_1)?
is convex in ¢;. We solve for ¢, as

& = argmlnz nt (G, 1) Yio 1)

" 2
c1 %n
= ar minE Y—enefY .
gq (t t1>

The equation is

_72 }/t nt Cln,Cn)Y;f 1)Bnt (aﬂacn)}/t 1

= —fZ — Bt (ny &) Yot + £1) By (G ) Vi

(Cn +M> C+C'n+(ﬂ4+ﬂ4n) ug 9 éi_i_d{’lut
= —E e n NG }/;5_1_5156” v Yi_q

= 0.
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The solution is

1 én—c  (an—a) u au\? 1 (a+ ) w 2 ~3/2 2
nz< n T a +2<w€ () o)

1 én 4 Gput
T E e G Yi 1
= 0.

That is,

1
eyt o S s 2 Y (2 - G ek an ) v
- ZEth—l - % Zutsthq +0, (n—l/z) —0.

Using (78), and Lemmas 15, 16 and 13, the solution to &, — ¢ is

o (e aBu ) +2 (n, afo (r)dr 4+ Ay G (7))
e

(261 + Qa)/ Eu (20’ + Qa)

1
_2(a+0a)lzu(a+ga)+f

2
N fol Gac(r)dB: (r) + Ala fo r)dr+ Aee N (a+ 0,) Sue fol Gac(r) dr. (79)
fo 2 Jo G2
As
~2(a+0,) Bulat0,) + 5 (2a+0,) Su(2a+0,)
= —2d'Su0, — gQ;EuQa
1 1 2
= 209,518, fol Cac(r)dr 3o vorg vty ( g Caclr) dr)
0 Gg}c (rydr 2 0 Gac (r)dr
_ 94 fo _§ ' yly, ( OiGa,c (T)dr>27
fo 2 0 G?L,c () dr
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and

1 1 2 1
—2a'% JO Gayc(r)dr _ §E’ Y1y o Gac(r)dr + (a+ 00)' Bue fo Gy (r)dr
G 27 T a2 () dr I Gie

1 1 2

_ oy Jo Gaye (r)dr 3 w1y < o Gae(r) dr) N a'Ye fo )dr

- ue ue“—u ue
o G2o(rydr 2 o G2 (r)dr o @

DI i) IR ( fo (r) dr)

(fo G% . (7) dr)
2
= fO - 12’ DI YN M
G 2 T\ G
we end up with (17).

In the case ¥, = 0, it is clear from (78) that p, = 0, so that a, is consistent. The second and third
terms in (79) are equal to zero and from (79) it follows that

b —em fol Gac(r)dB: (r) + Al.a fo r)dr+ )\55
fo

In this case we can solve

G = argmin y_ (V; — B, (én,01) Vi1)®,
ai

leading to

“ " U
=2 " (Y1 = By (Gns in) Y1) Byt (En, ) 7%11_1

Zn Al
2e™n an Ut

= - n Z((ﬁnt(c’a)*Bnt(éna&n))}/tflJret)eﬁuty;ffl

2667n e (atan)'uy én | 2anup anug
= —— Z ent T m _en TR uth 1t+e vrue Y

= 0.

An expansion yields a solution

1 c  (a+an) u ((a + ay)’ ut)2 ~3/2 2
S (lﬂﬁ T g 0 () 2,

]. é Q&I’U,t 2(&,Ut)2 —3/2 2
—nz(“ﬁfm 0, (07)

2
+— Z ( (a;:lt) + Op (n_3/2)> utath_l

= 0.
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Keeping the leading terms, we obtain

C_Cn }/;52—1 / —a
Sy Ly g e

2
Ut Yt—l

\/>Z |: (I+an Ut)2—2(&;LUt)2:| %T
Z UtEth 1
+E Zetutugdn Y1

vn
= 0, (n_1/2> .

The first term above is negligible and by the consistency of a,,

2
Uthl

I R C
= =T[5 (et o))’ =2 (0t 0y (1) w)?| T
= 0p (n_1/2) .
Therefore, the solution is

(1 Z Yilutuo Z ettt Yt L Z stututa + 0, <n—1/2) 7

and the proof is completed upon an application of Lemmas 15 and 17. W

Y2

Proof of Theorem 6: The ols estimator of 3,,, in (4) satisfies

. Yoo YiYi g _ St B Y YoroetYio1
n n n n *

The first term above yields

I > (P R Y ) R
X Vi B Do Y

Z”(””‘* @%Y+%w*0nﬁ

- o Y '
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Thus,

2
—1xn ! 1(a -1 2
(B 1) = Zs (453 () rao )>Yt‘1+”‘12?25m1
n — =
" n=2y Y;fz—l n2y i, Y£2—1

By Lemmas 15 and 16, the first term satisfies

i / 2
I (i (%) o (”_1)> i
n=2 Z? 2 Y? 1
/ 1~
a (fo G5 . (r)dBy (r) ( e fO r)dr + Aye fo (1) dT))
o @
(c + (IIETW) fol GZ,C (T) dr
Jo G2 (rydr

and by Lemma 3, the second term yields

nTIS T LY N fol G (r)dB: (r) + A, afo ) dr + )\8E
n=2y L Y2 fo
Hence
- a'’Y,a a’ (fol G?L,c (r)dBy (r) < w@ fo r)dr + Aye fo (r) dr))
n(ﬁn—l) F et ——+
Jo G
+ f[)l Ga,c (T) + A, Q fO d’f’ + )\55

fo

which simplifies to the stated result. B
Proof of Lemma 11. As B, (p) is independent of dB; (p), the expected value of G, (7) is zero.
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The covariance of the process is given by
Cov(Gac(r),Gac(s))

_ E( / ' / " s —pma)ctalBulr) 4 Buls)~Bu(r)~Bule) 4 B. (p) dB. (q)>
0 0

TA\S
= o / o(r+s=2p)cg <ea(Bu(er)fBu(r/\s)+2(Bu(r/\s)fBu(p)))) dp
0
A
— O'g /T ° e(erJrr/\szp)cew+2a203(r/\37p)dp

_ _ b(rvVs—rAs) .
e(er rAs+2(rAs p))cei2 +2b(rAs p)dp

o

2(c+b)rAs
b e -1
36 (c—f— 3 ) (rVs—rAs)

2(c+0b)

= 0

as stated. The fourth order moment is given by

T ' 4
E(Go.(r) = / / iz (rpi)epg (eZ?=1 Bu(’">—Bu<Pi>)EHdBE (pi)
0 0 =1
- / ' / ! 2r—p-gep <e4a<Bu<r>fBu(q))+2a(3u<q>—3u(p>))dpdq
0 0

= 60’ / ' / ! 2(@r—p—q)ct8a?or (r—a)+2a*% (4-P) gy g
0 Jo

35 |1 — elct2b)r 1 — e2(c+3b)r

€

c+b

_ 2eapyp L= e
4(c+2b) 2 (c+ 3b)

which gives the stated result. l

Proof of Lemma 13: Expansion of the limit process in this case yields

Gac (1) = erctaBul®) / e Pema'Bu®)gB_(p) = / P L1 4 a (B, (r) — By (p)) + O, ()} dB: (p)
0 0

= /O ' e PAB, (p) +a /0 " elrp)e (Bu (r) — By (p)) dB: (p) + Op (a%) =: G (1) + Vo (1) + Oy (a?) .
(80)

Here G_ (r) is the limit process of the LUR process and has finite dimensional distribution A" (0, 02 (2" — 1) /2¢)
(Phillips, 1987)). The process V., (r) has mean E (V. , (r)) = 0, variance

T 2b
Var (Voo (r)) = G,QO'EO%/ e2(r—pe (r—p)dp= Zzz (1 + e2er (2cr — 1)) , (81)
0
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and fourth moment

4

r T 4 4
B ) =at [ o [ S B [T (5, 0) - B o) BT db. ()
=1

i=1

T 1 2er (9er — 1 2
= atalot [ [ 2 ) (g dpag = atotot U CT L)
0 0 C

It follows that B (V.2, (r)) = 3 (Var (Vea (r)))? and so V., has kurtosis 3. Observe that, in view of the
independence of B,, and B in the present case, the process V., (r) is mixed normal (MN') process
with finite dimensional distribution

Ve (r) ~a MA (o, [ 0P (B, (1) - B, ) dp) |

Finally,
B (G (1) Ve (1)) = ao? | 077 (B, (r) = B (@) dp =0,
0
and so
2 262(” -1 Ugb 2cr 2
Var (G (1)) = Var (Ge(r))+Var (Veq (r))+0 (b ) =0 + 12 (1 + e (2¢r — 1)) +0 (b ) ,

(82)
giving (32). The moment expansion (82) is valid based on the stochastic expansion (80) because all
moments of the component Gaussian processes (By (7), Bz (r)) are finite and bounded. W
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Figure 1: /3, of an LSTUR model under the restriction ¢+ b = 0.

Figure 2: Asymptotic confidence belts for ty - the LSTUR case, based on equation (31). Y-axis - ty
values, X-axis - ¢ values, solid blue - 5th percentile belt, dashed green - 10th percentile belt, dotted black
- median belt, dashed magenta, 90th - percentile belt, solid brown - 95th - percentile belt, horizontal
red line - the sample’s tB, a=—0.245 p = —0.150, 02 = 0.983, 02 = Tx 10~°, fg = —0.659. Calculated
with a grid step of 1, 400 integral points and 5000 replications.
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