Far-field superoscillatory metamaterial superlens
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ABSTRACT: We demonstrate a radically new type of metamaterial superlens: a planar array
of discrete sub-wavelength metamolecules with individual scattering characteristics tailored
to vary spatially to create sub-diffraction superoscillatory focus of — in principle - arbitrary
shape and size. Metamaterial free-space lenses with previously unattainable effective
numerical apertures — as high as 1.52 — and foci as small as 0.33X in size are demonstrated.
Super-resolution imaging with such lenses is experimentally verified breaking the
conventional diffraction limit of resolution and confirming resolution equal to the size of the
foci. Our approach will enable far-field label-free super-resolution non-algorithmic
microscopies at harmless levels of intensity, including imaging inside cells, nanostructures
and silicon chips, without impregnating them with fluorescent materials.

I. INTRODUCTION

Super-resolution optical imaging began with contact photography [1] and scanning near-
field imaging (SNOM) [2], both of which register the evanescent field of the object. Although
they provide unprecedented nanoscale optical resolution, near-field techniques have one very
important limitation: the object has to be in nanoscale proximity of the near-field probe (in
SNOM) or in direct contact with photo-sensitive materials (in contact photography). This
excludes imaging inside cells, for instance. A number of other techniques that target recovery
and recording of the evanescent field have been suggested, most notably the Veselago-Pendry
“super-lens”, which uses a slab of negative index metamaterial to recover evanescent waves
from the object in the image plane [3]. However, implementation of these techniques faces
substantial technological challenges. The triumph of the stimulated emission depletion
(STED) and single-molecule localization methods (SMLM) has convincingly demonstrated
that deeply sub-wavelength imaging is possible without capturing the evanescent fields of the
object [4-6]. Indeed these techniques only depend on the registration of the far-field light
emitted by the object, while evanescent waves exponentially decay into free space. However,
these far-field techniques have their own limitations. STED microscopy depends on a
nonlinear bleaching process requiring significant flux of light at the sample that could result
in harmful modification of the object (e.g. cells), sometimes referred to as phototoxicity.
Moreover, both STED and SMLM require the labeling of samples, i.e. impregnating them
with fluorescent dyes or quantum dots, making these techniques inapplicable for imaging
solid nanostructures such as silicon chips, and limiting their bio-medical use.

A new type of far-field super-resolution imaging has recently been established, using light
diffracted from a precisely tailored mask that forms, beyond the near-field, extremely rapid
local variations of electromagnetic fields, known as superoscillations. Superoscillations have



local wave numbers much larger than that of a plane wave of the same frequency. This
rapidly changing field can yield foci smaller than allowed by the Abbe-Rayleigh limit for a
conventional lens. Superoscillatory focusing is a consequence of the superoscillation
phenomenon: the mathematical paradox that within a finite interval of their argument, band-
limited functions can locally oscillate much faster than the highest Fourier components in
their spectra. Superoscillations were initially noticed in quantum mechanics [7]. As explained
by M. V. Berry, in application to optics, superoscillations are possible because in the Wigner
representations the local Fourier transform of band-limited functions can have both positive
and negative values, which causes subtle cancellations in the Fourier integration over all of
the function [8]. The phenomenon was first experimentally observed in the diffraction of
coherent light by a quasi-crystal array of nanoholes in a metal screen and its potential for
spatial and temporal super-resolution focusing and imaging without evanescent fields was
recognized, see [9-14].

A mask with nanoscale-resolution optical transmission and phase retardation offers full
control over a light beam, enabling superoscillatory hotspots of arbitrary shape and size.
Previously, however, no technology has existed that could deliver such masks with the
nanoscale finesse necessary for the optical part of the spectrum. For that reason, earlier works
use binary transmission and phase masks, which have substantial limitations [9, 15-17]. In
contrast to continuous transmission and retardation masks that offer full control of the
intensities and the phases of the diffracted waves, binary masks can only control either
intensity or phase in a discrete fashion, such as “yes/no” for intensity and “0/n” for phase. An
example of a binary mask is a pattern of holes in a thin opaque screen, while a patterned
transparent film of appropriate thickness to induce the desired phase retardation is an
example of a phase mask. Binary masks are relatively easy to manufacture with the finesse
necessary to generate superoscillatory foci in the optical part of the spectrum, but their binary
nature substantially limits the attainable profiles and sizes of superoscillatory hotspots, and
does not allow efficient optimization of the superoscillatory trade-offs between hotspot
intensity, size and field of view. However, no direct instructive mathematical algorithm exists
for such optimization. Current practical implementations use various trial and error learning
techniques that require significant computational capacity. On the other hand, explicit
analytical procedures have been developed for generating arbitrary superoscillatory foci with
continuous intensity and phase masks [18-24], and novel techniques have emerged that allow
semi-analytical optimization of superoscillatory hotspots with preset performance
characteristics such as the size, intensity, field of view and extraneous intensity within the
field of view, that are exploited below [25].

Here we propose, fabricate and characterize a radical new type of metamaterial superlens
that for the first time allows full control of intensities and phases of the scattered waves and —
in principle — can create a hotspot of arbitrarily small size and shape. It is a planar array
containing thousands of discrete sub-wavelength plasmonic metamolecules set in a
cylindrically symmetric pattern. Each individual metamolecule has scattering characteristics
tailored in such a way that the array creates a large number of interfering waves converging
to a superoscillatory focus with size that is considerable smaller than that allowed by the
Abbe-Rayleigh limit. Free-space lenses with effective numerical aperture as high as 1.52
(conventional limit 1), and foci as small as 0.33\ in size (conventional limit 0.5A/NA), are
reported. We also explore the gradual transformation from a conventional to a
superoscillatory focus, and study lens efficiency as a function of spot size and field of view.

II. DESIGN PROCEDURES OF THE FAR-FIELD METAMATERIAL SUPERLENS



The structure of a characteristic superoscillatory focus (a hotspot) is presented in Figure 1.
The focus of a conventional lens with circular aperture of finite diameter is a familiar Airy
pattern, with an intense hotspot in the middle and a series of rings of increasing diameter and
fading intensity. A typical superoscillatory lens (SOL) creates a more complex pattern. It
contains the central hotspot with a full-width-at-half-maximum, Dy, surrounded by a zone of
low intensity known as the “field of view” with characteristic diameter 4y, where N denotes
the numbering of SOL. Here the field of view is defined as the low-intensity zone
surrounding the hotspot where light intensity does not exceed a small fraction (0.25) of the
central intensity. Outside this region, a fraction of the total energy is typically diverted into
broad, often high-intensity sidebands, also known as halos. The lens yield provides a measure
of the fraction of energy concentrated in the central hotspot, and is defined as the ratio of
optical energy localized in a radius of Dy to that over the entire transverse plane.
Superoscillatory lenses with small hotspots and low-intensity halos are generally preferable,
but there is always a trade-off between the size of the hotspot and halo’s intensity level.
Depending on the application, these rich parameter fields can be even broader and may
include, for instance, considerations of the chromatic performance of the lens [16].

FIG. 1. Strategy for creating a far-field metamaterial superlens. (i) The electromagnetic field of the
superoscillatory spots in the focal plane is chosen as a limited series of circular prolate spheroidal wavefunctions.
(i1) The electromagnetic field distribution in the focal plane is back-propagated to the plane of the lens. This
gives the required amplitude and phase profile to be imprinted on the incident wave. (iii) The lens is constructed
from V-shaped sub-wavelength metamolecules providing scattering with the required amplitude and phase to
achieve the superoscillatory focus.

To design the metamaterial superlens (see Figure 1), we first construct the desired
superoscillatory focus using band-limited functions, so that it can be formed by the
interference of free-space waves. We then calculate the planar continuous amplitude and
phase mask necessary to transform an incident plane wave into a complex wavefront which
will converge to the desired focus. Finally, we define the metasurface, a discrete array of sub-
wavelength plasmonic metamolecules with individual scattering characteristics mimicking
and matching the amplitude and phase characteristics of the continuous mask at their
respective locations. We then characterize the performance of the metamaterial superlens with
a coherent laser light source.

The first step in designing the metamaterial superlens is to represent the desired
superoscillating field at the focus as a series of band-limited functions. Any arbitrarily two-



dimensional small superoscillatory focus of radial symmetry can be constructed as a series of
circular prolate spheroidal wavefunctions (CPSWFs) S;(r) (where i is the order), which form
a complete orthogonal set both over the prescribed field of view and across the entire focal
plane [25]. See the appendix for the details. An important feature of this orthogonal set is that
the spectrum of each S;(r) is band-limited to |k,| = w/c. However, a focus expanded as
such a series of CPSWFs may only be achieved with a low yield, and a long series may be
required for a good approximation. This may result in impractical yield and halo and a
complex and difficult-to-construct superoscillatory mask. Instead of targeting an a priori
prescribed hotspot, we employ a different, simplified and more efficient strategy for
producing the target hotspot. As the mask we use a series consisting of only two (orthogonal)
CPSWFs, a$; + §;, and investigate the hotpots that can be obtained by carefully balancing
the relative amplitude coefficient a for different combinations of i and j. Table 1 summarizes
the trade-off between spot size, field of view and lens yield for a range of superoscillatory
foci, and also gives the relevant combinations of analytic functions representing these
hotspots. See Supplementary Information for comparison of the two-CPSWF fitting results
with a Gaussian function with the same size [26].

Table 1. Analytical formulae and yields of superoscillatory foci for different fields of view and focal spot size

SOL1 SOL2 SOL3 SOL4 SOL5 SOL6 SOL7
Dy(\) 0.28 0.33 0.39 0.44 0.56 0.28 0.33
Av (D) 1.0 1.0 1.0 1.0 1.0 1.6 1.6
Mask 1.815,+85 21.6585,+S; 0.5781+S, 1.535,+S, 7.3881+S> 0.8155+S% 0.185,+S55
Yield 0.06% 8.3% 35.8% 55.5% 86.1% 0.003% 1%
SOLS SOL9 SOL10 SOL11 SOL12 SOL13
Dy(\) 0.39 0.44 0.56 0.39 0.39 0.39
Av (D) 1.6 1.6 1.6 2.0 4.0 6.0
Mask 2.778,+S5 0.185,+S, 1.485+S, 0.485,+S5 0.23.54+S5s 0.0235¢+S7
Yield 10.2% 58% 87.1% 9.3% 2.9% 0.94%

Once the superoscillatory hotspot is chosen, the entire field in the focal plane, including the
hotspot, field of view, halos and beyond, is mathematically back-propagated to the chosen
location of the mask. The amplitudes and phases of the back-propagated fields at the mask
plane give precise and complete information on what amplitude attenuation and phase
retardation the mask should have to convert an incident plane wave into the required
converging superoscillatory wavefront. To calculate the back-propagated fields we use the
angular spectrum method based on the Hankel transform, see the appendix for the details.

ITI. PRECISE CONTROL OF LOCAL AMPLITUDE AND PHASE WITH
PLASMONIC METASURFACE

The mask defined by this process has continuously varying transmission and retardation
across the plane. Such continuous masks are very difficult to manufacture and no technology
is currently available to create such masks for optical applications with the necessary finesse.
Our strategy is to produce the mask using a discrete metasurface, which provides a powerful
and simple way of independently controlling transmission and retardation of the mask. We
pixilate the mask into sub-wavelength segments and replace the continuous mask with an
array of discrete scatterers (metamolecules) located in these segments with characteristics
tailored to provide the same attenuation and retardation as the continuous mask. The mask is
pixelated with radial symmetry, and therefore consists of a large number of concentric rings,
each containing metamolecules of the same type.

Each metamolecule is a V-shaped nano-slit cut into a thin gold film, which is a simple and
convenient design that can be easily adjusted to control the polarization state, intensity and
phase of the scattered wave. V-shape-based metamolecules were introduced to control the



polarization state and phase of waves diffracted from a metamaterial array [27], and were
later used to develop various metasurfaces [28]. Individual metamolecules are characterized
by the thickness of the film, #, total length of the slit, L, opening angle of the V-shape, y, and
width of the slit, d, while 8 is the angle between the incident polarization state azimuth and
the bisector of the V-shape. The metasurface pattern was designed for linear incident
polarization along the x-direction in the chosen coordinate frame, and acts as a
superoscillatory lens for y-polarized transmitted light — perpendicular to the incident wave.
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FIG. 2. (a) Eight V-shaped metamolecules of different size, opening angle and orientation providing different
levels of phase retardation, from 0 to 7n/4 (dashed reference line), were used in the lens design. FDTD
simulations show phase distributions in the light scattered by the metamolecules located in the positions
indicated by dashed boxes, and light illuminates along the z direction. Field maps for light polarized
perpendicular to the incident light polarization are presented; A=800 nm, Period P=300 nm. Top-view sketches
of the metamolecule designs are shown under corresponding field maps; see details in the text. Note increased
phase retardation from left to right. (b) SEM image and zoomed-in view of the superoscillatory metalens,
fabricated by focused ion beam milling on a 100 nm-thick gold film deposited on silica glass for Ds=0.39A and
As=1.6A (SOL8). The metalens contains 15366 metamolecules spread over 61 concentric zones (the inner four
zones are highlighted with yellow dashed circles).

In an ideal superoscillatory lens, the phase and intensity of scattered light vary
continuously within the prescribed range. The metamaterial mask is necessarily discretized,
but approximates the continuous mask well using metamolecules with eight discrete levels of
phase retardation: 0, n/4, n/2, 3n/4, n, Sn/4, 3n/2, Tn/4, and 16 levels of scattering efficiency,
as shown below. To control the phase retardation of the scattered light, i.e. of the light passing
through the slit, we exploit the Pancharatnam-Berry phase concept [29]. Consider first
straight V-slits with opening angle y=n. For incident polarization along the x-direction (EL in
Figure 2(a)), the phase of x-polarized transmitted light (EL) is independent of slit orientation.
However, we are concerned only with the performance of the metasurface lens for y-
polarization in which the superoscillatory focusing happens. Here, straight slits oriented at &
= m/4 and 6 = -n/4 transmit y-polarized light with & phase difference (E} and -E}, see Figure



2(a)). Designs with the same orientation, 8, but progressively reduced opening angle, v, give
differential retardation, progressively changing from that corresponding to straight slits
orientation at § = m/4 and 6 = -n/4. Moreover, the retardation gains an additional n radians
when an additional rotation of 7/2 is added to the metamolecule angle, 6.

The above conceptual analysis applies to infinitely narrow slits in infinitely thin screens. In
reality, the situation is more complex: the phase retardation in a V-shaped slit of finite width
depends on the opening angle, v, the length of the slit, L, and the thickness of the metal layer,
which in fact provides a wider parameter field over which to search for the necessary
retardations, and allows simplified designs of slits. Using full three-dimensional Maxwell
simulations, we analyzed the retardation of V-shaped antennae with realistic slit widths and
film thicknesses (Figure 2(a)). At a wavelength of 800 nm and using a gold film of thickness
=100 nm, eight equidistant levels of relative phase retardation 0, n/4, n/2, 3n/4, n, Sn/4, 31/2,
7n/4 in the cross-polarization can be achieved with the following sets of metamolecule
parameters (6, L, y) respectively: (n/4, 170 nm, r), (n/4, 195 nm, =), (n/4, 220 nm, 27/3), (n/4,
300 nm, 2x/3), (-n/4, 170 nm, n), (-n/4, 195 nm, n), (-n/4, 220 nm, 2n/3), (-n/4, 300 nm, 27/3).

Similarly, the intensity of the scattered light can be controlled by the length and width of
the slit, the thickness of the metal layer and the overall orientation of the metamolecules
according to the sin(28) dependence of the transmitted amplitude [30]. Relying mostly on
this dependence, we design 16 levels of intensity variation for each retardation level, giving a
palette of 27=8x16 metamolecules for use in the discretization process. The cost to pay is the
loss of transmission efficiency, which is typically below 10%. We also developed a dedicated
code for pixel-to-pixel pattern transfer from amplitude and phase mask parameters to the
CAD files used to fabricate the pixelated metalens with focused ion beam milling. During the
metamaterial mask design process, we use the experimental transmission curve [26] to
describe the maximum local amplitude and then to provide additional compensation by the
orientation angle . Figure 2(b) shows an example of the SEM image and zoomed-in view of
one fabricated metalens for Ds=0.39A and As=1.6A (SOLS). The resulting designs typically
contain 15366 metamolecules spread over several tens of concentric zones, each about 300
nm wide. The effect of pixilation on focusing performance is numerically studied in the
Supplementary Information [26], where the pixilation mainly increases the sidelobe level and
the desired superoscillatory foci can be preserved for spot size of 0.33\ and above.

IV. SUPEROSCILLATORY HOTSPOTS WITH VARYING SIZE AND FIELD OF
VIEW

Using these design principles, we have developed several superoscillatory lenses with
different hotspot sizes and fields of view, to illustrate the evolution from a diffraction-limited
spot to a superoscillatory one (Figure 3). Note that a cross-polarizer is inserted between the
lens and detector. All the lenses have an overall diameter of 42 um and were designed to form
a focus at z=10 um from the metasurface. The metamaterial superlenses were fabricated on a
100 nm-thick gold film with focused ion beam milling (see SEM images in Supplementary
Information [26]). An ideal conventional lens of these dimensions would have NA = 0.9,
giving an Abbe-Rayleigh limited hotspot of A/(2NA)=0.56.
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FIG. 3. Simulated intensity profiles in the (a) transverse (z =12.5%) and longitudinal (b) planes produced by
coherent light diffraction of an ideal superoscillatory mask generator. Corresponding experimentally recorded
intensity profiles in the transverse (c) and longitudinal (d) planes generated by the metamaterial superlens (see
Figure 2) illuminated with a coherent laser source at A = 800 nm.

With the superoscillatory metamaterial superlens, we achieve a factor of 2 improvement in
the size of the focal spot, relative to that allowed by the Abbe-Rayleigh limit. Figure 3
illustrates the performance of the full range of our metalenses (spot parameters given in Table
1), with Dy=0.56A, 0.44A, 0.39A, 0.33A and 0.28\ for two fields of view, A4y = 1A and 1.6A.
The effective numerical apertures of these lenses can be evaluated by NAes= A/(2Dy) and
range from NAcf=0.89 to NAs=1.78. The intensity profiles in the designed transverse focal
plane at z=10 pm in Figure 3(a) show a characteristic transition from conventional to
superoscillatory focusing.

For the lens with Dy = 0.56A (NA:#=0.89), no significant sidebands are observed and its
performance is close to that of a conventional high numerical aperture lens. The lens yield is
86.1% and 87.1% for 45 =1\ and 4;0 =1.6A respectively, compared with the encircled power
ratio of 83.8% in the first dark ring of Airy disk for a conventional lens. As summarized in
Table 1 and shown in Figure 3, reducing Dy increases the number and intensity of concentric
halos while the lens yield gradually reduces from 58% for Dy = 0.44\ (NAcr=1.14), 49 =1.61
to 8.3% for D2 = 0.33A (NAcs=1.52), 4> =1A. The lens yield reduces significantly for Dy =
0.28A, reaching 0.06% and 0.003% at 4; =1A and 45 =1.6A respectively.

Our experimental aim was to achieve the theoretical electric field patterns and lens
performance presented in Figure 3(a) & 3(b). The experimental results are summarized in
Figure 3(c) & 3(d). Detailed experimental setup is described in the Supplementary
Information [26] and Materials and Methods. Superoscillatory hotspots with D> = 0.33A, 4> =



1A and Dsg = 0.39A, 45 = 1.6\ are reliably generated, although experimental reproduction of
the theoretical size of the hotspot for D; = 0.33h with 47 =1.6A was challenging. The
asymmetry of the sidelobes along the x and y directions is caused by the depolarization effect
which happens at high-NA condition. Note that the hotspot of 0.33A is smaller than the
characteristic feature size of the lens design (the 300 nm~0.38\ width of the concentric rings
forming the metasurface pattern). Smaller superoscillatory hotspots are significantly distorted
in comparison with predicted theoretical profiles.
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FIG. 4. Simulated superoscillatory spot cross-sections for Dy = 0.39X and varying An = 2A (a), 4A (b) and 6A (c)
in the transverse and longitudinal planes of the lens. Corresponding experimentally recorded intensity profiles
(d-f) in the transverse and longitudinal planes generated by the metamaterial superlens illuminated with a
coherent laser source at A = 800 nm. g,h, Normalized line-scan intensity profiles at the focal plane z=10 um
(indicated by vertical dashed lines): simulation (g) and experiment (h).

V. INCREASING THE FIELD OF VIEW OF SUPEROSCILLATORY HOTSPOTS

For some applications, including imaging, superoscillatory lenses with larger field of view
are more desirable, as scattering from the sidebands may distort the image. In the following,
we explore to what extent an increase of the field of view affects the hotspot profile and yield
of the metamaterial superlens. We demonstrate that the field of view of the metamaterial
superlens can be substantially increased at the expense of lens yield, while maintaining the
hotspot size. Figure 4 shows lens performance for the fixed value of Dy = 0.39A, while
gradually increasing 4y = from 2A to 6A. As the field of view is increased and the sidebands
are pushed further away, the lens yield drops from 3.7% for 4;; = 2A, to 1.2% for 4,2 = 44,
and 0.23% for 4;3 = 6A. Note that the intensity map cross-sections presented in the
propagation plane are deliberately saturated to expose the structure of the superoscillatory
spot in the focal plane. The experimentally recorded intensity distributions reasonably match
the modeled profiles. It is important to note that the increase of the field of view reduces the
lens yield, but imposes practically no degradation of the hotspot size, and in imaging



applications confocal approaches can effectively suppress scattering of sidebands into the
image [15], as confirmed in the imaging experiment in the next section.

VI. IMAGING WITH METAMATERIAL SUPERLENS

Due to the presence of the halo around a superoscillatory focus, simply replacing the
conventional objective lens in a wide-field microscope with a superoscillatory lens is only
practical for objects that are smaller than the field of view. This is because the halo will be
present in the image, distorting it. For universal imaging application, the effect of the halo
can, however, be mitigated by using a superoscillatory lens for structured illumination
combined with confocal detection. In this configuration, a conventional lens with high
numerical aperture is used as the objective lens, while the object is illuminated by a
superoscillatory lens with sub-diffraction focus. A small confocal aperture is used to detect
only the central part of the image, thus excluding the halo. Imaging is achieved by two-
dimensional raster scanning the sample on a piezo-stage. To demonstrate imaging
performance of the metamaterial superlenses, we used such a confocal arrangement with a
100X objective lens (NA=0.9) and an avalanche photodiode.

The limits of resolution of metamaterial lenses were tested on pairs of nano-holes with
variable distance between the holes and star-like arrangements of nano-holes perforated by
focused ion beam milling in opaque screen (100 nm-thick gold film on glass substrate). Fig. 5
(a) illustrates that for a given field of view of the superlens, the decrease of superoscillatory
illumination hotspot results in an increase of resolution: while pair of holes with center-to-
center separation of 0.4A is not resolved by a metamaterial superlens with the hotspot
diameter of 0.56A, it is increasingly better resolved with metamaterial superlenses with
hotspots of 0.39A and 0.33A.

Here we shall note that a pair of holes with center-to-center separation of 0.4A is not
resolved by confocal imaging with the same objective lens (NA=0.9) with flat bright-field
illumination as illustrated by the last column in Fig. 5. Fig. 5(b) illustrates high-quality
imaging of an extended object of overall size ~3A, i.e. much higher than the field of view of
the lens, confirming that halo of the illumination profile is efficiently suppressed in the
confocal regime.

We test the resolution of the metamaterial superlenses with larger field of view (SOL11-13)
by resolving a set of hole pairs with different separations. Fig. 5(c) illustrates that resolution
of the metamaterial superlens does not depend on the field of view and is mainly controlled
by the hotspot size. Indeed images of hole pairs with variable center-to-center distance are
resolved at the level when the hotspot diameter becomes smaller than the distance between
the holes (0.4)), regardless the field of view of the lens. However, larger field of view results
in a weaker hotspot and deterioration of the signal-to-noise ratio, as evident by comparison of
the images in Fig. 5(c). It is worthy to note that here the resolved gap size is 120 nm (A/6.7)
which is better than the A/6 reported in our previous work [15].
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FIG. 5. Imaging with metamaterial superlenses at the wavelength of A=800 nm. The first column shows SEM
images of the test samples: (a) a pair of holes with diameter of 160 nm and center-to-center separation of 320
nm (0.4%), (b) a star-shaped constellation of holes, each with 160 nm diameter; (c) Pairs of holes with diameter
of 160 nm with separations of 400 nm (0.5%), 360 nm (0.451), 320 nm (0.4A) and 280 nm (0.35X). Rows (a-b)
shows imaging results with superoscillatory illumination using metamaterial superlenses with different hotspot
sizes of Dy = 0.33\ (SOL2), 0.39% (SOL3), 0.56A (SOL5) and identical field of view 4y = 1A. Row (c) show
imaging results with superoscillatory illumination using metamaterial superlenses with different fields of view
An=2A (SOL11), 4A (SOL12), 6A (SOL13) and identical hotspot size of Dy = 0.39A.

From here we can conclude that resolution of imaging with superoscillatory illumination
using metamaterial superlens is approximately the size of the superoscillatory hotspot of the
lens and beats the “diffraction limit” attainable with bright-field illumination. This can be
additionally illustrated by analyzing the profile of the image of individual hole (see Fig. 5(a),
image with Dy = 0.331). Indeed, a convolution of the hole size of 160 nm and the hotspot size
of 264 nm (0.331) will return an image of 284 nm in diameter, that is close to the observed
272 nm FWHM diameter of the experimentally recorded image (Fig. 5a).

VII. DISCUSSION

Our work provides a proof-of-principle demonstration that a far-field metamaterial
superlens can arbitrarily control the intensity and phase of scattered light and can therefore
mimic complex continuous superoscillatory masks. We have shown that such superlenses can
be engineered and manufactured with precision sufficient to generate superoscillatory
hotspots as small as 0.33\ with a corresponding effective numerical aperture of NAes=1.52



and a level of yield acceptable for imaging applications. This is far beyond what it is possible
to achieve in free space with conventional lenses. Indeed, conventional lenses are limited to
NA=1 in free space and approaching this limit requires expensive, complex and bulky lenses.
Compared with the super-oscillatory and Toraldo-type binary lenses and filter that control
either phase or intensity of light, the metamaterial superlens can control intensity and phase
independently. This offers better performance and ultimate flexibility for designing compact
focusing solutions for subwavelength hotspots for imaging applications. Although the
efficiency of the metamaterial superlenses using plasmonic V-shaped antennas is limited, it
can be improved by using high-throughput dielectric metasurfaces. We proved the practicality
of imaging with a number of metamaterial lenses with different fields of view and effective
numerical apertures, demonstrating resolution close to the size of superoscillatory hotspot and
beating the conventional “diffraction limit”. Imaging of more complex objects like living
cells or silicon photonic chips with superoscillatory lenses is practical [31,32]. Importantly,
ultrathin superoscillatory metamaterial superlenses can be manufactured by well-established
high throughput nano-manufacturing processes such as high-resolution lithography and can
be easily scalable to operate at any wavelength.
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APPENDIX

1. Optimization of superoscillatory spots

Following Ref. [25], our two-dimensional superoscillatory fields E (r) with radial symmetry,
predefined spot size (Dy) and field of view (4x) are constructed from a linear combination of
two band-limited circular prolate spheroidal wavefunctions, S, (r) and S,,, (r):

E(r) = aSy(r) + Sy (1), (Al)

where a is the relative coefficient which is optimized to minimize the difference between the
full-width-at-half-maximum of the superoscillatory intensity profile I(r) = |E(r)|? and the
desired Dy. S,,(r) and S,,, () satisfy the following eigenvalue problem and can be calculated
following Ref. [33]:

Jy Wo(cur)s;(rdu = BLS;(r), (A2)

where /, (*) is the Bessel function of the first type and order q (here, g = 0 throughout, as this
returns functions bandlimited under the Hankel Transform), ¢ = kyAy is the bandwidth
parameter and k, = 2m/A is the free-space wavevector. Reference [25] describes the
algorithm for selecting the function orders n and m.

2. Generation of superoscillatory masks

Given that the complex superoscillatory field E(r) over the whole focal plane is obtained
from Eq. (A1), we can back-propagate the field to obtain the required superoscillatory mask
using the angular spectrum method. The angular spectrum at the focal plane (z = zf) is given



by the following Fourier transform

A(foor fy)lz=z, = [0 E(x, 3, 27 )exp [—i2m(fex + fy)|dxdy (A3)

In polar coordinates, x =rcos@,y = ysinf, dxdy = rdrd0, f, = f, cos¢ , f, = f, sin@.
After this coordinate transformation, equation (A3) can be simplified to

A(fx,fy)|z=zf = fooo E(r) {fozn exp[—i2nrf, cos(8 — <p)]d9}rdr
= 2n 7 EM]oQnrf)rdr = 21« HT,[E(M)] = A(f,) (Ad)

where HTy['] is the zero-order Hankel transform and the integral kernel /() is the Bessel

function of zero order. Therefore, the angular spectrum at the mask plane (z = 0) is given by

A(fxr fy)|z=0 = A(fr)exp (—277.'1"\/ 1/12 - ﬁ"zzf) (AS)
where the second term represents the back-propagation phase factor. Hence, the electric field

distribution at the mask plane can be expressed as

Eo(r,y,0) = ﬂA(fx'fy)lFO Y [iZn(fxx + ny)]dfxdfy
= f({maxA(fr) exp (—2miy/1/2% — f?zf) {fom exp [i2nrf; cos(0 —

)lda} f,df,
= 2 /" A(f,)exp (—2mi[1/2% = fZzp)]o(2nrf,) frdlf,
= 21 * IHT[A(f,)exp (—2miy/1/2% — f;2zf)] (A6)

) . A. . .
where IHT,["] is the zero-order inverse Hankel transform, f,,q, = NT is the maximum spatial

frequency and NA is the numerical aperture. Note that the spectrum is band-limited to

[_fmax' fmax]~
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