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ABSTRACT:

During the passage of a train along a railway track, the underlying soil experiences repeated
loading. If the soil is saturated, pore pressures will increase as the load passes, and these may
or may not start to dissipate before each load is removed. To investigate the dynamic
response and excess pore pressures generated in a saturated ground below the track, this
study uses a 2.5D finite element model (FEM) of a coupled track-embankment-ground
system. The saturated soil is modelled using Biot’s theory of elastic wave propagation. The
implementation of the method is verified by comparison with semi-analytical solutions for
both single-phase elastic and poro-elastic media. It is then used to investigate the influence of
load speed c, soil Darcy permeability ko and stiffness on the excess pore water pressures
generated. It is found that the ratio c/kp determines the extent to which excess pore pressures
build up during passage of the load, at any given depth. For a saturated soil of a particular
stiffness, if c/ko is less than 10%, the soil can be viewed as highly permeable in relation to the
load speed and almost no excess pore pressure is developed. For a single moving load, there
is a critical value of c/kp, above which the maximum pore pressure reaches a constant value;
this critical value depends on the depth. Below the critical value, the pore pressure
accumulated during the passage of a train depends on c/kp but is otherwise independent of the
load speed. The pore pressure accumulated during the passage of a bogie pair is greatest for
intermediate values of c/kp. For small values of c/kp (high permeability), the pore pressure
build-up is small, whereas for large values of c/kp (low permeability) the pore pressure does
not dissipate during the loading cycle. The variation in the maximum stress ratio, (7 o")max,
with permeability depends on the depth under consideration. The depth to which pore

pressures are generated and the effects of soil stiffness are also discussed in this paper.
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1. Introduction

On a railway, the loads exerted by a train on the track and the underlying soil (the
subgrade) are of short duration but cyclic and repeated. The dominant loading frequencies are
that of a passing vehicle and its harmonics [1]. If the underlying soil is saturated and of low-
to-moderate permeability, train passage will result in the generation of excess pore water
pressures, which may or may not start to dissipate before each load is removed. Train loading
will induce shear stresses in the soil, while excess pore pressures will tend to reduce the
normal effective stress. The combined effect is to increase the ratio of shear to normal
effective stress, and hence the effective (frictional) strength that the soil must mobilise to
resist the applied loads. The mobilisation of additional strength will generate strains and
displacements in the soil.

In classical soil mechanics, the problem would be investigated in the time domain using
Terzaghi’s theory of consolidation. However, the theory of elastic wave propagation in
porous media, developed and originally applied to the analysis of ultrasonic geophysical test
data by Biot [2] offers an alternative approach in which analysis is in the frequency domain.
Biot’s theory of elastic wave propagation considers the coupled motions of the solid elastic
soil skeleton and the interstitial fluid.

Biot’s original generalized formulation for low-frequency vibrations was recast in an
alternative form that is more convenient for numerical work by Zienkiewicz and Shiomi [3].
Based on [3], Siddharthan et al. [4] developed two-dimensional (2D) semi-analytical
solutions by neglecting the relative motion between the solid and the fluid. Lu and Hanyga

[5], and Lu and Jeng [6] developed fundamental three-dimensional (3D) solutions for a
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layered porous half-space subjected to a moving vertical point load, which have become used
as benchmarks for the verification of various numerical solutions for moving load problems
on porous media. Xu et al. [7, 8] extended these solutions to an infinite beam on a layered
poro-elastic half-space subjected to moving loads. To improve the calculation efficiency of a
full 3D analysis, a 2.5D approach has been developed and used [9-12] to determine the
response of poro-elastic media.

Using these 2D/2.5D/3D solutions, several researchers have brought insights into the
problem of the dynamic response of poro-elastic media. Lefeuve-Mesgouez and Mesgouez [13]
studied the response due to a moving rectangular load on a poroelastic halfspace. The results
showed that, as the load speeds approach or exceed a critical value, significant dynamic
amplification or resonance effects occur. There are differences in the vibration amplitude
between a poro-elastic medium and its single-phase equivalent, as shown in [9, 14]; the vertical
displacement of the poroelastic soil medium is smaller than that of an elastic soil at low speed
loads, but larger than that of an elastic soil when the load speed approaches the critical value.
Jin et al. [15] used a 2D model to study the stresses and excess pore pressures in a poroelastic
half-space due to a moving line load. They showed that at high speeds, stresses in the
poroelastic medium are smaller than in an elastic solid.

For a train load moving on a track on a poroelastic half-space Cai et al. [16, 17]
investigated rail vibration and soil stresses. In [16] the pore water pressure variation with
depth below the track was presented for different non-dimensional parameter combinations. It
was shown that the load speed can magnify the pore pressure, but has limited influence on the
affected depth. Theodorakopoulos [18] and Theodorakopoulos et al. [19] carried out a
parametric study of a moving load on a 2D poroelastic medium, and found that the effect of
porosity and permeability on the pore pressure response is more pronounced in soft materials,

especially at high load speeds.
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The Biot theory has recently been applied in the study of the dynamic response of
saturated soil around tunnels. Yuan et al. [20] investigated the dynamic response due to a
load moving in a tunnel modelled in 2D. This also showed critical velocity effects. An
analytical model of a tunnel in a full space [21] showed that the pore pressure increases as the
soil permeability decreases and as the load speed increases. Di et al. [22, 23] investigated the
stress and pore water pressure distribution under a tunnel, including its variation with depth.

In reality, the behaviour of the soil may not be purely elastic or the peak pore pressure
may start to dissipate; hence it is possible that some residual excess pore pressure (or suction)
may be present after a train has passed. There is therefore a potential concern about the
timescale of excess pore pressure dissipation relative to the speed or frequency of application
of individual loads within a train. In previous studies, the timescales of pore pressure
generation and dissipation and their relationship with the soil permeability are rarely
discussed.

In this research, a 2.5D FEM model based on Biot’s theory of elastic wave propagation
in a poro-elastic medium is used to investigate the dynamic response and excess pore
pressures generated in a saturated ground below one or more moving loads. The aim of this
paper is to investigate (i) the influence of the soil permeability and stiffness, in relation to the
train speed, on the excess pore water pressures generated; and (ii) the loaded depth (i.e., the
depth to which significant increases in stress and pore pressure may be generated) during a
train passage. In Section 2 the modelling method is briefly introduced and in Section 3 its
implementation is validated by comparison with analytical solutions. Section 4 discusses

results for a single moving load and Section 5 for a train of moving loads.
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2. Modelling method
2.1 2.5D finite element modelling of saturated embankment-ground system
The constitutive equations for a homogeneous porous medium (Biot [24]) take the form
o;j = 2ug;j + Ad;jje — ady;p
p=—aM — Mw;; Q)

e = ul-,i

where u;j denotes the average displacement of the solid and w; the displacement of the pore
fluid relative to the solid skeleton; &ij and e are the strain tensor and the dilation of the solid
skeleton; aij is the total stress; p is the excess pore pressure (over and above the equilibrium,

usually hydrostatic, value); dij is the Kronecker delta; A and x are the Lamé constants of the

Esv

T where Es is

equivalent bulk solid (u is the shear modulus, also denoted Gs, A =

the Young’s modulus, and v is the Poisson’s ratio); a and M are the Biot parameters (a=K/Ks

1 -
and = = -+ 2=
M~ Kf ' K

, inwhich K is the bulk modulus of the assembly, Ks is the bulk modulus of

the solid grains, Kt is the bulk modulus of the pore fluid, and n is the porosity). In Eq. (1) the
summation convention is used and ,i indicates differentiation by the spatial coordinate xi.

The rate of relative fluid discharge per unit total area in the i (i = x,y,z) direction, g;, is
given by

ai=20 @
where t is time.
The equations of motion for bulk porous medium and a unit volume of pore fluid under
low frequency load can be expressed in u—w form
pup i+ A+ a*M + pu; j; + aMw; j; = ppil; + ppw; (3)

.. . Prg .
aMujJ-l- + MW]']l = pfui + mwy; + EWL' (4)
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where py is the bulk density of the porous medium and ps is the density of the pore fluid. po
and pr are related by the expression pr=(1-n) ps +nps, Where ps is the density of the soil grains
(grain density). g is gravitational acceleration and kp is the Darcy permeability of the porous

medium; m represents the effective density of the fluid when moving relative to the solid

skeleton and is defined as m = %, where a,, is the tortuosity. A superimposed dot above a

variable denotes a time derivative.
Biot’s governing equations - EQs (3) and (4) - are solved using the Fourier transform of

u(x,y,z,t) with respect to the x-coordinate and time t, which is defined by:

400 400

ﬁ(fx,y,z,w)zf fu(x,y,z,t)eifxxe“""tdxdt (5)

—00 —00

The corresponding inverse transform with respect to & and w is

400 400

1 - . .
u(x,y,z,t) = s j j U(Ey,y,z,0) e %@t dg dw  (6)

—00 —00

where (y,z) denote the horizontal (transverse) and vertical coordinates normal to the x-
direction, w is the circular frequency and & the horizontal wavenumber (2r divided by
wavelength) relevant to the x-direction. ‘—’ and ‘~’ above a variable indicate components in
the wavenumber and frequency domains, respectively.

Yuan et al. [12] give the specific steps of the 2.5D solution process. The cross-section of
the domain is discretized into finite elements and solutions in the wavenumber domain are

obtained by the conventional finite element method, which takes the form:

(K + K, = M;)U + (L; — M)W = F*
= = = (7)
(K3 —M3)U + (L, — M)W = F/

in which M are mass matrices, K and L are stiffness matrices, and U, W are vectors of the

solid displacement and the displacement of the pore fluid, respectively at nodal positions. F*
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and Ff are equivalent nodal load vectors. The detailed expressions for M, K, L are given in
Appendix A.

To prevent wave reflection back into the model from the boundaries of the finite element
domain, the multilayer damped boundary approach described by Liu and Jerry [25] is
adopted. The elements near the boundary are divided into j element sets as shown in Fig. 1. In
the model, the damped boundary consists of 4-noded, 2.5D finite elements of the same type
as other elements. In the multilayer damped boundary approach, damping is added to the

elements increasingly towards the boundary.

Damping element sets

v

Gradual increase in damping from one set to the next

Figure 1. Artificial damping boundary section
To ensure that the level of damping increases gradually towards the boundary, the
Young’s modulus for the kth element set is expressed as:

E, =E +1iDy(*E, k=012,...,] (8)

where E is the real part of the Young’s modulus, Do is the initial material loss factor

and ¢ (¢ > 1) is a constant. To determine an appropriate value of  requires an iterative
procedure, in which C is increased until the responses obtained for two cases show no
significant differences. This approach prevents a sudden increase in the damping, which
would itself cause reflection of the propagating wave. It simulates the wave-absorbing effect

of the soil beyond the finite element domain, so that the ground in the model will behave as a
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semi-infinite medium (half space). Although other methods are available, e.g. [9, 10, 12], this
method has the advantage that it does not need any new formulation and is easy to program.

According to Biot’s theory, the total fluid volume remains constant; thus there is no
fluid movement in or out of the model. A ‘drainage boundary’ is realized by setting the
permeability of elements at the boundary to be very high to ensure that the dynamic pore
pressure tends to zero at the boundary.
2.2 Modelling the track

A schematic diagram of the track-embankment-ground model used in this study is
shown in Fig. 2. The railway structure and the underlying embankment are aligned in the x-
direction. Along with the ground, they are assumed to be infinite and their properties
invariant in this direction. The track has a contact width B with the embankment. The two
rails are modelled together as a single Euler beam with combined mass per unit length m, and
bending stiffness El (N-m?). The sleepers are modelled as a distributed mass ms per unit
length of track. The rails and sleepers are connected by rail pads, which are modelled as a
distributed vertical spring of stiffness k, (N/m/m) and damping cp (Ns/m/m) per unit length of
track.

The governing equation for the vertical motion of the rail beam due to a single moving
harmonic load in the wavenumber and frequency domain is:

ELE M, — mpw?idy, + (ky + iwcy) @y — 11s) = . w)  (9)

where ur is the rail displacement, us is the displacement of the sleepers, F; is the interaction
force (excited by the train) at the rail surface moving with a speed c, and ¢ is the Dirac delta
function.

For the sleepers,

—msw?is + (k, + iwc,) @ — U,) = —F;=Fe (10)



1  where Fsis the interaction force per unit length between the embankment and sleepers, Feis

2 the support force at the embankment surface.

3
v
=
|
al “ Z
Embankment
Ground
4 vz
5 (3
F.
Rails l
Rail pads — #,
Sleepers —" 4 4 b
t 44 14 4
y " Embankment
6 Ground
7 (b)

13 lFigure 2. Diagram of track-embankment-foundation model: (a) track-embankment-ground
14 system; (b) track details

15 2.3 Mathematical description of the forces on the rails

16 The passage of a train is represented by a series of moving axle loads corresponding to the

17  train geometry in Fig. 3.

Y=y
=
b; as
>
\J
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18

19  Figure 3. Geometric profile of train wheel loads
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For a train comprising R vehicles, successive axle loads moving with a constant velocity ¢

can be expressed by the model of Takemiya and Bian [26]:

R = ) P o) (1)
n=1

The detailed expression for Py, representing the wheel loads of the nth vehicle, is

ﬁn(fx: w) = Z(e—ifxxm-) ﬁni(fx' w) (12)
i=1

inwhich x,; = X8 L, + %0, Xpp = @y + 2R Ly + X, X3 = A + by + XE_ L, + xo;
Xna = 20y + by + XR_, L, + x5 Where Pn1, Pnz2, Pnz and Pns define the axle loads for the
four wheelsets of the nth vehicle, respectively, Ln is the length of the nth vehicle, xo is the
distance from a reference position to the first axle load position, ay is the bogie wheelbase
and by is the distance between the second and third axles of the vehicle of the nth vehicle, as
indicated in Fig. 3.
2.4 Coupling of track structure and ground motions

From Eq. (9) and (10), by eliminating ,, the track motion under axle loading can be
written as:

KrUs = F, + Fp (13)

where F, is the support force from the embankment-surface, Fp contains the applied force at
the rail surface, and Kt denotes the track dynamic stiffness. Us is a scalar containing only the
sleeper displacement i, which is equal to the displacement u of the points at the

embankment surface. The expressions for Kr and Fpare:

(EL&" —mew? + ky + iwey) (—msw? + ky + iwcy,) — (ky + iwcy)?

r ELES —mew? + k, + iwcy,

11
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(kp + iwcy)

= E(, o
ELESY —mw? + k, + iwc, r(6o @)

Fp

The track is coupled to the ground model by adding the track stiffness Kr to the stiffness

matrix in Eq.(7) in the vertical direction, eliminating F,.

3. Validation of the 2.5D FEM model

In this section, the dynamic response of the ground subjected to a moving load is
investigated using 2.5D FE numerical modelling and compared with reference solutions, first
for an elastic half space and then for a saturated medium. A single-layer foundation model
(width 150 m x depth 80 m; Fig.4), with a constant point load of 1 N moving at a speed ¢
applied at the surface was used to verify the 2.5D FEM. The numerical results for an

observation point at (x, 1, 1) have been used for model verification.

F=1.0N
C/l

&
Ground surface ,

H=80.0 m

F 150.0 m

Figure 4. Verification model
3.1 Comparison with semi-analytical solution for a single-phase elastic medium

The parameters used to characterise the elastic medium were taken from [6], to facilitate
comparison with their results for verification purposes (Table 1). A saturated, two-phase
medium may be reduced to a single-phase elastic material by setting «, M, pr, n and m to

approximately zero, as indicated.

12



1  Table 1. Parameters used to model the elastic medium in validation analyses (after Lu and
2 Jeng[6])
Biot parameter « 0.001
Biot parameter M 0.001 MPa
Young’s modulus of solid grain Es 56.25 MPa
Shear modulus of solid grain Gs 25 MPa
Poisson’s ratio v 0.125
Soil grain density ps 2500 kg/m?®
Fluid density pr 0.001 kg/m®
Porosity n 0.001
Darcy permeability kp 1x10° m/s
Effective density m 0.001 kg/m®
3
4 Fig. 5 shows that the calculated dynamic vertical displacements at (x, 1, 1) in response to

5 aunit point load moving at a speed of 75 m/s are in close agreement with the semi-analytical

6  solutions for a homogeneous elastic half-space determined using the thin layer element

\l

method [27].

1.20E-008

| * Semi-analytical result —— 2.5D FEM result|

1.00E-008 A

8.00E-009

6.00E-009

Uz (mm)

4.00E-009

2.00B-009

0.00E+000 -jesssssss

0 5 10 15 20 25 30 35
8 X (m)

9  Figure 5. Dynamic vertical displacement at (0, 1, 1) for an elastic medium.

13



3.2 Verification of 2.5D FEM for saturated medium

The properties used to model a saturated soil are given in Table 2. These parameters were
again taken from [6], which is used as a basis for comparison.

Table 2. Parameters used to model a saturated medium in validation analyses (after Lu and

Jeng [6])
Biot parameter a 0.95
Biot parameter M 5000 MPa
Young’s modulus of bulk solid E 6744.6 MPa
Shear modulus of bulk solid G 2997.6 MPa
Poisson’s ratio v 0.125
Soil grain density ps 2500 kg/m?®
Fluid density pr 1000 kg/m?®
Porosity n 0.3
Darcy permeability kp 1x10° m/s
Effective density m 6670 kg/m3

The dynamic vertical displacements and pore pressures at the point (x, 1, 1) for a unit (1

N) single load F moving at a speed ¢ = 121 m/s are shown in Fig. 6. The displacements are

normalised by multiplying by Ga; , with F = 1 N, ar= 1.0 m, while the pore pressures are

2
normalised by multiplying by a% Both are in close agreement with the semi-analytical

results given in [6].

14
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@) oo ] ¥ Scmi-analytical results (h)
0.10 ‘;e".ﬁ/ '“"}’n*;,) ’ —s— Result of 2.5D saturated model
k 0.0354
0.08 Lf ‘Xf,
- . 0.030
' 5
u, 0.064 9 ‘<‘, 0.0254
ot * P F
0.0204
0.04
0.0154 3
0.024 3
T . 0.0104 o
»  Semi-analytical results
0007 —e— Result of 2.5D saturated model 0.005
T T T
2 -1 0 1 2 0.000 T T
X (m) o 1 - :) ; 1 2
m

Figure 6. Dynamic response at (0, 1, 1) in saturated medium for a unit load: (a) vertical
dynamic displacement, normalised by multiplying by Gar/F; (b) excess pore pressure

normalised by multiplying by ag?/F (ar= 1.0 m).

4. Numerical results for a single moving load

In this section, the response of a saturated ground to a single moving load on the track is
determined. The cross-section of the track-embankment-ground model is shown
schematically in Fig. 7. The embankment was 0.3 m high and treated as a single-phase elastic
solid, i.e. the generation of pore water pressures in this region was not considered. The
ground was modelled as a single layer of saturated soil of thickness 20 m. The overall depth
of this model was 50 m from the ground surface and its width 100 m. Layers of higher
permeability, shown shaded in Fig. 7, were located both above and below the saturated
stratum over the full width of the mesh. The thickness of the upper layer was 0.3 m. The
thickness of the bottom layer was 29.7 m in the initial model; this could be changed simply
by setting the permeability of a different depth within the saturated stratum to be the same as
that of the bottom layer.

According to the Biot theory, no water flows into or out of any element. The high
permeability layers are used to simulate drainage boundaries by ensuring that the dynamic

pore pressure at the boundary is zero. All the finite elements, including the elastic

15



10

11

12

13

embankment, saturated ground and drainage layer, were of the same type — poro-elastic with
6 degrees of freedom per node. By setting a, M, pr, n and m approximately equal to zero, a
saturated, two-phase medium may be reduced to a single-phase elastic material, as in the

verification in Fig. 5; this was used to model the embankment.

0 ; — T LT e — Upper drainage layer
V.. A
A — A
Be
z Co
|
D
H=20m
i A
50 m
Bottom drainage layer y
SR <] §<
I A

PR —

Figure 7. Schematic view of half of the finite element model of the track and saturated
ground (not to scale)

The maximum element size in the central area (40 m wide X 30 m deep) of the mesh in
Fig. 7is 0.5 m X 0.5 m; at the right and left hand boundaries the maximum element size
increases to 2 m X 2 m. With depth, the element size increases from 0.05 mto 0.1, 0.2, 0.5,

1.0 and then 2.0 m. The total thickness of the damped layers at the edges and bottom of the

model is 20 m.

16
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The parameters used to represent the embankment, the saturated ground and the drainage
layers are summarised in Table 3; those for the track are listed in Table 4. The shear wave
velocity of the saturated soil was 121.7 m/s, which is within the range of possible values for
soils such as clays. For the value of Poisson’s ratio adopted (0.35), the Rayleigh wave
velocity of the saturated soil is 92% of the shear wave velocity, i.e. 112 m/s. The ground was
assigned a nominal value of damping loss factor of 0.05 to avoid numerical issues.
Calculations were carried out for a range of values of Darcy permeability kp.

First, a test was carried out to verify the sufficiency of the absorbing boundaries. A load
moving at 100 m/s was passed along the surface of the above, full model and also of a
reduced model of half width 30 m rather than 50 m. The displacement results were found to

be identical.

Table 3. Parameters used for the embankment, saturated ground and drainage layers

Soil layer Embankment Saturated ground Drainage layer
Biot parameter o 0.001 1.0 1.0

Biot parameter M 0.001 1930 MPa 1930 MPa
Young’s modulus of bulk solid E 160 MPa 108 MPa 453 MPa
Shear modulus of bulk solid G 64 MPa 40 MPa 168 MPa
Poisson’s ratio v 0.25 0.35 0.35

Soil grain density ps 2500 kg/m® 2700 kg/m® 2700 kg/m?®
Fluid density ps 0.001 1000 kg/m?3 1000 kg/m?®
Soil damping loss factor Do 0.05 0.05 0.05
Porosity n 0.001 0.4 0.4

Darcy permeability kp 1x10°m/s  1x10°~1x10°m/s 1m/s
Effective density m 0.001 2500 kg/m3 2500 kg/m3

Table 4. Parameters used to model the track (for two rails)

Mass of rail beam per unit length of track m, 120 kg/m
Bending stiffness of rail beam El, 13.24 MNm?
Mass of sleeper per unit length of track ms 490 kg/m

Rail pad stiffness per unit length of track kp 270 MN/m/m

17
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Rail pad damping per unit length of track cp 83.5 kNs/m/m
Contact width of railway and foundation B 24 m

Throughout this section, the calculated response is for a single moving load (72.25 kN);
this corresponds to the weight of one quarter of a vehicle. Five different train speeds
(c =1 ml/s, 3 mls, 10 m/s, 30 m/s and 100 m/s) and seven different values of soil permeability
(Darcy permeability kp = 102 m/s, 10* m/s, 10° m/s, 10 m/s, 107 m/s, 10® m/s, 10° m/s)
were considered. These speeds were not intended to be realistic, but follow a logarithmic
progression for comparison over the range of permeabilities. Four observation points, marked
A, B, Cand D in Fig. 7, were chosen, at depths below the top of the embankment of 0.7 m,

1.2m, 1.6 mand 2.6 m, respectively.
4.1 Time history of pore water pressures

Fig. 8 shows time history curves for the excess pore water pressure at point A, which is
located just 0.1 m below the upper drainage layer. Results are shown for all values of soil
permeability and two values of train speed (¢ =3 m/s and ¢ = 30 m/s). When the soil
permeability is high (ko = 10 m/s or 10 m/s), the pore pressure changes very little at the
lower speed (c = 3 m/s, Fig. 8(a)). This is consistent with the soil being free-draining, so that
any excess pore water pressure is able to dissipate almost as soon as it develops. When the
soil permeability is very low (ko = 10 m/s or 10°° m/s), the dynamic pore pressure is much
greater and is essentially symmetrical about the time of maximum load application. This is
consistent with the permeability of the soil being so low that there is no opportunity for
excess pore pressure dissipation during the time the load being is applied. As the permeability
is increased above kp = 10°® m/s, the maximum induced pore water pressure reduces but the

response curve becomes asymmetrical, with a negative pore pressure being developed ahead
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of the moving load. This is also seen in other solutions to the moving load problem, obtained

using different methods [16, 17, 22].

Increasing the train speed (Fig. 8(b)) makes little difference to the magnitude or pattern of
pore pressure generation when the soil permeability is low (ko = 10 m/s or 10° m/s).
However, increasing the train speed increases the numerical value of permeability needed for
a soil to be considered highly permeable, in the sense that no transient pore water pressure is
generated. This is consistent with the reduction in the time available for excess pore pressure
dissipation during the period of application of the load. In Fig. 8(b), the results for a Darcy
permeability of 10 m/s correspond to those at the lower speed for kp = 10 m/s; similarly,
for other values of permeability, these results suggest that changes in speed and permeability

are interchangeable.

The time histories plotted in this paper only show part of the calculated response. The
2.5D method uses a certain wavenumber resolution d&, here between approximately 10 and
1072 rad/m, which defines the effective model length as 2/d&. Thus in the present analyses
the model length is at least 600 m. Differences in the pore pressure seen before and after the

passage of the load dissipate over the remaining time of the calculation.
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Figure 8. Time history curve of excess pore pressure at point A (z = 0.7 m) for train speeds of

(a) 3 m/s and (b) 30 m/s at permeabilities ranging from 10 m/s to 10° m/s.
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Fig. 9 shows the distribution of maximum excess pore pressure with depth when the load
is directly above the observation point. At a given load speed, the maximum excess pore
pressure generated reduces as the soil permeability increases, as already explained. The depth
at which the maximum excess pore pressure occurs increases slightly with increasing soil
permeability. This is consistent with the excess pore pressures that would have been
generated in the soil nearer the upper drainage layer having been able to dissipate during
application of the load. For the same reasons, an increase in the load speed causes an increase
in the maximum pore pressure and raises the level at which it occurs. In these analyses the
lower drainage layer is at a depth of z = 20.6 m, which is sufficient not to have an influence:
the excess pore pressure never rises above 0.1 kPa at 10 m depth, owing to the spread of the

applied load laterally to the side of and along the track.
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Figure 9. Excess pore pressure versus depth for train speeds of (a) 3 m/s and (b) 30 m/s at

permeabilities ranging from 10 m/s to 10° m/s.

4.2 Effect of velocity and permeability

The investigations described in the previous section focused mainly on the effects of load
speed for single values of soil permeability. The combined effects of train speed and soil
permeability may be illustrated by considering the dimensionless ratio c/kp. It has already

been seen that variations in ¢ and kp appear interchangeable. Fig. 10 shows the dependence of
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maximum excess pore pressure on c/kp at different depths: results of analyses at different
train speeds are denoted by different symbols. The effective stress is also shown; this is the

total stress minus the pore pressure, Eq. (1).

Fig. 10 shows that the dependence of the maximum excess pore pressure and effective
stress on c/kp does not vary with the load speed, apart from a small increase at ¢ = 100 m/s;
this is caused by the proximity to the Rayleigh wave speed of the saturated ground (which is
about 111 m/s). Fig. 10 also shows that there is a critical value of c/kp for the development of
excess pore pressure and effective stress, such that when c/kp is smaller than the critical
value, the maximum excess pore pressure increases, while the maximum effective stress
decreases, with increasing c/kp. Above the critical value, the maximum excess pore pressure
and effective stress remain independent of c/kp. To identify the critical value of c¢/kp the
changes in pore pressure are investigated: if the change in pore pressure between two
adjacent values of c/kp was less than 5%, then the smaller of these values of c/kp was taken to
be the critical value. The same critical value of c/kp applies for the results at 100 m/s, i.e.

close to the Rayleigh wave speed, even though the magnitude of the pore pressure is greater.

In Fig.10, the total stress, determined as the sum of the effective stress and the pore
pressure in accordance with normal soil mechanics principles, is constant at any depth for
load speeds less than 100 m/s. The total stress reduces with depth owing to load dissipation
effects. At load speeds in excess of 100 m/s, the total stress increases as the critical velocity is

approached.
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Figure 10. Dependence of maximum excess pore pressure and effective stress on c/kp at (a)
point A, z=0.7 m and (b) point B, z=1.2 m for various train speeds at permeabilities ranging

from 10 m/s to 10° m/s.
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Figure 11. Maximum excess pore pressure plotted as a function of train speed for two

example values of the parameter c/kp.

Fig. 11 shows the maximum excess pore pressure as a function of train speed for two
example values of the parameter c/kp. Fig. 11 shows that the critical speed of this model (i.e.
the speed with maximum response) is about 130 m/s, which is higher than the Rayleigh wave
speed of the saturated soil owing to the presence of the stiffer embankment and drainage
layer. The maximum displacement results (not shown) follow the same trend as the maximum

excess pore pressure. For a given value of c/kp, the result only varies with the load speed
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when the critical speed is approached. This is caused by the increased soil deflections as the

load speed approaches the wave speed in the soil.

The critical value of c/kp observed in Fig. 10 changes substantially with depth. Atz =
0.7 m, the critical value is 108; for z= 1.2 m, it is 10°. Fig. 12 shows the how the critical
value of c/kp, derived from graphs like Fig. 10, decreases with depth; the rate of change at
shallow depths is particularly large. Thus, the excess pore pressure at shallow depths will be
potentially much more sensitive to changes in load speed or soil permeability: this is at least
in part a result of proximity to the drainage layer.

‘Critical value' of ¢/k;,

10° 10* 10° 10° 107 10 107
T T - .

vy

Depth (m)

Figure 12. Variation in the critical value of c/kp with depth z

In Fig. 9, negative pore pressures were noted ahead of the load. Fig. 13 shows the
dependence of the maximum negative excess pore pressure (suction) on c/kp: the relationship
is the same for all load speeds investigated. The maximum negative excess pore pressure

tends to zero when c/kp reaches its critical value given in Figure 12.
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Figure 13. Dependence of maximum negative excess pore pressure (suction) on c/kp at
different depths: (a) point A, z=0.7 m, (b) point B, z=1.2 m, (c) point C, z = 1.6 m, (d) point

D,z=26m
4.3 Stress ratio

Excess pore pressures will tend to reduce the normal effective stress, see Eq. (1); hence the
generation of excess pore pressures will increase the ratio of shear to normal effective stress.
Fig. 14 shows time history curves for the normal effective stress, i.e. effective stress plus
body force, and the shear stress at point A, depth z=0.7 m, for soil permeabilities ranging

from 107 to 107 m/s at a train speed of 10 m/s.
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Figure 14. Time history curve of normal effective stress and shear stress at point A, z=0.7 m
(a) normal effective stress and (b) shear stress for a train speed of 10 m/s at permeabilities

ranging from 10 m/s to 10" m/s.

When the soil permeability is high (ko = 10 m/s or 10 m/s), the normal effective stress
change is greater (Fig. 14(a)). This is consistent with the fact that when the permeability of
the soil is high there is no opportunity for excess pore pressure build-up. In this case the loads
are carried by the soil skeleton during the time over which they are applied, rather than by the
fluid. The shear stress is zero when the normal effective stress is greatest (i.e., when the load
is directly above the observation point). The maximum shear stress also increases slightly
with increasing permeability (Fig. 14(b)), but not as significantly as the maximum normal

effective stress — and, of course, the two are out of phase.
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Figure 15. Time history curves of stress ratio (7o) at (a) point A, z=0.7 m and (b) point B, z

= 1.2 m for a train speed of 10 m/s and permeabilities ranging from 107 m/s to 107" m/s.

As explained in the introduction, the generation of excess pore water pressures will
increase the ratio of shear to normal effective stress, and hence the strength that the soil must
mobilise to resist the applied loads. Fig. 15 shows time history curves of the stress ratio (7o’)
(i.e., the ratio of shear stress to normal effective stress) at two depths,z=0.7mandz=1.2
m, for soil permeabilities ranging from 107 to 10" m/s and a train speed of 10 m/s. The
maximum value of this stress ratio may be comparable with the yield value of clay (typically
at least tan 20° or 0.36 [28-30]), and changes only slightly with the permeability. At a depth
of 0.7 m, the maximum value falls as the soil permeability is reduced from 107 to 10° m/s,
but then increases again with a further reduction in soil permeability to 10" m/s. At 1.2 m
depth, the maximum value is similar for all soil permeabilities shown except 107" m/s, for

which a higher maximum stress ratio is calculated.
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Figure 16. Dependence of stress ratio (7 o’)max On ¢/kp at different depths: (a) point A, z=10.7

m, (b) pointB,z=1.2m

To summarise these results, Fig. 16 shows the maximum absolute value of the stress ratio
plotted against c/kp; this is independent of the load speed when plotted in this way, except for

¢ = 100 m/s, when the Rayleigh wave speed of the saturated ground (~112 m/s) is approached

26



10

11

12

13

14

and the calculated stress ratios, especially at shallow depths, become large. For the depth of z
= 0.7 m the ratio increases between c/kp of 10° and 108; for z = 1.2 m the increase occurs

between c/kp of 10% and 10°.
4.4 Effect of thickness of soil layer

In the previous analyses, the depth of the saturated layer was 20 m (Fig. 7). This section is
investigates the sensitivity of the results to the depth H of the lower boundary to the saturated
soil layer in the model. The total size of the model was kept the same (see Fig. 7), and the
depth H to the bottom drainage layer was varied by changing the permeability of the lower
part of the model. Results are presented for a constant load speed of 10 m/s, and five different
values of Darcy permeability (ranging from kp = 10 m/s to 10" m/s). Four different
saturated layer thicknesses (i.e., depths to the lower high-permeability layer; H =20 m, 10 m,
5 m and 2.5 m). The excess pore pressure at the lower boundary was effectively set to zero in

each case.
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Figure 17. Distribution of pore pressure with depth for different depths of saturated soil layer
for a load speed ¢ = 10 m/s. (a) ko = 10° m/s; (b) ko = 10" m/s; (c) ko = 10 m/s;
(d) ko=10° m/s

Fig. 17 shows the distribution of maximum excess pore pressure with depth for the
different layer depths; these are the values occurring when the load was directly above the
observation point. Each graph is for a different values of soil permeability. The depth of the
saturated layer only has a noticeable effect when it is reduced to less than 10 m. Especially at
ko = 10 m/s, a shorter distance to the lower drainage layer results in lower pore pressures at
every depth below about 1 m. However, at these high permeabilities the excess pore pressures
are in any case small, and the variation at a given depth is rarely if ever more than 1 kPa.
Thus it can be concluded that, provided the saturated soil layer is thicker than 2.5 m, the
depth to a drainage layer below it has no practical significance for excess pore water pressure
generation during the application of a moving load. Either the soil is of such low permeability
that the depth to the drainage layer would need to be much less than 2.5 m to make a
difference, or the soil is of such a high permeability that the excess pore water pressures are
small enough to be neglected.

This is confirmed by Fig. 18, in which the maximum pore pressures at depths of 0.7 m and

1.2 m are plotted against c/kp for all drainage layer depths H investigated. The maximum
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excess pore pressure shows the same increase for all values of H when the soil permeability is
decreased. The critical value of c/kp (above which the maximum excess pore water pressure
shows no further increase with c/kp) is also the same at each depth, irrespective of the value
of H. Thus it can be concluded that, within the ranges investigated, the depth to the lower
drainage layer has no practically significant effect on the excess pore pressure response in a

saturated soil.
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Figure 18. Development of pore pressure for different thicknesses of saturated layer: (a)

point A, z =0.7 m, (b) point B,z=1.2m
4.5 Effect of soil stiffness

In this section, variations in the soil stiffness (shear modulus, G) are considered. The
thickness of the saturated layer H was fixed at 20 m, and the load speed was 10 m/s. Three
values of soil stiffness were used; G = 40 MPa as in the initial analyses, G = 13.3 MPa (i.e.,
+3) and G = 120 MPa (i.e., x3). The soil Darcy permeability was varied from kp = 10 m/s to
107" mis.

Fig. 19 shows the time history of excess pore pressure at a depth z = 0.7 m for the three
different soil stiffnesses and a soil permeability of 10> m/s. The excess pore pressures

generated reduce as the soil becomes stiffer. This is consistent with the Terzaghi
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consolidation model, with a stiffer soil consolidating (i.e., excess pore pressures dissipating)

more quickly than a less stiff material because the associated volume changes are smaller.

—u—G=13.3 MPa

—e— G =40 MPa

—a— (G =120 MPa
kp= 10 m/s

z=0.7m

Maximum excess pore pressure (kPa)

Time (s)

Figure 19. Time history curve of pore pressure for different soil stiffnesses at point A, z =
0.7m

Fig. 20 shows the maximum excess pore pressure as a function of depth for these three
values of soil stiffness, which has been normalised in each case by the maximum value. As
indicated in Fig. 19, the maximum excess pore pressure reduces as the stiffness is increased.
However, the maximum always occurs at a depth z = 0.9 m, and when normalised to their
maximum values the results are independent of soil stiffness. Moreover, in all cases the
excess pore water pressure has fallen to zero at z = 10 m, as in the earlier analyses. This is
consistent with Terzaghi consolidation theory: while the soil stiffness will affect the amount
of consolidation (volume change) and hence the time for consolidation to occur, it will not
affect the relative shape of the excess pore pressure distribution at a given time (known as an

isochrone) in the way that a change in the soil permeability does.
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The maximum excess pore pressure for these three stiffnesses is plotted against c/kp in
Fig. 21. The soil stiffness influences the excess pore pressures generated quite significantly,

but does not alter the critical value of c/kp.
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Figure 21. Development of pore pressure in soils of different stiffness: (a) point A, z=0.7 m,

(b) pointB,z=1.2m

5. Numerical results for moving train loads

In this section, the same track-embankment-ground model is used to calculate the dynamic
response induced by the axles of a train. In this case, the lateral load distribution below the
ballasted track has been taken into account using the approach proposed by Takemiya [31] to

approximate the lateral variation in vertical stress beneath the sleepers.
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To investigate the dynamic response of the soil to the succession of loads associated with a
moving train, loads corresponding to a ¥ car of a Velaro train (Table 5) was used. Seven
different loading regimes were considered; a single axle, a single bogie (two axles), a single
vehicle (4 axles), two vehicles, four vehicles, eight vehicles and 16 vehicles. The analyses
were carried out initially for a load speed of 10 m/s and soil Darcy permeability of 10 m/s.

Table 5. Parameters for the Velaro train [1]

Parameter Value
Mass of a car body 45000 kg
Mass of a bogie 3600 kg
Mass of the wheelsets on a bogie 1700 kg
Vehicle length L 24.8m
Bogie centre spacing b 174 m
Wheel spacing a 2.5m

5.1 Different lengths of train

Fig. 22 shows the time history curves of excess pore pressure at a depth z=0.7 m in
response to the different train loads. The short distance between the two wheels means that
the passage of a bogie is seen at this depth as essentially a single loading event (Fig. 22(a)):
this is consistent with [32]. The passage of a single bogie gives rise to a small residual excess
pore pressure. For a single vehicle (Fig. 22(b)), the pore pressure accumulated after the first
bogie has passed starts to dissipate during the rest period between two bogies; the pair of
bogies between four vehicles results a more significant accumulation of pore pressure than
for a single bogie. Fig. 22(c,d) shows that the final residual excess pore pressure increases
slightly during the passage of each vehicle, reaching a maximum after the last bogie of the

train has passed.
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Fig. 23 shows the distribution of maximum excess pore pressure against depth for the
different lengths of train. This corresponds to the excess pore pressure when the last axle
arrives at the observation position. Thus, during the passage of the whole train, the maximum
excess pore pressure is ~12 kPa. When there are more vehicles in the train, the excess pore

pressure at each depth increases slightly.

5.2 Effect of permeability and velocity

Fig. 24 shows the excess pore pressure time histories at a depth z = 0.7 m for a two-car

train with different values of soil permeability.

k=107 m/s
~~~~~~ kp= 10* m/s
84 4 | ----k,)=10’5m/s

ky= 10°% m/s

Excess pore pressure (kPa)

Time (s)

Figure 24. Time histories of pore pressure for a two-car train at different permeabilities at
point A, adepthz=0.7m

As with the results for the single point load shown in Fig. 8, the excess pore pressure is
very small when the soil permeability is high (10 m/s). When the soil permeability is very
low, the dynamic pore pressure response is much larger and broadly symmetrical. As also
seen in Section 4, at intermediate values of permeability the curve is highly asymmetrical,

with negative pore pressures being generated in advance of the train.
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Figure 25. Maximum pore pressure at z = 0.7 m under each wheelset during the passage of an
eight-car train

To illustrate the evolution of maximum pore pressures during the passage of the train, Fig.
25 shows the maximum excess pore pressure at a depth z = 0.7 m when each wheel is directly
above the observation point, during the passage of an eight-car train. In the graph, the points
are connected for wheelsets within the same vehicle. Fig. 25 shows clearly that the maximum
excess pore pressure increases as the soil permeability decreases; as before, this is consistent
with the potential for pore pressure dissipation during loading being reduced. The maximum
excess pore pressures after the last axle has passed are quite similar for permeabilities of 107,
108 and 10°° m/s. This reflects the critical value of c/kp, and indicates a critical value of c/kp
of 108, the same as for the single moving load. Thus the critical value of c/kp is a function of
the soil, and does not depend on the loading pattern. For intermediate values of permeability,
particularly 107 and 10" m/s, there is a significant increase in maximum pore pressure during

the passage of each bogie pair, as seen in Fig. 24.
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Figure 26. (a) Maximum pore pressure at point A (z = 0.7 m) beneath first and last axles of an
eight-car train. (b) Difference between maximum pressures at last and first axles.

To show the dependency of these results on permeability, Fig. 26(a) plots the excess pore
pressure under the first axle and the last axle of an eight-car train against c/kp; presented in
this way, these results are independent of the train speed. The results for a speed of 100 m/s
(not shown), are slightly greater in each case owing to the proximity to the critical speed.
Fig. 26(b) plots the increase in excess pore pressure associated with the passage of an eight-
car train against c/kp; these results are the differences between the pressures for the last and
first axles in Fig. 26(a). The resulting curve is again independent of the train speed. In this
case, a peak occurs at a value of c/kp of around 107 for this depth. With further increases in

c/kp, the result reduces to around 0.7 kPa.

6. Summary and conclusions

Using Biot’s theory of wave propagation in poro-elastic media, a 2.5D finite element
model has been presented in u—w format. The model has been used to carry out a fully
coupled, wavenumber/frequency domain analysis of the dynamic response of saturated
ground to moving steady train loads on a railway track on a shallow embankment. The
approach was validated by comparing results with semi-analytical solutions for both simple

elastic and saturated poro-elastic media. The model has then been used to investigate the
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excess pore pressure response to a single moving load and a moving train of loads

considering variations in the soil permeability, load or train speed, depth of saturated layer,

and soil stiffness. At train speeds below the speed of Rayleigh waves in the soil, the main

findings are as follows:

1.

2.

In a saturated soil of a particular stiffness, the load speed ¢ and the soil Darcy
permeability kp together determine the extent to which excess pore pressures build up
during passage of the load, at any given depth. If the ratio c/kp is less than 10%, the
soil can be viewed as highly permeable in relation to the load speed and almost no
excess pore pressure is developed.

When the thickness of the saturated soil layer (i.e. the depth to a lower, zero pore
pressure boundary) is greater than 2.5 m, this depth has only a limited impact on the
excess pore pressure response for the range of soil stiffnesses considered.

The variation in the maximum stress ratio, (7 c')max, With permeability depends on the
depth under consideration. At a shallow depth, there is no monotonic relationship and
there may be an optimum soil permeability from the point of view of minimizing the
stress ratio. At slightly greater depths, the stress ratio is likely to increase if the
permeability reduces below a certain value.

The soil stiffness affects the magnitude of the excess pore pressure response, with
higher values of stiffness leading to lower excess pore pressures as a greater part of
the stress is carried by the soil skeleton. However, when normalised relative to the
maximum value, the distribution of excess pore pressure with depth is unaffected.
During the passage of a train, the excess pore pressure under each axle increases
slightly with each vehicle passage and reaches a maximum when the last bogie of the

train passes.
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6. For the passage of a single axle or a train of axle loads, there is a critical value of c/kp,
above which the maximum pore pressure reaches a constant value. Increasing c/kp
above this critical value does not then have any further impact on the excess pore
pressure generated. Below the critical value, the pore pressure accumulated during the
passage of a train depends on c/kp but is otherwise independent of the load speed.

7. The accumulation of excess pore pressure during the passage of a bogie pair is
greatest for intermediate values of c/kp.

All data published in this paper are openly available from the University of Southampton

repository at https://doi.org/10.5258/SOTON/D0963.
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Appendix A. Expressions for terms in Eq. (7)
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K, :Z”(B*N)TDBN |3 ldndg

e —1-1
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e —1-1

11
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e —1-1

11
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Ff =3, [N"q|Jldn
where the integrals are over local coordinates 7 and ¢, and
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