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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND THE ENVIRONMENT

Institute of Sound and Vibration Research

Thesis for the degree of Doctor of Philosophy

Variability in the dynamic response of connected structures possessing spatially

slowly varying properties

by Marcos Ricardo Souza

This thesis covers the modelling and analysis of the dynamic behaviour of coupled structures
possessing slowly varying properties. A mobility method is used to dynamically couple beams to a
plate through a series of point connections comprising rigid links or flexible ones, the latter in the
form of elastic springs. This is a relevant problem for cable bundles providing electrical power or for
communications in cars, satellites and airplanes. In the case of rigid links, the response of the coupled
system will generally be governed by the response of the least mobile structure, but with additional
modes. For flexible links, there is a frequency at which the response of the combined system
uncouples. The flexible links can also be used to reduce the uncertainties due to one of the sub-
structures. Uncertainties in the positioning of the connection points were also considered and they
can be as important as uncertainties in the mechanical properties of the structures in terms of the

coupled system response variability.

The slowly varying properties are then introduced using a description given by a random field
using the Karhunen—Loéve expansion. For the slowly varying beams, the Wentzel-Kramers—
Brillouin approximation is used to find analytical solutions of the flexural wave equation and
subsequently expressions for the input and transfer mobilities. The slowly varying plate is solved
combining Finite Element Analysis and a Perturbation Method in order to find the required mode
shapes, natural frequencies and mobilities. Infinite and finite coupled structures were considered.
The work presented here thus proposes an alternative to the standard technique used in the industry
of considering the cable bundles as lumped mass at the connection points. This approximation is
valid at lower frequencies, where they indeed behave as an additional mass. However, at higher
frequencies they can contribute to adding some stiffness and apparent damping, as the response of
the coupled system is now shared into more modal resonances, from the modes of the host structure

and the attached cables.



Experimental validation is presented showing the effects of randomly spaced connections and
are in good agreement with numerical simulations. In order to capture the varying properties, a novel
technique is proposed that combines a wavenumber correlation technique within a Bayesian
framework in order to estimate the values of the bending stiffness of the particular cable bundles.
The Bayes’ technique was also used to reconstruct random fields from synthetic data. It could
subsequently be applied experimentally and provide the required input for models possessing slowly

varying properties.
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Chapter 1 Introduction

In the design process of structures, control of vibrations is a relevant factor as excessive vibration
might lead to problems ranging from noise and vibration nuisance to complete failure of a structure.
Therefore, it is imperative to carry out an analysis of the vibration profile for structures to predict
and assure that vibration responses, forces, stresses and radiated sound can be estimated and judged
if they are within an acceptable level under typical operating conditions. Vibration analysis requires
the dynamic characteristics of a structure to be known, so geometry and mechanical properties such
as density, Young’s modulus of elasticity, Poisson’s ratio, boundary conditions, connections between

the sub-elements of the structure are all necessary as input parameters for the subsequent analysis

[1].

Problems can arise, because it is known that manufacturing processes produce variability in
the nominal properties of the materials and that these deviations lead to different dynamic responses
of nominally identical components [2]. It is also common to have discrepancies between measured
performance and a structural model [1]. Models are not an exact representation of the actual structure
and are assembled assuming physical properties that might not match the real properties or are
incomplete models. Even when the model is assumed to be adequate albeit approximate, the
predictions can differ from the measured data of the actual structures simply because the model

parameters are not known with sufficient accuracy, i.e. they are uncertain [1].

Analysis of structures comprising a one-dimensional vibration waveguide attached to a host-
structure, which are commonly found in engineering was developed in this study. The one-
dimensional waveguide can represent structures such as cable bundles, hydraulic pipes,
reinforcement ribs etc., whilst the host structure can be an aircraft fuselage, a satellite body or a car
body-in-white. To some extent, it is possible to relate those structures to beams attached to plates
and model them as such to better understand how they behave when attached together through a set
of point connections. In addition, it might then be possible to consider how to deal with and analyse

the effect of uncertainties in their parameters.

It is of interest to know how to take into account these effects of uncertainties, especially in
the so called mid to higher frequencies where they are more significant. This study introduces these
variations in the form of varying the properties of the one-dimensional waveguides and host structure
and varying the position of the attachment points. Scenarios with perfectly rigid links and flexible
connections are also presented. The flexible connections are treated as elastic springs and variations
around the nominal value of the stiffness of the springs are considered. Slowly varying properties of

the beams and plate are considered.
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A wave propagation approach is used to describe and model the one-dimensional waveguides
in order to find their mobility expressions. The analysis of the plate is made using the Finite Element
method combined with the perturbation method. Once the input and the transfer mobilities are
known, it is possible to use matrix and vector algebra to attach the beam to the plate. Design engineers
frequently consider these attachments, the one-dimensional waveguide, as simply lumped masses at
the attachment points, which is not enough to fully predict all of the structural dynamic interaction
of structures such as cables or determining when this interaction is relevant [3]. An overview of the

relevant background structural dynamic modelling and previous studies is now presented.

1.1 Modelling techniques in structural dynamics

This section explores some of the most common modelling techniques that are used to predict the
dynamic behaviour of structures. Yoo [4] brings together a fine summary of the different methods

that are used for different frequency bands, each one has its own particularities and limitations.

These different behaviours for each different frequency band can be illustrated by the industrial
problem of a simplified car model, as shown in Figure 1.1, where one is interested in calculating the
mechanical energy in the areas identified from Al to Al12. The force excitation is randomly
distributed over the panel A7 and it has frequency components within the range 0 to 300 Hz. The
spatial distribution for the variability of the Young’s modulus is known and Figure 1.2 shows three
simulated typical samples of this spatial distribution with the same statistical features [2], in other

words, the values for the Young’s modulus at each position.

Figure 1.1 — Simplified structural model (FE) for a car.
Model comprising a number of plates with spatial variability. The cavity is not modelled.
(From: [2])

440t os
975

Figure 1.2 — Three simulated typical samples of Young’s modulus spatial distribution for the
panel A7.
(From: [2])

2
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If one evaluates the effects of the material on the dynamic response of all the possible cars
produced, the typical 95% percentile of frequency response of the mechanical energy on the
windshield, panel A8, can be seen on Figure 1.3. This result can be typically calculated by running
the finite element model hundreds (or even thousands) of times, each time using different samples
with the same statistical features of the material distribution of the panel A7. This approach is called

Monte Carlo sampling, but it can be computationally prohibitive [2].

0 50 100 150 200 250 300
Frequency [Hz]

Figure 1.3 — 95% percentile of the potential energy in the windshield.
Three distinct frequency bands are highlighted: low frequency (black), mid frequency (magenta)
and high frequency (cyan).
(From: [2])

However, there are three clearly distinguishable frequency bands shown in Figure 1.3. In the
first region, at low frequencies a deterministic model can be useful. The second identifiable region,
highlighted in cyan, is the so called high frequencies. It has a high modal density and it is highly
sensitive to the variability of the panel. For this region, energy-like methods are well suited. The mid
frequency region, which is between the low and high frequency regions, still has distinguishable
modal behaviour and it is affected by variability. Wave-based methods are one of the tools to analyse

this region of the response spectrum [2].

At higher frequencies, structures can be very sensitive to variability in the manufacturing
processes, presenting significant differences in the dynamic behaviour. An example is shown in
Figure 1.4, where the measured noise levels in the cabin of 57 nominally identical trucks due a force
input at a wheel show large variations [4] [S]. In that case, a model considering only one of the
vehicles would be incapable of fully representing the response of the others accurately. A number of
numerical (FE) solutions containing slight differences in the geometry or material properties,
although feasible, would not be efficient and one would need to have a description of the variability
to include within said models. It is possible though to extend the frequency range of a FE model, but
it is usually inappropriate due the variation of the responses at high frequencies, which occurs due to
the numerical results of FE models at high frequencies being sensitive and different for slight

refinement to the mesh, etc. [4] [6].
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Figure 1.4 — Modulus of transfer functions between the input force at the front left wheel and
sound pressure level at the location of driver’s head measured on 57 nominally identical
vehicles.

(From: [4] and [5])

1.1.1 Low frequency methods

The first band of interest is the so called low frequencies. At these frequencies one can find the
fundamental lowest order modal characteristics of a given structure. The most common method used
to describe or even predict the dynamic behaviour of structures is the finite element method, FEM.
Instead of using physical experiments, it is the de facto engineering designing tool in engineering
companies for virtual prototyping. FEM is actually capable of predicting both static and dynamic
characteristics of a product before manufacturing it [4]. It is also widely used in the automotive

industry to predict body vibrations and interior noise [4] [7] [8].

FEM is a deterministic method. It is, in principle, possible to determine the exact behaviour of
the system once geometric and material properties are known [4]. To predict this behaviour, the
method is based on a discrete system of equations written as the stiffness and mass matrices of a
continuous structure. The structure is divided into small areas, or volumes, called elements. There is
no restriction on the geometric complexity of the structure, since the stiffness and mass matrices are
assembled from the individual contribution of each finite element, which are simpler structures. Each
element has a mathematical representation and formulation associated with its simple geometry,
regardless of the complexity of the whole structure. The nodes of an element are shared with its

surrounding elements; therefore, the displacement field is continuous [9].

Shannon’s sampling theorem is fundamental to frequency detection in acoustic and vibrations,
stating that at least two points per wavelength are necessary to detect the corresponding waveform
[10] and it is one reason behind using greater than a minimum fixed number of elements per
wavelength [11]. Two linear elements per wavelength are sufficient, but might not lead to accurate

modal shapes and a factor of 3 to 5 should be used on top of that [12]. Therefore, to correctly represent
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the continuous dynamic deformation, it is typically necessary to have between 6 and 10 linear
elements per wavelength [4] [12] [13] [14]. There is one very clear implication of that; the higher the
frequency, the higher the number of elements necessary for an accurate result, which can be
prohibitive in a computational sense [4]. One way of dealing with the problem is to use higher order
elements, the so called Hierarchical Finite Elements. These elements use higher order polynomial or
slope functions that allow the model to have fewer elements and retain the accuracy [4] [15] [16].
However, regardless of those requirements, uncertainties can play a major role in modelling, causing

the predictions to be inaccurate.

1.1.2 High frequency methods

In the high frequency region, the most widely accepted modelling method is Statistical Energy
Analysis, SEA. This method consists in dividing the system into a number of smaller subsystems and
the response is described in terms of energy and power flow. The modal characteristics of a structure
vary according to detailed properties. Therefore, even subsystems that might have the same gross
physical and geometrical properties can have some scattering in their dynamic response [4]. SEA
predicts the ensemble response and some work has been conducted to investigate the variance in the

SEA predictions.

One does not use SEA to predict a detailed response of the structure at every single frequency,
for this method one only predicts the average response. There are three averages involved in SEA:
the spatial average, the ensemble average and the frequency average. The first one arises from the
fact that SEA calculates the total vibrational energy in a region of the system, rather than the response
at a specific point. The ensemble average takes into account the variability of nominally identical
structures, which might have random dynamic properties due to manufacturing tolerances. Finally,
the frequency average is the result of SEA being an analysis over a frequency band. These bands can
have a constant bandwidth or may consist of octave (or 1/3 octave) bands. The total vibrational
energy is predicted for each of those bands. To summarise, SEA predicts the average vibrational

energy stored in various subsystems of the structure in different frequency bands [17].

Figure 1.5 shows the time-averaged energy and the power balance relationship of a simple
SEA model that comprises two subsystems. The coupling loss factor, CLF, and the difference
between mean modal stored energy in the source and receiver are the factors that regulate the power
transferred between the subsystems [4]. The values for the CLFs involved in a SEA might require
numerical calculations, or they can also be estimated through wave methods. They are highly

dependent on physical and geometrical properties of the structures [4] [18] [19] [20].
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Figure 1.5 — Power balance relationship of a coupled structure consisting of subsystems 1-2.
E is the storage energy in each subsystem, P is the dissipated or transferred net power and
subscripts indicate the corresponding subsystem in the coupled system.

(From: [4])

In order to obtain good accuracy, SEA is very dependent of the modal overlap, that is, the ratio
of the half-power bandwidth to the average spacing between resonances [4] [21]. To obtain no clear
resonance peaks, as they merge, this ratio needs to be in the region of the unity or greater. High modal
overlap typically results in low variance of the response, despite the structural uncertainties [4] [17].
Especially because of such assumption, there is a lower limit in frequency for the applicability of

SEA [4].

1.1.3 Mid frequency methods

In this region of the spectrum, the uncertainties in the dynamic characteristics are increasing and
therefore the accuracy of low frequency methods are decreasing. However, the behaviour in these
frequencies are still not adequate for SEA calculations. For a given structure, the mid frequency
region can be especially broad when the said structure is a mixture of stiff and flexible substructures.
These different elements may exhibit very distinct behaviours. For instance, the stiff substructures
can be treated as in a “low frequency region” for a quite higher frequency than the flexible elements,
which will present “high frequency behaviour” at a much lower frequency. Thus, such structures
have a very broad mid-frequency region where neither of the previously presented methods can
satisfactorily predict the structural response [4]. In a finite element analysis, the shortest wavelength
of all types of occurring waves in the structure is what usually defines the element size for the mesh.
An element size that is be adequate for the flexible substructure will result in a mesh that may be too
large to analyse in an acceptable time. In addition, the stiff substructure may not have enough modal

density for SEA [22].

One of the methods used for the mid frequency region is a wave approach, which is based on
how waves are propagated, reflected and transmitted along or across a structure and its joints [4].

The forced response of a beam in flexure for example can be expressed as the sum of the propagating



Chapter 1
wave and an infinite number of its reflections [23]. The response of a beam with length [ and excited

at x = 0 with an harmonic point force F, can be considered as shown in Figure 1.6.

ay wix)el®! b,
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Figure 1.6 — Beam of length ! excited by a harmonic point force.
(Adapted from: [23])

|

In [22], the authors used a wave analysis to study a structure comprising a stiff beam and a
flexible plate. They considered the beam as the source and the plate as the receiver. When the
wavenumber in the plate is at least twice as large as the wavenumber in the beam, the plate can be
idealized as set of independent plate strips and then the dynamic behaviour of the beam can be
described in terms of a locally reacting impedance of the plate and the dispersion relationship of the

coupled structure [4].

Castel et al. [24] used a hybrid FE-SEA model to extend the applicability of both approaches
to the mid frequency region in the space industry. This hybrid method is widely used in the
automotive industry to couple components with high modal density (ideal for the SEA method) to
low modal density components (FE subsystems). The method uses the concept of direct and
reverberant fields, where the direct fields can be seen as the contribution from the generated waves,
whilst the reverberant field takes into account the contribution from the waves reflected by the

boundaries [25].

1.2 The Monte Carlo approach for variability calculations

The analysis of uncertainties has been increasing in the last decades and the inclusion of uncertainties
in the model parameters means that the structure modelled has a range of performance when
operating. Its response might vary within this given range. It is then necessary to use tools that can

determine this range of operation or response [1].

One way to consider variability when modelling a structure is to use the Monte Carlo (MC)
approach [26]. The numerical solution of a stochastic process can be divided in three parts. Firstly,
one designs a deterministic model of the system. Secondly, a probabilistic model to the uncertain
variables involved is created, assigning a probability density function, PDF, to each of the uncertain
variables. Lastly, samples of the uncertain variables are created and to each one of these samples a
deterministic response is calculated. Figure 1.7 illustrates this process. It is important to note that this

is a tool to solve the stochastic process, it is not a technique for stochastic modelling. A stochastic
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modelling approach is defined by the strategy of adopting PDF’s of the input variables. Thus, the

determination of these probability density functions is fundamental to a probabilistic model [27].

f(x:) f()

Rt ——<
.77 || Deterministic L

fx) f(n)

Figure 1.7 — Monte Carlo sampling.
On the left side, the input uncertain variables and their PDF. On the right, the deterministic
responses for each one of the inputs.
(Adapted from: [27])

The Monte Carlo method makes use of the law of large numbers to ensure that the average of
the response from the independent sampled input converges to the actual expected value of the
response, whilst the central limit theorem says that the distribution of the error converges to a normal
distribution [28]. The Monte Carlo method has a somewhat slow convergence rate, as it converges
with the square root of the number of samples. Therefore, to increase accuracy by a factor of 10, it is

necessary to increase the number of samples by a factor of 100 [28].

The Monte Carlo method is actually the most commonly used technique found in the literature
[29]. It consists of sampling the random parameters from their distributions and each one of these
samples defines a deterministic problem that then leads to one solution. After many realisations and
responses, the statistics of the response can be processed [29] [30] [31] [32]. One advantage of the
MC approach is that if there is one code to compute the response of a deterministic model, the MC
does not require a new code to compute the responses. It is only necessary to run the available code
multiple times, different from other common techniques used for uncertainty quantification, like

generalised Polynomial Chaos [29] [33].

The MC method started to be used during the 1980s [34] in order to take into account
uncertainties in FEA, introducing uncertain parameters to compute the statistical features of the

response of the structure [1].

In the case of epistemic uncertainty, in other words, lack of precise knowledge about the
statistical features of the processes or quantities, a possibilistic approach can be used in an interval

arithmetic approach [35] [36].
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1.3 Statistical tools

This section brings together some concepts from statistics that will be useful within this work.

Firstly, the cumulative distribution function, cdf, is the probability that X is less than or equal
to x and it is defined as Fy(x) = P(X < x) and Fy : R - [0,1] [37]. Secondly, the concept of
percentile: The n‘"* percentile of a random variable x is the smallest number X,, such that n =
P(X < X,,) [38]. In the next chapters, the regions within which 95% of the response lies are
calculated using the 2.5% percentile and the 97.5% percentile. Also, the derivative of the cdfis called

the probability density function, pdf, fx(x) = dFde(x) [38], so they are related by P(a < X < b) =
b
Jo fx()dx [37].
The expected value of a random variable x, E[x], also known as the mean of x, is defined by

E[x] = [ x fy(x)dx and its variance is given by 2= [ . (x — ]E[x])2 fx(x)dx [38]. The

variance can be seen as a measure of the spread of the population around its mean.

Statistical inference is defined as the process of using data to infer the distribution that
generated said data [37]. Chapters 2 and 3 use a frequentist approach to identify distributions from

the simulated data, using the kernel density estimator. It is defined as [37]:
1w~ 1 (x—-X
fx (%) nth ( e (1.1)
]:

where hg > 0 is the estimator bandwidth and the kernel K is a smooth function such that K (x) = 0,

which means that there is no negative probability; fD K(x)dx = 1, the total probability is 1;

I o XK (x)dx = 0, the mean of the kernel is 0 and |, D x?K(x)dx > 0, the variance of the kernel has

to be positive [37] [39].

Details on a Bayesian approach, for a different case, are given in Chapter 5.

1.4 Slowly varying properties

Wave-based methods have been developed as a prediction tool in the mid frequency region in order
to extend the applicability of deterministic approaches to higher frequencies. However, they are
usually limited to the assumption that the waveguide properties are homogeneous in the direction of
the travelling wave. Some examples are the Wave Based Method (WBM), based on the indirect
Trefftz approach, the spectral element method, that uses analytical solutions for the wave
propagation to assemble dynamic stiffness matrices for waveguides, the Semi-Analytical FE method,

that uses FE formulation for the cross section of waveguides and assumes a wave-like solution in the
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propagation direction and the Wave and Finite Element method (WFE), that applies the theory of

periodic structures for homogeneous waveguides using FE model of the cross section [2] [40].

Pierce [41] seems to be the first to suggest using the Wentzel-Kramers-Brillouin (WKB)
approximation for beams and plates. Fabro [2] used the WKB approximation and the Karhunen-
Loéve expansion to treat random fields with slowly varying properties in finite rods and finite beams
in order to find their input mobilities and natural frequencies via a wave propagation approach. The
work done here extends Fabro’s approach to infinite beams and it also generalises the expressions
for the case of transfer mobilities. Details on this are shown in Chapter 2 and Chapter 3. Also, for
coupled one and two dimensional structures possessing spatial variability a hybrid method with the
WKB approach for the one-dimensional structures and an FE model for the two-dimensional

structure has been developed in this thesis.

1.5 Envelope of complex vibrators

Infinite homogeneous beams and infinite plates have exact and concise analytical solutions for the
point and transfer mobilities, which capture the general characteristic behaviour of the structures.
However, when dealing with infinite structures, there are no reflections by the boundaries and
therefore no modes. At lower frequencies, when the resonances are well separated, the peaks and
valleys of the mobility response extend greatly above and below the characteristic line, whereas, at
higher frequencies, the behaviour of the frequency averaged response of a finite structure converges

to the characteristic line, or the infinite system response [42] [43].

1.6 Practical applications of variability in connected

structures

This section will explore what the effects are of adding cable bundles to a host structure. There are a
variety of areas that could take advantage of a good modelling technique for the interaction between
these attached structures. Some studies have previously taken place in the aerospace and in the

automotive industries.

Cable bundles can reach up to 50 mm in diameter in the automotive industry and most of them
are used to transmit signals through the car. The type of wrapping for these cable bundles depends
on the location of the cables within the vehicle. Internal cables are wrapped with a soft fabric to
increase damping, cables in the engine bay are usually only wrapped in a black tape in order to hide
them and cables that are out of sight in the engine bay can actually not be wrapped at all. For the
same manufacturer, the bundles are usually made with a standard length, which means that the bundle
is not always fixed in a straight configuration; it depends on the car model. When the body is shorter,

the bundles are curved and fixed at additional locations. Moreover, the thick bundles usually branch

10
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out into bundles of smaller diameter to connect to various parts in the vehicle [44]. Figure 1.8 shows

some details of these bundles.

Figure 1.8 — Cable bundles in a vehicle’s body.
All the harness in (a) and bundles and mixture of fixture in (b).
(Adapted from: [44])

Since the aerospace industry is always aiming to use lighter materials, power and signal cable
harnesses are often 10% of the mass, but they could be as much as 30% of the total mass of a
spacecraft. Despite being rarely considered in the design phases of a spacecraft, acrospace cables
have a more appreciable effect on the dynamics of the structure, especially as the number of the
electronic components onboard increases both in quantity and power demand. The current standard
method of modelling cable bundles as lumped masses at attachment locations is not sufficiently
accurate to predict all of the structural dynamic interaction of cables or determining when this
interaction is relevant. A model able to predict the effects of cable harnesses, for example, has many

benefits, especially in increasing the confidence in vibration control systems [3].

The effects of adding light (harness-to-beam mass ratio of roughly 8%) cable bundles to a
beam can be divided in two: at low frequencies, due to mass loading, the natural frequencies of the
beam are slightly lower. At high frequencies, the harness increases the system modal damping ratios.
Moreover, cable dynamics that strongly couple with base structure modes can result in a dramatic
reduction in the system quality factors [45]. These effects were also observed in [46] and [47]. Some

results are shown in Figure 1.9 and Figure 1.10.

Magnitude (dB)

PO | R
70 80 90 100
Frequency (Hz)

No cables eesw-==- 4 tiedown points

= . == 7 tiedown points = == 13 tiedown points

Figure 1.9 — FRF: The effects of adding cable bundles to a beam and varying the number of
attachment points.

(From: [46] — no information on dB reference or what type of FRF were given)

11
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Figure 1.10 — The effects of adding cable bundles varying the number of cables.
(From: [47] == == is the bare beam, == 3 wires bundle, == == - 5 wires bundle and **** 8 wires
bundle)

The previous two figures show that all cables affected the response of the host structure, beams
in these cases. At low frequencies, the cable effect was dominated by mass and stiffness. At higher

frequencies they had a dissipative effect, adding damping [46].

It was also highlighted in [46] that the effects on the structure due to the cables are sensitive
to relatively small changes in the cable properties and therefore, it would be wiser to use the specific
cable properties that will be coupled in the real structure when modelling. This research aims to get

around this issue by introducing slowly varying properties and uncertainty for these attachments.

Moshrefi-Torbati et al. [48] analyses the effects of adding point masses to a plate and suggests
a method to minimise the response of the mass-loaded plate over a frequency band optimising the
positions of the masses, a passive structural vibration control. In the case where the control of
excessive vibration is required, a common method would be to add heavy viscoelastic damping
materials, which result in raising the costs and weight of the structure [49]. Another common method
of control that could benefit from the use of attachments is the use of the properties of periodic
structures, as they have frequency stop-bands [48] where travelling waves are attenuated and there

is no occurrence of natural frequencies in these bands [50] [51].
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1.7 Aims and objectives

The general aims of this study are to analyse the effect of variability on the dynamics of coupled

structures and to develop a methodology to introduce the variability into coupled models.

One question that needs to be addressed is what the basic features of the interaction are, when
connecting a beam to a plate. Whether they are dependent of the number of point connections or not;
the effects of the spacing between the connection points; how uncertainties in the positioning of the

attachments or in its properties affect the vibrational response of the coupled structure.

Moreover, one also needs to address the problem of variability and uncertainties in the actual
structures that will be coupled together. Cable bundles can be highly uncertain and manufacturing
processes in general lead to deviations from the original design. Therefore, one might be interested
in analysing what governs the response of the coupled structure; if it is the uncertainties in the
attached one-dimensional element, namely the cable bundles, or the uncertainties in the host
structure. How do different beam to plate bending wavenumber relations change the behaviour of the
coupled system? Also, if one is interested in statistical properties of the response of nominally
identical systems, a fast, computationally cheap and robust numerical modelling technique needs to

be used in order to keep a MC approach from being prohibitive.

Satellites are not mass produced, so one might be interested in getting the properties of the
actual cable bundles that are going to be used in the manufacturing of the spacecraft. So it would be
useful to have an experimental analysis that could identify the dynamical properties of cable bundles,

even when they vary along the cable harnesses.
To summarise, the research questions are:

e  What are the basic features of the coupled system comprising a beam and a plate?

e Does the number of attachment points and the spacing between them play a relevant role in
the response of the coupled system?

e How does uncertainty in the positioning of the attachment points affect the response of the
coupled system?

e How to model the uncertainties in the structures that from the coupled system, i.e. beams
and plates?

e s the response of the coupled system governed by uncertainties in one of the substructures?

e How to identify uncertain properties in cable bundles?

1.7.1 Outline of thesis

Chapter 1 gives an introduction to the work done, posing the problem and interests that will be

investigated along with a short first literature review and contributions of this work.
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In Chapter 2, a first analysis of the problem of coupling the structures is made using infinite
beams and plates. A mobility method is used in order to couple the structures together and analytical
solutions for the point and transfer mobilities are either taken from the literature or developed. For
the case of the infinite beam with slowly varying properties, this is performed via the WKB
approximation. Results for coupled system structural response comprising different beams, number

of connection points, rigid or flexible links are presented.

Chapter 3 extends the analysis of the previous chapter to finite structures, using the same
mobility approach. Analytical solutions for the mobilities of the one-dimensional waveguides are
used, whilst a combination of FEA and perturbation method is used to introduce variability into the

plate and determine its mobilities.

An experimental investigation of the effects of randomly spaced connections is made in

Chapter 4, along with a validation of the mobility approach used to model the connections.

Chapter 5 deals with experimental and pseudo-experimental identification of the bending
stiffness of cable bundles. It proposes a combination of the wavenumber estimation technique with
Bayesian inference in order to identify the parameters. It starts by treating the cable bundle as a
uniform beam and, then, it moves on to identify local bending stiffnesses along the length of the one-

dimensional waveguide.

Finally, Chapter 6 brings the final remarks of the work done, summarising the conclusions and

proposing future research topics.

1.7.2 Contributions of the thesis

This thesis proposes an improvement to the industrial state of the art approach and common practice
of modelling attachments. Rather than simply using lumped masses at the connections points, a
methodical approach considering the mobilities of the attachments is formulated and proposed. This
allows the designer or researcher to capture the effects of the stiffness and dissipation due to the
attachments. It also captures and includes the modal characteristics of the attachment, which is
especially noticeable when the modal density of the attached structure is higher than that of the host
plate or shell.

Rigid and flexible links in the form of elastic springs were considered for the coupling of a
beam to a plate. For the rigid links, the response of the coupled system is governed by the response
of the least mobile structure. However, additional modes are present in the response of the coupled
system. In the presence of flexible links, the system uncouples at a frequency given by the mobilities
of the attached beam, plate and elastic spring. An equivalent lumped parameter system is used in this
thesis to estimate this frequency of uncoupling. The effects of uncertainties in the spacing or, in other

words, the positioning of the connection points was also studied in this thesis.
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In order to keep computational costs low, analytical solutions are used for the one-dimensional
waveguides and a perturbation method applied to an FE model for the finite plates. This is used for
the uncertain structures. The analytical solutions for the one-dimensional waveguides are found
through the WKB approximation, which allows to calculate the changes in phase and amplitude of
the waves propagating through a slowly varying field. For the uncertain plate, the perturbation
method avoids the reanalysis of the eigenproblem, lowering the computational costs but maintaining

the accuracy when the variations are small.

The approach formulated by Fabro [2] in finding input mobilities for spatially varying finite
beams and rods is applied to the case of an infinite Euler-Bernoulli beam. Expressions for the input
and transfer mobilities for the infinite beam were subsequently derived in this thesis. Moreover, a
generalised expression for the input and transfer mobilities for a finite Euler-Bernoulli beam using

the WKB approximation was derived, extending Fabro’s approach.

Also, in order to support the basis for the spatial variability of material properties, a novel
approach is introduced and implemented. It combines the estimation of the flexural wavenumbers in
a one-dimensional wave bearing structure with Bayesian parameter identification. In particular, it
was developed in order to find the bending stiffness of cable bundles, even if the bending stiffness is
given by a random field. This could also be extended in principle to determine the properties of

different structures, such as corroded pipes, for example.
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Chapter 2 The coupling of infinite structures using

mobilities

This chapter presents a formulation for the modelling of structures connected through a finite number
of points. The structures of interest are thin infinite plates and infinite beams. Firstly, homogeneous
Euler-Bernoulli beams are considered and then beams with slowly varying spatial properties are
introduced. A mobility approach was chosen for the coupling of the structures and the method is
described in the first section of the chapter. Expressions for the input and transfer mobilities are
required to calculate the response of the coupled system. In order to describe the one-dimensional
waveguides with slowly varying properties, the Wentzel-Kramers—Brillouin (WKB) approximation
is used. This allows one to find the changes in phase and amplitude of the waves propagating in the
structure and, therefore, to find the required expressions for the mobilities. The slowly varying
properties are treated as strongly correlated random fields and are described using the Karhunen—

Loéve (KL) expansion.

In order to reduce computational costs, it was chosen to focus on analytical solutions for the
expressions, which reflects in the choice of the covariance function used in the KL expansion. The
connection points are firstly modelled as rigid links, i.e., the same displacement in the plate and the
beam at the connected points, and then as flexible connections in the form of translational elastic
springs only. The excitation loads are considered to be acting on the plate, but the method could also

be applied if the loads were applied on the one-dimensional waveguides (beams, rods, etc.).

Results comprising different beam-to-plate flexural wavenumbers, different spacing between
the connections, random spacing between the connections, different spring stiffnesses and different
slowly varying beams are presented. For convenience, the Young’s modulus was chosen to be the
slowly varying property, but the approach can be expanded for any other of the mechanical and

geometrical properties or even multiple properties.

2.1 A mobility method

A mechanical response quantity, named mobility, is a particular form of a scaled dynamic frequency
response of a mechanical system. Mobility is defined as a function of frequency to be the ratio of
velocity to force. In a three-dimensional system, one can measure (or estimate) the translational
velocity in the three coordinate directions, X, Y, and Z, and one can also measure the rotational

response. Mobility is in general a complex function in the frequency domain [52].

V(iw), @.1)
F(iw)y

Y(B,B)(iw) =

pointf
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where the subscripts in the above denote the direction of the excitation or response and w is the

circular frequency.

One can find the driving point (also known as input or point) mobility, when the velocity and

force are in the same direction and at the same point, Equation (2.1).

V(iw),
FG)xlpomeg 2.2)

Y(IB' IB)xy (iw) =

Whereas the cross mobility is defined when one measures the force and velocity in different

directions, Equation (2.2).

V(iw)x |pointﬁ

Y(a, B)(iw) = F(@)xlpointa 23)

Finally, one has the transfer mobility, when one considers the velocity and force at different

points, Equation (2.3).

Mobility (or impedance) methods are a useful and straightforward tool to analyse linear
mechanical systems under periodic, transient or random loads. It can be used for describing the
behaviour of simple lumped parameters or more elaborate systems, in the form of a mobility matrix
[53]. This method was chosen due to the existence of analytical solutions for the mobilities of both
infinite and finite structures. This kind of approach was developed in order to be able to consider the
dynamic behaviour, in the frequency domain, of both the source and receiver of the vibration and
then predict a coupled system performance in a manner analogous to what electrical engineers use
for circuit analysis [52]. It is important to note that shear deformation and rotary inertia are neglected
in the work presented here and that linear models are assumed throughout this thesis. Likewise, at
the point beam to plate connection, there is only coupling through the transverse out-of-plane
deflections. In the case of the later cable to plate models, it is assumed that the cable is represented

by a low stiffness linear beam, with no contact other than the discrete attachment points.

2.2 The Wentzel-Kramers-Brillouin approximation to

estimate point and transfer mobilities of infinite beams

Infinite structures were the first to be analysed, because they can represent the general behaviour of
finite structures, but have simpler expressions. At higher frequencies, finite structures also tend to
the behaviour of an infinite structure. Moreover, the frequency-averaged response of a finite structure

also tends to that of an infinite structure [52] [54] [55]. The mobilities for the homogeneous infinite
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beam and infinite plate are given in Appendix A, whilst the WKB approximation is used to derive
the input and transfer mobility of an infinite Euler-Bernoulli beam possessing slowly varying

properties.

This method (WKB) was initially developed in order to solve the Schrodinger equation in
quantum mechanics. It is named after Wentzel, Kramers and Brillouin and it is used for finding
suitable modifications of plane-wave solutions for propagation in slowly varying media when
compared to the wavelength [2] [41]. The fundamental assumption of this formulation is that the
properties of the waveguide along the propagation axis vary slowly enough and do not lead to
reflections due to local changes or that they can be neglected, even if the net change is large [2] [56].
It also retains the interpretation of positive-going and negative-going travelling waves, which allows
one to use a wave approach that is similar to the one of homogeneous waveguides and it also allows

the inclusion of random fields to treat the random variability [2].

If the travelling wave reaches a local cut-off, or cut-on, region, the WKB approximation fails.
Those are known as turning points and they lead to internal reflection, when the main assumption of

the method breaks down [2].

2.2.1 The WKB approximation applied to rods

In order to become familiar with the WKB approximation, the method was applied to wave
propagation in a finite rod by Fabro [2] and is applied again here to find the mobilities of an infinite
rod. Consider a rod with slowly varying Young’s modulus along its propagation length, such that
there are no reflections of the propagating wave due to local changes in the impedance or that they

can be neglected. The governing equation of a rod is then given by:

0*u(x,t) , 0%u(x,t)
e =
Iz x2 2.4)
where u(x, t) is the axial displacement and ¢;(x) = % is the local phase velocity at position x.
Assuming a harmonic response in the form of u(x,t) = U(x)e'®t and defining a local
wavenumber k;(x) = w/c;(x), it is possible to write:
UG | 12U = o
dxz LTI 2.5)

Introducing the eikonal function:
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S(x) =InU(x) — if(x)

(2.6)
U(x) = es(x) = ﬁ(x)e_ie(x)
2.7)
where U (x) is the local amplitude at point x and 6(x) is equivalent to the change in phase.
Then, rewriting Equation (2.5) with Equation (2.7):
d2U(x)e ™) - .
k2 U —i0(x) — 0
xz TR @Ue 2.8)
-ziefiem—dZi")—a‘;S‘)+e*i9("’ —d;z(zx)+ e (—eiew (—dii")> — 16 de(")>+ KR T (e
=0 (2.9)
Dividing Equation (2.9) by e ~¥0(¥);
dU(x)do(x) d?T(x) - do(x)\*  d?6(x) _
—2i Ux) |- —i + k2()U(x) =0
o dx T e UM% Y dxe L@ (2.10)

Therefore, both the real and imaginary parts of Equation (2.10) have to be equal to zero:

dZU(x) do(x)]? ~ooN
U(x) [ + k}()Ux) =0 @11
dU(x)do(x) . _d?*6(x)
2 ax VW =0 2.12)
Dividing Equation (2.11) by kZ (x) U (x):
1 dzﬁ(x) [dG(x) 120
k2(x)U(x) dx? kz(x) B (2.13)
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1 d2U(x),
kZ)T(x) dx? °

Then, ignoring the term of second order,

0(x) = [ k;(x)dx

(2.14)
Using Equation (2.14) to rewrite Equation (2.12):
dU(x) - _dk(x)
-2k —-Ux)——=0
=7 )= (2.15)

which, by direct integration, has solutions in the form of:

C

Vi (x) (2.16)

Ulx) =

where C is an arbitrary constant.

Hence:
V() = G il Gax Ca YW EOLE
Vi (x) Vi (x) (2.17)
x 1 x 1
_ —ifxo kl(x)dx—iln kp(x) ifxo kl(x)dx—iln kp(x)
U(x) = Ce + Cye (2.18)
1 d20(x) o . . .
The term represents the contribution given by the reflections and neglecting

kZ()U(x) dx?

them to derive Eq. (2.14) is equivalent to say:

1 d2U(x) «1
2 T(x)  dx? (2.19)

C

IfU(x) = W7ok

it is possible to rewrite Eq. (2.19) as:
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39 k2(0) — 2k, () Lo ke (2)
4k} (x) (2.20)

2
Assuming that k;(x) is locally linear implies that %kl(x) ~ 0, the WKB approximation
holds if:

d d
3 ki (x) 3 | 7=k (x) 1 |d
— = P 1o )| « 1
4kt (x) 4| ki (x) ki (x) ldx (2.21)

The boxed equations mark the contribution presented by this thesis in terms of using the WKB

approximation.

Equation (2.21) is equivalent to the expression mostly found in the literature [2] [57]:

1 ‘d
———|—Ink;(x ‘ <1
ki (x) ldx (%) (2.22)

Once U(x) is known, it is possible to find the mobility of the rod with slowly varying
properties. When excited by an harmonic load F, Figure 2.1, this excitation creates a positive going
wave aj and a negative going wave aj . Using the force-deformation relationship for a rod excited

by a harmonic load, one can find the internal forces related to those waves:

du+
P* = EACL) dx(x) (2.23)
du-
PT=EALy) dx(x) (2.24)

where, Ut (x) = Cleiif;o ke (X)dx—3In k()

22



Chapter 2
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Figure 2.1 — Infinite rod under a point harmonic excitation and the propagating waves.
(adapted from: [2])

dU+(x)_ 1 1 dki(x) N
dx _[_kl(x) <l+5k?(x) dx )]U ) (2.25)
dU~(x)

B 11 dikg())], _ (2.26)
dx _[k’(x)<‘+§kf(x) dx )]U )

The WKB assumptions require that the spatial derivative prr d’;lix) is small. Therefore, the
l

terms that involve kzl(x) d’;lix) are neglected and the internal forces can be expressed as [2] [57] [58]:
l

P* = —ik;(x)EAG)U* (x) (2.27)

P~ = iki(OEAG)U™ (x) (2.28)

Equilibrium and continuity of displacement lead to:

F= —2P*= —2P~
(2.29)

Then, the amplitudes a; and aj can be found by:

iF
o (2.30)
- AT T T (0)EA)

a;
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and mobility can be written as:

F! (2.31)

where q; is the amplitude of the incident wave at a given point.

So, for the input mobility:

w

Y= I @EAQ) (2.32)

Equation (2.32) is analogous to the solution of the homogenous rod.

For a transfer mobility between points at x = 0 and x = L,, where the amplitude of the
incident wave is b3, it is possible to relate the amplitudes of the waves by:

by = Aga} = e"Or*YrRq} 2.33)

where Ay is the propagation element, Oz = fOL ki (x)dx and yg = %ln I:l((LO))
2

are the phase and

amplitude changes of the propagating wave, respectively.

It is then possible to write the transfer mobility as:

iw iw + iw +
Y=—a; =—b;, = —Ara;

F (2.34)

Y = k,(0) we—t I ki(xax
— Jki(Ly) 2k, (0)EA(0) 039

Equation (2.35) can be reduced to Equation (2.32) if L, = 0, which would be the input

mobility. Moreover, if the rod is homogenous, one can write k;(x) = k; and EA(x) = EA, so

Equation (2.35) simplifies to the exact solution of the homogenous rod, that can be found in [S3]:
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— —iklx

2k, EA (2.36)

2.2.2 The WKB approximation applied to beams

After the simpler case of the rod, used for the introduction to the WKB approximation, it is
easier to understand and apply the method to an inhomogeneous beam with slowly varying properties
as presented in the work published by Pierce [41] and Fabro [2]. In the work found in the literature
the change in phase and amplitude are found by considering an energy conservation relation, as no
energy should be lost from a propagating wave. This thesis uses a direct derivation from the equation
of motion to obtain the same expressions for the changes in phase and amplitude. It also uses free
wave propagation, as in Fabro [2], but applied to an infinite one-dimensional waveguide. Starting

from:

0%w(x, t
( )=0

02 0%w(x,t)

Assuming again a harmonic response and a similar eikonal:

w(x, t) = W(x)el®t

(2.38)

@ El W () 2pA()W(x) =0
a( (x) 7) —w*pA)W(x) = (2.39)
S(x) =InW(x) —if(x) (2.40)

— S(X) — W —i6(x)
W(x)=e W(x)e 2.41)
Rewriting Equation (2.39) with Equation (2.41):
2 217 —i6(x)

% (El(x) g W(;;f ) — W2p AW (x)e~ 0@ = @ (2:42)
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It is possible then to calculate the derivatives. In a process similar to the case of the rod, one
can divide the expressions by e ~®) and consider that both the real and imaginary parts have to be

equal to zero.

The approximation for the real part, considering only the lowest order terms and dividing them

by w?pA(x)W (x), is given by:

El(x) [do()]*

w?pA(x)| dx B (2.43)
Therefore:
1
A(x) [+ 2.44
6(x) =”’;I((;C))] Vodx Ejkb(x)dx (249)

Similarly, using a first order approximation, the imaginary part is given by:

_ _dEI(x) [de()]? dW (x) [d6 ()] _ [do@)] d?0(x)
2W (x) I [ I + 4EI(x) I I ] + 6EI(x)W(x)[ I Froa (2.45)
Equation (2.45) has a solution in the form of:
~ C
W)=—-=—3
EI(x)8pA(x)s (2.46)

which matches the solution found in [41] through an energetic method. Then the total beam response

is given by:

1 3 . X X . ox x
W(x) = EI(x) 8pA(x)"8 [Cle_lfxv kpyax + ClNe_IXn kp (x)dx +C, ol Jxo Kp()dx + CZNeIXn ke (xydx (2.47)

In terms of the validity of the WKB assumption, analogous to the case of the rod, the absolute

value of the terms neglected to find Eq. (2.43) must be much smaller than 1:
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1
|w2p AW (x)|
— 6EI(x)kZ(x)W" (x) + EI" (x)W" (x)
— 6W (x)EI' () k, () kyp, (x) — 12EI(x)W' (x)kp, (x) ke, ()

|—6ET' )W’ (x)kZ(x) — W (x)kE (x)EI" (x)

(2.48)

—3EI)W (k2 (x) + 2EI' )W (x)
— 4E1(x)W (x)kp, (x) kp) (x) + EI(x)VT/””(x)| <1

where the superscript ' denotes the derivative in x.

In a method analogous to that of the rod, it is possible to find the mobility of the
inhomogeneous beam under a point harmonic load, which creates propagating waves, Figure 2.2.
The load creates a positive going wave a* and a negative going wave a~ and also creates the near-
field waves ajf; and aj. Using the force-deformation relationship for a beam excited by a harmonic
load, one can find the internal forces related to those waves:

d3W*(x) 3w (x)

F =2E1(0) —————— = 2EI(0) —————
dx® |, dx® |, (2.49)

where W+and W™ are the two components, propagating and evanescent, of the right-going and left-

going waves.

[~y
=+

(

by ay
F

o s

*\ﬂ*\ﬂ%

I5%

R

L, L,

Figure 2.2 — Infinite beam under a point harmonic excitation and
the propagating waves and near-field waves.
(adapted from: [2])
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It is possible to generalise Equations (2.25) and (2.26) and under the same WKB assumptions
to say that [2]:

d"W(x)
— = [Fik i
anNi(x) = [Tk, ( )]nWi
- TR Iy @) (2.51)
Therefore, Equation (2.49) can be rewrite as:
F = 2E1(0)[—ik, (0)]3W* + 2EI1(0)[—ky, (0)]PWy
(2.52)
F = 2E1(0)|ikz(0)a* — k; (0)ay,
[ b b N] (2.53)
The slope boundary condition implies:
dW (x)
= —iky(0)a™ — k,(0)af;, =0
dx ik, (0)a »(0)ay (2.54)
Thus:
ay = —ia*
N (2.55)
F = 2E1(0)|ik3(0)a*t + ik3(0)a*
[ik3 »(0a] 2.56)
F = 4iE1(0)k; (0)a*
b (2.57)
Then, the amplitude of the waves are given by:
S —iF (2.58)

~ 4E1(0)k3 (0)
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—F
ay=ay = ————
NN T 4E1(0)KE(0) (2.59)
So, for the input mobility:
iw iw —-F
Y=—(@"+ay)=———=({+1)

F N7 F 4E1(0)k3(0) (2.60)

B w(l-=1)
4E1(0)k3(0) (2.61)

which is also analogous to the solution of the homogeneous beam and it only requires the local

properties and free wavenumber.

In order to find the transfer mobility between the points at x = 0 and x = L,, one can relate

the amplitude of the incident waves b* using the propagation matrix Ag, as follows:
p g the propag

b+ = ARa+
(2.62)
bt =70 el )
by) L o e~Ortvr|lag (2.63)
Therefore:
iw w .
Y = _(b+ + b+) - e—16R+yR _ ie—9R+]/R
F ST OON ) (2.64)

W(L,)
w(0)

where Oz = fOL 2k, (x)dx and yg = In are now the changes in phase and amplitude of the

bending waves, respectively.
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The transfer mobility can be then written as:

o @ [e—i [l k,,(x)axﬂnv;'%((LOz)) W [ ey ) dxﬂnv’v“l%((LOz))]
4E1(0)k3(0) (2.65)
= VI,{,(LZ) @ [ —i fOLz kb(X)dx —ie” fOLz kb(x)dx]
W (0) 4E1(0)k3(0) (2.66)

Again, Equation (2.66) reduces to that of the input mobility when L, = 0 and, if the beam is
homogeneous, kj, (x) = k;, and EI(x) = EI, it simplifies to Equation (A.8).

2.3 Using mobilities to couple an infinite beam to an

infinite plate

The previous section focused on finding the input and transfer mobilities of inhomogeneous beams
with slowly varying properties. The mobility of the homogeneous beams and plates are readily found
in the literature and are summarised in Appendix A. For the homogeneous beam [53] Y}, («, ) is the
transfer mobility of an infinite beam between points @ and B and is given by VY,(a,p) =
—=2 (ie7ko7 — e~ ko) @ is the angular frequency, E is the Young’s modulus, I is the second

4EIkp3

1
. . Az . .
moment of area about the neutral axis, whilst k;, = [’;—1]4 v is the bending wavenumber of the beam
and 7 is the distance between the points. The input mobility is obtained when r = 0. Whereas the

transfer =~ mobility of the infinite  homogenous plate is  [53] Y,(a,p) =

w

8BK3 [H(gZ)(kpr) - %KO (kpr)]' a+p

1 ,where Hl.(z)is an i™ order Hankel function of the

avBm’ a=p

second kind, K; is an i"™ order modified Bessel function of the second kind,
k,=" 2V is the flexural wavenumber in the late, w is the circular frequency and r is the
p B p q y

distance between points a and 8 in the plate.

Once the input and transfer mobilities are known, it is possible to couple the structures using
the continuity and equilibrium conditions expressed in terms of the mobility matrices. For simplicity,
an external harmonic point force is applied to the plate at one of the attachments. In addition, the
numbers of points of interest in the plate and in the beam are the same as are the attachment points.
Firstly, rigid links are considered and then flexible connections in the form of elastic transverse

springs are used as links. The analysis neglects the offset of the beam neutral axis from the plate,

30



Chapter 2

with both beam and plate vibrating in flexure only. Figure 2.3 shows schematically the coupled

system.

%0\

LN

o0

Figure 2.3 — Diagram of an infinite beam attached to an infinite plate through 5 discrete point

connections.

2.3.1 Rigid links

As rigid links, the velocity continuity implies that at the attachment points:

wP = wh
(2.67)
The separate beam and plate velocities can be calculated using:
wP =YP(f - f'
=1 (2.68)
wP =YPf
f (2.69)

where f is the vector of external forces applied to the plate and f' is the vector of transmitted internal
forces between the beam and plate. A certain proportion of this applied force f is transmitted from
the plate to the beam through the rigid link connecting them and, as a reaction, the beam applies the

same transmitted force, f', on the plate in the opposite direction (c.f. Newton’s third law of motion).

From the previous set of equations, one can determine the vector for the transmitted forces:

fr=(rr+v?) 'yrf 2.70)

The previous equations consider that the number of points of interest are the attachment points

connecting the beam to the plate. If one is interested, for instance, in the response at points on the
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plate that are not connected to the beam, some transformation matrices are required to match the
matrix dimensions and ensure that the relationships agree with the required transfer mobilities.
Appendix B shows how reciprocity holds in the case where the load is applied at a connection point

on the beam.

In the particular case of one single point of connection, a simple system with equivalent lump
parameters can be used to give some insight on the general trends of the coupled system. For one
single attachment point, only the input point mobilities of the beam and plate are required and from
Equations (A.8) and (A.11) one can notice that the input mobility of the beam is analogous to a mass,
mgq = 4pA/ky, and a frequency-dependent damper, ng = 4wpA/k,, with their respective

ElIph
1-v2

mobilities in series, whilst the input mobility of the plate is analogous to a damper, ng =

[43] [59]. The point mobility of the coupled system is the combination of the mobilities of the beam

and plate in parallel:

-1
-1 —17~1 1 1 -1 1 -1
Y=[(yc£q+ym£q) +yehs ] B [ @.71)
Cog lwmg, ct,

2.3.2 Flexible connections

In order to get a more realistic model of the attachments, it is reasonable to consider some
flexibility in the connections. It is possible for example to achieve that using linear elastic
translational springs to connect the beam and plate. At each attachment point one will find a force
that is produced by the spring on the connected beam and plate. These forces, at end of the spring,
are equal in magnitude, but opposite in direction. The force on the beam, for example, is by Hooke’s
Law equal to the spring stiffness, x, multiplied by the extension of the spring, which is given by the
difference in the displacement of its ends. This extension is the difference in the displacement of the
beam and the displacement of the plate at the respective attachment points. Figure 2.4 shows the
forces on a system comprising an infinite plate connected to an infinite beam through a finite number
of spring connections. In this diagram, the external forced is applied at the second of the N connection

points but in principle could be at any alternative location, which would require suitable

reformulation.
B s 2 - B =2 =
o by by B by *
+ k 1 k 2 k N
AL P1 P2 i PN
-0 "0

Figure 2.4 — Infinite beam attached to infinite plate through an arbitrary and finite number NV
of elastic spring attachments.
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In a case analogous to the rigid link, it is possible to write:
WP = YPf — YP
f=Yfk (2.72)

W =Y Q2.73)

where f is the vector of external forces applied to the plate and f is the vector of the internal forces

due to the compression of the springs.
Rewriting for fg:
-1 .
K = yb wb

(2.74)

By Hooke’s Law, one can evaluate the spring forces in terms of the displacement (or

velocities) at the two ends, i.e.

1 .
fie = 7w —w?) (2.75)

relating the spring forces to the vectors representing the velocities at the spring attachment points on

the two components. k is a diagonal matrix containing the stiffness of the connecting springs.

Then:
- 1
Yo W = —ae(WP —wh)
iw (2.76)
— kWP = Y2 hb 4 — g
iw iw (2.77)
1 1
— KWP — (Yb ! +,—K>Wb =0
iw iw (2.78)
Also:
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WP = YPf — YPYP Wb

(2.79)
. (2.80)
WP+ YPYP WP = YPf
. (2.81)
WP +YPYP WP = YPf
1 1 1
— kWP — (Yb ! +,—x>v‘vb =0
Lw Lw
In a matrix form:
pyb~1 .
IR (A
i (1 —x)| W) " Lo (2:82)
Lw Lw

Rearranging for the velocity vectors in terms of the subsystems and spring mobilities in

conjuction with the applied force vector, one has:

. I yryb ™!
(o) = Tk (P ('y) (2.83)
L L

Once again, in the particular case of one single point of connection, a simple system with
equivalent lump parameters can be used to give some insight on the general trends of the coupled
system. The input mobility of the beam is analogous to a mass, mgq = 4pA/ky, and a frequency-

dependent damper, cé’q = 4wpA/k,, with their respective mobilities in series, whilst the input

ElIph

—v2

mobility of the plate is analogous to a damper, cgq =8 [43] [S9]. The system now has a spring

connecting the elements and the mobility of the coupled system is the combination of the mobilities

of the beam+spring and plate in parallel:

-1
-1 -1771 iw 1 1 \*' 171
Yz[(yk+ycgq+ymgq) Y ] ==t *+7
K Cgg lwmg, Ceq (2.84)
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Simulations showing the frequency response behaviour of the coupled systems will be shown
later in sections 2.5 and 2.6. Inclusion of damping in either the beam, plate or springs is by
introduction of a hysteretic loss factor. Also, the above analysis is general in that it is not required

that the springs are equally spaced or have the same stiffness or damping values.

24 The description of random fields using the Karhunen-

Loéve expansion formulation

Since manufacturing processes usually lead to variability of the mechanical properties of the actual
structure when compared to the original design [2], these properties, or even loads, are sometimes
treated as random fields [60]. The latter is a useful representation, which can be modelled using
spatially correlated variability [2] [61] [62] [63] [64]. One can describe a random field H(x, q) as a
set of random variables described by a continuous parameter x € D, where D describes the system
geometry or domain [2] [63]. For a given position x,, H(x,, q) is a random variable, whilst for an
outcome q, H(x,q) is a realisation of the random field [2]. Also, when a random field H (x, q) can
be completely defined by its mean value and auto covariance function or autocorrelation for a zero-
mean process, it is said to be of second order [2]. The covariance function is given by [2]:

Cov(xy,x2) = ([HCxy, @) — ul[H(xz, @) — pl) (2.85)

Another parameter of interest in a random field is the correlation length, which gives a measure
at the spatial variability of the random field. A larger correlation length leads to a smooth spatial
variability [2]. Figure 2.5 illustrates the correlation length for a one-dimensional case. Material and
geometrical uncertainty often exhibits spatial correlation, which qualifies it as being a candidate on

which to use the theory of random fields to model this spatially distributed variability [40].

/_\_/

Increasing
correlation
length

NN\

Figure 2.5 — General effect of the correlation length on the spatial distribution of a random
field.
(From: [2])

It is possible to use a set of deterministic functions with random coefficients to represent a
random field in the form of a series expansion [2] [60] [63] [64] [65]. A usual technique for
representing a sample function of a random field is the Karhunen-Lo¢ve (KL) expansion [66],which

is a Fourier-like series [2].
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The KL expansion comprises a series of deterministic eigenfunctions weighted by
uncorrelated random variables [2]. Moreover, the KL is said to be bi-orthogonal, which means that
not only the deterministic basis functions are orthogonal, but also the corresponding random
coefficients are orthogonal (uncorrelated) [60]. This property allows for the optimal encapsulation
of the random field into uncorrelated random variables [60] [62]. In addition, the KL is the optimal
expansion in the sense that the mean-square error associated by approximating the infinite series with
a finite number of terms is minimized [66] [67] [68] and it is especially suited for strongly correlated

random fields, i.e. slowly varying [2].

A Gaussian distribution has the maximum entropy when the process has a finite mean ¢ and a
finite variance o2 [69] and therefore it is the one that best describe the knowledge about the process.
Hence it will be used to describe the random field, but the KL expansion could be applied to other
distributions, when others are more adequate. A Gaussian homogenous random field H(x, q) with a
finite, symmetric and positive definite covariance function Cov (x4, x,) on a bounded domain D can

be expressed as [2] [60] [62] [70]:

H(x,q) = Ho(x) + ;\/ijj(q)fi(x) (2.86)

where ¢;(q) are Gaussian uncorrelated random variables, 4; and f;(x) are the eigenvalues and

eigenfunctions of the Fredholm integral equation of the second kind given by:

JD Cov(xy, x5)fj (x1) = A;f;(x2) (2.87)

Usually, Equation (2.87) can only be solved numerically, discretizing the covariance function,
using some collocation method and finding the eigenvalues and eigenfunctions [2] [63]. It is possible
to find analytical solutions for some families of correlation functions though, for instance the one-

dimensional exponentially decaying autocorrelation function [2]:

_lxi—x,|

Cov(xy,x,) =e b (2.88)

where b; is the correlation length in the interval 0 < x < L and L is the length of the domain.

Then, the KL expansion for the zero-mean random field, truncating the series at N; terms,

can be written as [2] [62]:
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Nki

H(x,q) = 2 {a,-ﬁ,- (@) sin [Wu (x - %)] + Bjé2(q) cos [sz (x B %)] } (2.89)

j=1

where ¢;; and §;; are Gaussian zero-mean, unit standard-deviation, independent random variables

with the properties [2]:

(§17) = (§11) = 0; (§1:625) = 05 (§1:615) = &y

(2.90)
where §;; = 1 fori = j and §;; = 0 fori # j.
Of]' =
(2.91)
Bj =
(2.92)
1= 2c
Yowh el (2.93)
1
c=—
by, (2.94)

where wy; and wy; are the jt" roots of the transcendental equations ctanw; +w; = 0 and

w, tanw, — ¢ = 0, respectively.

For instance, it is possible to describe the Young’s modulus as a random field by the KL

expansion. Assuming that the Young’s modulus is given by [2]:

E(x,q) = Eo[1+ oH(x,q)] (2.95)
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where E is the nominal value for the Young’s modulus and o is a dispersion term to quantify the

influence of H(x, q) in the mean nominal value E,,.

Therefore, assuming that only the Young’s modulus is varying, it is possible to rewrite

Equation (2.14) for the phase change in a propagating wave in an infinite rod as:
J ky(x)d P J L
dx =w |=— | |m7———dx
: EoJ) ([1+0H(x, q)] (2.96)

For the case when the Young’s modulus variation also has small dispersion around its nominal

value, |oH(x,q)| < 1, it is possible to use a first order approximation such that [2]:

1 . (2.97)
/[1 o I RGN

Then, for propagation from x = x4 to x = X,, the phase change is:

szkz(x)dx ~ MJEEOJXZ [1 B %H(x' Q)] dx (2.98)

1

If H(x, q) is given by the KL expansion in Equation (2.89), it is possible to write:

X=X,

Nii
X2 ~ p fzj(CI),Bj . (W2jX
Ll k() dx ~ ij:O lx -0 wa, sin 2 ) (2.99)

J=1 X=xq

which can be substituted into Equation (2.35) to obtain the transfer mobility for a rod, for example,

with slowly varying Young’s modulus by the KL expansion.

The point mobility for a rod with slowly varying Young’s modulus by the KL expansion is
given by substituting Equation (2.95) in Equation (2.32):

w

Y = B4 (2.100)
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1

Y =
ZAJp[EO(l +oH(x,q))] (2.101)

where H(x,q) is given by Equation (2.89). A first order approximation could also be made if
necessary.
A similar procedure can be applied for propagating flexural waves in a beam, also assuming
1
small dispersion so that |cH(x,q)| < 1 and that [1+ oH(x,q)] * =1 — %H(x, q), as in [2].
Therefore, one can rewrite Equation (2.44) as:

JkB (x)dx ~ ﬁ(ﬁ)lﬂj [1 — %H(x, q)] dx

Eol (2.102)

X=X,

D=

N1
X2 . . ,
N pA o $2i (@B . wax
L kB(x)dx~\/a)(E—()1) x—o e, sm( > )

: = (2.103)

X=xq

One can also substitute Equation (2.103) in Equation (2.66) to obtain the transfer mobility of

an infinite beam with slowly varying Young’s modulus by the KL expansion.

The point mobility can be obtained by substituting Equation (2.95) in Equation (2.61):

w(l-=1)
Y = _
. 3
41E[1+ oH(x, )2 |7py ffH(x’ ™ * (2.104)
1—i
Y = - :
WolpAl*[IEy[1 + oH(x, q)]]* (2.105)

where H(x,q) is given by Equation (2.89). A first order approximation could also be made if

necessary.
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Alternatively, the integrals involving H(x,q) could also be solved numerically. Likewise,
other geometric or material properties could have been considered instead of the Young’s modulus

which would produce similar formulations and expressions.

2.5 Numerical results and discussion for infinite beams
connected to homogeneous plates through a single

point

This section presents the results that can be obtained numerically using the models developed in the
chapter. The results were obtained with codes written in Matlab. Firstly, results comprising
homogeneous infinite beams and homogeneous infinite plates connected through one single point
are investigated, considering rigid and flexible links. In all cases, the external harmonic force was

applied on the plate at one of the attachment points.

Before the analysis of the beams with slowly varying Young’s moduli, an analysis considering

different homogeneous beams was made, with a beam to plate bending wavenumber ratio ranging

between :—;’ =0.35t0 :—;’ = 2.00. For this, the plate properties were fixed and, therefore, the Young’s

modulus of the beam is in the range between 146 GPa and 0.137 GPa. For :—;’ = 1.00, the Young’s

modulus of the beam is 2.20 GPa. The nominal properties of the beams and plates are given in Table
2.1. Damping is introduced in the form of a complex Young’s modulus E = (1 + in), considering
the loss factor 7. The value used for the loss factor n was the same for both the beam and plate, but

they could be different, if necessary.

Table 2.1 — Nominal properties of the modelled beams and plates.

Properties Value
Density (kg/m*) 7850
Plate thickness (m) 0.002
Plate Young’s modulus (GPa) 200
Beam cross-sectional side — square section (m) 0.02
Poisson’s ratio 0.30
Loss factor 0.001
Stiff beam to plate bending wavenumber ratio 0.35
Flexible beam to plate bending wavenumber ratio 2.00

Before moving to the actual results of the coupled systems, it is important to verify if the shear
deformation can indeed be neglected. For that, it is important to know the flexural wavelengths in
the beam compared to the cross-sectional dimensions. Figure 2.6 shows a diagram of the wavelengths

for the stiffer beam and more flexible beam.
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Figure 2.6 — Flexural wavelengths in the beams compared to height of the beam.

== |s the stiffer beam E = 146 GPa, == is the more flexible beam E = 0.137 GPa. The cross-
section of the beam is a square of side 20 mm, -++--.

The assumption that shear deformation can be neglected may not be valid over all the
frequency range, as the usual criterion for that is that the wavelength should be at least six times

larger than the height of the beam, but the Euler-Bernoulli beam is nevertheless used for simplicity.

2.5.1 Results for a single connection point between an infinite plate and beam
00
\ -
— _-00
oo — N
0.0)

Figure 2.7 — Single point connection.

The first simulation comprises a beam coupled to a plate through a single rigid attachment. A
single point harmonic force is applied to the plate at this attachment point, Figure 2.7. Three different
beams were studied. Results for the point mobility are shown in Figure 2.8. It is possible from this
figure to see how the coupled system tends to the behaviour of the attached beam at higher
frequencies. At lower frequencies, the results are dominated by the low mobility component namely

the plate.
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Figure 2.8 — Point mobility. Infinite beam attached to an infinite plate through
one single rigid connection.

= is the coupled system :—;)’ = 0.35, = is the coupled system :—;)’ = 1.00, == is the coupled system

=2 =2.00, wree, rreer, unee are respectively the beam mobilities and == == is the plate mobility.

The overall mobility response is being governed by the least mobile (lowest mobility)

component.

The comparison between the input mobility using the beam and plate mobility expressions

. b b 1 p ~1
versus the representative lumped parameter system, Y = [(Yceq + Ymeq) + YCeq ] =

-1 1
[(i + %) + % ] , is shown in Figure 2.9. The two approaches are in full agreement, as

b .
Coq lwMgg Ceq

expected.

1072 ¢;

Y| [m/Ns]

107 '
10° 102
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Figure 2.9 — Point mobility. Comparison between lumped parameter system and modelling.
= is the coupled system :—;)’ = 0.35, ==1is the equivalent lumped parameter coupled system, == is

the mobility of the beam and == - == - is the mobility of the plate.

The response of the systems with one single connection point using the equivalent lumped

parameters approach agrees well with the response calculated using the full formulation for the input
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mobilities. This helps to visualise how the beam can be seen as a mass and damper in series, whilst

the plate can be seen as a damper.

2.5.2 Single elastic spring connection between beam and plate

The second scenario still considers one single attachment with the plate being excited at the
same point, but in this case a flexible link in a form of an elastic spring is considered to be the
connection between the plate and beam. The same three values for beam to plate bending
wavenumber ratios were analysed and three different values for the spring stiffness were considered.
The results for the point mobility of the system are shown in Figure 2.10. In (a), the beam to plate
bending wavenumber ratio was kept constant, whilst in (b), the spring stiffness was kept constant.
These results were calculated on the host structure, namely, the plate.

(a) | (b)

1072 1072

|Y] [m/Ns]
3
|Y| [m/Ns]

1074 104 '
10° 102 10° 102
Frequency [Hz] Frequency [Hz]

Figure 2.10 — Point mobility. Infinite beam attached to an infinite plate through one single
elastic spring.

In (a), = :—;)’ = 0.35 and spring stiffness of 40 kN/m, == :—;)’ = 0.35 and spring stiffness of 400
kN/m and == :—;)’ = 0.35 and spring stiffness of 4000 kN/m. In (b), —:—;)’ = 0.35 and spring

stiffness of 400 kN/m, == :—:}’ = 1.00 and spring stiffness of 400 kN/m and == :—:}’ = 2.00 and

spring stiffness of 400 kN/m. == == is the plate mobility in both cases. The excitation is applied
on the plate.

When an elastic spring is introduced for the connection, the coupled system has a dip in the
coupled mobility response and it is governed by the mobility of the actual connection and the host
structure at higher frequencies. The stiffer the link, the higher is the frequency of the minimum in
the coupled mobility. The dip occurs when the absolute value of the mobility of the beam and plate

in parallel matches the absolute value of the mobility of the elastic spring and plate in parallel.

The results for the input mobility of the beam are shown in Figure 2.11. Depending on the
system properties, there is a frequency where the systems uncouple, and the response tends to the
response of the host structure. In Figure 2.11, it is possible to see the drop of the mobility at the beam
in the coupled system in the presence of an elastic spring compared to the mobility of the beam alone.
This means that the motion of the beam decreases above this uncoupling frequency. This drop occurs

after the uncoupling of the system, at around 70 Hz, for this particular case.
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Figure 2.11 — Point mobilities. Uncoupling of the beam from the plate in the presence of an
elastic spring. Excitation on the plate.

= is the response of the plate with:—;’ = 0.35 and spring stiffness of 400 kN/m, == * == - is the

response of the beam with:—;’ = 0.35 and spring stiffness of 400 kN/m, == is :—;)’ = 0.35 and using

arigid link. == == is the plate mobility, = is the mobility of the beam and is the spring
mobility.

Similarly to the case of the rigid link, a comparison between the equivalent system with
- _17-1 1 -1
— ck mD ) ! ck ! — ﬂi _1 L_l
lumped parameters, ¥ = [(YK + YCeq 4 Y"eq + YCeq = < + om + qu ,

and the actual expressions for the mobilities are shown in Figure 2.12. Again, the response using the

two modelling techniques agree.

It is possible to find some asymptotic behaviours for the different regions in the frequency
spectrum, which are shown in Figure 2.13. Firstly, at lower frequencies, the response of the coupled
system is given by the combination of the beam and plate alone. Then, there is a minimum of the
response when the mobility of the combined plate and spring matches the mobility of the combined
plate and beam and the system uncouples. At higher frequencies, the displacement of the attachment
beam vanishes, i.e., its mobility drops, and the coupled system responds as the combination of the

spring and host structure acting in parallel.
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Figure 2.12 — Point mobility with elastic spring. Comparison between lumped parameter
system and modelling.

= is the coupled system :—;)’ = (.35, == == - is the equivalent lumped parameter system and ==

= is the mobility of the plate. The spring stiffness is 400 kN/m. Excitation on the plate.

This equivalent lumped parameters systems are proposed in order to estimate the frequency at

which the systems uncouple.
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Figure 2.13 — Regions of behaviour for the coupled system with one spring attachment for the

coupling
= is the coupled system :—;)’ = (.35, == == - is the combination of the mobilities of the spring and
plate in parallel, = is the combination of the mobilities of the beam and plate in parallel whereas

= == is the mobility of the plate. The spring stiffness is 400 kN/m. Excitation on the plate.

45



Chapter 2

Above the uncoupling frequency, for the excitation applied to the plate then the displacement
of the beam drops and the response of the coupled system is dominated by the spring and host
structure. In contrast, below this frequency, the response of the system is dominated by the

combination of the mobilities of the beam and the plate acting in parallel.

One way of estimating the frequency where the minimum of the response of the coupled
system occurs is to analyse frequency by frequency when the mobilities of the two different

subsystems are equal:

|Yspring||yp| _ |Yb||yp| (2.106)
|Yspring|+|yp| |Yb|+|yp|

where |Yspn-ng | = w/k, which can be rewritten after some algebraic manipulation as:

" (2.107)

Therefore, if both the stiffness of the connection spring and the mobility of the attached one-
dimensional waveguide are known, the frequency of the minimum can be estimated by finding the
frequency w which satisfies Equation (2.107). In the case presented in Figure 2.13, that would lead

to a value of 69 Hz, whilst the actual minimum occurs at around 63 Hz.

The derivation of an expression for the uncoupling frequency using the lumped parameters
properties is not easier than doing the actual numerical calculations using the mobility approach. This

minimum point marks the uncoupling of the system.

2.6 Numerical results and discussion for infinite beams
connected to homogeneous plates through multiple

points

In this section, the results are shown through an extended simulation for a finite number of rigid links
evenly spaced, then through elastic springs. After this analysis, the random spacing between the
connection points is introduced. The random spacing is sampled from a uniform probability density
function around the nominal value of the spacing. In all cases, the external harmonic force was
applied on the plate at one of the attachment points. When multiple connections were considered, the
load was applied to the central attachment. Once again, the results were obtained with codes written

in Matlab.
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2.6.1 Results for multiple rigid links between a beam and a plate
00
\ -
__- 00
— F
o0 — N
0.0

Figure 2.14 — Diagram for multiple connection points.
In this case, 5 connection points were considered. The external force is applied at the central
connection point throughout this chapter.
Another point of interest to analyse is what is the effect of having a different number of

attachments, but keeping the other properties, i.e. spacing and beam to plate bending wavenumber

ratios constant. The results are shown in Figure 2.15, :—:}’ = (.35, and in Figure 2.16, :—:}’ = 2.00. In

both cases, the spacing is 0.1875 m and the different number of attachments are 3, 5, 7, 9, 11, 13.
Since they are rigid links, the effect of the elastic springs at higher frequencies is lost and the coupled
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structure tend to the behaviour of the attached beam. When multiples attachments are considered, it
is convenient to plot the results versus the dimensionless parameter 4/1, spacing A4 between the
connections over bending wavelength A. In this chapter the plate’s wavelength was chosen as

reference, as the plate properties are kept constant.

Figure 2.15 — The effects of having multiple rigid link attachments and an Argand plot of the
coupled mobility.

:—:}’ = 0.35 and 4 = 0.1875 m. In (a), the magnitude of the input mobility: == 3, == 5 == 7 = 9,
== 11 and 13 attachments. ----- is the mobility of the attached beam and === == is the mobility
of the host plate. In (b), the peak around 300 Hz (4/4 = 0.8) is plotted as the imaginary versus the

real part of the coupled system input mobility.
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The presence of multiple attachments allows for the presence of standing-wave-like behaviour
between them, effectively creating local modes. Figure 2.15(b) shows the complex response of one
of the systems plotted as the imaginary part versus real part, and a circular shape is found, which is
a characteristic of a modal Nyquist response plot [71], confirming the modal behaviour of the coupled

structure. The same happens to the peaks presented in Figure 2.16.
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Figure 2.16 — The effect of having multiple rigid link attachments points.

Magnitude of the input mobility: == 3, == 5 == 7 == 9 == 11 and 13 attachments. :—I’)’ =

2.00and A4 =0.1875m. ----- is the mobility of the attached beam and == == is the mobility of the
host plate.

Figure 2.17 shows the effect of the same number of attachment points, 5, but with a different
regular spacing between them for each case, from 0.05 m to 1.175 m. It is possible to see that are

peaks occurring in the same regions, around the same values of A/A, which indicate they are the

same kind of wave behaviour.
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Figure 2.17 — The effect of having different attachment spacing 4.

4 =10.5,0.09375, 0.125, 0.15, 0.1875, 0.25, 0.375, 0.5, 0.625, 0.75, 0.875, 1.0, 1.125, 1.15, 1.175
[m]. :—:}’ = 0.35 and == == is the input mobility of plate.
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Figure 2.18(a) shows a contour plot of the real part of the velocity of the coupled system when

the spacing is 0.1875 m,

w = 0.35and 4/4 = 0.8, around the first peak. Even when the connection

points are randomly spaced, Figure 2.18(b), the structure responds in a similar manner.
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Figure 2.18 — Real part of the velocity of the coupled system.

The attachments are marked with * and

:—;’ = 0.35. In (a), 5 evenly spaced attachments A4 = 0.1875
m. In (b), 5 randomly spaced attachments. Load applied at the central attachment on the plate and

A/4, = 0.8 (or approximately 300 Hz).

Figure 2.19 shows the real part of the velocity of the connected plate and beam in cross-section

cut out of the attachment region, y = 0 for the same peak at 4/4 = 0.8 and :—;’ =

0.35. Figure 2.20

shows similar data, a contour plot of the real part of the velocity of the coupled system and real part
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of the velocity of the connected beam and plate on a transverse cut of the connecting section, but
now the beam to plate bending wavenumber ratio is 2.00. The dimensionless frequencies are; 4/1 =
0.25,4/A = 0.40,4/1 = 0.70 and 4/A = 0.80 for the more flexible beam. The spacing is equal to
0.1875 m in all cases.

(@)

Re(V) [m/s]

L I L

05 -04 03 02 -01 0 01 02 03 04 05
x[m]

(®)

\V] e (o]
T

Re(V) [m/s]

10+t ,

-12 | I 1 I 1 I 1 I 1
-05 -04 -03 -02 04 O 01 02 03 04 05

X [m]

Figure 2.19 — Cross-section of the attachment region. Real part of the velocity.

= is the velocity of the plate and ----- is the velocity of the beam}’:—;’ = 0.35. In (a), 5 evenly spaced
attachments 4 = 0.1875 m. In (b), 5 randomly spaced attachments. The connections points are

marked by O.
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Figure 2.20 — The standing-wave-like behaviour of the coupled system at the frequency of the
peaks in the coupled beam-plate mobility.

Contour plot of the real part of the velocity on top and real part of the velocity at the bottom. :—;)’ =

2.00 and == is the velocity of the plate and ----- is the velocity of the beam. 5 evenly spaced
attachments.

When multiple attachments points are considered, it is possible to note the presence of
standing-wave-like behaviour for the coupled system. There are some amplifications of the response
in a similar manner to a mode of a finite structure. It can be seen how the coupled mobility, when
plotted as the imaginary part versus the real part, resembles a circle, which is the expected behaviour
of the frequency response of a finite system mode [71]. The less stiff is the attached beam, more of
the peaks in the mobility are present in the same frequency band. Moreover, they occur in the same
A/4, frequency regions, indicating that they have similar shapes. The frequencies where these
standing-waves occur are given by the spacing between the attachments and the beam to plate

wavenumber ratio considered.

2.6.2 Results for random properties — Uniform beam, elastic connections and five

connection points

Before advancing to the results in the presence of a beam with slowly varying properties, different
parameters where allowed to vary around their nominal values, but still considering a uniform beam
for the connected structures. In the following results, for each parameter, five hundred cases were
calculated. The distributions from which the values were sampled are presented on a case by case

basis. The beam is attached to the plate through 5 points with nominal spacing 4 = 375 mm.

Firstly, the beam to plate bending wavenumber ratio was allowed to vary. The properties of

the plate were kept constant, whilst the variation of the wavenumber ratio was translated into
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variation of the beam’s Young’s modulus. The nominal values of :—;’ = (.35 and :—;’ = 2.00 were

considered and they varied accordingly to L] =% (1 + €), where € was sampled from a
kD random kp

normal distribution, Figure 2.21(a), with mean equal to zero and standard deviation of 0.075; which,
effectively, means that 95% of the samples are vary within + 15% around the nominal value. The
distribution for € can be direct converted to a distribution for the beam to plate bending

wavenumber ratio, Figure 2.21(b).

140 140

120 (a) 120 (b)

100 100

80 80

Count
Count

60 60

40 40!

20 20

0.3 0.25 0.3 0.35 0.4 0.45
€ Wavenumber ratio

Figure 2.21 — Histograms for the uniform stiffer beam.
In (a), the histogram for €. In (b), the histogram from the beam to plate bending wavenumber ratio.

From that, if all the other properties are kept constant, the different Young’s modulus

A B . . .
— pT — ., where p is the beam’s density, 4 is the beam’s
b

Wrandom

can be calculated by E, ngom =

cross-section area, I is the beam’s second moment of area, B is the plate bending stiffness and m is
the plate mass per unit area. This results in the following histogram for the Young’s modulus, Figure

2.22, that will be used for the new uniform beam simulations.
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Figure 2.22 — Histogram for the uniform Young’s modulus in the stiffer beam case.

The input mobilities considering these 500 different beams are shown in Figure 2.23

along with the nominal case, :—;)’ = 0.35 (Young’s modulus of 146 GPa), the average of all cases, and

the envelope showing the range within which 95% of the response lies. The colourmap given was

normalised frequency-by-frequency in order to better show the distribution of the response. For each
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frequency calculated, a kernel distribution was fitted and used to draw the colourmap. Darker colours
in the colourmap represent a denser region of response, as in more different beams have the response
in that region. An example of the histogram of the response and the fitted distribution is shown in

Figure 2.24. The beam is connected to the plate through springs with a stiffness of 4000 kN/m.
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Figure 2.23 — Coupled beam-plate input mobility over a set of uniform beams. The stiffer
beam case.

Nominal beam to plate bending wavenumber ratio :—;)’ = 0.35. Colourmap represents the density of

the response, == is the nominal case, 1s the mean of the different uniform beams and === - ==
is the envelope for where 95% of the response lies within. The random beam to plate bending

wavenumber are in the format :—:}’ (1 + €), where € was sampled from a normal distribution, with
mean equal to zero and standard deviation of 0.075.

As expected, at lower frequencies, the spreading of the response around the nominal case is
larger than at higher frequencies, when the systems uncouple, the response is then governed by the
mobilities of the host structure and the elastic spring. The different beams also lead to some variation
of the frequency where the local mode-like behaviour occurs, but they still appear in the same region

of the spectrum, 4/4, = 0.8.
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Figure 2.24 — Histogram of the response of the stiffer beams at 100 Hz and fitted distribution.
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Figure 2.25 — Fitted probability density functions for the response of the coupled system at
different frequencies when the stiffer beam is considered.

= | Hz, = 4.5 Hz, == 20 Hz, == 89 Hz, — 100 Hz (also shown in Figure 2.24), == 397 Hz and
1770 Hz.

One can notice how the probability density functions of the response of the coupled system
are narrower once the system is above the frequency at which the beam and the plate become
uncoupled. Therefore, flexible connections can be used to reduce the uncertainties in the coupled
structures due the variability in the attached beam. After this uncoupling the variability of the coupled
system is only subject to the uncertainties in the host plate and the uncertainties in the stiffness of the

connections.

This effect is also shown in Figure 2.26. Five hundred beams with uniform random Young’s
modulus were connected using a rigid link and then an elastic spring. In order to compare the results
without the effect of the dip that changes the shape of the curves, the input mobility is plot in a dB

scale referenced to each one of the nominal cases. It is clear how above the uncoupling frequency at
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around 200 Hz, the spreading of the response of the system coupled through elastic springs is much

smaller than that of the system coupled via rigid links.

10-2: . — — E— (a)
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Frequency [Hz]
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Figure 2.26 — Reduction in the uncertainties due the addition of flexible links.

Input mobility of 500 beams connected to a plate through 5 rigid links (==) and when flexible links
are considered as the connections (==). In (a), the magnitude of the mobilities. In (b), the magnitude
of the mobilities in a dB scale referenced to the appropriate nominal case (rigid links or spring

connections). Nominal beam to plate bending wavenumber ratio :—;)’ = (.35. Spring stiffness of

4000 kN/m. The random beam to plate bending wavenumber are in the format :—;)’ (1+ ¢€), where e

was sampled from a normal distribution, with mean equal to zero and standard deviation of 0.075.
The same procedure and calculations were followed considering the more flexible beam,

nominal beam to plate wavenumber ratio :—;)’ = 2.00 (Young’s modulus of 0.137GPa), and the results

are shown in Figure 2.27. The same distribution for € was considered.
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In this case, since the matching of the combination of the mobilities of the plate and beam in
parallel and mobilities of the spring and plate in parallel happens at a higher frequency, a wider
dispersion of the response around the nominal case is present over a broader frequency range. At
lower frequencies, the parallel combination of plate and beam is dominated by the plate for this more
flexible beam, so the response of the coupled system with random properties is similar to the response
of the coupled system with nominal properties. However, one can still notice how the envelope of

the response of the coupled systems gets narrower at the high frequency end of the frequency range

analysed.
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Figure 2.27 — Analysis of the coupled beam-plate system using the more flexible beam. 500
different random, but homogeneous beams.

. . . . .k
In (a), the histogram of the beam to plate bending wavenumber ratio. The nominal case is i =

2.00. In (b), the histogram of the modulus of elasticity using the sampled wavenumber ratios. In
(c), colormap represents the density of the response, == is the nominal case, is the mean of
the different uniform beams and == - == is the envelope showing the range within which 95% of the
response lies. In (d), histogram of the response of the 500 random uniform beams at 100 Hz.

The second parameter allowed to vary is the stiffness of the elastic springs, that act as the
connection between the plate and the beam. Firstly, all of the five springs that link the structures vary
by the same amount. Again, the stiffer and the more flexible beams were considered. The results are
condensed in Figure 2.28. Secondly, each spring was allowed to vary independently of the others.
The results of the input mobilities are virtually identical, since the response is governed by the local
properties at the analysed point and in the two cases, the input distribution for the springs are the
same. In both cases, the random spring stiffnesses are in the form k;,-gngom = k(1 + €), with € being

sampled from a normal distribution, with mean equal to zero and standard deviation of 0.075.
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Figure 2.28 — Analysis the beam-plate coupled system through a different set of spring
connections.

All the springs varied by the same amount in each individual case. Histograms of the springs
stiffnesses :—;’ =0.35 in (a) and :—;’ = 2.00 in (b). In (c), :—;’ = 0.35, the histogram of the modulus of
elasticity using the sampled wavenumber ratios. In (c), :—;’ = 0.35, colormap represents the density
of the response, == is the nominal case, is the mean of the different uniform beams and == -

= is the envelope for where 95% of the response lies within. In (d), :—;’ = 2.00, colormap

represents the density of the response, == is the nominal case, is the mean of the different
uniform beams and == - == is the envelope for where 95% of the response lies within. Histograms

of the input mobility at 2000 Hz in (e), :—;’ = (.35, and in (f), :—; = 2.00.

The effect of different spring stiftness only plays a role at higher frequencies, when the systems
uncouple and where one can then see some spreading of the response around the nominal case.
The third and last parameter that was chosen to be varied in the presence of a uniform beam

were the positions of the connection points, which translates into varying the spacing between the
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attachment points. Once again, the parameter is defined in terms of varying around its nominal value
in the form X,gngom = X(1 + €), where € was sampled from a uniform distribution between -0.15

and 0.15. Figure 2.29 shows the histograms of the (1 + €) and of the spacing A.
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Figure 2.29 — Histograms of the random spacing.

In (a), the histogram of the (1 + €) and in (b) the histogram of the spacing A resulting from the
sampled €.

The same two beam to plate bending wavenumber ratios were considered in this analysis and
the input mobility of the connected system is presented in Figure 2.30 along with a typical histogram
and fitted distribution of the response at a given frequency. The beam was attached to the plate using
rigid links in these analyses and the random spacing affects the frequencies where the local mode-
like behaviour happens, since they only occur because of finite connection points and the spacing

between them.

In terms of random properties, the one that affects the coupled system the most is the case
where randomly spaced connections are introduced. In this analysis, the nominal spacing 4 = 375
mm and the distribution for the random spacing is a Normal distribution with mean 375 mm and
standard deviation of 28 mm. Firstly, one can notice that even in the presence of that, the standing-
wave-like behaviour persists. All of these standing waves are of the same kind as in the evenly spaced
cases, they occur in the same attachment separation scale of the ratio 4/4,,. Since the more flexible
beams allows for more of these localised modes to occur, they also lead to more spreading in the
mobility amplitude around the nominal case when random spacing is considered. This is related to
the fact that when a flexible beam is attached to the plate, the whole structure can accommodate more
of these standing like waves and small variations of the frequencies at which these occur result. This

then results in there is a greater discrepancy compared to the evenly spaced scenario.

2.6.3 Beam with slowly varying Young’s modulus attached to plate through five

connection points

This section focus on the numerical results involving the coupled system comprising an infinite beam

with a strongly correlated random field for the Young’s modulus attached to a homogeneous infinite
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plate using the formulation developed in Sections 2.2, 2.3.1 and 2.4. The Young’s modulus is
assumed to be still varying slowly enough outside of the observed region so that there are no
reflections due to this. The effect of different correlation lengths, spreading factors o and nominal
values for the beam’s Young’s modulus are presented. The convergence of the KL expansion is also
presented. The properties for the four cases presented are summarised in Table 2.2. As in the previous

section the beam is attached to the plate through 5 points with nominal spacing 4 = 375 mm.
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Figure 2.30 — Effects of random spacing on the coupled system. Input mobility.

Input mobilities in (a) II:_; = (.35 and (b) II:_; = 2.00. In both cases, a colourmap represents the

density of the response, == is the nominal case, is the mean of the different uniform beams
and == - == is the envelope for where 95% of the response lies within. The histogram of the

response at 2000 Hz in (c) ,’:—;’ =0.35 and (d) ,’:—;’ =2.00.

Changes in the value of the Young’s modulus result in different beam to plate wavenumber
ratios, while a shorter correlation length means the random field varies more rapidly in the spatial
sense and more terms in the truncated KL expansion are needed for convergence. The spreading
factor o is linked to how much around the nominal value the Young’s modulus is allowed to vary.
This dispersion is kept small in order to use the deductions from section 2.4. If larger values of o
are required, i.e., a larger yet still slowly variation of the field is present, numerical methods can be

used to evaluate the integrals linked to the change in phase. One sample of the random field in the
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observed region for each one of the cases and the convergence of the KL expansion is presented in

Figure 2.31.

Table 2.2 — Properties for the slowly varying cases.

Property Case 1 Case 2 Case 3 Case 4
Nominal Young’s modulus of the beam, £}, | 146 GPa  0.137 GPa  0.137 GPa  0.137 GPa
Correlation length, b;, 0.75 m 0.75 m 0.375m 0.75 m
Number of modes KL expansion 16 16 16 16
Spreading factor, o (see Eq. (2.95)) 0.1 0.1 0.1 0.2
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Figure 2.31 — Samples of the random field in the observed region and convergence of the KL
expansion.

In (a), one sample of the beam’s Young’s modulus along its length for each case. In (b), the
eigenvalue of each mode of the KL expansion normalised by the first eigenvalue. In both cases, ==
case 1 (E, = 146 GPa, by = 0.75 and ¢ = 0.1), == ==case 2 (E;, = 0.137 GPa, b; = 0.75 and ¢ =

0.1), --- case 3 E;, = 0.137 GPa, b, = 0.375and 0 = 0.1) and case 4 (E, = 0.137 GPa,
b, =0.75and 0 = 0.2)
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In Figure 2.31(b), one can see the effect of having a shorter correlation length has on the
normalised eigenvalues and how more terms are necessary for the series convergence of them.

However, in all cases, 16 terms were enough to adequately represent the KL expansion for the

random field.

The input mobilities of the coupled systems for Cases 1-4 are shown in Figures 2.26-2.29,
along with the distribution of the generated random fields for the beam Young’s moduli and

the input mobility of the infinite beam, plate and coupled system.
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Figure 2.32 — Distribution of the Young’s Modulus, input mobilities of the infinite beam and
plate and input mobility of the coupled system: Case 1.

Case 1: nominal :—Il)’ = (.35, correlation length b; = 0.75 m, Ng; = 16 and o = 0.1. In (a), the

colourmap is the normalised distribution of the Young’s modulus along the beam’s length and == -
= limits the region where 95% of the samples are. In (b), the input mobilities of the separate
systems; == == is the homogeneous plate, == is the beam with nominal properties, the colormap is
the normalised distribution of the mobilities using the 500 slowly varying Young’s moduli, is
the mean of the responses and == - == limits the region where 95% of the response is. In (c), the
input mobility of the coupled system; == is the connected system with nominal properties, the
colormap is the normalised distribution of the mobilities using the 500 slowly varying Young’s
moduli, is the mean of the responses and == - == limits the region where 95% of the response
is.
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The spreading factor o is kept small so the variation in the local properties are also small. The
response of the infinite system is highly dominated by the local properties, so when the beams with
slowly varying Young’s modulus are introduced, the response of the coupled system do not change

significantly.
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Figure 2.33 — Distribution of the Young’s Modulus, input mobilities of the infinite beam and
plate and input mobility of the coupled system: Case 2.

Case 2: nominal :—;)’ = 2.00, correlation length b; = 0.75 m, Ng; = 16 and o = 0.1. In (a), the

colourmap is the normalised distribution of the Young’s modulus along the beam’s length and == -
= limits the region where 95% of the samples are. In (b), the input mobilities of the separate
systems; == == is the homogeneous plate, == is the beam with nominal properties, the colormap is
the normalised distribution of the mobilities using the 500 slowly varying Young’s moduli, is
the mean of the responses and == - == limits the region where 95% of the response is. In (c), the
input mobility of the coupled system; == is the connected system with nominal properties, the
colormap is the normalised distribution of the mobilities using the 500 slowly varying Young’s
moduli, is the mean of the responses and == - == limits the region where 95% of the response
is.
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Figure 2.34 — Distribution of the Young’s Modulus, input mobilities of the infinite beam and
plate and input mobility of the coupled system: Case 3.

Case 3: nominal :—;)’ = 2.00, correlation length b; = 0.375 m, Ng;, = 16 and ¢ = 0.1. In (a), the

colourmap is the normalised distribution of the Young’s modulus along the beam’s length and == -
= limits the region where 95% of the samples are. In (b), the input mobilities of the separate
systems; == == is the homogeneous plate, == is the beam with nominal properties, the colormap is
the normalised distribution of the mobilities using the 500 slowly varying Young’s moduli, is
the mean of the responses and == - == limits the region where 95% of the response is. In (c), the
input mobility of the coupled system; == is the connected system with nominal properties, the
colormap is the normalised distribution of the mobilities using the 500 slowly varying Young’s
moduli, is the mean of the responses and == - == limits the region where 95% of the response
is.

Once again, the response of the infinite system is highly dominated by the local properties, so

the change in the correlation length does not significantly affect the response of the coupled system.
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Figure 2.35 — Distribution of the Young’s Modulus, input mobilities of the infinite beam and
plate and input mobility of the coupled system: Case 4.

Case 4: nominal :—;’ = 2.00, correlation length b; = 0.75 m, Ng; = 16 and o = 0.2. In (a), the

colourmap is the normalised distribution of the Young’s modulus along the beam’s length and == -
= limits the region where 95% of the samples are. In (b), the input mobilities of the separate

systems; == == is the homogeneous plate, == is the beam with nominal properties, the colormap is

the normalised distribution of the mobilities using the 500 slowly varying Young’s moduli, is
the mean of the responses and == - == limits the region where 95% of the response is. In (c), the
input mobility of the coupled system; == is the connected system with nominal properties, the
colormap is the normalised distribution of the mobilities using the 500 slowly varying Young’s

is the mean of the responses and == - == limits the region where 95% of the response

is.

moduli,

As expected, if the properties are allowed to vary by a larger amount, the envelope of the

response of the coupled system gets wider between the upper and lower response bounds.

The convergence of the statistical properties of the response of the coupled system considering
Case 4 are shown in Figure 2.36 and they are normalised by the quantities when the whole set of 500

samples are considered. Case 4 is the one that allows a larger spread around the nominal value,
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therefore it is the worst-case scenario for convergence. It is possible to see how the unity plateau is

frequency dependent.
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Figure 2.36 — Convergence of the statistical properties mean, 2.5% and 97.5% percentiles:
Case 4.

In (a), the values for the 2.5% percentile considering a different number of samples used divided by
the value for the 2.5% percentile using the 500 samples. In (b), the values for the 97.5% percentile
considering a different number of samples used divided by the value for the 97.5% percentile using
the 500 samples. In (c), the values of the mean considering a different number of samples
normalised by the mean using the 500 samples.

The properties are shown normalised for a more convenient view. After 400 samples the
fluctuations are negligible (normalised or not) and therefore using a sample size of 500 samples

should be enough to infer the statistical properties of the response.

Another way of looking at the response of the coupled systems in the presence of slowly
varying beams is to plot them on a dB scale referenced to the nominal case, so the effects of the

slowly varying fields are more conveniently shown. These results are presented in Figure 2.37.
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Figure 2.37 — Infinite system: All cases in a dB scale.

The response of the system in the presence of different slowly varying beam in a dB scale
referenced to the system connected to the nominal beam. In (a), case 1; nominal :—;)’ = 0.35 (stiffer

beam), correlation length b; = 0.75 m, Ng; = 16 and o = 0.1. In (b), case 2; nominal :—;’ =2.00

(flexible beam), correlation length b; = 0.75 m, Ng; = 16 and o = 0.1. In (¢), case 3; nominal

:—;’ = 2.00, correlation length b; = 0.375 m, Ng;, = 16 and ¢ = 0.1. In (d), case 4; nominal :—;’ =

2.00, correlation length b; = 0.75 m, Ng; = 16 and o = 0.2. In all cases, the colormap is the
normalised distribution of the mobilities using the 500 slowly varying Young’s moduli, is the
mean of the responses and == - == limits the region where 95% of the response is.

The fluctuation in Figure 2.37 is caused by the shift in frequency of the peaks and valleys due
to the changes in stiffness of the attached beams accordingly to the parameters of correlation length
and spreading factor used to generate their random field. Once again, the effects are greater when
more flexible beams are considered. On a dB scale referenced to the nominal case, the differences
can be in the region of +8 decibels. It is important to note that these changes come from slightly

shifting the frequencies of the peaks and troughs in the response of the coupled system.

Finally, the last analysis conducted is related to the validity of the WKB approximation,
described in Equation (2.48). Typical examples of Young’s modulus generated by the KL expansion
for cases 1-4 are used to compute the results and check how they compare to the unity, if they are

indeed much smaller than 1 and, therefore, if the WKB approximation holds.
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Figure 2.38 — Validity of the WKB approximation along the length of the beam and the
frequency range.

In (a), a typical sample of the slowly varying random field for cases 1 (E, = 146 GPa, b, = 0.75
and 0 = 0.1) and 2 (E;, = 0.137GPa, b;, = 0.75 and ¢ = 0.1). In (b), the colourmap shows the
results when such typical sample is plugged into Equation (2.48). In (c) and (e), two typical
samples for the slowly varying random Young’s moduli in cases 3 (E,, = 0.137GPa, b; = 0.375
and ¢ = 0.1) and 4 (E}, = 0.137GPa, b, = 0.75 and o = 0.2), respectively. Whilst (d) and (f)
shown the validity of the WKB assumption for cases 3 and 4, respectively.

The higher values occur at low frequencies (around 1 Hz), but do not exceed 0.11. For most
of the frequency spectrum, they are much smaller than 1 and the WKB approximation is considered

to be held and safe to be used. As expected, the higher the frequency, the better is the approximation.
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In the cases studied in this chapter, the assumption for the WKB approximation holds over the whole

frequency range.

2.7 Conclusions

In this chapter, a model comprising coupled infinite beams and plates was considered in order to get
a first grasp of the dynamic behaviour of connected structures. A mobility approach was used to
model the point connections. Expressions for the point and transfer mobilities of both the infinite and

homogeneous Euler-Bernoulli beams and classic thin plates are readily obtained in the literature.

To find the analytical solutions in the presence of slowly varying properties, the WKB
approximation was used. Firstly, as an example and as an introductory case, the expressions for an
infinite rod were derived. Subsequently, the expressions for the infinite beam were derived, which is
the actual interest of this research. Here, the derivations for the beam were made considering a direct
approach to calculate the flexural displacement, instead of the energetic approach found in the
literature. The results are in full agreement. The main assumption of the WKB method is that the
properties vary slowly enough and that there are no internal reflections of the waves. In order to
achieve such a field, it is recommended to use the KL expansion. Expressions were derived and given
considering that only the Young’s modulus of the beam and rod were varying, but the method can
be extended to other properties or even multiple properties. For convenience, a first order

approximation of the integral related to the random field was made.

Once the point and transfer mobilities are known, it is possible to use them in a straightforward
manner, using a matrix formulation, to model connected structures coupled through a finite number
of point connections. However, the matrices involved in the process can become very large, as they
are proportional to the square of the number of points of interest. The models developed have only
considered translational displacement, but the analysis could be extended to incorporate rotational
coupling as well. The offset of the neutral axis of the beam and plate were also neglected. The latter

would then result in the potential coupling of in and out of plane displacement.

Using the proposed modelling techniques, the content of the chapter follows to show some
numerical results considering different scenarios covering different beam to plate bending
wavenumber ratios, the number of attachment points, spacing between the connection points, rigid

or flexible connections and random beam properties.

Even when infinite structures were considered, the presence of the connection points produces
local modes between the connections, governed by the spacing between the connection points and
the properties of the beam and host plate. It is also important to note that the uncertainty in the
positioning (or spacing) of these connection points can be as relevant and important as uncertainties

in the mechanical properties of the structures.
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Assuming that the excitation is applied to the plate, one possible way of reducing the
uncertainty of the response of the coupled system due to uncertainties in the attached beam is using
flexible links. This will result in the uncoupling of the two structures above a given frequency and
the response of the system will be only governed by the host plate structure and the mobility of the
links itself.

The next chapter deals with finite structures and, therefore, the coupled systems have natural
frequencies and modes that can be affected by the slowly varying random fields. It will cover

variation in both the beam and plate subsystems and try to generalise the behaviour and results.
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Chapter 3 The coupling of finite structures using

mobilities

This chapter addresses the modelling of finite beams and plates. The main difference from finite
structures to the infinite structures considered in Chapter 2 is that the presence of boundaries i.e. the
edges of the structures reflect the propagating waves, which leads to standing waves, or modes of the
structures. The mobility approach shown in the previous chapter is used to couple beam and plate.
For the point and transfer mobilities of the beam with slowly varying properties, an analytical
solution is derived using again the WKB approximation. Variability in the plate is introduced by
perturbing the matrices obtained using Finite Element Analysis. The strongly correlated random

fields are described via the Karhunen—Lo¢ve expansion in both cases.

Results for three scenarios are presented comprising beams with slowly varying properties
attached to a homogeneous plate, homogeneous beams attached to slowly varying plates and slowly
varying beams attached to slowly varying plates. Similar to the previous chapter, when considering
flexible links, they are modelled as elastic springs. The results only consider a slowly varying
Young’s modulus field, but this approach could be used to the other properties as well. The effects

of random spacing are also analysed.

3.1 Mobilities of beams and plates

This section gives a brief overview of the mobilities of homogeneous plates and beams, which can
be found in the literature. The Wentzel-Kramers—Brillouin approximation is used to find the waves

in the slowly varying beam and that allows to find the input and transfer mobilities.

A modal approach is used to find the mobility of a finite Euler-Bernoulli beam. It can be

written in terms of natural frequencies, modal shapes and summation of modal response [53] as:

_ N @)
Vi f)= lw;pAl[a)ﬁ(l + in) — w?] G-

where Y (a, ) is the mobility for a force excitation at @ and transverse velocity response at §, i is
the imaginary unit, w is the circular frequency, i, is the modal shape, p is the density of the beam,

A is the cross-section area of the beam and [ is the length of the beam, whilst 77 is the loss factor and
wy, is the natural frequency given by w, = /j—;knb. The modal shapes and natural wavenumbers

depend on the boundary conditions.

Analogous to the modelling of a beam, modal summation can also be used to write the

mobilities of finite plates [72]. Considering a rectangular plate of dimensions [, and l,,, coordinate
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system origin located at a corner of the plate, force excitation at point a and transverse velocity

response at point 3, the mobility can be written as [72] [53]:

Y(a,p) = iw 2 2 — lwmn(ﬂ)wmn(a) (3.2)
m=1n=1 x

y[a)rznn(l + ”7) - a)Z]

where h is the thickness of the plate, Y., is the (m, n)*" bending natural mode and w,,,, is (m, n)*"

natural frequency.

Once again, the modal shapes and natural frequencies are dependent of the boundaries

conditions. The natural frequencies for a rectangular plate can be generalised as [73] [53]:

Eh? \?
— _ 33
@mn = 12001 —v2) (lx) Gmn 3-3)
where v is the Poisson’s ratio and Qmn =

4 2
j GA(m) + G2 (n) (j—y) +2 (j—y) [vH, (m)H, (1) + (1 — )] (m)J, (). The constants G;, H,
and J; are defined accordingly to the boundary conditions.

This chapter considers that the boundary conditions of the beam are free-free, whilst the plate
is pinned-pinned. The necessary natural wavenumbers, modal shapes, G;, H; and J; are summarised

in Table 3.1.

3.1.1 Beam with slowly varying properties

This chapter also assumes that there are no internal reflections of the waves due to the changes of the
properties in the slowly varying field, which allows the use of the WKB approximation once again

to find the solutions for the change in phase and in amplitude of the waves in finite beam. As in

1

Section 2.2, the change in phase is given by the integral of the wavenumber, 8(x) = [ [’; f((::)) ]Z Vodx

W (x,)
W(x1)

~ 3 _1
and the change in amplitude is given by y = In , where W (x) = (pA) " 8(EI)"s [2] [40].

A similar wave approach is used to find the input and transfer mobilities, but this time, taking
into account the fact that the waves are reflected by the ends of the beam. The ongoing and reflected

waves to one side of the beam are shown in Figure 3.1.

The KL expansion approach to describe a random field in Chapter 2 is also valid in this case

of finite beams.
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Table 3.1 — Boundary conditions and constants for the homogeneous beam and plate.
(Adapted from: [53])

Beam: Free- n kapl P (x)
free
Even rigid body mode l
w'"(@0)=0
Rocking rigid body mode —
W) =0 g rig y V3(l - 2x/1)
w(0) =0 | 4.73004
w(D =0 2 7.85320
cosh k,px + cos kypx — o, (sinh kypx +
3 10.9956 sin kppx)
4 14.1372 _coshkppl — cos kppl
o = Sinh kL — sin kppl
5 17.2788
6,7, ... @n+Dmn/2
Plate: Pinned- X,
pinned
— mmx nm
w(0) =0 \/Esin( ] )ﬁsin(l—y>
wm =0 * Y
. .2 .2
W (0) =0 1,2,3,... J J J
w'{l) =0
W\, NG o Ny bt F\\_> ot N \_, b
ai /\/—> by /\/—) /\/—>a§r /\/_; by l /\/_. at /\\\/—> o /\/—' by
I | A Ag I I'p rLI i A A IrR
. _ . - : (__/aZN </ Con </ by
1 4—\/\ bj 4—\/\ 4—\/\ 4—\/\ b ’_\/\ N ‘_\/\
ay” J/ bw_! S/ J axn” ¢ S baw™ é a; \\’/ 23 by
Ly L, :‘xl i .
(a) (b) Le

Figure 3.1 — Propagating waves and waves reflected by the boundaries on a finite beam.

In (a), the propagating waves from the excitation point and reflected waves by the boundaries,
whilst (b) also includes the propagating waves at an arbitrary position Xx,.
(Adapted from [2])
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The point harmonic excitation force F creates the positive and negative going waves q* =
[q* q,%]T and the expression for the input mobility [2], can be generalised to find the amplitude of

the waves c; = [ci ciy]" at an arbitrary position from af = [a3 afy]" and b = [bF b}, ]".
Firstly:

+_ +
b1 = AL11a1

(3.4)

b; = AR11a;
(3.5)

bI = ALzzaI
(3.6)

bE = ARzzaE
3.7)

a; =bj +q" =Aya1 +q°
(3.8)
by =a; +q~ © Apyay =a; +q°
(3.9)
ai =Tia;
(3.10)
bZ = er; = FRARlla;
3.11)
A]ll 0 e—16]+]/] 0 el@]'l']/] 0
where A= 0 A]zz]’ A]u = [ 0 e_gj+y]] and A]zz = [ 0 ebrtvil

¢t = Aa} (3.12)
b; =Nc¢; & c; =N 'TrAg,a} (3.13)

where A, A’ and Ag,, are propagating matrices and Iy is the reflection matrix at the right end of the

beam.
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A le—if;‘f k(x)dx+y, ) 0 l G14)
0 o~ Jxt K)dx+y1
N eifoZZ k(x)dx+y2 ) 0 ] (3.15)
0 oliy K()ax+y2
Aryy = [e_if;f 0 ] (3.16)
0 o~ J 2 KGOy,
Thus:
c; +¢; = Aaz + ATrAg, a5 = (A + A'TgAg,)a; (3.17)
Combining Equations (3.8) and (3.10):
a; = Ay, lag +q* (3.18)
where I is the reflection matrix at the left end of the beam.
Which can be rewritten as:
af = Ay Ty, by +q% = Ay Ty, (az +97) +q° (3.19)
a3 = ALy Tihiy; (Mg by +47) +q° (3.20)
aj = Ay TiAL5 b7 +qt (3.21)
a3 = ALy Tidiy, @z +q7) +q* (3.22)
a; = AL11FLAL;21(AR;21rRAR11a; +q7)+q" (3.23)

From equilibrium of forces and continuity of displacement the infinite beam wave amplitudes are:

AE1(x)k3 () 11 :
Thus:
_ _ -1 _
a; = (I - AL11FLALzzlARzzerAR11) (I + AL11FLAL221)q (3.25)

Where I is the identity matrix.

Finally:
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_ _ _ -1
c;+¢; = (A+ N "TrApy ) (I = ALy TiAL ;3 ARyaTRAR,,) (I

+ ALy AL, )q (3.26)

Once, the wave amplitudes ¢3 + ¢; at an arbitrary position are known, the generalised

mobility at any point is given by:

iw(ci +c3)

- (3.27)

Y(w) =
In the particular case of a free end, the reflection matrices I'; and Iy are given by [74]:

I, = I.Rz[—i 1+i]

T (3.28)

3.2 FEA model of a thin plate in flexure

Firstly, in order to introduce variability into the host structure, a plate is analysed using a finite
element model comprising plate bending elements. The element chosen for the analysis is a thin
rectangular and non-conforming element, also known as the ACM element [13]. This element, Figure
3.2, was firstly presented by Adini [75] and then, from another expansion, by Melosh [76]. It has 12
degrees-of-freedom and the displacement function has a polynomial form in ¢ and 1 with twelve
terms. To ensure that the element is geometrically invariant, meaning that the displacement pattern
is independent of the direction of the coordinate axes, a complete cubic with two quartic terms are

added from the Pascal’s triangle, [13]:

W =a; + @& +azn + @, + asén + agn® + a;83 + agé?n + agén® + ayon?

. ) (3.29)
+ a118°n + aq12én

where § = Eandn = %.

Figure 3.2 — Rectangular finite element for a plate.
(From: [13])
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The ACM elements satisfy completeness and transverse deflection continuity, but they fail at
normal slope continuity, it is only achieved at the four corner points [77]. Despite this fact, they are

still used [13] and show good convergence when used for rectangular plates [77], the case of this

analysis.

The element inertia and element stiffness matrices are given by Petyt [13], but it is worth

noting the error pointed by Fabro (private conversation in January 8", 2018) in the element stiffness

matrix.

The element inertia matrix [13]:

[m].

_phab mq, m£1]

T 63001lm,; my, (3.30)

where [m], is the element inertia matrix, p is the density, h is the plate’s thickness and 2a and 2b

are the size of the element’s edges.

3454
922b  320b% Sym
—922a —252ab 320a?
- 31
M1 1226 398b —548a 3454 (3-31)
398b 160b*> —168ab 922b 320b%
548a 168ab 240a® 922a 252ab 320a?
3454
—922b  320b? Sym
922a —252ab 320a?
- 32
M22= | 1226 —398b 548a 3454 (3-32)
—398b 160b®> —168ab  —922b 320b?
—548a 168ab —240a? —922a 252ab 320a?
394 232b  —232a 1226 548b 398a
—232b —120b% 112ab —548b —240b2 —168ab
ma. — | 232a  112ab —12a® 398a 168ab  160a? (3.33)
21 1226 548b —398a 394 232b 232a :
—548b —240b% 168ab —232b —120b%> —112ab
—398a —168ab 160a? —232a —112ab —120a?
The element stiffness matrix [13]:
ki1 Sym
Eh k k
kl, = ——  [%21 M2z 3.34
[ ]e 48(1 —v?)ab | k31 ks; ki3 ( )
ki ki kiz Ky

where [k], is the element stiffness matrix, E is plate’s Young’s Modulus, h is the thickness of the

plate, v is the Poisson’s ratio and 2a and 2b are the size of the element’s edges.
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4(p? +a2)+§(7— 2v) Sym
ki, = 2[2a2+%(1+4v)]b 4[30: +—(1—1/)]b2 (3.35)t
2 [—Zﬁz —%(1 + 41/)] a —4vab 4 [3 B? + —(1 - v)]
k21
_ [2(2[32 —a?) +§(7 _ 21/)] 2 [az —1(1 + 41/)] b2 [2[32 +%(1 _ v)] a
1 (3.36)
= 2[a2—§(1+4v)]b 4[30: ——(1—1/)]b2 0
1 2 1
—Z[Zﬁz+§(1—v)]a 0 4[§ﬁz—ﬁ(1—v)]a2
k31
—[2(Zﬁz+a2)—§(7—2v)] z[—a2+1(1—v)]b 2[52—%(1—1/)]61
1 (3.37)
= Z[az—g(l—v)]b 4[30: +—(1—1/)]b2 0
2[—ﬁz+%(1—v)]a 0 4[3[32+—(1—v)]
2(8% — 2a%) —2(7 —2) 2 [—Zaz —1(1 _ v)] b2 [—[32 +%(1 + 41/)] a
k,,=| 2 [Zaf2 +%(1 —v)] b 4[30: ——(1 - v)] b? 0 (3.38)
1 2 4
2[—ﬁz+§(1+4v)]a 0 4[§ﬁz—ﬁ(1—v)]a2

where @ = a/b and 8 = b/a.
And [13] [78]:
ki, = I§k11132

ks, = I§k41132 ky; = IIkllll; (3-39)
ki, = I§k31132 ki = IIk21112 ki = ngnlzi

-1 0 0 1 0 0 1 0 O
where, =0 1 O0|,I,=|0 -1 O|andI;=(0 1 O |
0 01 0 0 1 0 0 —1

Once the element inertia [m], and stiffness [k], matrices are built, the assembly process to
move from local nodes to global nodes and build the global inertia [M] and stiffness [K] matrices is
made by pre-multiplying them by a local-to-global nodes matrix that consists of zeros and ones.

Natural frequencies and mode shapes can then be found solving the [K]w = w?[M]w eigenproblem

T In M. Petyt’s book [13], two elements in this matrix are wrongly given as k;;(3,1) = 2 [—Zﬁz -
1 4 1
la- 41/)] aandk;;(3,3) = 4 [5/32 +(1- v)] >
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[79] [80]. The mobilities are then found by substituting the natural frequencies and mode shapes into
Equation (3.2).

3.3 Perturbation method for a plate with slowly varying

properties

Re-analysis methods are used to minimise computational costs, as they avoid solving the
eigenvalue/vector problem in modal analysis by computing the fully dynamic response for one (or a
few) cases and performing approximations [1] in the form of a perturbation method [81] or an

interpolation method [82].

These methods can approximate the variation of the dynamic response in the presence of
varying model parameters. The response of the new system can be updated from the previously
computed response or the system modal parameters can be updated from previously computed modal

parameters, which then allows one to compute the new response [1].

The simplest approximation that can be used to minimise computational costs is a linear
approximation. In order to keep accuracy when using linear approximations, one has to ensure that
the rate of change of the variable being approximated is also close to following a linear behaviour.
This fact limits the linear approximation to the modal parameters, since the rate of change of the

frequency response is very non-linear, especially around resonances [1].

The perturbation method was first introduced by Liu et al. [81] to analyse systems subject to
uncertainties. If the response of the system for a given set of parameters is known, the method states
that the variation in the response due to uncertain parameters can be calculated through first order
approximations, assuming that the variations are small. Also, modal shapes are only significantly
affected by large changes in the geometry of a system. Uncertainties in the mass or stiffness of the
system will only change the frequencies where the mode resonates [1]. Since this work deals with
slowly varying random properties with small dispersion, the perturbation method is considered to be

adequate.

Assuming mass-normalised eigenvectors, the perturbation functions for undamped modes are

given by [1] [83]:
B = PR [AIK] — A, A[M]] P, (3.40)

where A2, is the change in the m®™ eigenvalue, ¢,, is the unperturbed m™ eigenvector, A,, is the
unperturbed m'™" eigenvalue and A[K] and A[M] are the respective differences in the global stiffness

and inertia matrices.

79



Chapter 3

By = /Am +AA,, (3.41)

where @, is the perturbed natural frequency.

- "A[K] — A,,A[M] ]|,
A¢m=%(¢?nA[M]¢m)—2¢‘[ [ ]/1,_/1 Ml ¢; (3.42)

i+m
where Ag,, is the change in the m*™" eigenvector.

As in the case of the one-dimensional waveguide, this chapter considers that only the Young’s
modulus of the plate is varying and, therefore, only the stiffness matrix changes. The midpoint
method was first introduced by Der Kiureghian and Ke [84] and it uses a single random variable
defined as the value of the field at the centroid of each element to approximate the random field in
each element [63]. In this case, the sampled value for the Young’s modulus from the random field
for each one of the elements is then used in Equation (3.34) to find the element stiffness matrix and,
once all the element stiffness matrices are defined, the new global stiffness matrix can be assembled.

From that, it is possible to calculate the differences in the global stiffness matrix as:

A[K] = [K] — [K] (3.43)

where [K] is the new global stiffness matrix from the sampled random field.

The global mass matrix [M] was not perturbed and the perturbed modal shapes A¢,,, = ¢, +
Ag,,, are not mass normalised. They can be mass normalised to ensure that A®L [M]A®,, = 1 [85]

and the mass normalised perturbed modal shape A®,,, is given by:

Ad,, = A¢m/A¢Tm [M]A¢m (3.44)

Once again, the slowly varying random field is described by the Karhunen-Lo¢ve expansion
and using separable autocorrelation functions, which allows the random field to be characterized by

a multiplication of the expansion in the x direction and the expansion in the y direction [61].

In this work, the whole plate has variabilities associated with its Young’s modulus, so all of
the degrees-of-freedom are perturbed. The computational cost of the perturbation method in this case
scales as 2(Mypges + 1)O(Ngor) operations while the eigenproblem scales with O(Njo £), Where
Nmodes 18 the number of modes to be calculated and it always much smaller than the number of
degrees-of-freedom Ny, of the system. Therefore, finding the perturbed modes and natural
frequencies is requires only a small fraction of the computational power necessary to solve the

eigenproblem [1].
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3.4 Numerical results for a homogeneous plate and

uncertain beam

This section presents the numerical analysis carried out to investigate the effects of coupling a finite
beam with a strongly correlated random field for the Young’s modulus to a homogeneous plate. This
analysis is analogous to the previous chapter, but in this chapter, since the waves are reflected at the
boundaries, it is possible to notice how the slowly varying random field affects the natural
frequencies and modes. Once again, effects of different spreading factors and nominal values of the
Young’s modulus of the beam are presented. The absolute value of the correlation lengths analysed
are different from those used in Chapter 2, but when b; is normalised by the observed length (i.e.,
the distance between the first and the last points analysed in the case of the infinite structures) of the
beam they are the same in both chapters. The nominal properties for beam and plate are given in
Table 3.2, whilst the properties for the slowly varying beam are summarised in Table 3.3. The
geometry of the system analysed is shown in Figure 3.3. For evaluation of the required mobilities,
the uncertain beam is treated using the WKB approximation. For the plate, a perturbation method is

used for the natural frequencies and modes, which are then used in Equation (3.2).

Table 3.2 — Nominal properties of the finite beams and plates.

Properties Value

Density (kg/m*) 7850

Plate thickness (m) 0.002
Length y — plate (m) 0.69
Length x — plate (m) 1.5
Plate Young’s modulus (GPa) 200
Beam cross-sectional side (m) 0.02
Length beam (m) 1.0

Spacing between connections 0.21875

Poisson’s ratio 0.30

Loss factor 0.001

Table 3.3 — Properties for the slowly varying beam.

Property Case 1 Case 2 Case 3 Case 4

Nominal Young’s modulus of the beam, £}, | 146 GPa  0.137 GPa  0.137 GPa  0.137 GPa

Correlation length, b;, 0.5m 0.5m 0.25m 0.5m
Number of modes KL expansion 16 16 16 16
Spreading factor, o 0.1 0.1 0.1 0.2

In all cases considered in this section, a point force was applied at the central attachment on

the plate. Modes up to 4000 Hz for the plate were considered, therefore, the analysis of coupled
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structures will be limited from 1 Hz to 2000 Hz. Figure 3.4 shows the input mobilities of the nominal

cases for the individual beam, plate and also the coupled system.

0.6

y [m]

0 0.2 0.4 0.6 0.8 1 1.2 1.4
x [m]

Figure 3.3 — Geometry of the coupled system.

One metre long beam (in red) attached to a rectangular homogeneous plate (in gray) through 5
point connections (O).
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Figure 3.4 — Input mobilities of the nominal cases.

In (a), considering the beam with nominal Young’s modulus of 146 GPa (case 1), while in (b), the

beam with nominal Young’s modulus of 0.137 GPa (cases 2, 3 and 4). In both cases, == is the input

mobility of the attached beam, == is the input mobility of the host plate and == is the input mobility
of the coupled system.

It is possible to see how at lower frequencies the connected beam acts as an added mass,

shifting down the natural frequencies of the coupled system when compared to the response of the
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plate alone. At higher frequencies, the connection of the beam reduces the amplitude levels of the
response of the coupled system. The coupled beam-plate system now possesses a higher modal
density than the original plate. The observed effect is that the original plate resonant response is now
shared into more modal response, with an apparent reduction in the peak resonance amplitudes. Some

observers have considered this to be analogous to having additional damping.

The results for case 1, nominal E}, = 146 GPa, correlation length b; = 0.5 m, Ng;, = 16 and
o = 0.1, is given in Figure 3.5. Figure 3.6 summarises the results of the analysis of case 2, nominal
E, = 0.137 GPa, correlation length b; = 0.5 m, Ng; = 16 and o = 0.1, whilst the results of case 3,
the same as case 2, but b;, = 0.25 m, can be seen in Figure 3.7 and finally, Figure 3.8 shows the result

for case 4, nominal E; = 0.137 GPa, correlation length b;, = 0.5 m, Ng; = 16 and 0 = 0.2.
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Figure 3.5 — Slowly varying beam and homogeneous plate: Case 1.

Case 1: nominal E;, = 146 GPa, correlation length b; = 0.5 m, Ni; = 16 and 0 = 0.1. In (a), the
colormap is the normalised distribution of the Young’s modulus along the length of the beam and
= - == |imits the region where 95% of the samples are contained within. In (b), the input mobility
of the connected beam == is the beam with nominal properties, the colormap is the normalised
distribution of the mobilities using the 1000 slowly varying Young’s moduli, is the mean of
the responses and == - == limits the region where 95% of the response is. In (c), the input mobility
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of the coupled system; == is the connected system with nominal properties, the colormap is the
normalised distribution of the mobilities using the 1000 slowly varying Young’s moduli, is
the mean of the responses and == - == limits the region where 95% of the response is.

(a) (b)

nominal

EKL/E
Y (dB - ref. input mobility infinite plate)

Frequency [Hz]

60

40 ¢

201

Y (dB - ref. input mobility infinite plate)

_80 L 1 1
10° 10" 10? 103
Frequency [Hz]

Figure 3.6 — Slowly varying beam and homogeneous plate: Case 2.

Case 2: nominal £}, = 0.137 GPa, correlation length by = 0.5 m, Ng; = 16 and 0 = 0.1. In (a), the

colormap is the normalised distribution of the Young’s modulus along the length of the beam and

= - == |imits the region where 95% of the samples are contained within. In (b), the input mobility
of the connected beam == is the beam with nominal properties, the colormap is the normalised

distribution of the mobilities using the 1000 slowly varying Young’s moduli, is the mean of

the responses and == - == limits the region where 95% of the response is. In (c), the input mobility
of the coupled system; == is the connected system with nominal properties, the colormap is the

normalised distribution of the mobilities using the 1000 slowly varying Young’s moduli, is

the mean of the responses and == - == limits the region where 95% of the response is.
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(b)
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Figure 3.7 — Slowly varying beam and homogeneous plate: Case 3.

Case 3: nominal £}, = 0.137 GPa, correlation length by = 0.25 m, Ng;, = 16 and 0 = 0.1. In (a),
the colormap is the normalised distribution of the Young’s modulus along the length of the beam
and == - == limits the region where 95% of the samples are contained within. In (b), the input
mobility of the connected beam == is the beam with nominal properties, the colormap is the
normalised distribution of the mobilities using the 1000 slowly varying Young’s moduli, is
the mean of the responses and == - == limits the region where 95% of the response is. In (c), the
input mobility of the coupled system; == is the connected system with nominal properties, the
colormap is the normalised distribution of the mobilities using the 1000 slowly varying Young’s
moduli, is the mean of the responses and == - == limits the region where 95% of the response
is.
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(b)
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Figure 3.8 — Slowly varying beam and homogeneous plate: Case 4.

Case 4: nominal £}, = 0.137 GPa, correlation length by = 0.5 m, Ng; = 16 and 0 = 0.2. In (a), the

colormap is the normalised distribution of the Young’s modulus along the length of the beam and

= - == |imits the region where 95% of the samples are contained within. In (b), the input mobility
of the connected beam == is the beam with nominal properties, the colormap is the normalised

distribution of the mobilities using the 1000 slowly varying Young’s moduli, is the mean of

the responses and == - == limits the region where 95% of the response is. In (c), the input mobility
of the coupled system; == is the connected system with nominal properties, the colormap is the

normalised distribution of the mobilities using the 1000 slowly varying Young’s moduli, is

the mean of the responses and == - == limits the region where 95% of the response is.

In order to more easily see the effects of the slowly varying properties, the responses of the

coupled system are once again given in a dB scale referenced to the nominal case.
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(a) (b)

80

60

40

|Y| (dB ref. - nominal case)

|Y| (dB ref. - nominal case)

-60

-80 . N . . . . . . -
10° 10’ 10 10°
Frequency [Hz] Frequency [Hz]

o]
o

80

(o2}
o

60

N
o

40

20 20|

-20

|Y] (dB ref. - nominal case)
o
<
—¥
|Y] (dB ref. - nominal case)
o
+

-40

-60 -60 |

-80 -
10° 10"
Frequency [Hz] Frequency [Hz]

-80 :
10° 10’

Figure 3.9 — Effects of the slowly varying Young’s moduli of the attached beams.

The response of the system in the presence of different slowly varying beam in a dB scale
referenced to the system connected to the nominal beam. In (a), case 1; nominal £}, = 146 GPa
(stiffer beam), correlation length b; = 0.5 m, Ng; = 16 and o = 0.1. In (b), case 2; nominal
nominal E, = 0.137 GPa (flexible beam), correlation length b; = 0.5 m, Ny, = 16 and ¢ = 0.1. In
(¢), case 3; nominal E;, = 0.137 GPa, correlation length b; = 0.25 m, Ng; = 16 and g = 0.1. In
(d), case 4; nominal E,, = 0.137 GPa, correlation length b; = 0.5 m, Ng; = 16 and greater
spreading o = 0.2. In all cases, the colormap is the normalised distribution of the mobilities using
the 1000 slowly varying Young’s moduli, is the mean of the responses and == - == limits the
region where 95% of the response is.

The mass of the added beam is the same in all cases. At lower frequencies, the effect of the
added mass is more dominant in the case of the more flexible beams, as it can be seen by the smaller
95% envelopes in the dB scale referenced to the nominal case. The stiffer beam has the effect of
added mass along with adding stiffness to the coupled system, and therefore, the first natural
frequencies of the coupled system are more sensitive to the different slowly random fields for the
Young’s modulus, e.g. Case 1 versus case 2 for instance at around 10 Hz. As in the case of infinite
structures, the system with a more flexible attachment is more susceptible to variability in the
presence of an uncertain stiffness of the beam. Comparing cases 2 and 4, as the level of dispersion
from the nominal case increases, the differences in the response of the coupled system also increases.
The correlation length might affect individual samples, but once numerous cases are analysed the

statistical properties of the coupled system are the same, i.e. case 2 versus case 3.
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The convergence of the statistical properties of the response of the coupled system are analysed
for the case where most uncertainty is present, case 4. In this chapter, the analysis is made by
comparing how the value of the mean changes when a different number of samples are considered,
ranging from only 3 samples to the full set of 1000 samples. For a more convenient view, the

Iﬂnsamples (ycoupled)l

convergence is considered to be given by pyc = 20 log( ), so a value of 0 is

Iﬂlooosamples (ycoupled) I

desired. The result of the convergence is shown in Figure 3.10.
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Figure 3.10 — Convergence of the mean: Case 4.

3.5 Numerical results for an uncertain plate

This section presents the results when variability is introduced into the plate. The solutions are
calculated perturbing the eigenvalues and eigenvectors found using a modal analysis through a model
generated using Finite Element analysis. Firstly, results of a perturbed two degrees-of-freedom are
shown in order to give a grasp of how the method works. Secondly, a comparison of the same
uncertain plate solved using via solving the eigenproblem associate with the FEA versus the solution
found perturbing the homogeneous plate. Lastly, the solutions of the perturbed plate are used to
calculate the mobility matrix for the plate and couple it to a beam. To summarise, the uncertain plate
is considered to have a random Young’s modulus field described by the KL expansion, which leads
to small variations in the stiffness matrices and the perturbation method is used to find the new mode

shapes.

3.5.1 Introductory results for Perturbation Method

Aiming to understand how the perturbation method works, a simple example comprising a 2-DOF

system, Figure 3.11, is tested. This example is an adaption of the damped system in Mochales [1].
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Figure 3.11 — System with two degrees-of-freedom.
Adapted from [1] and m; =0.12 kg, m; = 0.1 kg, k; = 1.5 kN/m, k, = 1.0 kN/m and k3 = 2.0
kN/m.
The stiffness of the spring k3 is allowed to vary £50% around its nominal value in 10% steps.

For each one of the cases, the eigenvalues and eigenvectors associate with the free-vibration
[K1 + KZ _KZ

. m; 07..
equations 0 m.l* + —K, Ky + K
2

]x = 0 are solved and then compared to the values

found perturbing the nominal case. The results for the natural frequencies are shown in Figure 3.12,

whilst the modal shapes are given in Figure 3.13.
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Figure 3.12 — Perturbation method: Variation in the natural frequencies.

In == the first natural frequency from solving the eigen problem and in == - == the second natural
frequency; + is the first natural frequency from the perturbation method and O is the second natural
frequency from the perturbation method.
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Figure 3.13 — Perturbation method: Variation in the modal shapes.
Modal displacement of the first mass from the eigenproblem == and the second mass == * ==;

modal displacements of the first mass from the perturbation method + and of the
second mass O.

&9



Chapter 3

The perturbation method shows good agreement with the actual solutions of the eigenproblem,
especially in the region of small dispersion, the region where this work is focused; +20% around its

nominal value.

3.5.2 Comparison Eigenproblem versus Perturbation Method

Although the results from the previous section show that the perturbation method is capable of
accurately representing the natural frequencies and mode shapes in the presence of small dispersion
around the nominal values of a property, a comparison applied to a plate with a slowly varying
random Young’s modulus was also carried out. A comparison was made between a modal analysis

using FEA and the perturbation method.

The mesh used in the FEA model is shown in Figure 3.14 and it has 70 elements along the x
direction and 32 in the y direction. The elements used were described in the section 3.2. The nominal

properties of the plate are given in Table 3.4.

0 0.2 0.4 0.6 0.8 1
x [m]

Figure 3.14 — Mesh used in the finite element analysis.

Table 3.4 — Nominal properties of the plate.

Properties Value

Density (kg/m®) 7850
Plate thickness (m) 0.002
Length y (m) 0.460

Length x (m) 1.0

Plate Young’s modulus (GPa) 200
Poisson’s ratio 0.30
Loss factor 0.001

Firstly, to validate the model, a brief comparison is shown between the results using the FE
model and the analytical solutions. A modal analysis was performed to check the natural frequencies
and modal shapes. The results are seen in Figure 3.15. Also, modes of the plate were considered up
to around 4000 Hz, with a total of 290 modes. The analysis is then limited to the range of 1 Hz to

2000 Hz. In terms of the size of the elements, they were calculated considering that the plate’s

—y2
bending wavenumber is given by kb = * %\/5 =" %@ , and that the wavelength is given
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by AL = i—g, which results to around 5 elements per wavelength at the highest frequency. Figure 3.16
shows the number of wavelength A per elements in the x and y directions.
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Figure 3.15 — Modal analysis of a plate: Analytical versus FEM

Simply supported plate. In (a), the first 290 natural frequencies of a plate; == are the natural
frequencies from the FE model and == == are the natural frequencies from analytical expressions.
In (b), the Modal Assurance criterion (MAC) [86] between the modes extracted from the FEM and
the analytical modal shapes.
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Figure 3.16 — Wavelength ratios per element length for the frequency range of analysis.

In == relative to the x direction; in == == relative to the y direction and - - - is the line of 6 elements
per wavelength.

Once the results are considerate satisfactory, it was possible to move onto the comparison of
the solutions from the perturbation method versus the solutions from solving the eigenproblem for a
plate with a slowly varying Young’s modulus field. The KL expansion is used to describe a strongly
correlated random field for the Young’s modulus. The exponentially decaying autocorrelation
function is used again to allow the use of analytical solutions and to describe the field as the
multiplication of two one-dimensional expansions. The parameters used in the expansion are
correlation length in the x direction by, = 0.5l,, correlation length in the y direction by, = 0.51,,,
dispersion parameter o = 0.1, total number of modes of the expansion in the x direction Ng;, = 8,

total number of modes of the expansion in the y direction N, = 8. The first 12 eigenfunctions of
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the KL expansion are shown in Figure 3.17 and the normalised eigenvalues are shown in Figure 3.18.

Finally, the random Young’s modulus of the uncertain plate is shown in Figure 3.19.

KL Mode # 1 KL Mode # 2 KL Mode # 3 KL Mode # 4
04—
_
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X X X X
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Figure 3.17 — First 12 eigenvectors (modes) of the KL, expansion.

Parameters of the expansion: by, = 0.5ly, by, = 0.5, 0 = 0.1, Ng;x = 8, Ng,, = 8.
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Figure 3.18 — Normalised eigenvectors of the KL expansion. Convergence of the expansion.

Figure 3.19 — Random field simulation for the Young’s modulus of the plate.

Parameters of the expansion: by, = 0.5ly, by, = 0.5, 0 = 0.1, Ng;x =8, Ng,, = 8.
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The random field is described at the nodes of the elements, the four corners of each element.
The midpoint method is then used to interpolate the random field and find a single value for the
random field at the centroid of each element. This value is then used to calculate the individual
element stiffness matrix followed by the assembly of the global stiffness matrix. The interpolated
random field along with the FEA mesh is shown in Figure 3.20.
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Figure 3.20 — Slowly varying Young’s modulus via the midpoint interpolation method.
Nominal E;, = 200 GPa; Maximum E), = 214.14 GPa and minimum E,, = 162.17 GPa.

A modal analysis solving the eigenproblem involving the mass matrix and stiffness matrix
from the random field was performed to establish the base line of comparison. Subsequently, a modal
analysis of the nominal case was perturbed in order to find the natural frequencies and modal shapes
through the perturbation method. The results of the comparison are shown in Figure 3.21 in terms of

natural frequencies and modal assurance criterion. Good agreement is observed.
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Figure 3.21 — Comparison between eigenproblem and perturbation method for a plate.
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Simply supported plate. In (a), the first 290 natural frequencies of a plate; == are the natural
frequencies from the eigen problem and == == are the natural frequencies from the perturbation
method. In (b), the MAC between the modes from the eigenproblem and the perturbation method.
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353 Coupled structures — finite beam attached to finite plate

The last set of results of this chapter comprise the analysis of the plate with variability attached to a
beam through a set of point connections. As in the previous sections, 5 connections were considered;

a harmonic force is applied at the plate at the central attachment. The coupled system is shown in

Figure 3.22.

0.4

0 0.2 0.4 0.6 0.8 1
x [m]

Figure 3.22 — Representation of the coupled system.

Mesh used in the FEA for the plate and the attached beam in ==. The connection points are marked
as O.

To perform a Monte Carlo analysis of the coupled system, a thousand plates and a thousand
beams were considered. The nominal properties of the structures and the parameters for the KL

expansions are given in Table 3.5. The input mobilities of the coupled system with nominal properties
are shown in Figure 3.23.

Table 3.5 — Nominal properties of the coupled system and KL parameters.

Properties Value
Density - plate (kg/m®) 7850
Plate thickness (m) 0.002
Length y — plate (m) 0.460
Length x — plate (m) 1.0
Plate Young’s modulus (GPa) 200
EI — beam (Nm?) 1.0062
Length beam (m) 0.940
pA —beam (kg/m) 0.1689
Spacing between connections 0.2125
Poisson’s ratio 0.30
Loss factor 0.001
b;, — plate (m) 0.5
b,y — plate (m) 0.230
b; — beam (m) 0.47
Ngpx = N1y — plate 8
Ng, — beam 16
o 0.1
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Figure 3.23 — Input mobilities of the coupled system with nominal properties.

== is the input mobility of the attached beam, == is the input mobility of the host plate and == is the
input mobility of the coupled system.

As expected, at lower frequencies, the beam affects the coupled system mainly as an additional
mass, whilst acting as a damper at higher frequencies. The response of the plate was calculated by a
modal summation of the modes determined via solving the eigenproblem and the response of the
beam was calculated analytically. The coupling of the system is made with the assistance of the

mobility matrices.

The input mobility of the plates with varying Young’s modulus is shown in Figure 3.24 and a
distribution of the natural frequencies of the perturbed plates normalised by the natural frequency of

the nominal plate is given in Figure 3.25.
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Figure 3.24 — Input mobility of the uncoupled uncertain plates.

Nominal E;, = 200 GPa, b, = 0.5m, b;,, = 0.230 m, Nk, = Ng;, =8 and o = 0.1. The
colormap is the normalised distribution of the mobilities using the 1000 slowly varying Young’s
moduli fields == - == limits the region where 95% of the samples are contained within, == is the

plate with nominal properties and is the average of all the cases
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Figure 3.25 —Distribution of the natural frequencies of the uncertain plates.

Nominal E;, = 200 GPa, by = 0.5 m, by, = 0.230 m, N, = Nkiy, =8 and o = 0.1. In (a), the
colormap is the normalised distribution of the first 290 natural frequencies of the plate using the
1000 slowly varying Young’s moduli fields == - == limits the region where 95% of the samples are.
In (b), the histogram and fitted distribution (==) of selected modes (1*, 50, 100™ and 150"™). The
natural frequencies of the nominal plate for these modes are 27.4 Hz, 778.8 Hz, 1477.4 Hz and

2152.8 Hz, respectively.

These 1000 different plates are then connected to the nominal beam and the results are shown

in Figure 3.26.
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Figure 3.26 — Coupled system: Uncertain plates connected to a uniform nominal beam.

Nominal E;, = 200 GPa, b, = 0.5m, b;,, = 0.230 m, N, = Nk, =8 and o = 0.1. The
colormap is the normalised distribution of the mobilities using the 1000 slowly varying Young’s
moduli fields == - == limits the region where 95% of the samples are, == is the plate with nominal

properties and is the average of all the cases

As the beam acts as a damper at higher frequencies, the envelope of containing 95% of the

response levels are found to be slightly tighter. At lower frequencies, the uncertainty of the response

of the coupled system is governed by the uncertainties in the plate.
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In order to more easily visualise the effects of the uncertainties, once again the response of the
coupled system is plotted on a dB scale referenced to the nominal uniform properties coupled system,

Figure 3.27.

As done in previous sections, the convergence of the MC analysis was carried out. The analysis
is made by comparing how the value of the mean changes when a different number of samples are
considered, ranging from only 3 samples to the full set of 1000 samples. For a more convenient view,

I#nsamples (ycoupled)l

the convergence is considered to be given by pyc = 20log ( ), so a value of 0

I#looosamples(ycoupled) |

is desired. The result of the convergence is shown in Figure 3.28.

60

40 F

20t

Y (dB - ref. Nominal case)
o

_60 1 L 1
10° 10’ 10? 103
Frequency [Hz]

Figure 3.27 — Uncertain plates and nominal beam compared to the nominal case.

Nominal E;, = 200 GPa, by, = 0.5 m, by, = 0.230 m, Nk, = Nk, =8 and o = 0.1. The
colormap is the normalised distribution of the mobilities using the 1000 slowly varying Young’s
moduli, is the mean of the responses and == - == limits the region where 95% of the response
is.
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Figure 3.28 — Convergence of the mean of MC analysis of the coupled system.
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A comparison between the following coupled systems was carried out; a nominal uniform
plate and a beam with slowly varying Young’s modulus, a plate with slowly varying Young’s
Modulus and a nominal uniform beam and, finally, both plate and beam with slowly varying Young’s

moduli. The results for the point mobilities are summarised in Figure 3.29.

)
o
2 60
)
£ 40
£
2
3 20
o
S
5 0
Q
£ .
200"
$ -40
>
-60 .
10° 10’
Frequency [Hz]
- (b) % (©)
2 ?
® ©
2 60; 3 60
2 ﬁ e i
£ 40 it £ 40 i
z : z
= 20 Z 20
3 VR YEICW 5
= 0 l\\' I‘ln‘ ¥ '\"‘\"\ ny E 0 ) Ll
5 O \ ™ N 3 W U
a K b VL Q b 4
£ itk A Ih l Al = L
20 Ui AR, VA G 320 i “5:.‘
[ e g T [ ! W
. i ,;",/-F U HEEHRE : I W
%-40‘ ‘“ % %’.40 u l‘l
> >
60 . . e - 60 — . R
10° 10’ 10° 10° 10° 10 10? 10°
Frequency [Hz] Frequency [Hz]

\ By AN AV 1 \a ~
AN R 4 »\lv,\, TR

Y (dB - ref. input mobility infinite plate)

Frequency [Hz]

Figure 3.29 — Comparison of the different coupled systems.

Nominal E;, = 200 GPa and E1,, = 1.0062 Nm? b, = 0.470 m, by, = 0.5 m, by, =0.230 m,
Ny, =16, Nk x = Ngp, =8 and o = 0.1. In (a), beam with slowly varying Young’s modulus
attached to a nominal uniform plate. In (b), a nominal uniform beam attached to plate with slowly
varying Young’s modulus. In (c), both beam and plate have slowly varying Young’s moduli. In all
three cases, the colormap is the normalised distribution of the mobilities using the 1000 slowly
varying Young’s moduli, is the mean of the responses and == - == limits the region where
95% of the response is. In (d), comparison of the 95% envelopes and averages. - - - is the average

of the system with only uncertain beam and its 95% envelope B, = is the average of the system
with only uncertain plate and its 95% envelope [, whilst is the average of the system with

both uncertain plate and beam and its 95% envelope M.
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The last analysis consists of the study of the effects of having a flexible attachment connecting
the beam to the plate. As in Chapter 2, these flexible links are considered to be elastic springs. In the
automotive industry, the clips that hold in place cable bundles are made out of plastic and similar to
the ones that Abolfathi et al. [87] measured. Modelling the mount system as a SDOF, the estimated
stiffness has an average value of 1250 kN/m and a normalised standard deviation of 7% [87]. These
values are used as a basis to construct a Gamma distribution, from which the stiffness of the elastic
springs will be sampled and used in the calculations of the coupled system. The Gamma distribution
therefore has a shape parameter ar = 204.0816 and a scale parameter by = 6125. Five thousand
values were sampled from the constructed Gamma distribution and the histogram of them along with

the actual distribution are shown in Figure 3.30.
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Figure 3.30 — Distribution of the stiffness of the clips.

The bars are the histogram of the values sampled from the Gamma distribution, in ==.

For each one of the simulations, 5 values for the stiffness of the elastic springs are required.
Firstly, the coupled system comprises both nominal plate and beam and the different sets of springs.
In a second analysis, the coupled system comprises of the 1000 plates with slowly varying Young’s
modulus calculated before and the nominal plate. For each case, 1000 cases were calculated. In order

to compare the effects, the 95% envelopes of the input mobility are shown in Figure 3.31.

As expected, from Chapter 2, the effects of varying the stiffness of the springs only show up
at frequencies after the system uncouples, when the mobility of the combined plate and spring
matches the mobility of the combined plate and beam. At lower frequencies, the uncertainty of the

system is once again governed by the variability of the plate.
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Figure 3.31 — 95% envelopes for the effects of variability of the stiffness of the connections.

In == the envelope for the nominal plate and beam and uncertain stiffness of the elastic springs; in
== the envelope for the slowly varying plate and nominal beam, attached through uncertain
connection points.

3.6 Discussion

In the case of applying a load at the central point of a beam, it can be noted that due to the fact
that the random properties break the symmetry of the homogeneous beam, points that should be in a
nodal response for even modes, can respond with those modes when the random properties are
present. As shown in Figure 3.32. The nominal beam response is governed by the shape of the third
mode, whilst the response of the beam with slowly varying Young’s modulus is dominated by the

shape of the second mode.

Also, when the beam is the only uncertain element in the structure, the response of the coupled
system at lower frequencies is mostly dominated by the additional mass added, especially in the case
of more flexible beams, as possibly cable bundles can be idealised. For stiffer beams, there is also a
stiffness effect that can be relevant and more dependent on the random Young’s modulus. Figure
3.33 shows the first two natural frequency of the coupled system normalised by the natural
frequencies of the system with only masses at the connection points as function of different beam to

plate bending wavenumber ratio.
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Figure 3.32 — Comparison of the velocity response of beams. Beam alone.

In (a) the normalised random Young’s modulus of the beam with slowly varying properties. In (b),
the point mobility of the central point of the beam. In (c), the real part of the velocity of the beam
when excited with a unit point force at its central point at its first natural frequency, 2.71 Hz for the
homogeneous one and 2.65 Hz for the slowly varying beam. In (d), the real part of the velocity of
the beam when excited at its central point at the second natural frequency of the nominal beam,
7.48 Hz. In (b), (c) and (d), == is the nominal beam and --- is the beam with slowly varying
Young’s modulus.
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Figure 3.33 — Normalised first two natural frequencies of the coupled system.

The first natural frequency of the coupled system (beam attached to plate) normalised by the first
natural frequency of the coupled system with only masses as attachments (==) and the second one
(==). Larger beam to plate bending wavenumber ratio represent more flexible beams.
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Figure 3.34 shows a comparison between coupling a beam to the plate versus coupling only
masses at the connection points to the plate. The properties of the plate are given in Table 3.2 and

the properties for the simulated cable are the ones identified in Chapter 5, which results in a beam to

.k
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Figure 3.34 — Coupling a beam versus coupling masses to the plate.

Beam to plate bending wavenumber ratio z—b = 1.1. In (a), input mobility of the coupled system.
D

Beam attached to plate through 5 point connections (==) or only using the divided mass of the
beam equally among the 5 connections (== ==). In (b), input (==) and one of transfer mobilities
(==) of the attached beam versus the input mobility considering the attachment as only lumped
masses (== =),

For the first few natural frequencies, the approximation of the cable bundle as only masses at
the attachment points is accurate, the response of the coupled system is dominated by the stiffer
element; the plate, in this case. But as the frequency increases and the mobilities of the attached beam
and the host plate become comparable, the approximation of the cable bundle by masses only breaks.
The mobility of the masses lacks the modal features that the attached beam adds to the system, which
leads to a significant discrepancy between the two models. In this case, especially from 150 Hz

onwards, lowering the predicted amplitudes of the response of the connected system.
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For the cases of a coupled system comprising an uncertain plate, analyses comprising the
attachment of homogeneous beam and also slowly varying beams were conducted. To obtain average
values and the envelope that covers the response levels of 95% of the samples, a MC strategy was
used with 1000 cases evaluated. The response of the system is mostly dominated by the uncertainty
in the plate, for the beams mostly contribute as additional mass or damping. Aiming to proxy a cable
bundle, the mechanical properties used for the beam in these simulations came from experimental
identifications detailed in Chapter 5. The probability density functions for the natural frequencies of
the uncertain plates, the responses of the plates and coupled systems were calculated by fitting a

kernel distribution.

The analysis of the effects of the stiffness of the connectors was made by using properties
found in the literature and generating values from a Gamma distribution that followed the average of
the stiffness and standard deviation. Properties for a new clip were considered, as those of a worn
clip would only change the frequency where effects of uncertain on the stiffness would appear. The
actual level of variability between the new clip or worn out ones are similar, at around 7-8% for the

normalised standard deviation [87].

The frequency-averaged behaviour of the coupled system can also be analysed and compared
to the coupled system comprising infinite structures. This was done by a moving average. Three
different window sizes were considered for the moving average; 35 Hz, 70 Hz and 140 Hz. The

results are shown in Figure 3.35. The beam and plate properties are given in Table 3.2.
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Figure 3.35 — Frequency-averaged finite system compared to infinite system.

Beam to plate bending wavenumber ratio z—b = 0.35. Coupled finite system (==), coupled infinite
D

system (==), frequency-averaged finite system — 35 Hz window (==), frequency-averaged finite
system — 70 Hz window (~) and frequency-averaged finite system — 140 Hz window (=).
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As expected, it is possible to notice how the agreement between the frequency-averaged
response and the infinite system increases at higher frequencies. The wider the averaging window,
the better the agreement. However, even the narrower window captures the general features predicted

by the infinite system, such as the increase in amplitude around the 200 Hz region of the spectrum.

3.7 Conclusions

This chapter extended the analysis shown in Chapter 2 to the case of finite structures comprising
beams point attached to plates. The same mobility approach was used to connect the structures. The
mobilities of the finite homogeneous Euler-Bernoulli beam and finite thin plate are also readily found
in the literature. In all cases of the coupled systems, 5 point connections were considered and a

harmonic point transverse force applied on the plate at the central attachment.

The work done here helps improving the standard modelling technique in the industry, which
consists of considering only lumped masses at the attachment points. A computationally efficient
method using analytical solutions allows one to include the modal features that an attached beam
would add to the coupled system. These features are absent when only masses are considered as the
attachments and lead to inaccurate results, especially at higher frequencies. The mobility of the
coupled system is governed by the element with the lowest mobility. As the frequency increases, the
mobility of the mass-only attachments becomes much smaller than that of the host structure and this
fact along with the lack of modal features of the mass-only attachments, lead to unreasonable low

values for the levels of the response coupled system.

In the case of the beam with slowly varying properties, the expressions for the changes in
phase and amplitude of the waves found through the WKB approximation in the previous chapter
are also valid in the case of the finite structure. One must only take into consideration the reflection
due the presence of the boundaries of the beam when calculating the mobilities. A generalised
expression to calculate point and transfer mobilities was derived in this chapter and is given in terms

of the propagation and reflection matrices.

In order to introduce variability into the plate, a FE mode was constructed and the combined
with the perturbation method. KL expansion was used once again to generate the slowly varying
random field for the Young’s modulus, which was sampled assuming that each element of the FE
model has one particular value for the modulus of elasticity. A base line test was made solving the
eigenproblem associate with the random plate and compared to the responses obtained through the
perturbation method. Both the natural frequencies and mode shapes agreed in the comparison
between solving the eigenproblem or perturbing the homogeneous case. Therefore, the perturbation
method was used to solve a thousand random plates combining the KL expansion and mid-point
sampling to the perturbation method. As stated by Mochales [1], even in the worst case where all

degrees-of-freedom are perturbed, the perturbation method still has a lower computational cost than
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solving the new eigenproblem. Since it allows one to find the perturbed modal shapes, the mobilities
of the plate can be calculated via modal summation. Once the mobility matrix of the plate is obtained,

the same approach as for the previous analyses was used to couple the beam and plate.
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Chapter 4 Experimental investigation into the effect of
random connection spacing on the vibration

of coupled structures

This chapter presents the experimental validation to quantify the influence of the connection
positions for attachments in specific coupled structural configurations. As only the spacing between
the connections were measured, rather than the actual coordinates of the points relative to edges of
the plates, the mobility measurements are compared to the previously developed analytical models
in Chapter 2, which were for infinite structures. Previous experimental work [88] has measured the
response of point-connected ribbed plates and compared the responses to results for infinite
structures, but the effects of variability in the spacing of the discrete attachments or for differences
in the bending wavenumber ratio for the connected structures components were not previously

investigated. These parameters are taken into account in this study.

4.1 Experimental design

The experiment was designed to measure and quantify differences in the frequency response of a
coupled system, comprising a finite beam attached to a finite plate. Variation in the spacing of the
attachment points is considered in comparison to a uniform spacing arrangement. In order to obtain
two different beam to plate bending wavenumber ratios, a more flexible beam and stiffer one; two
different beams with different cross-sectional areas were used. The general properties of the plate

and beams are given in Table 4.1. They were all made of mild steel.

Table 4.1 — General properties of the plate and beams.

Properties Value
Density (kg/m*) 7850
Young’s modulus (GPa) 200
Plate dimensions (/ x b, mm) 750 x 350
Plate thickness (mm) 0.9
Beam 1 height (mm) 3
Beam 1 width (mm) 6
Beam 2 height (mm) 10
Beam 2 width (mm) 10
Beams 1 and 2 length (mm) 750
Beam 1 to plate bending wavenumber ratio 0.56
Beam 2 to plate bending wavenumber ratio 0.31
Regular spacing 4 (mm) 150

The experiment consisted of attaching one of the beams to the plate at five points using
Neodymium magnets. Each magnet has a diameter of 4 mm and a height of 3 mm. Grade N52

magnets were used. According to the manufacturer [89], each of the discs has a vertical pull of 9.3
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N flush to a mild steel surface, which could have been verified using a standard pull test kit, but this
was not part of the concerns of this research. Also, when comparisons with the numerical models
were made, it was assumed that there is no incorporation of the magnets mass or rotational coupling
between beam and plate. The numerical models assumed infinitely stiff attachments of negligible

mass and size, i.e., rigid point connections.

The system was excited by a shaker through the plate at one of the attachment points and the
input force was measured by an impedance head, Figure 4.1(a). It is possible to show theoretically
that there is no difference in either exciting the beam or the plate when rigid attachments are
considered. The response was measured on the opposite side of the coupled system, on the plate,
with a laser vibrometer, Figure 4.1(b). The latter measures the out of plane bending velocity at a

selected point. Figure 4.4(a) shows schematically the experiment.

(a)

Figure 4.1 — Photos of the coupled system experiment.

The measurements were performed up to 6400 Hz, with a frequency resolution of 1 Hz and 20
averages, but due to drop in the excitation force and low coherence at higher frequencies, the analysis
of the results is limited up to 2000 Hz. White noise was used for the excitation signal and Hanning
windows were used on the signals. The sampling frequency used was 16.4 kHz. The shaker was
attached to the beams using a stud glued to the beam, with a flexible stinger between the shaker and

the stud, as shown in Figure 4.1(a). The vibrational response of the plate was measured using a
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scanning laser. An example of the spectrum of the excitation load is shown in Figure 4.2 and a typical
example of the measured coherence in Figure 4.3. In order to reliably obtain signals from the laser

vibrometer, a reflective tape was used at the point of measurement.
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Figure 4.2 — Example of the spectrum of the force applied by the shaker.
In (a), over all of the frequency range. In (b), limited to 2000 Hz.
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Figure 4.3 — Typical measured coherence.

In (a), over all of the frequency range. In (b), limited to 2000 Hz.

For each of the beams, 15 repeatability tests were conducted by performing a disassembly and
reassembly of the coupled system. Sets of measurements were taken with a regular spacing 4
between the attachments. For the repeatability tests, the beams and magnets are at nominally the
same locations on the plate in each case. Also, for each of the beams, 10 sets of random distributions
of the spacing between the attachments were considered, with the distribution from which the spacing
was sampled being a uniform distribution. The histogram of the sampled values for the spacing are
shown in Figure 4.4(b). The spacing was allowed to vary up to 15% around its nominal equal spacing
value of 150 mm. The attachment used as the excitation point was kept the same and the other points
moved relative to this one. Considering as the origin of the coordinate system the end of the beam
closest to the shaker, the coordinates where the magnets were placed to connect the structures are

given in Table 4.2, along with the spacing for each case.

For beam 1, the beam to plate bending wavenumber ratio is 0.56 (i.e., the flexible beam), only
one magnet was used at each attachment point, Figure 4.4(c). Whereas, in the case of beam 2, the
beam to plate bending wavenumber ratio is 0.31 (i.e. a stiff beam). Due to its mass, for beam 2, two
magnets, side-by-side, were required at each attachment point, as shown schematically by Figure

4.4(d).
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(a)

Laser vibrometer
n

Figure 4.4 — Experimental design.

In (a), experimental schematics, histogram of the spacing (b), connection for beam 1 (c) and
connection for beam 2 (d)

4.2 Results

The experimental data obtained is presented below. The results of point mobilities are compared to
the infinite structures using the modelling described in Chapter 2. When mentioned, the equivalent
infinite system is defined as having the same number of attachments and the same spacing of the
measured system between said attachments. Differently from the previous chapters, the force here
acts on the second attachment point and this change of the positioning of the point force is also
considered in the modelling of the equivalent infinite system. Also, the infinite beams have the same
cross-sectional area as the ones that were measured, whereas the infinite plate has the same thickness
as the measured plate. The frequency range considered was from 10 Hz to 2 kHz, but the results are
shown versus the dimensionless parameters 4/4, and 4/, where 4 is the regular spacing between
the attachments, 150 mm, and A, and 4, are the flexural wavelengths for the plate and beam,
respectively. Figure 4.6 shows the difference that the random spacing produces on the measured
point mobility. This is obtained by referencing the randomly spaced cases to the results for one of
the evenly spaced case on a dB scale. Therefore, the reference level for 0 dB is the selected evenly
spaced scenario. It also serves the purpose of showing the repeatability of the experiment and the

inherent uncertainty in it.

In Figure 4.5 one can see that the variability in the response of the coupled system due to the

randomly spaced connections starts to actually affect the coupled structural response in the frequency

region corresponding to the attachment spacing to plate bending wavelength ratio 4 / 1.~ 0.4-0.6
D
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onwards. This corresponds to a frequency where the wavelength on the plate is approximately equal

to twice the spacing between the connections.

0

10t
20t
301
-40 §
50

-60 H

[Y] (dB - ref. 1im/s/N)

=70

-80

-90

A/
P

Figure 4.5 — Input mobility of the coupled system considering Beam 1.

The 10 randomly spaced cases in == and the repeatability test of the regular spacing in ==. The
frequency range is 10 to 2000 Hz and the spacing 4 is the regular spacing 150 mm. Second
attachment point as shown in Figure 4.4(a).

In both Figure 4.6(a) and (b), the black lines are the response of the 10 randomly spaced cases
tested, the red line is the average of the 15 evenly spaced cases (when the system was disassembled
and reassembled) and the yellow lines are the maxima and minima of these repeatability evenly
spaced cases for each frequency. Figure 4.6(a) shows the results for beam 1, whereas Figure 4.6(b)

shows the results for beam 2, the stiffest of the two beams.

Table 4.2 — Coordinates and spacing between the attachments.

Coordinates (mm)

Set Spacing 4 (mm)
1 75 225 375 525 675
150 150 150 150
) 89 225 393 549 708
136 168 156 159
3 81 225 356 488 641
144 131 132 153
4 95 225 363 494 639
130 138 131 145
5 74 225 355 517 647
151 130 162 130
6 82 225 372 540 703
143 147 168 163
7 90 225 353 505 648
135 128 152 143
? 88 225 393 525 680
137 168 132 155
9 57 225 361 526 687
168 136 165 161
10 67 225 357 500 632
158 132 143 132
1 76 225 366 507 640
149 141 141 133
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Figure 4.6 — Differences in the point mobility at an attachment point due to randomly spaced

connection versus repeatability for equally spaced connections.

Beam 1 (less stiff beam) in (a) and beam 2 (stiffer beam) in (b). For both, == are the randomly

spaced cases, == is the average of fifteen evenly spaced cases and the

minima values for these evenly spaced cases at each frequency.

lines are the maxima and

One can notice how at lower frequencies the random spacing does not have a significant effect

on the coupled system, i.e., the levels of the response of the coupled system using 10 sets of random

spacing is comparable to the levels of response of the repeatability test. However, for the case of the

stiffer beam, which required 2 magnets per connection, the uncertainties of the positioning of these

also increase the uncertainties in the repeatability test at higher frequencies.

In Figure 4.7, the mobility of one of the randomly spaced cases is compared to the equivalent

infinite system. In both cases, Figures 4.7(a) and (b), the black lines are the measured mobility, the

red lines are the infinite system and the yellow lines are the frequency averaged experimental data.

A bandwidth of 35 Hz was used for the averaging.

112



Chapter 4

o, 10 ‘ Ay ‘ e 0
L L L ‘q il

) w Al ,

o 7
s | t H
3 “ (R | ! ?‘l
SORA LA Vi VR

Figure 4.7 — The point mobility for randomly spaced connections, set number 3.
Comparison with the infinite systems prediction model. Beam 1 in (a) and beam 2 in (b). For both,
= is the measured data, whereas == is the equivalent modelled infinite system and -~ is the
frequency averaged experimental data.

These results serve to validate the connection model used in Chapter 2. Even the local modes

between the connection points are captured when compared to the infinite equivalent system.

Figure 4.8 represents the same data as shown in Figure 4.7, but instead of referencing it to 1
m/s/N the evenly spaced case is used once again as 0 dB at each frequency line. For the experimental
data, the reference is the data for the selected evenly spaced case. Whereas, for the infinite system
the equivalent evenly spaced infinite system is the reference. As in Figure 4.7, for Figures 4.8(a) and
(b), the black lines are the measured mobility, the red lines are the infinite system and the yellow

lines are the frequency averaged experimental data.

Since all of the experimental data collected is referenced to the same value on a dB scale, 1

m/s/N, to change the reference for the evenly spaced case, one only needs to subtract the data from
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the new reference value, namely the evenly spaced case. This is given by ¥;5 = Yap, — Yap,, where
Y,p is the experimental data now referenced to the evenly spaced case, Y, B, 1s the experimental data
of the randomly spaced cases on a dB scale referenced to 1 m/s/N and Y5, is the experimental data

of the selected evenly spaced case, also on a dB scale referenced to 1 m/s/N.
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Figure 4.8 — The point mobility for randomly spaced connections, set number 3: dB scale.
Finite system versus the equivalent infinite system, both referenced to the adequate evenly spaced
case. Beam 1 (flexible) in (a) and beam 2 (stiffer) in (b). For both, == is the measured data, whereas
= is the equivalent infinite system and - is the frequency averaged experimental data.

In both cases, around 300 Hz, 4 / 1. = 0.88, there is an amplification of the mobility response
7]

of the equivalent infinite system. Figure 4.9 shows the spatial response given as contour levels for
the experimental data and the equivalent infinite system at this frequency. In this case, a regular
spacing of 150 mm between the attachments was considered. Although the contour level data is

shown for the evenly spaced case, the randomly spaced cases also exhibit the same behaviour in this
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region of the spectrum. The system was excited at the second connection point from right to left, as
predicted in Chapter 2. The excitation was applied to the beam on the experiment and on the plate

on the model. The results are shown for the combination of plate and beam 2, the stiff beam.

(a)

(b)

Figure 4.9 — Comparison of the spatial response of a plate with stiff beam attached at 300 Hz.
Uniform spacing.

In (a), the experimental data versus equivalent infinite system, in (b). The beam is shown in shown
in == == the attachments are represented by * and the point where the load was applied is marked
as O.

4.3 Discussion

In Figure 4.6, one can notice that when compared to the evenly spaced scenario, the dynamic
response for both beams with irregularly spaced connections produced variations that can be up to
40 dB, but most commonly reaching a difference up to 20 dB. Although, in Figure 4.6(b) it is also
possible to see that the spread in the repeatability test is comparable to the variation for the random
spacing response at several points, especially at higher frequencies. Another way to look at this would
be to compare the standard deviation values divided by the mean values, o /u. This is also known as
the coefficient of variation, for both the randomly spaced cases and the evenly spaced cases at each

frequency, see Figure 4.10.

For beam 1, the coefficient of variation for frequency by frequency for the evenly spaced

scenarios are oscillating around 0.25 at most frequencies (with a maximum of 1.8 around 1.5 kHz ,

4 / 1. = 1.97), whereas the values for the randomly spaced cases are oscillating around 0.75. The
P

coefficient of variation values, g /u, are also over 1.5 several times and could be up to 2.5, with a
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maximum value being just greater than 2.5 at around 650 Hz , 4 / .. = 1.30, for the randomly spaced
7]

casces.

(b)
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Figure 4.10 — Coefficient of variation comparing evenly spaced (repeatability test)
connections versus randomly spaced connections.

== is from the randomly spaced cases, whereas == is from the repeatability test. In (a), the more
flexible beam and in (b), the stiff beam is connected to the plate.

For the stiffer beam 2 with connections at evenly spaced points, the coefficient of variation
also varies around 0.25 for most of the frequency range, but reaches up to 1.5 at several points,

whereas the randomly spaced cases oscillate around 0.5, also reaching 1.5 multiple times with a

maximum of 2.4 around 220 Hz, 4 / 1. = 0.75. Even though the values for o/u are larger when
7]

randomly spaced attachments are considered, there are frequencies when the magnitude of the

response of the evenly spaced cases are comparable to the randomly spaced cases, especially at

frequencies above 1 kHz (ZI / 1. = 1.61), where the data becomes less reliable with reduced coherence
7]

in the measured transfer function for the point mobility

The literature reports that the response of the finite system, when frequency-averaged, should
tend to that of the equivalent infinite system [55]. Both Figures 4.7(a) and 4.7(b) are consistent with
that observation and comment even for a coupled system (beam-plate). The frequency averaged
experimental data was evaluated by a moving averaging with a window of a constant size of 35 Hz.
Moreover, from the results in Chapter 2, it is reasonable to say that the magnets behave like rigid
links for the frequency range considered. The presence of a flexible link would in this frequency
range produces a dip in the frequency averaged results. In addition, the standing-wave-like response
predicted to happen between the attachments of the infinite system seems to match the response of

the finite system, as shown qualitatively in Figure 4.9.

In fact, even when the point mobilities were referenced on a dB scale to the evenly spaced
case, Figures 4.8(a) and 4.8(b), the frequency-averaged response of the system oscillates around that

predicted by the equivalent coupled infinite system with the same randomly spaced attachments. The
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reference value for plotting the red line is the magnitude of the mobility of the evenly spaced infinite

system.

4.4 Conclusions

This chapter proposed an experiment to investigate the effects of uncertainties in the positioning of
the connection points and carried out a validation of the coupling method proposed in Chapter 2 via
a mobility approach. In order to allow an easy repositioning of the connection points, ferromagnetic
beams and plate were used and coupled together through Neodymium magnets. The spacing between
the connection was sampled from a uniform distribution and allowed to vary +15% around its
nominal value. This value is not necessarily trying to simulate uncertainties in a manufacturing
process, but just investigating what the effects of breaking the symmetry between connection points

arc.

Trying to analyse the attachment of beams with different stiffnesses, two beams with
nominally identical mechanical properties but different cross-sectional areas were used.
Unfortunately, the beam to plate bending wavenumber ratios, 0.561 (beam 1, more flexible) and
0.355 (beam 2, stiffer), were not sufficiently different to notice any significant difference in the

response amplitude due to the small variation in the position of the attachment points introduced.

The need for two magnets per connection point for beam 2, the stiffer beam, could have added
some extra uncertainties in the position of the connecting points and rotational inertia of the
connections, therefore producing results that are more scattered in the repeatability test. For this case,
it is possible to see the effects that varying the position of the attachments produce in the frequency
range between 20 Hz and 500 Hz. Above the higher frequency, the inherent uncertainty of
disassembling and reassembling the experiment gets comparable to the variation measured when

random spacing was considered.

The repeatability test has less variability in the response of the coupled system when compared
to the random spaced connections. However, there is a cut-on point where the random spacing starts

to more significantly affect the coupled structures. Uncertainties in the positioning of the connections

start to play a role from 4 / 1. = 0.4-0.6 onwards. This corresponds to a frequency where the plate
7]

bending wavelength is approximately equal to twice the spacing between the connections. As the
uncertainties in the spacing between the connection points slightly changes the natural frequencies
of the coupled system, this results in a spread of the envelope of the response. Regions that would
nominally be in a low level of vibration region can actually have higher levels of vibration due to the
uncertain positioning of the attachments and the associated shift in the natural frequencies due to

random spacing, requiring attention to check if the levels are acceptable. For instance, in Figure 4.5,
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at around 4 / 1. = 0.7, the nominal response is in the region of -40 dB, but the randomly spaced
7]

connections can change this to be between -65 and -25 dB.

In terms of validation of the model, the frequency averaged responses of the measured coupled
systems show good agreement with the predictions of the equivalent infinite system. A window of
35 Hz was used for the frequency averaging, but if more modes are included, i.e., increasing the
frequency window, the better the agreement would be. However, because the end points were not
included in the moving average, there is a trade-off; as the frequency window increases, the higher
is the first frequency point for the frequency-averaged point. In other words, for a window of 35 Hz,
the average is only calculated when there is a response for at least 17.5 Hz above and below this
given point. The modal behaviour between the connection points was also captured by the equivalent

infinite system, which also serves the purpose of validating the coupling model.
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Chapter 5 The application of the Bayes inference for
identification of bending stiffness of cable

bundles

In this chapter, a combination of Bayesian inference and wavenumber estimation is proposed in order
to identify the bending stiffness of cable bundles. Firstly, to familiarise the reader with Bayesian
statistics, one classic example is given as an introduction. The chapter then follows to the particular
case of bending stiffness identification. The combination of the two techniques allowed for the

identification of global and local properties for the bending stiffness.

In order to understand the Bayesian approach to statistics, one must know that this approach
assumes that since the value of a given parameter is uncertain, this parameter should be treated as a
random variable. The Bayes theorem is then a tool to infer this parameter from a given set of data
[90]. One classical example for starting to grasp the concept of a Bayesian approach is the following;
consider a rare disease that affects 0.1% of population. A usual test to identify this disease will
correctly identify 99% of people that have the disease, while testing positive for 1% of people that
don’t have the disease. After testing positive in one test, the actual chances of having the disease are
lower than 99% and can be calculated via application of Bayes theorem. The theorem provides the
probability that one hypothesis is true, given an event, as a function of the probability that the event
is true, given the hypothesis, the probability of the event and the probability of the hypothesis as
follows:

p(E|H)p(H)
p(H|E) =T oE (5.1)
where p(H|E) is the probability of the hypothesis given the event, p(E|H) is the probability of the
event given the hypothesis, p(H) is the probability of the hypothesis and p(E) is the probability of

the event.

In other words, p(H|E), also known as the posterior distribution, is the probability of one
having the disease, given that the result of the test was positive, while p(E|H), or likelihood, is the
probability of one testing positive, given one has the disease. The p (H), the prior distribution, is the
probability one having the disease before the test result. Finally, p(E) is the probability of having
the disease and testing positive, p(H) p(E|H) = 0.001 X 0.99, plus the probability of not having the
disease but being incorrectly identified positively, p(—H)p(E|—H) = 0.999 x 0.01. This can be
written as p(E) = p(H) p(E|H) + p(—H)p(E|—H). Therefore, after one positive test for the
disease, the actual probability of having it is 9.0%.
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p(E|H)p(H) _ 0.99 x 0.001

= =9.09
p(E) 0.001 X 0.99 + 0.999 x 0.01 %

p(H|E) =

The Bayesian approach can be used in an iterative way, updating the prior distribution with
the now new knowledge, coming from the posterior just calculated, i.e., 9.0%. In this example, if a
second independent test also resulted in a positive identification of the disease, the probability of

having the disease after both tests came positive would increase to 90.7%.

Although in engineering the likelihood and prior are rarely known quantities, a Bayesian

approach can still be used to identify parameters given that a set of data is available.

In this chapter, the bending wavenumber, kg, is considered as an uncertain parameter through

an uncertain bending stiffness, E1, and, therefore, treated as a random variable.

Firstly, before moving to the actual experiments and wavenumber estimations, a model to
represent beams under axial load and have an initial knowledge of the behaviour of the flexural

wavenumbers under said load is used.

5.1 Flexural beam waveguide under axial load

The experiment comprised a cable bundle typically found in the automotive industry. It was
necessary that some tension was applied to the wiring in order to stretch it and keep it geometrically
straight, which led to modelling of a beam in flexure consistent with that. The equation of motion of

a uniform beam under a uniform static tension, Figure 5.1, is given by [91]:

0%w(x, t 0*w(x, t 0%w(x, t

LW | atwe ) 0tw) (52)
Jat? dx* 0x2

where p is the density of the beam, A is the cross-sectional area, w(x, t) is the displacement, E is the

Young’s Modulus of elasticity, I is the second moment of area and T is the applied tension. The other

properties namely p, A, E and I are all assumed to be constant.

w(x,t)

T T T

— f—

Figure 5.1 — Beam under axial load.

Assuming a flexural wave solution in the form w(x,t) = C el(kpx—wb) it g possible to rewrite

Equation (5.2):
— 2 4 — 712 (5.3)
w*pAw(x,t) + Elkgw(x,t) = —Tkzw(x, t)

where w is the circular frequency and kp is the bending wavenumber.
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The case when there is no flexural displacement is not of interest, so one can assume w(x,t) #
0. Hence the dispersion relationship and wavenumber can be derived for harmonic free wave

propagation.

w?pA — Tk3

—w?pA + Elk}t = -Tk? @ EIl =
p B B k‘é (5.4)

Substituting k3 = K:

EIK? + TK — w?pA =0

(5.5)
which is a quadratic equation and, therefore, with solutions given by K = i TZZJ;EIP sz.
Finally, one can then write the bending wavenumbers of a beam under axial load as:
1
—T +\/T? + 4EIpAw? |?
kB = i
2EI (5.6)

where p is the density of the beam, A is the cross-sectional area, E is the Young’s Modulus of
elasticity, I is the second moment of area, T is the applied tension and w is the circular frequency.
Equation (5.6) reduces to the free bending wavenumber of a beam with no axial load applied if T =

0.

The theoretical model then produces the typical numerical results presented in Figure 5.2 for

different values of the axial load applied. Two of these wavenumbers are purely real, which indicate

1

—T+,T2+4EIpAwZ|?

2EI

propagating waves, and are given by kp = i[ , while two of them are purely

1
—T—\/T2+4EIpAw?
2EI

P
imaginary, given by kg = + ] , and represent near-field or evanescent waves. The

numerically simulated model comprised a rectangular beam with cross-sectional area of 6 mm by 3
mm (base x height) and standard stainless steel properties; Young’s modulus of 200 GPa and density
of 7850 kg/m’. Therefore, the bending stiffness, given by the product of the Young’s modulus and
the second moment of area, is 2.70 Nm? The range of the masses applied to create the axial load was
from 0 to 250 kilograms, which, assuming that the yield strength for the steel is 330 MPa, the stress
(Mappiiea * g/A) would be in the range equivalent to 0% to 41.3% of the yield strength.
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Figure 5.2 — Bending wavenumbers of a beam under axial load.

Real and Imaginary parts of the bending wavenumber of a beam under a constant axial load for
different values of the applied tension (EI = 2.7 [Nm?], pA = 0.1413 [kg/m], Mappiriea =
[0,250][kg], which is equivalent to T = [0, 2452.5][N])

5.2 Parameter identification strategy

The experimental data can be used within a Bayesian strategy in order to update the prior
probability density function [92] of the bending wavenumber of a beam under axial load. Assuming
that the only knowledge one has about the prior distribution is its lower and upper limits, a uniform
distribution gives the maximal uncertainty for an uncertain variable, i.e., if there is no other strong
grounds for assuming a different prior, a uniform distribution would be the best start [93]. That is a
result of the Maximum Entropy Principle [94] [95] [96]. Any other information considered about the
prior distribution would result in a non-uniform distribution and the random variable would have less
entropy or, in another words, more information, which would put less weight in the role of the
experimental data updating the prior distribution [97]. The measured data is usually assumed to be
of an additive Gaussian noise in the form of y(@) = q(0) + e, where q(0) is the system output of
a model under the same excitation 8, y(0) is the measured data and e is the prediction error that

accounts for the difference between y(0) and q(0) [98] [99].

Assuming the measured data y = [y;,y,,...,yn], in a Bayesian context, the posterior

distribution of the set of model parameters 0, given the data y, is [98]:

p(y10)p(0) (5.7)
p(y)

where p(y|0) is the likelihood function, p(@) is the prior distribution and p(y) is a normalising
constant.

p(Bly) =
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In other words, at every frequency, p(y|@) is the probability of the observed data kg , .
or bending stiffness via Equation (5.6), given a wavenumber kg from the prior distribution, which
is assumed to be uniform. The prior, p(@), is the distribution of the modelled wavenumber kgz. The
probability density function p(y) is the pdf of the observed data and can be treated as a simple

normalising constant that does not affect the identification of the parameter of interest.

A first attempt at the Bayesian inference was made using numerical simulation as a proxy for
experimental data. Eight dispersion curves were produced with the introduction of an additive noise
in the form of kg, = kg1 + €(w)]. In this pseudo-experiment, kg,

nth represents kBobserved'

Figure 5.3 shows the synthetic dispersion curves and the nominal case. The distributions for €(w)

are show in Figure 5.4 and a value for it was sampled at each frequency for each one of the cases.
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Figure 5.3 — Synthetic bending wavenumber data.

Nominal case in == and, in ==, the eight synthetic cases.
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Figure 5.4 — Histogram of the added noise for each pseudo-experiment to build the synthetic

data and fitted Gaussian distribution.
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For convenience, the likelihood function is often formulated in terms of the negative log-

likelihood function [98]:

L(6) = —Inp(y|6) (5-8)

Hence, combining Equations (5.7) and (5.8):

p(8ly) o< e7H(® :9)

If e is assumed to be independent and identically Gaussian distributed with zero mean and

standard deviation o, one can write [98]:

N
I Abie-qon?)
0) = 1_[ e2q2 Yi qi
pi16) L 1\/2mog (5.10)
=1

In this particular case, y;(@) are the synthetic bending wavenumbers, kBsynth’ at a given

frequency and q;(0) is a bending wavenumber kg sampled from the uniform prior distribution. The
uniform prior distribution assumes that kg is between 0 and 200 rad/m. The analysis is made every

1 Hz sampling a value of k from the prior and using it as q(80).

For instance, for a given index I, there is an associate value for kg that comes from the assumed
uniform prior distribution. Whilst y; (@) comes from the synthetic data. Therefore, in this example,
for every index i, y;(@) is a vector with 8 values for the wavenumber from the pseudo or simulated
experiment. The individual value q;(08) = kg(i) is repeated n times to match the size of the vector
y;(0) and then form the vector q;(@). These values are the inputs for Eq. (5.10) and the calculations
were performed using Matlab. Finally, it is possible then to find a likelihood p(y|0) associated with
each index i. At every i, equivalent to a kg value, the value of the prior distribution is multiplied by
the value of the likelihood distribution, resulting in a value proportional to the posterior distribution.
For purposes of parameter identification, it is only required to know which kg (or index i) maximises

the result of this multiplication.

Once the whole range of the prior was considered (varying the index i), the process is repeated
for the next frequency. The results of the analysis of the synthetic data are shown in Figure 5.5. The
parameter is identified as the value that maximises the posterior distribution. For each frequency,

these values are shown in Figure 5.6.
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Figure 5.5 — Posterior distribution after the Bayesian inference has been applied.

Colormap is the estimated distribution and the actual value of kg at each frequency (==).
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Figure 5.6 — Wavenumbers selected via Bayesian inference.
Values that maximise the posterior (©) and the actual value of kg (==) at each frequency.

One can also look at the results frequency by frequency. Figure 5.7 shows the posterior and prior
distributions along with the actual value of the bending wavenumber at 3000 Hz. It also shows the
relative error from each of the dispersion curves and the wavenumber identified via the Bayesian
framework, which is the value that maximises the posterior distribution. The wavenumbers from the
synthetic data are also shown, and at this frequency some of them differ substantially from the actual
wavenumber (theoretical and noiseless data). This is especially the case for samples 4 and 6. The

value that maximises the posterior is taken as the identified wavenumber for each frequency.
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Figure 5.7 — Wavenumbers at 3000 Hz.

Wavenumbers from each one of the pseudo-experiments in (a), the posterior distribution at 3000
Hz in (b) and magnitude of the error associated in the wavenumber with the Bayes identification
versus the different synthetic data (c).

The frequency-averaged errors (the average of the errors frequency-by-frequency) for each of the
wavenumbers calculated using the synthetic data are around 15%, but can reach up to 18.16%, in the
case of sample 4. After using the Bayesian inference, the frequency-averaged error reduces to 5.90%,

even in the presence of strongly noisy data, as shown in Figure 5.7(c).

5.3 Experimental analysis of a cable bundle

A cable bundle was fixed at one end and attached to a rope that went through a pulley at the other
end, supporting a mass of 16 kilograms. The applied load was chosen to ensure that the cable bundle
is kept straight. A general schematic of the experiment is presented in Figure 5.8. Ten points equally
spaced along the length of the wiring were measured. The velocity response covered a total
measurement length of 315 mm. The flexural velocity at the points were measured with a scanning
laser vibrometer and the cable was excited using an electromagnetic shaker. Measurements were
taken up to 700 Hz with a frequency resolution of 1 Hz. A white noise signal was used for the shaker
and the excitation signal to the shaker amplifier was used for the reference channel when evaluating
the transfer functions. As in the previous chapter, reflective tape was necessary at the measurement
points to assure the strength of the reflected laser signal. Given the random excitation signal, Hanning
windows were used for both the signals and 15 averages were performed in the calculation of the
FRFs. The shaker stood on a small fixed platform. In order to assume that only propagating bending
waves were present, the response points were considered to be away from any boundaries, such as
the fixed end and the pulley or the point of excitation. The cable bundle tested is a typical sample of
a harness used in the automotive industry and it can be seen in Figure 5.9. Its properties are mass of
0.20 kilograms, length of 1.184 m and approximate diameter of 10.1 mm. Two examples of typical

frequency response function and coherence measured are shown in Figure 5.10.

126



Chapter 5
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Figure 5.9 — Measured cable bundle; typical wiring from the automotive industry.
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Figure 5.10 — Example of measured FRF data between the excitation signal to the shaker and
the cable velocity.

In (a), the magnitude of two typical frequency response functions measured with the laser
vibrometer. In (b), the measured coherence.

Once the complex frequency response functions were obtained, a correlation technique [100]
[101] was used to identify the flexural wavenumbers present in the cable bundle vibrational response.
Since only one cable sample was available, to introduce some variability, between each

measurement, the system was dismantled and reassembled. Measurements were also made at

127



Chapter 5

different times. One advantage of this wave identification approach is that the method does not
require any prior knowledge of the structure such as boundary conditions, material properties or
cross-sectional dimensions [102]. Adapting the two-dimensional wavenumber correlation case [100]
[101], the wavenumbers are identified when the absolute value of the following correlation function

reaches a maximum:

Np
~ l ]
Y (ki w) = _2 Y(xj, w)e—thxx]- (5.11)
N, =

where [ is the length of the cable measured, N,, is the number of points measured, Y(x]-, a)) is the
complex transfer function measured at the point x; at the frequency w and k., is the trial wavenumber

to be estimated. The trial wavenumbers are real numbers.

The data obtained for the wavenumber and hence dispersion curves via the correlation technique

is shown in Figure 5.11:
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Figure 5.11 — Wavenumber identification via correlation technique.

Black lines represent the real value for the wavenumber that maximises the amplitude of the
complex value of the correlation function. Each colourmap is a different individual measurement,
i.e. a repetition of the FRF measurement on eight occasions.

The wavenumbers identified in Figure 5.11 (black solid lines) show the behaviour of the purely
real wavenumbers predicted by the theory, which represents the propagating waves. This is especially
the case for the negative wavenumber values, which, in this case, are the directly excited waves
propagating from the exciting point, rather than the waves reflected by the boundary and then
measured. For convenience, since the negative wavenumbers identified in the experiment show a
stronger response and what seems to be only one single kind of wave, they were chosen as the input
to the Bayesian framework. Once a set of wavenumbers are defined, the same procedure as used for
the simulated synthetic data can be applied to the measured data and an updated posterior can be

found.
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The updated posterior after considering a uniform distribution as a prior for each frequency is

shown in Figure 5.12(a). The wavenumber that produces the maximum value of the updated posterior

distribution is then selected and can be used as an input in Equation (5.4) to calculate the value of

the bending stiffness of the cable bundle, Figure 5.12(b).
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Figure 5.12 — Updated posterior and estimated bending stiffness of the cable bundle.

(b)

In (a), the updated posterior distribution after the Bayesian analysis of the 8 experimental data. In
(b), the measurement data at low frequencies (<20 Hz) is unreliable, leading to gross error in the
estimated bending stiffness.

Since the identification of the wavenumbers at lower frequencies is poor, producing results for

the bending wavenumbers kg =~ 0, the corresponding values for EI approach non-physical values,

as shown in Figure 5.12(b). These values at lower frequencies are subsequently ignored and the data

without these outliers is presented in Figure 5.13(a), while Figure 5.13(b) shows the histogram of

these values. The histogram indicates a bending stiffness EI ~ 1 Nm? whilst the fitted Gamma

distribution (shape parameter ar = 4.79 and a scale parameter by = 0.253) has mean of 1.214 Nm?

and standard variation of 0.554 Nm” The Gamma distribution is suited for modelling non-negative

random variables [103] and its expected value is given by E[x] = arbr and its variance is given by

0% = arb}.
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Figure 5.13 — Processed bending stiffness data from the identified dispersion curve.

(b)

In (a), the values for the bending stiffness when the outliers (non-physical values) are discarded and
for results plotted over a reduced frequency range. In (b), the histogram of the values for estimated
the bending stiffness and (==) the fitted Gamma distribution (shape parameter ar = 4.79 and a

scale parameter br = 0.253).
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Assuming that the bending stiffness is frequent independent, it is possible, using the minimum
and maximum values for the bending stiffness in Figure 5.13, to define a range of analysis and
comparison with the bending wavenumber identified through the Bayesian inference. The bending
stiffness is identified to be between 0.1574 Nm? and 3.806 Nm?. This range is then sampled in equally
divided intervals and the sampled bending stiffnesses are used in Equation (5.6) to calculate the
bending wavenumbers. A convergence test was made changing the number of division from 10 to
2000. Figure 5.14(a) shows an example when said range is divided into 16 equally spaced values for
the estimated bending stiffness and the corresponding theoretical bending wavenumbers. Figure
5.14(b) shows the maximum coefficient of determination R? found versus different numbers of
divisions whilst Figure 5.14(c) shows the bending stiffness that maximises R? versus different
numbers of divisions. The system converges to a maximum R? = 0.8974 and bending stiffness EI =
1.0062 Nm?. The whole frequency range was considered in this test, in contrast to when the

histogram was calculated when only frequencies higher than 100 Hz were used.
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Figure 5.14 — Convergence test of the bending stiffness that maximises the coefficient of

determination.

In (a), wavenumbers calculated using the different bending stiffness (==) compared to the Bayesian
inferred wavenumber (==). In (b) the maximum value for the coefficient of determination R? and in
(c) the corresponding value of the bending stiffness EI that produces such R?.

Once the bending stiffness is chosen, it is possible to use it to compare the bending wavenumbers
with the fitted E1 to the values identified via the Bayes’ approach and calculate the residual between

them. The results for it are shown in Figure 5.15.
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Figure 5.15 — Identified bending stiffness using Bayes inference and residual of the fit.

The dispersion curve identified via Bayesian inference from the 8 sets of experimental data (=)
and the theoretical wavenumber using Eq. (5.6) which used the fitted bending stiffness El (== ==).

Then using the parameters of the fitted Gamma distribution, it is possible to find the

cumulative distribution function. The values that limit to 95% of the identified bending stiffness are,

as shown in Figure 5.16. Once these values are known, one can compare the dispersion curves using

different bending stiffnesses, such as the mean of the Gamma distribution, 1.214 Nm?; the lower

value of the 95% interval, 0.382 Nm?; the upper value of the 95% interval, 2.518 Nm?; the best fit,

1.0062 Nm?; and the experimental data. The corresponding calculated wavenumbers are shown in

Figure 5.17.
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Figure 5.16 — Cumulative distribution function.

(==) Cumulative distribution function, (==) upper (2.518 Nm?) and lower (0.382 Nm?) values of the

95% interval.
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Figure 5.17 — Experimental data versus the dispersion curve calculated using the identified
constant bending stiffness and its 95% interval.

— is the wavenumber using the identified bending stiffness of 1.0062 Nm?, == == is the
wavenumber using the mean of the fitted Gamma distribution (1.214 Nm?), == == is the limits of
the 95% interval and - for the 8 sets of experimental data.

Using the identified bending stiffness EI = 1.0062 Nm?”and the linear density of the cable

pA = 0.20/1.184 kg/m, it is possible simulate how sensitive the wavenumber is to the value of the

applied tension in the cable bundle, using Equation (5.6). As the tension increases and dominates the

behaviour of the bending wavenumber, the closer to 0 is the real part of the wavenumber over all of

the frequency range. The corresponding imaginary part tends to a constant given by /T/EI.

Considering the applied mass of 16 kilograms, the tension is observed to not being high enough to

dominate the value of the corresponding bending wavenumber, Figure 5.18.
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Figure 5.18 — Simulated cable: sensitivity to the applied mass and hence tension.

Real and Imaginary parts of the bending wavenumber of a simulated beam under a constant axial
load for different values of the applied tension considering the properties of the measured cable
bundle (EI = 1.0062 [Nm?],pA = 0.20/1.184 [kg/m], applied mass == 0, == 8, == 16, == 32, ==

128 [kg].T is given by the applied mass multiplied by g = 9.81 m/s?).

64,
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One can also use the identified bending stiffness to predict the behaviour of the system if the
tension applied to the cable is changed. Figure 5.19 shows the result when a mass of 11 kilograms is
used to tension the cable bundle. In the region between 100 Hz and 400 Hz, the results are mostly
within the bounds, but at higher frequencies the agreement between experimental data and prediction
deteriorates due partially because of the inherent varying properties of the cable bundle and also due
to poor coherence at the higher end of the frequency range. Also, the correlation technique can
erroneously estimate wavenumbers that are integer multiples of the actual wavenumber, which can
be the case for some of the outliers in both Figures 5.18 and 5.19. This is due to the finite length of
the measurements. The subsequent window effect on the calculated correlation function has not one
single maximum but multiple smaller maxima at integer multiples of the actual wavenumber. The

window creates “ripples” in the correlation function.
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Figure 5.19 - Experimental data versus the dispersion curve calculated using the identified
constant bending stiffness and its 95% range interval when 11 kg act on the cable bundle.
— is the wavenumber using the identified bending stiffness of 1.0062 Nm?, == == is the
wavenumber using the mean of the fitted Gamma distribution (1.214 Nm?), == ¢ == is the limits of
the 95% interval and - for 1 set of experimental data.

5.4 Bayesian identification of a random field of the
Young’s modulus of a cable bundle using synthetic data

and wavenumber estimation

The correlation technique to find the bending wavenumbers can only find an average behaviour
of the structure. Even though it managed to capture the general response of the cable bundle, a not
insignificant part of the measured points fell outside the 95% confidence interval found. Also, it does
not capture values for the local bending stiffness if these change in the structure. In order to achieve

a better insight of the behaviour of the bending stiffness along the length of the cable bundle, a
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different combination of the correlation technique and the Bayes inference is proposed. A simply

supported beam model is simulated and used as a reference for this proposal.

The simulated beam has a slowly varying Young’s modulus of elasticity along its length. This
random field is described by the Karhunen-Loéve expansion, while the response of the beam can be
calculated using the Wentzel-Kramers—Brillouin approximation, as in section 3.1.1. The Young’s
modulus of elasticity for a typical example can be seen in Figure 5.20 and the uniform beam
referenced has the standard properties of stainless steel. The second moment of area is considered to
be constant, so the changes in the Young’s modulus of elasticity translate directly into changes in the

bending stiffness E1.

1.2

uniform

1.1

E/E
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-0.5 0 05
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Figure 5.20 — Random field for the Young’s modulus of elasticity.

Eighteen points along the beam were considered as locations of interest, i.e., points where the
local wavenumbers will be calculated. For each of these locations, the response of 5 points to the
right of them and 5 to the left of them were calculated in the form of the flexural velocity of the
structure. It is not necessary that these points are equally spaced [100], so they were randomly
sampled to be at distances d;, d, , d3, d4 and d5 to the right and to the left of the reference location.
Symmetry is not necessary, but it is convenient. For each of the 18 locations of interest, 10 sets of
measurements were simulated, with different sets of distances between the reference location and the
additional measured points. The total length of the beam is 1.2 m and the 18 locations of interest are
located in the span of 0.5624 m of the beam, which is to start and end at 0.3188 m from each end of
the beam. These locations are equally spaced. Therefore, in this pseudo-experiment, the velocity at
a total of 1980 points was calculated. The frequency range is 10 to 5000 Hz and the wavenumbers

when each one of the reference locations were considered are shown in Figure 5.21.

It is possible then to use the 10 sets of wavenumber values found using the correlation technique
for each reference point as an input to the Bayes inference discussed in Section 5.3 finding a most
probable value for the wavenumber to each one of them frequency by frequency. In other words, the
proceeding method discussed in Section 5.2 is repeated at each one of the 18 points of interest, which
results in 18 dispersion curves inferred via a Bayesian approach that would fit the pseudo

experimental data. In a similar manner to Section 5.3, the inferred wavenumbers can then be related
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to a bending stiffness. Again, the outliers at lower frequencies are discarded and a distribution for

the local bending stiffness is show in Figure 5.22.
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Figure 5.21 — Wavenumbers at the 18 reference locations.
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Figure 5.22 — Local bending stiffness.

Histogram from the synthetic data in blue, == is the fitted distribution and == is the actual local

bending stiftness.

Gaussian distributions were used to fit the local bending stiffness. The fitted distributions were

used as support for reconstruction of the random field and their mean were used as the identified

value for the bending stiffness for that particular point. The results are shown in Figure 5.23(a). The

scale of the colormap was normalised accordingly to each one of the fitted distributions in order to

facilitate the visualisation of the results. Figure 5.23(b) shows the results when Gaussian noise was

added to the simulated velocities, in a similar fashion of the noise added in Section 5.2.

In both cases, noiseless and polluted synthetic data, the technique is able to identify the random

field. The measurement would require a considerable amount of points to be measured, but it could

be made with the assistance of an automatic scanning laser vibrometer.
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X [m]

Figure 5.23 — Reconstructed random field for the bending stiffness.

The colormaps are the fitted distributions, == is the actual random field, ¢ is the identified value for
the local bending stiffness and == == is the bending stiffness of a homogeneous beam with stainless
steel properties.

5.5 Discussion

The experiment was conducted with the cables under an axial load and the results show the behaviour
predicted by the theory. The correlation technique approach was chosen due to the fact that it is
independent of the boundary conditions, as long as propagating bending waves are assumed, in other
words, if the measurements are made far enough away from the boundaries and the source of

excitation.

Firstly, as a proof of concept, a pseudo-experiment was conducted. A known wavenumber was
polluted with additive Gaussian noise to generate synthetic data that was used to feed into the
Bayesian framework. Even with high levels of noise added, up to +/- 60% around the nominal value,
the Bayesian inference tool reduces the error when identifying the bending stiffness via the synthetic
data. In this particular case, a reduction of the order of one-third compared to the individual pseudo-
experiments was made. After the positive results of the pseudo-experiment, the same framework was

applied to real experimental data.

Once the bending wavenumber was selected via the Bayesian approach, it was then possible
to identify a distribution for the bending stiffness within the frequency range analysed. As there are
no reasons for considering that the bending stiffness is frequency dependent in this range, 0 to 700
Hz, the bending stiffness was assumed to be constant. The distribution given by the wavenumber
inference gave a range of values that served as a support to refine the value of the bending stiffness
that would best fit the experimental data, maximising the coefficient of determination (R?) value.
This value is then used to find a confidence interval around it and compared again with the
experimental data. This Bayesian model assumes a Gaussian error in the whole experimental setup,

but if any other information is known it would be possible to change the formulation to match the
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extra piece of information. One limitation of this approach is that the correlation technique can only
find an averaged wave behaviour that would best fit the data measured. Even though this shed some
light on the general response of the cable bundle, a significant part of the measured data is outside
the bounds of the confidence interval calculated. This could be addressed if one finds values for the

local bending stiffness for the structure of interest.

This was put to test with another pseudo-experiment. The velocity data used as input into the
correlation technique came from a simulated simply supported beam model with slowly varying
properties along the length of propagation of the bending waves. The set of measurements combined
with the Bayesian framework was then able to reconstruct the random field. The latter describes the
Young’s modulus and, if the other properties are considered to be constant, the bending stiffness of
a one-dimensional waveguide. The other mechanical properties, such as density, area and second
moment of area, are trivial to measure and were only considered constant for convenience. When
noise was added to the simulated velocity data, the proposed technique also managed to reconstruct
the bending stiffness field. The distributions identified offer insight into the spatial spread of the
random field and should give some guidance to the confidence of the results. This method required
a considerable amount of measurement points, but this should not be a problem with the use of
scanning laser vibrometers or other whole area optical measurements, such as Digital Image

Correlation (DIC) or reflectometry.

5.6 Conclusions

This chapter addresses the issue of how to identify uncertain properties in cable bundles. It focused
on the bending stiffness, but the same technique could be used for other properties. The estimated
bending stiffness was used as an input parameter for some of the models in Chapter 3. Although the
results here are estimated over a frequency range, it was assumed that the bending stiffness does not
depend on the frequency. Therefore, the identified distribution for the bending stiffness was

translated to a support for local, or spatial, dependent bending stiffness.

Moreover, this chapter successfully offers a novel way of combining an established correlation
technique to find wavenumbers within a Bayesian framework to identify mechanical properties and
estimate variability in the samples. The correlation technique is usually applied to identify global
wave behaviours, but the work done here shows that if enough points are measured, even local
properties can be estimated. This allows the estimation of properties described by random fields. The
case studied focused on a typical cable bundle used in the automotive industry, but this same
technique could be implemented in different scenarios, such as corroded pipes. For instance, one
could identify regions where the pipes would be more susceptible to leakage due to reduction of the

wall thickness.
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Future work could be done to estimate the effective Young’s modulus of the cable bundle,
considering the geometry of the cross-sectional area of the bundle and individual diameters and
properties of the wires, along with the distribution of copper in them. This requires assumptions on
the properties and geometry. Also, the proposed technique could be tested further on other real
experimental data. For particular applications in the automotive or aerospace industries, for instance,
the identified cable properties could now be included within an FE beam model to represent them
and replace the simplistic and more approximate point lumped mass attachment typically adopted.
The automotive industry might be more interested in the distribution of the properties and envelopes
for the responses due the large-scale production, whereas the aerospace industry could be interested
in the actual properties of individual cables that will be used in their systems. The technique proposed

here offers insight in both cases.
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Chapter 6 Conclusions and further work

This study concerned the variability in the vibrational response due to uncertainties in coupled
structures. A mobility approach was used to attach one-dimensional waveguides to thin plates.
Mobilities were used because they have closed analytical solutions for the infinite system and finite
beam. Depending on the boundary conditions, if necessary, the input and transfer mobilities for the

finite plate can be calculated through the mode shapes found via FEM or analytically.

Firstly, infinite uniform beams and plates were considered for the coupled structures. These
structures allow one to get a first grasp of the dynamic behaviour of the coupled systems, whilst
maintaining analytical and concise expressions for the input and transfer mobilities. They can also
be seen as an approximation to the frequency averaged response of finite structures. Finite structures

were also subsequently considered in this study.

In the case of the one-dimensional waveguides, the WKB approximation was used to treat
structures with spatial slowly varying properties. This approximation assumes that the properties
vary slowly enough so that there are no reflected waves due to these small changes, or that they can
be neglected. A wave propagation approach was used to derive expressions for the mobilities of the
infinite beam and a generalised expression for the finite beam. Comparisons were made against

existing results or numerical (FE) simulations.

For the uncertain plates, a combination of a FEA model along with the perturbation method
was used to calculate the input and transfer mobilities. Aiming to keep the computational costs low,

the perturbation method was chosen to avoid solving similar eigenproblems repeatedly.

In both cases, the KL expansion was used to describe the slowly varying random fields. This
series expansion is recommended for strongly correlated random fields and it requires the minimum
number of terms to adequately represent a random field with a truncated series. In principle, other

random fields descriptions could be equally incorporated.

Experimental investigations regarding the effects of uncertain positioning of the attachment
points and experiments to estimate the bending stiffness a typical cable bundle used in the automotive
industry were also carried out. A Bayesian approach was used for the parameter estimations in the

latter case.

6.1 Conclusions

This section summarises the main conclusions regarding the behaviour of the coupled structures, the

effects of uncertainties and possible industrial implications.
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6.1.1 Basic features of the coupled system

When rigid links are considered, the response of the coupled system is governed by the least mobile
structure. At lower frequencies, this would generally be the host plate, whereas at higher frequencies,
this would be attached beam. When a single elastic spring is used to simulate a flexible connection,
there is a frequency at which the system uncouples. This frequency can be identified approximately
from the mobilities of the beam, plate and elastic spring. In the case of the external load applied to
the plate, this occurs when the magnitude of the point mobility of the beam and plate system acting
in parallel matches the magnitude of the mobility of the spring and plate also acting in parallel. The
stiffer the link, the higher is the frequency of the minimum in the mobility of the coupled system.
Moreover, in this case, the motion in the attached beam decreases above the uncoupling frequency
and the response of the coupled plate is only determined by the mobilities of the plate and spring.
Below this frequency, both the response of the attached beam and the host plate are dominated by
the combination of the beam and the plate mobilities acting in parallel. A lumped parameter
equivalent system could be used to estimate this frequency, but the calculations for this are not

particularly easy compared to the calculation of the actual coupled system response.

Even for the case comprising infinite structures, it is possible to note the occurrence of local
modes in the section between the finite number of point connections. These localised modes are
governed by the spacing between the connections and the stiffness of the individual structures. In the
case of the infinite system, increasing the number of attachments, accentuates the appearance of the
local modes between the connections. In the same frequency range, the system with a less stiff beam

attachment allows more of these local modes to occur.

For the finite systems, the attached beam at different frequencies can act as an additional mass
or additional mass and damping. More details are given in section 6.1.3. The frequency-averaged
response of the coupled system comprising finite structures shows good agreement with the response

of the infinite system. Especially at higher frequencies, when the modal density increases.

6.1.2 The effects of uncertainties

Regarding the effects of uncertainties in the spatial properties such as Young’s modulus, a study
showing how the WKB approximation holds for the case of flexural motion was shown. Also, the
response from a combination of mid-point sampling and a perturbation method for the uncertain plate
agrees well with the solution of the FE eigenproblem, but it significantly lowers the computational

cost when multiple cases have to be studied in a Monte Carlo framework.

One can note how uncertainty in the positioning of the connections, or equivalent to the
spacing, can be observed to be as important as uncertainties in the varying mechanical properties of

the structures. In chapter 4, good agreement was observed between the experimental data and the
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numerical models when random spacing between the attachments were considered. Uncertainties in

the spacing start to play a role from frequencies above a spacing to plate bending wavelength ratio

4 . . . . .
of P 0.5. Unfortunately, the two beams used in the experiment were not sufficiently different in
1

terms of bending stiffness to notice any additional features when compared to more flexible or stiffer

beams as had been simulated.

In the case of slowly varying properties for the infinite system, they do not result in a large
variability in the response of the coupled system. The response is highly governed by local properties
and since only small dispersion was considered there is no significant difference. For the case of
finite systems, the slowly varying properties change the natural frequencies of the system. At lower
frequencies, the uncertainties in the response of the coupled system are dominated by the
uncertainties in the host plate structure, whereas at higher frequencies, there is also a contribution
from the uncertainties in the attached beam. One can also note that the slowly varying properties
break the symmetry present in the attached beam. In the case of applying a load at the central point
of a beam, points that should be a nodal response for even modes can respond in these modified

modes when the random properties are present.

Uncertainties in the stiffness of the links that couple the structures together only played a role
above the uncoupling frequency of the system. Below that frequency, the behaviour tends to that of
a system comprising rigid links between the beam and plate. Another effect of the flexible links is
that since the system uncouples above a given frequency, the flexible links can be used to reduce the
uncertainties in the response of the combined system due to one of the elements. In the case presented
here with the external load acting on the plate, the flexible links reduce the response variability due

the attached beam.

6.1.3 Industrial implications

This thesis proposed an alternative approach to the standard technique used in the industry of
considering the cable bundles attached to structures as simply lumped masses located at the

connection points.

The use of mobilities to couple the structures also allows one to capture behaviour that would
not be present when only masses are considered, such as the stiffness and modal features of the
attached beam. At lower frequencies, the attached beams could be seen as an additional mass, shifting
down the natural frequencies of the coupled system. However, this approximation breaks down at
higher frequencies, where the attached beam contributes to some additional stiffness and it also
reduces the amplitude levels of the response of the coupled system. This arises due to the fact that
the coupled system has a higher modal density and the response of the coupled system is shared into
more modes, which lead to an apparent reduction in the amplitude of the resonances. This is similar

to apparently having additional damping in the system.
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Also, the use of mobilities matrices for the description of the dynamics of the attached beams
could be combined and implemented along with standard commercial available FE software. It would
require obtaining the mobility matrix for the host structure at the connection points from the FE

models.

The novel approach combining wavenumber estimation and Bayesian inference was able to
identify local wavenumbers and, therefore, local bending stiffnesses when a random field was
considered to describe the Young’s modulus of a slowly varying beam. This could be used, for
example, to estimate properties of critical cable bundles in structures such as satellites, which are not
under a large volume production regime. It can also offer insight of the distribution of the properties
that could be of interest for the case of the automotive industry, for instance. The example given was
for the bending stiffness of cable bundle, but in principle it could be applied to other properties and
even other structures, to identify the thickness of corroded pipes, for instance. The wavenumber
correlation technique offers the advantage of being independent of the boundary conditions, which
are typically unknown. It is also independent of the knowledge of the natural frequencies. This
technique only requires the measurement of FRFs, it is not necessary to perform a modal analysis.
However, the measurements need to be taken far away from boundary conditions and excitation
points, to assume only propagating waves. For the correct identification of local properties, the

measurement at large number of points might be required.

6.2 Future work

This study focused on the fundamental level research of variability in the response of connected
structures with uncertain properties based on a mobility approach for structures in flexure. However,
only the translational displacements were considered throughout this thesis. Therefore, the most
obvious suggestions for future work would be to extend this analysis to include the rotations involved
in the coupled structures and the offset of the links that couple the structures together. This might
introduce significant modelling complexity. Moreover, different links can be considered, as only
perfectly rigid links or translational elastic springs were used in this study. In both cases, they were

massless.

Furthermore, in all cases, the beam is attached to the plate in a straight line, which is not
necessarily the case in real applications. One could choose to investigate different configurations for
the distribution of the attached beam, possibly trying to work on an optimization problem to achieve
a given feature in the response of the coupled system, as the beam can act as an additional mass and
damping and the spacing between the connections can create local modes. The analysis of different
random spacing distributions could also be investigated, sampling the spacing from spatially

correlated random fields.
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Experimental work can be done using cable bundles and varying the positioning of the
attachment points. Also, experimental work using the proposed technique to identify local properties
should be carried out, as only synthetic data was used in this study. Work could also be done in terms
of estimation of the random field when other geometrical measurable quantities such as thickness,

width, bundle diameter are uncertain.

Other random field models using non-Gaussian distributions and different autocovariance
functions could be investigated in the description of the spatially correlated random fields via the KL

expansion.

In addition, one might also be interested in the sensitivity analysis of the coupled response to

property variation and means to reduce the coupled system variability, also including an analysis of

. kp .. L .
the importance of the k—b ratio and taking into account cable to host structure mass ratio, as well.
D
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Appendix A — Expressions for the mobilities of

homogeneous beams and plates

For an infinite and uniform Euler-Bernoulli beam, the equation of motion for flexural vibration due

to a transverse distributed force per unit length is given by [53] [104]:

2*w(x, t) 0%w(x, t)
! 7= Al
El———+pA—3 £(x, 1) (A.1)

where E is the Young’s modulus, I is the second moment of area about the neutral axis, p is the

density, A is the cross-sectional area and f,(x, t) is transverse distributed force per unit length.
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Figure A.1 — Infinite beam under a point harmonic excitation and
the propagating waves and near-field waves.
(adapted from: [2])

For a harmonic response and free vibration, i.e. f,;(x,t) = 0, Equation (A.1) has a solution in

the form:
W(x) = ate r* + qfe k¥ 4+ q=ekbX 4 gy ekv* (A.2)

where ajf; and aj are the amplitude of the transverse right and left near-field waves, respectively,
and a* and a~ are the propagating right-going and left-going waves. k;, is the free wave bending

wavenumber of the beam at the particular harmonic frequency.

The equilibrium and continuity boundary conditions for an infinite beam subjected to a point

force at x = 0 are that the internal shear force equals the applied force:

2*w (0
F= 2El# (A.3)
0x
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The internal beam bending moment to the left of the applied force equals the beam bending

moment to the right of the applied force:

2w, (0 2Wx(0
LWL Wy (0)

0x? 0x2 A4

The displacement to the left of the force equals to the displacement to the right of the applied

force:
W, (0) = Wg(0) (A.5)
The rotation to the left of the force equals to the rotation to the right of the applied force:

oW,(0) _ aW(0)
ax 0x

(A.6)

These first two relationships, (A.3) and (A.4), together are known as the force equilibrium

conditions and the second two, (A.5) and (A.6), as the continuity conditions.

As a result of applying the boundary conditions to the solution given by Equation (A.2), the

-F —IiF

wave amplitudes are ay = ay = prETTRE and at =a~ = pYTRER Therefore, the mobility of the

infinite Euler-Bernoulli beam for x = 0 can be determined substituing a* and aj; into Equation
(A.2) with ay = a~ = 0 and differentiating it with respect to time. In other words, assuming point
harmonic excitation, multiplying it by iw.

W (x) - .
B — i»—kpx —ikpx

= ie —e A7

Fy 4EIk)> ( ) &7

Yb(aiﬂ) =

where ¢ =0 and 8 = x.

Rearranging for the distance between the points:

— L .
4Elk,® (ie7tor — e7om) (A.8)

Yb(aiﬂ) =

where Yy (a, ) is the transfer mobility of an infinite beam between points a and f, w is the angular
frequency, E is the Young’s modulus, [ is the second moment of area about the neutral axis, kj, is
the bending wavenumber of the beam and 7 is the distance between the points. To obtain the driving

point mobility, one needs to set r to zero.

The bending wavenumber of a beam is given by:

1
k, = %]4\/5 (A.9)
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The host structure is assumed to be an infinite and uniform homogeneous thin plate. From the

classical plate theory for thin plates, the equation of motion for the transverse displacement subject

to a distributed transverse force per unit area p_(x, y, t) is [105] [43] [S3]:

B *w(x,y, t) 20%*w(x,y,t) 0*w(x,y,t) N 02w(x,y,t)
ax? 9x20y? ay* M g2

=p,(x,y,t) (A.10)

3

El . . . . . . . h
1) IS the bending stiffness, E is the Young’s modulus, v is the Poisson’s ratio, [ = o

where B =
is the cross-sectional second moment of area per unit width, h is the thickness of the plate, m = ph
is the mass per unit area, p is the density of the plate material and p_(x,y,t) is the distributed

transverse force per unit area.

It is possible to determine the characteristics of the wave motion in the plate in a similar way
to the one used previously for the beam using a cylindrical coordinate description. After some

algebraic manipulation, the mobility is given by [53]:

’;
S;kz [HéZ)(kpr) - ;lKO (kpr)]' a#p
Lap) =4 |7 (A.11)
NG «=F

where Y, (a, B) is the mobility for the infinite plate, Hl.(z)is an i"™ order Hankel function of the second

kind, K; is an i" order modified Bessel function of the second kind,
l
ky, = 4\/%\/5 is the flexural wavenumber in the plate, w is the circular frequency and r is the

distance between points a and f in the plate.
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to a plate

Appendix B — A reciprocity check for a beam rigidly
connected through a finite number of

points to a plate

Reciprocity should still be valid in the case one is interested on the load being applied to the beam

and it could be verified as it follows:

Assuming the response in both cases will be the same in the case of rigid links, the the velocity

vectors at the point of connection will be equal, i.e.:

wP1 = WPz (B~1)

where wPt is the response when the plate is excited, whereas WPz is the response when the external

force is applied to the beam. In both cases, the excitations are located at one of the rigid link locations.
Let Y? and Y? be the plate and beam mobilities, respectively. Then:
wP1 = yp(f _ fl) and WPz = Ypflz (B2)

where f' is the vector of transmitted internal forces from the plate to the beam when the external
load f is applied to the plate, whilst f? is the vector of transmitted internal forces from the beam to

the plate when the external load f is applied to the beam.

Y- f) = ¥Pf, ©-9
fo= (7 +v") v (B4
YPf —YP(YP +¥2) P = YP(YP + ¥2) T ¥Ef B3)
Multiplying all the terms by Y?~! from the left side:
YPTIYPf — YPIYP(YP 4+ ¥) T YPf = Y TLYR(YP 4 ¥P) YOS (B.6)
If —1(y? +¥?) 'yPf = 1(v? + ¥?) vty 7
Now, multiplying all the terms by (Y? + ¥?) from the left side:
(YP +YP) f—YPf = YOf B8
YPf +YPf — YPf = YOf (B-9)
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Appendix B — A reciprocity check for a beam rigidly connected through a finite number of points

to a plate

Ybf= Ybf (BIO)

Q.ED
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