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Abstract: We use numerical simulations with the beam propagation method (BPM) and rate 
equations to investigate the pump absorption and amplification characteristics in double-clad 
ytterbium-doped fibers with small cladding-to-core area ratios, in the range 1 -3. The presence of 
modes with low overlap with the doped region (or alternatively, skew rays) hampers the pump 
absorption in a circular geometry, but we find that the effect is small for area ratios of ∼2.5 or 
less. We derive ray-based expressions for the small-signal absorption which show similar results. 
However, even when the small-signal absorption scales nearly ideally with the inverse of the area 
ratio, the absorption in an operating amplifier is much lower, and the dependence on the area 
ratio much weaker, when a large fraction of the Yb-ions is excited in a small-area-ratio fiber. We 
derive equations which show this, and that in contrast to conventional area ratios of, e.g., 100, the 
fiber length depends more strongly on the required gain than on the required pump absorption. 
However, fibers substantially shorter than 1 m still allow for adequate pump absorption and gain. 
The effective length for nonlinear interactions is less affected by this, since the Yb-excitation is 
low where the signal power is high. Although we treat single-mode cores, the BPM amplifier 
simulations show there are a few percent of the signal power in cladding-guided modes with high 
overlap with the Yb-doped core. Nevertheless, according to our simulations, it is possible to 
achieve high efficiency and mode purity with a small-area-ratio circularly symmetric double-clad 
fiber.

Published by The Optical Society under the terms of the Creative Commons Attribution 4.0 License. Further 
distribution of this work must maintain attribution to the author(s) and the published article’s title, journal citation, 
and DOI.

1. Introduction

Circular symmetry in double-clad fiber (DCF) doped with ytterbium or another rare earth is 
known to lead to poor overlap between helical pump modes in the inner cladding with the rare-
earth-doped region in the core, and thus low effective pump absorption [1]. This is generally 
detrimental, e.g., because of increased nonlinear degradation and background loss if it leads to 
the use of a longer fiber, so several techniques such as noncircular inner cladding and offset 
signal core are used to perturb the circular symmetry and thus improve the pump absorption 
per unit length [2–4]. At the same time, the pump absorption in double-clad fiber is under 
some assumptions in some regimes approximately inversely proportional to the ratio of the inner 
cladding area to the area of the Yb-doped region, i.e., Aclad/Acore in case of a fiber doped 
throughout the core [5]. We consider this to be the ideal case. Decreasing this ratio is also a 
route to increased pump absorption and lower nonlinear degradation. Furthermore, a smaller 
area ratio can bring several additional benefits. For example, it can reduce the quantum defect in 
Yb-doped fiber lasers and amplifiers [6], enable efficient operation at 980 nm [7–9], and allows 
the Yb-concentration to be reduced, which may reduce photodarkening [10] and simplify control
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of the refractive index in the fabrication process. However, all those benefits rely on the ability of
a smaller area ratio to create a larger overlap between the pump and the dopant, and thus a higher
absorption.
The area ratio between the cladding and the core can be decreased by increasing the core

diameter. However this option is limited when single mode (SM) operation is required. It is
also possible to reduce the inner-cladding size. Although this reduces the pump power that can
be coupled into the cladding, the high brightness available today with diode lasers suitable for
pumping as well as with alternative pumping schemes such as tandem-pumping [11] helps to
overcome this limitation. However conventional double-clad fibers, in which a low-index polymer
coating serves as the outer cladding, generally have inner-cladding diameters of ∼125 µm or
larger. In this type of fibers, this is then also the diameter of the glass structure. Thinner sizes
are increasingly difficult to handle and susceptible to micro-bending [12]. Jacketed air-clad
fibers [13, 14] offer an alternative route to small inner claddings, but involve silica:air micro-
structuring which makes them more difficult to fabricate and handle, and impedes heatsinking.

All-glass waveguides, in which neither a silica:air microstructure nor the polymer coating plays
a role in the waveguiding, is another option. Such fibers can have a low-refractive-index region
(e.g., fluorine-doped) around an inner cladding of pure silica or an inner cladding with a raised
refractive index surrounded by a pure-silica outer cladding [15]. However, it is more difficult
to make the fiber non-circular, since conventional fabrication with modified chemical vapor
deposition (MCVD) do not offer access to the inner cladding for machining, which may also be
precluded by stress. It may still be possible to machine the outer cladding (typically made of pure
silica) and rely on surface tension to distort the inner cladding during the fiber draw. However,
geometries normally preferred for cladding-pumping (e.g., hexagons and other polygons) may
be difficult to realize with this method. It also distorts the core, which may be undesirable. An
unsuitable geometry (e.g., circular) may then compromise the scope for increasing the pump
absorption through the use of a small inner cladding.

On the other hand, the fraction of the pump light with low overlap with the doped core vanishes
for unity area ratio, i.e., when the inner cladding and core coincide, and it is intuitively clear that
the fraction remains small for small area ratios. This reduces the need for a non-circular inner
cladding for sufficiently small area ratios.
However, a small area ratio requires high-brightness pumping. Consequently, the potential

brightness enhancement from pump to signal becomes smaller. The brightness enhancement
also depends on the beam quality, or mode purity, of the generated light. A potential problem
with a small inner cladding is that the mode purity may be degraded, if the number of modes
with large overlap with the amplifying core, and which will therefore be present in the output
beam, increases. In case of a small inner cladding, this may include cladding-modes.
In this paper, we use computer simulations to investigate the pump absorption, signal

amplification, mode purity, and effective length for nonlinear interactions of circularly symmetric
and non-circular double-clad fiber amplifiers with small area ratios and cores that are nominally
single-mode. We use the beam propagation method (BPM) combined with standard rate equations
to simulate co-directionally cladding-pumped high-power phospho-aluminosilicate ytterbium-
doped fiber amplifier in the absence of mode-coupling. We find that a non-circular inner cladding
does improve the pump absorption as it does with conventional double-clad fibers, but a circular
inner cladding is nearly as good for area ratios up to approximately 2.5, corresponding to a
diameter ratio of 1.6. We derive analytic expressions for the actual and effective length and
compare them to the BPM simulations, and discuss the dependence on the core-to-cladding area
ratio. In contrast to conventional double-clad fibers with larger area ratios, the reduction in fiber
length is much smaller than the reduction in area ratio. We also discuss scaling of other fiber
parameters. For computational reasons we use an artificially high Yb-concentration in short
fibers, but have verified that the results can be scaled to longer fibers with lower Yb-concentration.
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Fig. 1. Double-clad fiber structure under consideration. (a) outer cladding; (b) inner cladding; (c)
core, which coincides with the Yb-doped region.

Therefore, although we report absolute fiber lengths, the relative lengths are arguably more
significant. Whereas most of our results are for operating amplifiers in which a significant fraction
of the Yb-ions is excited, we also use BPM to calculate the small-signal pump absorption (with
no excited Yb-ions), and compare this to ray-based expressions, which we derive.

2. Numerical simulation method

Figure 1 shows the primarily considered double-clad fiber structure, with concentric step-index
inner cladding and single-mode core, which is homogenously Yb-doped throughout. Table 1
lists the primarily considered parameters. We treat area ratios between the pump waveguiding
region (inner cladding & core) and core in the range 1-3, where unity area ratio corresponds to
core-pumping. We kept the index difference between core and outer cladding constant as the
inner cladding vanishes, so at unity area ratio the structure transitions into a multimode step-index
core with large numerical aperture (NA).
There are several approaches, e.g., modal treatments, to evaluate light propagation in such

structures. We used the beam propagation method [16] (BPM) as implemented in RP Fiber
Power for the scalar wave equation in the paraxial approximation to calculate the evolution of
both the signal and the pump fields, at low as well as high powers. The pump and signal are
assumed to propagate in the same direction. RP Fiber Power uses Fourier transformation to
calculate the diffraction in the BPM. It also calculates the excitation of the Yb-ions by solving
conventional rate equations, whereafter it calculates the local gain and absorption of the fields.
The power in a specific mode and its evolution along the fiber are evaluated by calculating the
overlap of the total signal field with the mode field of interest. RP Fiber Power also evaluates how
the total signal and pump powers evolve along the fiber by integrating the respective intensities in
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Table 1. Fiber and Simulation Parameters used in this paper unless otherwise stated

Parameter Description Value

λp Pump wavelength 976 nm

λs Signal wavelength 1060 nm

N0 Yb concentration 6.5 × 1026 ion/m3

Dcore Core diameter 15 µm

NAcore Core NA 0.05

NAclad Clad NA 0.3

V

V-value of single-mode core 2.22

Effective area of LP01 (with infinite inner cladding) 229 µm2

Area ratio between pumped region and core 1-3

Inner-cladding diameter
21.2 µm (area ratio 2)

26.0 µm (area ratio 3)

Approximate number of supported scalar pump modes
( V2/4)

53 (area ratio 1)

106 (area ratio 2)

158 (area ratio 3)

Psignal

Total launched signal power 100 mW

Fraction of signal power launched into LP01 95%

Fraction of signal power launched into LP11 5%

Ppump Total launched pump power 30 W

σa Absorption cross section
1.77 × 10−24 m2 at 976 nm

8.02 × 10−27 m2 at 1060 nm

σe Emission cross section
1.71 × 10−24 m2 at 976 nm

0.42 × 10−24 m2 at 1060 nm

τ

Fluorescence lifetime 0.85 ms

Pump absorption at zero excitation and unity overlap 5 dB/mm

Small-signal (“cold”) pump
absorption length

0.87 mm (area ratio 1)

1.74 mm (area ratio 2)

2.61 mm

Signal absorption at zero excitation and unity overlap 0.0227 dB/mm

Signal intrinsic saturation intensity 0.515 mW/µm2

Signal intrinsic saturation power (based on core area) 91.0 mW
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different transverse planes.
The results depend on the light excitation conditions. Unless otherwise stated, for amplification

simulations, we use an input signal which consists of a mixture of the LP01-mode and one of
the two degenerate LP11-modes and where 5% of the power is in LP11. Note that this is a
cladding-mode of the double-clad fibers. The phase difference between LP01 and LP11 is zero at
launch, although this is not important since the phase difference varies rapidly along the fiber.
The input pump is a mixture of all guided modes where each mode has the same power and a
random phase for amplifier as well as small-signal absorption simulations. For the ray analysis
of the small-signal absorption, we use an equivalent excitation with uniform power density at the
fiber facet and with the direction of propagation uniformly distributed in the transverse plane in
each point in the waveguiding region. But note that we use BPM unless otherwise stated.
Mode-coupling is neglected. Mode coupling increases the pump absorption by transferring

power from modes with low absorption to those with high absorption. This suggests that the
actual pump absorption may be higher. However, mode-coupling is expected to be small, and
may be negligible, because of the relatively large modal effective-index spacings for the small
inner claddings we consider.

Also amplified spontaneous emission (ASE) is neglected. Whereas ASE can be avoided at the
low signal gain we consider, it can still be a factor if the gain peak wavelength is different than
the signal wavelength, or the gain is locally unsaturated, e.g., at the edge of the core [10].

With our assumptions, there is no counter-propagating light. Therefore, the light-fields at any
longitudinal fiber coordinate can be taken as the output light-field for a fiber of the corresponding
length. This contrasts with the case when coupling between forward and backward-propagating
light is significant, which is common at high levels of gain.

Because of the large computational burden of BPM, the simulated fiber lengths are short t. The
Yb-concentration of 6.5 × 1026 ions/m3 is artificially high to compensate for the short length,
and may be unrealistic. A concentration of 1 × 1026 ions/m3 is more typical for conventional
double-clad Yb-doped fibers, and a lower-than-normal concentration of, say, 1 × 1025 ions/m3

may be more appropriate for the area ratios we consider. A lower concentration helps to reduce
thermal effects, which otherwise can be significant at high power. Note also that except for
long-wavelength tandem-pumping, a small inner cladding typically leads to a high Yb-excitation,
which can accelerate photodarkening [10] and may require an Yb-concentration that is lower
than normal. However, our modeling excludes those effects, as well as nonlinearities such as
stimulated Raman scattering. We verified that our results can be scaled to longer fibers of lower
Yb-concentrations, in the absence of those effects. Thus, insofar as those effects are negligible,
the simulated fibers are still long enough to accurately describes the pump absorption and laser
amplification characteristics also in more typical lengths.
Note also that the use of BPM implies that pump and signal are both assumed coherent,

whereas at least the pump is normally incoherent. However, we found only small differences
between the coherent simulations presented here and incoherent simulations (also with RP Fiber
Power and without mode-coupling).

3. Results and discussion

3.1. Small-signal pump absorption

Figure 2 shows the so-called small signal, or “cold”, pump absorption, i.e., when all Yb-ions are
in the absorbing ground state, for different inner-cladding shapes and for three different area ratios,
where unity area ratio corresponds to core-pumping. In case of unity overlap, the absorption
is given by the product of the concentration and absorption cross-section, and becomes 5.00
dB/mm. In case of cladding-pumping, because the distribution of the launched light is nearly
uniform across the inner cladding, the initial rate of absorption is inversely proportional to the
area ratio. The length-coordinate in Fig. 2 is scaled to compensate for this dependence and
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thus facilitate comparisons of the deviations from the ideal exponential power decay according
to Beer-Lambert’s law. The rate of absorption decreases along the length of the double-clad
fibers, since modes with high overlap with the Yb-doped core are preferentially absorbed in the
initial part of the fiber, and relatively more of the remaining pump power is propagating in modes
with small overlap with the Yb-ions. Also the core-pumped fiber exhibits this effect, which we
attribute to a small number of modes with a substantial evanescent field extending outside the
Yb-doped core. Still, in our simulations the rate of absorption is relatively high even when only
1% of the pump light remains, so the effect is not significant in practice.

Fig. 2. Small signal absorption of pump vs. scaled fiber length for circular and non-circular inner
cladding at different area ratios. Solid lines: circular inner cladding. Dashed lines: 10%-D-shaped
inner cladding. Dotted lines: octagonal inner cladding.

Table 2 summarizes results presented throughout this paper, including these small-signal
absorption characteristics. For the fibers with circular inner cladding, the absorption values
for which the rate of absorption (i.e., the slope in Fig. 2) drops by half become 3.8 dB (58%)
and 7.5 dB (82%) for cladding / core area ratios of 3 and 2, respectively. Furthermore, the
absorptions for which the length required is twice as long as it would be with the uncompromised
initial absorption become 4 dB (60%) and 7.7 dB (83%) for cladding / core area ratios of 3 and
2, respectively. We can describe this as if approximately 35% - 40% (area ratio 3) and 17%
- 20% (area ratio 2) of the power have a poor overlap with the core, whereas the overlaps are
reasonable for the remaining power. The fractions can be compared to the percentage of pump
light launched outside the core area of 67% and 50%. Thus, the fraction of pump power with
reasonable small-signal absorption significantly exceeds the core’s area fraction.

Figure 2 and Table 2 also show the improvements possible with octagonal and 10%-D-shaped
inner cladding. For D-shaping, a segment of 10% height relative to the diameter is removed from
the otherwise circular inner cladding. D-shaping comes close to the ideal case even for area ratio
of 3, for which the octagonal shape is less effective.
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Table 2. Summary of Key Results.

Area
ratio

Transversally
uniform
distribution1

Circular
BPM

Analytic /
estimatea

Octagonal
BPM

10%-D-
shaped
BPM

Length-scaling factor
to reach 10 dB
small-signal pump
absorption relative to
ideal case1 (cf. Fig.
2 & 3)

1 1 (2 mm) 1 12 Not
considered3

Not
considered3

2 1 (4 mm) 1.6 10 dB not
reached2

1.3 1.1

3 1 (6 mm) 15.8 10 dB not
reached2

2.5 1.2

Fraction of
unabsorbed pump
power where rate of
absorption has
dropped by half in
small-signal regime
(cf. Fig. 2 & 3)

1 0% ∼0 % 0% Not
considered3

Not
considered3

2 0% 17.7% 33.3%2 7.2% 5.1%

3 0% 41.7% 48.5%2 32.4% 5.7%

Residual pump power
after 15 dB ideal
pump absorption1in
small-signal regime
(cf. Fig. 2 & 3)

1 3.2% ∼3.2 % 3.2%2 Not
considered3

Not
considered3

2 3.2% 11% 21.2%2 7.8% 5.7%

3 3.2% 23.6% 32.6%2 16.6% 6.4%

Residual pump power
after infinite length
(both small-signal
and high-power case)

1 0 0 02 03 03

2 0 0 18.2%4 0 0

3 0 0 30.8%2 0 0
Length and
length-scaling factor
relative to BPM
calculation with unity
area ratio for
amplifier with 10 dB
(27 W) operating
pump absorption (cf.
Fig. 4 & 6)

1
Same as
analytic /
estimate

52.3 mm

1

42.4 mm5

0.81
Not

considered3
Not

considered3

2
Same as
analytic /
estimate

64.1 mm

1.22

44.5 mm5

0.85

55.19 mm

1.06

52.88 mm

1.01

3
Same as
analytic /
estimate

165.5 mm

3.16

46.6 mm5

0.89

71.25 mm

1.36

60.45 mm

1.16

Signal output power
and gain for amplifier
with 10 dB (27 W)
operating pump
absorption (cf. Fig. 4
& 6)

1
Same as
analytic /
estimate

24.42 W

23.87 dB

24.4 W

23.87 dB
Not

considered3
Not

considered3

2
Same as
analytic /
estimate

24.25 W

23.84 dB
Same6

23.67 W

23.74 dB

23.63 W

23.73 dB

3
Same as
analytic /
estimate

24.13 W

23.82 dB
Same6

23.7 W

23.75 dB

23.79 W

23.76 dB

Effective length at 10
dB operating pump
absorption

1 Not calculated 14.9 mm 9.06 mm7 Not
considered3

Not
considered3

2 Not calculated 23.4 mm 10.78 mm7 15.85 mm 14.01 mm

3 Not calculated 115.97 mm 12.5 mm7 26.46 mm 17.32 mm
a Either ray model with circular geometry or with transversally uniform power distribution (Eq. (2))
1 Pump is transversally uniformly distributed in each fiber cross-section.
2 From ray model, Eq. (15) & Fig. 3
3 Our assumption of a circular core is at odds with a non-circular geometry with unity area ratio. If a non-circular core is considered

then the results are expected to be close to those for a circular core.
4 From ray model, Eq. (8) & Fig. 12
5 Eq. (2) with 10 dB pump absorption and 23.87 dB signal gain.
6 90%power conversion efficiencywith respect to absorbed pump power assumed, which can be compared to the quantum-defect-limited

conversion efficiency of 976/1060 = 92.1%.
7 Eq. (2) with 4.343 dB signal gain to 24.4 W of output power and 8.269 dB pump absorption to 3 W of pump leakage (15.42 W of

added signal power and 17.14 W of absorbed pump power with 90% conversion efficiency).
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As it comes to the required small-signal absorption, typical design targets are in the range
10-20 dB for typical double-clad fibers. Whereas the decrease in absorption rate along the fiber
makes it difficult to reach 20 dB of absorption with a circular geometry, 10 dB is feasible. For
the circular fibers in Fig.2, in case of an area ratio of 3, the length-scaling factor required to
reach 10 dB absorption relative to the uncompromised initial slope becomes 15.8 which appears
prohibitively large. However, for an area ratio of 2, this length-penalty factor drops to 1.6.

Ray tracing is sometimes used to evaluate the absorption in double-clad fibers [2,17–19]. This
is justified with the highly multimode nature of a large inner cladding. One attraction with a ray
treatment is that it allows us to derive analytical expressions for the small-signal absorption in
case of a circular inner cladding. See Appendix. However, since the inner claddings we consider
are much smaller than in previous treatments [1, 15–17], and support much fewer modes, a ray
model may not be appropriate. To investigate this, Fig. 3 and Table 2 present results of ray-based
absorption calculations according to Eq. (8) and (15), together with the corresponding cases
calculated with BPM from Fig. 2. We see that the ray treatment underestimates the absorption,
as compared to the more accurate wave treatment of BPM. This is expected. There is a fraction
of skew rays which would never interact with the core of an unperturbed circular fiber and would
thus never be absorbed. However, a ray, without any transverse spread, is only an approximation
of a physical beam of light, which will inevitably interact with the core as the light beam diffracts.
(Equivalently, although a modal superposition can be phased so that it tightly confines the energy
in one point, it dephases along the fiber so that the energy spreads out and interacts with the
core.) Consequently, the ray treatment can be viewed as a lower bound on the actual absorption.
According to Eq. (8), the fraction of rays that never interacts with the core becomes 30.8% (area
ratio 3) and 18.2% (area ratio 2). This is in reasonable agreement with the fractions of power
with poor absorption as evaluated with BPM. The ray approximation is expected to improve with
larger structures. This is confirmed in Fig. 3 which includes BPM simulations of a fiber with
area ratio 3, but scaled up in diameter by 2 and 4 times. This reduces the absorption and makes it
closer to the ray calculations.

Fig. 3. Small signal pump absorption vs. scaled fiber length at different area ratios with circular
inner claddings. Solid lines: analytical expressions in ray model. Dashed lines: beam propagation
method. For area ratio of 3, fibers that are scaled up in core and cladding diameter by 2 and 4
times are included, in addition to the default case with parameters as given in Table 1.
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3.2. Pump absorption in operating amplifier

The small-signal “cold” absorption is generally assumed to be closely linked to the required length
and performance of a cladding-pumped fiber. However, the actual “hot” pump absorption, when
the fiber is operating as an amplifier or a laser, is of more direct importance, and ultimately the
conversion efficiency (or output power) and the signal’s effective length for nonlinear interactions
(e.g., stimulated Raman scattering) are often the primary parameters of interest. Given that a
fraction (n2) of the Yb-ions are excited in the operating fiber, the operating absorption becomes
smaller than the “cold” absorption. Figure 4 shows how the pump and signal powers evolve
for circular inner claddings. It is similar to Fig. 2, with parameters from Table 1, but in the
high-power regime, with 30 W of launched pump power and 0.1 W of signal seed power. This
will result in up to ∼24 dB of gain in an efficient device, i.e., if most of the pump power is
converted to signal power. There is no loss in our simulations, except for spontaneous emission.
The pump power that needs to be absorbed to compensate for the spontaneous emission at 24
dB of gain becomes ∼0.5 W. This power, which takes away from the conversion efficiency, is
proportional to the effective area of the signal. (It also depends on the fiber length but because
of the low “cold” absorption at the signal wavelength, this is negligible.) There are now three
distinct regions, shown in Fig. 4. An initial region where the absorption is saturated by the strong
pump is followed by one with a higher absorption where the signal power is sufficient to reduce
the fraction of excited Yb-ions. In case of an area ratio of 3, there is also a final region with low
absorption in which the pump power resides in modes with low overlap with the Yb-doped core.
This impairs the conversion from pump to signal. By contrast, for an area ratio of 2, it is possible
to convert nearly all the pump into signal even in a circularly symmetric fiber, according to our
simulations.

Fig. 4. Evolution of pump power (in dBm) and signal power (in W) in the high-power regime for
circular inner claddings with different area ratios.

3.3. Fiber length

The required fiber length is also interesting , and closely related to the pump absorption. First,
we reiterate that the lengths in our graphs are artificially short because of an artificially high
Yb-concentration, but can be rescaled to longer lengths corresponding to lower Yb-concentrations
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in Fig. 4 and elsewhere. In Fig. 4, the required length is only marginally longer with cladding-
pumping than with core-pumping, except when pump modes with poor overlap with the core
become dominant for area ratio of 3. Therefore, in contrast to the small-signal absorption plots,
the length axis is no longer scaled by the area ratio. However, with all three area ratios, the fibers
are much longer than suggested by the conventional target of 10-20 dB small-signal absorption.
For example, for unity area ratio, an operating pump absorption of 10 dB is reached after 52.2
mm, at which point the small-signal absorption reaches 261 dB in the ideal case with perfect
overlap.

To better understand the required fiber length in operating devices, we write the gain in decibels,
GdB, as [20]

GdB = 4.343ΓN0L [(σe + σa) n2 − σa] , (1)

Here, Γ is the overlap between the light-field and the doped region, N0 is the Yb ion concentration,
L is fiber length, n2 is the fractional excitation of the Yb ions averaged along and across the
fiber, and σe and σa are emission and absorption cross-sections. For the pump, the gain is
negative and related to the operating pump absorption as αop

dB
= GdB, with a reduced overlap in

case of cladding-pumping. It is straightforward to derive the following expression for how the
length depends on the gain and operating absorption, where n2 has been eliminated and where
superscripts s and p designate quantities for the signal and pump:

L =
Gs

dB

(
σ

p
a + σ

p
e

)
+ rAΓα

op
dB

(
σs
a + σ

s
e

)
4.343N0

(
σ

p
aσ

s
e − σp

e σ
s
a

) , (2)

Here, rAΓ = Γs/Γpis the effective area ratio. (If we also assume that the signal overlap Γs = 1
and that the pump overlap Γp is equal to Acore/Aclad then rAΓ equals the geometric area ratio
Aclad/Acore.) Note that often, σp

aσ
s
e � σ

p
e σ

s
a in our case by a factor of 54 (and σs

e is larger
than σs

a by a similar factor). Note also that for a conventional double-clad fiber with sufficiently
large (effective) area ratio, the second term in the numerator dominates over the first term. This
implies that the need to absorb the pump power dictates the fiber length. However, for smaller
area ratios, the first term, and thus the need to achieve a certain signal gain, becomes more
important. From Eq. (2), the length scales with the area ratio as follows:

L
L1
=

rAΓ − 1

1 + Gs
dB
/(σs

a+σ
s
e )

α
op
dB
/(σp

a +σ
p
e )
+ 1, (3)

where L1 is the fiber length for rAΓ = 1. Note that here, rAΓ is assumed to be independent of
fiber length, whereas it could in general change due to changing pump power distribution. If
rAΓ � 1 +

[
Gs

dB
/
(
σs
a + σ

s
e

) ]
/
[
α
op
dB
/
(
σ

p
a + σ

p
e

) ]
(i.e., for large area ratio), or if[

Gs
dB
/
(
σs
a + σ

s
e

) ]
/
[
α
op
dB
/
(
σ

p
a + σ

p
e

) ]
� 1 (e.g., for low gain), then (L/L1) is approximately

proportional to rAΓ. However, in other regimes the dependence on rAΓ is weaker. With our
parameters, with cross-sections from Table 1, αop

dB
= 10 dB, and Gs

dB
= 24 dB, Eq. (3) becomes

L
L1
=

rAΓ − 1
20.51

+ 1, (4)

Thus, for the area ratios we consider, the dependence on the area ratio is much weaker than
proportional. Rather, increasing the area ratio from 1 to 2 only increases the fiber length by
4.8%. We emphasize that this assumes that the overlaps are constant along the fiber (e.g., if the
transverse pump profile remains uniform). Note also that with our fiber parameters, the gain
peaks at around 1030 nm rather than at 1060 nm (our signal wavelength). At 1030 nm, (σs

a + σ
s
e

) is considerably larger, so the dependence of L/L1 on rAΓ is stronger. (The required fiber lengths
are shorter, too.)
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Deviations from a uniform pump beam profile and thus variations in the overlap with the
Yb-ions along the fiber mean that even longer fibers are needed to reach a given operating
absorption in a cladding-pumped fiber with a circular inner cladding. Still, the weak dependence
on the area ratio in Eq. (2) - (4) remains influential. Thus, compared to the core-pumped case,
the actual fiber length for 10 dB operating absorption at an area ratio of 2 is only 22% longer in
the BPM calculations of Fig. 4. By contrast, in case of an area ratio of 3, the large fraction of
pump power in modes with poor overlap with the core means that we reach 10 dB of absorption
only for an actual length of 165.5 mm, which is 3.16 times the length with core-pumping.
However, a shaped cladding makes the transverse pump distribution more uniform and improves
the applicability of Eq. (1) - (4) also with area ratios of three and larger.

3.4. Effective length

It is clear from above that fibers with small area ratio need to be significantly longer than suggested
by simple scaling by the area ratio from typical values in a double-clad fiber (e.g., 100). On the
other hand, the signal’s effective length, Leff, which is related to nonlinear degradation, is often
more important than the actual fiber length. We have,

Le f f =

∫ L

0 P (z) dz

P (L) , (5)

where P(z) is the signal power along the fiber. Figure 5 plots the effective length vs. the actual
length as well as the output power P(L), for the same conditions as in Fig. 4. The effective
lengths are much shorter than the actual lengths, but are still generally many times larger than the
“cold” pump absorption length. According to Eq. (2), under the simplification of transversally
uniformly distributed pump and signal, the actual length becomes L = 1.69Gs

dB
+ 0.208rAΓα

op
dB

[mm] with our parameters. Thus, with our parameters, a gain of ∼24 dB influences the length
more than an operating pump absorption of, say, 10 dB does, for area ratios between 1 and 3, and
it is again clear that a requirement for high gain strongly influences the fiber length. However, it
does not necessarily strongly influence the effective length. When the signal power becomes high
and makes the integrand in Eq. (5) significant, it will at the same time reduce the Yb-excitation
and thus improve the pump absorption. Remaining pump power in modes with adequate overlap
with the Yb-ions can then be absorbed and converted to signal in a relatively short distance,
which reduces the effective length. The effective length can be approximated as the length over
which the signal gain reaches 4.343 dB as measured from the signal output end. In an efficient
device with 90% conversion of absorbed pump into signal and 10% (3 W) pump leakage, the
signal output power becomes 24.4 W. The final 4.343 dB of gain corresponds to 15.4 W of
generated signal power from 17.1 W of absorbed pump (with 90% efficiency). It follows that the
pump absorption in this last section becomes 8.27 dB. Thus, more than 80% of the total pump
absorption in decibels occurs in this length, which is approximately equal to the effective length.
From Eq. (2), it becomes 9.1 - 12.5 mm for area ratios 1- 3. See Table 2.

For rAΓ = 2, the effective-length estimate becomes 10.8 mm. This deviates by a factor-of-two
from the 90%×90%=81% conversion point (24.4 W of output power) in Fig. 5. The deviation is
smaller for rAΓ = 1. This suggests that pump power in modes with poor overlap with the core
causes the deviation, which should therefore become smaller with shaped claddings. Figure 6
compares the power evolution and Figure 7 compares the effective length between the same
circular inner claddings as used in Fig. 4 with shaped inner claddings, at area ratio of 2 and 3.
The agreement with our simple estimate is better with shaped claddings. The Figs also confirm
that an area ratio of two works well with a circular geometry. The effective length becomes larger
at an area ratio of 3, especially for high conversion efficiency with circular inner cladding. Other
curves are closer together, with relative separation smaller than the separation in area ratio. We
conclude that as for the actual length of an operating fiber, the effective length does not depend
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Fig. 5. Effective length of signal for circular inner claddings with different area ratios as a function
of (a) actual length and (b) signal output power. Signal output powers of 5, 15, and 20 W are also
marked in (a), where lower output powers have shorter effective length.

Fig. 6. Pump and signal power along the fiber for circular (solid, blue), 10%-D-shaped (dashed,
red) and octagonal (dotted, black) inner cladding at (a) area ratio 2 and (b) area ratio 3.

strongly on the fiber geometry for the parameters we considered, provided that the fraction of
pump power with poor absorption is small.

3.5. Scaling considerations

BPM is computation-intensive, and we therefore restrict the simulations to short fibers with
relatively small core and inner cladding. We next discuss to what extent the simulations are valid
for other fiber parameters. Although we only consider a small set of scaling cases, these can be
combined to other cases not explicitly treated.

In some cases, it is possible to exactly scale results. The results depend on the dephasing and
saturated amplification and absorption of modes. If the core and inner-cladding dimensions are
both scaled by a factor of x (so the area ratio stays the same), and their respective NA are scaled
by x1 so that their V-values remain constant, then the modal dephasing along the fiber remains
constant if the length is scaled by x2. If also the Yb-concentration is scaled to yield the same
absorption in the scaled length (so by x2), and the pump and signal powers are scaled by x2

to yield the same intensities and thus the same Yb-excitation, then the pump- and signal-field
evolutions remain identical, except for the scaling. Simulations confirmed this. Also, to repeat, if
the spontaneous emission rates and thus the intrinsic signal saturation power are comparatively
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Fig. 7. Effective length vs. signal output power for circular (solid, blue), 10%-D-shaped (dashed,
red) and octagonal (dotted, black) inner cladding at area ratio 2 and 3.

small, then the ratio of the signal and pump power matters more than their absolute values. Note
however that we neglect mode-coupling. This increases in larger waveguides, and then the results
are no longer perfectly scalable.
For the parameters we considered, we also found that the length had no effect if the Yb-

concentration was changed to keep the concentration-length product constant. This would not
be the case, if the interaction of mode beating and local gain saturation is significant and not
averaged out because the fiber is too short, but we saw no such effect.
To investigate scaling that keeps the area ratio constant, we next compare the results for the

circularly symmetric fiber with area ratio of two, and already plotted in Fig. 4, with those
for another fiber with the same core V-value, area ratio, and inner-cladding NA but with core
diameter and thus inner-cladding diameter which are twice as large. We also scaled the pump and
signal input power to keep the power density the same. The simulations show that even when the
area ratio is constant, a larger inner cladding reduces the pump absorption and the signal power.
See Fig. 8. This is understandable. The larger inner cladding has a larger V-value and thus
supports more modes. From Fig. 8, we conclude that some of these modes have small overlap
with the Yb-doped core and therefore are only slowly absorbed, although the effect is relatively
small with our parameters. A larger inner-cladding NA increases the number of pump modes,
too, and is also expected to increase the problem of pump modes with poor overlap in a circular
geometry. However, an inner-cladding NA of 0.3 is already high for all-glass fibers. A higher
inner-cladding NA may not be realistic in high-silica fibers suitable for high-power operation.

3.6. Signal mode purity

Unlike conventional DCFs with a large area ratio, the overlap between cladding-modes of the
signal and the Yb-doped core cannot be neglected in small-area-ratio fibers. Table 3 lists the
overlap between the Yb-doped core and the signal-modes LP01, LP11, and LP02 for area ratios of
1, 2, 3, and 100. The latter is a more conventional geometry for which only LP01 has significant
overlap with the core. For area ratio 2 and 3, the overlaps and thus the gains of the cladding-guided
higher-order modes (HOMs) LP11 and LP02 are significant even though the V-value of the core
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Fig. 8. Power evolution for fibers with area ratio of 2 selected from Fig. 4 (solid, black); with
core and cladding diameters which are twice as large (dashed, red). The pump and signal powers
for the larger-diameter case are scaled to yield the same power density as for the smaller default
diameters.

is below the cutoff for SM operation. This can degrade the mode purity. To investigate this, we
excited both LP01 (95% of launched power) and LP11 (5% of launched power) with signal light at
the input of the fiber for the simulations in Fig. 4. For the 140 mm long circular DCF at area ratio
of two, the gain of the fundamental mode LP01 becomes 24.3 dB and the gain of LP11 becomes
21.7 dB. At area ratio of three with length of 210 mm, the gain becomes 24.1 dB and 18.0 dB,
respectively. We also used a mixture of all guided modes as signal input for the simulation where
90% of the signal power is in LP01, and 10% of the signal power is in all HOMs with equal
power and random phase. The gain of the fundamental mode LP01 becomes 24.6 dB and the
average gain of the HOMs becomes 17.7 dB at area ratio of two. At area ratio of three, the gain
values become 24.3 dB and 12.8 dB, respectively. Thus, we find the mode purity improves after
amplification in all cases, as shown in Fig. 9. However, the gain difference between LP01 and
higher-order modes is much smaller than in a conventional single-mode double-clad fiber, which
makes the signal launch more critical. It is also interesting to note that the fraction of power in
LP01 reaches equilibrium values which are different for the different cases, but less than unity.
We attribute this to LP01’s weak compression of the gain in the edges of the core [10]. This leads
to higher gain of the HOMs, until they reach an equilibrium where they saturate the gain to the
level of LP01. The power in the HOMs is higher for smaller area ratios. Still the signal output was
close to diffraction limited (M2 = 1.12) even at an area ratio of 1.5. Note that our simulations are
for straight fibers and the details are expected to change for bent fibers. Furthermore, simulations
showed that the D-shaped fiber, which has the lowest symmetry of the geometries we consider,
had a slightly worse LP01 equilibrium power-fraction. Note also that in Table 3, the difference
in modal effective index between LP01 and the HOMs is smaller in the double-clad fibers with
single-mode core than in the fiber with the multimode core. We mention also that significant
gain for HOMs can promote transverse mode instability [21, 22].
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Table 3. Overlap, Effective Index, and Output Power in Different Modes for
Different Area Ratios for Circularly Symmetric Fibers.

Area
ratio

LP01 overlap /
effective index

LP01 final
power fraction
(from Fig. 4)

LP11 overlap / effective
index difference to LP01

LP02 overlap / effective
index difference to LP01

1 0.998 /
1.4399877

0.995 / 1.35 × 10−3 0.989 / 3.66 × 10−3

2 0.919 /
1.4403246

0.9781 / 0.9592 0.809 / 0.81 × 10−3 0.67 / 2.17 × 10−3

3 0.861 /
1.4403875

0.9921 / 0.9832 0.658 / 0.67 × 10−3 0.444 / 1.64 × 10−3

100 0.794 / 1.44042 0.047 / 0.439 × 10−3 0.003 / 0.4394 × 10−3

Fig. 9. Power fraction of fundamental mode for different signal seed profiles, but with same total
seed power. Solid line: mixture of modes LP01 and LP11 where the phase difference of LP01
and LP11 is zero and where 5% of the power is in LP11; Dashed line: mixture of modes LP01
and all other guided modes where the phases of LP01 and high-order-mode are random and where
a total of 10% of the power is in all HOMs with equal power.

3.7. Other operating regimes

Pumping at shorter wavelengths than the peak at 976 nm (e.g., 915 - 940 nm) makes the
dependence of the length on rAΓ stronger. In these regimes, the excitation level n2 is smaller,
which also reduces the difference between the small-signal and the high-power pump absorption.
In addition, the difference between pumping on and off the absorption peak may be smaller
when the length is primarily determined by the need to reach adequate gain. However, in case of
tandem-pumping at wavelengths longer than the absorption peak (1018 nm is often considered),
the factor (σp

aσ
s
e − σ

p
e σ

s
a ) in the denominator of Eq. (2) can be small. Longer fibers are then

needed, although the absorption can still be adequate with realistic Yb-concentrations. For
example, rAΓ = 2 requires a total of 1485 dB of small-signal core absorption at 976 nm for 10
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dB operating absorption at 1018 nm and 24 dB gain at 1060 nm, according to Eq. (2). This is
comparable to the core absorption of a conventional cladding-pumped fiber. A full investigation
of the impact of different signal and pump wavelengths at small area ratios is beyond the scope of
this paper. We also mention that cladding-pumped fiber Raman amplifiers and lasers benefit
from area ratios of at most ∼8 [23]. Our simulations here suggest that the efficiency would
improve with even smaller area ratio, given that fibers are typically circularly symmetric for ease
of manufacture. Experiments confirm that residual pump power has low overlap with the core in
a circularly symmetric double-clad Raman fiber with area ratio ∼5.8 [23].

4. Conclusions

We have used BPM and rate equations to simulate the pump absorption, signal amplification,
mode purity, and effective length of the signal in co-directionally cladding-pumped Yb-doped
fiber amplifiers with a single-mode core in a small inner cladding (area ratio between cladding
and core of 1 - 3), as well as in comparable core-pumped multimode fibers. This is relevant
for the design of cladding-pumped fibers and lasers and amplifiers with small area ratios and
high-brightness pumping. We have primarily considered a pump wavelength of 976 nm and a
signal wavelength of 1060 nm. Table 1 lists our default fiber parameters and Table 2 summarizes
key results.
We assumed that mode-coupling is negligible, which is reasonable with the small inner-

cladding diameters we considered (typically 20-30 µm). The absence of mode-coupling reduces
the absorption when there are pump modes with low overlap with the Yb-doped core, and this is a
concern in fibers with a circular inner cladding. Nevertheless, we found that the pump absorption
was acceptable even with a circular inner cladding for area ratios up to ∼2.5, in fibers with
∼23.7 µm diameter, 0.3-NA inner cladding. As it comes to the small-signal pump absorption,
this was then deemed sufficiently close to exponential up to 10 dB or more, and the absorption
rate was reasonably close to the inverse of the area ratio. The pump absorption degraded with
larger area ratios, but recovered when the circular symmetry was broken with D-shaped and
octagonal inner claddings. Such geometries are often used for conventional fibers with large area
ratio, but are difficult to combine with some fabrication approaches for small-area-ratio fibers.
We also derived ray-model-based analytic expressions for the small-signal absorption in circular
structures. This underestimates the absorption, but still shows that more than 75% of the power
is in rays that are absorbed for area ratios smaller than 2.5, vs. only 13% for a typical area ratio of
100. The ray calculations agree better with the more accurate BPM simulations for larger inner
claddings that support more modes.
The inner-cladding parameters that worked well for the small-signal pump absorption agree

with those that worked well for the more relevant “hot” (operating) pump absorption in the
high-power regime. However, the excitation of Yb-ions is significant in a fiber with small area
ratio. We showed analytically that consequently, a need for high gain (e.g., ∼24 dB in our case) is
more important for the required fiber length than the need for adequate pump absorption. This
reduces the benefits of a small inner cladding. On the other hand, we showed that the dependence
on the effective length for nonlinear interaction is relatively stronger, although still much weaker
than the small-signal absorption’s ideally inverse dependence on the area ratio. Furthermore, it is
still generally possible to achieve short as well as typical targeted fiber lengths by adjusting the
Yb-concentration and thus expand the engineering control of the length.

We discussed the impact of scaling fiber parameters within a fixed area ratio. Increasing
the inner cladding to 84.9 µm diameter at an NA of 0.3 and an area ratio of 2 did show some
degradation in the absorption, but the effect was modest. We attribute this degradation to the
appearance of modes with increasingly low overlap with the core, as the number of guided modes
increases. The Yb-concentration was not important, if the concentration-length product is kept
constant. Thus, it is possible to scale the fiber lengths we report to other values, in inverse

                                                             Vol. 27, No. 19 | 16 Sep 2019 | OPTICS EXPRESS 26836 



proportion to the Yb-concentration. Nevertheless, many fiber parameters will influence the
results, and their importance depends on factors such as cladding geometry, operating regime
(e.g., gain level) and spectroscopy (including the case of other active dopants). The reduced
importance of the pump absorption for the fiber length may also make it less beneficial to pump
on the absorption peak. We have not simulated tandem-pumping on the long-wavelength side of
the absorption peak (e.g., at 1018 nm). However, we expect that key conclusions still apply, and
that adequate pump absorption is possible also in those cases, although the required fiber length
may be comparable to that for a conventional double-clad fiber.
The presence of cladding-modes with high overlap with the core affects the mode purity in

circular fibers with small inner cladding. Although the signal gain remains the highest for the
fundamental mode so that some signal-mode purity enhancement relative to the launch signal is
possible, the gain for cladding-guided higher-order modes can be nearly as high. Furthermore,
mode-selective gain saturation leads to an equilibrium distribution with a few percent of the
signal power in higher-order modes. Still, even though a circular inner cladding suffers from
reduced absorption already at an area ratio of three and a smaller inner cladding may increase
the signal power in higher-order modes, there is a range of area ratios that allow for good pump
absorption and good beam quality even in circular inner claddings.

Appendix: Ray approximation for pump absorption

Figure 10 shows the double-clad fiber structure we consider, with concentric inner cladding
and doped region (coinciding with the core) with radius a relative to the inner cladding and
with uniform Yb-concentration. This is essentially the same as for the BPM calculations. The
area ratio becomes a−2. However, in the ray modeling, we neglect refraction in the core and
effectively treat a medium with constant refractive index within the inner cladding. We also
assume that the pump-rays are reflected at a “hard” outer boundary of the inner cladding. After
each reflection, a ray will travel an equivalent path through the inner cladding until it reaches the
cladding boundary again. In doing so, it may pass through the core, whereby a fraction of the
power in the ray is absorbed. Other rays will not pass through the core. The circular geometry
means that the path of a reflected ray will be equivalent to the path of the incident ray, so it is
enough to treat a single pass of a ray through the cladding. The circular geometry also means
that it is sufficient to characterize a ray by its minimum distance x to the center of the fiber, the
inner caustic [24],since rays traveling at different angles in the cross-sectional (transverse) plane
but have the same minimum distance have the same absorption. This is true even if the rays have
different angles to the cross-sectional plane (and thus to the fiber axis): As a ray propagates down
the fiber, the absorption of light in that ray is proportional to the fraction b of the path which is
inside the Yb-doped region. This fraction, i.e., the overlap of a ray with the core, is independent
of the angle of the ray to the cross-sectional plane (if refraction is neglected). Rays parallel to the
fiber axis fall outside this description, but the fraction of the power in such rays is zero and they
can therefore be disregarded. In addition, we disregard the longer path of rays propagating at
larger angles to the fiber axis. This increases the absorption per unit length, but through a lower
group velocity rather than a larger overlap, and only by ∼2.2 % for a ray propagating at an angle
of 0.20 rad to the fiber axis, corresponding to an NA of 0.3.
From Fig. 10, the overlap is given by b = l / L, where l is the length of the ray through the

doped region as projected onto the transverse plane and L is the total (similarly projected) length
of the ray through the inner cladding (including core), i.e., the chord. We have, from Pythagoras,

L = 2
(
1 − x2

)1/2
. (6)
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Fig. 10. Fiber cross-section and symbol definitions.

Using a similar expression for l, we can write b as follows:

b =
(
a2 − x2

)1/2
/
(
1 − x2

)1/2
x < a

b = 0 x > a.
(7)

We next consider the distribution of pump power between rays with different values of x. We
assume that the fiber is excited uniformly, with uniform power density across the launch facet
and with a uniform power distribution across the transverse angles. Note that this means that we
exclude rays with complementary angle to the optical axis (i.e., angle to the transverse plane)
which is below the critical angle for total internal reflection at the waveguide boundary. Although
the angle to the transverse plane is equal to the angle of incidence for x = 0, it is smaller than the
angle of incidence for x > 0. Specifically, the critical angle for total internal reflection internally
in the core, θc , fulfills sin θc = ncore/nclad. From this one may think that for x > ncore/nclad
(≈0.98 for an NA of 0.3), even rays perpendicular to the optical axis are supported in the ray
model. However, because of the curvature of the core-cladding boundary, this is not the case,
and only rays with complementary angle to the transverse plane larger than the critical angle,
and thus within the NA of the core, are supported without loss [25]. A skew ray which does not
fulfill this but still has angle of incidence larger than the critical angle is known as a tunneling
ray, and is leaky [25]

Under these assumptions, the total power in rays with minimum center-distance x is proportional
to L. The reason is that the intensity is everywhere uniform, so the power in any cross-sectional
area is proportional to the size of the area. This includes a ray, which can be described as an
infinitesimally thin rectangle. The fraction p0 of the launched light that has zero overlap with the
core can then be evaluated as the unshaded fraction of the total area in Fig. 11(a). We get

p0 = 1 − (2/π)
[
a

(
1 − a2

)1/2
+ arcsin a

]
, (8)

This fraction of power will not be absorbed, according to this ray model, and is plotted in Fig.
11(b).
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Fig. 11. (a) Fiber cross-section where shaded area represents fraction of power with non-zero
overlap with core. (b) Fraction of power with zero overlap with core p0 vs. relative core radius a.

To evaluate the distribution of rays with non-zero overlap, we first invert Eq. (7) to write x as a
function of b.

x =
(
a2 − b2

)1/2
/
(
1 − b2

)1/2
b < a. (9)

For 0 < b < a, the unscaled power distribution as a function of overlap b, f1(b), can then be
found as follows:

f1 (b) = h (b) dx/db

=
[(

1 − a2
)
/
(
1 − b2

)]1/2
b
(
1 − a2

) (
1 − b2

)−3/2 (
a2 − b2

)−1/2

= b
(
1 − a2

)3/2 (
1 − b2

)−2 (
a2 − b2

)−1/2
b < a,

(10)

Here, h (b) =
[ (

1 − a2) /(1 − b2) ]1/2 is the length of a ray (i.e., the relative power in a ray) with
an overlap of b.
For normalization, we note that the fraction of the power with b > 0 is given by 1-p0. Thus,

f (b) = (1 − p0) f1 (b) /I1, (11)

where I1 is the integral of f1 (b) for 0 < b < 1 (with f1 = 0 for b > a). Although the distribution
function diverges for b = a (and for b = 0, with f (0) = p0 δ (0)), the integral still converges. We
have

I1 =

[
a

(
1 − a2

)1/2
+ arcsin a

]
/2. (12)

Together, Eq. (8), (11), and (12) yield an analytic expression for the distribution of power vs.
overlap f (b). Thus,

f (b) =
[
1 − (2/π)

(
a

(
1 − a2

)1/2
+ arcsin a

)]
δ (b)+

(4b/π)
(
1 − a2

)3/2 (
1 − b2

)−2 (
a2 − b2

)−1/2
b < a,

(13)

F (b) =
1∫

0

f (b′)db′. (14)
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Fig. 12. Distribution of power f (b) (a, left) and cumulative distribution of power F(b) (b, right)
vs. overlap b for relative core radius a = 0.2, 0.4, 0.6, and 0.8.

Figure 12 plots the distribution of power f (b) and the cumulative distribution of power F(b).
This derivation is not intuitive, and we therefore performed Monte-Carlo calculations with

randomly generated rays, i.e. with random positions and directions in the transverse plane. These
showed no discernible difference between Eq. (8), (13) and (14).
It is now straightforward to calculate the non-exponential evolution of the power. If we scale

the parameters for unity core absorption and unity initial power then the power evolution becomes

p (z) =
1∫

0

f (b)e−bzdb. (15)

This can also be scaled for unity initial absorption rate (independent of area ratio), and the
result is plotted in Fig. 13.

Fig. 13. Power evolution for a = 0.2, 0.4, 0.6, 0.8, and 1, in log scale.
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