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Abstract

The usual ¢ test, the t test based on heteroskedasticity and autocorrelation consistent
(HAC) covariance matrix estimators, and the heteroskedasticity and autocorrelation ro-
bust (HAR) test are three statistics that are widely used in applied econometric work. The
use of these significance tests in trend regression is of particular interest given the poten-
tial for spurious relationships in trend formulations. Following a longstanding tradition in
the spurious regression literature, this paper investigates the asymptotic and finite sample
properties of these test statistics in several spurious regression contexts, including regres-
sion of stochastic trends on time polynomials and regressions among independent random
walks. Concordant with existing theory (Phillips, 1986, 1998; Sun, 2004, 2014b), the usual
t test and HAC standardized test fail to control size as the sample size n — 0o in these
spurious formulations, whereas HAR tests converge to well-defined limit distributions in
each case and therefore have the capacity to be consistent and control size. However, it
is shown that when the number of trend regressors K — oo, all three statistics, including
the HAR test, diverge and fail to control size as n — oo. These findings are relevant to
high dimensional nonstationary time series regressions where machine learning methods

may be employed.
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It is meaningless to talk about ‘confirming’ theories when spurious results are so
easily obtained. Hendry (1980)

1 Introduction

In a well-cited contribution that emphasized the importance of diagnostic testing in econo-
metrics, David Hendry (1980) highlighted how easy it is to mistake spurious relationships as
genuine when using trending data of the type that are so commonly encountered in econo-
metric work, especially in macroeconomics. Spurious regressions occur when conventional
significance tests are so seriously biased towards rejection of the null hypothesis of no rela-
tionship that the alternative of a genuine relationship is accepted when the variables have no
meaningful relationship and may even be statistically independent. Hendry’s article show-
cased the potential for nonsense regressions with the illustration of a regression between UK
consumer prices and cumulative rainfall that displayed a high level of ‘significance’ and passed
many - but not all - diagnostic tests.

Spurious regressions continue to attract considerable attention in econometric work, long
after the exploratory study by Yule (1926), the simulation experiments of Granger and New-
bold (1974), and the cautionary warnings made by David Hendry and many other writers
since then. The limit theory of Phillips (1986) and Durlauf and Phillips (1988) provided the
first analytic steps forward on this subject by explaining the phenomena of persistent null
hypothesis rejections in spurious regressions. These two studies helped applied researchers
understand the failure of conventional significance tests by showing that in regressions with
independent or even correlated trending I(1) data the usual regression ¢- and F-ratio test
statistics do not possess limiting distributions but actually diverge as the sample size n T oo,
leading inevitably to rejections of the null of no association. Closely related work by Phillips
and Durlauf (1986), Park and Phillips (1988, 1989), Phillips and Hansen (1990), Phillips and
Loretan (1990), and Phillips (1991) extended the analytics to cover models of cointegrated
and reduced rank error correction systems. Much of this work was reviewed in a useful form
for practitioners by Banerjee et al. (1993).

The original study by Phillips (1986) on spurious regression asymptotics formed the basis
of a large subsequent literature that has analyzed spurious regressions among various classes
of trend stationary, long memory, nonstationary, and near-nonstationary time series. A re-

cent article by Ernst et al. (2017) provided further analysis by deriving an expression for the



standard deviation of the sample correlation coefficient between two independent standard
Brownian motions. While this expression does not explain the phenomenon of spurious re-
gression between two independent random walks, it does reveal that the limiting correlation
is not centred on the origin and is highly dispersed. This result complements the original
finding in Phillips (1986) and many subsequent papers that the coefficient of determination in
a spurious regression has a well defined limit distribution and does not converge in probability
to zero.

In later work, Phillips (1998) pointed out that spurious regressions typically reflect the
fact that trending data may always be ‘explained’ by a coordinate system of other trending
variables - which includes the example of UK price series being well-explained by cumulative
rainfall that was used by David Hendry (1980). In this broad sense of interpretation, there
are no spurious regressions for trending time series, just alternative ‘valid’ representations
of the time series trajectories (and those of its limiting stochastic process, given a suitable
normalization) in terms of other stochastic processes and deterministic functions of time.

The asymptotic theory in Phillips (1998) utilized the general representation of a stochastic
process in terms of an orthonormal system and provided an extension of the Weierstrass theo-
rem to include the approximation of continuous functions and stochastic processes by Wiener
processes. That theory was applied to two classic examples of spurious regressions: regression
of stochastic trends on time polynomials, and regressions among independent random walks.
Such regressions were shown to reproduce asymptotically in part (and in whole as the regressor
space expanded with sample size) the underlying valid representations of one trending process
in terms of others, a coordinate system that is entirely analogous to orthonormal or Fourier
series representations of a continuous function in terms of polynomials or other simple classes
of functions over some interval. An important feature of these ‘valid’ trend relationships is
that the coefficients in the representations, like those in the Karhunen-Loéve representation
of a general stochastic process, are themselves random variables. Randomness in the repre-
sentation of time series trajectories is embodied in these coefficients. Much subsequent work
has utilized these ideas and analytic methods, either in justifying certain regression repre-
sentations or in using partial versions of these regression representations to focus on certain
features — such as long run features — of the data (notably: Phillips, 2005, 2014; Miiller, 2007;
Sun, 2004, 2014a, 2014b, 2014c; Hwang and Sun, 2018; Miiller and Watson, 2016, 2018).

An important element in Hendry’s (1980) discussion of econometric practice was its em-
phasis on the value of diagnostic testing to ascertain limitations of regressions used in applica-
tions. In any empirical regression equation, the properties of the residuals depend inevitably

on the properties of the data. To build upon a saying of the famous statistician John Tukey,



in the regression equation y = X + u the empirical investigator chooses the variables y and
X (possibly with the aid of an autometric regression or a machine learning algorithm) and
god gives back u. Any misspecification in the relationship between y and X must therefore
be manifest in the properties of u. This is precisely what occurs in a spurious regression —
the residual embodies the consequences of a model’s fundamental error of specification — as
is revealed by the fact that tests for residual serial correlation such as the Durbin Watson
statistic converge in probability to zero in such regressions (Phillips, 1986).

Accommodating departures in fitted relationships from conventional assumptions on the
properties of regression errors and thereby some of the effects of misspecification has been a
longstanding goal of econometrics. One of the great advances in econometric research over
the last half century in response to this goal has been the development of methods of inference
that are robust to some of the properties of the data and, particularly, those of the regression
error. Such robustness can offer protection against specification error in validating inference.
This research has led to the progressive development of heteroskedastic and autocorrelation
consistent (HAC) procedures! and subsequently to heteroskedastic and autocorrelation robust
(HAR) methods?. These methods control for the effects of serial dependence and heterogene-
ity in regression errors and they play a key role in achieving robustness in inference. One
area where methods of achieving valid statistical inference via HAC procedures has proved
especially important in practice are regressions that involve trending variables and cointegra-
tion. This goal motivated the early research on optimal semiparametric approaches to the
estimation of cointegrating relationships (Phillips and Hansen, 1990) and continues to play a
role in subsequent developments in this field (Phillips, 2014; Hwang and Sun, 2018).

HAC methods generally have good asymptotic properties but they are susceptible to large
size distortions in practical work. Several alternative methods have been proposed in the recent
literature to improve finite sample performance. Among these, the ‘fixed-b’ lag truncation rule
(Kiefer and Vogelsang, 2002a, 2002b, 2005) has attracted considerable interest. The method
uses a truncation lag M for including sample serial covariances that is proportional to the
sample size n (i.e., M ~ bn for some fixed b € (0, 1)) and sacrifices consistent variance matrix
(and hence standard error) estimation in the interest of achieving improved performance

in statistical testing by mirroring finite sample characteristics of test statistics in the new

!Heteroskedastic robust standard errors were introduced by Eicher (1967), Huber (1967), and White (1980).
HAC estimators were introduced by White (1982) and have a long subsequent history of enhancement.

?Heteroskedastic and autocorrelation robust standard errors were introduced in Kiefer and Vogelsan (2002a,
2002b) and, following this lead, Phillips (2005a) used the HAR terminology to characterize a class of robust
inferential procedures in an article concerned with the development of automated mechanisms of valid inference
in econometrics. Other important early contributions concerning HAC covariance matrix estimators without
truncation were given by Robinson (1998), Kiefer, et al. (2000), and Kiefer and Vogelsang (2005).



asymptotic theory of these tests. The formation of ¢ ratio and Wald statistics based on HAC
estimators without truncation belongs to the more general class of HAR test statistics. There
are known analytic advantages to the fixed b approach, primarily related to controlling size
distortion. In particular, research by Jansson (2004), Sun et al. (2011), and Sun (2014b) has
shown evidence from Edgeworth expansions of enhanced higher order asymptotic size control
in the use of these tests. Recently, Miiller (2014), Lazarus, et al. (2018), and Sun (2018) have
surveyed work in this literature and given recommendations for practical implementation.

In studying spurious regression on trend phenomena, Phillips (1998) showed that the
use of HAC methods attenuated the misleading divergence rate (under the null hypothesis
of no association) by the extent to which the truncation lag M — oo. In particular, the
divergence rate of the ¢ statistic in a spurious regression involving independent I (1) variables
is O (\/W ) rather than O), (1/n) . Pursuing this philosophy further, Sun (2004) offered a
new solution to deal with inference in spurious regressions. He argued that the divergence of
the usual t-statistic arises from the use of a standard error estimator that underestimates the
true variation of the ordinary least squares (OLS) estimator. He proposed the use of a fixed-
b HAR standard error estimator with a bandwidth proportional to the sample size (where
M ~ bn — oo at the same rate as n). The resulting ¢-statistic converges to a non-degenerate
limiting distribution which depends on nuisance parameters. These discoveries revealed that
prudent use of HAR techniques in regression testing might widen the range of inference to
include spurious regression.

In the same spirit as Sun (2004, 2014b), the present contribution analyzes possible advan-

tages in using HAR test statistics in the context of simple trend regressions such as
xy = at + uy, (1.1)

where u; is I (1) . For trend assessment in models of this type it is of interest to test the null
hypothesis Hy : a = 0 of the absence of a deterministic trend in (1.1). This framework is
a prototypical example of much more complex models where deterministic trend, stochastic
trends, and trend break components may all be present and methods of asymptotically valid
estimation and testing are needed. A recent general approach to the consistent estimation
of such complex models by machine learning filtering methods is given in Phillips and Shi
(2019).

The present paper considers three types of ¢ test widely used in econometrics: the usual
t test, the ¢ test based on HAC covariance matrix estimators, and the fixed-b HAR test.

We apply these t-statistics to three classic examples of spurious regressions: regression of



stochastic trends on time polynomials, regression of stochastic trends on deterministic time
trend and regression among independent random walks. The asymptotic behavior of these
three different t-statistics are investigated. In the regression of stochastic trends on time
polynomials and the regression among independent random walks, it is shown that the usual
t test and HAC based ¢ test are likely to indicate a significant relation with probability that
goes to one as the sample size n goes to infinity. However, provided the number of regressors
(K) is fixed, the HAR t-statistics converge to well-defined distributions free from nuisance
parameters. As a result, when appropriate critical values are drawn from these limiting
distributions, the HAR t-statistics would not diverge and valid inference on the regression
coefficients would be possible, concordant with Sun (2004).

In contrast to these results and those of Sun (2004), we find that HAR ¢-statistics diverge
at rate VK as K — oo. Hence, the characteristics of spurious regression return even with
the use of HAR test statistics in models with an increasing number of regressors. These
findings seem relevant for machine learning and autometric model building methods which
accommodate large numbers of regressors, including those of the p > n variety where model
searching often begins with more regressors than sample observations and penalized methods
of estimation are needed to obtain even preliminary results.

Our results also reveal that the other two t-statistics (the usual ¢ and HAC-based t)
diverge at greater rates when K — oo than when K is fixed. In the regression of stochastic
trends on deterministic time trends, we derive the limiting distributions of the statistics under
both the null and alternative hypotheses. The HAR test turns out to be the only test which
is consistent and has controllable size. All the limit theory for these tests receives strong
support in simulations. And, as will become evident, the appealing asymptotic properties of
the HAR test in the fixed number of regressors case are manifest even in situations where
some commonly-used regularity conditions in the construction of HAR tests are violated.

The rest of the paper is organized as follows. Section 2 examines regressions of stochastic
trends on a complete orthonormal basis in Ly [0, 1] and establishes the limiting distributions
of the three different t-statistics with explicit application to the prototypical case of a spurious
linear trend regression. Section 3 examines the limit behavior of the t-statistics in regressions
among independent random walks. Simulations are reported in Section 4. Section 5 concludes.

All proofs are given in the Appendix.



2 Regression of Stochastic Trend on Time Polynomials

2.1 Model Details and Background

The development in this section concentrates on a simple unit root time series

t
Xt = Z:u’sv (21)
s=1

whose increments p, form a stationary time series with zero mean, finite absolute moments
to order p > 2, and continuous spectral density function f, (A). We assume that X; satisfies
the functional central limit theorem (FCLT)

Xinr .
\L/ﬁJ = B(r)=BM (wz) , with w? =27 £, (0), (2.2)

for which primitive conditions are well known (e.g., Phillips and Solo, 1992). The results that

follow are illustrative and apply with suitable modification to more general nonstationary time
series, such as near integrated or long memory series, which upon standardization converge
to limiting stochastic processes with sample paths that are continuous almost surely.

By the Karhunen- Loeve (KL) expansion theorem (e.g., Loéve, 1963, p.478), any function
that is continuous in quadratic mean has a decomposition into a countable linear combination

of orthogonal functions. The KL representation for the Brownian motion B () is

B =3 Ve ()6 —wv2Y e, (2.3
k=1 k=1

where E
e = (21@:)%2 o (r) = V2sin [(k — 1/2) 7r]

are eigenvalues and corresponding eigenfunctions of the Brownian motion’s covariance kernel

w? (r A s), and
1
&=N" [ B e

are independently and identically distributed (iid) as N (0,1). This series representation of
B (r) is convergent almost surely and uniformly in r € [0,1]. Denoting z; = /Ai&;, as the



stochastic coefficients, the KL representation (2.3) could be rewritten as
o0
B(r)= Z zkpy (1) . (2.4)
k=1

Starting from the KL representation of B (r), Phillips (1998) studied the asymptotic prop-

erties of regressions of X; on deterministic regressors of the type

K
A t .
Xi=> by <n> + Uy, (2.5)
k=1

or, equivalently (with aj, = by /v/n),

>

Least squares estimation gives
N . . -1
ozK:(al,...,aK)':( ,K(I)K) /KX/\/E,

where ®x = (Qfe1s-- -, Crn) With o, = (01 (t/n), ..., 0K (t/n)), and X = (X1,...,X,)".
Let Cx € RE be any vector with C%Cxk = 1. When K is fixed and n — oo, Phillips (1998)
proved that

1
C}{d]{ :>C}</ PK (T)B(T)dTEN(O,C'}(AKCK),
0

where Ay = diag(\1,...,Ax) and @x (1) = (1 (), ..., 9k (r))’. In the expanding regressors
case where K = K (n) — oo and K/n — 0, it was also shown in Phillips (1998) that

oo
C}{@K = N (0,03) =d7 = chzk,
k=1

where ¢ = (¢;) € R™ satisfies c/c = 1, A =diag(A1, A2,...), 02 = dAc, and Z = (2,)52,
are the random coefficients in the KL representation (2.4). Therefore, the fitted coefficients
in regression (2.6) tend to random variables in the limit as n — oo that match those in
the KL representation of the limit process B (). In other words, least squares regressions
reproduce in part (when K is finite) and in whole (when K — 00) the underlying orthonormal

representations.



2.2 Three {-statistics

Suppose interest centers on testing whether the regression coefficients are significant or more
generally whether some linear combination C. 8 of the underlying coefficients 85 = (b1, ..., b )’

in the estimated regression (2.5) is equal to 0, that is
Hy: CiBr =0vs. Hy: CpfBy #0.
Three types of t-statistics are considered. The first is the usual t-ratio defined as
ClBr

t, = —— (2.7)
[$3Ch (@) " O |

2
. — A~ — /\/ . .
with s2 = n~ 2> 0 a7 =n 1Y), (Xt - BchKt> the usual error variance estimate. The

second t-statistic is constructed by using a HAC variance estimator and has the following

representation
HAC _ C}(ﬁK (2 8)
CLBK d)c}(ﬁK7 ’
where
~ -1 7 = ~ -1
w%}@BK = Ck (PPx) [nlvargac (k)] (PPr) Ck (2.9)
with
M .
[rvar - k(L) el de(in) = = / 2.10
vargac () = Y k(7 )eGm) andeGm) =~ > . (2.10)
=M 1<t t+j<n

Here, hfv/;rH Ac (1;) is a kernel estimate of the long run variance of its argument, k (+) is a lag
kernel, M is a bandwidth parameter satisfying M /n+1/M — 0 as n — oo, and the argument
M= i i (2.9).

If we choose a fixed b € (0,1] and set M = |bn ]|, the condition M /n+1/M — 0 asn — oo
is violated. In that case, the long run variance estimate is a fixed-b estimate and leads to the
HAR t-statistic

Che /i
g~ Cklbie (2.11)
CuBK wC}(BK
where
. -1 7 = ~ -1
wé}(ﬁ}{ = C}( ( ,K(I)K) [nlrvarHAR (utgoKt)] ((I),K(I)K) CK (2.12)



with
(n—1)

Irvargag (n,) = Z ke <n> c(d,m), c(dn) = n Z 77t772+j7 (2.13)

j=—(n—1) 1stt+j<n

ky, (l> =k (%), and k (-) is a lag kernel function as before.

n
With minor changes of the proof given in Phillips (1998), it is easy to deduce that for fixed
K, t crin ™ O, (v/n) and tZ;ZK ~ O, (W ) as n — 00, as discussed earlier. Therefore,
such tests indicate statistically significant regression coefficients with probability that goes to
one as n — oo0. These results match what is now standard spurious regression limit theory
for inference.
In addition, as we show in Theorem 2.3 below, the large regressor case where K — oo

leads to different results. In this case, both t-statistics ¢ and tZ,AC have greater rates
K

BK
b Op (\/nK) and
HAC . " .
ok Op (\/ nk/M ) Thus, with the addition of more regressors the combined effect

of the regression coefficients — as well as that of the individual coefficients — appears more

ClLBK

of divergence that depend on the expansion rate of K, given by ¢

significant and diverges when K — oo as n — oo. In consequence, large numbers of regressors
effectively worsen the spurious regression problem.

Is there a test which does not always indicate that coefficients 3 ) are significant in the
‘spurious’ regression (2.5)7 As the results of Sun (2004) show, the answer is positive for the
case where K is fixed. In this event, the HAR test is appealing in the sense that tg;I;K ~ Op(1)
when n — oo and K is fixed, so that test size is controlled in the limit. Therefore, when
appropriate critical values obtained from the limit distribution of tg;ZK are employed, the
coefficients B x do not inevitably signal significance as n — oo and the usual misleading test
implications of spurious regression do not manifest. However, in the important case where

the regressor space expands and K — oo, the test statistic tg,A ;K diverges to infinity at rate
K

O, (\/? ) and the coefficients 3 x become significant again even under HAR testing.

These results are collected in the following two theorems.

Theorem 2.1 For fized K, as n — oo and M/n+ 1/M — 0, we have
(1)
tC}{BK C}{ZK

\/ﬁ [fol Ei}(} 1/2;

10



(i)

M wac ! 2K
7tc’ B = = 1/2;
nO [ k) ds f) B2, (Crepr)’)

(iii)

HAR C}(ZK
C/KﬁK = 1 r1 , — , 1/2
{0 Jo ko (r = @) By, (1) B, (@) [Chepr ()] [Cherc ()] drda}
CiZk

1 p1 - ;o , 1/2?
{0 5 =) W, )W, (@) [Chcre (0] [Cheorc ()] drda

where Zy = (zk)k,K:l are the random coefficients in orthonormal representation (2.4), B, (r) =
B(r) = Zicpx (r), Zi = Zic[w = [y Wog, W () = BM (1), w? = 27, (0), and W, _(r) =
By, () Jw =W (r) = (Z}¥) @K (r).

Remark 2.2 The fized-b HAR based t-statistic tSIABRK asymptotically follows a well-defined
limit distribution when the number of regressors K is fixed. The limit distribution is free from
nuisance parameters and is easily computable but depends on the lag kernel as well as the
form of the trend regressors, which influence the detrended standard Brownian motion process
W, The asymptotic critical values therefore differ from those of the usual standard normal
limit distribution of a t-statistic. But the specific features of the limit distribution of tg;ZK,

which retain randomness in the demominator of the limiting statistic, help to control size in

finite sample testing.

Theorem 2.3 Asn, K — oo, M/n+1/M — 0 and K5/2/n+K3/2/n%_% — 0, the following
results hold:

()

t /
ot BK CxZk
= +o (1):OP(1)7
VnK 1 (V20 7F
[K fO B‘PK:|

where Kfol B2 =uw?/m?+0,(1).
(ii)

M ch -z
TLth/AZK: 1 f " 2 1/2+0p(1)20p(1)’
K ks as fy B2, (O]

11



(iii)
HAR

cl.B C'.Zy
ok _ i op (1) = 0y (1).

VE LK 0 0) By, (1) B, (0) Ccpi (r) Cicp (a) drdg)

Remark 2.4 Theorem 2.8 shows that all three t-statistics diverge as n — oo but at dif-
ferent rates, each of which depends on K. The divergence rate of the fixed-b test statistic
tg;ZK =0, (\/R) is the slowest and depends only on K. These results strengthen the find-
ings in Phillips (1998) that attempts to deal with serial dependence in controlling size in
stgnificance testing generally fail when enough effort is put into the regression design to fit the
trajectory. This failure now includes HAR testing when K — oo. All the tests are therefore
ultimately confirmatory of the existence of a ‘relationship’ — in the present case a coordinate
representation relationship among different types of trends, at least when a complete repre-
sentation is attempted by allowing the number of regressors K to diverge with n. The results
of the theorem may be interpreted to mean that when a serious attempt is made to model
a stochastic trend using deterministic functions (either a large number of such regressors or
regressors that are carefully chosen to provide a successful representation and trajectory fit)
it will end up being successful even when a spurious regression robust method such as fixed-b
HAR test is used.

An additional matter concerning the form of these tests may usefully be highlighted. To
construct the HAC and HAR t-statistics, the following condition

Var <¢5§) — Var (\}ﬁggpm&> ~ T +:Z:;1 <1 - ;71) (1; +17) (2.14)

with I'; = E (goKtXth_jgo’K(t_j)) is usually imposed (e.g., Kiefer et al. 2000, Kiefer and
Vogelsang 2002a, 2002b) as in standard approaches to robust covariance matrix estimation.
In other words, the process {py,X;} is typically assumed to be unconditionally stationary
or weakly dependent with uniformly bounded second moments so that series such as (2.14)

converge. However, this condition is violated in both regressions (2.5) and (2.6) as

t t—j
E (metXé_jw’K(t_j)) = o (Z s Zm) Ci(—i)
s=1 =1

depends on ¢. For example, when the components u, are iid (O, 02) with partial sums satisfying

12



(2.2) then
N2
E (@KtXth{—j@}((t_j)) = (t = J) PR (1—j)
depends on t. Regardless of this violation, HAC and HAR t¢-statistics may still be constructed
in the traditional way; and the HAR statistic, tZAI; has nuisance parameter free asymptotic
KPK

properties even though the above unconditional stationarity condition is not satisfied.

The above results apply straightforwardly to the simple case of a spurious linear regression

on trend where the time series is a unit root process generated by
X;=at+ X2, t=1,...,n, (2.15)

with a = 0 and X = >>'_| p, is the partial sum of a zero mean stationary process {s,} with

continuous spectral density f, (\). The standardized process X, (r) = n~Y/2X fm, | satisfies
the functional law
X, (r) = B(r) = BM (v?), w* =2xf,(0) > 0.
The fitted regression model is
X t U
X, = at + ug, or equivalently, \/—% = (\/ﬁd) - + %, (2.16)

where @ = Y1 tX;/ > 1 | t? is the LS estimate of a, which satisfies (Durlauf and Phillips,

1988)
n=2 T XY

1
Vvn(a—a)= S ST = 3/0 rB(r)dr=N <O, goﬂ) : (2.17)

so that a is consistent, including the case where a = 0. However, as is well known, the usual

t-statistic has order O, (v/n) and diverges as n — oo, indicating a significant relationship
between {X;} and t in spite of the fact that a = 0. This outcome follows directly from

Theorem 2.1 and the (alternate) representation for the standard Brownian motion W (r) as

W(r)=r&+V2Y Sir‘k[f:rdgk with &, = iid N (0,1), (2.18)
k=1

which implies that

o0

n—l/2xfmJ = B(r)=w-W(r) = (w&) r+ (w},) \@Z
k=1

sin [knr]|
kr

13



Thus, when a = 0, the scaled LS estimator y/na has a random limit £, = N (0, %wQ) from
(2.17) that approximates but does not exactly reproduce the leading random coefficient term
(w&y) in the representation (2.18). Importantly in this case, the deterministic functions in
(2.18) are not orthonormal and there is dependence in Ls [0, 1] between the functions r and
{(V2sin [knr]) / (lmr)}:):l . This dependence induces an asymptotic inefficiency in the trend
coefficient estimate a, since Sw? >Var(wéy) = w?.

Next, in testing Hy : a = 0 versus Hj : a # 0, the following statistics are considered:

A~

a

t, = L= , (2.19)
Sq n a2 N o1 1/2
{[n e @) (o
thC = Ai = ¢ 12’ (220)
Wa n - T N n -
(i)™ [nirvargac (tan) | (21, 2) '}
g — 42 a 5 (2.21)
Wa n — T N n —
{(thl 12)~! [nlrvarHAR (tut)] (S, 12) 1}
where
_ M j 1
Irvarg ac (tag) = Z k <M> - Z Uyt (t+7) | with M/n+1/M — 0 as n — oo,
j=—M 1<t t+j<M
_— (n-1) j 1
Ivargag (tiy) = >k <n> - Z Gyt it (t+ §) | for some fixed b € (0,1],
j=—(n—1) 1<t t+j<M

k(-) is a kernel function, ky (j/n) = k(j/(nb)) and 4, = Xy —at for t = 1,...,n. The
asymptotic properties of these test statistics follow in the same way as before when n — oo
with M/n + 1/M — 0, giving the following results.
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(i) Under Hp : a =0,

ta \/gfol rB

— = : (2.22)
Y
1
%tZAC N fo rB . (2.23)
{f_11 k(s)ds fol T252}
HAR fol rB _ fol rW '
t, = _— 7z = — ek
L k=) B Bayradrdgly — {J3 Jo ko (r = ) W (1) W (q) radrda
(2.24)
(ii) Under Hy : a # 0,
t a
L, (2.25)
" (3 fol 52) 2
@tf“ = ¢ ol (2.26)
" [Qfllk(s) dsf1 7“232}
tHAR a
== : (2.27)
VI [0 ke~ 0) B B (o) radrdg)

where B (r) := B (r)—3 (fol sB(s) ds> rand B (r) = wW (r). Thus, under the null hypothesis

HAC

both t, = O, (v/n) and t, = O, <W) diverge but thR = Op (1) and has a well defined
nuisance parameter free limit distribution that may be used in statistical testing. Under the
alternative hypothesis, all the listed statistics are divergent but at different rates. Only tZIAR
has effective discriminatory power, being consistent and having controllable size. These results
match those in Sun (2004, 2014) showing that for simple trend misspecifications like that of
a finite degree polynomial trend function in place of a stochastic trend, use of fixed-b HAR

testing controls size and leads to a consistent test.

3 Regressions among independent random walks

This section extends these ideas to regressions among independent random walks. Let B (-)
be a Brownian motion on the interval [0, 1]. Phillips (1998) proved that there exist a sequence

of independent standard Brownian motions {W;}X, that are independent of B(-), and a
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sequence of variables {dl}fi , defined on an augmented probability space (£2, F, P) such that,

as K — oo,

B(T)NZdiWi (r) inLy[0,1] as. (P). (3.1)

The random coefficients d; are statistically dependent on B (-). Replacing the Wiener processes

W; by orthogonal functions V; (r) in Lg [0, 1] using the Gram-Schmidt process

‘/l = Wl)
1

1 1 -
/ W2v1> (/ vf) Vi,
0 0
1 1 -1
Vs = W3— </ W3Va/> </ VaVa/> Va, Va/ = [Vl,Vz], etc,
0 0

gives the representation

B(r) ~ iem (r) with e; = </0le> (/01 V;Q)_l. (3.2)

i=1

Vo = W2—<

In the following, we consider the unit root process y; = Zi:l s With mean zero stationary

components {,} with continuous spectral density f, (A\) and satisfying the functional law
n Y2y = B (r) = BM (w?), w? =2xf,(0) > 0.

Let xy = () = (Z§:1 “kJ’)kK,l be K independent standard Gaussian random walks, all
of which are independent of y;. Consider the linear regression y, = bl .z, + 4, based on
n > K observations of these series. The large n asymptotic behavior of b, is (Phillips (1986))
by = ( fol WwWé) - ( fol WJCB) , where W, is the vector standard Brownian motion weak
limit of the standardized partial sum processes n~/ me, I

Suppose we orthogonalize the regressors {zy. = (xgt);—, : k =1,..., K} using the Gram-

Schmidt process

1t = Tty
ot = X2t — (3?/2361) (33/1.961.)71 L1t
23 = T3p — (xé_Xa) (X(;Xa)_1 Tat, Xq = [1.,22.] 1= [xg] , etc.
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By standard weak convergence arguments we have

1/2 —-1/2

n- Z1|n-] = Vi () y N 22|n.| = Va () ) n_1/223tn-J = V3 () , ete.

Now let z; = (zkt)szl, and consider the regression
Y = Vet + . (3.3)

The LS estimator b,rc = [S7, 220" 321, 21y has the limit

1 -1 1
bk = (/ VKV;'() </ VKB> = i = (ex)izy »
0 0

where Vi = (Vk)szl is a K x 1 vector. Thus, the empirical regression of y; on z; repro-
duces the first K terms in the representation of the limit Brownian motion B in terms of an
orthogonalized coordinate system formed from K independent standard Brownian motions.

Suppose now that we are interested in testing whether a linear combination of b,k equals
Z€ero, Viz.,

H[) : C}(bZK =0 vs. Hl : C}(bZK 75 0

with Cx € RE satisfying CiCrk = 1. Again, three types of t-statistics are considered:

Cb Ceb
s . _
e {Ck [0 S @] (1w O
Cb Cb
ty = KK _ KK 750 (35)
z w _ — N —
e { O (ST aE) ! nivarac (i) | (1, %2) ™ O )
Cb b
Zj{R _ d]}( zK _ — KYzK el (3.6)
e { O (Dt ae) ! nivarsan (i) | (1, %2) ™ O )
where
M .
—_— 1
lrvar g ac (zety) = Z <]\j4> - Z ztﬂtﬁtﬂ-z;ﬂ- with M/n+1/M — 0 as n — oo,
j=—M 1<t t+j<M
(n—1) .
—_— 1
Irvarg ag (zty) = Z kp <i> - Z ztﬂt&tﬂzéﬂ for some fixed b € (0, 1],
j=—(n—1) 1<t t+j<M
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k (-) is a kernel function, k;, (%) =k (#) ,and Uy = yp — f);Kzt fort=1,...,n.

The following theorem establishes the limiting distributions of these three t-statistics.

Theorem 3.1 For fized K, as n — o0,

(i)
Ol Ex

N 12
{C}((f()lVKV[’(> CKf01WZK}

1
—ty, =

N

(i) When 1/M + M /n — 0,
M mac N C}{EK

: {o (Rvieve) ™ (1w as [ wdievievt) (4 VKVI%)ICK}W

n bk

(iii)

HAR C}{EK )
Lo (i vre) o (R vier) e

where W (r) = B (r)=Ej Vi (r) and H = [ [y ks (r = @) Vic (1) Wy (r) W c (q) Vi (q) drdg.

zK

Remark 3.2 As it is shown in Theorem 3.1, t,_, and tif{c diverge at rate Op(y/n) and
O, (x/n/M), respectively. Hence, such tests indicate inevitable significance of the regressors
when n — oo and 1/M + M/n — 0. However, the HAR based t-statistic tli/;R is convergent

in distribution, which leads to valid statistical testing when appropriate critical values from
the limit distribution of tf:{R are used. Note that B (r) = BM (w?) = wW (1), Ex = (ek)szl

with
o () ([) () ([) rrem

where W (+) is a standard Brownian motion. Hence, the nuisance parameter w appearing in the
numerator and dominator of the limiting distribution of ti?{R cancels. The limit distribution

HAR . .
of by S therefore free of nuisance parameter.

Remark 3.3 Even when ug ~gq iid (0,1), we have
t ot
E(ywy—j) = E <Z Ihs Z%) =t—7J
s=1 s=1
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Thus E (ztytyt,jzg_» =E(ywy—j) E (ztzg_j) depends on t in a similar way. Therefore, as
we discussed earlier, the usual reqularity conditions employed in constructing HAC and HAR

t-statistics cannot apply here.

Remark 3.4 In view of (3.2) and Theorem 4.3 in Phillips (1998), W,k (r) — 0 almost

surely and uniformly as K — oo. We can expect that the rates of divergence of t_,. and tZZAC

are greater in the case where K — oo than they are when K is fized. Moreover, similar to tIl;e
earlier finding in Theorem 2.3, the HAR statistic tif{R will diverge at rate O, (\/E) Details
are omitted to save space. Hence, fitted coefficients of the spurious random walk regressors
eventually be deemed significant when fized critical values are employed in testing under all

three t-statistics including tii{R when both K, n — oo.

4 Simulations

This section reports simulations to investigate the performance in finite samples of the different
t-statistics in spurious trend regressions, simple time trend regression, and spurious regression
among stochastic trends.

We first examine spurious regression of a stochastic trend on time polynomials. Consider
the standard Gaussian random walk X; = 3'_ p,, where ug ~g iid N (0,1)3. Orthogonal ba-
sis functions {¢, ()}, , where ¢, (r) = v/2sin [(k — 0.5) 77| , were used as regressors and fit-
ted time trend regressions of the form X; = @}(tﬁ—i—at were run with ¢, = [ (£),...0k ()]
We focus on the prototypical null hypothesis Hy : 8; = 0 in what follows. In the construction
of the HAC and HAR t-statistics, a uniform kernel function was employed.

Figure 1 reports the kernel estimates of the probability densities for these t-statistics under
different model scenarios based on 10,000 simulations. The first row of graphs in Figure 1
gives the results for the different ¢-statistics as the sample size n increases with fixed K = 1. It
is evident that both the usual t-statistic and HAC t-statistic (with M = [nb] and b = n=3/%)
diverge as n increases and the HAC statistic diverges at a slower rate. In contrast, the HAR
t-statistic (b = 0.2) is evidently convergent to a well-defined probability distribution as the
sample size expands. These results clearly corroborate Theorem 2.1.

The second row of graphs in Figure 1 presents the estimated densities of the three t-
statistics as K increases for a fixed sample size n = 200. As K increases, all three t-statistics
are clearly divergent but at different rates. For each statistic the increase in dispersion as K
increases is evident. The last row reports the results for the HAR t-statistic with K = 1,5,20

#Weakly dependent innovations in the form of an AR(1) error process, viz., p, = pp,_, +€s, with g5 ~q id
N (0,1), were also considered. The results were similar and so only the #id case is reported here.
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and bandwidth coefficient b = 0,0.1,0.4,0.6,0.8,1. As K increases while maintaining the
same bandwidth setting, the densities become more progressively dispersed. For fixed K, it
is clear that the quantile is not a monotonic function of b. For K = 1,5, when b is close to
zero, the limiting distributions become more dispersed. When b is close to one, the limiting
distributions also get dispersed for all three choices of K. As explained in Sun (2004), for
small or moderate K, when b is close to zero, the behavior of the t-statistic may be better
captured by conventional limit theory without taking into account the persistence of the
regression residuals. But when b is close to unity, we can not expect the standard variance
estimate to capture the strong autocorrelation. If we choose the kernel k (x) = 1 and use the
full sample (i.e., setting b = 1), the long run variance estimate equals zero by construction.
We conjecture that for fixed K it may be possible to find an optimal bandwidth b (K) by
following an approach similar to the method used in Sun et al. (2009) that controls for size
and power. From the shape of the densities in the last row of graphs in Figure 1, we would
expect that any such optimal bandwidth b,y (K) will get closer to zero as K gets larger.
Extension of robust testing techniques to machine learning regressions where K may be very
large will likely require very careful bandwidth selection in significance testing that takes the
magnitude of K into account.

Figures 2-3 present rejection frequencies of the three t-statistics in spurious trending re-
gression when conventional critical values from the standard Normal distribution at the 5%
significance level are used. These frequencies are calculated based on 10,000 simulations with
the sample size n = 200. A manifest feature in Figures 2-3 is that the rejection frequencies
increase fast towards one as the number of regressors K increases. This feature corroborates
Theorem 2.3 and the simulation results in Figure 1, which reveal the progressive dispersion of
the densities of the three t-statistics as K increases, suggesting that the rejection frequencies
are increasing functions of K for each test.

The surface displayed in Figure 3 also reveals the effect of the bandwidth choice on the
rejection frequencies of the HAR test, in which the bandwidth b varies from 0 to 1 at step
length 0.025. It is evident that the rejection frequency of the HAR test is a nonlinear function
of b, especially when K is small. Optimal selection of a bandwidth b,y (K) that controls size
and power of the HAR test is therefore possible. The value of by (K) should moderately
deviate from zero when K is small and move towards zero fast as K increases. The findings
in Figure 3 support the conjecture about the optimal bandwidth choice, which was discussed
above based on the results in Figure 1.

Next, we consider a simple spurious linear trend regression of X; on a linear time trend

t, where X; = Zi,:l pg and us ~q iid N (0,1). Figure 4reports the sampling densities for
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Figure 1: Densities of different ¢-statistics in spurious trend regression of a random walk

different t-statistics based on 10,000 simulations. The first row of graphs presents kernel
estimates of densities of the t-statistics for sample sizes n = 50,100, 400,800. Again, the
usual t-statistic and HAC statistic are divergent but at different rates. The HAR statistic
is evidently convergent. The second row in Figure 4 provides results for the HAR statistic
with different bandwidth choices. It is clear that the distributions become more dispersed
as b moves close to zero or close to one. In this respect the findings are similar to those of
Figure 1 when K = 1. In Figure 5, the rejection frequencies of the HAR statistic with various
bandwidth values are reported, which are calculated based on 10,000 simulations with sample
size n=200 and critical values from the standard Normal distribution at 5% significance level.
Rejection frequency again follows a U-shaped function of b. This curve suggests that, for
simple spurious linear trend regression, the value of the optimal bandwidth should be around
0.3.

Last, we consider spurious regressions of a standard Gaussian random walk process {Xt};f:l
on independent Gaussian random walks {Z;}7_,, where X; = 30| pu, with ug ~g 3id N (0,1)
and Z; = >\, ugz) with ,ﬁj’ ~gq td N (0,Ix). Figure 6 shows kernel estimates of the
probability densities for these t-statistics under different scenarios based on 10,000 simulations.
Figures 7-8 report the simulated rejection frequencies of these t-statistics for various values
of K and b. The patterns exhibited are evidently similar to those in Figures 1-3. The same

qualitative observations made for Figures 1-3 therefore apply to these regressions.
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5 Conclusions

Robust inference in trend regression poses many challenges. Not least of these is the critical
difficulty that a trending time series trajectory can be represented in a coordinate system by
many different functions, be they relevant or irrelevant, stochastic or non-stochastic. Valid
significance testing in this context needs to allow for the fact that trend regression formulations
inevitably fail to capture all the subtleties of reality and to a greater or lesser extent therefore
involve some spurious components. The practical implications of this message is powerfully
stated in the header by David Hendry that opens this article.

The present work has studied the asymptotic and finite sample performance of simple ¢
statistics that seek to achieve some degree of robustness to misspecification in such settings.
The analysis is based on three classic examples of spurious regressions, including regression of
stochastic trends on time polynomials, regression of stochastic trends on a simple linear trend,
and regression among independent random walks. Concordant with existing theory, the usual
t-statistic and HAC standardized t-statistic both diverge and imply ‘nonsense relationships’
with probability going to one as the sample size tends to infinity. Also concordant with ex-
isting theory, when the number of regressors K is fixed, the HAR standardized t-statistics
converge to non-degenerate distributions free from nuisance parameters, thereby controlling
size and leading to valid significance tests in these spurious regressions. These findings re-
inforce the optimism expressed in earlier work that fixed-b methods of correction may fix
inference problems in spurious regressions.

But when the number of trend regressors K — oo, the results are different. First, rates
of divergence of the usual t-statistic and HAC t-test are greater by the factor v/ K than when
K is fixed. Second, the fixed-b HAR t-statistic is no longer convergent and instead diverges
at the rate v K, leading to spurious inference of significance when K — oo. Thus, in the
case of models with expanding regressor sets, none of these standard statistics produce valid
consistent tests with controllable size. The failure of the HAR test in this setting is particularly
important, given the growing use of machine learning algorithms in econometric work where
large numbers of regressors are a normal feature in initial specifications. Future research might
usefully focus on methods of controlling size and achieving consistent significant tests in such
settings. A further area of research that is relevant in practical work involves extension of the
present results to regressions that involve more general forms of stochastic trend processes,

including higher order integrated and fractionally integrated processes, as well as unbalanced
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regressions. The methods of the present paper should be useful in developing asymptotic

analyses of such potentially spurious regressions.

APPENDIX

A  Proofs of Theorems in Section 2

Lemma A.1 For any r € [0,1], let B, (r) = B(r) — Zx@k (1) = Y pZii1 VP (1) §k
be the Lo-projection residual of B on ¢g (1), with ¢ (r) = V2sin[(k—1/2)7r], \p =
w?/ [(k - 1/2)2772} and &, = itd N (0,1). When K — oo,

(i) By, (r)~Op (1/\/?) uniformly in r € [0, 1],

(ii) Kfol B2 =w?/n? + 0, (1) with w? = 2r f, (0),

(iit) fo B}, C}<¢7K]2 ~ 0, (1/K)

() fo Iy kb —q)B,, (r) By, (9) [Ck @k (M] [Ck Pk (q)] drdg ~ Op (1/K).

Lemma A.2 When n — co, K — oo, 1/M 4+ M/n — 0, and K°?/n + K3/2/n%7% — 0,
(i) CyBr/Vin=Cyix =CyZx +0,(1),
(i) K (s3Cl (@) Cic) = K [y B2, +0, (1),
. 1
(iii) 45 (925, ) = (J11k(s)ds) K fy B2 (Conl + 0y (1),
, . 11 _ _
(iv) £ (a2, 5, ) = K S ko (r = 0) B, (1) By, () [Cheprc (0] [Chore (@) drdg-+o, (1),
where Zy = (Zk)k | are the random coefficients in the orthonormal representation (2.4), s2,

WC}(,B and &7, 1 6, OTC defined as in formulae (2.7), (2.9) and (2.12), respectively.
Proof of Lemma A.1. (i) It is easy to see that E[B, (r)] =0, and

wlani] - 5 im0 5 2)-of £ 2)-o([" ba)-o(2)

k=K+1 k=K+1 k=K+1

uniformly in r. So by the Chebyshev’s inequality, B, (r) = Op (1 VK ) uniformly in r.
(ii) See Phillips (2002), Lemma 3.1.
(iii)-(iv) The proofs of (iii) and (iv) are similar. Hence, only the proof of (iv) is given
below. By noticing that &, ~ iid N (0,1) and for each k = 1,..., K the functions ¢, (r) =
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V2sin [(k — 1/2) 7r] are bounded uniformly in r, we have

BB, (B, (@] = E| > NN’er >¢l<q>skfl] = > e en(a)
kl=K+1 k=K+1

= O ( Z /\k> =0 <]1{> uniformly in r € [0,1] and ¢ € [0, 1].

k=K+1

Therefore,

E {/01 /01 ky(r—q)B,, (r) B, (q) [Ckpk ()] [Ck@k (9)] drdq}
1 1
= /0 /0 ky(r—q) E {wa (r) By, (q)} [Ckex (r)] [Ck®xk (0)] drdq
= o(2) [ [ 1ok 0] (Chn (| v
- 0 <Il(> </01 |Cheorc ()| dr >2 ~0 (;{) ,
since ky, (r — ¢) is uniformly bounded and

</01\C}<¢K(r)|dr>2s/ol [Ck@x (1)) dr = C </0le( ) @l (r )dr) Cx = ChCr =1,

(Lisswie) = ([[awrn) =([Eumon)

k=1

5 Ve[| (S VEe
(1;1% (k=1/2)m . kzl(k:—l/Q)w ‘

\Y]

28



Further

o0

= E( Y XN en@er () ep (D E+ D )\k)\hSDk(T)‘Pk(Q)‘Ph(5>¢h<7)§z€%)
k=K+1 h,kh:;;—i-l

+E Z Medioy (1) o () @1 (q) oy (1) €367 + Z Medioy (1) @ (T) ¢y () @1 (5) €367
l,kl=7£Ii+1 l,klZ?fiJrl

o0

= 3 Z Aeor (1) or (@) @, () o (7) + Z MeAney (1) @1 (@) o, (8) o3 (T)

k=K1 hk=K+1
hek

o0 o0

+ Y ek (Mo (e @@ () + Y Mg (1) e (7) 9 (@) ¢y (9)
l,kl:¢li+1 l,kl:;]iH

= Z ke (1) e, (q) Z Anep (8) e (1) + Z Ak (1) @y, (5) Z ey (q) ¢ (1)

k=K+1 h=K+1 k=K+1 I=K+1

+ Z ey (1) g (T) Z Mg (@) ¢ ()

k=K+1 I=K+1
1 1

= 3x0 (é) x O (K> =0 (K2> uniformly in (r,q,s,7) € [0,1]*.
Therefore,
B { (/ 1 / k(- B, (B, (@) [Ckax )] [Chpx @] drdq)2}
= o)< [ [ [ ] 1020l |Cken @) Ckn () ko ()] ardadsis

_ o(é) < </Ol}c;<;oK (r)‘dr>4—O(K1,2>.

Finally, we get

Var ( /0 1 /0 o (r—a) B, (r)B,, (q) [CkPx ()] [CkPx (a)] drdq) =0 (;) :
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Proof of Lemma A.2. (i) See Phillips (2002), Lemma 2.2.
(ii) Using the Hungarian strong approximation (e.g., Csorgo and Horvath 1993), we can

construct an expanded probability space with a Brownian motion B (-) for which

sup | Xy — B(t)] = 045 (nl/p) ,

1<t<n

X ()| 1
v B\ = o G )

Applying the matrix norm ||A| = max; ZJK:1 |a;j|, Phillips (2002) proved that

or

sup
1<t<n

1 @& , K
—E =17 o—
n PKtPKt K+ <n>’

t=1

and
A . a1/2% K 1 B K 1
BK/\/E—@K—AK &+ Oqs <n+n1/2_1/p> =Zg+ Oqs <n+nl/2_1/l3 ,
where &5 = (§k)kK:1, and Zx = (zk)szl are the random coefficients in the orthonormal

representation (2.4). Therefore, we have

sup |— — B — = sup — =& —|Bl—-)—-2Z2
1<t<n [V T (n) ‘ 1<t<n (x/ﬁ KPRt n KPRt
X t
<  sup —B<>'+ sup |, (Zx — ai
1<t<n | VT n 1<t<n }SOKt ( )‘
< o o + sup ng’ H I Zx — ax||
>~ a.s ’I’L1/271/p 1<t<n Kt

1 K 1 /
= Oqg.s 2 1/p + Oq.s ;-FW 1S§1tl£nH(PKtH

K? K
= Qs <n * nl/z—l/p) 7

as SUPy <y<p ||l = SUP1<i<p, V23R Jsin[(k — 1/2) nt/n]] = O (K). The second inequality
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comes from Holder’s inequality. Hence, when K°/2/n 4 K3/2 /n'/271/P — 0, we have
n

K , K /a\? 1 JE ¢ K52 32 2
—sp = n;(\/ﬁ) :HZ KB, <n)+0‘” e

t=1

n

= I (VRBu (L) o) =53 (B (1)) ot

n
t=1 t=1

1
= 2 T T [0) .
_ K/o B2 (r)dr + 0, (1)

It is straightforward to see that when K/n — 0,

1 - K
C’}<< /Kq)K> CKZC}((IK+O(>)CK=C}(CK+O(1):1+O(1)'

n n
Therefore, when K5/2 /n + K3/2/ (n1/2—1/p) 0,
2 11 ' -1 K , . (1, -1 1 ,
K <SbCK ( K@K) CK) = ;Sb CK ﬁ K@K CK =K . E‘PK + Op (1) .

(iii), (iv) The proofs of (iii) and (iv) are similar, so only (iv) is proved here. When
K5/2/7’L + K3/2/n1/271/p — 0,

K — N
EC;(IFWHHAR () Cr

—1 .
1 5 Jj\ K PSS l /
- 2 Z Ky n) n Z Ul O o i Prce 4Ok
j=—n+1 1<tt+j<n

1 & t—s\ VK VK, ,

- % Zn: Ky (t ; S) (x/?BW (;) + 045 (1)) (x/?ﬁw (%) + Oa.s (1)) Cxki9rsCr

n

- Lyw (t = S) VEB,, <t>) (VEB,, (2)) CkeratlesCi + 0 (1)

= K kv (r —q) By, (r) B, (0) [Ckox ()] [Ck@x (9)] drdg+ o, (1).
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Therefore, when K°/2/n + K3/2/ (n1/2*1/p) — 0,

K . 1 -1 K/\ R 1 -1
; (OJQC«}(ﬁK> = C}{ (n }(@K) (TLQII'Va.rHAR (UthKt)) <n(p/[((p[{) CK
K — ~
= Ck (th”Val“HAR (utcpKt)> Ck + 04.5.(1)

1 1
- K/o /0 ky (r—q) By, (r) B, (0) [Ckox ()] [Ckx (9)] drdg+op (1).

Proof of Theorem 2.1. (i)-(ii) The proofs are similar to those in Phillips (1998) and
are omitted.

(iii) From Phillips (1998), when n — oo and K is fixed, n V2B, = ag = Zg. Let
i = (1 (t/n) ... ¢k (t/n))’, we have

. 1 o 2 I
U\L/EJ - > (th-J _ﬂKSOKLn_O = B(-) = Zipk () =B, ().

The scaled long run variance estimator can be written as

-1 .
— . 1 < J 1 PNEPN !
ﬁlrvarHAR (Upgy) = Z Z Ky nln Z UtUt+jPKtPKt+j
j=—n+1 1<t,t+5<n
_ 12”:]% t—s\ asw "
n2 - ] n \/ﬁ\/ﬁ Kt KS
S,t=

1 1
N /0 /0 ky (r—q) B, () B,,_(a) @i (r) @ (q) drdg.
Noticing that

1 1 & t _
E‘I’}(‘I’K = EZ@KtSOth —>/0 Pr (1) P (r) dr = I,
=1

it follows that

1 1 1 — X 1 -

1 1
= O /O /0 W (r— ) B,_(r)B,, () @x (r) @ (@) drdgCr

1 1
- /0 /0 ko (r —q) By, (r) B, (q) [Ck@x ()] [C@r (q)] drdg.
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Therefore,

HAR _ C}(BK _ n_l/QC}(,@K
o M 1/2
o ki {”ﬂd%' 6K} /
K
ClZk
- K

Ik (= @) By ) By (@) [k ()] [ ()] drda]

Let Z) = ZgJw = fgl Woy, W(r) = B(r) Jw = BM (1), w? = 27f,(0), and W, (r) =
B, (r)/w=W/(r)- (ZIV}/)’ g (7). It then follows immediately that

HAR c zv
= KK

OB [ Jo o k(=@ W, (MW, (q) [Chr ()] [Chx (a)] drdq}

1/2°

B Derivations leading to (2.22)-(2.27)

Lemma B.1 For the regression model (2.16) let B(-) = BM (w?) with w? = 2 f, (0) > 0.

Irrespective of whether a is zero or not, when n — oo and 1/M + M/n — 0, the following
results hold:

(i) for r € [0,1],

Ul |

N :>B(r)—3</OlsB(s)ds>T:=B(7”) ;

(i) 1
n? (sq)* :>3/ B? ;
0
(iii) 2 ) ) .
M(wa) :>9/_1k(s)ds/0 r°B* ;
(i)

1 1
02 — r rqdrdq ;
n (@) :9/0 / ko (r — @) B(r) B (q) rgdrdq ;

where Sq, Wa, Wq are defined as in (2.19), (2.20), (2.21), respectively, u; = X; — at for
t=1,---,n, k() is a kernel function and ky, <%> =k nib )
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Proof of Lemma B.1. (i) Using the functional law and continuous mapping it is

straightforward to obtain

n=>/2 S XD f sB (s ds
Vn(a—a) = =L 0 / sB (s
( ) n=3%y 0 12 szds

Therefore, for any r € [0, 1],

ﬁ[m‘] . X[m"j —a- \"IZTJ Lnrj i —a LnTJ

= B(r)—3</olsB(5)ds>r::B(r).

(ii) From the expression of s, given in (2.19), the following is immediate

1o Iem(w \] [1 =)
n?(sq)? = n? (X, — at)? £2 = |- <t> — )
ntz; ¢ Z n; vn n3tz:;
1
= 3/ B? (s) ds.
0
(iii) As 1/M + M/N — 0 when n — oo, we have for any |j| < M and r € [0, 1]

' M
Wy:r+0<) — T as n — o0.
n n

Therefore, from the continuous mapping theorem, it follows that

M . .
1 1 — R 1 Ut ﬂtJrj tt+g
— —lrvargac (tay) = E ( > - E it -
3
Mn 1<t itj<n \/ﬁ \/ﬁ n n

M
= / ds/ B (r)? r2dr.
Hence,

2 n
— (0q)" = — E t) [lrvarHAC tiy) -3 E t
M ne M

= 9/_11k:(3)d5/013(7")27‘2dr.
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(iv) For the HAR based test given in (2.21), we have

n—1 .
- . J 1 o .
Irvargap () = | E ¥ ky, (n) - E tlylyy (t+7)
j=-n

1<t,t+j<n

By continuous mapping

1 — 1 & t—s\ Us U St
—h‘V&I‘HAR (tﬁt) = — Z kb( —=
1 2
n n? 4= n ) vnynnn
1,1
= ky (r —q) B (r) B (q) rqdrdg
o Jo
Then,
I
n(cba)2 = <32t2> <1I'/V;'HAR tut > < Zt2>
n
t=1
1,1
= 9/ / ky (r —q) B (r) B (q) rqdrdg.
0o Jo
]

Proof of (2.22)-(2.27). The stated results now follow directly from the above and the
fact that /na = 3]01 sB(s)ds under Hy:a =0, and @ = a under Hy :a #0. ®

C Proof of the Theorem in Section 3

Proof of Theorem 3.1. (i): In the regression (3.3), we already have that n*1/2yL rJ =
B(r), n Y2z = Vi (), for k=1, K, and b, = Ex := (ex)jy. Let Vic = (Vi) -

Based on continuous mapping, we have
n n 1
_ 1 2z S
t=1 i vnrvn B

Noticing that
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we obtain

Therefore
n n -1 1 —1 1
n(sp,)° = Ch |n~2 Z (%)2] (n_QZzt%) Cx = Ck </ VKV1,<> CK/ EZKa
t=1 t=1 0 0
and

1, Cibx CiEx

tsz 172 =
n _ -1
ve {n (SbZK)Q} {c;( (fol VKVI’<> Cx f, WgK}

(ii) As 1/M + M /n — 0 when n — oo, for any |j| < M and r € [0, 1], we have

/2"

] M
W=T+O<> — r as n — oo.
n n
Hence, for any |j| < M,
1 2 Ay Gy % /1 2 & o
— —— = W2 ViV,
W yKVKVEK;
" iciiryen VIV VR Vg
and
M . PN /
11— N 1 J 1 2t Ut Uptj Py
— —lIrvargac (zt) = — Z k <> - Z e
2
Mn Mj:—M M) |\n _, Ti<n Vny/n o y/non
1 1
= X k(s)ds EEKVKV[/(
Therefore,

n -1 n -1
1 1 ——
% (oﬁzsz)z = O <n_2Zztz£> [MﬁlrvarHAc (zt@t)] (n_2;ztzg> Cx
-1

1 -1 1 1 1
.o ( / VKVI’(> { / k (s) ds / ngva;(] ( / VKVI’(> Cre.
0 -1 0 0
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and

Cl By

Lo (1 Vaevi) ™ [ o)as et (i vate) CK}”Q'

(iii) Note that

-1 .
1 —— . 13 J 1 .
ElrvarHAR (Ztut) = w3 Z ky <n (n Z ztututﬂzgﬂ-)

Jj=—n+1 1<tt+j<n

Therefore,

1 —
ztz£> ( lrvargag (zee > < Zztzt> Ck

-1

(a}bz}()z = C}( (n_2
t

=1
T 1 N1
= C}( (/ VKV[/(> H </ VKVI/(> CK,
0 0
HAR C}(BZK C}(EK

b 2 N N
{(wsz)} {C}( (foviVI'{) H(foviv;{) CK}

and

1/2°
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Notation Summary

L2 [0,1] space of square integrable functions on [0, 1].
= weak convergence.

|- integer part of.

= definitional equality.

op(1) tends to zero in probability.

0a.s(1)  tends to zero almost surely.

O,(1) bounded in probability.

— converge in probability.
rAs min(r, s).
~ asymptotic equivalence.

distributional equivalence.

~d distributed as
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