*Manuscript

Click here to view linked References

©CO~NOOOTA~AWNPE

A Bayesian approach for wavenumber identification of metamaterial
beams possessing variability

Marcos. R. Souza®, Danilo Beli®®, Neil S. Ferguson®, José Roberto de F. Arruda®, Adriano T. Fabro®”

%ISVR, University of Southampton, Southampton, UK
®School of Mechanical Engineering, University of Campinas, Campinas, Brazil
°Séo Carlos School of Engineering, University of Sdo Paulo, S&o Carlos, Brazil
Department of Mechanical Engineering, University of Brasilia, Brasilia, Brazil

Abstract

Recent developments in additive manufacturing have allowed for a number of innovative designs in
elastic metamaterials and phononic crystals used in several applications, including vibration
attenuation. Complex geometric patterns that were otherwise very expensive or unpractical to produce
are currently feasible. However, the 3D printing also introduces variability, which can greatly affect
the dynamic performance of the metastructure. This work investigates the effects of manufacturing
variability on the wavenumber identification of beams with evenly attached resonators, produced from
Selective Laser Sintering. A combination of a correlation-based technique and a Bayes framework is
proposed to identify the effective wavenumber and the most probable values of some of the design
parameters. Typically of interest, for vibration attenuation using metamaterials, are the mass ratio and
the resonator natural frequency. For this purpose an analytical model is derived, assuming an infinite
number of resonators tuned to the same frequency. These parameters can be highly affected by the
manufacturing variability because they are dependent on complex geometrical features of the
metastructure. It is shown that the proposed approach can estimate the most likely values of the
parameters with less than 4% difference when compared to a benchmark approach; the latter is not
only more complex and time demanding, but also based on indirect measurements. Understanding the
effects of this variability on the wave propagation represents an important step towards proposing
robust designs with respect to the attenuation performance.

Keywords: Bayesian estimation, wavenumber identification, uncertainty quantification, band gap,
elastic metamaterial

1. Introduction

Recently, metamaterials and phononic crystals, which can be described as a class of structures
designed to manipulate acoustic and elastic waves [1], have been applied for vibration attenuation
purposes (e.g.[2,3]). Most of the recent developments in elastic metamaterials are due to the currently
available 3D printers [4-6]. However, like any other manufacturing process, the 3D printers introduce
manufacturing variability with respect to the nominal periodic design [7,8] which has been shown to
greatly affect the metamaterial vibration attenuation performance [9,10], leading to wave trapping and
band gap widening [11-13] or annihilation [14]. Very limited experimental work is available in the
literature concerning the investigation of the dynamic performance of 3D printed structures and the
estimation of their mechanical or geometric parameters (e.g. [15]). In this sense, there is a growing
need for more experimental investigation into this subject.
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The Bayesian approach, based on Bayes' theorem, has been used as tool to infer system parameters
from a given set of data[16] in the context of inverse problems. Regardless of the fact that parameters
of a model may have a deterministic value, a Bayesian approach allows for the treatment of
parameters as uncertain, providing a method that reflects one’s uncertainty about the true value of the
parameters. It can be interpreted as a 'statement of belief' based on expert opinion [17]. A Bayesian
approach can also take into account the findings and knowledge of previous work in the form of the
prior distribution, whilst a more classical statistical approach usually cannot go further than using
previous research to assist the formulation of hypotheses[18]. This is in contrast to the frequentist
approach interpretation of probability, which assumes an inherited randomness of certain random
variables associated with a random phenomenon [19].

In computational mechanics the Bayesian approach has been used in several applications, such as for
the identification of geometrical or mechanical properties [20,21], damage detection or assessment
[22,23], or as a tool for model selection [24,25], i.e., choosing a mechanical model that best represents
a set of measurements. Wave-based approaches have also been used for the identification of
mechanical properties using ultrasound [26,27], which requires measuring the wave speed, or by
directly estimating the dispersion relation [28-31] using frequency response function measurements.
Bayesian approaches have previously been proposed for characterizing elastic constants in composite
materials using ultrasonic Lamb waves [32], and in electrical cable bundles [33] using dispersion
relationships corresponding to flexural waves. However, to the best of the authors' knowledge, it has
not yet been applied to the identification of properties of locally resonant metamaterials.

This work aims at investigating the effects of manufacturing variability on the effective wavenumber
identification in beams with evenly attached resonators produced from Selective Laser Sintering
(SLS). A combination of a correlation technique[34,35] applied to frequency response measurements
and a Bayesian framework is proposed to identify the wavenumber and most probable values of some
of the design parameters typically of interest for vibration attenuation using metamaterials, namely the
mass ratio and the natural frequencies of the resonators. For this purpose, an analytical model is
derived assuming an infinite number of resonators tuned to the same frequency based on the work by
Sugino et al.[14,36]. These parameters can be affected by the manufacturing variability due to the
complex geometrical features of the metastructure. The dispersion relation of an equivalent Euler-
Bernoulli beam model is used at lower frequencies to identify the Young’s modulus of the
metamaterial host beam. It is shown that the proposed approach can estimate the most probable values
of the parameters with less than less than 4% difference when compared to a benchmark approach
proposed by Beli et al.[10]. The latter is more complex and time demanding and is based on indirect
measurements, but provides the complete set of properties along the space. Understanding the effects
of this variability on the wave propagation represents an important step towards proposing robust
designs with respect to the attenuation performance.

This paper is organized as follows. Section 2 presents a bending wavenumber expression for the
metastructure, which is then used along with a Bayesian parameter identification strategy presented in
Section 3, which also describes the proposed approach using synthetic data, produced from numerical
simulations. Section 4 presents the results of the proposed approach from experimental measurements.
Finally, Section 5 gives some concluding remarks.

2. Wave motion: dispersion analysis

In this section, an equivalent bending wavenumber expression is presented for the case of a
continuous host structure with periodically attached undamped lattice resonators. This result is used
throughout the paper in the identification approach.
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It has been shown that the actual working mechanism for vibration attenuation in metamaterials is
related to the vibration absorber principle [37], known as Mie-type or Fabry-Perot-type resonances
[38], while the working mechanism of phononic crystals is related to the periodicity in the material
and geometrical properties [39], known as the Bragg scattering effect. For practical engineering
applications, only a limited number of resonators along the metastructure is feasible. In this sense,
Sugino et al. [14,36] discussed the optimum number of resonators and the importance of the resonator
positioning, considering the targeted frequency band, the mass ratio and the boundary conditions, in
terms of a Riemann sum. They showed that the optimum band gap is equivalent to the assumption of
an infinite number of attached resonators.

An analytical expression can be derived based on a continuous beam model with point-attached
lumped parameter resonators. Assuming that the equations of motion of a continuous Euler-Bernoulli
(EB) beam undergoing flexural vibration with S periodically point attached undamped resonators,
with translation and no rotational inertia, can be given in general form by [14,36]

*w(x,t)  0*w(x,t) J
El dx* tH otz Z kpup(t)5(x - xp) =p(x, 1), (D)
p=1
and, for the resonators,
0%uy (t) 9%w(xp,t)
p p, _
Mp 5z T kptp(O) My —— 55— =0, ()

where w(x, t) is the transverse displacement of the beam due to bending at position x and time t,EI is
the bending stiffness, u is the host beam mass per unit length, k,, and m,, are the lumped stiffness and
mass of the pt" resonator attached at x,, position, p(x, t) is the distributed load and §(x) is the Dirac
delta function. This expression was originally proposed for a modal analysis of metastructures aimed
at the derivation of a closed form expression for the frequency edges of the band gap, and has been
shown to be equivalent to a metastructure with the optimum number of resonators [14,36]. In this
work, it is used for finding a simplified equivalent dispersion equation, i.e., the metastructure is
modelled as a continuous structure with an equivalent wavenumber rather than a periodic structure
with a given phase change.

Assuming time harmonic motion, i.e. w(x,t) = W (x)e'", p(x,t) = P(x)e'", u,(t) = U,e'* for
the pt" resonator, the displacement of the p" resonator can be related to the beam displacement at Xp
by

Up =———W(xp), 3)

wherew, is the natural frequency of the pt" resonator. Assuming identical resonators, it is possible to
show that

d*w(x)

El ———
dx*

2 S
— w?uW(x) — epw? #z W (x,)8(x — x,)Al = P(x), 4)
T p=1
where € is the mass ratio, defined as the ratio of the mass of the resonators by the mass of the host
beam, and w, is the natural frequency of the identical resonators and Al is the spacing between
resonators. Assuming that S — oo, such that the summation becomes an integral in the Riemann sense,
and writing the displacement field in the terms of space harmonics, i.e. W (x) = We~**, thus
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where ), = w/w, Is the ratio of the natural frequency of the resonators w, and the excitation
frequency w. Details of this derivation are given in Appendix A.1l. The wavenumber can be real,
meaning a propagating wave, imaginary, meaning a decaying or evanescent wave, or complex,
meaning a propagating wave with decay. The imaginary part of the dispersion curve (negative values)
shows the frequency band in which there is vibration attenuation, i.e. the band gap for the flexural
waves. This is caused by the resonators and it is known as locally resonant band gap[1].

3. Parameter identification strategy

Experimental data can be used to identify the dynamical properties of a structure. Classically, this is
done by curve fitting experimental frequency response functions (FRFs) using a modal model to
identify modal parameters, i.e., natural frequencies, modal damping, and mode shapes [40-44]. This
would require a previous knowledge about the boundary conditions of the measured structure or, at
least, they would need to be assumed. The spectral element method[15], although considered a wave-
based approach, also requires the definition of boundary conditions. Dispersion curves have been used
with a Bayesian approach in some engineering applications, for instance for estimating mechanical
parameters in composites [32,45], water pipelines [46] and cable bundles [33]. Despite applying
different wave measurement methodologies, they typically use the wavenumber estimation to fit
mechanical parameters under some Bayesian framework. In this paper, a correlation technique[34,35]
is used to estimate the dispersion curves of a beam with attached resonators from the measured FRFs.
One advantage of identifying the dispersion curve from a correlation technique is that this method
does not require any prior knowledge of the structure, such as boundary conditions, material
properties or cross-sectional dimensions[47], while not being very sensitive to sensor placement [31].

This paper combines the use of a correlation technique to estimate dispersion curves for a beam
with a set of nominally identical resonators with a Bayesian approach, in order to obtain the most
likely dispersion curve for the beam. Then, from the inferred dispersion curve, one can identify the
Young’s modulus of the beam along with its mass ratio, i.e. the ratio between the mass of the beam
and the mass of the resonators, and the natural frequency of the resonators.

3.1. Bayesian identification

Bayesian inference is used in order to update the prior probability density function (PDF) [48] of the
bending wavenumber of a beam with a set of resonators. Assuming that the only knowledge available
about the prior distribution is its lower and upper limits, a uniform probability distribution gives the
maximal uncertainty for a random variable. In other words, if there are no other strong grounds for
assuming a different prior, a uniform distribution is the best initial assumption [24]. That is a result of
the Maximum Entropy Principle [49-51]. Any other information considered about the prior
distribution results in a non-uniform distribution, meaning that the considered random variables have
less entropy or, in another words, more information, which would put less weight on the role of the
experimental data updating the prior distribution [25].

The measured data is usually assumed to be contaminated with additive Gaussian noise in the form of
y(0) = q(0) + e, where q(0)is the system output of a model under the same excitation 0, y(0) is the
measured data and e is the prediction error, which accounts for the difference between y(0)and
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q(0)[52,53]. In a Bayesian context, assuming the measured datay = [y;, 2, ..., Yn1, the posterior
distribution of the set of model parameters 0, given the data y, is[52]

_ p(yl®)p(0)
p(@ly) = )

wherep(y|0) is the likelihood function, p(0) is the prior distribution and p(y) is a normalising
constant. In other words, at every frequency, p(y|0) is the probability of the observed data kg

) (6)

observed’
given a wavenumber kg from the prior distribution, which is assumed to be uniform. The prior, p(0),
is the distribution of the modelled wavenumber k. The function p(y) is the PDF of the observed data
and can be treated as a simple normalising constant that does not affect the identification of the
parameter of interest.

3.2. Synthetic data

In this section, a numerical simulation is proposed as a proxy for experimental data in order to assess
the applicability of the Bayesian inference. Twenty dispersion curves were produced with the
introduction of an additive noise to the actual exact wavenumbers kg (w) in the form of kBsynth =

kg[1 + e(w)]. In this pseudo-experiment, kg, e, represents kg .. Figure 1shows one sample of

the synthetic dispersion curve and the nominal wavenumber, from Eq. (6). The general properties
used for the synthetic data are given in Table 1, which corresponds to the nominal values of the
metastructure presented in Appendix A.2.
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Figure 1- Synthetic data and synthetic data polluted with noise. Nominal case (=) and the twenty
synthetic cases (=).

Table 1 — Mechanical and geometrical properties of the metamaterial beam used for the

synthetic data.
Property E 1 n p A fr L €
[GPa] [m’] [kg/m?] [m?] [Hz] [m]
Value | 1 2.048x10° 0.01 1000  9.6x10° 2100 0.33 0.35
5
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The likelihood function is often formulated in terms of the negative log-likelihood
function[52]. Assuming e to be independent and Gaussian distributed with zero mean and standard
deviation ag, it is possible to write[52]

N
1 {'—é[yi(e)—qi(e)]Z}
0) = 1_[ ez . 7)
p(y|0) | | 2o,

In this particular case, yi(e) are the synthetic bending wavenumbers kBsynth at a given
frequency w and qi(e) is the bending wavenumber kg sampled from the uniform prior distribution.
The uniform prior distribution assumes that kg is between 0 and 200 rad/m. The analysis is made with
a frequency spacing of 2 Hz, sampling a wavenumber value from the prior and using it as q(0).

For a given index i, there is an associated value for kgthat comes from the assumed uniform
prior distribution, while yi(e) is given from the synthetic data. Therefore, in this example, for every
index i, yi(e) is a vector with N = 20 entries for the wavenumber from the pseudo experiment. [Fhis
Is enough to achieve convergence of the estimated parameters, Every individual entry of vector q,(8)
is identical to kg, such that it has Nelements and matches the size of vector yi(e). Finally, it is
possible to find a likelihood function p(y|@) associated with each index i. At every i, equivalent to a
kg value, the value of the prior distribution is multiplied by the value of the likelihood distribution,
resulting in a value proportional to the posterior distribution, Eq. (6). For purposes of parameter
identification, it is only necessary to know which kg (or index i) maximises the result of this
multiplication, equivalent to the Bayes' factor [54]. This approach is also known as the maximum a
posteriori estimator (MAP) [55]. Figure 2 shows the identified probability of the wavenumber for
each frequency obtained via Bayesian inference from the synthetic data. The light yellow colour
shows the wavenumbers with higher probability of representing the actual beam wavenumber while
the dark blue colour indicates the corresponding wavenumbers with lower probability as a function of
frequency. The inferred result is then used to estimate the Young’s modulus E, the mass ratio € and
the natural frequency of the resonators w;..
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Figure 2— Dispersion curve identified via Bayesian inference from the synthetic data. Light colours
indicate higher probability while dark blue indicates lower probability.
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For the estimation of the parameters, it is assumed that at frequencies lower than the band gap
region the metamaterial beam with resonators can be modelled as a uniform host beam with the
additional mass due to the resonators. Therefore, the density of the equivalent EB beam is given by
the sum of the mass of the beam plus the mass of the resonators, i.e.

~ Mpeam + Myesonatos

L =p(+e), 8)

where p is the density of the equivalent EB beam, A is the cross-section area, L is the length, p is the
density of the host or baseline beam and € is the mass ratio. Figure 3(a) shows the dispersion curves
of the beam with added resonators and the equivalent beam using nominal properties. Figure 3(b)
presents the ratio of both dispersion curves. It can be noted that both dispersion curves are identical
for frequencies lower than w, /2, half the natural frequency of the resonators.
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Figure 3— (a) Dispersion curves of the beam with resonators (red full line) and for the equivalent bare
beam (dashed blue line). The frequency range used to identify the Young’s modulus is highlighted
(solid blue line). (b) Ratio of the wavenumber of the metamaterial to that of the equivalent beam.

The Young’s modulus of the beam is then given by

~ 2

_pae” ©)

Ik*
where k is the wavenumber of the equivalent EB beam in the frequency range considered. Using the
values inferred for the dispersion curve from the Bayesian approach and Eqg. (9), in the range between
16 Hz and 1kHz,it is possible to calculate the Young's modulus of the equivalent EB beam for every
frequency, as shown in Figure 4 (a). It is assumed that the Young’s modulus is not frequency
dependent. Therefore, a probability distribution can be estimated for the Young’s modulus. Figure 4
(b) presents the histogram obtained for the Young’s modulus. It is expected that the Young’s modulus
distribution is not Gaussian due to the non-linear mapping from the random variable k to the random
variable E, Eq. (9). For the sake of simplicity, the Maximum Entropy argument [51,56] is applied to
fit a Gamma distribution to the data. It is presented in Figure 4 (b). The Gamma distribution is of the
type pg(x) = (1/19"F(zc))x("‘1) exp(—x/9), where k is the shape factor and 9 is the scale factor.
The identified value for the Young’s modulus from this procedure is given by the mean value of the
fitted Gamma distribution.
The mass ratio € and the natural frequency f = w,./2m of the resonators are obtained using a non-
linear least squares approach to fit the data to the model in Eq. (5) and using the identified Young's
modulus. The curve fit was made in the frequency range between 1 kHz and 4 kHz. These values



©CO~NOOOTA~AWNPE

were chosen after inspection of the dispersion curves. The lower limit was chosen in order to be
roughly above w,./2, which is also the upper limit for the estimation of the Young’s modulus. The
upper limit was set to be above the band gap. A loss factor of 1% was considered in the dispersion
curves. Results are summarized in Table 2, and present a maximum error of 2.1% for the Young's
modulus.
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Figure 4— (a) Young’s modulus from the Bayesian inferred dispersion curve and the equivalent EB
beam. Calculated (black full line), actual (dashed green line) and identified (solid red line) Young’s
modulus. (b) Histogram of the Young’s modulus and the fitted Gamma distribution with shape factor

K = 183.73 scale factord = 5.327 x 10°.

Table 2 — Nominal and identified Young’s modulus, resonator natural frequency and mass
ratio from synthetic data.

E fr
[GPa] [Hz]
Nominal 1.00 2100 0.350
Identified | 0.98 2080 0.349
error 21% 0.95% 0.28%

€

Figure 5 presents the dispersion curve obtained with nominal values, with the identified parameters
and the Bayesian inferred. A very good match is observed and shows that the proposed approach is
suitable. In the next section, the proposed approach is applied to a set of experimental FRFs from a
single metamaterial beam, which was produced using SLS 3D printing.

Note that the presented numerical experiment can have two distinct interpretations. The first considers
that every kBsynth is estimated for a single beam from a set of nominally identical beams. Therefore,
the Bayesian estimation gives the most probable parameters representing the ensemble of beams. A
second point of view is that every kBSynth is generated from different positions along a single beam
with non-uniform properties along its length, i.e. a near periodic beam. Therefore, the Bayesian
estimation gives the most probable parameters representing a single periodic structure. The latter is
used for applying the proposed approach to the experimental data presented in the next section.
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Figure 5-Dispersion curve obtained with nominal values (dashed blue line), with the identified
parameters (solid red line) and the Bayesian inferred (black line).

4. Experimental data

In this section, the proposed Bayesian identification approach is applied to estimate the effective
dispersion curve of the metamaterial beam presented in Appendix A.2 from the experimental FRFs
obtained with the set-up presented in Appendix A.3. The wavenumbers are obtained from a
correlation-based wavenumber identification technique [34,35]. A total of 59 FRFs were measured
along the length of one beam. Each FRF can be considered as an independent experiment. Therefore,
the correlation technique followed by the Bayesian inference can be applied on different subsets of
these 59 FRFs. Assuming that x = 0 is at the midpoint of the beam along the axis of propagation, the
FRFs used were measured between the points x = —0.11 and x = 0.11, resulting in a total of 41
FRFs available for the correlation technique.

From the 41 FRFs available, see Figure 6, 25 were randomly chosen from a uniform distribution to
perform the correlation and estimate the effective wavenumber. This procedure was performed 20
times, thus creating the ensemble of measurement sets. Each of these twenty estimations generates a
dispersion curve, which is then used as an input for the Bayesian inference.

Magnitude FRF

500 1000 1500 2000 2500 3000 3500 4000
Frequency [Hz]

Figure 6-Experimentally obtained FRFs.
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The two-dimensional correlation-based wavenumber identification approach [34,35] can be
straightforwardly adapted for the one-dimensional case. The wavenumbers are identified when the

absolute value of the following correlation function reaches a maximum:
N

P
- 1 .
Y (ke w) = N_Z Y (x;, w)e ke (10)
p 4
j=1

where N, is the number of points measured, Y(xj,w) is the complex transfer function measured at

x = x; at frequency w and k., is the trial wavenumber to be estimated. _
complex, meaning a propagating wave with'decay. The trial wavenumbers are real numbers with

arbitrarily fine resolution, unlike the typical Discrete Fourier Transform approach where the spatial
frequency resolution is determined by the total length of the measurement.
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estimating wavenumbers in highly damped structures [57]. The correlation technique used in this
work is typically suitable for lightly damped structures. A typical result of the correlation technique
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o
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Figure 7-Typical result of the wavenumber estimation via a correlation technique. Light colours
indicate higher correlation value and the black line gives the maximum correlation at each frequency.

10



©CO~NOOOTA~AWNPE

Once the 20 dispersion curves are estimated, the same Bayesian inference approach proposed in
the previous section is applied to the experimental data in order to infer the dispersion curve for the
beam with resonators. Figure 8 presents the estimated PDF of the dispersion curve from the ensemble
of 20 dispersion curves obtained via the correlation technique for this one beam and it is the basis for
the identification of the properties of the beam and resonators. The light yellow colour shows the
wavenumbers with higher probability of representing the actual beam wavenumber, while the dark
blue colour indicates the corresponding wavenumbers with lower probability. Note that the frequency
band around the band gap presents higher uncertainty in the estimation of the wavenumber when
compared to the other frequencies, dominated by the host structure bending. This can be attributed to
the lower signal to noise ratio of the FRF at these frequencies; due to the vibration attenuation caused
by the band gap, but it can also be interpreted as a statement about the break of the periodicity
assumed in the nominal design, i.e. the disorder degree of the near-periodic structure that was actually
manufactured.

Using the equivalent EB beam assumption, it is possible to use the wavenumber expression at
lower frequencies to identify the Young’s modulus of the beam. It is important to note that the
correlation technique is not particularly suitable for estimating wavenumbers at very low frequencies,
and these values are therefore ignored. For this particular case, the dispersion curve used to identify
the Young’s modulus was limited to the frequency range between 140 Hz (above the low frequency
fluctuation of the correlation technique) and 800 Hz (from the transfer functions, this value is below
half the natural frequency of the resonators). Figure 9 presents the identified Young’s modulus and
the obtained histogram for estimation at each frequency as well as the fitted Gamma distribution. This
particular PDF is chosen to fit the Young’s modulus because it is typically used to model non-zero
positive random variables.
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Figure 8— The updated posterior distribution from the Bayesian approach with the experimental data

from the ensemble of 20 dispersion curves. Light colours indicate higher probability while dark blue

indicates lower probability.
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(a) (b)
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Figure 9—(a) The Young’s modulus from the inferred dispersion curve as a function of the frequency

(blue dashed line), the considered frequency range between 140 Hz and 800 Hz (black full line) and

the average value (red full line). (b) The Young’s modulus histogram and the fitted Gamma

distribution (shape factor k = 14.568 and scale factor 9 = 4.4468 x 107)

Similar to the synthetic data case, the natural frequency of the resonators w, and mass ratio € are
identified using a non-linear least squares approach to fit the inferred dispersion curve to the
analytical model of Eq.(5), assuming the now identified Young’s modulus. The fit was made in the
frequency range between 1 kHz and 2.8 kHz. These values were chosen after inspection of the
dispersion curves. The lower limit was chosen in order to be roughly above w, /2, which is also the
upper limit for the estimation of the Young’s modulus. The upper limit is set to be below the
frequency where the EB assumption breaks down and above the band gap range. A loss factor of 3%
was used in the model for the fit. The estimated values are summarized in Table 3. Typically, the 3D
printing process introduces local variability on the material proprieties along the beam whilst being
very accurate in reproducing the nominal geometrical properties. A procedure proposed by Beli et al.
[10] was used in the manufacturing of the test sample such that the local material properties of each
unit cell of the metamaterial beam can be approximated by the material properties of cube specimens
printed alongside each unity cell. The elastic properties of the cube specimens are obtained by a
standard non-destructive ultrasound test (see Appendix A.3. and [10]). In this work, the
manufacturing variability is assumed to be uniform along the metamaterial beam, thus the average
value of the parameters from the cube specimens is used as a benchmark value. The results obtained
are summarized in Table 3 and show differences below 4% for the mass ratio and 1.1% for the
Young’s modulus.

Table 3 —Young’s modulus, resonators natural frequency and mass ratio estimated from the
proposed Bayesian approach and from Beli et al.[10].

| E[GPa] f+[Hz] €
Bayesian approach 0.648 1971.5 0.3135
Beli et al. [10] 0.641 - 0.3258
error 1.1% - 3.8%

Figure 10 shows the experimental effective dispersion curve obtained from the proposed
Bayesian inference approach and the dispersion curve calculated using the periodic analytical model

12
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applying the identified parameters. A very good agreement can be seen for frequencies below and at
the band gap region. However, for frequencies higher than 2.8 kHz, a mismatch can be observed. This
is expected since the EB assumptions are no longer valid and a Timoshenko beam model should be
considered instead. Note that, although the curve fit for the parameter identification is limited to the
frequency range where the EB assumptions are valid, the parameters are correctly identified.
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Figure 10 — Inferred experimental effective dispersion curve from the Bayes approach (solid black
line) versus dispersion curve using the identified parameters on the periodic analytic model (dashed
redline).

The results obtained show that the proposed Bayesian framework is capable of identifying the
effective wavenumber and most probable values of some of the parameters typically of interest for
vibration attenuation design using metamaterials. In order to identify local properties, i.e. the spatial
profile of the mechanical properties of the metamaterial beam, a more dense set of measurement
points would be necessary [33], which raises several experimental issues. For shorter distances
between measurements points, shorter wavelengths are necessary to get a good signal to noise ratio
between two adjacent points. This requires measurement at frequencies that are higher than the band
gap, thus limiting its applicability. Kalkowski et al. [31] proposed the use of a WKB-based analytical
model for estimating the local wavenumber of tapered beams using five equally spaced measurement
points. Unlike the classical approach with three measurement points[30], the two extra measurements
are needed because negative-going and positive-going wavenumbers are no longer the same for non-
homogeneous structures. Notwithstanding, they also point out several experimental limitations which
apply in this case. Further investigation is necessary for estimating locally defined wavenumbers, also
considering additional challenges such as the presence of critical sections in non-periodic structures
[10,58].

5.  Concluding remarks

In this work, an investigation of the effects of the variability introduced by 3D printer manufacturing
on the wavenumber identification of locally resonant metamaterials is presented. A combination of a
correlation technique for frequency response measurements and a Bayesian framework is proposed to
identify the effective wavenumber and most probable values of some of the design parameters
typically of interest for vibration attenuation using metamaterials, namely the mass ratio and the
resonators natural frequency.
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An analytical model assuming an equivalent homogenous structure is used to represent the periodic
design of the metamaterial. The uncertainty on the estimated effective wavenumber corresponds to the
degree of disorder, i.e. the breaking of the periodicity on the manufactured metastructure. This has
been previously associated with the vibration attenuation performance of such structures[10].

The maximum a posteriori estimator was used to predict the most probable value for the identified
parameters. First, a set of synthetic data was produced for validating the proposed approach in which
Gaussian noise was added directly to the wavenumber. The identification procedure presented a
maximum error of 2.1% for the Young’s modulus, 0.95% for the natural frequency and 0.28% for the
mass ratio of the resonators when compared to the nominal parameters of the analytical model. Then,
a set of experimentally obtained frequency response functions was used to estimate wavenumber
probability distribution. In this case, the identification procedure presented a maximum error of 1.1%
for the Young’s modulus, and 3.8% for the mass ratio of the resonators when compared to results of a
benchmark approach, i.e. a very good agreement. These results show that the proposed Bayesian
approach, which relies only on frequency response measurements, can be used as a fast and efficient
way of estimating the average value of the most relevant parameters for the assessment of the
metastructure vibration attenuation performance. Moreover, although a correlation technique was
used in this work, any other wavenumber identification procedure could have been applied and
combined with the proposed approach. The approach described can be extended to other more
complex metastructure designs and other types of 3D printing technologies. Understanding the effects
of this variability on the wave propagation is one step towards proposing robust designs with respect
to the attenuation performance.
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A. Appendix
A.1. Dispersion equation with attached resonators

In this section, the dispersion equation of a one-dimensional elastic metastructure is derived,
following the approach proposed by Fabro et al. [59]. The equation of motion for a one dimensional
continuous structure with S periodically attached resonators can be derived as[14,36]

s
Lw(x, t) + uw(x, t) — Z kpup(t)6(x - xp) =p(x,t), (A1)
p=1

where L(x) is a linear homogeneous self-adjoint stiffness differential operator of order 2q, where
q > q = 1is an integer defining the order of the system, u is the mass density per unity length p(x, t)
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is the loading per unity length, w(x,t) is the displacement, u,(t) is the displacement of each
resonator attached at x,, and 6(x) is the Dirac delta function. For each resonator, one additional
equation of motion is given as

myiiy, (t) + kpu, (t) + mpﬁ/(xp, t) =0, (A.2)

with mass m,, and stiffness k,,. Assuming time harmonic motion, i.e. w(x,t) = W(x)elt plx, t) =
P(x)e'tland u, () = U,e'* for the p" resonator, then

S
LGOW (x) — w2uW (x) — Z kpUp8(x — x,) = P(x)
p=1 ’

= (A.3)
—w?myU, + kU, — 0?m,W(x,) =0
from which
U, = o W (x,) A4
P 02— w2 Xp) (A4)
where wg = kp,/m,,. Substituting back in Eq. A.3, then
2
LOOW (x) — w?uW (x) — Z k, W(xp)5(x xp) P(x), (A.5)
and assuming m,, = euAl, i.e. constant mass ratio, then
LOOW (x) — w?uW (x) — euw Z W(xp)S(x — x,)Al = P(x). (A.6)
Assuming identical resonators, i.e., w, = w,, p = 1,2,..., S, leads to
S
LOOW (x) — w?ulW (x) — euw? 2 (xp)c?(x — xp)Al = P(x) (A7)
Assuming a large enough number of resonators, i.e.
S oo
lim Z W (x,)5(x — x,)Al ~ f W () — x)dE = W(x), (A8)
1 —0

the underlying periodic system is then effectively assumed to be an equivalent homogeneous system,
which yields
2

L)W (x) — (wzﬂ + euw? #) W(x) = P(x). (A.9)

From this assumption, it is possible write the displacement field in terms of space harmonics, i.e.
W (x) = We~%*, thus the following dispersion equation can be found

1
L(—ik) — pw?( 1 =0, :
(=ik) — pw < +61_Q$> (A.10)

where Q. = w/w,, from which the wavenumbers can be calculated. This result is equivalent to a
continuous neutralizer attached to a beam[60]. In the case of a beam undergoing flexural vibration,
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then L(x) = d?/dx?[EI(x)d?/dx?], which leads to an effective wavenumber for flexural waves
given by Eq. (5).

A.2. Metamaterial model manufactured using SLS 3D printing

The metamaterial structure is a rectangular cross section beam with cantilever-in-mass resonators
attached at both sides, Fig. A.1, which is similar to the model investigated by Beli et al.[10]. This
metamaterial beam was constructed using SLS 3D printing with 15 unit cells and geometric properties:
A=22mm,b=6mm, h=16 mm, I, =14 mm, I, =2 mm, I, = 3 mm, l. = 6 mm. The resonator
presents three natural modes at the range of frequencies up to 4 kHz, which are responsible for
producing the band gaps. Three modes appear in the vertical flexural motion of the beam: | —
resonator in torsion with small vibration attenuation, Il — the resonator bending with high vibration
attenuation in the excitation direction, and Il — the resonator bending in the direction perpendicular to
the excitation. The complex resonator flexural behaviour can be represented by stiffness and inertia
matrices to take into account both displacement and rotation motions of the cantilever-in-mass
resonator. In addition, because the spring-like beams that are connected the host beam to the
masses/inertias are short, Beli et al. [10] used Timoshenko beam elements to describe the dynamic
behaviour. However, even with this more accurate theory when compared to the Euler-Bernoulli
theory, only the low frequency (acoustic mode) and band gap behaviour were well represented when
compared to the experimental results. For higher frequencies (optical mode), the numerical model and
measurements presented discrepancies. Therefore, the simplified analytical model described by Eq.(1)
and Eq. (2) based on the Euler-Bernoulli theory is capable of estimating one of the resonator’s mode
and the low frequency wave behaviour.

In addition, at each unit cell side, cube specimens were printed to allow estimating the material
properties of the unit cell. We assume that the material distributions (mass density and Young’s
modulus) along the metamaterial unit cell and along the cube specimens are similar, i.e. they have the
same trend.

Figure A.1-Metamaterial beam and its unit cell with the geometric dimensioning.

A.3. Experimental setup and frequency response measurements

The experimental setup and measurements performed are similar to the work of Beli et al. [10]. The
frequency response functions (FRF) along the beam were measured by a Laser Doppler Vibrometer
(LDV) mounted on a XY-table. The input excitation was given at one end of the beam by a mini-

16



©CO~NOOOTA~AWNPE

hammer, and the FRFs were measured along 59 evenly spaced points (i.e., FRFS were obtained in the
middle and the interfaces of each unit cell except for the excitation point) and are shown in Figure A.2
(a) and the end-to-end transfer mobility is highlighted in Figure A.2 (b) with a very distinguishable
band gap between 1920 Hz and 2350Hz. The beam was supported by foams in order to achieve the
free-free boundary condition. In addition, a reflective tape was applied to the beam top surface to
improve the LDV measurements. These experimental FRFs were used in Section 4 for estimating the
vertical flexural wavenumber of the metamaterial beam (i.e., the wave propagates along the x-axis
with displacement field polarization in the y-axis).

The elastic properties of the cube specimens were obtained by a standard non-destructive ultrasound
test by using 1MHz shear wave transducers models U8403072-U84403071 from Olympus® and the
Panametrics-NDT™ EPOCH 4 system for data acquisition and signal processing, which provide the
longitudinal and shear propagation times that can be related to the Young’s modulus and Poisson’s
ratio. The mass density of the cube specimens was estimated using a precise mass balance and a
digital calliper. Figure A.3 shows the estimated Young’s modulus (upper) and mass density (lower)
obtained with the proposed Bayesian approach (dashed red line) and from Beli et al. [10] (solid blue
line).

(a) (b)
1072 1072
2 ‘ 2
€ 10" €
- —10*
) )
B 10" g
o) (o)
° T 5
=) 21077
a -8 a
g 10 £
< <
10710 : ‘ ‘ 108 ‘ ‘ ‘
1000 2000 3000 4000 1000 2000 3000 4000
Frequency [Hz] Frequency [Hz]

Figure A.2 — (a) Amplitude of all of the measured mobility along the metamaterial beam and (b)
amplitude of the measured end-to-end transfer mobility of the metamaterial beam.
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Figure A.3 — Estimated Young’s modulus (upper) and mass density (lower) from the proposed
Bayesian approach (dashed red line) and from Beli et al. [10] (solid blue line).
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Table 1 — Mechanical and geometrical properties of the metamaterial beam used for the
synthetic data.

Property E I n p A fr L €
[GPa] [m’] [kg/m?]  [m7]  [Hz] [m]

Value | 1 2.048x10° 0.01 1000  9.6x10° 2100 0.33 0.35
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Table 2 — Nominal and identified Young’s modulus, resonator natural frequency and
mass ratio from synthetic data.

E fr
[GPa] [Hz]
Nominal 1.00 2100 0.350
Identified | 0.98 2080 0.349
error 21% 0.95% 0.28%

€

©CO~NOOOTA~AWNPE



http://ees.elsevier.com/ymssp/viewRCResults.aspx?pdf=1&docID=23525&rev=1&fileID=679522&msid={A8CD3C66-1E27-4436-8943-2DB8B12D4780}

table 3.docx
Click here to view linked References

Table 3 —Young’s modulus, resonators natural frequency and mass ratio estimated from
the proposed Bayesian approach and from Beli et al.[26].
| E [GPa] - [Hz] €
Bayesian approach 0.648 1971.5 0.3135
Beli et al. [26] 0.641 - 0.3258
error 1.1% - 3.8%
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Figure 1 — Synthetic data and synthetic data polluted with noise. Nominal case (==) and the
19 twenty synthetic cases (==).
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Figure 10 — Inferred experimental effective dispersion curve from the Bayes approach (solid
19 black line) versus dispersion curve using the identified parameters on the periodic analytic
20 model (dashed redline).
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Figure 2 — Dispersion curve identified via Bayesian inference from the synthetic data. Light
19 colours indicate higher probability while dark blue indicates lower probability.
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Figure 3 — (a) Dispersion curves of the beam with resonators (red full line) and for the
equivalent bare beam (dashed blue line). The frequency range used to identify the Young’s
modulus is highlighted (solid blue line). (b) Ratio of the wavenumber of the metamaterial to that

of the equivalent beam.
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Figure 4 — (a) Young’s modulus from the Bayesian inferred dispersion curve and the equivalent
EB beam. Calculated (black full line), actual (dashed green line) and identified (solid red line)
Young’s modulus. (b) Histogram of the Young’s modulus and the fitted Gamma distribution
with shape factor k = 183.73 scale factor9 = 5.327 x 10°.
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18 Figure 5 —Dispersion curve obtained with nominal values (dashed blue line), with the identified
19 parameters (solid red line) and the Bayesian inferred (black line).
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Figure 6 — Experimentally obtained FRFs.
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20 Figure 7 —Typical result of the wavenumber estimation via a correlation technique. Light
21 colours indicate higher correlation value and the black line gives the maximum correlation at
22 each frequency.
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Figure 8 — The updated posterior distribution from the Bayesian approach with the experimental
19 data from the ensemble of 20 dispersion curves. Light colours indicate higher probability while
20 dark blue indicates lower probability.
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16 Figure 9 — (a) The Young’s modulus from the inferred dispersion curve as a function of the
17 frequency (blue dashed line), the considered frequency range between 140 Hz and 800 Hz
(black full line) and the average value (red full line). (b) The Young’s modulus histogram and
the fitted Gamma distribution (shape factor x = 14.568 and scale factor 9 = 4.4468 x 107)
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16 Figure A.1- Metamaterial beam and its unit cell with the geometric dimensioning.
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17 Figure A.2 — (a) Amplitude of all of the measured mobility along the metamaterial beam and (b)
18 amplitude of the measured end-to-end transfer mobility of the metamaterial beam.
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20 Figure A.3 — Estimated Young’s modulus (upper) and mass density (lower) from the proposed
21 Bayesian approach (dashed red line) and from Beli et al. [26] (solid blue line).
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