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Abstract. The rocking mechanism has been widely recognized as a beneficial technique to
reduce structural damage arising from lateral excitations particularly earthquake loading, and
hence, segmental pre-tensioned bridge piers have been recently emerged due to their selfcentring property accompanied by accelerated construction of such structures. Hence, this study
formulates the rocking dynamics of tied pre-tensioned single rigid blocks as an initial study for
better understanding of dynamics of segmental pre-tensioned bridge piers. The nonlinear
equation of rocking motion is then numerically solved under different range of base harmonic
excitations. To achieve this, the rocking initiation condition is considered to determine initial
conditions of rocking motion, an implicit solution is adopted to solve the equation of rocking
motion and determine rocking response. Finally, a study is performed on a specific composite
tied block to investigate effects of geometry and initial pre-tensioning force of the cable on the
dynamic behaviour of the block. This study can find use in better understanding of segmental
pre-tensioned columns.

1. Introduction
Bridges are inseparable parts of all transport networks, and breakdown of such structures can result in
heavy economic damages and numerous life losses. Such damages could be even worse in highly seismic
regions particularly for deteriorated and aged bridges where earthquake loading can induce permanent
structural damages ([1], [2]). For integral bridges where bridge piers are monolithically connected to
both foundation and deck, bridge piers crack due to lateral loading and as a result, accelerated
deteriorations occur. Also, very large residual deformations are formed in integral bridges under
earthquake loading leading to non-functional structures after seismic events. As a solution to these
deficiencies, many studies have been carried out to develop precast structural systems that are
constructed using more durable materials, are seismically resilient, and can be used in accelerated bridge
construction (ABC) ([3],[4]). Hence, segmental pre-tensioned bridge piers are promising substitutions
to conventional monolithic bridges ([5],[6]). The pier segments providing rocking mechanism not only
allow for offsite manufacturing which speeds up construction time (i.e. ABC), but also minimise the
residual displacement of the pier under lateral dynamic loading (i.e. seismically resilient). Since the pier
segments are modelled as tied rigid bodies, a literature survey on the dynamics of rigid blocks better
demonstrates the necessity for study rocking dynamics of pre-tensioned single blocks.
The rocking mechanic of rigid blocks is an extensively recognized and investigated subject in the
literature. The rocking behavior of single rigid blocks under base excitations were much studied in [7]-
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[11]. Previous studies also focused on nonlinear behavior of single rigid blocks under earthquake ground
motions ([12]-[15]). Particularly, Simoneschi et al. ([16]-[18]) studied effects of mass dampers on the
rocking response mitigation of single rigid blocks under earthquake ground motions. In some studies,
single and assemblies of rigid blocks were used to represent dynamic behavior of art objects, and their
stability and detailed formulation of sliding and rocking motions were derived and discussed under
impulse base excitation ([19]-[21]). All studies mentioned so far addressed nonlinear dynamic of freestanding single or assemblies of rigid blocks and no cable or tendon was used to tighten rigid
block/blocks. In a unique study, Alexander et al. [22] formulated dynamic of a single pre-tensioned rigid
block on an elastic foundation. However, the formulation was derived for a class of moment resisting
frames, and effect of the block mass was ignored. Further, only small rotations were considered while
large rotations can impose higher geometric nonlinearities into the equation of motion. As an extension
to Alexander et al.’s work [22], Kashani et al. [23] experimentally investigated a novel class of selfcentering bridge columns. Clearly then, the literature lacks rocking formulation of pre-tensioned single
blocks, which are very beneficial in better understanding of rocking dynamics of segmental pretensioned bridge columns.
The preceding literature survey demonstrates that although rocking dynamics of free-standing rigid
blocks have been comprehensively investigated and formulated, formulation of nonlinear rocking
dynamics of single tied rigid blocks are yet to be mathematically described and analysed for in depth
understanding of dynamic of segmental pre-tensioned bridge piers. Therefore, there is a need for
formulation and analysis of single tied blocks under base excitations and this study addresses this
knowledge gap. To achieve this goal, kinematic and energy equations are combined together, and a
general equation of rocking motion is derived for rocking behaviour of single tied blocks. The rocking
initiation condition is considered to determine initial conditions of rocking motion and a numerical
algorithm is employed to solve the equation of rocking motion and determine rocking responses. Finally,
a study is performed on a specific composite tied block to investigate effects of geometry and initial pretensioning force of the cable on the dynamic behaviour of the block.
2. Formulation of rocking motion of a tied block
2.1. Kinematic equations
The horizontal and vertical translation of the centre of gravity of a rigid block which rocks around pivot
point o at distance αb from the centre of the block (see figure 1) are determined in this section. The
clockwise rocking is taken positive (see figures 1a and 1c), and the block angle, β, and rocking radius,
R, are defined as:

   tan 1  2 b / h  ; R   2b 2  h 2 / 4

(1)

Positive β corresponds to the rocking centre on the left-hand side (α < 0) (see figure 1a). For positive
rocking, α is 0.5 while for negative rocking α is -0.5. The translation vector of the centre of gravity,
GG′, for a right-hand coordinate system (see figure 1a) is determined from:









GG '  OG '  OG

(2)
Using equation (2) for both positive and negative rocklings (figures 2a and 2b) and some simplifications
result in:




GG '   R sin        b  i   R cos       h / 2  j

(3)



in which, i and j are unit direction vectors for horizontal and vertical axes respectively. Equation (3)

is compatible with previous works on dynamics of free standing rigid blocks ([17],[18]), which derived
the kinematics of free standing rigid blocks separately for positive and negative rocklings. However,
equation (3) combines the kinematics of the rigid block for both positive and negative rocking. This
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allows for deriving equation of motion generally for both positive and negative rocking. The increase in
the cable length is the chord length of the circular segment formed by the rocking angle, θ:
L  2 b sin  / 2 
(4)

Figure 1. (a) Positive rocking positive rocking (θ > 0) and α < 0, and (b) negative rocking (θ < 0) and
α > 0.
2.2. Energy equations
The energy equation for the system is written as:

d  

dt  

  

0

  

(5)

Κ is total kinetic energy of the system which is composed of translational energy (Κt) and rocking energy
(Κr):
   t   r   u   v  
(6)
in which kinetic energies of horizontal and vertical translations as well as angular rocking (Κu, Κv, and
Kθ) are given by:

1
2

 u  m  u  u g 

2

(7)

1
2
1
   I 2
2

 v  mv 2

(8)
(9)

where I is the angular moment of inertia of the block around its centre of mass.  is total potential
energy of the system which is composed of the strain energy of the pre-tensioned cable ( c ) and
gravitational potential energy of the block ( b ):

  c  b

(10)

The unstretched and stretched lengths of the cable are:
and,

L0  h  Fc 0 / kc

(11)

Lc  h  2 b sin  / 2 

(12)

The strain energy of the pre-tensioned cable is thus determined from:

1
2

1
2

c  kc  Lc  L0   kc  2 b sin  / 2   Fc 0 / kc 
2

The gravitational potential energy of the blocks is given by:

3

2

(13)
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b  mg  v  v0 

 mg  R cos       h / 2 

(14)

2.3. Equation of rocking motion
In this section, equation of rocking motion is derived combining kinematic and energy equations.
Regarding partial derivatives of kinetic energies with respect to  and  , chain rule is used to calculate
derivatives of some terms. Using equations (3), (13), and (14), substituting into equations (7)-(9), and
simplifying the terms result in:

K u
  mR sin       R cos       u g 

K v
 mR 2 2 cos   k    sin   k   

K
  1 2 

 I   0

  2


K u
 mR cos       R cos       u g 

K v
 mR 2 sin 2     

K
 1

   I 2   I


  2

b
  mgR sin     

c
  kc b cos  / 2   2 b sin  / 2   Fc 0 / kc 


(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)

Substituting equations (15)-(22) into energy equation (equation (5)) results in the equation of the
rocking motion for the block:

  I o   kc b cos  / 2   2 b sin  / 2   Fc 0 / kc   mgR sin       mR cos      ug  0
(23)

4
where I O  I  mR 2  mR 2 is the angular inertia of the block around the rocking centre.
3
3. Uplift condition and numerical solution
3.1. Rocking initiation
Consider a single tied block rocking around its pivot point o (figures 2a and 2b). It is assumed that
sliding does not exist due to the pre-tensioned cable and high static friction coefficient. Using equation
g  0 , the remaining terms reflect static moment-rotation relationship for
(23) and setting   0 and u
a single tied block:

M     kc b cos  / 2   2 b sin  / 2   Fc 0 / kc   mgR sin     

(24)

Figure 2c shows the moment-rotation of a single tied block. The static moment comes from the
gravitational force of the block and the pre-tensioned cable. The block has an infinite rocking stiffness
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until the magnitude of the applied moment reaches value of αbFc0-mgRsinβ, and from this point onwards,
the block starts rocking, and the rocking stiffness changes nonlinearly as the rocking increases, i.e.
geometrically nonlinear. During rocking, the moment-rotation relationship follows the same trend
without any energy loss due to ignoring friction (no sliding) and impact when the angle of rotation
reverses. Under a positive ground motion (from the left to the right), the block will start rocking in the
negative direction as the inertia force due to base excitation tends to overturn the block (i.e. overturing
moment) and the gravity force of the block and tension force of the cable will resist against overturning,
i.e. resisting moment (see figure 2b). Thus, the positive rocking will happen under the negative base
excitation (from the right to left).

Figure 2. Free-body diagram of a single block: (a) θ>0, and (b) θ<0, and (c) moment-rotation
relationship of a single block.
At the time of rocking initiation (t = 0 and θ = 0) under a positive base excitation, the block is in
vertical equilibrium and the minimum ground acceleration required for the rocking initiation is obtained
from the condition:
(25)
m ug R cos    mg  Fc 0  R sin   ugmin   g  Fc 0 / m  tan 
Substituting θ = 0 at t = 0 and minimum ground acceleration from equation (24) into equation (23) gives
 0   0 . The initial condition of the block after transition phase (e.g. from positive to negative rocking

 

 

 

 

or vice versa) is   ti    ti  0 and   ti    ti . Note that it is assumed that no energy is
consumed during the transition. Substituting these conditions into the equation of rocking motion gives
the angular acceleration after impact  ti .

 

3.2. Numerical solution
To solve equation (23) numerically, a numerical algorithm shown in figure 3 is used. The block is
stationary before any external excitation, and thus angular displacement, velocity, and acceleration at
0
0
0
time zero (j = 0 where j is the time counter) are all zero,       0 . To calculate the response
of the system for the next time, j+1, Newton-Raphson and Newmark methods are simultaneously
implemented [3]. The nonlinearity in the equation (23) is expressed as a residual moment due to the
unbalance of internal and external moments. The residual moment at the current time, (j+1)Δt of the
 j 1 t

dynamic system is defined as    

. At the current time, (j+1)Δt, the null angular acceleration,

0 j 1t  0 , is assumed for the initial guess, and accordingly following equations from Newmark
method are used to determine initial angular displacement and velocity for the current time using
responses of the previous time, j,:

0 j 1t   jt  1     jt t

0 j 1t   jt   jt t   0.5     jt t 2
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where   0.5 and   0.25 which is unconditionally stable.

Figure 3. Algorithm used for numerical analysis of the nonlinear rocking equation of motion.
The residual moment is linearized at the current time, (j+1)Δt and enforced to be zero using the first
two terms of its Taylor’s series for the iteration i+1 leading to angular displacement correction factor,

i1

j 1 t

. Angular displacement, velocity, and acceleration are updated for the iteration i+1 using the
angular displacement correction factor:

 1 

ij11t  
ij11t
2 
 t 
 
    j 1t
i 1  0 j 1t  
 i 1
 t 
j 1 t

  j 1t  0 j 1t  ij11t
i 1
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and, then the residual moment is determined for the iteration i+1 at the current time. The norm of the
residual moment vector is calculated and compared with the tolerance, δ. If the norm is larger than the
tolerance, new iteration is performed at the current time until the norm falls less than the tolerance
(Newton-Raphson method), and the same procedure is repeated for the next time instant.
4. Exemplar results for harmonic excitation
In this section, the results are presented for a specific tied block under harmonic excitation. The block
section is a glass fibre reinforced polymer (GFRP) box section filled with fibre concrete and tightened
by an GFRP bar (see figure 4). This section is chosen as it will be used in large-scale experimental
testing of a novel segmental pre-tensioned bridge column by the authors. The section is 100×100 mm
and has mass per unit length, ρ, 2.265e-3 kg/mm. The GFRP bar diameter is taken 13 mm with elastic
modulus of 63500 MPa.

Figure 4. (a) Composite pre-tensioned block, and (b) block section details.
In the following, a parametric analysis is performed on the block’s height, h, and the bar’s pretensioned force, Fc0, for a range of excitation frequencies. Figure 5 shows time histories of angular
displacement, angular velocity, and angular acceleration of a bock with h = 500 mm, and Fc0 = 5000 N
for a frequency excitation of 5 Hz and an amplitude of 0.5g. The time histories show a steady-state
response for angular displacement, velocity, and acceleration. However, unlike responses of linear
systems, the temporal shape of the responses for the tied block is not a typical sine-like response under
harmonic excitations. This mainly comes from geometric nonlinearities of the system which makes the
response different from a harmonic-like response. In this example, the maximum angular displacement
of the block, θmax, is 0.054 rad. In the following, maximum angular displacement are determined for a
frequency range of 1-10 Hz with increment of 1 Hz. For cases where frequencies lower than 1 Hz is
required, a frequency range of 0.1-1 Hz with increment of 0.1 Hz is also considered.
To see the effects of initial pre-tensioning force on vibration response of the tied blocks, maximum
angular displacement versus excitation frequency are plotted in figure 6 for a block of h = 500 mm with
Fc0 values of 0 kN, 2 kN, 5 kN, and 10 kN. As seen, the initial pre-tensioning force does not significantly
affect the dynamic response of the block. Further, the response approaches very large undesirable values
in a frequency range of 0.5-0.8 Hz which shows the resonant frequency range of the tied block. It should
be noted that initial pre-tensioning force has a negligible effects on this range of resonant frequency.
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Figure 5. Time-history analysis: (a) angular displacement, (b) angular acceleration, and (c) angular
acceleration.
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Figure 6. Maximum angular displacement versus excitation frequency for blocks with h = 500 m and
different initial pre-tensioning forces.
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To investigate the effects of the block’s height on vibration response of the system, maximum angular
displacement versus excitation frequency are plotted in figure 7 for a block of Fc0 = 0 kN with h values
of 200 mm, 350 mm, and 500 mm. As the block’s height increases, the system’s stiffness reduces, and
consequently the system’s response increases around the range of resonant frequency. Additionally, the
range of resonant frequency shifts toward higher frequencies as the blocks becomes squatter. The
resonant frequency range is around 2 Hz and 7 Hz respectively for blocks of height 350 mm and 500
mm.
0.4

h = 200 mm
h = 350 mm
h = 500 mm

0.35

max (rad)

0.3
0.25
0.2
0.15
0.1
0.05
0
1

2

3

4

5

6

7

8

9

10

f (Hz)
Figure 7. Maximum angular displacement versus excitation frequency for blocks with Fc0 = 0 kN and
different heights.
5. Conclusions
In this study, the nonlinear rocking motion of the tied single block was derived and numerically solved
for the first time. To achieve this goal, kinematic and energy equations were combined together and
nonlinear rocking motion of the system was formulated. A Newmark method merged with NewtonRaphson scheme was adopted to numerically solve the rocking equation derived. The dynamic response
was determined for a composite block with different heights and initial pre-tensioning force. A resonant
frequency range was observed which was not affected by the initial pre-tensioning force. However, the
block’s height increases this resonant frequency range as the squat blocks have a higher stiffness. The
derived equation can be extended to multiple pre-tensioned blocks and solved which can find use in
better understanding of pre-tensioned segmental rocking columns.
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