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1. Introduction 19 

Over the past decade, the usage of Fiber Reinforced Polymers (FRP) in rehabilitation of concrete 20 

structures has progressively increased because of its light-weight, high strength, nonmagnetic properties, 21 

high corrosion resistance, and ease of installation in the field [1-14]. Typically, FRP strips are bonded to 22 

the concrete substrate using epoxy resin with fibers oriented in the direction needing additional tensile 23 

strength. A crucial importance of this strengthening method is the performance of the FRP-concrete bond 24 

[15-36]. While a great number of studies have been conducted on the interfacial behavior of the FRP-25 

concrete bond, few are capable of predicting the entire debonding propagation process. For the economic 26 

and safe design of the FRP strengthened concrete structures, a sound understanding of the full-range 27 

behavior of the FRP strip debonding from the concrete substrate needs to be developed. 28 

Debonding generally starts at a major crack where the stress concentrates. It then propagates along the 29 

FRP-concrete interface towards the end of the FRP strip at which the strip completely peels off. The local 30 

debonding accompanied with the relative slip between the FRP strip and the concrete substrate can be 31 

described as bond stress-slip relations. Based on the bond stress-slip relations, numerical models and 32 

analytical solutions can be developed to describe the full-range behavior of the interfacial bond for 33 

different loading stages. Pull tests have been conducted to study the nonlinear behavior of the interfacial 34 

bond [15-26]. A few closely spaced strain gauges at the centerline of the long effective load-transfer 35 

length have been used to determine the bond stress-slip relations [17-21]. In fact, it is hard to capture the 36 

debonding process with a few axially arranged strain gauges because unpredictable cracks in concrete 37 

cause the considerable and irregular fluctuations of the axial strain measurements. Instead, the nonlinear 38 

debonding process can be more reliably obtained from the direct load and displacement measurements 39 

at the end of the FRP strip [22-26]. Finite element (FE) models are also developed to provide a convenient 40 
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alternative for the study of the interfacial bond [27-33]. Based on the mesco-scale FE simulations, 41 

expressions have been developed to describe the bond stress-slip relations [27-28]. Although those 42 

expressions have been widely accepted to model the FRP-concrete bond [34-36], they are unable to 43 

describe the debonding propagation process. It would be much easier to obtain the bond behavior from 44 

closed-form solutions than from FE simulations. In particularly, 1 mm or smaller elements have to be 45 

used for addressing the size sensitivity problem [29-33]. Yuan et al. [37] have developed analytical 46 

solutions to predict the load-displacement responses for the FRP strip bonded to the concrete substrate. 47 

The load-displacement curve is linear elastic until it reaches the maximum shear stress of the interfacial 48 

bond. Then, the softening curve is observed as the increase of the load is slower than the corresponding 49 

increase of the slip. When the bond strength has been developed, debonding occurs and propagates 50 

towards the end of the strip. A descending curve initiates at the remained bond length which fails to 51 

develop the bond strength. The curve terminates at the ultimate strip displacement as the strip has 52 

completely peeled off. The accuracy of those solutions highly depends on the local bond stress-slip 53 

relations which can be obtained from either available bond models or experimental measurements. 54 

Similarly, Pan et al. [38] have developed closed-form solutions from a simplified bond stress-slip model 55 

with a linear ascending part and an exponential softening part. Those solutions [37-38] have been 56 

validated with a few experimental results, though the reliability of the solutions for the strip with various 57 

strip properties, i.e. various widths, thicknesses, bond lengths and elastic modulus, has not been fully 58 

studied. 59 

In this paper, a recently proposed bond model [39] has been used in FE simulations to study the entire 60 

debonding process of the FRP strip bonded to the concrete substrate. The predictions obtained from FE 61 

simulations are used to determine the effective bond length, the bond strength and its corresponding strip 62 
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displacement as well as the ultimate strip displacement. Finally, closed-form expressions are given to 63 

describe the load-displacement responses. Those expressions are validated by extensively experimental 64 

results obtained from the specimens with various strip properties. The authors believe this study fulfills 65 

at least two important functions: (a) it provides a numerical method to study the entire debonding 66 

propagation process of the FRP strip bonded to the concrete substrate; and (b) it provides easy and robust 67 

solutions to describe the load-displacement responses which service as a good reference for the design 68 

of the FRP strengthened concrete structures. 69 

2. Proposed expressions 70 

The previous study [39] indicates that the bilinear model [39] is capable of predicting the bond stress-71 

slip responses with high accuracy. As shown in Fig.1, the bilinear model is linearly ascending up to the  72 

maximum stress ௠ at which the corresponding slip is ଴. This linear relation produces the elastic stage 73 

in Fig. 2. Interfacial softening initiates along with the loss of bond stress as further increasing the 74 

interfacial slip s from ଴ to the final slip ௙. Debonding then initiates at the FRP-concrete interface. The 75 

debonding propagation towards the end of the FRP strip produces the plateau stage as shown in Fig. 2 76 

(a). While the remained bond length fails to develop the bond strength, a descending curve shows up at 77 

the unloading stage. The bond model [39] is mathematically described by the following expressions: 78 

 

Fig. 1. The bilinear bond stress-slip model. 79 
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(a)                                               (b) 80 

Fig. 2. Typical load-displacement responses for the strip with (a) an adequate bond length ( ௙ ௘) and (b) an 81 

inadequate bond length ( ௙ ௘). 82 
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௧ ௖
ᇱ                                                 (6) 89 

Where 90 

௧ is the concrete tensile strength; 91 

௖
ᇱ is the cylinder compressive strength of concrete; 92 

௪ is the width factor; 93 

௖ is the prism width; 94 

௙ is the strip width. 95 

Previous studies [37-39] indicate that the effective bond length ௘ has a great impact on the load-96 

displacement responses. With an inadequate bond length, i.e. the bond length ௙  shorter than the 97 
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effective bond length ௘, the bond strength increases along with the increase of bond length. For the strip 98 

with an adequate bond length, a further increase of the bond length beyond the effective bond length 99 

produces few increases on the bond strength but improves the ductility of the debonding process. 100 

The bond strength ௨  of the FRP-concrete bond obtained from an adequate bond length can be 101 

mathematically described by Eq. (7) [20, 24]: 102 

௨ ௙ ௙ ௙                                             (7) 103 

Where 104 

௙ is the elastic modulus of the FRP strip; 105 

௙ is the thickness of the FRP strip; 106 

The interfacial fracture energy G obtained from Fig.1 can be described by the following expressions: 107 

଴

௠ ଴ ଴
                         (8) 108 

Assuming the displacement ( ) of the FRP strip with an adequate bond length is equal to the interfacial 109 

slip (s), it is reasonable before the debonding initiation [37]. Then, the total displacement is the sum of 110 

the displacements at the debonding and debonded area. The load-displacement responses in the elastic 111 

stage ( ଴) and the softening stage ( ଴ ௙) as shown in Fig. 2 (a) is therefore described by Eq. 112 

(9): 113 

௙ ௙ ௙ ଴

௙ ௙ ௙ ௠ ଴ ଴ ௙

                  (9) 114 

Then, the bond strength can also be described by Eq. (10): 115 

௨
௙ ௙ ௙ ௠ ௙ ௙ ௘

௟ ௙ ௙ ௙ ௠ ௙ ௙ ௘
                          (10) 116 

The solutions to determine the effective bond length ௘  and the bond length factor ௟  will be 117 

provided in the following sections. The following sections also provide the solutions for the displacement 118 

௟௔௦௧	௉ೠ  at the last ௨  and the ultimate strip displacement ௨  to describe the entire debonding 119 
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propagation process. As shown in Fig. 2 (b), no plateau stage can be developed for the strip with an 120 

inadequate bond length ௙ ௘. Unloading responses show up right after the bond strength has been 121 

developed. In the following sections, the solutions will also be provided to determine the load-122 

displacement responses for the strip with an inadequate bond length. 123 

3. Finite element model 124 

The numerical studies on the load-displacement responses have been done by using the commercial 125 

FE package ANSYS. Based on the published research [28-32, 40], FRP strips have been modeled by 126 

two-node truss elements (Link 8). The FRP elements have been connected on the rigid bases by using a 127 

series of two-node nonlinear spring elements (Combin 39) with three degrees of freedom translations in  128 

the nodal x, y and z direction for each node [41]. The material model used for the FRP strip is linear 129 

elastic with an effective modulus of elasticity. Since the failure mode is expected to peel the FRP strip 130 

off, no rupture point has been defined. As shown in Fig. 3, FRP nodes connect to a series of 0.01 mm 131 

nonlinear springs on the rigid bases representing the concrete substrate. Nonlinear force-elongation  132 

 

Fig. 3. Pull tests: (a) FRP strip bonded to the concrete substrate, (b) modelling FRP and interfacial bond with 133 

equivalent linear and nonlinear springs, respectively, and (c) details of FRP and interfacial springs. 134 
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relations have been input for the spring elements accounting for the bond stress-slip relations as presented 135 

in Eq. (1)-(6). Constrains have been applied in the XY plane to prevent any movement in the Z direction. 136 

The tensile load has been directly applied on the last FRP node of the right-hand side. 137 

4. Verification of the proposed FE model 138 

Specimen CNW-150-1&2 reported in the literature [42] have been used to evaluate the proposed FE 139 

model. In the selected tests, FRP strips with dimensions of 0.393 ( ௙) ×150 ( ௙) × 250 ( ௙) mm have been 140 

bonded to 200-mm-wide concrete prisms. The value of ௖
ᇱ  and ௙  are 44.1 MPa and 227 GPa, 141 

respectively. Furthermore, four simulations using the 0.1, 1, 5 and 10 mm FRP elements have been 142 

conducted to study the sensitivity of element size. 143 

Comparisons between experimental results and FE predictions have been conducted in terms of the 144 

load-displacement shape, the bond strength ௨  and the ultimate strip displacement ௨ . The bond 145 

strength mentioned in this paper is the load at the debonding initiation, and the ultimate strip displacement 146 

is the displacement at the debonding failure. As shown in Fig. 4 (a), all simulations agree reasonably well 147 

with experimental results in terms of the load-displacement shape, the bond strength and the ultimate 148 

strip displacement. The simulated load-displacement curves are stiffer as the element size increases. Few 149 

differences are observed from the simulations using 0.1,1 and 5 mm mesh. This observation suggests that 150 

the size sensitivity problem has been effectively addressed for the simulations using the 5 mm or smaller 151 

mesh. The bond strengths obtained from the three simulations are around 50.22 kN which is 97% and 152 

98% of the measured values, and the predicted ultimate strip displacements (around 0.78 mm) is 91% 153 

and 97% of the experimental values. As shown in Fig. 4 (b), the proposed model also produces 154 

predictions in close agreement with the comparable ones obtained from the 3D FE model [39], further 155 
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validating the proposed FE model. On balance of computational cost and accuracy, 1 mm elements have 156 

been used for modelling the FRP strip in the following simulations. 157 

   

(a)                                     (b) 158 

Fig. 4. Numerical and experimental load-displacement responses of specimen CNW-150-1&2 [42]: (a) FE 159 

predicted load-displacement responses using various element sizes; (b) comparisons between the 3D FE 160 

model and the proposed 2D FE model. 161 

5. Effective bond length based on FE results 162 

The effective bond length ௘ is the length beyond which a further increase of the bond length does 163 

not increase the bond strength but improves the debonding ductility. Fig. 5 (a) shows the numerical load-164 

displacement responses based on specimen CNW-150-1&2. The four points marked on the curve 165 

represent the stages at the softening initiation (Point A), the debonding initiation (Point B), the unloading 166 

initiation (Point C), and the debonding failure (Point D). As shown in Fig. 5 (a), the applied load does 167 

not increase as the strip displacement further increases after Point B. The debonding load at Point B 168 

therefore is defined as the bond strength in this study. Fig. 5 (b) shows the bond strength versus bond 169 

length responses for ten simulations in which all parameters are the same as specimen CNW-150-1&2 170 

except the bond length varying from 10 to 400 mm, i.e ௙ = 10, 20, 40, 80, 120, 130, 140, 150, 250 and 171 

400 mm. The effective bond length obtained from Fig. 5 (b) is 130 mm on which 93% of the bond 172 
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strength, as the shadow area shown in Fig. 5 (c), is developed at the debonding initiation (Point B). Fig. 173 

5 (d) illustrates percentage of the bond strength developed on the effective bond length for a random 174 

point at the plateaus stage (Segment BC). At this stage, 93% of the bond strength is continually developed 175 

on the effective bond length. Then, the debonding propagation reaches the bond length which develops 176 

the last bond strength (Point C). As shown in Fig. 5 (e), the bond length is equal to 110% of the effective 177 

bond length. The strip completely peels off at 93% of the bond strength (Point D) as shown in Fig. 5 (f). 178 

This observation proves the plateau and the unloading stage after the debonding initiation. At those two 179 

stages, a remained bond length less than 110% of the effective bond length fails to develop the bond 180 

strength. Instable results can be produced as the applied load is less than 93% of the bond strength, which 181 

therefore is used in the following sections to determine the ultimate strip displacement. 182 

Previous studies [15, 20, 43-47] have isolated ௖
ᇱ , ௙  and ௙  as the three major factors on 183 

determining the effective bond length. More complicate expressions consider the impacts of not only the 184 

three major factors but also the strip width for determining the effective bond length [28, 37]. Fig 6 shows 185 

the impacts of the four factors on the effective bond length. For the simulations plotted in Fig. 6, all 186 

parameters are the same as specimen CNW-150-1&2 except the strip width varying from 75 to 200 mm 187 

as shown in Fig. 6 (a), the strip thickness changing from 0.2 to 0.8 mm as shown in Fig. 6 (b), the strip 188 

modulus ranging from 50 to 300 GPa as shown in Fig. 6 (c) and the concrete strength increasing from 15 189 

to 80 MPa as shown in Fig. 6 (d). Based on the numerical predictions as shown in Fig.6 (a)-(d), the strip 190 

width has very limited impacts on the effective bond length. Instead, the effective bond length can be 191 

described by the function of ௙
଴.ହ, ௙

଴.ହ and ௖
ᇱି଴.ଶଽ. Fig. 6 (e) shows the best fit regression line which 192 

can be described by Eq. (11) 193 

௘
ா೑௧೑

൫௙೎
ᇲ൯
బ.ఱఴ                                        (11) 194 
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(a)                                    (b) 195 

    
(c)                                      (d) 196 

     
(e)                                      (f) 197 

Fig. 5. Analysis of the bond length: (a) numerical load-displacment responses based on specimen CNW-150-198 

1&2; (b) bond strength versus bond length responses for 150-mm-wide strips; (c) percentage of the bond 199 

strength developed on the effective bond length at the debonding initation (Point B); (d) percentage of the 200 

bond strength developed on the effective bond length during the debonding propagation (Segment BC); 201 

(e) percentage of the effective bond length that develops the last bond strength (Point C); (e) percentage 202 

of the bond strength at the debonding failure (Point D). 203 

f

e
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(a)                                         (b) 204 

     

(c)                                        (d) 205 

  

   (e) 206 

Fig. 6. Impacts of factors on the effective bond length: (a) impacts of the strip width (75, 100, 125, 150 and 200 207 

mm); (b) impacts of the strip thickness (0.2, 0.4, 0.5, 0.7 and 0.8 mm); (c) impacts of the elastic modulus 208 

(50, 100, 150, 227 and 300 GPa); (d) impacts of the concrete strength (15, 30, 44, 60 and 80 MPa); (e) 209 

impacts of the key factors. 210 
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Fig. 7 shows the numerical relations between ௨ and ௙ ௘ for the strip with an inadequate bond 211 

length. All parameters are the same as specimen CNW-150-1&2 except the bond length ranging from 20 212 

to 130 mm. As shown in Fig. 7, the bond strength of the strip with an inadequate length can be described 213 

by Eq. (12) which is very close to Eq. (13) proposed by Neubauer et al. [20]. 214 

௨ ௙ ௘
଴.ଽଷ

௙ ௘
଴.ଽଷ

                         (12) 215 

௨ ௙ ௘ ௙ ௘                                   (13) 216 

 

Fig. 7. Relations between ௨ and ௙ ௘ ( ௙ = 20, 40, 60, 80, 100, 120 and 130 mm; ௘ =130 mm; 217 

 ௨=50.22 kN). 218 

6. Load-displacement responses based on the numerical analysis 219 

This section aims to develop expressions for describing the load-displacement responses of the FRP 220 

strip bonded to the concrete substrate. 221 

6.1 Adequate bond length ௙ ௘ 222 

For the strip with an adequate bond length, Eq. (9) can be used to describe the load-displacement 223 

responses before the debondign initiation. A plateau is then added to describe the debonding propagation 224 

at the segment BC as shown in Fig. 2 (a). Finally, a parabolic part is added to describe the unloading 225 

process at the segment CD. At the unloading stage, instable predictions can be produced as the applied 226 

load is less than 93% of the bond strength (Point D). 227 

f e
0.93
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In order to determine ௟௔௦௧	௉ೠ and ௨ as shown in Fig. 2, sixteen simulations have been conducted. 228 

All parameters of the sixteen simulations are the same as specimen CNW-150-1&2 expect the bond 229 

length varying from 130 to 2000 mm (130, 140, 150, 160, 170, 180, 200, 250, 300, 400, 600, 800, 1000, 230 

1300, 1700 and 2000 mm). As shown in Fig. 8, the strip displacement ௟௔௦௧	௉ೠ and ௨ can be described 231 

by Eq. (14)-(15) 232 

 ௟௔௦௧	௉௨ ௙ ௘ ௙ ௙ ௘                       (14) 233 

௨ ௙ ௘ ௙ ௙ ௘                       (15) 234 

 

(a)                                     (b) 235 

Fig. 8. Impacts of factors on the strip displacements ( ௟௔௦௧	௉ೠ and ௨) at the (a) last ௨ and (b) 0.93 ௨ at the 236 

unloading stage, respectively. 237 

Fig. 9 illustrates the load-displacement responses for the four simulations ( ௙ = 150, 200, 250 and 238 

300) used in Fig. 8. Based on the predictions, Eq. (16) is proposed to describe the load-displacement 239 

relations at the unloading stage as shown in Fig. 9. 240 

ଵ
ଶ

ଵ ଵ ௙ ௘                              (16) 241 

in which 242 

ଵ
ି଴.଴଻௉ೠ

ሺ∆೗ೌೞ೟	ುೠି∆ೠሻమ
                                         (17) 243 

f e f e
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ଵ
଴.ଵସ௉ೠ∆೗ೌೞ೟	ುೠ

మ

ሺ∆೗ೌೞ೟	ುೠି∆ೠሻమ
                                         (18) 244 

ଵ ௨
଴.଴଻௉ೠ∆೗ೌೞ೟	ುೠ

మ

ሺ∆೗ೌೞ೟	ುೠି∆ೠሻ
                                     (19) 245 

 

Fig. 9. Load-displacement responses obtained from the four simulations ( ௙= 150, 200, 250 and 300 mm) used in 246 

Fig. 8 and the corresponding closed-form solutions. 247 

6.2 Inadequate bond length ௙ ௘ 248 

For the load-displacement responses obtained from the strip with an inadequate bond length, the 249 

plateau cannot be developed as shown in Fig. 2 (b). Instead, a parabolic drop has been observed as long 250 

as the bond strength is developed. Instable predictions can be produced as the dropping load is less than 251 

93% of the bond strength (Point D). 252 

In order to determine the load-displacement responses for the strip with an inadequate bond length, 253 

five simulations have been conducted. All the parameters of the five simulations are the same as 254 

specimens CNW-150-1&2 expect the bond length varying from 40 to 120 mm. Four points marked in 255 

Fig. 10 (a) represent the points at the origin (Point O), the softening initiation (Point A), the debonding 256 

and unloading initiation (Point B) and the debonding failure (Point D). Fig. 10 (b) illustrates the load-257 

displacement responses for the five simulations ( ௙ = 40, 60, 80, 100 and 200). Based on the predictions, 258 

Eq. (20) is proposed to describe the load-displacement responses for the strip with an inadequate bond 259 

length before the softening initiation (Segment OA). 260 
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(a)                                     (b)  261 

Fig. 10. Analysis of the strip displacement obtained from the strip with an inadequate bond length: (a) simulated 262 

load-displacment responses based on specimen CNW-150-1&2 (All parameter are the same as specimen 263 

CNW-150-1&2 except using a 100 mm inadequate bond lenth); (b) load-displacement responses obtained 264 

from the five simulations ( ௙= 40, 60, 80, 100 and 120 mm) and the corresponding closed-form solutions. 265 

ଶ ଶ ௟ ௟ ௙ ௙ ௙ ௙ ௘                        (20) 266 

in which 267 

ଶ
ఛ೘
௦బ

ଶ

ଷఉೢ

ఛ೘
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ଶ
ଶ

ଷఉೢ

ఛ೘
௦బ

                                             (22) 269 

Eq. (23) is proposed to describe the load-displacement responses at the softening stage (Segment AB). 270 

ଷ
ଶ

ଷ ଷ ௙ ௘                             (23) 271 

in which 272 

ଷ
ିௗమ௉೐೗ೌ_೔೙

మ

ସ௦బ
మ൫௉ೠ_೔೙ି௉೐೗ೌ_೔೙൯

                                       (24) 273 

ଷ
ௗ௉೐೗ೌ_೔೙

௦బ

ௗ௉೐೗ೌ_೔೙
ଶ൫௉ೠ_೔೙ି௉೐೗ೌ_೔೙൯

                             (25) 274 

ଷ ௘௟௔_௜௡
ௗమ௉೐೗ೌ_೔೙

మ

ସ൫௉ೠ_೔೙ି௉೐೗ೌ_೔೙൯
                           (26) 275 

ଵ

ఉ೗
                                              (27) 276 
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௘௟௔_௜௡ is the maximum elastic load developed at the displacement equal to ଴. ௨_௜௡ is the bond 277 

strength developed at the displacement ௉ೠ_೔೙. The maximum elastic load ௘௟௔_௜௡, the bond strength 278 

௨_௜௡ and the corresponding displacement ௉ೠ_೔೙ are given by: 279 

௘௟௔_௜௡ ଶ ଶ ௟ ௟ ௙ ଴ ௙ ௙ ௙ ௘                    (28) 280 

௨_௜௡ ௨ ௟ ௙ ௘                                     (29) 281 

௉௨_௜௡
ଶ௦బ௉ೠ_೔೙
ௗ௉೐೗ೌ_೔೙

ଶ

ௗ ଴ ௙ ௘                        (30) 282 

Eq. (31) is proposed to describe the load-displacement responses at the debonding and unloading stage 283 

(Segment BD). 284 

ସ
ଶ

ସ ସ ௙ ௘                             (31) 285 

ସ
ି଴.଴଻௉ೠ_೔೙

൫∆ುೠ_೔೙ି∆ೠ_೔೙൯
మ                                        (32) 286 

ସ
଴.ଵସ௉ೠ_೔೙∆ುೠ_೔೙

మ

൫∆ುೠ_೔೙ି∆ೠ_೔೙൯
మ                                        (33) 287 
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The ultimate strip displacement ௨_௜௡ for the strip with an inadequate bond length is given by: 289 

௨_௜௡ ௟
ଶ

௟ ௉௨_௜௡                           (35) 290 

7. Comparisons of analytical solutions with experimental  291 

results and numerical predications 292 

The pull tests reported in the literature [42] are used to evaluate the proposed FE models and the 293 

closed-form solutions. As listed in Table 1, the reported specimens have the strip width varying from 50 294 

to 150 mm, the nominal strip thickness changing from 0.262 to 0.524 mm, the elastic modulus of the 295 

FRP strip ranging from 94 to 227 GPa and the bond length increasing from 100 to 250 mm. Table 1 296 

shows the predictions obtained from the proposed FE models and the analytical expressions are within a 297 

range from 90% to 105% of at least one corresponding experimental result in terms of the bond strength 298 
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௨  and the ultimate strip displacement ௨ . Inherent variability in normally identical tests, such as 299 

unpredictable crack distribution, bond condition and material variability, causes the simulations and 300 

solutions to match some experimental results with higher accuracy than others. This observation further 301 

validates the proposed FE model. The predictions obtained from the proposed FE models therefore are 302 

used to evaluate the analytical solutions when the corresponding tests are unavailable. 303 

7.1 Strip width 304 

Of particular interest in this series is to evaluate the accuracy of analytical solutions for the FRP strip 305 

with various strip widths. As shown in Fig. 11, specimen No. 1-10 listed in Table 1 are selected to 306 

evaluate the width impacts on the analytical solutions for the FRP strip with an adequate bond length. 307 

For evaluating the width impacts on the strip with an inadequate bond length, comparisons of the 308 

analytical solutions with the comparable simulations are plotted in Fig. 12. According to Eq. (11), the 309 

effective bond length is 130 mm for the specimen CNW 50, CNW 125 and CNW 150. The calculated 310 

value is 129 mm for the specimen CNW 75 and CNW 100.311 
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No. Specimen 
௖ 

(mm) 

௙ 

(mm) 

௙ 

(GPa) 

௙ 

(mm) 

௖
ᇱ 

(MPa) 

௙ (mm 

Band 

length) 

௨ 

(kN Test) 

௨ 

(FEA/Test) 

௨ 

(Ana./Test) 

௨  

(mm Test) 

௨ 

(FEA/Test） 

௨ 

(Ana./Test） 

1 CNW-50–1 250 50 227 0.393 44.1 250 15.73 1.05 1.03 0.89 0.90 0.90 

2 CNW-50–2 250 50 227 0.393 44.1 250 16.03 1.03 1.01 0.93 0.86 0.86 

3 CNW-75–1 200 75 224 0.393 44.1 250 24.27 1.04 1.03 0.77 1.05 1.10 

4 CNW-75–2 200 75 224 0.393 44.1 250 25.66 0.98 0.98 0.85 0.95 0.99 

5 CNW-100–1 200 100 224 0.393 44.1 250 33.48 1.01 1.00 0.82 0.98 1.05 

6 CNW-100–2 200 100 224 0.393 44.1 250 32.38 1.04 1.04 0.91 0.89 0.94 

7 CNW-125–1 200 125 227 0.393 44.1 250 41.28 1.03 1.02 0.82 0.98 1.04 

8 CNW-125–2 200 125 227 0.393 44.1 250 39.54 1.08 1.07 0.91 0.88 0.94 

9 CNW-150–1 200 150 227 0.393 44.1 250 51.65 0.98 0.97 0.86 0.94 1.00 

10 CNW-150–2 200 150 227 0.393 44.1 250 52.49 0.97 0.96 0.81 1.00 1.06 

11 CNL-100-1 200 50 224 0.393 37.8 100 14.90 1.02 1.03 0.30 0.99 1.03 

12 CNL-100-2 200 50 224 0.393 37.8 100 14.38 1.06 1.07 0.34 0.86 0.90 

13 CNL-150-1 200 50 224 0.393 37.8 150 17.03 0.94 0.96 0.50 0.86 0.85 

14 CNL-150-2 200 50 224 0.393 37.8 150 15.43 1.04 1.06 0.47 0.92 0.90 

15 CNT-2-1 200 50 227 0.262 39.4 250 14.36 0.94 0.93 0.99 1.01 1.02 

16 CNT-2-2 200 50 227 0.262 39.4 250 14.36 0.94 0.93 1.02 0.98 0.99 

17 CNT-3-1 200 50 227 0.393 39.4 250 16.49 1.00 1.00 0.80 0.99 1.00 

18 CNT-3-2 200 50 227 0.393 39.4 250 16.81 0.99 0.98 0.89 0.89 0.90 

19 CNT-4-1 200 50 227 0.524 39.4 250 19.45 0.98 0.97 1.01 0.64 0.67 

20 CNT-4-2 200 50 227 0.524 39.4 250 18.37 1.04 1.03 0.67 0.97 1.00 

21 CNE-94-1 200 50 94 0.51 39.4 250 13.03 0.94 0.92 1.23 0.93 0.92 

22 CNE-94-2 200 50 94 0.51 39.4 250 13.80 0.89 0.87 1.33 0.86 0.86 

Table 1 Comparisons of experimental results with numerical predictions and analytical solutions. 312 

Notes: FEA= the predictions obtained from the proposed FE models; Ana.= analytical solutions313 
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   (a)                                     (b) 314 

     

  (c)                                     (d) 315 

 

 (e) 316 

Fig. 11. Comparisons of load-displacment responses between the numerical predictions and the corresponding 317 

tests having an adequate bond length ( ௙= 250 mm) and various widths: (a) 50 mm, (b) 75 mm, (c) 100 318 

mm, (d) 125 mm and (e) 150 mm. 319 



21 

 

As shown in Fig. 11, all numerical simulations and analytical solutions not only capture the trend of 320 

increased the bond strength with increasing strip width but also agree well with at least one directly 321 

corresponding test in terms of the load-displacement shape, the bond strength and the ultimate strip 322 

displacement. The predicted bond strengths obtained from the proposed FE models and the analytical 323 

expressions are within a range from 96% to 108% of the experimental measurements. The largest 324 

differences in terms of the ultimate strip displacement have been found in Fig. 11 (a). Nevertheless, the 325 

ultimate displacements obtained from the analytical solution and the proposed FE model are 90% of that 326 

measured from specimen CNW-50-1. It suggests that reasonable predictions for the strip having an 327 

adequate bond length and a width ranging from 50 to 150 mm can be achieved by the analytical solutions 328 

and the proposed FE models. 329 

The width impacts on the strip with an inadequate bond length are shown in Fig. 12. All parameters 330 

are the same as the corresponding specimen listed in Table 1 except the bond length varying from 40 to 331 

120 mm. It can be found that the analytical solutions give results in close agreement with the predictions 332 

obtained from the proposed FE models. The largest differences in terms of the bond strength and the 333 

ultimate strip displacement have been observed from the comparisons with 150-mm-wide strips as shown 334 

in Fig. 12 (a). Nevertheless, the analytical solutions achieve 103% of the simulated bond strength and 335 

102% of the simulated ultimate strip displacement. It further validates the analytical solutions on 336 

predicting the load-displacement responses for the strip with various strip widths. 337 
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(a)                                       (b) 338 

 

(c)                                     (d) 339 

Fig. 12. Comparisons of load-displacment responses between the analytical solutions and the numerical 340 

predictions obtained from the simulations having various widths and inadequate bond lengths : (a) ௙= 341 

40 mm, (b) ௙ = 80 mm, (c) ௙= 100 mm and (d) ௙= 120 mm. 342 

7.2 Bond length 343 

The proposed FE models and the analytical solutions have been previously validated by the strips with 344 

a 250 mm bond length. In this section, specimen No. 11-14 listed in Table 1 are selected to further 345 

evaluate the bond length impacts on the proposed FE models and the analytical solutions. The reported 346 

bond length for specimen No. 11-12 and No. 13-14 are 100 and 150 mm, respectively. Based on Eq. (11), 347 

the effective bond length of the selected specimens is 135 mm. With an inadequate bond length, few 348 

plateaus have been found from the experimental, numerical and analytical relations as shown in Fig. 13 349 

(a). Instead, plateaus have been observed from the experimental tests, the numerical simulation and the 350 
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analytical solution with an adequate bond length as shown in Fig. 13 (b). Fig. 13 also illustrates that both 351 

the numerical predictions and the analytical solutions are in close agreement with the experimental results 352 

in terms of the bond strength, the ultimate strip displacement and the overall load-displacement shape. 353 

In order to further evaluate the impacts of the bond length on the analytical solutions, another nine 354 

comparisons have been conducted and shown in Fig. 14. All parameters used in the simulations and the 355 

analytical solutions are the same as the specimen No. 11-12 except the bond length varying from 40 to 356 

4500 mm. Fig. 14 (a) illustrates both the numerical simulations and the analytical solutions capture the 357 

trend of increased the bond strength with increasing the bond length for the strip with an inadequate bond 358 

length. A further increase of the bond length beyond the effective bond length (from 300 to 4500 mm) 359 

results in few increases on the bond length but improves the ductility of the debonding process as shown 360 

in Fig. 14 (b)-(e). In a wide range of bond length (40-4500 mm), Fig. 14 illustrates that the analytical 361 

solutions agree well with the predictions obtained from the proposed FE models. It suggests that the 362 

analytical solutions can reliably predict the load-displacement responses for the strip with the bond length 363 

ranging from 40 to 4500 mm. 364 

   
(a)                                       (b) 365 

Fig. 13. Comparisons of load-displacment responses between the numerical predictions and the corresponding 366 

specimens having (a) an indequate bond length, and (b) an adequate bond length. 367 
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 (a)                                     (b) 368 

  

 (c)                                     (d) 369 

 

 (e) 370 

Fig. 14. Comparisons of load-displacment responses between the analytical solutions and the numerical 371 

predictions obtained from the simulations having various bond lengths : (a) ௙= 40, 60, 80, 100 and 120 372 

mm (b) ௙= 300 mm, (c) ௙= 800 mm, (d) ௙= 2000 mm and (e) ௙ = 4500 mm. 373 
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7.3 Thickness and elastic modulus of the FRP strip 374 

In this section, specimen No. 15-22 listed in Table 1 are selected to evaluate the impacts of the 375 

thickness and the elastic modulus on the analytical solutions and the proposed FE models. Fig. 15 376 

illustrates that the analytical expressions and the numerical simulations predict the load-displacement 377 

responses in close agreement with the experimental results. The trend of increased the bond strength and 378 

reduced the debonding ductility with increasing the strip thickness (from 0.262 to 0.524 mm) has been 379 

well captured by the analytical solutions and the numerical simulations as shown in Fig. 15 (a)-(c) and 380 

listed in Table 1. In Fig 15 (d), all parameters of the specimen No. 21-22 are the same as that of the 381 

specimen No. 19-20 except the elastic modulus increasing from 94 to 227 GPa and the thickness slightly 382 

varying from 0.51 to 0.524 mm. As shown in Fig. 15 (c)-(d), both the analytical solutions and numerical 383 

simulations capture the trend of increased the debonding ductility and reduced the bond strength with 384 

reducing the elastic modulus from 227 to 94 GPa. It suggests that the analytical solutions and the 385 

proposed FE models can reliably predict the load-displacement responses for the strip with thickness 386 

ranging from 0.262 to 0.524 mm and elastic modulus varying from 94 to 227 GPa.387 
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 (a)                                     (b) 388 

     

  (c)                                      (d) 389 

Fig. 15. Comparisons of load-displacment responses between the analytical solutions and the numerical 390 

predictions obtained from the simulations having various thickensses and elastic modulus of the FRP 391 

strip: (a) ௙ = 0.262 mm & ௙ = 227 GPa (b) ௙= 0.393 mm & ௙= 227 GPa, (c) ௙= 0.524 mm & 392 

௙ = 227 GPa and (d) ௙ = 0.51 mm & ௙ = 94 GPa.393 
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8. Conclusion 394 

This paper has proposed a set of FE models to study the entire debonding propagation process for the 395 

strip with various strip widths, bond lengths, thicknesses and elastic modulus. The assessment of the FE 396 

models has been conducted using the test results of 22 pull specimens. Based on the predictions obtained 397 

from the proposed FE models, closed-form expressions have been developed to predict the load-398 

displacement responses. The analytical solutions have been evaluated against the experimental results 399 

and the comparably simulations to draw the following conclusions: 400 

1. All simulations performed well and estimated the load-displacement responses of pull tests with 401 

high accuracy. Within a size range from 0.1 to 5 mm, the proposed FE models showed limited 402 

sensitivity to the element size. In addition, the simulations accurately captured the impacts of the 403 

strip width, the bond length, the thickness and the elastic modulus on the bond behavior. 404 

2. Based on the numerical predictions, the analytical expressions have been developed to describe 405 

the load-displacement behavior of the strip with various strip widths, bond lengths, thicknesses 406 

and elastic modulus. The load-displacement behavior of the strip with an adequate bond length 407 

featured four stages, i. e. the elastic stage, the softening stage, the plateau stage and the unloading 408 

stage. For the strip with an inadequate bond length, the load-displacement behavior featured the 409 

same three stages without the plateau stage. The function of the effective bond length has been 410 

also proposed to determine whether a bond length was adequate or not. 411 

3. The analytical solutions well captured the trend of (1) increased the bond strength with increasing 412 

strip width; (2) increased the bond strength with increasing bond length for the strip using an 413 

inadequate bond length or increased the debonding ductility instead of the bond strength with 414 

increasing bond length for the strip using an adequate bond length, and (3) increased the 415 
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debonding ductility and reduced the bond strength with increasing the thickness and elastic 416 

modulus of the strip. 417 

4. Overall, the analytical solutions have been shown in close agreement with experimental results 418 

and numerical predictions. The analytical expressions therefore can be used to determine the 419 

load-displacement behavior of the FRP strip bonded to the concrete substrate.  420 
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