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Abstract- In this paper we investigate the electronic and optical dielectric properties of lateral and vertical 

heterostructures composed of two-dimensional (2D) ZrS2 and HfS2 monolayers based on density functional theory. 

First, we show that the bulk and monolayer ZrS2 and HfS2 as well as the vertical (ZrS2)m/(HfS2)n heteroestructures are 

indirect band gap semiconductors, while the lateral heterostructures exhibit an indirect to direct bandgap transition. 

Then we demonstrate that the optical properties of the bulk and monolayer HfS2 and ZrS2 are strongly anisotropic, for 

the bulk HfS2 and ZrS2, the in-plane components of the dielectric function is negative in a certain frequency band, 

where they can work as naturally hyperbolic metamaterials (HMMs). Interestingly, the vertical heterostructures also 

possess a hyperbolic region, whose position and width can be tunable with the thickness ratio of constituents. It is also 

found that the (ZrS2)/(HfS2) vertical heterostructures can enhance spontaneous emission and about 100-fold 

improvement of the Purcell factor is obtained. These results prove the feasibility of 2D material heterostructures to 

realize tunable hyperbolic metamaterials, the heterostructures present a promising opportunity for the practical 

applications in light-generation technologies. 

PACS number(s): 71.20.-b, 73.21.-b,78.20.ci, 52.25.Os 

1. Introduction 

Two-dimensional (2D) materials, such as graphene, hexagonal boron-nitride (hBN), and the 

transition-metal dichalcogenides (TMDs) are presently being intensively researched because of their 

remarkable electronic, optical, mechanical and thermal properties [1-4]. Particularly, bulk TMDs, with the 

chemical formula MX2 (M = Ti, Zr, Hf, Mo or W; X = S, Se, Te), are a class of important layered materials, 

in which transition metal atom M and chalcogen atoms X form X-M-X-type sandwich layers by strong 

intralayer chemical bonding and much weaker interlayer van der Waals (vdW) type interactions[5]. 2D 

monolayer TMDs display a rich physics and hold promise for a wide range of applications in flexible 

electronics, optoelectronics, energy storage, catalysis or spintronics [1,4,6]. At low temperature, some 

monolayer TMDs can be a 2D superconductor with coexisting charge-density wave [7]. In recent years, a 

variety of heterostructures have also been fabricated through the vertical or lateral combination of single 

layer or multilayer TMDs with other TMDs or with other 2D materials such as h-BN or graphene [2, 8-11]. 

TMDs-based heterostructures assembled for various electronic, optoelectronic, and photovoltaic applications 

have been theoretically and experimentally studied [12,13]. Some 2D heterostructured electrodes could 
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greatly expand current energy storage technologies [12], while TMDs-based heterostructures such as black 

phosphorus/TMDs have been predicted to be strong absorbers of light and suitable materials for excitonic 

thin-film solar cell applications [13]. Recently fabricated Zirconium disulfide (ZrS2) and Hafnium disulphide 

(HfS2) exhibit well-balanced carrier mobility and band gaps, and attracted interest in solar cells and field 

effect transistors [14-16]. Meanwhile, they show highly anisotropic mechanical, optical, and electrical 

properties [5,17]. More importantly, the layered TMDs can be naturally hyperbolic materials (HMMs) [18]. 

Hyperbolic metamaterials usually have negative permittivity in at least one direction, electromagnetic 

waves propagating through them undergo a transition from closed elliptical to open hyperbolic dispersions in 

corresponding frequency [19,20]. The hyperbolic dispersion enables unique metamaterial states with large 

magnitude wavevectors which are evanescent and decay exponentially in conventional media. As a matter of 

fact, HMMs offer great flexibility in tailoring the near-field distribution, which facilitates prospective 

applications in spontaneous emission enhancement [21], sub-wavelength imaging [20] and broadband 

absorption [22]. In particular, the important consequence of unbounded dispersion of HMM is a divergent 

local density of photonic states (LDOS), which results in an enhancement in the spontaneous emission of a 

dipole emitter placed in the vicinity of HMM and that leads to a HMM-based broadband Purcell effect [23]. 

HMMs can be realized at optical frequencies using periodically arranged metal-dielectric multilayers and 

metallic nanowire arrays, where the unit cells are much smaller than the operation wavelength [24]. However 

the performance of the metal-based HHM is limited by the finite size of the metallic components. Recently, 

a few 2D materials have been reported to exhibit hyperbolic dispersion in their pristine form. 2D materials 

such as Bi2Te3 [25], h-BN [26], while graphite [27], black phosphorene [28] as well as ZrS2 and HfS2 [5] 

present hyperbolic dispersion in the UV and near-IR to visible spectral ranges. Naturally hyperbolic 

materials, composed of "individual layers" on the atomic scale, have been seen to curtail the limitations of 

the finite size of the unit cell prevalent in artificial hyperbolic structures. Containing no internal interfaces 

for the electrons to scatter off, they possess an obvious advantage over traditional metamaterials. In 

experiments, single or few-layer nanosheets of these TMDs can be obtained by using Scotch-tape based 

micromechanical cleavage [29], CVD method, etc. [2]. In addition, many fabrication methods can be used to 

realized the lateral and vertical heterostructures as reviewed in Ref. [2, 30]. In this paper we investigate the 

electronic and the tunable hyperbolic optical property of the periodic lateral and vertical heterostructures 

composed of single or multilayer ZrS2 and HfS2 based on density functional theory (DFT). Finally, the 
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spontaneous emission enhancement of the heterostructure-based HMMs is also calculated. 

2. Models and computational details   

Considering the particularity of the 2D structures, there are two approaches for creating 2D 

heterostructures: the vertical (out-plane) and lateral (in-plane) types. In this paper, we present a theoretical 

study of lateral and vertical heterostructures made of nearly lattice matched single or multilayer 1T-ZrS2 and 

1T-HfS2. 1T-ZrS2 and 1T-HfS2 are new types of 2D TMDs, which have the CdI2 structure with 3 1p m

 
space group. The vertical type, also known as vdW heterostructure is commonly achieved by stacking 

multiple monolayers vertically layer-by-layer [31]. In contrast to the vertical heterostructures (VHs), the 

interfaces in lateral heterostructures (LHs) are reduced from 2D to 1D, finally becoming an ‘interline’[32]. 

The periodically repeating, lateral, and commensurate junctions of semiconducting ZrS2 and HfS2 stripes 

along their zigzag edge make a class of new materials [33]. Throughout this paper, these zigzag edged LHs 

are referred to as (ZrS2)m-(HfS2)n, where the indices m and n represent the numbers of each kind of building 

constituents in the lateral primitive unit cell. The VHs are constructed from the stacking of single or few 

ZrS2 and HfS2 layers, which are specified as (ZrS2)m/(HfS2)n. Because of the weak vdW interlayer interaction, 

the coupling between adjacent ZrS2 and HfS2 vertically stacked is rather weak, and it has small but crucial 

effects on the electronic structure [34]. The atomic configurations of the lateral and vertical heterostructures 

here proposed are sketched in Fig. 3 and Fig.S3 respectively.  

All the calculations are performed based on DFT in conjunction with the projector augmented wave 

(PAW) potentials [35] implemented by the Vienna Ab initio Simulation Package code [36]. The 

exchange-correlation energy is described by the generalized gradient approximation using the 

Perdew-Burke-Ernzerhof (PBE) functional [37]. The periodic in-plane and out-plane hybridized layers are 

optimized within one repeating unit. The kinetic energy cutoff for the plane wave basis set was chosen to be 

500eV and the convergence criteria for energy and force are set to be 10-5eV and 0.01eV/Å, respectively. We 

used the conjugate gradient method for optimizing the atomic positions, interlayer spacings, and lattice 

constants. Brillouin zones were sampled using the Monkhorst-Pack scheme [38] where the Gamma-centered 

k-point mesh is employed according to the size of unit cells in the direct space. The number of the k points 

along the in-plane periodic direction was determined by the smallest integer that fulfills nkL = 30 Å, where L 

is the lattice constant of the supercell in the periodic direction. DFT-D2 method is applied to describe the 

long-range vdW interaction [39] for the VHs, which is important in determining the geometric and electronic 
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properties. The LHs and finite VHs are repeated periodically along the z-direction, a vacuum spacing of 18Å 

is introduced to avoid possible interactions between adjacent layers and their periodic images. Optical 

properties are some of the most important properties for a material, indicating a material’s response to 

electromagnetic radiation. To model the optical response of the ZrS2-HfS2 heterostuctures, the complex 

dielectric function, ε (ω) =ε1 (ω) +iε2 (ω), are calculated. The dielectric function provides a fundamental 

insight for evaluating further optoelectronic applications, since it connects the macroscopic properties with 

the microscopic band structure. The frequency or energy dependent dielectric function consists mainly of 

interband contributions for a semiconductor. The frequency dependent dielectric matrix contains the 

imaginary part of dielectric constants ε2(ω) in PAW methodology would be obtained after the electronic 

ground state is determined [40]. Then the real part of the dielectric function can be obtained by the usual 

Kramers–Kronig transformation [41].  

3. Results and discussions 

3.1 Electronic properties 

The 1T-ZrS2 and 1T-HfS2 consist of a layer of Zr (Hf) atoms sandwiched between two layers of S 

atoms with the Zr (Hf) atom octahedrally coordinated with the chalcogen one as shown in Fig. 1. The 

intralayer Zr (Hf)-S bonding is strong while the interlayer bonding is weak as it arises from vdW interaction. 

1T-ZrS2 and 1T-HfS2 are all semiconductors and the band gaps fall in the range of the visible-infrared region, 

thus being promising candidates for photovoltaic applications [14]. The calculated lattice constants of bulk 

(monolayer) ZrS2 and HfS2 are a=b=3.6822 Å and a=b=3.642 Å (3.6821 Å and 3.643 Å), respectively, 

agreeing well with previous studies [33, 42]. The lattice mismatch of ZrS2 and HfS2 is merely 1.0%, implying 

that it is very suitable to build VHs and LHs based upon these two materials. For a better understanding of 

the electronic properties and the dielectric function of the ZrS2/HfS2 heterostructsures, it is useful to study 

the electronic structures of bulks and monolayer ZrS2 and HfS2. It is known that there is some difference in 

Brillouin zones of bulk and monolayer structures. The Brillouin zones with high symmetry k-points used in 

band structure calculations are illustrated in Fig. 1. As can be seen in Fig. 2 (a) and (b), the band gaps of bulk 

ZrS2 and HfS2 are both found to be indirect with values of 1.112 eV and 1.238 eV at PBE level, respectively, 

The valence band maximum (VBM) and conduction band minima (CBM) of the pristine bulk ZrS2 and HfS2 

are located at Γ and L points, respectively. Fig.2 (c) and (d) are the band structures of the monolayer ZrS2 

and HfS2. Clearly, they also belong to indirect band gap semiconductors with band gaps of 1.186 eV and 
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1.316 eV, respectively. Their CBM at Γ and VBM at M points, this feature is different from some other 

TMDs such as MoS2, WS2, et al, which undergo a transition from an indirect to direct gap semiconductor 

when their thickness is thinned down to a single layer [43]. 

Lateral and vertical heterostructures made of 2D single layer like Graphene/hBN [44] or MoS2/WS2[10] 

have been previously studied both, theoretically and experimentally, motivating the construction of 

composite materials with promising applications. The 1T-ZrS2 and 1T-HfS2 monolayers reported here 

possess hexagonal symmetry and a sandwich-like structure, with close lattice constants values. The similar 

geometric structures and lattice parameters of ZrS2 and HfS2 will be beneficial in experimental fabrications. 

Based on the structural characteristics, two different types of LHs can be established with zigzag and with 

armchair types of interlines. The (ZrS2)m-(HfS2)n LHs with zigzag interlines are thermally and dynamically 

stable, the stable properties can be seen from the phonon dispersion and the molecules dynamic simulation 

as shown in Fig. S1(a) and (b) (see the Supplemental Material [45]). The frequencies of all phonon branches 

in the entire Brillouin zone are positive and the variation of free energy only shows slight oscillation even at 

500 K. while the (ZrS2)m-(HfS2)n LHs with armchair interlines are dynamically instable [33]. Therefore, in 

this paper we just focus on the (ZrS2)m-(HfS2)n LHs with zigzag interlines. Fig. 3(a) shows the typical atomic 

structures of the zigzag LHs (ZrS2)m-(HfS2)n , where m=n=6 are the numbers of formula units in the lateral 

primitive unit cell. The green, sand and yellow balls indicate Zr, Hf, and S atoms, respectively. Along the 

y-direction of the lateral heterostructures shown in Fig.3 (a), the monolayer ZrS2 and HfS2 extend to infinity. 

The x-direction is perpendicular to the zigzag edges, along which two different stripes repeat alternately and 

periodically. In the xy-plane, the heterostructure has a 2D rectangular lattice and each constituent consists of 

three parallel atomic planes, where the plane of metal atoms (Zr or Hf) is capped by two S atomic planes. 

The lateral heterostructures are repeated periodically along the z-direction with a vacuum spacing of 18 Å in 

a three-dimensional (3D) orthorhombic lattice. The proposed structure is similar to the previous 

h-BN/graphene, MoS2/WS2 and As/Sb based LHs [44, 46, 47]. Fig.3 (b) shows the 2D Brillouin zone of the 

monolayers with high symmetry points.  

Among the lateral heterostructures, we first study the electronic structure of the (ZrS2)1-(HfS2)1 LH with 

zigzag interline, which is a composite structure constructed of very narrow stripes. As can be seen from the 

corresponding band structure plotted in Fig. 4(a), the (ZrS2)1-(HfS2)1 LH is a semiconductor with an indirect 

gap of 1.195 eV. In order to gain comprehensive information about (ZrS2)m-(HfS2)n LHs, the size of building 
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stripes is further increased. In Fig. 4(b)-(e), we show the corresponding band structures of (ZrS2)2-(HfS2)2, 

(ZrS2)3-(HfS2)3, (ZrS2)6-(HfS2)6, and (ZrS2)9-(HfS2)9 LHs, respectively. An obvious common feature of this 

compounds is its direct band gap, with the VBM and CBM both located at the Γ point, displaying a rather 

different behavior from those of pristine bulk (monolayer) ZrS2 and HfS2 as well as (ZrS2)1-(HfS2)1. At PBE 

level, the calculated bandgaps of (ZrS2)2-(HfS2)2, (ZrS2)3-(HfS2)3, (ZrS2)6-(HfS2)6, and (ZrS2)9-(HfS2)9 LHs 

are 1.212 eV, 1.188 eV, 1.143 eV and 1.125 eV, respectively. There is a monotonous trend in the bandgap of 

(ZrS2)m-(HfS2)n LHs, which decreases gradually as the width of ZrS2 and HfS2 constituents increase. To 

further check the direct nature, we also perform calculations at the more accurate but computationally 

expensive hybrid functional level [48]. As shown in Fig.S2 (a), the band gap of (ZrS2)3-(HfS2)3 LH is 

2.008eV under the HSE06 correction, which also clearly suggests a direct bandgap feature for 

(ZrS2)3-(HfS2)3 LH. We found that the HSE functional only enlarges the band gaps moderately compared 

with the PBE but does not change the trend of the electronic structures. Although the quantitative accuracy is 

subject to some uncertainty, DFT methods are still powerful for predicting a correct trend and related 

physical mechanisms.  

To discuss the origination of the indirect-direct band gap transition, we compare the two Brillouin zones 

shown in Fig.1 and Fig.3(b). It is found that the high-symmetry k-points Γ and M of the hexagonal phase 

would be folded into the Γ point in the new Brillouin zone of the rectangular supercell phase, thereby 

rendering ZrS2 with its rectangular supercell structure (ZrS2)2-(ZrS2)2 as a (pseudo)-direct band gap material 

as shown in the left panel of Fig.S2(b). For the sake of comparison, the band structures of (ZrS2)2-(HfS2)2 are 

also plotted. We identify that band folding effect plays a critical role to produce the direct band gaps in the 

proposed LHs. In order to understand the electronics structures of the LHs, the projected band structures of 

(ZrS2)3-(HfS2)3 are plotted in Fig. 4(c). It is clear that the conduction band and the valence band mainly 

consist of states from ZrS2and HfS2, respectively, indicating the type-II heterostructure. The type-II band 

alignment could also be the reason for the transition from indirect to direct semiconductor in the LHs[33]. 

The plane-averaged electron density difference along the direction perpendicular to the 1D boundary and the 

charge density difference of the interface region are plotted in in Fig.S2 (c) to illustrate the bonding feature 

and charge transfer at the interface. It is found that the charge redistribution mainly involves the atoms near 

the 1D interface, where certain electrons transfer happens between the HfS2 and ZrS2 monolayer. In the LHs, 

the charge transfer is mainly related to the building components, as well as the interline between HfS2 and 
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ZrS2, leading to the presented orbital structure of bands in LHs. 

Besides the lateral heterostructures, we also investigate two kinds of vertical heterostructures 

(ZrS2)m/(HfS2)n composed of m-layer ZrS2 and n-layer HfS2, which are vertically and commensurately 

stacked. The first one is a V-infinite heterostructure composed of m-layer ZrS2 and n-layer HfS2 as shown in 

the inset of Fig.5(a), this stacking sequence repeats periodically and continuously with a 3D hexagonal 

lattice. The second one is V-finite heterostructure composed of m ZrS2 layers continued vertically by a stack 

of n HfS2 layers. Since there are two possible stacking ways (AA and AB) to construct the (ZrS2)m/(HfS2)n 

heterostructures (Fig.S3), we compare the total energies of the two V-infinite (ZrS2)1/(HfS2)1 

heterostructures and find that AA stacking is more stable than AB stacking by about 35meV. Therefore, we 

only focus on it in the following vertical heterostructure studies, which should be more preferred under 

experimental conditions. By changing the number of layers m and n of the constituent stacks, we can attain 

different heterostructures, which are also thermally and dynamically stable as shown in Fig. S1(c) and (d). 

Due to the same lattice symmetry of the monolayers and the ZrS2/HfS2 heterostructure, the Brillouin zone 

also remains unchanged[34]. Fig.5(a) shows the projected band structure of the V-infinite (ZrS2)1/(HfS2)1 

heterostructure, where the curves highlighted by blue and orange circles are attributed to ZrS2 and HfS2 

components, respectively. It is found that the V-infinite structure has an indirect band gap of 1.111eV, which 

is smaller than both monolayers. It can be seen clearly that the band structures of the constituents are well 

maintained and separated, the band bending of ZrS2 and HfS2 in the heterostructure is small and the vdW 

interactions between the ZrS2/HfS2 layers are weak. The band alignment manifests the intrinsic type-I 

heterostructure[34]. The band structures of the other V-infinite (ZrS2)m/(HfS2)n heterostructures are also 

calculated, where m=n, it is found that all the V-infinite (ZrS2)m/(HfS2)n heterostructure possess similar 

indirect gap nature, and the band gaps decrease very slightly with m(n) and the gap nearly keep about 1.05eV 

as shown in Fig.5(b).  

In addition to the V-infinite (ZrS2)m/(HfS2)n heterostructure with the same proportion of building blocks, 

we also study the (ZrS2)m/(HfS2)n heterostructure with different ratios of components, that is the boundaries 

have finite width, but are asymmetric. In Fig. 6, the band structures of the asymmetric V-infinite 

heterostructures (ZrS2)1/(HfS2)3, (ZrS2)1/(HfS2)5 and (ZrS2)1/(HfS2)7 are illustrated. It is impressive that all 

the asymmetric structures are also indirect bandgap semiconductors, which is different from the Lateral 

heterostructures (ZrS2)m-(HfS2)n [33]. It is also interesting to note that the value of the energy gap is almost 
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unchanged in the series of consecutive V-infinite heterostructures. The band gaps of the V-infinite 

heterostructures (ZrS2)m/(HfS2)n are summarized in Table I, it is shown that there is not so much difference 

between the bulk materials and most of the considered heterostructures. This is mainly due to the fact that in 

the heterostructures the intrinsic tensile strain in HfS2 and compressive strain in ZrS2 are very small, where 

the lattices constant of the heterostructures, bulk ZrS2 and HfS2 are comparable as shown in Table I. While 

the external strains can provide an effective way to tune the electronic properties and thus enhance the 

performance of materials [49]. 

Here we consider the finite size heterostructures composed of m-layer ZrS2 stack continued vertically 

by a stack of n-layer HfS2, specified as V-finite (ZrS2)m/(HfS2)n. Fig.7(a) shows the projected band structure 

of the V-finite structure ZrS2/HfS2, it is also found that the V-finite heterostructure has an indirect band gap 

(1.129eV), where the red and blue circles represent the ZrS2 and HfS2 components of the bands, respectively. 

Fig.7(b) presents the calculated band structures of the other V-finite (ZrS2)m/(HfS2)n heterostructures, where 

m=n. It is found that all the (ZrS2)m/(HfS2)n heterostructure possess similar indirect gap nature, and the band 

gaps decrease slightly with m(n). 

3.2 Optical properties 

Our calculated band gaps of the bulk and the monolayer structures are in reasonable agreement with the 

reported calculated and experimental band gaps [5,50,51]. This suggests that we have a good starting point 

for the computation of the optical properties. From the dielectric constants, the other optical properties such 

as the absorption and reflection spectra can be calculated. Because of the sandwich layered properties, ZrS2, 

HfS2 and the heterostuctures will show highly anisotropic mechanical, optical, and electrical properties[5]. 

Due to the anisotropy, the dielectric function perpendicular to the layer ε⊥ is different from ε‖ that is parallel 

to the layer. The real and imaginary parts of the energy-dependent dielectric functions are calculated at PBE 

level. All the imaginary parts of the dielectric function of the bulk, monolayer and the heterostructures are 

calculated (not show here), in Fig.S4 we just show the imaginary parts of the dielectric function of the ZrS2 

bulk and monolayer. It is shown that the imaginary parts of ε‖ dominate in the lower energy region (0 to 4 

eV), both ε‖ and ε⊥ contribute in the higher energy region (above 4 eV). 

 The real part could be obtained through Kramers–Kronig relations [41], the results of bulk ZrS2, bulk 

HfS2, monolayer ZrS2 and monolayer HfS2 are illustrated in Fig. 8. Strong anisotropy is observed between 
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the real parts of dielectric functions ε‖ and ε⊥. It is found that the real part of ε‖ of bulk ZrS2(bulk HfS2) is 

negative between 2.54 eV and 2.86 eV (2.74 eV and 3.30 eV), while ε⊥ is positive, leading to a hyperbolic 

region (based on the criterion Real (ε‖)<0) in which the two components have different signs (marked as the 

blue shaded regions in Fig. 8). This sign difference is the characteristic feature of so-called indefinite 

media[18,19], which was proposed in the study of metamaterials and has important potential applications 

such as near-field focusing and spontaneous emission enhancement [20,21,52,53]. The bulk materials exhibit 

predominantly type II dispersion corresponding to metallic response in-plane and dielectric response 

out-of-plane [20]. The strong dielectric anisotropy should arise from the weak interlayer coupling that lowers 

carrier velocities and plasma frequencies perpendicular to the layers. For the monolayer ZrS2 and monolayer 

HfS2, they exhibit anisotropic dielectric properties. In order to predict accurate dielectric function, HSE06 

hybrid exchange-correlation functional is utilized to calculate the bulk ZrS2. We compared the dielectric 

function of bulk ZrS2 obtained with the PBE and HSE06 in Fig.S4 (c), where the real parts of ε‖ and ε⊥ are 

plotted. It is found that there are some blueshifts in the hyperbolic window from 2.54 - 2.86 eV (PBE) to 

3.34 - 3.56 eV (HSE06) for ZrS2 bulk. Although PBE calculation is expected to influence the precise position 

of the hyperbolic regions, the calculated results are reasonable to reflect the hyperbolic property. And the 

more accurate method such as hybrid functional and DFT+U approach deserve to be investigated for the 

proposed heterostructures in future research. 

For the lateral heterostructures, optical bianisotropy , for in-plane and out-of-plane directions, will be 

described by the dielectric tensor with three different components. ε‖(εxx, εyy) and ε⊥(εzz) of the periodic 

lateral heterostructure (ZrS2)1-(HfS2)1 and (ZrS2)4-(HfS2)4 are calculated in Fig.9. It is found that lateral 

heterostructure (ZrS2)1-(HfS2)1 does not exhibit hyperbolic region, while (ZrS2)4-(HfS2)4 possesses a 

hypobolic region between between 2.7 eV and 3.02 eV, where εxx<0, εyy<0 and εzz>0. The metallic response 

in-plane may come from the strong coupling between different constituents. 

From the charge distribution and the charge density difference in (ZrS2)m/(HfS2)n VHs, it is found that the 

charges mainly distribute in the respective monolayer, whereas only a few charges will transfer at the 

interface. Hence, the dielectric response in parallel direction can be determined by the respective material. 

Although the vdW interactions existing between the layers of the ZrS2/HfS2 heterostructure are weak, the 

interfaces play important role in the scattering for electrons moving perpendicular to the interface and affect 
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the perpendicular part of the optical dielectric functions. Fig.10(a) shows the calculated ε‖ of the V-infinite 

heterostructures (ZrS2)1/(HfS2)1, (ZrS2)3/(HfS2)3, (ZrS2)6/(HfS2)6 and (ZrS2)9/(HfS2)9, where the shaded 

region shows the hyperbolic region. It is clear that all the V-infinite heterostructures possess a hyperbolic 

region between 2.7 eV and 3.02 eV. For comparison, we also calculated different V-infinite heterostructures 

(ZrS2)m/(HfS2)n with m=n as shown in Fig.10 (b), it is found that when m=n , the hyperbolic regions are 

nearly the same. The hyperbolic character of the vertical heterostructure arise from the combination of the 

ZrS2 and HfS2, which is different from the dielectric property of the respective pristine ZrS2 and HfS2 bulk. 

Importantly, changes in the constituent ratio, m/n, result in tuning of the hyperbolic region. Fig.10 (c) shows 

the calculated ε‖ of the V-infinite heterostructures (ZrS2)1/(HfS2)3 and (ZrS2)1/(HfS2)5, the position and width 

of the hyperbolic region changes with the ratio of m/n. The hyperbolic dielectric properties of the V-infinite 

heterostructures (ZrS2)m/(HfS2)n are summarized in Table I. To illustrate the degree of tuning that can be 

achieved by vdW heterostructures with different ZrS2 and HfS2 layers, we apply effective medium theory 

(EMT) to calculate the permittivity of the V-infinite heterostructures (ZrS2)m/(HfS2)n with different thickness 

ratio, dHfS2/dZrS2. Where the thicknesses of the ZrS2 and HfS2 layers are sufficiently sub-wavelength. It should 

be noticed that the influence of hybridization at the interfaces and quantum confinement are neglected in this 

calculation [18]. 

 In EMT, a uniaxial stratified periodic metamaterial consisting of ZrS2 and HfS2 layers can be 

characterized by the effective diagonal permittivity tensor / / / /( , , )   EMT EMT EMT EMTdiag  with effective 

components given by [19] 
2 2

/ / / / / /(1 )        
HfS ZrSEMT

,
2 21/ / (1 ) /        

HfS ZrSEMT

,where 

2 2 2
/ ( )  HfS ZrS HfSd d d  is the fill fraction of HfS2. Fig.10(d) shows that the hyperbolic energy region can be 

tunable, over which the heterostructure dispersion is hyperbolic. By choosing V-infinite heterostructures 

with different ZrS2 and HfS2 layers, the hyperbolic region can be adjusted. For comparison the calculated 

DFT data ε‖ (for (ZrS2)1/(HfS2)1, (ZrS2)1/(HfS2)3 and (ZrS2)1/(HfS2)5) are also plotted in Fig.10(d). The 

V-infinite heterostructures are hyperbolic in the ranges 2.750 - 3.038 eV, 2.745 - 3.168 eV and 2.745 - 3.197 

eV, respectively, which are in good agreement with the EMT results. For the TMDs heterostructure-based 

HMMs, EMT can be effective in evaluating the hyperbolic regime where real(ε‖)<0. Further tuning is 

obviously possible by considering heterostructures with other 2D material or metal [52]. In addition, the 

hyperbolic dispersion property are also found in the V-finite heterostructures (ZrS2)m/(HfS2)n. In the 
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hyperbolic region, the surfaces of constant frequency are hyperbolic, extending to very large values of k. 

Because of the momentum mismatch, the naturally HMMs will possess large local density of states [21, 53] 

and are expected to deliver high Purcell enhancements. 

3.3 Purcell enhancement 

One of the most promising applications of hyperbolic metamaterials is spontaneous emission engineering, 

which plays a crucial role in single photon sources and light-emission devices [21, 54]. Due to the 

hyperbolic dispersion, a dipole emitter can couple to a large range of k-states at a single frequency, thereby 

increasing the number of possible decay paths. The Purcell factor is generally defined as the ratio of the 

radiative rate in a particular electromagnetic structure to that in vacuum, it is an efficient parameter to 

characterize the spontaneous emission properties, which describes the modification of the spontaneous 

emission lifetime [53]. In contrast to resonant structures like cavities or single metallic interfaces, the HMM 

exhibit a Purcell factor that is broadband and tunable in frequency [21]. To study the spontaneous emission 

enhancement of a point source above such (ZrS2)/(HfS2) multilayer HMMs, Purcell factors are computed. 

For simplicity an ideal electric dipoles with internal quantum efficiency q0=1 is adopted. When a dipole is 

placed at a distance of d above the planar HMM with polarization perpendicular (⊥) or parallel (∥) to the 

interface, the corresponding Purcell factors can be written as [53, 55]  

23
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k k
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k kk

, where k0 is the magnitude of the wave vector in 

a vacuum, 
1  is the relative permittivity for the host material which contains fluorescent emitters such as  

quantum dots and dye molecules, 
xk and 2 2

1 0 z xk k k are the wavevector components along the 

in-plane and vertical directions respectively and rp,s is the reflection coefficient at the interfaces for a TM 

(TE) polarized wave, which can be calculated by transfer matrix method [56]. The isotropic Purcell factor 

Fiso can be obtained through an average over pF and / /pF , that’s 
/ /

1 2

3 3
 iso p pF F F , where the factor 2 

accounts for the two equivalent orthogonal in-plane orientations.  

Fig.11(a) shows the Purcell factor for the dipoles perpendicular (Fp⊥, short dotted line) and parallel (Fp//, 

short dashed line) to the V-infinite (ZrS2)/(HfS2) heterostructure surface with dHMM=20nm as depicted in the 
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inset, the solid line represents the Purcell factor Fiso for an isotropic dipole which is averaged from Fp⊥ and 

Fp//. The distance between dipole and the (ZrS2)/(HfS2) heterostructure HMM is d=5 nm and 
1 1  . The 

permittivity of the naturally HMM calculated by DFT is shown in Fig.S5, around 450 nm, where ε//<0, the 

dispersion relation is hyperbolic. The peak of the Purcell factor is located at the 300-650nm wavelength 

region which might result from the larger local density of states around the hyperbolic region, and the 

Purcell factor Fp⊥ is much higher than Fp//. About 102-fold enhancement at λ =405 nm is obtained. Fig.11(b) 

shows the Purcell factor Fp⊥ as a function of wavelength with different d and 
1 . Apparently, the Purcell 

factor relates to the distance between the dipole and the (ZrS2)/(HfS2) heterostructure and the host materials. 

The Purcell factor decreases with the coupling distance d and the permittivity of the host materials.  

4. Conclusion 

In summary, we have studied the electronic and optical dielectric properties of the lateral and vertical 

heterostructures composed of ZrS2 and HfS2 mono and multilayer. It is found that both the monolayer and 

the bulk structures are intrinsic indirect semiconductors, while the lateral heterostructures (ZrS2)m-(HfS2)n 

exhibit an indirect to direct bandgap transition. The optical properties of the HfS2 and ZrS2 bulk and 

monolayers are found to be strongly anisotropic. The bulk HfS2 and ZrS2 are naturally hyperbolic 

metamaterial between 2.54 eV and 2.86 eV (2.74 eV and 3.30 eV) respectively. The periodic and finite size 

vertical heterostructures (ZrS2)m/(HfS2)n keep the indirect bandgap property. The vertical heterostructures 

possess tunable hyperbolic dielectric behavior and the property can be well predicted by the effective 

medium theory, where the interface effects are not crucial. While the heterostructures with non-negligible 

interface effects deserve to be investigated next step. Furthermore, in the hyperbolic region over a 100-fold 

Purcell factor enhancement is obtained, presenting a promising opportunity for the realization of hyperbolic 

metamaterial-based devices for light-generation. 
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Figures and Figure captions 

  

Fig.1 The Brillouin zone with high symmetry K-points used in band structure calculations, where 1T-MX2 (M=Zr, Hf; X= S) 

unit cell structure is also shown, the green and yellow spheres denote M and S atoms, respectively. 

 

Fig.2 Band structures of bulk ZrS2, bulk HfS2, ZrS2 monolayer and HfS2 monolayer. The blue arrows indicate the bandgaps and 

the horizontal dashed lines represent the Fermi level.  
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Fig.3 Top and side views of atomic configurations of (ZrS2)m-(HfS2)n lateral heterostructure monolayers with zigzag interlines, 

where m=6 and n=6. Green, sand and yellow balls indicate Zr, Hf, and S atoms, respectively. (b) 2D Brillouin zone of the 

monolayer LH with high symmetry points.  

 

 

Fig.4 The calculated band structures of the periodic lateral heterostructures (ZrS2)m-(HfS2)n at PBE level. (a) (ZrS2)1-(HfS2)1, 

(b) (ZrS2)2-(HfS2)2, (c) (ZrS2)3-(HfS2)3, (d) (ZrS2)6-(HfS2)6 and (e) (ZrS2)9-(HfS2)9, where (c) is the calculated projected band 

structure, the blue and red line represent the ZrS2 and HfS2 components of the bands, respectively. The blue arrows indicate the 

bandgaps and the horizontal dashed lines represent the Fermi level. 
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Fig.5 The calculated projected band structure of the V-infinite heterostructures (ZrS2)1/(HfS2)1, the top and side views of the 

AA stacking heterostructure are shown in the inset. (b) The bandgap of different V-infinite heterostructures (ZrS2)m/(HfS2)n, 

where m=n is an integer.  

 

Fig.6 The calculated band structures of the V-infinite heterostructures (ZrS2)1/(HfS2)3 (a), (ZrS2)1/(HfS2)5 (b) and 

(ZrS2)1/(HfS2)7 (c), respectively.  

 

Table I. The lattice constants (a), band gaps and hyperbolic dielectric properties of the V-infinite 

heterostructures (ZrS2)m/(HfS2)n, it is also found that all the V-infinite heterostructures keep the indirect 

bandgap property and possess a hyperbolic dielectric behavior. 

Heterostructure 

(ZrS2)m/(HfS2)n 
m=1 

n=1 

m=1 

n=3 
m=1 

n=5 
m=2 

n=2 
m=3 

n=3 
m=4 

n=4 
m=5 

n=5 
m=6 

n=6 
m=7 

n=7 
m=8 

n=8 
m=9 

n=9 
m=10 

n=10 

lattice constant 

a (Å) 
3.664 3.654 3.651 3.664 3.664 3.663 3.664 3.664 3.664 3.661 3.664 3.664 

Band gap(eV) 1.111 1.0909 1.0821 1.0863 1.0681 1.0581 1.0652 1.0471 1.0553 1.0436 1.0034 1.0611 

Hyperbolic 

window(eV) 
0.2866 0.4218 0.4505 0.3067 0.2978 0.3083 0.2994 0.3166 0.3134 0.349 0.3548 0.3501 
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Fig.7 The calculated projected band structure of the V-finite heterostructures (ZrS2)1/(HfS2)1 constructed by ZrS2 and HfS2 

monolayer, the inset shows the side views of the AA stacking heterostructures. (b) The band gap of different V-finite 

heterostructures (ZrS2)m/(HfS2)n formed by thin stacks of ZrS2 and HfS2. 

 

Fig.8 Real parts of the two principal components of permittivity of bulk ZrS2, bulk HfS2, monolayer ZrS2 and monolayer HfS2, 

respectively, where ε‖ represents in-plane component and ε⊥ represents out-of-plane component. The shaded region shows the 

hyperbolic regions. 
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Fig.9 Real parts of ε‖ (εxx, εyy) and ε⊥(εzz) of the periodic lateral heterostructures (ZrS2)1-(HfS2)1 and (ZrS2)4-(HfS2)4, 

respectively.  

    

      

Fig.10 ε‖ of the V-infinite heterostructure (ZrS2)1/(HfS2)1, (ZrS2)3/(HfS2)3, (ZrS2)6/(HfS2)6 and (ZrS2)9/(HfS2)9(a), where the 

shaded region shows the hyperbolic regions. (b) the hyperbolic regions of different V-infinite heterostructures (ZrS2)m/(HfS2)n. 

(c) ε‖ of the V-infinite heterostructure (ZrS2)1/(HfS2)3 and (ZrS2)1/(HfS2)5, for comparison, ε‖ of (ZrS2)1/(HfS2)1 is also plotted. 

(d) The effective ε‖ of the composited ZrS2/HfS2 materials with different thickness ration based on EMT, where the olive dots 

represent the calculated zeros of ε‖ for (ZrS2)1/(HfS2)1, (ZrS2)1/(HfS2)3 and (ZrS2)1/(HfS2)5, respectively.  
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Fig.11(a) Purcell factor for the dipoles perpendicular (Fp⊥, short dotted line) and parallel (Fp//, short dashed line) to the surface 

as depicted in the insets (the blue dot represents a dipole), the solid line represents the Purcell factor Fiso for an isotropic dipole 

which is averaged from Fp⊥ and Fp//. The dipole is in air 5 nm above the (ZrS2)/(HfS2) multilayer HMM with dHMM=50 nm. (b) 

Purcell factor Fp⊥ as a function of wavelength with different d and 
1 . 

 


