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Eigenvalue problems, that depend on a parameter, are frequently encountered in struc-

tural engineering. The most common contexts are free vibration and structural stability,

where the calculations of natural frequency, or the critical buckling load, for a large

number of design parameters is of practical interest. In the present work, approxima-

tions suitable for early stages of design exploration are presented, since reanalysis is an

expensive process. A novel approach that leads to approximations for several classes

of problems is presented. The essence of the proposed approximations is to obtain a

trial vector, that is rich in the components of the actual eigenvector, first. This is

achieved economically via an interpolation of eigenvectors as proposed here. Following

this, Rayleigh quotient approximation with these trial vectors is carried out, which is

found to provide excellent approximations for a range of problems economically. The

method is then applied to illustrative examples arising in structural vibration. The

computational gain is found to be relatively more significant as the size of the problem

increases. The computational complexity of the proposed method is assessed.

The proposed approximation requires adaptations depending upon whether the matri-

ces involved are symmetric, skew-symmetric, or general asymmetric, and also if the

parameter-dependent eigenvalue problem is standard, or generalised–i.e. in terms of a

single matrix, or a matrix pencil. There are three primary reasons for separately dealing

with different classes of problems associated with different symmetries of the matrices

involved: (i) because of different orthogonality relations, the Rayleigh quotient for each

case is different, and (ii) the nature of eigensolutions, e.g. real vs pure imaginary vs com-

plex could depend upon the class or problem at hand, and (iii) the practical contexts in

which each of these arise are very different: e.g. the presence of gyroscopy, aeroelastic

effects, dissipation, follower forces, or a combination of these. Excellent approximations

are obtained for various classes of problems considered here, while providing considerable

computational economy.
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Chapter 1

Introduction

Eigenvalue problems arise in a host of contexts in engineering, science, data & image

analysis, and statistics. For field problems such as those in continuum dynamics or

quantum mechanics, eigenvalue problems are expressed in terms of a differential operator

and the eigensolutions consist of eigenvalues and eigenfunctions. As opposed to this,

when the problem at hand is described by finite degrees of freedom models, the resulting

eigenvalue problem is algebraic in terms of matrices. In this work, we are concerned

with several classes of the latter problem that differ in many details depending upon the

symmetry of the matrices involved (or their lack of) and other generalisations such as

their number.

In case of algebraic eigenvalue problems, one or more matrices represent interactions of

variables via their off-diagonal terms. An eigenvalue analysis decouples these interactions

using the transformation of variables into another coordinate system, giving rise to

certain invariants that are independent of the choice of coordinates. For example, in

stress analysis, the principal stresses and principal strains are independent of the choice

of the coordinate system and they turn out to be the eigenvalues of the components of

stress and strain tensors arranged in a matrix form. Likewise, the principal moments

of inertia are the eigenvalues of the matrix of a moment of inertia tensor. However,

matrices in these situations are small in size (e.g. 3×3 for three-dimensional problems).

By contrast, consider the free vibration of a discrete or discretised model of a complex

structure. The number of generalised coordinates to describe their dynamics can be

quite large–by comparison–easily running into thousands, or tens of thousands. The

large size of the matrices necessitates numerical computations. If one attempted to

solve the characteristic equation analytically, it results from setting the determinant of

the coefficient matrix associated with the eigenvalue problem being solved to zero. The

polynomial equation is of the same order as the size of the matrix. It is impossible to

solve a general polynomial equations of degree higher than four–a well-known result in

algebra. Therefore, all large size algebraic eigensolutions rely on numerical calculations.

1
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Many practical engineering problems–such as those encountered in structural mechanics–

pose another computational difficulty in addition to their size being large. Designers and

engineering analysts are frequently called upon to carry out repetitive calculations of

eigenvalues for a number of parameter values. For example, the stability of a structure, or

the natural frequencies in structural vibration, may need to be calculated for a large num-

ber of structural parameters such as various design dimensions e.g. lengths, thicknesses,

or material properties involved in a design. The problem is further aggravated when the

number of geometric or material parameters–over which design search and optimisation

needs to be carried out–is large. In addition to structural parameters, a large number

eigenvalue calculations may also need to be carried out for non-structural parameters

such as flow velocity (as in aeroelastic calculations), rotational velocities that determine

stability (as in spinning structures) or convection velocity (as in axially moving flexible

structures, e.g. band saws or elastic pipes conveying fluid) in many engineering contexts.

Parameter-dependent eigenvalue problems also arise naturally in structural wave guides

where dispersion relations (the relationship between the frequency and the wave number

of propagating waves) needs establishing. Usually, the wave number takes the role of

the parameter and the corresponding frequencies for spatio-temporally harmonic waves

needs calculating at each value of the wave number. For complex wave guides, these

calculations are inevitably carried out using models that lead to parameter-dependent

eigenvalue problems. The sheer number of eigencalculations in all these circumstances

necessitate the use of approximations at the early stages of design in these practical con-

texts. The present work is inspired by this practical need. It is acknowledged that more

refined calculations may be required at final stages of design, once the design exploration

process has homed in close to promising designs.

1.1 Context and motivation of the present work

Eigenproblems frequently appear while solving systems of differential equations. The

physical contexts could range from the computing frequency response of circuits to

response of buildings due to earthquakes and computing energy levels of a quantum me-

chanical problem. The ubiquitous nature of this class of problems is evident from their

presence in pure and applied mathematics, physics, biology, economics, statistics, struc-

tural dynamics, acoustics, matrix factorisation, quantum mechanics, electrical networks,

combustion processes, chemical reactions, macroeconomics, control theory, and Markov

chain techniques. For example, Page Rank, a Google Search algorithm, uses eigenvalues

and Markov chains to measure the importance of the website page. Structures such as

bridges, skyscrapers, aircraft wings, automotive parts, violin strings, and drums vibrate

at certain characteristic frequencies. Decay factors of small oscillations are also obtained

from complex eigenvalues originating from a more generalised form of eigenvalue prob-

lems. For instance, in the vibration of a suspended bridge, the physics of the bridge
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is described by a differential equation. The solution of the equation involves a matrix

eigenvalue problem, whose eigenvalues are resonance frequencies. Another example is

flutter analysis in aircraft. Eigenvalues and eigenvectors arise in the flutter related calcu-

lations. In numerical analysis and statistics, eigenvalue problems appear in the context

of norms of operators (or matrices), singular values, calculation of condition numbers,

principal component analysis where eigenvalues of the covariance matrix have an im-

portant role in describing characteristic features of the data. In quantum mechanics,

for example, the time-independent Schrödinger equation leads to an eigenvalue problem,

where eigenvalues correspond to the energy levels [1,2]. In classical physics, eigenvalues

are often associated with vibrations of elastic bodies and elastically connected particles.

An eigenvalue problem that depends on a parameter is also encountered in the structural

design under dynamic loading. A special type of analysis–that of free vibration–leads

to generalised eigenvalue problems. A designer inevitably has to consider several design

alternatives, often in an automated way, via running computer programs looped over

a large number of design choices. The need to perform a large number of similar op-

erations, to calculate natural frequencies for each case using approaches such as finite

element analysis (FEA), thus arises. It is computationally inefficient to carry out reanal-

ysis for each of the design alternatives and approximations are frequently sought. The

aim of the present research is to develop computationally economical approximations

of eigenvalues that depend on a parameter and assess their effectiveness to practical

engineering problems.

1.2 Aims and objectives

The aim of this work is to develop approximations for a number of classes of eigenvalue

problems that depend on a parameter, such that the procedure would be computationally

economical, yet fairly accurate. This would involve developing approaches for different

types of eigenvalues problems. In particular, eigenproblems in terms of one matrix,

two matrices, real symmetric, skew-symmetric, and asymmetric matrices are considered

here. For each case, the proposed approach would be different due to the properties of

matrices and associated orthogonality relations. We acknowledge that there might be a

trade-off between accuracy and economy while making approximations. Thus, another

aim is to identify the strength and limitations of the proposed method. To achieve this,

specific objectives of the present work are itemised below:

to develop computationally economical approximation for a symmetric standard

eigenvalue problem that depends on a parameter;

(i)

to apply the method proposed in (i) to numerical examples;(ii)
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to develop computationally economical approximation for a parameter-dependent

symmetric generalised eigenvalue problem;

(iii)

to apply the method proposed in (iii) to practical problems, i.e. vibration of a

parametrised thin ring and tapered structures;

(iv)

to extend the method proposed in (iii) further to a parameter-dependent skew-

symmetric eigenvalue problem;

(v)

to apply the method developed in (v) to a practical problem that possesses the

mathematical and physical features of rotating flexible structures;

(vi)

to extend the method proposed in (i) further to a parameter-dependent asymmetric

eigenvalue problem;

(vii)

to apply the method developed in (vii) to an arbitrary asymmetric example;(viii)

to assess the effectiveness of each method;(ix)

to critically examine the results obtained and compare the accuracy, computational

economy with respect to the exact method and other approximations, i.e. reference

fixed based approximation based on Rayleigh quotient, two-term Rayleigh-Ritz

reduced order model, the first-order perturbation.

(x)

1.3 Significant contributions of this work

Approximations for eigenvalues that depend on a parameter are proposed here. They are

based on effective use of stationarity of Rayleigh quotients in conjunction with the use of

rich trial vectors obtained using interpolation of modes. A computationally economical

method for approximating the eigenvalues for real parameter-dependent symmetric stan-

dard eigenvalue problem is presented. Linear dependence between arbitrary symmetric

matrices is proposed to create a parameter-dependent problem for numerical examples.

The method proposed is made more robust by accounting for the sign changes in an

eigenvector interpolation. The method is applied to problems with different sizes, i.e.

200×200, 2000×2000, to test the robustness and efficiency. Examples show excellent ac-

curacy of approximation, computed by the presented method, and with significantly less

computational time compared to the exact solution. The computational gain is found to

be relatively more significant as the size of the problem increases. Further, the method

is applied to a parameter-dependent symmetric standard eigenvalue problem in terms

of a polynomial matrix of size 500 × 500. The results obtained demonstrate excellent

accuracy of the approximation. The presented examples show that a proposed method

is a general approach of approximating a parameter-dependent eigenvalue problem, in

terms of any symmetric matrix, accurately and computationally efficiently.
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The proposed method is developed for a case of a parameter-dependent symmetric gen-

eralised eigenvalue problem that arises in structural vibrations. The method is adapted

to the problem in terms of two matrices, as the Rayleigh quotient definition is different

for this case. The developed approach is applied to numerical examples in terms of

arbitrary symmetric positive definite matrices of different sizes from 2000× 2000 up to

5000 × 5000. In total, 60 randomly generated parameter-dependent generalised eigen-

problems are considered. The computational complexity of the proposed procedure is

assessed. The approximation received by the proposed method is very accurate. Nu-

merical experiments show that usage of the proposed method is computationally at least

twice cheaper than solving eigenvalue problems exactly throughout all parameter range.

The proposed approach for a generalised case and results obtained from these numerical

experiments are partially published in [3].

The method for a parameter-dependent symmetric generalised eigenvalue problem is ap-

plied to practical problems arising in structural vibration such as free vibration of a ring

using shell elements and free vibration of tapered structures. The thickness of the ring

and the height at the tip of the tapered structure are treated as parameters. The stiff-

ness and mass matrices of models are generated for presented approach implementation.

Eigenvalues computed by the proposed method are accurate. The proposed procedure

and practical examples are demonstrated in [3, 4]. The proposed approach is further

improved by the use of higher-order interpolation of the mode shapes which is presented

in [3]. Moreover, the method for approximating closely spaced modes is proposed. The

modal assurance criterion based on two exactly calculated vectors is included in the pro-

posed procedure to identify mode interaction. The accuracy of approximation of closely

spaced modes is achieved based on examples of tapered structures.

The proposed method is further extended to a case of a parameter-dependent skew-

symmetric generalised eigenvalue problem that arises in gyroscopic systems. Here, the

λ-matrix problem that corresponds to undamped gyroscopic systems is rewritten as a

generalised eigenvalue problem of double the size. Therefore, the developed approxi-

mation for a generalised case can be extended considering skew-symmetric and positive

definite symmetric matrices. The proposed method is applied to a rotating vibrating

structure. The angular velocity is considered as a parameter in a numerical example.

The proposed approach for different kinds of rotation structures is published in [5].

Finally, the proposed method is further extended to a parameter-dependent asymmet-

ric eigenvalue problem that arises in a class of structural dynamic problems in the

presence of gyroscopy/control/aeroelasticity and in damped non-gyroscopic systems.

The approach is applied to a numerical example involving asymmetric matrices of size

1000× 1000. These finding are published in [6].

The eigenvalues approximated by the proposed method are compared to those computed

other methods, such as reference fixed mode based Rayleigh quotient, the two-term
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Rayleigh-Ritz reduced order model, the first-order perturbation. The pros and cons of

each method are presented. The accuracy of each method is assessed considering the

exact solution of the parameter-dependent eigenvalue problem.

1.4 The structure of the thesis

The thesis is organised as follows. Chapter 2 provides a detailed review of the scien-

tific literature in the area. An approximation is presented for standard and generalised

symmetric eigenvalue problems in Chapter 3. The method is then applied to arbitrary

examples of different size and problem formulation, which demonstrate the robustness

and accuracy of the method. The proposed method is compared with Rayleigh quo-

tient approximation that makes use of fixed trial references. Finally, the complexity

of the proposed scheme and the associated computational expense are assessed. In

Chapter 4 the method outlined is applied to two illustrative problems concerning the

vibration of a ring and tapered structures with continuously varying shape controlled

by the aspect ratio of the taper. The proposed approach is further improved by the

use of higher-order interpolation of the mode shapes. The results computed be the pro-

posed method are compared with those obtained by the two-term Rayleigh-Ritz reduced

order model. Moreover, the procedure for approximating closely interacting modes is

presented. The alternative method, i.e. a reduced order model based on a proposed in-

terpolation, for approximating closely spaced modes is proposed. In Chapter 5 a method

for approximating the natural frequencies of undamped gyroscopic systems is presented.

The proposed method is further extended to an eigenvalue problem in terms of sym-

metric and skew-symmetric matrices, which is encountered in structural problems that

possess gyroscopy, typically encountered in the analysis of rotating elastic structures.

The method is applied to a toy problem that possesses the mathematical and physical

features of rotating flexible structures. The eigenvalues obtained from the considered

problem are purely imaginary. In Chapter 6 computationally economical approximation

based on perturbation is developed for an asymmetric eigenvalue problem which has

complex eigenvalues. The results obtained from arbitrary examples are compared to

those obtained by the two-term Rayleigh-Ritz reduced order model to show the strength

of the proposed method. The conclusions and suggestions for future work is presented

in Chapter 7.



Chapter 2

Review of the relevant literature

All eigenvalue problems have a generic structure that an operator operating on a mathe-

matical object results in the same mathematical object multiplied by a scalar – the scalar

being identified as an eigenvalue and the mathematical object as an eigenvector or an

eigenfunction. For algebraic eigenvalue problems, the operator is a matrix. Further,

problems of similar mathematical nature may involve two operators: such eigenvalue

problems are known as generalised eigenvalue problems. When these mathematical op-

erators are differential operators, the analogous mathematical objects over which they

operate, are functions. We are not concerned with such operator eigenvalue problems in

the present work.

While limiting our attention to algebraic eigenvalue problems, the nature of eigensolu-

tions varies, depending on the number of matrices involved, their symmetry and defi-

niteness. This leads to a host of algebraic eigenvalue problems that differ with regards

to their character (e.g. real vs complex vs pure imaginary), the relevant orthogonality

relations, and the associated Rayleigh quotients. Because of these differences and the

different physical contexts where they arise, within the general theme of seeking eco-

nomical approximations for parameter-dependent eigenvalue problems, different classes

of problems are considered in this work. Methods for approximating eigenvalues in terms

of different types of matrices – i.e. symmetric, skew-symmetric, or general asymmetric

– are proposed. Moreover, physical contexts (e.g. conservative non-gyroscopic, gyro-

scopic, general dynamical systems, etc.) in which they arise are different, which justifies

their treatment separately. While a general case of asymmetric matrices, in principle,

covers all mathematical situations, in practice, the symmetry of the problem dictates

computational procedures, since using most general purpose computational algorithms

are not most economical. For example, the asymmetric case requires solving an adjoint

problem, which the symmetric or the skew-symmetric case does not require. In this

chapter, the physical contexts in which these eigenproblems arise are described. Fol-

lowing this, a review of the literature relevant to the broader question of approximately

obtaining eigenvalues for a family of related problem, related to one or more reference

7
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problem(s), is presented. The literature on the specific question of approximations over

a parameter interval is sparse, however.

2.1 Physical contexts in which eigenvalue problems arise

Eigenvalue problems appear in several mathematical forms which arise in diverse physical

contexts. Eigenproblems all share common features. This is characterised by an operator

that acts on a mathematical object giving rise to a value multiplied by the same object.

The operator could be a differential, a matrix or an integral operator. Some specific

forms of eigenproblems and its applications are presented in Table 2.1, which is taken

up next.

# Context Eigenvalue problem Matrices

1 Quantum Ax = λx A = AT

mechanics A dicretised model
Hψ = Eψ takes the forms of an operator

eigenvalue problem.

2 State space, Ax = λx A is arbitrary
control systems

3 Passive undamped Ku = λMu K = KT , M = MT ,
structural dynamics One of the matrices K, M

is positive definite

4 Aeroelasticity Ku = λMu K 6= KT

5 Structural stability/ Ku = λKGu K = KT , KG = KT
G

Buckling

6 General In configuration space: M = MT , C = CT , K = KT

dynamical [λ2M + λ(G + C)+ G = −GT , H = −HT .
systems +K + H]u = 0 K∗, M∗ are double

In state space: the size. K∗ 6= K∗T ,

K∗u = λM∗u M = M∗T is positive definite

7 Damped In configuration space: M = MT , C = CT , K = KT

nongyroscopic (λ2M + λC + K)u = 0 K∗, M∗ are double the size,
systems In state space: symmetric, but not

K∗u = λM∗u positive definite

8 Undamped In configuration space: M = MT , G = −GT

gyroscopic (λ2M + λG + K)u = 0 K∗, M∗ are double the size

systems In state space: G∗ = −G∗T , M∗ = M∗T

G∗u = −λM∗u M∗ is positive definite

9 Solid mechanics, (λ2M + K)u = 0 K = KT , M = MT

acoustics,
dispersion relation

Table 2.1: Physical contexts in which different types of eigenvalue problems
arise.
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Eigenvalues are a special set of scalars associated with a linear system of homogeneous

equations (i.e. a matrix equation) [7]. The simplest form of an eigenvalue problem is a

standard, which is presented in row 1 of Table 2.1 as

Ax = λx. (2.1)

The scalar λ is the eigenvalue of a n× n matrix A and there are non-trivial solutions x

of (A − λI)x = 0 with I being the unity matrix. The vector x is called an eigenvector

corresponding to the eigenvalue λ. (λ,x) is an eigenpair of A. An eigenvalue λ is a

zero of the characteristic polynomial p(λ) = det(λI−A) = λn + an−1λ
n−1 + . . .+ a0 [8].

Equation (2.1) provides a non-trivial solution to the problem if, and only if, the following

determinant is zero |A− λI| = 0 [9].

In linear algebra, an eigenvector is a vector that does not change its direction under the

associated linear transformation. Geometrically, an eigenvector corresponding to a real,

non-zero eigenvalue, points in a direction that is stretched by the transformation and

the eigenvalue is the factor by which it is stretched or shrunk. For example, in Equation

(2.1) under transformation by A, eigenvectors experience only changes in magnitude or

sign. The eigenvector x of matrix A does not change its direction upon being operated

by matrix A [10].

A standard eigenvalue problem can be written in terms of a single operator. Depending

upon the type of operator, the operation could take place in vector space or func-

tion space. Frequently, differential operators operating on functions are encountered

in the context of operator eigenvalue problems. As an example, the time-independent

Schrödinger equation Hψ = Eψ, presented in Table 2.1 row 1, where H is Hamilto-

nian operator, E is Energy level (eigenvalue) and ψ is an eigenfunction. In particular,

the equation predicts that wave function can form standing waves, called stationary

states [1]. A standard eigenvalue problem, but in terms of an arbitrary matrix is solved

to determine the response of a system. It arises in, for example, aircraft guidance and

control, power systems, mechanical industrial plants, acoustic noise control, reservoir

flow control and chemical reactors.

The standard eigenvalue problem is the special case of a generalised eigenvalues problem

that has the form

Ax = λBx, (2.2)

which involves two square matrices A and B [8], eigenvalue λ, and an eigenvector x.

Equation (2.2) simplifies to the standard eigenvalue problem (2.1) when B = I. There-

fore, algorithms developed for the generalised eigenvalue problems can usually be spe-

cialised for the standard eigenvalue problems. This problem is frequently encountered

in the theory of vibrations and the theory of elastic stability [8]. The theory of vibration

deals with the oscillatory motion of elastic bodies. Machines and structures in engineer-

ing frequently vibrate under dynamic loading. There are two general classes of vibrations
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– free and forced. Free vibrations occur when the external forces are absent, and the

mechanical system oscillates freely. The system can vibrate at one or more of its nat-

ural frequencies. Free vibration analysis is used to calculate natural frequency spectra

frequently associated with synchronous motion, which is used for resonance studies.

Discretised elastic systems have a finite number of natural frequencies. The motion of

these systems is described using n generalised coordinates. The deformed shape of the

system that corresponds to a particular natural frequency is called a mode of vibration.

The square of a natural frequency is a corresponding eigenvalue, while the vibration

mode is represented by the corresponding eigenvector. The free vibration problem leads

to a generalised eigenvalue problem of the following form

Ku = λMu, (2.3)

where K, M are the stiffness and mass matrices respectively, u is an eigenvector which

represents a mode shape and λ is an eigenvalue. This eigenproblem is shown in the

third row of Table 2.1. For example, this kind of problem arises in vibration of the

aircraft wing or the buildings during earthquake, which are presented in Figures 2.1(a)

and 2.1(b) respectively. Furthermore, one can solve a generalised eigenvalue problem

to predict and control aeroelastic instability, i.e. flutter or divergence. An excellent

real-life example of this case is the aeroelasticity and vibration of Tacoma Bridge, which

is demonstrated in Figure 2.2. Here, aeroelastic feedback gives asymmetry to a stiffness

matrix K, which is presented in the fourth row of Table 2.1.

The generalised eigenvalue problem also arises in buckling analysis. It is carried out

to calculate the theoretical buckling strength of an elastic structure. Its generalised

eigenvalue problem is listed in Table 2.1 row 5, where K is the stiffness matrix, KG

is the geometric stiffness matrix, λ is critical buckling load, u is an eigenvector that

represents the buckling mode shapes. This analysis is conducted firstly, by calculating

the stress stiffness matrix, then by solving the eigenvalue problem. It should be noted

(a) Vibration of aircraft wings [11] (b) Vibration of buildings [12] (c) Buckled door after a fire [13]

Figure 2.1: Real-life examples of vibration and buckling.
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that a small number of the lowest eigenvalues is enough for buckling analysis [14]. A

buckled door after a fire is presented in Figure 2.1(c) as a real-life example of buckling.

The most general class of eigenvalues problems arising in the free oscillatory dynam-

ics contain a combination of symmetric and skew-symmetric matrices. The system is

governed by the following equation of motion [15]

Mq̈ + (G + C)q̇ + (K + H)q = 0. (2.4)

Equation can be rewritten in the matrix from as a quadratic eigenproblem in a configu-

ration space, shown in Table 2.1 row 6, where G is a gyroscopic matrix, C is a damping

matrix, H is a circulatory matrix. In general, many eigenvalue problems can be rewritten

as a standard eigenvalue problem, shown in Equation (2.1). However, the majority of

the software packages use a procedure to solve generalised eigenvalue problem, since it is

computationally cheaper. Therefore, a considered quadratic eigenvalue problem, shown

in Table 2.1 row 6, can be written in state space as a generalised eigenvalue problem in

terms of matrices K∗ and M∗, which are double the size of considered matrices. Matrix

M∗ is symmetric and positive definite. Whereas matrix K∗ is arbitrary, which is caused

by gyroscopic or circulatory forces (matrices G and H). Wind turbines are one of the

examples of the system.

Damped systems lead to a quadratic eigenvalues problem with a damping matrix, which

is a simpler form than in the previous example. For this system, the equation of motion

(2.4) is reduced to the form of Mq̈ + Cq̇ + Kq = 0. The matrix form of this equation

in the configuration space is shown in the seventh row of Table 2.1. As in the previous

example, the eigenproblem could be rewritten as a generalised eigenvalue problem in

terms of double the size symmetric matrices K∗ and M∗, where neither matrix is positive

definite. Such type of eigenproblem is considered while studying torsion oscillation of

structures freely flowing, like space crafts, structural shafts on bearings, e.g. an engine’s

crankshaft.

(a) (b)

Figure 2.2: Vibration and aeroelasticity of Tacoma bridge in November 1940 in
Washington [16].
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Dynamics of different kinds of rotating structures can be analysed using eigenproblems.

For such systems, the Equation of motion (2.4) is reduced to the form Mq̈+Gq̇+Kq =

0 due to absence of damping and circulatory forces. The eigenvalue problem of the

system is presented in the eighth row of Table 2.1. The matrix form in the state space

of this equation is written as a generalised eigenvalue problem in terms of a skew-

symmetric matrix G∗, that contains gyroscopic and stiffness values, and symmetric

positive definite matrix M∗, which combines mass and stiffness matrices. Several real-

life examples of such structures are shown in Figure 2.3. Those are rotation of the flexible

blades of unmanned aerial vehicles (UAVs) or helicopter blades, rotation of disks in hard

drives, compound mitre saws and etc. Another kind of rotating structures involve axial

movement, i.e. chainsaws, band saws and conveyor belts.

A quadratic eigenvalue problem in terms of stiffness and mass matrices, which is shown

in Table 2.1 row 9, is adequate for structures that are stationary, with non-dissipative

material models. For example, vibration of an acoustic fluid contained in a cavity with

absorbing walls [24]. Such problem is very common in solid state physics. A dispersion

equation, which is obtained from the eigenvalue problem, describes the relationship

between the velocity (wave vector) and the energy of light waves and sound waves.

Problems in mechanics, e.g. those encountered in structural dynamics, often lead to an

(a) Flexible blades of UAVs [17] (b) Lifting surface of a helicopter [18]

(c) Axially moving band
saw [19]

(d) Compound mitre saw
[20]

(e) Axially moving chainsaw [21]

(f) Spinning flexi-
ble hard drive [22]

(g) Axially moving conveyor
belt [23]

Figure 2.3: Rotation and axial movement in real-life gyroscopic examples.
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eigenvalue problem. A design engineer needs to analyse a family of designs for a range

of structural parameters. These designs are connected due to a changing parameter of

a structure and can be written as a parameter-dependent eigenvalue problem.

2.2 Parameter-dependent eigenvalue problem

Design exploration in the structural dynamics contexts involves the assessment of a large

family of designs. All these designs have some similarities with regards to structural fea-

tures and response, which frequently leads to a parameter-dependent eigenvalue prob-

lem. Thickness, length, height and other physical values could be treated as a parameter

in parameter-dependent eigenvalue problems. Solving parameter-dependent eigenvalue

problem exactly, i.e. calculating natural frequencies of each model in a parameter range,

is an expensive process. A way to avoid these calculations is to use some approximation.

Because a large number of such eigenvalue problems needs solving, the computational

economy is paramount. Therefore, usage of approximations for early stages of design

calculations is acceptable.

In this work, we propose a computationally efficient and accurate method for approx-

imating the eigenvalues for the parameter-dependent eigenvalue problem that arises in

several different contexts. Two types of parameter-dependent problems, i.e. standard

and generalised, are considered in this work. A standard eigenvalue problem (2.1) in

terms of parameter p is written as

A(p)x(p) = λ(p)x(p), p0 ≤ p ≤ pf , (2.5)

’

K(p)u(p) = λ(p)M(p)u(p), p0 ≤ p ≤ pf , (2.6)

with parameter-dependent stiffness K(p) and mass matrices M(p).

In addition to the parameter p being interpreted as a (geometric or material) design

parameter, many engineering situations require analysis for a range of values such as

rotational speed (e.g. transverse vibration of spinning disks), axial speed (e.g. transverse

dynamics of axially moving elastic media, as in band saws, conveyor belts) or wave

propagation, which leads to an eigenvalue problem that resembles the one above where

usually the wave number plays the role of the parameter p. In the following chapters,

we have restricted ourselves to just one parameter at a time. However, in practice, there

may be a need to simultaneously vary multiple parameters. These extensions are beyond

the scope of this work, even though the procedure of adapting the proposed approach

to multiple parameters is straightforward.

For some problems, a designer is not interested in the detailed variation of eigenvalue

that depends on a parameter. Thus, there are lots of methods to calculate the upper and



14 Chapter 2 Review of the relevant literature

lower bounds of eigenvalues. The goal of these research works connected with bounds

of eigenvalues is to calculate the limits as computationally efficiently and accurately as

possible. Scientists solved this problem in different ways, for real and complex inter-

val matrices, under different assumptions, computational efficiency and with different

level of accuracy. However, in this dissertation, we are interested in detailed eigenvalue

variations which are often required for the structural design.

2.3 Interval eigenvalue problem within a parameter range

Algebraic eigenvalues problems have been studied for a while now – from the point of

the structure of its eigensolutions and also to achieve computational efficiency [25] as

driven by unprecedented progress in numerical methods. Interval analysis is concerned

with problems when the parameters describing the equation are in an interval and the

interval of the solutions is sought. The main feature in the basic arithmetic operations

between intervals is computing with sets. An interval eigenvalue problem is defined as

AIxI = λIxI , (2.7)

or, equivalently, (AI − λII)xI = 0 where xI is an eigenvector, λI is an eigenvalue,

AI = [A,A] =


[a11, a11] [a12, a12] . . . [a1n, a1n]

[a21, a21] [a22, a22] . . . [a2n, a2n]

. . . . . .
. . . . . .

[an1, an1] [an2, an2] . . . [ann, ann]

 is an interval matrix, where

each matrix elements is an interval, I is identity matrix. The initial and final matrices

in the interval is indicated as A and A respectfully. Superscript I indicates on the values

being interval. The union of the zero vector and the set of all eigenvectors corresponding

to eigenvalues (AI −λII) is known as the eigenspace. An interval matrix can be written

in the form AI = [Ac − A∆,Ac + A∆] in which Ac and A∆ denote the central and

radius, i.e. mean value and maximum width, of matrix AI . Those are defined as

Ac =
1

2
(A + A), (2.8)

A∆ =
1

2
(A + A). (2.9)

Taking into consideration an interval matrix expression for a standard form, the gener-

alised interval eigenvalue problem is defined as

KIuI = λIMIuI , (2.10)

where λI is an eigenvalue, uI is an eigenvector, KI and MI are interval stiffness and

mass matrices.
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Several works are devoted to an approximation of interval eigenvalue problem [26, 27].

This problem is more algebraic and does not depend on a parameter as an eigenproblem

(2.5) or (2.6). However, it represents a set of eigenvalue problems which is related to

current work and is discussed next.

An interval symmetric standard eigenvalue problem. General results for an

interval eigenvalue problem were first presented by Deif [8,28] and Rohn [29]. Deif [8,28]

used eigenvalue inequalities and certain theorems to derive the formula for predicting

the bounds of the eigenvalues. Deif considered a standard eigenvalue problem in terms

of a real symmetric interval matrix AI . Deif [28] derived the formula for predicting the

interval range for eigenvalues. The upper and lower bounds of eigenvalues are given

by [28]

λ = λ(Ac − SA∆S) and λ = λ(Ac + SA∆S), (2.11)

where Ac is a mean value and A∆ is a maximum width of interval matrix AI , as

written in Equations (2.8) and (2.9) respectively. Matrix S in Equation (2.11) is diagonal

and has ones on the main diagonal, which could be positive or negative. The sign

sj = sgn(xcj), j = 1, . . . , n is defined by each component of eigenvector xc of the

central matrix Ac using signum function (sgn). Equation (2.11) was independently

derived by Rohn [29]. Deif and Rohn [30] presented a method for computing bounds for

real eigenvalues of a n×n interval matrix that represents an improvement of the method

previously studied by them in [28,29]. The bounds for real eigenvalue of a large interval

matrix are defined using vectors, central, radius and signature matrices. However, the

sign pattern of eigenvectors, which is used in the presented method, is meant to be given,

which might not be the case in real-life problems or leads to additional calculations,

unlike the method we propose.

Behnke [31] presented a method for finding eigenvalue bounds of a real symmetric

parameter-dependent eigenvalue problem. According to the approach [31], after approx-

imating the eigenvectors and interpolated polynomial, the Temple quotient theorem is

applied [31]. Most of the papers reviewed in this section considered interval eigenvalue

problems, whereas Behnke considered a parameter-dependent eigenvalue problem, which

is closely related to this research. However, the author specified that the method [31]

is suitable for matrices of small size up to 40 × 40. On the contrast, the method that

we propose is beneficial for large-scale eigenvalue problems that arise from practical

structures.

Hertz [32–35] developed an algorithm for calculating eigenvalue bounds of a standard

interval eigenvalue problem (2.5) using minimal and maximal values calculations of the

created matrices. Also, Hertz [35] proved that the maximal eigenvalue of n × n real

symmetric interval matrix AI is the maximal eigenvalue of the final matrix A in the

interval λ(AI) = λ(A). Rohn [36] proposed theoretical eigenvalue bounds for eigenval-

ues of standard symmetric interval matrix in the complex plane using four minimal or
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maximal eigenvalues and two spectral radii. As the author considered a complex plane,

bounds for real and imaginary parts of eigenvalues were defined.

Hertz [37] suggested equations for finding eigenvalue bounds of the smallest and the

largest eigenvalues of a real symmetric interval matrix AI and a complex interval ma-

trix AI + iBI . Hertz [37] modified the eigenvalue bounds for real and imaginary parts,

presented in [36], by considering the eigenvalue problems in terms of complex matrix.

Thus, some terms in equations presented by Rohn, are considered in terms of two matri-

ces AI and BI . The accuracy of the bounds for a complex case was shown analytically.

Hladik [38] proposed an equation for calculating a bound for all eigenvalues of complex

interval matrices of type AI + iBI , where AI and BI are interval matrices of size n×n,

that could be used for a real case as well. The author used previously mentioned results

of Rohn [36] and Hertz [32,37] for developing his approach of finding bounds for all real

and imaginary parts of eigenvalues. The bounds are defined using minimal and maximal

eigenvalues of the assembled matrix of size 4× 4. Also, Hladik et al. [39–42] suggested a

method for finding eigenvalue bounds for a real interval symmetric standard eigenvalue

problem. The authors used Rohn’s approximation [36] in real space as a starting point

and improved it. The proposed algorithm [41] filters the interval from above and below

making it tighter using the spectral radius of the matrix, an absolute value of a matrix

taken componentwise, an identity, central and radius matrices.

Qiu and Wang [43] proposed a method of finding eigenvalue bounds for an interval

symmetric standard eigenvalue problem. The lower and upper bounds of eigenvalue are

calculated using minmax values of the Rayleigh quotient in terms of initial and final

matrices respectively. The computed results from the numerical example showed that

the presented method [43] provides tighter bounds than Deif’s [28]. Qiu et al. [44]

proposed a method for finding bounds of eigenvalue for structures involving uncertain-

but-non-random parameters. It is based on the perturbation theory for the standard

eigenvalue problem in terms of real symmetric interval matrix. The method was applied

to a four degrees of freedom system. Similar problem was considered by Leng and

He [45]. They introduced a method for computing eigenvalue bounds of structures with

uncertain-but-bounded parameters using perturbation theory. The authors considered

a standard interval eigenvalue problem in terms of matrix A = Ac + δA, where Ac is a

central matrix and δA is a perturbation of a matrix Ac. Further the eigenvalue bounds

from both matrices Ac and δA are founds separately to obtain bounds of the considered

problem.

An interval symmetric generalised eigenvalue problem. Chen et al. [46] proposed

a method for computing the upper and lower bounds of eigenvalues of the generalised

symmetric eigenvalue problem (2.6) with interval parameters. The lower and upper
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bounds of eigenvalue are obtained by [46]

λi = min
Φ∈Rn

max
u∈Φ
u 6=0

uT (Kc − SK∆S)u

uT (Mc + SM∆S)u
, λi = min

Φ∈Rn
max
u∈Φ
u6=0

uT (Kc + SK∆S)u

uT (Mc − SM∆S)u
, (2.12)

where S = diag(sgn(u1), sgn(u2), · · · , sgn(un)) is a diagonal matrix that contains signs

of eigenvectors, Kc and Mc are central stiffness and mass matrices respectively that are

calculated like it is shown in Equation (2.8) from standard eigenvalue problem, K∆ and

M∆ are radius stiffness and mass matrices that are calculated as in Equation (2.9). The

method was applied to a frame of a multi-storey structure with five degrees of freedom

with interval physical parameters of stiffness and mass but was not tested on a large-

scale structure, unlike the method presented by us. Equation (2.12) was independently

derived by Jiejie et al. [47].

Qiu et al. [48] proposed a method for calculating eigenvalue bounds of a structure with

unknown parameters that belong to given intervals using following eigenproblems as

Ku = λMu, and Ku = λMu (2.13)

respectively. An undamped free vibration analysis was held on a frame of a multi-storey

structure with five degrees of freedom. The eigenvalue bounds were calculated using the

presented method [48] and Deif’s approach [28]. The results obtained by the presented

method showed that the bounds are tighter than those calculated by Deif’s method [28].

Since the prediction of lower bound of an eigenvalue in [48] was poor, Qiu et al. [49]

improved the equation for finding lower bound by considering the final interval stiffness

matrix K in both expressions in Equation (2.13). Qiu et al. [50] presented a method for

finding the bounds of eigenvalues of structures with uncertain-but-bounded parameters

for a generalised eigenvalue problem in terms of positive semi-definite stiffness and mass

matrices. The numerical results showed that the method presented by Qiu et al. [50]

provided tighter bounds for eigenvalues than Deif’s approach.

Qiu et al. [51] extended the result for a standard eigenvalue problem presented in [44] to

a generalised case in terms of two matrices. The upper and lower eigenvalue bounds were

calculated using matrix perturbation method. Chen et al. [52] presented a perturbation

method for computing upper and lower eigenvalue bounds in structural vibration systems

with interval parameters. The lower and upper bounds were calculated using eigenvalues

from the central matrix, first- and second-order perturbation in a perturbation expansion

around ε. Chen et al. [53] proposed an interval eigenvalue analysis for structures with

interval parameters. The authors considered generalised interval matrix with interval

stiffness and mass matrices for eigenvalue analysis. The formulae for upper and lower

bounds of eigenvalues were derived using matrix perturbation and interval extension

theory.



18 Chapter 2 Review of the relevant literature

An interval asymmetric eigenvalue problem. Deif [8, 28] extended his own result

for an eigenvalue problem in terms of a symmetric interval matrix, which is mentioned

above, to an arbitrary interval eigenvalue problem. Deif [28] proposed formulas for

predicting bounds for real and imaginary parts of eigenvalues using real and imaginary

parts of signum matrix, left and right eigenvectors of a central matrix. Hertz [34]

presented an algorithm for finding an eigenvalue bound of a given set of n×n-dimensional

Hermitian interval matrices.

Qiu et al. [54] proposed an interval perturbation algorithm for estimating upper and

lower bounds of eigenvalues of an interval asymmetric standard eigenvalue problem.

The authors considered interval eigenvalue problem with interval matrix AI = Ac+AI
∆,

where interval radius matrix AI
∆ is an interval perturbation around central matrix Ac in

solving the problem by matrix perturbation method. Since the eigenvalues are complex,

bounds are computed separately for real and imaginary parts, using real and imaginary

parts of left and right eigenvectors and eigenvalues of central matrix Ac. The method

[54] was applied to an automobile suspension system where only vertical vibration was

considered. Stiffness, mass and damping matrices were used to form a matrix A since

the method [54] is developed for a standard eigenvalue problem. The real and imaginary

parts of upper and lower bounds were computed using the method proposed by Qiu

et al. [54] and Deif [28] for comparison. The results obtained by the method proposed

in [54] were in good agreement with those computed by Deif’s method [28]. Moreover,

the presented method [54] appeared to be computationally less expensive than [28].

Kolev [55] proposed a method for calculated eigenvalue bounds of n×n interval standard

eigenvalue problem under assumption that eigenvalues remain either real or complex.

The author considered left and right eigenvalue problems to obtain eigenvalues bound.

The lower and the upper bounds of real eigenvalues are obtained from two eigenvalues

problems in term of newly formed matrices using a dot product of components of outer

bounds x, y, which is obtained from [56]. For the case where eigenvalues are complex,

the dot product is obtained for both real and imaginary eigenvalue bounds.

2.4 Dynamical contexts where eigenvalue problems with

skew-symmetric matrices arise

Every real matrix A can be expressed as a sum of a symmetric and a skew-symmetric

matrices using the following decomposition

A =
1

2

(
A + AT

)
+

1

2

(
A−AT

)
, (2.14)

where the first matrix is symmetric and the second is skew-symmetric. The skew-

symmetric velocity term arise due to gyroscopy. Likewise, skew-symmetric stiffness-like
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terms that are linear functions of the generalised coordinates are a result of follower

forces [57,58]. Such matrices are known as circulatory matrices. The eigenvalue problem

associated with gyroscopic systems has several mathematical features that are different

from that for non-gyroscopic problems [59,60].

Meirovitch [61] proposed a method for solving the eigenvalue problem associated with

gyroscopic systems. The eigenvalue problem of a flexible gyroscopic system is described

by two real symmetric and skew-symmetric matrices. The essence of the method is an

eigenproblem reduction to an eigenvalue problem in terms of two symmetric matrices,

which then can be solved by a large variety of methods. The method was applied to

a spinning spacecraft containing elastic parts. The equation of motion was written as

a set of first-order differential equations that created 6 × 6 symmetric positive definite

and skew-symmetric matrices. The eigenvalue problem was transformed into generalised

symmetric one and solved using the Jacobi method. The eigenvalues obtained showed

satisfactory accuracy.

The solution of such eigenvalue problems contains complex eigenvalues and eigenvec-

tors [15, 62]. Modal analysis for the response of gyroscopic systems [63–65]. Zheng

et al. [66] introduced the method of how to solve a generalised eigenvalue problem of

damped gyroscopic systems without finding the left eigenvector. Hertz [37] noted that

their method of finding eigenvalue bounds of real symmetric interval matrices, that was

described in the previous section, can be applied to a problem with a skew-symmetric

matrix. However, the approximation of the parameter-dependent eigenvalue problem

for rotating structures does not appear to have been considered before.

2.5 Numerical methods and approximations for asymmet-

ric eigenvalue problems

An asymmetric eigenvalue problem is computationally a harder problem than the sym-

metric one, especially for large matrices. Several works attempt to solve this problem

in a more efficient way. Goldhirsch et al. [67] proposed an economical scheme, which

includes filtering, construction and analysis of vectors, to obtain leading eigenvalues and

eigenvectors for large asymmetric matrices. Saad [68] presented a technique based on

Chebyshev polynomials to compute a few eigenvalues with the largest or the smallest

real parts of asymmetric eigenvalue problems. Bai [69] presented a comparative review

of several algorithms and suggested a new technique to solve an asymmetric eigenvalue

problem.

Newmark and Veletsos [70] derived a simple approximation for the natural frequencies

of partly restrained bars. They consider flexural vibration of a bar, with constant cross-

section and density, which rests at the ends on non-deflecting supports but restricted
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from any rotation. Here, transverse displacement at the beam ends was taken as zero

and simple beam theory was assumed. The authors stated that derived approach can be

used for finding fundamental and higher natural frequencies with the maximum error of

4% in the lowest or fundamental frequency. The method presented in [70] is not universal

since it can be applied only to partly restrained bars, unlike the method proposed in

this work.

A host of practical problems in engineering take the form of the parameter-dependent

eigenvalue problem. They often appear in the disguise of a design, reanalysis, structural

modification, or optimisation. In all these contexts, the mathematical idea is similar

to the main motivation of this work – to carry out exact calculations associated with a

particular mechanical structure and infer the eigensolutions for other related structure(s)

within a family of structures without a recourse to further expensive computations. The

strategy, in most works in the published literature, invariably is to use some variant of

the first-order perturbation of the eigenvalue problem. Each of them is discussed, in turn,

next. Many of them have motivational connections to the present work, even though the

mathematical structures involved in some of the structural design formulations reviewed

below may not be the same as those in the present work.

2.6 Structural dynamic modification

In design tasks, it is of great interest to infer the structural response obtained by some

modification of a given structure for which solution is available. In statics, the resulting

mathematical structure is one of the sensitivity of a set of non-homogeneous algebraic

equations. Atrek [71] developed such an approach and applied to simple truss structures.

By contrast, structural dynamic modification involves a determination of eigensensitiv-

ity. Here the analyst is called upon to predict the dynamics of a structure when the

structural parameter is modified. The literature in this area does not always present the

problem posed explicitly as one of parameter-dependent eigenvalue problem, instead, it

is often presented as a task of calculating dynamic response when a structure is modified.

Again, the calculations are often based on first-order perturbation and only a few design

modifications are discussed. Real design situations, by contrast, often call the designer

upon to provide oscillatory characteristics of a dynamical system at a large number of

design points – ideally everywhere over a parameter interval.

Sestieri [72] reviewed techniques for structural dynamic modifications considering changes

in the mass, stiffness and damping matrices – an approach that draws upon a related

work [73]. They also considered structural modifications that involve the inclusion of

additional degrees of freedom. Various related issues have been taken up in the book by

Brandon [74].
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2.7 Structural dynamic reanalysis

A closely related problem, especially in structural dynamics, is that of reanalysis. This

is highlighted by the iterative nature of design which calls for repeated analyses and

structural evaluation for statics and dynamics. A review and comparative study were

presented by Chen [75]. While the effect of the modification of continuously varying

design parameters in a reanalysis loop frequently uses some variant of the first-order

eigenvalue perturbation (see, e.g. [76]), approaches to deal with some unusual structural

modifications such as change in the topology [77,78], which essentially makes use of the

first-order perturbation due to topology changes. Other non-continuous modifications

include the effect of addition [79–81] or deletion of degrees of freedom on [82]. Kaveh et

al. [83] developed a method suitable for predicting low frequency modes when a reference

structure is locally modified. Yang [84] provided a Rayleigh-Ritz approach to reanalysis

resulting from topological modifications. While most authors focus on a single type of

modification while carrying our reanalysis, He et al. [85] considered multiple modifi-

cations in the spirit of Rayleigh-Ritz procedure accounting for simultaneous structural

modifications such as changes in the boundary, shape or topology.

2.8 Eigenvalue sensitivity

The sensitivity of eigenvalues is concerned with the changes in eigenvalue when the as-

sociated matrices are changed. The most straightforward approach dates back to the

classic treatise of Rayleigh and its modern formulations where the change in eigenvalue

is expressed in terms of the solutions of the original unperturbed problem and the change

in the matrix. This perturbation formula ignores the higher order terms and makes use

of the orthogonality relations. The original analysis of Rayleigh was extended to a host

of other problems, including cases when matrices may not possess symmetry. Such an

analysis also leads to exact formulas for the rate of change of eigenvalues in the limit

of vanishing parameters that cause the change in the eigenvalues in the first place. De-

pending upon the character of the matrices involved, a number of extensions have been

proposed in the literature. Sensitivity calculations have motivated many researchers in

the past inspired by the need to avoid expensive reanalysis. Haftka [86] carried out an

analysis on these lines for a general set of algebraic equations. For example, Zhang et

al. [87] proposed sensitivity formulas when the matrices are defective. They presented

the first-order as well as higher order formulas. Higher order perturbations for defec-

tive matrices was also provided by them soon after [88]. Guerdia et al. [89] provided

eigensolution sensitivity for quadratic λ-matrix problems when the matrices involved are

asymmetric. One of the earliest attempts to calculate the eigenvector derivative is that

due to Nelson [90]. Mills-Curran [91] derived expressions for the rate of change of eigen-

vectors, when eigenvalues of a generalised eigenvalue problem, Equation (2.3), appear
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in multiplicity. The eigenderivative expressions have to account for the non-uniqueness

of the eigenvectors when repeated eigenvalues exist, because the eigenvectors of a re-

peated pair of eigenvalues belong to a subspace and the eigendirections belong to all the

linear combinations of any two eigenvectors spanned any two eigenvectors. Ojalvo [92]

provided modal sensitivities when eigenvalues repeat. They illustrated the perturba-

tion procedure on simple mechanical problems concerning free vibration. Eigenvector

derivatives were also provided by Dailey [93], when eigenvalues are repeated.

Liu [94] presented a perturbation analysis for higher order perturbation terms as ex-

panded in the spirit of asymptotic analysis. Their analysis was inspired by dynamical

systems with symmetric as well as skew-symmetric velocity dependent terms as well as

similar asymmetric “stiffness” terms. A sensitivity of eigensolutions was obtained by

Bernal [95] when the perturbations are complex.

Eigensensitivity analyses motivated by specific practical needs are also available in the

literature. For example, Beck [96] applied such an analysis to the problem of bladed disks

that possess cyclic symmetry. Giles and Rogers [97] incorporated eigenvalue sensitiv-

ity for a parameter-dependent eigenvalue problem into response sensitivity calculations

arising in large-scale finite element calculations. Such approaches inevitable provide the

instantaneous rate of change, but not those resulting from finite changes in the system

parameters.

A mathematically similar problem of assessing eigenvalue sensitivity to structural pa-

rameters has also been studied in a context other than free vibrations, most notably for

structural buckling problems where the critical buckling loads refer to the associated

eigenvalues. Buckling problems are governed by discretised models that take the forms

of a generalised eigenvalue problem in terms of two symmetric matrices: one of them is

the stiffness matrix – like the case of vibrations, and a geometric stiffness matrix that

has a role analogous to that of the mass matrix. The physical analogy stops beyond

this, however. In addition to exploring the effect of structural parameters on buckling

loads, imperfection analysis is of great importance to buckling problems. A number of

such buckling sensitivity analyses [98–101] could be presented as a parameter-dependent

eigenvalue problem in terms of the imperfection parameter. In addition to asymptotic

analysis, which is a commonly used tool, the proposed class of mathematical problems

could provide a novel approach and an invaluable computational tool for studying im-

perfection sensitivity in structural stability problems.

2.9 Design sensitivity and optimal design in structural me-

chanics

Design sensitivity is of practical concern in a number of optimisation and design improve-

ment scenarios. Often direct sensitivity calculations are integrated in design search and
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optimisation schemes. For example, Gengdong et al. [102] proposed the integration of

finite difference with a “quasi-analytical” approach. Such design sensitivity calculations

to changes in geometry (via “shape perturbations”) have been studied by Kelliher et

al. [103]. Braibant [104] presented an approach based on Taylor series expansion to ob-

tain sensitivity with respect to parameters that control structural shape. Belegundu [105]

provided a design sensitivity analysis using the so called adjoint variables. In all these

studies, the approach is mostly one of calculating response quantities that are some

measure of the structural performance (depending upon the context) and gradients of

these response quantities with respect to the design variables is directly calculated. The

intent is similar to ours, i.e. being able to avoid expensive calculations, but direct calcu-

lations (see e.g. Sections 1 and 2.1 of Haftka and Adleman [106]) have limitations with

regards to their applicability being valid only in a very small neighbourhood of exactly

evaluated design(s). As opposed to this, variational approaches (see e.g. Section 3 of

Haftka and Adleman [106]) enjoy superior performance due to stationarity properties

of the eigenvalues – although it must be stated here that it covers mainly two types of

physical problems in structural mechanics: free vibrations and buckling.

Dems and Haftka [107] provided analyses for a static structural response when the

shape of a structure is altered. Although this does not involve eigenvalue sensitivity, the

practical motivation is the same: to infer response of a related structure that is similar

but not the same as another (reference design). Similar design sensitivity for the static

problems in elastic structures was provided by Dems and Mroz [108] using a variational

approach. They illustrated their method to simple design calculations concerning a

stepped beam. They also applied the variational approach to structural optimisation of

plane arches [109] as well as thermoelasticity [110]. Such broader design and optimisation

sensitivity questions – when a mechanical system is described by continuously varying

structural or other parameters – motivate the present work, while the approaches taken

by previous authors may have been different from ours.

While designs are searched in an automated way, sensitivity information is often in-

tegrated into the search algorithms. This is especially true of gradient descent or hill

climbing (depending upon whether a minimum or a maximum of a performance parame-

ter is sought). Indeed design sensitivity from finite element codes has often been sought

directly [111, 112]. For example, eigenvalue design sensitivity for continuum problems

has been attempted by Choi [113], who addressed this question to the problem of vibra-

tion of beams and membranes. Similarly, Belagundu [114] presented design sensitivity

analysis for structural statics and simple dynamics problems (e.g. one degree of freedom

oscillator) based on a Lagrange multiplier approach. The practical applicability of all

such analyses is, however, very limited because of the inability to treat more general

shapes. The design is a synthesis task, which may require analysis steps.

Industrial codes to carry out design sensitivity in an automated but direct way have been

developed in the past. Often such approaches tend to involve expensive direct numerical
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calculations. For example, design synthesis of an automobile wheel was presented by

Prasad [115] where remodelling analysis was integrated within structural redesign loops.

One of the most common themes in redesign related analyses is resizing, where a size

parameter may be perturbed (possibly repeatedly) over a reference design. Analyses

with similar motivation in the context of structural dynamics invariably lead to ways of

economical recalculations of eigenvalues. Haftka and Prasad [116] provided analyses for

statics and dynamics including flutter derivatives. They applied this to space trusses,

flat plates and a simple wing geometry. Sizing and shape sensitivity were also provided

by Dopker et al. [117]. Note that despite similarities in the design motivations, the

nature of the design sensitivity contributing to optimisation is different from statics

as opposed to free oscillatory dynamics. The former is about sensitivity in the non-

homogeneous linear algebraic system of equations – the non-homogeneity arising from

force terms, whereas the latter is the homogeneous set of equations that are characteristic

of eigenvalue problems. Note that no attempt to optimise a structure will be taken up

in this dissertation, even though the potential of using the approaches developed here

to such practical problems is very real.

Design sensitivity has been studied for aeroelastic problems too (see, e.g. Bindolino et

al. [118]). Like all sensitivity calculations, the essential calculations are valid close to a

reference design, as they make use of derivatives. Finite design changes are difficult to

incorporate with such approaches.

Perhaps the most important motivation for sensitivity analysis and reanalysis is design

optimisation. With the notable exception of Kirch [119–122], attempts to incorporate

and integrate eigenvalue sensitivity in a design search and optimisation scheme are few

and far between. However, most of these approaches entail static response, hence sensi-

tivities to linear algebraic equations, rather than eigenvalue problems.

A crucial difference between numerically calculated sensitivities (e.g. by taking the dif-

ference of the values of the performance measure) and eigenvalue sensitivity approaches

reviewed here is that the latter exploits any form of stationarity, which gives the ap-

proaches an edge over other linear sensitivity problems that do not involve eigensolutions

(e.g. static response). The present work takes this further in that instead of restricting

oneself to small perturbations, significant finite variations that could be useful to design

search and optimisation. However, in the present thesis too, we will not go all the way

to implement the proposed strategies to optimisation.

Fox and Miura [123] were motivated by design optimisation while proposing approxi-

mations for reanalysis. However, they were concerned with problems leading to non-

homogeneous algebraic equations rather than eigenvalue problems. Surrogate modelling

is also a common motivation for reanalysis. In this approach, optimisation is carried out

over a so called “response surface” that is supposed to represent the structural perfor-

mance. Invariably, such surrogates are computationally inexpensive substitutes of the
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actual dependence (of displacement, stress, frequency, buckling load, etc.). The impor-

tance of the present work lies in the potential of integrating such inexpensive calculations

within a design search and optimisation task.

2.10 Uncertain structures and Monte Carlo simulation

Quantification of the effect of uncertainty is another related theme and enjoys a huge

body of scientific literature. Here we will review only a few of these works to relate

this to the broader questions addressed in this dissertation. It is inevitable that a

built-up structure possesses geometric and material features slightly different from the

original design intent. This is because of manufacturing tolerances as well as lack of

definitive knowledge about the material properties. A common approach is to carry

out Monte Carlo simulations that provide statistical information about the statistics

of response quantities (deflection, frequencies, stresses, etc.). Motivated by uncertainty

quantification and sensitivity analysis in the context of low mode vibration of shear wall

buildings, Moaveni et al. [124] studied the effect of differences in the modal parameters,

while making use of the eigensensitivities provided by Fox and Kapoor [125].

The uncertainty analysis of a meta-model (or a surrogate model) using Monte Carlo sim-

ulations are computationally inefficient, unlike the method that proposed here. Several

works [126–128] were dedicated to reduction of large-computational effort and complex-

ity of the problem. Monte Carlo method was also used to calculate critical experimental

correlations using sensitivity analysis [129]. Even though it is capable of resolving very

complex problems, it requires more computational time and resources compared to the

presented method.

2.11 Summary and conclusions

A review of the literature reveals that there is a large body of research addressing

the problem of bounds on eigenvalues for matrices that depend on a parameter, which

varies within an interval. There is also significant literature on perturbation of eigen-

value problems, sensitivity, higher order derivatives and motivational literature on design

and optimisation, especially when dynamics are of concern. However, the literature on

calculation of eigenvalues economically at a large number of values over the parameter

interval is very sparse. Perhaps the closest, in motivation, is that by Bhaskar et al. [130]

who presented an approach for the approximation of eigenvalues over a parameter in-

terval for design problems using interpolation of the Rayleigh quotient and first-order

perturbation. The method is based on interpolation between eigenvalues using first-

order perturbation analyses. The method was applied to a stepped fixed-free cantilever
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beam, where the depth of the beam was a changing parameter. By contrast, the ap-

proach here exploits interpolation of the modes themselves leading to rich trial vectors

before being used within a Rayleigh quotient approximation. The current method works

due to the stationarity principle and trial vectors that are rich in the component. Even

if the eigenvector is not very accurate, like ε-order from exact eigenvector, the outcome

of the Rayleigh quotient, approximate eigenvalue, is ε-order accurate [131]. Thus the

difference between exact and approximate eigenvalues is very small number.

On related matters, Bhaskar [132] proposed a method for calculating group velocity of

elastic waves arising in wave guide problems. The author considered a general non-linear

parameter-dependent eigenvalue problem that arises in wave propagation problems – the

non-linearity is in the parametric dependence, and not eigenvectors. The method made

use of the Rayleigh quotient at each parameter value. However, the author used first-

order perturbation analysis, whereas we propose an interpolation between eigenvectors.

The method was applied to a Timoshenko wave guide and the bending-torsion coupled

elastic wave guide for approach illustration.

In summary, the problem of economically computing eigenvalues of a problem that

depends on a parameter has received relatively little attention, despite its huge relevance

and potential impact on design optimisation in the context of structural dynamics and

structural stability. There have been several attempts to carry out reanalysis calculations

that involve the solution of an eigenvalue problem, nearly all of them use some form of

the first-order (or in some cases higher order) perturbation. All of these approaches

work well with small changes in the parameters. The problem of dealing with finite

changes in the (design) parameters leading to finite changes in eigenvalues, by contrast,

has been relatively not explored. Having identified this gap in the existing literature,

here we set out to develop approximations, particularly useful at early stages of design

and optimisation, for various classes of physical problems that give rise to a host of

eigenvalue problems differing in their mathematical structure (standard, generalised,

symmetric, skew-symmetric, general asymmetric, etc.). Each of these will be taken up

in the following chapters.

Following a review of the relevant literature, we note that most works are focused on

either finding the bounds for eigenvalues or different variants of perturbations approaches

that are valid for small changes in the parameter. By contrast, design search and

optimisation problems inevitably require the knowledge of eigenvalues (e.g. natural

frequency or critical buckling load) continuously varying as a function of the structural

parameter at all points within a parameter interval. The approaches reviewed above

are not fit for this purpose. Besides, many of them are restricted to small size matrices

(often under 10 × 10), thus limiting their usefulness to practical engineering problems

of modest or large size. Therefore, in this work, we take an alternative approach to

seeking approximations that are economical. The approximation presented here builds

upon the suggestion of interpolating mode shapes in [133] and utilises this with the idea
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of stationarity of the Rayleigh quotient. Thus an already rich eigenvector is used as a

trial vector within Rayleigh quotient approximation giving excellent estimates for the

eigenvalues relatively inexpensively. Further, in Chapter 3, the interpolation is made

robust by accounting for scaling and sign of the vectors used for interpolation while

constructing a trial vector.





Chapter 3

An interpolated modes based

approximation for symmetric

eigenvalue problems

In this chapter, two approaches for approximating the eigenvalues of large-scale parameter-

dependent symmetric standard and generalised eigenvalue problems are proposed. Many

field problems in applied mathematics and physics have the generic form of an operator

eigenvalue problem as Lψ = λψ, where L is a linear operator, ψ is an eigenfunction

and λ is the corresponding eigenvalue. Invariably they are boundary value problems,

e.g. those encountered in elastodynamics [15] and quantum mechanics [1]. When such

a problem is discretised, say using a Rayleigh-Ritz or a finite element (FE) procedure,

they lead to a standard eigenvalue problem of the form shown in Equation (2.1). When

L is a self-adjoint operator the matrix A is correspondingly symmetric. A standard

eigenvalue problem arises in physics and chemistry to deal with problems about the

atomic structure of matter. In physics, standing waves are called “stationary states”

or “energy eigenstates”; in chemistry, they are called “atomic orbitals” or “molecular

orbitals” [2]. Often, in lumped parameter models, Equation (2.1) takes the form of

Ax = λDx, where D is a diagonal matrix. This generalised eigenvalue problem is most

efficiently solved by factorising the diagonal matrix D and pre-multiplying both sides by

the inverse of the square root matrices. Thus the factorisation D = D1/2D1/2 enables

us to write Equation (2.1) as A′y = λy, where A′ = D−1/2AD−1/2. This technique of

solving generalised eigenvalue problem with diagonal matrix D is used in the vibration

of beam systems [134]. An application to practical vibration examples is highlighted

in Chapter 4. Furthermore, the eigenvalue problem could take the following form of

Lu = λmu, where L and m are both linear operators. In general, this leads to a gen-

eralised eigenvalue problem upon discretisation. However, for many lumped parameter

models, the inertia operator m gives rise to a diagonal mass matrix.

29
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The parameter-dependent eigenvalue problems also arise in behaviour maps, phase di-

agrams, dispersion relation calculations and band-structure calculations for waves in

periodic media, e.g. photonic or phononic crystals, as those found in vibroacoustic meta-

materials. For example, Huang et al. [135] using previously mentioned generalised eigen-

value problem of large size with diagonal matrix D, proposed an efficient method to find

the optimal shape of the photonic crystal with larger band gap.

Analysis of a family of structures is a necessary step in the relevant design search. Here,

we propose a computationally inexpensive method, which could be used at early stages

of design exploration and subsequent optimisation. All design alternatives could be gen-

eralised in an eigenvalue problem that depends on a design parameter. The proposed

approach relies on two exact calculated eigenproblems from the edges of parameter inter-

val and Rayleigh quotient based on the proposed interpolated vector. The effectiveness

of the proposed method is examined numerically. It is applied to five numerical exam-

ples of different sizes. The accuracy of the method is assessed by comparing the results

obtained exactly and by one more approximation. Further modifications to render the

approaches more robust are presented in this chapter.

3.1 An approximation for parameter-dependent symmet-

ric standard eigenvalue problems

Approximate calculations of eigenvalues are carried out in a number of situations, includ-

ing, structural vibration, by making use of the first order classical perturbation theory. It

makes use of matrices and eigensolutions calculated at a reference point of the parameter

value, followed by calculation of the approximate changes with respect to the reference.

The change in eigenvalues coincides with the Rayleigh quotient [131] associated with the

matrix perturbations while keeping the trial vectors the same as those in the reference

eigensolutions. This amounts to an approximation for a parameter-dependent problem as

one which makes use of matrices at any specified value of the parameter, in conjunction

with reference eigenvectors as trial vectors. Such Rayleigh quotient based calculations

suffer even for moderate variations in the parameters and become increasingly inaccurate

because the approximation does not account for continuously changing eigenvectors. In-

deed, the approximation would be good due to the stationarity of Rayleigh quotients, if

we had ad hoc knowledge of good trial vectors, which is rarely available in many practi-

cal situations. Here we exploit the stationarity of the Rayleigh quotient combined with

a proposed trial vector that is obtained economically over a parameter interval. The

trial vector proposed here is obtained by a simple interpolation over the interval–exact

calculations are carried out at the two ends of the interval.

The use of Rayleigh quotient is particularly effective when one mode approximation is

used because it does not require multiple vectors as the basis followed by model order
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reduction–the size being dependent on the number of trial vectors to start with. By

contrast, one-mode Rayleigh quotient approximation is computationally efficient. In a

structural design context, we are frequently faced with a family of designs that needs

to be analysed. All these designs have some similarities with regards to structural

features and response. This enables us to circumvent detailed repetitive calculations in

a design search or optimization scenario because one does not expect dramatic changes

in eigenvectors when structures are modified a number of times. Thus the proposed

approach retains the advantages of the need for only a few exact calculations to be

carried out, while the changes in the structural design, that the method could now cope

with, could be moderately large.

An interpolated modes method approximation. Consider a family of structures

that leads to a real parameter-dependent symmetric standard eigenvalue problem (2.5).

An initial suggestion by Bhaskar [133], to address this for pencil eigenvalue problems,

makes the use of interpolated vectors as trial vectors. This initial suggestion had some

issues such as the relative orientation of the reference vectors and the nature and size

of matrices involved was very limited. We explore generalisations of this idea in various

mathematical and physical contexts in the present work.

Although not considered in [133], consider a more special problem of a single symmetric

matrix that depends on a parameter p. Firstly, the two eigenvalue problems which

correspond to the initial and final values of a parameter p of the system need to be

solved exactly. At the initial (p = p0) and the final (p = pf ) points of a parameter

interval we consider two eigenvalue problems, i.e.

A0x0 = λ0x0 (3.1)

and

Afxf = λfxf (3.2)

respectively, where A0 = A(p = p0), Af = A(p = pf ). Instead of calculating eigen-

vectors at each parameter step, only two eigenvectors are used in the proposed method.

The proposed approximation exploits the stationarity of the Rayleigh quotient [131],

while making use of a customised trial vector x̂(p), as

λ̂(p) =
x̂T (p)A(p)x̂(p)

x̂T (p)x̂(p)
, p0 ≤ p ≤ pf . (3.3)

which employs the exact matrix at each required value of p, i.e. A(p). Note that this

accounts for parameter dependence of both the trial vector and the matrices involved–the

former being approximate, while the latter is exact. The trial vector x̂ is constructed

fairly economically, by employing the following linear interpolation between the two
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previously calculated exact eigenvectors, as

x̂(p) =
(pf − p)x0 + (p− p0)xf

pf − p0
, p0 ≤ p ≤ pf . (3.4)

The classical Rayleigh quotient is defied as λapprox =
xT
refAxref

xT
refxref

, where A is a matrix

and xref is fixed trial vector from Equation (3.1) or (3.2) [131]. The strength of the

method is due to the stationarity principle of the Rayleigh quotient combined with

an excellent choice of cheaply obtained trial vectors. While the latter may still be

available for other mathematical problems involving linear algebraic equations such as

those encountered in static response problem, the lack of stationarity of a quotient will

provide only modest success with response calculations. Stationarity implies that if

the trial vectors are ε-order accurate the Rayleigh quotient is ε2 accurate. Thus the

difference between the Rayleigh quotient and the exact eigencalculations is much less

that the order of approximation for the trial vectors.

Algorithm 3.1: Method for approximating the eigenvalues of a parameter-
dependent symmetric standard eigenvalue problem based on [133].

Input: Size of the problem, parameter interval [p0, pf ] of design parameter p,
symmetric matrix A(p), N number of modes to be approximated.

Solve two eigenvalue problems at initial and final states of parameter range exactly:
[X0, λ0] =eig(A0); [Xf , λf ] =eig(Af );
for p = p0 + 1 : pf − 1 do

Evaluate matrix A = A(p)
for mode=1:N do

x0 = X0(:,mode);
xf = Xf (:,mode);
Interpolated vector x̂ = ((pf − p)x0 + (p− p0)xf )/(pf − p0);

Approximate eigenvalue λ̂ ≈ (x̂TAx̂)/(x̂T x̂);
end for

end for
Output: N number of eigenvalues that depend on parameter p calculated by the
interpolated modes method.

A computer program for approximating the eigenvalues for a parameter-dependent sym-

metric standard eigenvalue problem (2.5) in terms of symmetric matrix is developed in

the MATLAB environment [136]. The pseudo-code of the proposed approach is shown

in Algorithm 3.1. Two symmetric matrices A0 and Af , a parameter range p0 ≤ p ≤ pf
and a number of required modes are specified at the beginning of the code. The initial

(3.1) and final (3.2) eigenvalue problems are solved exactly using the MATLAB com-

mands “eig(A0)” and “eig(Af )” respectively. All further calculations are carried out

for each parametric value p and N number of modes. The interpolated vector is calcu-

lated as shown in Equation (3.4) and used in the Rayleigh quotient (3.3) to obtain N

approximate eigenvalues.
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It should be noted that the method presented here is inspired by the stationarity of

the Rayleigh quotient. The interpolated modes method and one-mode based Rayleigh

quotient approximation are compared against each other to demonstrate the efficiency

of the presented method.

Reference fixed mode based Rayleigh quotient approximation. Eigenvalues

could also be approximately calculated by the use of a Rayleigh quotient [131] based

on reference trial vectors at each end of parameter range, such that two estimates are

obtained as

λ̃(p) ≈ xT
0 A(p)x0

xT
0 x0

and
˜̃
λ(p) ≈

xT
f A(p)xf

xT
f xf

, p0 ≤ p ≤ pf , (3.5)

using the exact eigenvectors from both eigenproblems (3.1) and (3.2) respectively. These

approximations make use of the actual matrix A(p) at a given value of p. However,

the trial vectors x0 and xf are fixed vectors; so the dependence of the two estimates

of the eigenvalue on p is entirely due to the parametric dependence of the matrices

within the Rayleigh quotient. This restricts the applicability of the approximation in

Equation (3.5), so that it is poor for moderate parametric changes. The proposed

approximation overcomes this difficulty by devising a trial vector that is very rich in the

components of the actual eigenvector, as obtained via the proposed interpolation (3.4).

Note that we are neither interpolating the eigenvalues, nor is the linear interpolation of

eigenvectors restrictive to an actual linear dependence of the eigensolutions (eigenvalues

or eigenvectors) over the parameter range–rather the purpose of the linear interpolation

is to construct a good trial vector conveniently and economically.

The interpolated modes method presented here makes use of two eigenvectors corre-

sponding to eigenproblems solved exactly at the ends of the interval. We expect the

approach presented here to result in superior approximation when compared with one

that uses fixed trial vectors at one end of the interval. Moreover, the additional computa-

tional expense in calculating the trial vector is minimal because it involves multiplication

of two vectors, linearly combining them in prescribed proportions.

Exact eigenvalue calculations. Eigenvalues of a large family of designs can be found

exactly. However, it is a computationally expensive process. In this work, all calcula-

tions are performed in the MATLAB environment [136]. Its computing environment is

matrix-based and is suitable for solving a proposed problem, whereas other program-

ming languages mostly work with numbers one at a time [136]. Exact solution is carried

out for each eigenvalue problem in a family of designs for research purposes only. The

MATLAB command “eig(A(p))” is used to solve parameter-dependent standard eigen-

value problem. Exact solutions are used to assess the accuracy and time efficiency of

two previously mentioned approaches, i.e. interpolated modes and reference fixed mode

based Rayleigh quotient approximation.
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It should be noted that when we refer to exact calculations, they are exact with regards to

the eigencalculations only but not concerning exactness in the relevant mechanics. The

approximations developed in this work are about the repetitive solution of eigenvalues

over a parameter interval, given a mechanical model–that inevitably contain approxima-

tions inherent to the modelling errors. Therefore, in this dissertation, we will designate

the word “exact” to the solution of mechanical problems that may have modelling er-

rors; the exactness is only concerning eigenvalue calculations and not simplification in

the physics of the problem, e.g. that due to the discretisation of a continuum.

Modification of an interpolated modes procedure

The proposed method is applied to several numerical examples to assess the effective-

ness of an interpolated modes method before testing on a practical problem. Two real

arbitrary symmetric matrices, that correspond to initial and final design problems in

parameter range, are generated in the MATLAB environment.

Example 1. A parameter-dependent symmetric standard eigenvalue

problem

The numerical simulations are carried out using the created computer program presented

in Algorithm 3.1. In this example, relatively small real arbitrary symmetric matrices

of the size 200× 200 are used to test the proposed method. A design parameter varies

from 0 to 1. For this example, the parameter-dependent problem is created using linear

dependence with the parameter p within the interval as

A(p) = A0 + p(Af −A0), 0 ≤ p ≤ 1, (3.6)

where A0 = A(p = 0) and Af = A(p = 1). In the computational implementation,

the parameter p is stepped in a prescribed number of subdivisions over the parameter

interval (ten in the present case). The problem considered here is deterministic and the

parameter-dependent matrix A(p) is generated for any p according to Equation (3.6).

Note that this dependence is linear with respect to parameter p is only for illustration;

the method is general, otherwise.

The considered parameter-dependent eigenvalue problem is solved in three ways: (i)

exactly, (ii) by the interpolated modes approach and (iii) Rayleigh quotient based on

reference modes fixed at either end of the interval. The approximation can be obtained

for a certain amount of modes that are required. In this example, all (N = size = 200)

eigenvalues are approximated for research purposes. The first eigenvalue as a function

of parameter p = [0, 1] is shown in Figure 3.1. The proposed method based on the in-

terpolation is marked by black dots. The computed results for the first eigenvalue λ1 in
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Figure 3.1: The first eigenvalue as a function of parameter p of the parameter-
dependent symmetric standard eigenvalue problem of size 200× 200 computed
exactly (thick red line), by the interpolated modes approach (black dots) and
reference fixed mode based Rayleigh quotient (thin lines as labelled).

Figure 3.1 met our expectations. In Figure 3.1 it is shown that black dots cover thick red

line that represents the exact eigenvalues, which means the eigenvalue prediction based

on the approximate interpolated modes shows a relatively high accuracy compared to

exact calculations. The Rayleigh quotient approximation based on initial state x0 as the

trial vector gives a good approximation at the beginning of the parameter interval. How-

ever, the accuracy deteriorates further away from the reference point, which is shown by

thin green lines in Figure 3.1 as labelled. A similar trend is observed when the reference

is taken as the final state xf in the same figures. The Rayleigh quotient approach based

on fixed trial vectors at the parameter ends gives an accurate approximation closer to

the reference mode, but progressively becomes inaccurate. In Figure 3.1 the proposed

method shows better accuracy of the eigenvalues compared to those using the Rayleigh

quotient based approximation, as it was expected. Errors between eigenvalues calculated

exactly and by interpolated modes approach are smaller compared to those obtained by

any of fixed mode based Rayleigh quotient approaches.

Numerical implementation of the proposed procedure is carried out within the MAT-

LAB environment. The second eigenvalue, shown in Figure 3.2, demonstrates that the

proposed approach does not always give a satisfied accuracy of approximation for some

modes. Considering Figures 3.1 and 3.2 we surprisingly encountered a case for which

the proposed method fails. This observation suggests that Equation (3.4) needs further

improvement. The resolution of the identified issue is presented next.
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Figure 3.2: The second eigenvalue as a function of parameter p of the parameter-
dependent symmetric standard eigenvalue problem of size 200× 200 computed
exactly (thick red line), by the interpolated modes approach (black dots) and
reference fixed mode based Rayleigh quotient (thin lines as labelled).

Equation (3.4) lacks the robustness of approximation, without the use of the sgn func-

tion, because eigenvectors are not unique even though eigendirections are; and an eigen-

vector can be scaled by any arbitrary constant–including by a negative number–and it

remains to be a valid eigenvector. Therefore, when eigenvectors x0 and xf of the pair of

eigenproblems (3.1) and (3.2) are computed in the MATLAB environment, frequently

their directions are approximately opposite, i.e. x0 ≈ −xf because of the lack of the

control on the scaling of the eigenvectors arising from two eigensolutions at two different

ends of the interval. When we attempt to interpolate between approximately opposite

vectors, the interpolation can frequently be approximately orthogonal to the original two

vectors, thus containing nearly no components along the original two vectors, hence pro-

viding a poor approximation. Such an interpolated vector, when used as a trial vector,

is likely to result in a Rayleigh quotient that is completely unrelated to the eigenvalues

sought. We resolve this issue by detecting the angle between x0 and xf and flipping the

direction of one of them when this angle is obtuse so that interpolation is carried out

between re-scaled vectors that have acute angles. Equation (3.4) needs to be modified

accounting for arbitrariness in the sense of the computed exact eigenvectors x0 and xf

when the MATLAB environment is used. The angle between the eigenvectors x0 and

xf is calculated as

cos(α) =
(xT

0 xf )

‖x0‖ ‖xf‖
. (3.7)

Here, the calculation of the denominator is not necessary and only dot product is used
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to determine the sign. Therefore, Equation (3.4) for the interpolated eigenvector for a

standard eigenvalue problem is now modified as

x̂(p) =
(pf − p)x0 + sgn(xT

0 xf )(p− p0)xf

pf − p0
, p0 ≤ p ≤ pf , (3.8)

where sgn(xT
0 xf ) is the signum function, which determines the acuteness or obtuseness

of the angle between x0 and xf in the n-dimensional space. To illustrate this visually

(see Figure 3.3), consider a 2-D plane spanned by eigenvectors x0 and xf . The process

of the interpolation between two eigenvectors with an obtuse angle between them is

schematically shown in Figure 3.3(a). The introduction of the signum function resolves

this practical problem very effectively. It detects the angle between x0 and xf when this

is obtuse, i.e. sgn(xT
0 xf ) = −1, then the interpolation needs to be carried out between

x0 and −xf as it is shown in Figure 3.3(b), rather than the original x0 and xf , presented

in Figure 3.3(a). This is captured by Equation (3.8) effectively.

(a) (b)

(c) (d)

Figure 3.3: The process of the interpolation and normalisation of two eigenvec-
tors within a parameter range p0 ≤ p ≤ pf .
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In addition to the issue of approximately oppositely directed eigenvectors x0 and xf re-

solved above, they may also be of very different length when returned by a commercial

code. The interpolation process between eigenvectors of different length is schematically

shown in Figure 3.3(c). When two eigenvectors are normalised independently, and they

are used within the proposed interpolation such as that in Equation (3.8), the inter-

polation will be biased unfairly in favour of the eigenvector with relatively dominant

magnitude. Therefore, it is reasonable to rescale the reference eigenvectors x0 and xf

before interpolation (3.8) can take place, even though the normalisation provided by

the MATLAB environment is different. Figure 3.3(d) schematically shows the interpola-

tion process geometrically when the eigenvectors x0 and xf are normalised to the same

length. According to Equation (3.8), the interpolated trial vector x̂ is a weighted sum

of eigenvectors at the end point of the parameter range, with weights given by (pf − p)
and (p− p0). This illustration can be imagined in n-dimensions now. The interpolation

is, therefore, carried out using Equation (3.8) with the tips of the vectors concerned over

the surface of a hyper-sphere within the hyper-plane containing x0 and xf .

Algorithm 3.2: Modified procedure for approximating the eigenvalues of a
parameter-dependent symmetric standard eigenproblem, which includes identifying
the direction of eigenvectors.

Input: Size of the problem, interval of a design parameter p = [p0, pf ], symmetric
matrix A(p), N number of modes to be approximated.

Solve two eigenvalue problems at initial and final states of parameter range exactly:
[X0, λ0] =eig(A0); [Xf , λf ] =eig(Af );
Normalise eigenvectors

for p = p0 + 1 : pf − 1 do
Evaluate matrix A = A(p)
for mode=1:N do

x0 = X0{:,mode};
xf = Xf{:,mode};
Interpolated vector x̂ = ((pf − p)x0 + sgn(xT

0 xf )(p− p0)xf )/(pf − p0);

Approximate eigenvalue λ̂ ≈ (x̂TAx̂)/(x̂T x̂);
end for

end for
Output: N number of eigenvalues that depend on parameter p calculated by the
interpolated modes method.

The changes, that have been made to Equation (3.4), are applied to Algorithm 3.1. An

updated pseudo-code is shown in Algorithm 3.2, where distinct modifications to the ap-

proach are underlined. In particular, eigenvectors are normalised, the calculation of a dot

product and its sign are calculated. Considering Algorithm 3.2 and in conjunction with

consideration to the correct sign, results in Figure 3.2 are transformed to those shown

in Figure 3.4. The eigenvalues obtained by the interpolated modes, method marked by

black dots in Figure 3.4, are in excellent agreement with the exact eigenvalues, presented

by a thick red line. So, Figure 3.4 shows a significant improvement in the accuracy of
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Figure 3.4: The second eigenvalue as a function of parameter p considering
the direction of eigenvectors of the parameter-dependent symmetric standard
eigenvalue problem of size 200 × 200 computed exactly (thick red line), by
the interpolated modes approach (black dots) and reference fixed mode based
Rayleigh quotient (thin lines as labelled).

the interpolated modes method compared to the previous numerical experiment based

on Algorithm 3.1 presented in Figure 3.2.

Figures 3.1 and 3.4 shows that the interpolated modes method gives more accurate

approximation of eigenvalues than Rayleigh quotient approximations based on fixed

modes. This is interesting given that the additional computational effort in interpolation

is minimal and the exact calculation is carried out only at an extra point over the interval.

The time efficiency of the presented method is discussed in the following example.

Example 2. A large parameter-dependent symmetric standard eigen-

value problem

The size of the eigenvalue problem from Example 1 is increased by the factor of ten. In-

terpolated modes method is expected to be efficient for computing large-scale problems.

The essence of the method is making use of a high quality approximation in conjunc-

tion with the stationarity of the Rayleigh quotient that affords excellent accuracy at the

moderate computational expense.

Consider a parameter-dependent eigenvalue problem (2.5) in terms of a single real sym-

metric matrix A(p) of size 2000 × 2000. A parameter varies from 0 to 1 with ten

subdivisions over a parameter range. All 2000 eigenvalues are calculated (i) exactly, (ii)
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by the proposed interpolated modes method, (iii) by the Rayleigh quotient approxima-

tion based on fixed reference modes x0 and xf . The dependence of the first eigenvalue as

a function of parameter p is shown in Figure 3.5. The black dots represent the eigenval-

ues obtained by the interpolated modes method, which are in excellent agreement with

exact results, shown by a thick red line. Eigenvalues that are calculated by Rayleigh

quotient approximation that makes use of fixed trial vectors x0 and xf are marked with

thin lines as labelled in Figure 3.5.

Computational efficiency is one more advantage of the proposed method. Solving ten

eigenvalue problems exactly is more computationally expensive than solving only two of

them. However, if one runs the code which is described in Algorithm 3.2, the compu-

tational gain will not be achieved. Furthermore, the required time for the approximate

calculation would exceed time for exact calculation, because of the way it has been

programmed. One can obtain n exact eigenvalues by solving a n × n eigenvalue prob-

lem [15,136]. Whereas, the Rayleigh quotient provides only one approximate values [131].

For illustration, Equation (3.3) is written as

λ̂ [1×1] ≈
x̂T

[1×n]A[n×n]x̂ [n×1]

x̂T
[1×n]x̂ [n×1]

(3.9)

where the size of each variable is shown in square brackets. For simplicity, parameter p

is omitted here. In Algorithm 3.2, MATLAB requires a lot of time for approximation

Figure 3.5: The first eigenvalue as a function of parameter p of the parameter-
dependent symmetric standard eigenvalue problem of size 2000×2000 computed
exactly (thick red line), by the interpolated modes approach (black dots) and
reference fixed mode based Rayleigh quotient (thin lines as labelled).
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because it refers to Equation (3.3) very often. Equation (3.3) is situated inside two

loops. This is due to the fact that eigenvalues are approximated for each parametric

value and for N number of modes. So, for each parameter value only one approximate

eigenvalue is obtained from Equation (3.9).

The programming approach, shown in Algorithm 3.2, is changed to place both exact and

approximate calculations into a condition with an equal output on each parameter step.

The Rayleigh quotient based on the interpolated vector, Equation (3.3), is programmed

differently and is taken out from the inside loop. Trial vectors x̂ for the N required

modes are stored into one matrix X̂. This matrix of interpolated vectors is used in

Equation (3.8) instead a single interpolated vector x̂. The “diag” function from the

MATLAB environment is used in a Rayleigh quotient to extract the required values.

For example, “diag(Z)” creates a column vector from the diagonal components of a

matrix Z. Equation (3.3) is programmed as

λ̂ [n×1] ≈
diag(X̂

T

[n×n]A[n×n]X̂ [n×n])[n×1]

diag(X̂
T

[n×n]X̂ [n×n])[n×1]

. (3.10)

Algorithm 3.3: Computationally economical procedure for approximating the eigen-
values of a parameter-dependent symmetric standard eigenvalue problem.

Input: Size of the problem, interval of a design parameter p = [p0, pf ], symmetric
matrix A(p), N number of modes to be approximated.

Solve two eigenvalue problems at initial and final states of parameter range exactly:
[X0, λ0] =eig(A0); [Xf , λf ] =eig(Af );
Normalise eigenvectors;
for p = p0 + 1 : pf − 1 do

Evaluate matrix A = A(p)
for mode=1:N do

x0 = X0{:,mode};
xf = Xf{:,mode};
Interpolated vector
X̂{:,mode} = ((pf − p)x0 + sgn(xT

0 xf )(p− p0)xf )/(pf − p0);

end for

Approximate eigenvalues λ̂ ≈ diag(X̂
T
AX̂)/diag(X̂

T
X̂);

end for
Output: N number of eigenvalues that depend on parameter p calculated by the
interpolated modes method.

The applied changes are highlighted with an underline in Algorithm 3.3. So, instead of

receiving one value on one step from Equation (3.9), Equation (3.10) provides a n × 1

column of eigenvalues for each parametric value. Here, we calculate unnecessary val-

ues by multiplying X̂
T
AX̂ and X̂

T
X̂. Hence, those unnecessary values are rejected by

considering only diagonal elements in both the nominator and denominator in Equation

(3.10). MATLAB is a matrix-based environment and it does operations with matrices
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Line
Number

Code Calls
Total
Time

%
Time

Time
Plot

45 10 4.336 s 26.9%

61 10 2.938 s 18.3%ApproxEigenvalue=diag(X'*A*X)....

ExactEigenvalue=eig(A); ...

Figure 3.6: Time spent by MATLAB on solving of the parameter-dependent
symmetric standard eigenvalue problem of size 2000×2000 exactly and obtaining
approximate eigenvalues by the proposed method using the Rayleigh quotient.

in a quick and efficient way. So, despite calculation of unnecessary values, it is com-

putationally more efficient to use Equation (3.10) rather than Equation (3.9) for every

mode.

The modified approach which is presented in Algorithm 3.3 is tested on time efficiency

with N=size. Time spent on solving a parameter-dependent standard eigenvalue problem

exactly and by the interpolated modes method is extracted from the MATLAB profiler

and is shown in Figure 3.6. Exact solution of eigenproblem required 4.3 s, whereas

the proposed method requires in 1.5 times less time to approximate all the eigenvalues.

So, interpolated modes method gives accurate eigenvalue prediction for large symmetric

eigenproblems, as it was seen in Figure 3.5, and requires less time for computing than

an exact solution. Here we put both methods into equal condition for research purposes.

However, most of the times, designers do not require to analyse all the eigenvalues. It

means that computational gain will be even greater if one needs to approximate small

amount of eigenvalues instead of computing all of them, like it is shown in Example 2.

Example 3. A parameter-dependent symmetric standard eigenvalue

problem in terms of polynomial matrix

Many engineering structures are described by a standard eigenvalue problem, but with

different dependence than shown in previous examples. In Examples 1 and 2, A(p) ma-

trix has linear dependence with p as shown in Equation (3.6). However, such parameter

dependence can have a fairly general non-linear form. For example, in beams, plates

and shells dependence of structural stiffness K(t) ∼ t3, where thickness t can play the

role of the parameter p discussed here.

The proposed method is applied to a symmetric standard eigenvalue problem in terms

of polynomial matrix

A(p) = A0 + pA1 + p2A2, (3.11)

where A0, A1 and A2 are arbitrary symmetric matrices of size 500× 500. According to

the method, two eigenvalue problems at initial state and final states are solved. Here,

matrices A0 = A(p = 0) and Af = A(p = pf ) = A0+pfA1+p2
fA2 are used in Equations
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(3.1) and (3.2). The parameter p varies from 0 to 1. For numerical implementation, ten

subdivisions in the parameter interval are used in this example.

The eigenvalues are calculated in three different ways: (i) exactly, (ii) by the interpolated

modes method using Algorithm 3.3 and (iii) by the Rayleigh quotient using reference

fixed modes to enable a comparison. The first eigenvalue as a function of parameter

is presented in Figure 3.7. The approximated eigenvalues obtained by the interpolated

modes method, which are marked by black dots in Figure 3.7, are in excellent agreement

with the exact results, which are marked by a thick red line. The tendency from the

previous examples remains. The proposed method gives more accurate approximation

than reference fixed mode based Rayleigh quotient, which is marked by thin lines as

labelled. It is visible especially in the middle of parameter interval in Figure 3.7, where

the error is the largest.

The proposed method of approximating a parameter-dependent standard eigenvalue

problem in terms of any real symmetric matrix was applied to three different examples.

The method provides brilliant accuracy and is computationally more efficient that exact

calculations. However, it is only one type of eigenvalue problem. There are many

engineering cases that are described by a generalised eigenvalue problem. The proposed

method is extended for a case of a parameter-dependent generalised eigenvalue problem,

using two positive definite symmetric matrices, which is taken up next.

Figure 3.7: The first eigenvalue as a function of parameter p of the parameter-
dependent symmetric standard eigenvalue problem in terms of 500× 500 poly-
nomial matrix computed exactly (thick red line), by the interpolated modes
approach (black dots) and reference fixed mode based Rayleigh quotient (thin
lines as labelled).
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3.2 Extension to the case of parameter-dependent sym-

metric generalised eigenvalue problems

An eigenvalue problem in terms of symmetric matrices arises in structural design. The

free vibration analysis of mechanical structures leads to a generalised eigenvalue prob-

lem, where eigenvalues are the natural frequencies and eigenvectors are the mode shapes.

A symmetric generalised eigenvalue problem (2.3) in terms of stiffness and mass matri-

ces arises in many practical examples of vibrating structures, such as aircraft wing,

suspended bridge and etc. In the previous section, the interpolated modes method for a

parameter-dependent symmetric standard eigenvalue problem was proposed. Here, the

extension of this method to the problem of a generalised case is presented.

Interpolated modes method. If a parameter-dependent real symmetric positive def-

inite generalised eigenvalue problem (2.6) is considered, the principal of the method

remains the same as in Section 3.1. However, the Rayleigh quotient changes due to

orthogonality relations, as an eigenvalue problem of the generalised form is now con-

sidered [15]. Based on the created modification of the method, shown in the previous

Algorithm 3.4: Computationally economical procedure for approximating the
eigenvalues of a parameter-dependent symmetric generalised eigenvalue problem.

Input: Size of the problem, interval of a design parameter p = [p0, pf ], symmetric
positive definite matrices K(p), M(p), N number of modes to be approximated.

Solve two eigenvalue problems at initial and final states of parameter range exactly:
[U0, λ0] =eig(K0,M0); [Uf , λf ] =eig(Kf ,Mf );
Normalise eigenvectors;
for p = p0 + 1 : pf − 1 do

Evaluate matrices K = K(p), M = M(p)
for mode=1:N do

u0 = U0{:,mode};
uf = Uf{:,mode};
Interpolated vector
Û{:,mode} = ((pf − p)u0 + sgn(uT

0 uf )(p− p0)uf )/(pf − p0);

end for

Approximate eigenvalues λ̂ ≈ diag(Û
T
KÛ)/diag(Û

T
MÛ);

end for
Output: N number of eigenvalues that depend on parameter p calculated by the
interpolated modes method.

section, a computer program for approximating eigenvalues for parameter-dependent

generalised eigenvalue problem (2.6) is developed in the MATLAB environment and

presented in Algorithm 3.4.
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Before the approximation takes place, two generalised eigenvalue problems that corre-

spond to initial p = p0 and to the final p = pf states are solved exactly, i.e.

K0u0 = λ0M0u0 (3.12)

and

Kfuf = λfMfuf (3.13)

respectively, where K0 = K(p = p0), M0 = M(p = p0), Kf = K(p = pf ) and

Mf = M(p = pf ) are positive definite symmetric matrices respectfully. In a generalised

eigenvalue problem, the Rayleigh quotient in terms of two matrices is considered [15].

According to the proposed method, the approximate eigenvalues are calculated by the

Rayleigh quotient

λ̂(p) ≈ ûT (p)K(p)û(p)

ûT (p)M(p)û(p)
, p0 ≤ p ≤ pf , (3.14)

using interpolated vector û, exact stiffness K(p) and mass M(p) matrices at p. The

modification the interpolation, proposed in Section 3.1, is extended for current case as

û(p) =
(pf − p)u0 + sgn(uT

0 uf )(p− p0)uf

pf − p0
, p0 ≤ p ≤ pf , (3.15)

where u0 and uf are eigenvectors from exactly calculated initial (3.12) and final (3.13)

references respectively. Signum function of a dot product of the eigenvectors sgn(uT
0 uf )

is used to ensure that the angle between the eigenvectors from the ends of a parameter

range is acute. This function prevents the interpolation between two vectors of approx-

imately opposite directions to be carried out. We expect the presented method to show

excellent accuracy and computational efficiency for the generalised case.

Reference fixed mode based Rayleigh quotient approximation. Consider a

structural problem that contains a design parameter, say p, which leads to a parameter-

dependent eigenvalue problem of the form (2.6). It is of our interest to compare the

proposed method with another one-mode based approximation that makes use of a

Rayleigh quotient. Eigenvalues calculated by Rayleigh quotient approximation based on

fixed eigenvectors at each end of a parameter range are obtained as

λ̃(p) ≈ uT
0 K(p)u0

uT
0 M(p)u0

,
˜̃
λ(p) ≈

uT
f K(p)uf

uT
f M(p)uf

, p0 ≤ p ≤ pf . (3.16)

where u0 and uf are exactly calculated eigenvectors from eigenproblems (3.12) and

(3.13) respectively. Matrices K(p) and M(p) at a given value of p are exact.

The Rayleigh quotient approximations based on fixed modes are expected to be less

accurate than the proposed method. The approximation is expected to give good accu-

racy closer to the taken reference, which might decrease further away from the reference

point, i.e. parameter edges. Whereas eigenvalues approximated by the interpolated
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modes method are expected to be accurate throughout the parameter interval, since it

makes use of the interpolated vector that combined both exact eigenvectors u0 and uf .

Exact eigenvalue calculations. Each eigenproblem for every parameter value in

family of designs is solved exactly. For solving generalised eigenvalue problem (2.3) with

respect to stiffness K and mass M matrices the MATLAB command “eig(K(p), M(p))”

is applied. In this work, exact solution of a parameter-dependent eigenvalue problem is

used for accuracy and computational efficiency assessment only.

Example 4. A parameter-dependent symmetric generalised eigenvalue

problem

We apply the proposed method to examples with arbitrary matrices first, followed by

those arising from practical vibration analyses. A considered generalised eigenvalue prob-

lem (2.6) is in terms of two matrices, unlike standard eigenvalue problem. Four arbitrary

symmetric matrices of size 2000× 2000 are generated and converted to positive definite

symmetric matrices by the developed MATLAB code [137], as we are particularly in-

terested in matrices arising in vibration analyses. The generated symmetric positive

definite matrices are treated as those for the values of parameters at the ends of a pa-

rameter interval, i.e. K0 = K(p = p0), Kf = K(p = pf ) and M0 = M(p = p0),

Mf = M(p = pf ). Similarly to Examples 1 and 2, shown in Section 3.1, we consider

matrices that vary linearly with a parameter p. Parameter-dependent matrix pencil is

given by

K(p) = K0 + p(Kf −K0), p0 ≤ p ≤ pf , (3.17)

and

M(p) = M0 + p(Mf −M0), p0 ≤ p ≤ pf . (3.18)

In the computational implementation, the parameter p is stepped in ten numbers sub-

divisions. For this example parameter range is chosen to be from zero to one.

The proposed method is applied to the considered example using Algorithm 3.4. Here, all

2000 eigenvalues are calculated: (i) exactly, (ii) by the interpolated modes method and

(iii) by the Rayleigh quotient using reference fixed modes. The first eigenvalue is plotted

as a function of p in Figure 3.8 for illustration. The accuracy of the approximation using

the proposed method is compared with Rayleigh quotient (3.16) approximation based

on reference trial vectors at the two ends of parameter range. Taking into account exact

eigenvalues, which are marked by the thick red line in Figure 3.8, interpolated modes

method, marked by black dots, provides excellent accuracy. Similarly to the previous

examples, the approximated eigenvalues by the Rayleigh quotient based on eigenvectors

u0 and uf , which are marked by thin lines as labelled, are accurate closer to the exactly

calculated initial final references respectively. However, the error increases further from
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Figure 3.8: The first eigenvalue as a function of parameter p of the parameter-
dependent symmetric generalised eigenvalue problem of size 2000 × 2000 com-
puted exactly (thick red line), by the interpolated modes approach (black dots)
and reference fixed mode based Rayleigh quotient (thin lines as labelled).

the taken reference. Thus, any of Rayleigh quotient based calculations that employ fixed

trial vectors provides worse accuracy than the proposed method.

The proposed approach is relatively inexpensive compared to the exact calculations.

It took 7.75 s to solve ten (for each parameter design) eigenvalue problems exactly,

whereas the interpolated mode method requires 4.37 s. The difference in time is by a

factor of 1.8. However, in most of the real-life problems, one does not need to calculate

all the eigenvalues. The computational gain is expected to be even greater compared to

the considered example. The presented method is especially beneficial for problems in

terms of large matrices. The accuracy and computational efficiency of approximating

eigenvalues of parameter-dependent generalised eigenvalue problems of large sizes are

studied next.

Example 5. Large parameter-dependent positive definite symmetric

generalised eigenvalue problems of different sizes

To numerically evaluate the computational gain associated with the proposed approx-

imation, we carry out calculations for randomly generated matrices. The numerical

Example 4 is taken as a foundation. Symmetric positive definite stiffness and mass

matrices are generated. The parametric dependence based on Equations (3.17) and

(3.18) is taken. Such linear dependence is taken only for illustration. Ten realisations

of randomly generated matrices are used to evaluate the effectiveness of the proposed
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approximation. The size of matrices is systematically increases from 2500 × 2500 up

to 5000 × 5000. Thus, the total number of randomly generated parameter-dependent

eigenvalue problems is 60–ten for each of the six matrix sizes considered in the present

example. This is to study the trend of how the computational time and accuracy de-

pends on the size of the problem, does accuracy become worse for large-scale problems

and how big is a computational gain. Moreover, it gives us ample confidence that the

methodology proposed here is robust.

The proposed method requires approximately the same computational resources as the

fixed mode Rayleigh quotient approximation because the interpolation itself is an ex-

ceptionally economical step. Thus they are not displayed in the comparison presented in

this example. However, as previously noted, the interpolated modes method results in

far superior accuracy compared with the fixed mode Rayleigh quotient approximation

(Figure 3.8).

Based on the results obtained, the standard deviation and mean of computational time

required for solving the problems exactly and approximately for different size of eigen-

value problems are calculated and presented in Figure 3.9. The method presented here

shows a significant computational economy, especially when the problem involves large

matrices. The average of ten computational runs of exact approach is plotted as a func-

tion of the size of the matrix by a steep red line in Figure 3.9(a). The standard deviation

(a) (b)

Figure 3.9: Average of ten realisations and the standard deviation of the com-
putational time in a parameter-dependent generalised eigenvalue problem con-
sidering the size of the randomly generated symmetric matrices, where with
simple red line shows mean time for exact calculations of computing all eigen-
values and dashed line represents mean time of predicting all eigenvalues by
proposed method. Data presented in linear (3.9(a)) and logarithmic (3.9(b))
scales.
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of computational time is presented by vertical error bars in Figure 3.9(a). The gap be-

tween the time spent on exact and approximate calculations increases with the size of a

generalised eigenvalue problem. The time spent on exact calculations is always greater

than the time spent on approximating the eigenvalues, which is shown by the black

dashed line in Figure 3.9(a). The higher slope further demonstrates the advantage of

the proposed approximation for large matrix problems. This clearly illustrates that the

use of interpolated modes is computationally economical followed by excellent quality

of approximation.

A measure of the scaling of computational time on the size of the problem is given

by the complexity of the proposed method. In the interpolated modes method the

eigenvalue problems are calculated exactly only at the two endpoints of the interval and

eigenvalues are approximately calculated at the intermediate values of the parameter

relatively inexpensively. By contrast, computationally inexpensive eigenextraction needs

to be done at each step of the parameter p when evaluating the eigenvalues exactly.

Following ideas of the computation complexity, we assume the computation cost of

calculations to scale as per ∼ Anb, where n is the size of the matrix and the exponent

b denotes the complexity. The constant A is the factor, which is a measure of the

computational expense associated with an algorithm that would make two algorithms

economically different even if the power law scaling is the same.

Both axes in Figure 3.9(a) are changed to logarithmic, which is shown in Figure 3.9(b),

to find this exponent and to illustrate the difference in complexities of approaches.

Taking the coordinates of the red curve ends, the slope of the approximate straight

line on the double-log graph is estimated as the exponent in the unknown power law

scaling. The same procedure is done for the dashed curve in black corresponding to the

interpolated modes. This analysis showed that the complexity of the exact approach

is nearly O(n3.02), whereas the complexity of interpolated modes approach is O(n2.87)

highlighting the strength of the method for large-scale problems. Further, the double-

log plot (Figure 3.9(b)) clearly demonstrates a shift in the two approximately straight

lines dependencies corresponds to a constant factor by which the proposed method is

economical, i.e. the factor A in ∼ Anb is smaller for the proposed approach than it

is for the exact calculations even though the difference is the exponent b is not that

significant. The results obtained are close to the commonly accepted computational

complexity of order n3 for an eigenvalue problem [138]. Results presented in Figure 3.9

demonstrate that the larger the matrix, relatively the more efficient is the proposed

method. The exact calculations are more intricate than the suggested approximation

method. Usually, an exact approach of calculating the eigenvalues has to have higher

complexity and requires more time than interpolated modes calculations.

The maximum and mean percentage errors of the first two eigenvalues approximated

by the proposed method along parameter interval for problems of different size are

calculated and presented in Figure 3.10. The standard deviation of a percentage error is
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(a) (b)

Figure 3.10: Average of ten realisations and the standard deviation of maximum
(3.10(a)) and mean (3.10(b)) percentage errors between exact and approximate
eigenvalues obtained by the proposed method of a parameter-dependent gener-
alised eigenvalue problem considering the size of the randomly generated sym-
metric matrices.

presented by vertical bars in Figure 3.10. The average maximum error along parameter

interval of the first and second eigenvalues based on ten numerical experiments are

presented by magenta and blue lines in Figure 3.10(a) respectively. This is to study the

trend of accuracy depending on the size of the problem. The average percentage error of

ten numerical experiments based on an average error along parameter range of the first

two eigenvalues from generalised eigenvalue problems of different size are presented in

Figure 3.10(b). From Figure 3.10, one can see that there is no trend, thus the accuracy of

the proposed method does not depend on the size of a parameter-dependent eigenvalue

problem. This numerical experiment gives us ample confidence that the methodology

proposed here is robust.

3.3 Conclusions

In this chapter, interpolation based eigenvalue approximations for parameter-dependent

symmetric standard and generalised eigenvalue problems are proposed. Such approaches

of predicting the eigenvalues could be useful for design scenarios. The design process

requires assessing a number of designs where systematically some parameters of a design

are changed. This can be carried out by creating a parametric model. The proposed

method makes use of a trial vector that is rich in the components towards the actual

eigenmodes, as they are subsequently used within a one-term Rayleigh quotient approxi-

mation. The proposed approximation makes use of an assumed mode as the trial vector,
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which is an interpolation of the mode shapes within the interval of the structural param-

eter of interest. Further, the method proposed is turned more robust by accounting for

the sign changes in an eigenvector obtained from our own codes within the MATLAB

environment. Note that the exact eigenvalue/eigenvector calculations are not carried

out everywhere, except at the ends of the parameter interval for linear interpolation of

modes.

Several numerical experiments for solving parameter-dependent eigenvalue problems

with one and two symmetric matrices of different sizes were carried out. Eigenvalues

calculated by interpolated modes approach showed better accuracy than those obtained

by the Rayleigh quotient approximation based on fixed modes at the ends the parametric

range. It was shown that the accuracy of the proposed approximation does not depend

on the size of an eigenproblem. The proposed method introduced only a small amount

of extra calculations, i.e. computing an interpolated vector, compared to reference fixed

mode based Rayleigh quotient approximation. Our numerical experiments showed that

to calculated eigenvalues by the proposed method is computationally twice cheaper than

recalculation eigenvalues exactly for each value of the design parameter.

Finally, the computational complexity of the proposed procedure was evaluated from

several parameter-dependent symmetric generalised eigenproblems. The exact calcula-

tions showed a computational complexity of O(n3.02), as expected. Whereas the com-

putational effort for the proposed method was O(n2.87). The proposed method shows

a greater benefit while using the proposed method for relatively large-scale structural

problems. Note that these exponents do not reflect the savings in actual computations

which is much greater; 3.02:2.87 is the ratio of scaling of computational expense with

size.





Chapter 4

Applications to structural

vibration

When a dynamic response is of concern, frequency calculations have to be carried out

for each structural model. A designer often has to evaluate several design alternatives

that are similar in many respects except in certain geometric parameters that need

varying continuously during design exploration. The need to perform a large number

of natural frequency calculations, for each design case, using an approach such as finite

element analysis, thus arises. Structural calculations take the form of an eigenvalue

problem whose matrices depend on a (design) parameter. Repetitive eigenvalue calcula-

tions arise in other contexts too such as buckling of structures, or calculations in complex

electrical circuits. Structural design under dynamic conditions includes examples such as

computational modelling and design optimisation of turbine blades, aeronautical wings,

marine structures such as ship hulls, or many automotive parts that are to be designed

for vibro-acoustic response. Beyond frequency calculations in structural dynamics, or

buckling load calculations in elastic stability, one encounters such parameter-dependent

eigenvalue problems in a number of other situations in mechanics, e.g. calculation of

dispersion relations in an elastic wave guide, where the parameter upon which eigenval-

ues depend is the wave number associated with a propagating wave mode. Vibration of

buildings under earthquake, suspended bridges, vibration in musical instruments, elec-

tronic amplification, shock absorbers, aeronautical and automotive structures such as

wings, propellers, fuselage, chassis, are some of the practical examples.

An accurate and computationally efficient approach to compute the eigenvalues of a

parameter-dependent symmetric eigenvalue problem is presented in Chapter 3. In this

chapter, the proposed method is applied to practical problems to analyse the vibration of

thin rings and two-dimensional tapered structures. The results obtained by the proposed

method are compared with those computed by fixed reference trial vector based Rayleigh

53
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quotient, the two-term Rayleigh-Ritz reduced order model approximations and the first-

order perturbation method to evaluate the merit and limitations of each method.

The proposed approach of eigenvalues approximation is further refined here which makes

it more suitable for problems with closely interacting modes. Such situations are more

likely to arise in practical problems with relatively high modal density. The nearness

of the modes is detected by calculating the projections of eigenmodes on each other,

giving us a quantitative measure that points to the need for a modified algorithm to

be used, or not, depending on the closeness of the eigenvectors. However, we recognise

the limitations of the method when modes are interacting very closely several times

throughout the parameter interval. When the parameter range is too large allowing

rapid changes in the eigenvalue trajectories on the parameter plane, it is inevitable that

approximations need carrying out over smaller intervals. In this case, the parameter

interval should be divided into smaller sub-intervals over which the interpolated modes

based approximation could be carried out. It requires detecting potential mode order

swaps. Such scenario is also presented in this chapter.

It should be emphasised that there could always be some pathological cases where any

approximation scheme would be less satisfactory. This is one reason why the approach

presented in this thesis is recommended for the early stages of design search or optimisa-

tion when the number of calculations is huge, yet the demands on accuracy are relatively

less. By contrast, the trade-off between accuracy and economy tilts in favour of greater

accuracy at the expense of computational time at late stages of design search.

4.1 Free vibration of a thin ring

The interpolated modes method, proposed in Chapter 3, is now applied to a practical

structural dynamics problem. A simple structure, that allows us to deduce analytical

dependence on natural frequency over structural parameters, is considered first. A ring

is a closed structural element that is simple enough for an analytical understanding of

the parametric variations of its natural frequencies. Also, rings are common in a large

number of engineering applications. Thin rings enable us to deduce the behaviour of

cylindrical shells approximately for some of the mode types.

4.1.1 Natural frequencies of a parametrised thin circular ring

A parametric model of a thin ring provides us with an opportunity to employ the pro-

posed method of the interpolated modes, presented in Chapter 3, and to assess its

effectiveness. A ring is a structure with relatively modest simplicity in its geometry.

Consider free vibration of an unsupported flat circular ring. The interpolated modes

method for a generalised eigenvalue problem, presented in Chapter 3, makes use of
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parameter-dependent stiffness and mass matrices. In this example, the commercial code

ABAQUS [139] is used as a tool to discretise the model and assemble the stiffness and

mass matrices, The assembled matrices are then imported into our own code, presented

in Algorithm 3.4, for implementing approximation proposed in Chapter 3. Note that

the use of ABAQUS is merely to generate mass and stiffness matrices, and not for any

other purpose. This is primarily to use the built-in routines for meshing, generation

of element matrices, and their assembly. In a commercial implementation (which the

present work is not), one would perhaps carry out approximations within the same code

where the rest of the FEA calculations take place. In this way, we are able to compare

the effectiveness of the approximation for just one aspect: the “eigenvalue solve” step

(arguably the most important from the point of view of computational expense)–i.e.

the reanalysis of the parameter-dependent eigenproblem repeatedly at every step of the

parameter interval vs. approximate calculations at the same locations.

Figure 4.1: A FE model of a ring using shell elements.

In this example, we parametrise the model using just two parameters–the thickness t

and the axial length h of the ring as shown in Figure 4.1. A diameter of the ring is

kept fixed. Here, height h = 2.54 × 10−2 m, thickness t represents a changing design

parameter that varies from 2.54× 10−3 m to 4.9× 10−3 m. A finite element (FE) model

of a ring is created and presented in Figure 4.1. Shell-type elements (an 8-node doubly

curved thick shell) are selected to model the structure. Shell elements are appropriate

for the range of parameters chosen here as the ring is thin. Also, shell elements lead

to fewer degrees of freedom–hence relatively smaller size matrices. This element type

provides a good approximation for out-of-plane bending, but the in-plane stretch is often

not approximated very well. The current mesh model has 100 elements (3000 degrees of

freedom), which arrived after carrying out convergence tests.

The natural frequencies of a built ring model with parameters from [140] are calculated

using the ABAQUS environment. The natural frequencies obtained are compared with

in-plane free vibration of a ring presented in [140]. The computed natural frequencies

show good agreement with those available in literature [140]. For the second convergence

test, the eigenvalues of the FE model of a ring are calculated and compared with the

analytical solution obtained from the following equations. The natural frequencies for
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the in-plane bending mode can be found from [141,142]

ωn =
n
(
n2 − 1

)
πd2
√
n2 + 1

√
Et2

3ρ
, n = 2, 3..., (4.1)

where n is the number of a mode, ρ = m/ht is mass per volume, where m is mass per

length. The natural frequency equation for the out-of-plane bending mode can be found

as [141,142]

ωn =
2nh

(
n2 − 1

)
πd2

√
E

12n2ρ+ 2ρ(t2 + h2)(1 + ν)(0.3t2)−1
, n = 2, 3, . . . . (4.2)

The ring frequency ωr is given by [141]

ωr =
1

πd

√
E

ρ
. (4.3)

The average error between theoretical frequencies and values from FE ring model is

0.02%. As numerical results are close enough to theoretical values, the converged mesh

is accepted for further numerical simulations.

4.1.2 Approximate calculations for the free vibration of thin rings–

results and discussions

The proposed method is applied to a parameter-dependent eigenvalue problem that

arises from the free vibration of the ring structure (Figure 4.1) with thickness t as a

parameter. The stiffness and mass matrices of each values of parameter in an interval

are extracted from ABAQUS [143, 144]. In this example, all 3000 eigenvalues are cal-

culated: (i) exactly, (ii) by the interpolated modes method, (iii) by Rayleigh quotient

approximation based on fixed reference modes at parameter ends. The unsupported

structure possesses six rigid body modes. The symmetry of the problem implies that

in-plane modes appear in pairs. Each pair corresponds to two mode shapes that are

physically rotated. The computed eigenvalues are presented are presented in Figure 4.2.

Here, eigenvalues calculated by the proposed method of the interpolated modes closely

agree with the thick red line corresponding to exact eigenvalues. By contrast, a Rayleigh

quotient based calculation that utilised fixed eigenvector at one of the two ends of the pa-

rameter interval becomes progressively inaccurate away from the point where the exact

calculation is made for the trial vector. This highlights the weakness of the fixed-mode

approximation. Whereas, the interpolated modes method uses two exact eigenvectors,

which are interpolated with a parameter, thus enriching the quality of approximation at

very little extra computational expense.
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(a) (b)

Figure 4.2: The first (4.2(a)) and the second (4.2(b)) eigenvalue pairs as func-
tions of parameter t from a vibration problem of the parametrised ring com-
puted exactly (thick red line), by interpolated modes method (black dots) and
reference fixed mode based Rayleigh quotient (thin lines as labelled).

The approximately linear dependence with the thickness t, as observed in Figure 4.2,

is consistent with the following analysis. The stiffness matrix of a ring with a height h

and a thickness t (Figure 4.1) scales according to K ∼ ht3 and mass matrix according

to M ∼ ht. Hence, the natural frequency of the ring scales linearly with its thickness t

as

ω ∼
√
ht3

ht
∼ t. (4.4)

The exact eigenvalues are plotted against approximate eigenvalues based on fixed modes

from initial and final references, to illustrate the difference in accuracy. The x-coordinate

of the point on each graph is an exact eigenvalue and y-coordinate is an approximated

eigenvalue calculated by (i) interpolated modes method, (ii) Rayleigh quotient approach

based on the fixed initial and (iii) final references. So, the closer the points are to the

diagonal of the graph, the more accurate is an approximation of the method. The first

100 eigenvalues are presented in Figures 4.3(a) and 4.3(b) respectively. The eigenvalues

computed by the proposed method, which is marked by red dots in Figure 4.3, show

good diagonal alignment. Whereas, many eigenvalues obtained by the Rayleigh quotient

approximation based on fixed references, marked by the green squares and diamonds,

are located further from the main diagonal of the graph in Figure 4.3(a). The accuracy

of each method could be estimated based on Figure 4.3(a) where obtained results are

presented in a zoomed scale, where the first ten eigenvalues are shown. The proposed

method shows excellent alignment to the diagonal unlike eigenvalues calculated by the
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(a)

(b)

Figure 4.3: The first hundred (4.3(a)) and the first ten (4.3(b)) exact eigenval-
ues vs approximate obtained by interpolated modes method (red dots) and by
Rayleigh quotient based on fixed modes from initial and final references (green
squares and diamonds respectively).

reference fixed mode based Rayleigh quotient approximation. Hence, the interpolated

modes method provides more accurate approximation.

The percentage errors between exact and approximate eigenvalues or the first 15 modes

are calculated and presented in Figure 4.4. These figures show how the accuracy of

eigenvalue changes depending on a mode number and the parameter. The scale of the

y-axis in Figures 4.4(a), 4.4(b) and 4.4(c) is different due to the different magnitude
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(a)

(b) (c)

Figure 4.4: Percentage errors of the first 15 eigenvalues from vibrating ring
problem between exact and approximate eigenvalues computed by the inter-
polated modes method (4.4(a)), Rayleigh quotient based on the fixed initial
(4.4(b)) and final (4.4(c)) references.

of the percentage errors. From Figure 4.4, one can see that the interpolated modes

method gives more accurate result than the Rayleigh quotient approximations based

on any of fixed modes fixed mode, since its errors are much smaller. The maximum

percentage errors for the first 15 modes between exact eigenvalues and Rayleigh quotient

approximations based on fixed initial and final references, i.e. u0 and uf , are 21.6% and

94.7% respectively, which is significantly greater than the maximum percentage error

of 9.7% obtained using interpolated modes approximation within the same parameter

range.

The worst percentage error of 9.7 % between the interpolated modes and exact eigen-

values has modes 11 and 12 based on analysis of Figure 4.4(a). This eigenvalue pair as

a function of the parameter is shown in Figure 4.5. This to analyse the worst approxi-

mation of the first 15 modes. Here, the interpolated modes method, which is marked by

black dots, still provides more accurate results than any of Rayleigh quotient approxi-

mations that make use of fixed references, which are marked by thin lines as labelled.
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Figure 4.5: The eleventh and twelfth eigenvalues as functions of parameter t of
a vibration problem of the parametrised ring computed exactly (thick red line),
by the interpolated modes approach (black dots) and reference fixed mode based
Rayleigh quotient (thin lines as labelled).

The first few modes of vibration are frequently of greater interest than higher modes. As

the errors for those modes are not clearly visible on the scale of Figure 4.4, those errors

are plotted again for the fewer number of modes. The percentage errors for the first six

eigenvalue obtained by the proposed method are presented in Figure 4.6. The maximum

Figure 4.6: Percentage errors of the first six eigenvalues from vibration problem
of a ring between exact and approximate eigenvalues computed by the interpo-
lated modes method.
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percentage error of the first six eigenvalues computed by the interpolated modes method

reaches 0.06%, which highlights the accuracy of the method. Whereas, the maximum

percentage errors for the first six modes of Rayleigh quotient approximations based on

fixed references equal to 12.5% and 33.1%. Thus, the difference in accuracy between the

methods is huge. The results obtained show that the proposed method is more accurate

than reference fixed mode based Rayleigh quotient approximation.

Another of the strengths of the interpolated modes approximation is the significantly

reduced computational time compared to exact calculations. In this example, the inter-

polated modes method requires 13.64 s and the exact calculations are obtained in 31.95 s.

So, to predict all the eigenvalues takes two times faster than to calculate them exactly.

Moreover, in real-life problems, one might not need all the eigenvalue of the model to

be analysed. Therefore, the computational gain will be even greater than highlighted in

this example.

4.2 In-plane vibration of a parametrised tapered lamina

The approach for approximating the eigenvalues, presented in Section 3.2, can be used

in dynamic design scenarios. A piece of crucial information required for assessing the

vibratory response of mechanical structures is its undamped natural frequencies that are

the square root of the associated eigenvalues. The design process requires assessing a

number of similar structures, where some design parameters are changed systematically.

This can be carried out by creating a parametric computer-aided design (CAD) model.

To illustrate this, the proposed method is further applied to a vibration problem of a

parametrised tapered lamina. The taper ratio of a tapered lamina is treated as a design

parameter. As in the previous example, shown in Section 4.1, the commercial code

ABAQUS is used as a tool to discretise the model and assemble the stiffness and mass

matrices for applying the interpolated modes approach. Another reason for choosing

the tapered lamina is the ease of comparison of the numerical results with analytically

available ones, yet affording a moderate level of complexity to demonstrate the potential

of the idea, in addition to an easy parametrisation of the geometry. Besides this, a model

allows an accurate representation of a cantilever beam with few degrees of freedom. Any

degree of freedom out of the plane of the tapered lamina is constrained.

Tapered beams are widely used in many real-life applications. For example, they are

found in the heat exchanger fins that are used in heavy machinery. Often tapered

structures are wound around a cylindrical tube. Planforms of aircraft wings are of

shapes that can be approximated as a tapered beam. In addition to aeronautical lifting

surfaces, many industrial blades and propellers are modelled as beams of a variable

cross-section at early stages of design, when detailed information is unnecessary.
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The procedure of carrying out computationally economical calculations as described

above is general. Indeed, there is no easy way to claim that a method would be as

effective in every conceivable circumstance and practical example. However, two im-

portant factors do need to be recognised here. Firstly, the effectiveness of the method

presented here could depend on the size of the problem, i.e. upon the size of the mass

and the stiffness matrices. Secondly, the method will inevitably encounter difficulties

when modes change rapidly (or the interval over which approximations are sought is too

large) and when they are closely spaced and hence strongly interacting. Thus we ex-

pect the approach presented here to be successful in design calculations with moderately

rapidly changing eigensolutions. However, the structural complexity of the problem is

unlikely to have a role in the effectiveness of the proposed method–except that the size

of the problem could have an influence on the quality of approximations proposed here.

Therefore, we implement the method on a problem with reasonably large size, but with

relatively modest structural complexity.

4.2.1 CAD model and parametrisation of a tapered lamina

Consider the in-plane vibration of a tapered lamina that has a trapezoidal shape in

the plane of motion. A CAD model of tapered lamina is created in the ABAQUS

environment [139] and shown in Figure 4.7. In this model, length L equals 0.57 m,

thickness t=0.1 m, height h1=0.2 m. The height h2 at the tip of the beam varies from

0.05 m to 0.1 m and is treated as a parameter p in parameter-dependent generalised

eigenvalue problem (2.6). The bending moment M of a beam depends on its curvature

as

M =
kEth3

12
(4.5)

where k is the curvature, which is equal to the through-thickness gradient of axial strain,

h is height of the beam, E is the Elastic Modulus [142]. This relationship highlights the

selection of a parameter in this case.

The lamina is constrained to vibrate in its plane. Ten different designs with varying

height h2 are analysed using FE discretisation, and the eigenvalues associated with free

vibration are calculated. The convergence of the parametrised tapered lamina is ensured

by mesh refinement and validated against analytical results.

Analytical solutions for two-dimensional structures, such that of the in-plane vibration

of a trapezoidal elastic structure, are few and far between. However, one-dimensional

tapered beam theories exist [145]; the m-th natural frequency is given by

ωm =
c2
mh2

2πL2

√
E

12ρ
, m = 1, 2, . . . , (4.6)
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Figure 4.7: A FE model of a tapered lamina.

where E is the Elastic Modulus, ρ mass density, h2 is height at the tip of the beam,

cm is a constant that depends on the ratio between h1 and h2 which is given in [145].

The percentage difference between the above equation and our FEA calculations for the

converged mesh is within 5.6%. This difference can be attributed to 1-D modelling of

the beam in the above equation as opposed to FEA calculations that are based on planar

elasticity.

The mesh density of the considered model is increased from 500 up to 2000 elements for

the convergence test. Eigenvalues of both models are calculated. The first parameter-

dependent eigenvalue is presented in Figure 4.8. The exact eigenvalues of the considered

model with 500 elements, which are shown by the solid line in Figure 4.8, are identical

to results, marked by blue crosses, obtained from the same model but with 2000 ele-

ments. The finite element approximation has its own inevitable errors associated with

interpolation. Therefore, in the following, we will use these calculations–as validated

against a simple 1-D analysis–and the effectiveness of the scheme proposed here would

be assessed for different discretised models. Thus, these discretised models serve as a

means to continuously generate parameter-dependent eigenvalue problems.

The considered model contains 500 plane-stress elements (element type CPS8R) with

1621 nodes. Plane-stress elements are used to keep the simplicity of two-dimensionality,

yet they have sufficient detail in the modelling that, say, a one-dimensional model would

have precluded. Besides 1-D models have other issues such as shear, warping, etc. The

tapered lamina is constrained to vibrate in its plane. Displacement components in the

plane of vibration are set to zero at all nodes (21 in number) at the left end to ensure

the fixed end boundary conditions there. The total number of degrees of freedom of the

model after the application of all the boundary conditions is 3200.
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4.2.2 Simulations with tapered lamina

As described in Section 3.2, the eigenproblem (2.6) is solved approximately by the

method of interpolated trial vectors presented here. A commercial FEA code ABAQUS

[139] is used to discretise the model and to assemble the stiffness and mass matrices.

These assembled matrices are then extracted for further manipulation which is carried

out externally with the MATLAB environment [136]. Mass and stiffness matrices are

used in conjunction with the proposed interpolated trial vectors and are subsequently

required for the Rayleigh quotient approximation. To this end, we present implementa-

tion of the proposed approach to the parametric calculations for a tapered lamina with

3200 degrees of freedom.

The parameter-dependent eigenvalue problem resulting from the parametrised structural

model is solved in three ways: (i) exactly, (ii) by the interpolated modes approach and

(iii) Rayleigh quotient based on reference modes fixed at either end of the interval. The

first 15 eigenvalues are calculated. The proposed method is generic and it should be

possible to apply the method to a higher mode. However, it must be acknowledged

that any approximation, such as the one presented here, would have limitations in the

extreme case of high modal overlap and closely interacting eigenvalue trajectories on the

parameter plane.

The first and the second eigenvalues, as functions of parameter are presented in Fig-

ures 4.9 and 4.10. The accuracy of the interpolated modes method could be estimated

Figure 4.8: Comparison of the eigenvalues of different mesh density for the
convergence test.



Chapter 4 Applications to structural vibration 65

(a) (b)

Figure 4.9: The first eigenvalue as functions of parameter h2 of vibration prob-
lem of the parametrised tapered lamina computed exactly (thick red line), by
the interpolated modes method (black dots) and by reference fixed mode based
Rayleigh quotient (thin lines as labelled in 4.9(a)). The exact eigenvalue and
those obtained by the proposed method are presented in a zoomed scale in
4.9(b).

(a) (b)

Figure 4.10: The second eigenvalue as functions of parameter h2 of vibration
problem of the parametrised tapered lamina computed exactly (thick red line),
by the interpolated modes method (black dots) and by reference fixed mode
based Rayleigh quotient (thin lines as labelled in 4.10(a)). The exact eigenvalue
and those obtained by the proposed method are presented in a zoomed scale in
4.10(b).

based on Figures 4.9(b) and 4.10(b), where results obtained together with exact eigen-

values are presented in a zoomed scale. The presented method, which is marked by
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black dots, gives excellent accuracy as black dots are very close to the thick red line,

that corresponds to the exact eigenvalues. Also, the interpolated modes method pro-

vides more accurate approximation than the Rayleigh quotient approximation based on

fixed reference modes at the ends of an interval, marked by thin lines as labelled in

Figures 4.9(a) and 4.10(a). Rayleigh quotient approximation based on the eigenvec-

tor u0 gives a good approximation close to the at the left end of the interval, but the

accuracy deteriorates progressively away from the reference point. A similar trend is

observed with Rayleigh quotient based on uf in these two figures. This means that each

formula, based on a fixed trial vector but variable matrices, gives a satisfactory result

close to the point where trial vectors are picked for the approximation. By contrast,

the continuously varying interpolated trial vectors, as proposed here, afford excellent

approximation for the entire range of the parameter interval p0 ≤ p ≤ pf , with very

little extra computational expense.

The performance of the proposed approach is now assessed for higher modes. The

Rayleigh quotient based approximation is not taken into consideration here, since based

on Figures 4.9 and 4.10, its errors are clearly higher than of the presented method.

When the first 15 exactly calculated eigenvalues are computed with the proposed ap-

proximation, the maximum percentage error is well within 6.7%. This error corresponds

for the eighth eigenvalue (λ8). The next largest error for of 4.1% belongs to the four-

teenth mode (λ14). The approximation for most modes is very accurate, as their worse

approximations do not reach even 1%.

(a) (b)

Figure 4.11: The eights (4.11(a)) and fourteenth (4.11(b)) eigenvalues as func-
tions of parameter h2 of the vibration problem of the parametrised tapered
lamina computed exactly (thick red line), by interpolated modes method (black
dots) and reference fixed mode based Rayleigh quotient (thin lines as labelled).
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Eigenvalues with the highest percentage errors for the first 15 modes as functions of

parameter are illustrated in Figures 4.11(a) and 4.11(b). The Rayleigh quotient approx-

imation based on uf from the final reference of parameter interval, Figure 4.11(a) as

labelled, gives surprisingly good results for the 8th eigenvalue, unlike Rayleigh quotient

approximation based on u0. Therefore, values computed by the interpolated modes

method are corrupted by the poor approximation from one of the reference fixed mode

based approximation. However, for the 14th eigenvalue the proposed method, which is

marked by black dots in Figure 4.11(b), on average, gives more accurate prediction than

any of the Rayleigh quotient based approximations.

The reason of a poor accuracy in this case is identified from Figure 4.12, where the

first 15 exact eigenvalues as functions of the parameter are plotted. In this example,

the exact 8th and 9th eigenvalues of the parametrised tapered lamina are very close to

each other. The same phenomena take place for the 13th and 14th eigenvalues. These

eigenvalue pairs are shown by solid lines in Figure 4.12(b). When two values are not

clearly separated the interpolated modes method chooses the neighbouring mode for

interpolation at some parameter steps, which leads to inaccurate approximation.

To look into this closely, we need to consider the modal interaction between neighbouring

modes. This can be achieved by making use of the Modal Assurance Criterion (MAC),

which is a measure of the nearness of two different sets of modes. This approach is com-

monly used in experimental modal analysis [146] to compare experimentally measured

modes with those calculated computationally/analytically. MAC between the ith vector

(a) (b)

Figure 4.12: The first fifteen exact eigenvalues as functions of parameter h2 in
solving the vibration problem of a tapered lamina.
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from the first set ui, and the jth from the second set, i.e. ûj , is defined as [146–148]:

MACij =

(
|uT

i ûj |
‖ui‖‖ûj‖

)2

, (4.7)

where ui is an exact eigenvector from Equation (2.6) and ûj is the interpolated vector

shown in Equation (3.15). It follows from the above definition that MAC is a cosine,

Equation (3.7), to the power of two. It provides a quantitative measure of the inclination

between ui and ûj–indeed it is the square of the cosine between these two vectors.

If (MAC)ij is diagonally dominant, then it implies that the ordering of ui and ûj is

consistent. If not, this is an indication of swapping of mode order. MAC varies between

(a) (b)

Figure 4.13: MAC values between exact and interpolated eigenvectors for the
the first fifteen modes.

0 to 1, the lower the value, lower the resemblance between the two modes ui and ûj .

Values of the MAC matrix on a continuously graded scale provides a visual representation

of the correspondence between the two sets ui and ûj–the darker the square-box, the

greater the similarity, whereas the lighter the corresponding colour, the opposite the

implication. This is shown in Figure 4.13 for two different parameter values of h2.

Figures 4.13(a) and 4.13(b) show that the dark squares do not align to the main diagonal.

This illustrates that the correspondence between the two sets of modes (the exact ones

and the interpolated ones) is observed throughout, except that the order of the 8th

and the 9th is swapped, which gives dominant locations in the 8/9 and 9/8 row-column

combinations. Of course, in practice, this is hard to know in advance without carrying

out an expensive exact calculation. However, we present this, to highlight the issue. At

some parametric steps, the algorithm chose “wrong” mode, because they are very close
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and the method cannot distinguish them. Figure 4.13 shows that the diagonal black lines

collapse at mode number 8, 9, 13, 14 and 15, which is highlighted by red circles. The

case with 15th mode cannot be properly analysed here as its neighbouring mode was

not obtained in this numerical example. It means that the presented approximation,

i.e. interpolated modes method, is yet not capable of approximating the parameter-

dependent eigenvalues when they are not well separated.

In this example, the MATLAB software requires 33.5 s to calculate all exact eigenval-

ues. Whereas, it takes 0.62 s to approximate 15 eigenvalues by the interpolated modes

method, which is an indication of huge computational saving. The approximation of

all eigenvalues is not necessary on early stages of a design in real life examples. Hence,

the test on computational time is repeated considering approximation of all eigenval-

ues for time comparison. The proposed method takes 17.1 s to approximate all 3200

eigenvalues, which is two times less than the time required for exact calculations. Each

of Rayleigh quotient approximations based on one fixed mode takes 16.5 s. However,

as it was demonstrated before, its results are less accurate than those obtained by the

interpolated modes method.

The interpolated modes method is applied to an example of a vibrating parametrised

tapered lamina. It is quite important to carry out the numerical experiment using

mass and stiffness matrices assembled by the commercial code ABAQUS to apply the

proposed method to a large-scale engineering problem. The eigenvalues computed by

the proposed method are in good agreement with exact results. The interpolated modes

method provides more accurate eigenvalues than the Rayleigh quotient approach that

make use of a fixed mode. The computational time required for the proposed method is

at least two times lower than the exact calculation. If there is no need to approximate all

the eigenvalues, the ratio between computational time spent on exact and approximate

calculation will be even larger. However, the interpolated modes method chooses the

wrong mode for interpolation when a parameter-dependent eigenvalue is very close to

a neighbouring eigenvalue. As the method makes use of only two exact eigenvectors

from the ends of the interval, it has no information of modes behaviour in the middle

of parameter interval. In this case, the method cannot distinguish which mode out of

two to pick. Several different methods of approximation are applied to this example

to gain better accuracy for close neighbouring modes. They are highlighted in the

following sections of this chapter. A two-term Rayleigh-Ritz method of approximating

the eigenvalues based on two exact references is further applied to a free vibration

example of the parametrised tapered lamina to analyse its pros and cons compared to

the interpolated modes.
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4.2.3 A two-term reduced order model approach for eigenvalue ap-

proximation

In the previous section, the proposed method was applied to the free vibration of a

parametrised tapered lamina. The interpolated modes method showed excellent accu-

racy and computational gain. However, the proposed procedure required further im-

provements for situations involving closely interacting modes. We extend the approach

in the following sections for such demanding cases. It should be noted that no approxi-

mation could be robust to acutely pathological cases, however we attempt to cover cases

that are likely to be more demanding. Note that, by contrast, also that previously pub-

lished literature in the field almost exclusively uses perturbation that has very limited

applicability.

In this section, a two-term Rayleigh-Ritz reduced order model for eigenvalue approxima-

tion is applied to the example described previously in Section 4.2.1. A thorough analysis

of the method is carried out. The accuracy of the eigenvalues, which are very close to

their neighbouring eigenvalues, is of particular interest.

Model order reduction is a common approach to reduce the size of the problem in a

variety of contexts. In structural dynamics, it is common to use a set of basis vectors to

reduce the order of the problem. Here we make use of the exactly calculated vectors at

the terminal points of the interval as such basis vectors, so that the size of the problem

reduces to 2×2 system resulting to two eigenvalue trajectories as a function of a system

parameter.

Two exactly calculated eigenvectors u0 and uf at the ends of the parameter interval could

be used to reduce the order of the problem from being n×n to beicoming a 2×2. We first

need to solve eigenproblems (3.12) and (3.13). A pair of approximate eigenvalues can

then be obtained by solving the following parameter-dependent generalised eigenvalue

problem

KR(p)qR(p) = λR(p)MR(p)qR(p) (4.8)

that is reduced to a size of 2 × 2, where λR is an eigenvalue, which corresponds to an

eigenvector qR. Here, superscript R refers to values that are reduced. The reduced

stiffness and mass matrices are given by

KR(p) =

[
uT

0 K(p)u0 uT
0 K(p)uf

uT
0 K(p)uf uT

f K(p)uf

]
, (4.9)

and

MR(p) =

[
uT

0 M(p)u0 uT
0 M(p)uf

uT
0 M(p)uf uT

f M(p)uf

]
, (4.10)

respectively and can be derived by following a Rayleigh-Ritz type procedure by expand-

ing the n-dimensional vectors as a linear combination of just two vectors. These reduced
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matrices contain exact dependence over the parameter p within stiffness K(p) and mass

M(p) matrices at p and eigenvectors u0, uf from exactly calculated initial (3.12) and

final (3.13) references respectively. In this example, only two eigenvalue problems are

calculated exactly for a fair comparison with the proposed method. Eigenvalues λR1 (p)

and λR2 (p) are the solution of the 2× 2 eigenproblem (4.8). Note that the basis vectors

are not necessarily rich in both parameter dependent eigenvectors, hence the model order

reduction may lead to one parameter dependent eigenvalue being far from true values.

One may expect in a Rayleigh-Ritz discretisation that the lower eigenvalue λR1 (p) to

be an accurate approximation for a parameter-dependent eigenvalue problem obtained

by the two-term Rayleigh-Ritz method. Whereas, the second value λR2 (p) could be less

accurate and, therefore, may need to be ignored. In some situations, one may even be

lucky to get both accurate eigentrajectories. However, this is not a discretisation proce-

dure here, so it depends on the components of the chosen trial vectors which eigenvalue

trajectory may need discarding.

Also, note that the two-term Rayleigh-Ritz-based model order reduction method is com-

putationally more expensive than the interpolated modes method proposed here, as the

reduced eigenvalue problem (4.8) requires more preparatory operations compared to the

mode interpolation approach, which is essentially a one-term-rich-trial-vector approach.

Note that traditionally the use of the word Rayleigh-Ritz approach is for discretising a

continuum problem by expanding the field variables in terms of a set of chosen function.

This reduces an infinite degrees of freedom problem to one that has finite degrees of

freedom. The approach of model order reduction used here is analogous in principle,

i.e. an n-dimensional vector is expanded in terms of just two chosen vectors (i.e. the

reference solutions at the ends of the parameter interval). Due to this similarity, we

will continue to use the word “Rayleigh-Ritz” approach to refer to the model order

reduction approach for making approximations within a parameter interval, while it

uses the reference vectors as the basis vectors for expansion. The same designation of

terminology will continue in Chapter 6 too.

In the following, the model order reduction discussed above is applied to the mechanical

example of the tapered two dimensional structure presented earlier. The eigenvalues

of a parameter-dependent generalised eigenvalue problem of size 3200 × 3200 were ob-

tained. The calculations were carried out in alternative ways: (i) exactly, i.e. by solving

the eigenproblem for each parameter value, (ii) by the interpolated modes method, (iii)

“Rayleigh-Ritz” model order reduction approach. The computed results are now com-

pared with each other considering accuracy of approximation and computational cost.

The dependence of the first and the second eigenvalues on the structural parameter h2

is shown in Figures 4.14(a) and 4.14(b) respectively. The eigenvalues computed by the

interpolated modes method, marked by black dots, show an excellent accuracy for the
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(a) (b)

Figure 4.14: The first (4.14(a)) and the second (4.14(b)) eigenvalues as functions
of parameter h2 of the vibration problem of the parametrised tapered lamina
computed exactly (solid red line), by interpolated modes method (black dots)
and two-term Rayleigh-Ritz approach (blue crosses and asterisks).

first two modes, as it was observed in Section 4.2.2. The lowest eigenvalue λR1 calculated

by Rayleigh-Ritz method, marked by blue crosses in Figure 4.14, is in excellent agree-

ment with the exact results, presented by the solid red line. The second eigenvalue λR2
obtained by the Rayleigh-Ritz method, which is marked by blue asterisks in Figure 4.14,

could be neglected, as it is very different from the lower value as we expected. However,

the results obtained for the 6th and the 10th modes, presented in Figure 4.15, show that

our assumption is not valid. For some modes, it is incorrect to consider only the first

eigenvalue λR1 from the reduced order problem (4.8) as an accurate approximation. Based

on the exact eigenvalues, presented by the solid red line in Figure 4.15(a), an accurate

Rayleigh-Ritz approximation for the first eigenvalue should contain both Rayleigh-Ritz

eigenvalues λR1 and λR2 . Whereas, for the tenth eigenvalues, which is shown in Fig-

ure 4.15(b), the second Rayleigh-Ritz eigenvalue λR2 gives more accurate approximation

than the first λR1 throughout all parameter interval. This highlights the difficulty in

choosing eigenvalues λR1 and λR2 being very different and neglecting the higher value of

λR2 is incorrect.

The accuracy of each approximation can be assessed against the exact results. In this

example, the exact eigenvalues are calculated only for research purposes. So, the most ac-

curate eigenvalue from λR1 and λR2 obtained by the two-term Rayleigh-Ritz method (4.8)

needs to be identified and chosen, making use of available information, i.e. exact eigen-

vectors u0 and uf . In such case, MAC calculations is used to find what vector, qR
1 or
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(a) (b)

Figure 4.15: The sixth (4.15(a)) and the tenth (4.15(b)) eigenvalues as functions
of parameter h2 of the vibration problem of the parametrised tapered lamina
computed exactly (solid red line), by interpolated modes method (black dots)
and two-term Rayleigh-Ritz approach (blue crosses and asterisks).

qR
2 , from Equation (4.8) is better aligned with the exact eigenvectors u0 and uf from

references at the edge of parameter range respectively.

The exact eigenvectors u0 and uf are of size 3200×1. Whereas, the eigenvectors qR
1 , qR

2

from the reduced order model are 2×1. Clearly, these vectors cannot be multiplied. Since

the lengths of the compared eigenvectors are different, the eigenvectors from reduced

eigenproblem are rewritten in terms of a new basis. In this example, we have 3200

linearly independent vectors, which create a 3200-dimensional space. Any vector in this

space can be expressed in terms of those 3200 vectors. We are interested in using only

two eigenvectors from this space, i.e. u0 and uf as we calculated them exactly. These

two eigenvectors are treated like basis, which becomes two-dimensional. Both reduced

and full-size eigenvectors relates to the same mode. The reduced 2 × 1 eigenvectors

qR
1 =

{
q11

q21

}
, qR

2 =

{
q12

q22

}
can be expressed in terms of the basis vectors in the subspace

as
uR

1 = q11u0 + q21uf ,

uR
2 = q12u0 + q22uf .

(4.11)

The MAC values between possible pairs of eigenvectors uR
1 , uR

2 , u0, uf for the first

mode are calculated and presented in Figure 4.16. In MAC diagram, the black rectangle

(MAC = 1) indicates on excellent alignment between vectors [148]. The MAC values are

calculated and sorted according to the parametric range for a clear graphical comparison

of the mode shapes. Such a representation of vector correspondence helps to understand
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what vector out of two, uR
1 or uR

2 , is aligned better to exact eigenvectors. The corre-

sponding eigenvalues, λR1 or λR2 , of the reduced order model that needs to be treated as

Rayleigh-Ritz approximation of an eigenvalue is chosen based on MAC diagram.

For the first mode of a parametrised tapered lamina, both exact eigenvectors u0 and

uf are aligned with eigenvector uR
1 at each parametric value, which is shown by con-

sistent trend of black rectangles in each segment that corresponds to certain parameter

value in Figure 4.16. Therefore, based on MAC results for the first mode along all

parametric range the first eigenvalue λR1 is chosen as the Rayleigh-Ritz approximation.

Based on exact eigenvalues in Figure 4.14(a), one can see that choosing λR1 , which is

marked by blue crosses, along all parametric range leads to an accurate approximation.

Indeed, the lowest Rayleigh-Ritz λR1 is in good agreement with exact eigenvalues. The

same phenomenon is observed for the second parameter-dependent eigenvalue, which is

shown in Figure 4.14(b). So, for the first two modes, MAC helped to choose accurate

approximation out of two eigenvalues obtained from the Rayleigh-Ritz reduced order

model.

Interestingly, MAC values of the sixth mode λ6, shown in Figure 4.17, indicate that an

accurate Rayleigh-Ritz approximation for parameter-dependent sixth eigenvalue consists

of both values λR1 and λR2 . In particular, the exact eigenvectors u0 and uf are aligned

with the first eigenvector uR
1 from the reduced eigenproblem at the first three parameter

values. It means that corresponding eigenvalue λR1 , which is marked by blue crosses in

Figure 4.15(a) as labelled, needs to be chosen when height at the tip h2 of a tapered

lamina is less than 0.067 m. When h2 is larger than 0.067 m, both exact eigenvectors

correspond to the vector uR
2 , which is shown by black rectangles at the top of segments

Figure 4.16: MAC between exact eigenvectors u0 and uf and Rayleigh-Ritz
eigenvectors uR

1 and uR
2 for all parametric values of the first mode.

Figure 4.17: MAC between exact eigenvectors u0 and uf and Rayleigh-Ritz
eigenvectors uR

1 and uR
2 for all parametric values of the sixth mode.
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in Figure 4.17. So, the second value λR2 obtained by Rayleigh-Ritz approach, which is

marked by blue asterisks in Figure 4.15(a) as labelled, needs to be chosen for the rest of

parameter values.

(a) (b)

Figure 4.18: The eighth (4.18(a)) and fourteenth (4.18(b)) eigenvalues as func-
tions of parameter h2 of the vibration problem of the parametrised tapered
lamina computed exactly (solid red line), by interpolated modes method (black
dots) and two-term Rayleigh-Ritz approach (blue crosses and asterisks).

For the tenth mode, exact eigenvectors u0 and uf are aligned with the second eigenvector

uR
2 along all parameter range. The corresponding second eigenvalue λR2 , which is marked

by blue asterisks in Figure 4.15(b), are chosen along all parameter interval. Based on

Figures 4.14-4.17, it is impossible to know which out of the two reduced eigenvalues

to consider without MAC calculations. In this example, MAC is used to identify an

accurate approximation obtained by the two-term Rayleigh-Ritz reduced order model

just making use of two exactly calculated eigenproblems. However, MAC calculation and

analysis require extra time compared to the interpolated modes based approximation.

It is of our interest to estimate the accuracy of the Rayleigh-Ritz method for modes where

the interpolated modes method shows poor accuracy due to close mode interaction. On

the average, none of the eigenvalues, computed by Rayleigh-Ritz method and marked by

blue asterisks and crosses as labelled in Figure 4.18, shows excellent accuracy compared

to exact eigenvalues marked by the solid line. Moreover, according to the obtained

MAC results for modes 8 and 14, shown in Figure 4.19, neither eigenvectors alignment

are dominant at any parameter value, which is shown by equally shaded segments on

diagonal for all parameter interval. Two exact eigenvectors u0 and uf are equally

aligned to different reduced order vectors. In this case, it is unclear which corresponding

eigenvalues obtained by the Rayleigh-Ritz method to choose. As one can see, closeness
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(a)

(b)

Figure 4.19: MAC values between exact eigenvectors u0 and uf and Rayleigh-
Ritz eigenvectors uR

1 and uR
2 for all parametric values of the eighth (4.19(a))

and fourteenth (4.19(b)) modes.

of the mode shapes affected the accuracy of the results obtained from the two-term

Rayleigh-Ritz reduced order model too.

In this method, we faced the issue of choosing the accurate Rayleigh-Ritz eigenvalue

of λR1 and λR2 . Modal Assurance Criterion was used as a tool for determining the

appropriate value. The MAC calculation at each parametric value causes an additional

computational cost of 0.09 s. Despite the fact that solving 2× 2 generalised eigenvalue

problem (4.8) is a cheap process, which took 0.01 s in this example, calculating entries for

two reduced matrices (4.9) and (4.10) required 3.52 s. In total, the two-term Rayleigh-

Ritz method required 3.62 s to approximate first 15 eigenvalues, which is 6.5 times more

than the the time required by interpolated modes method for the same problem. The

interpolated modes requires only 0.55 s for approximating first 15 eigenvalues, which is

computationally very efficient compared to other cometitive alternatives.

The results presented above show that the two-term Rayleigh-Ritz approximation is ac-

curate but computationally more expensive than the interpolated modes method, as it

requires more preparatory operations and MAC calculation and analysis to choose ac-

curate approximated values. However, results presented here and in Section 4.2.2 show

that both interpolated modes and the two-term Rayleigh-Ritz methods do not have

enough information for accurate approximation of closely spaced parameter-dependent

eigenvalues. In this example, it was even unclear what reduced eigenvalue out of the

reduced order model to choose for such modes as MAC showed identical aligned to both

reduced vectors. Accuracy of the close neighbouring modes could be resolved by us-

ing one more exact reference, somewhere in the middle of a parametric interval. This
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approach is applied to the same example of a parametrised tapered lamina and is high-

lighted in the next section. We expect the improvement in accuracy of an approximation

for such modes as eighth and fourteenth, but increase in computational time as an extra

generalised eigenvalue problem should be solved exactly.

4.2.4 Quadratic interpolation of modes for eigenvalue approximation

In Section 4.2.2 the proposed method was applied to a practical problem of the free

vibration of a parametrised tapered lamina. The method showed excellent accuracy

and computational efficiency. The limitation of the method was recognised. When the

modes are not clearly separated, the proposed method picks up wrong modes in the

interpolation process. In Section 4.2.3, another method of approximation, i.e. the two-

term Rayleigh-Ritz reduced order model approximation, was applied to the problem of

a tapered lamina. The results obtained showed excellent accuracy but using additional

calculations of MAC. The two-term Rayleigh-Ritz reduced order model is itself compu-

tationally more expensive than the interpolated modes approach. The satisfied accuracy

for the closely interacting modes was not achieved by this method. Next, we present an

alternative approach to address the issue when the parameter interval is large so that

the eigenvector changes are very significant within the interval. This can be achieved by

carrying out more exact eigencalculation per interval and is taken up next.

Limitations are likely to be present while using approximations involving huge changes

in the parameter interval. As we recognise that the parameter interval is way too large

to be termed as moderate perturbation over reference modes–where exact calculations

are carried out–one could evaluate one extra set of eigensolutions within the interval and

make use of three sets of eigenmodes to obtain the trial vector. The trial vector could

then be a quadratic interpolation of these three exact mode shapes.

Quadratic interpolation of eigenmodes and subsequent Rayleigh quotient

approximation. The essence of the modified method presented in this section lies in

calculating a quadratically interpolated mode ̂̂u within the interval, subsequently to be

used as a trial vector within a one-mode Rayleigh quotient approximation, so that it

is rich in the components towards the actual mode at a given value of the parameter

throughout the interval. Thus ̂̂u is now used within the Rayleigh quotient (3.14), instead

of û. While constructing the trial vector ̂̂u, we require another point of exact calculations

in addition to the initial (3.12) and final (3.13) points of the interval. This additional

point could be chosen judiciously if any a priori information is available. For example,

it would make sense to include eigensolutions near the turning points of the eigenvalue

trajectories, if they were approximately known–this is unlikely to be the case in most

practical applications. In the absence of any such information, the centre of the interval

is used for calculations required at an extra point of the interval, because it gives fair

weightage to calculations at both ends.
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Consider the eigenvalue problem at the middle of the interval

Kmum = λmMmum, (4.12)

where Km = K(p = pm) and Mm = M(p = pm). The trial vector is calculated using

the following quadratic interpolation of the eigenvectors u0, uf and um

̂̂u =sgn(uT
muf )

(p− pm)(p− pf )

(p0 − pm)(p0 − pf )
u0 + sgn(uT

0 uf )
(p− p0)(p− pf )

(pm − p0)(pm − pf )
um+

+ sgn(uT
0 um)

(p− p0)(p− pm)

(pf − p0)(pf − pm)
uf

(4.13)

following the three eigensolutions (3.12), (3.13) and (4.12) respectively. The parameter-

dependent trial vector ̂̂u(p) provides the desired interpolation through u0, um and uf

such that it coincides exactly with the exact eigenvectors at those locations–this can be

checked by substituting p = p0, p = pm and p = pf respectively. The functionality of̂̂u(p) with respect to p is quadratic. Note that the interpolation, as before, is not of

the eigenvalues, rather it is that of the trial vector that makes use of the eigenvectors

at certain chosen points. In Equation (4.13) the dot products of vectors control the

directions of all possible pairs of exact eigenvectors. When the product is positive, sign

function equals to one. Otherwise, the negative sign appears. We expect the method

using quadratic interpolation to be more computationally expensive but at the same

time to provide more accurate approximation compared to the method using linear

interpolation, presented in Section 4.2.2.

Linear interpolations of modes at two smaller parameter intervals vs quadratic

interpolation over longer interval. The quadratic interpolation method makes use

of three eigenvectors from three exactly calculated references. It is of our interest to

compare this method with the proposed method using linear interpolation of modes to

construct trial vectors, but at two intervals created by the middle reference, i.e. from p0

to pm and from pm to pf . Hence, the eigenvalues are calculated using Equation (3.14)

for both methods, but using two different interpolations.

In this case, the interpolated vector is defined for each small interval. Linear interpola-

tion between initial p = p0 and middle p = pm references is found as

û =
(pm − p)u0 + sgn(uT

0 um)(p− p0)um

pm − p0
, p0 ≤ p ≤ pm, (4.14)

using exact eigenvectors u0 and um from eigenproblems (3.12) and (4.12) respectively.

When the parameter is bigger than p = pm the interpolated vector is obtained as

û =
(pf − p)um + sgn(uT

muf )(p− pm)uf

pf − pm
, pm ≤ p ≤ pf , (4.15)
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using exact eigenvectors um and uf from (4.12) and (3.13) respectfully. Signum functions

of the dot products of vectors that are included in the interpolations are used accordingly.

Both methods of mode interpolation to construct trial vector, linear interpolation at two

intervals or quadratic interpolation, use three exactly calculated references and require

the same amount of computational time. Hence, we are interested in identifying which

approach provides better performance.

Two procedures, presented in this section, are now applied to the free vibration prob-

lem of a tapered lamina from Section 4.2.1. The middle reference for constructing trial

vectors is taken at h2 = 0.067 m. In this example eigenvalues are calculated by the

interpolated modes method using: (i) linear interpolation between initial and final ref-

erences, (ii) quadratic interpolation, and (iii) two linear interpolation between initial &

middle, middle & final references. The parameter-dependent eigenvalue problem is also

solved (iv) exactly to assess the accuracy of each method. For modes that are clearly

separated each method provides excellent accuracy. Approximation of modes that are

closely interacting is of particular interest.

The computed eigenvalues for the eighth and fourteenth modes are presented in Fig-

ure 4.20. The approximation obtained by interpolated modes method using linear inter-

polation for the whole parameter range, marked by black dots, is repeatedly shown for

comparison with other methods. Here, green asterisks, representing a proposed method

(a) (b)

Figure 4.20: The eighth (4.20(a)) and fourteenth (4.20(b)) eigenvalues as a
function of parameter h2 of the vibration problem of the parametrised tapered
lamina computed exactly (solid red line), by the interpolated modes approach in-
cluding one interpolation at [0.05, 0.1] (black dots) and two linear interpolations
at [0.05, 0.067] and [0.067, 0.1] (black circles) and using quadratic interpolation
(green asterisk).
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using quadratic interpolation, are closer to the solid red line, that corresponds to ex-

act eigenvalues, than black dots. It shows that the suggested quadratic interpolation

method improved the accuracy of approximation. However, when height at the tip

equals to 0.056 m, green asterisks do not line up with other values of quadratic interpo-

lation shown in Figure 4.20(b). At this parameter value, the method that uses quadratic

interpolation picks the neighbouring mode for the interpolation.

From Figure 4.20, we note that eigenvalues computed by the method based on two

linear interpolations, marked by black circles, are more accurate than those approxi-

mated using quadratic interpolation, marked by green asterisks. In Figure 4.20(a) the

improvement could be seen especially when h2 is greater than 0.07 m, where black cir-

cles are in excellent agreement with a solid red line. For the fourteenth mode, shown

in Figure 4.20(b), at h2=0.056 quadratic method showed poor approximation, which

is significantly improved by the method that uses two linear interpolations. However,

the opposite situation can be seen in Figure 4.20(a) at 0.056 m and 0.061 m parameter

values, where the method using quadratic interpolation provides better results.

The accuracy of the first fifteen eigenvalues, calculated by two approaches proposed in

this section, is evaluated and presented in Figure 4.21. It is compared with errors of

the method that uses linear interpolation between initial and final references, shown in

Section 4.2.2. In Figure 4.21 each method is marked using similar symbol-code as in

Figure 4.20, where approximated eigenvalues as functions of parameter are presented.

The improvement in the accuracy of the approximation is remarkable. The first 15

eigenvalues, calculated by the method that uses linear interpolation at two parameters

Figure 4.21: Maximum percentage error along all parameter range between the
eigenvalues computed exactly and by the interpolated modes approach including
one (purple area) and two linear (yellow area) interpolations, and quadratic
interpolation (blue area).
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have an error of less than 2%. The same trend can be observed for the method us-

ing quadratic interpolation, except modes number 13 and 14. Their percentage errors

increases to 2.6% and 4.95% compared to the interpolated method using linear interpo-

lation, which is not considered as an improvement. The maximum percentage error of

8th eigenvalue obtained using quadratic interpolation is 1.3%, marked by green asterisks

in Figure 4.21, which is five times smaller than the one obtained by the interpolated

modes method with linear interpolation. For the same mode, the method with two lin-

ear interpolations at two parameter ranges shows a slightly higher error of 1.6%. The

best performance of all methods is seen for the third mode where the approximation is

accurate within 10−5%. On the average, the most accurate approximation is presented

by the approach that makes use of linear interpolations at two intervals, which is marked

by black circles in Figure 4.21.

The process of approximating the eigenvalues using the quadratic or two linear interpo-

lations is similar to the method with one linear interpolation presented in Chapter 3.

However, the methods presented in this section involve solving one more eigenvalue

problem (4.12) exactly. For this operation, computations in the MATLAB environment

require 4.4 s, which is the only increase in the computational cost of the procedures

suggested in this section.

Following analysis carried out in the previous sections, we aim to find an accurate ap-

proximation for eigenvalues that are rapidly changing throughout a parameter range. In

this section, two approaches were suggested and applied to the example of a parametrised

tapered lamina from the previous sections. Both methods imply calculating one more

exact reference in the middle of the interval, which increased computational time. The

eigenvalues were calculated by the Rayleigh quotient (3.14), whereas the interpolated

vector was obtained differently. In the first approach interpolation was quadratic (4.13)

using eigenvectors from three exactly calculated problems (3.12), (4.12) and (3.13). In

the second approach, the parametric range was separated into two small intervals by the

middle reference. The interpolated modes method using linear interpolation was applied

to each of two small intervals. Both methods provided an improvement in approxima-

tion compared to the usual interpolated modes method results shown in Section 4.2.2.

However, none of these methods appeared to be consistent in terms of accuracy for a

case where an eigenvalue is very close to the following larger eigenvalue. Despite in-

cluding one more exact reference (4.12), the methods using quadratic interpolation and

linear interpolations at two parameter intervals still found it challenging to approximate

closely interacting modes. Further analysis of the closeness of modes and, as a result,

an approach of approximating such modes is presented next.
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4.2.5 A hybrid interpolated modes method for cases with unknown

separation of modes

The approach of mode interpolation, to obtain trial vectors that are rich in the compo-

nents of the parameter-dependent modes, is now tested under more stringent conditions

and the method is further improved for situations when the trajectories of eigenvalues on

the parameter plane come close to each other. Consider a pair of eigenvalue trajectories

close to each other on the parameter plane. There are three possibilities concerning the

variation of eigenvectors along these trajectories. The original approach of trial vectors

based on mode interpolation is now mixed with strategies of mode order swapping de-

tection as inferred by MAC values: we will call such a mixed method as hybrid. They

(a) (b)

(c)

Figure 4.22: Schematic diagrams showing three possible scenarios of position of
parameter-dependent eigenvalues.

are schematically shown in Figure 4.22. Figure 4.22(a) shows two curves–along each
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of which, the character of the eigenmodes does not change rapidly. The eigenvalue of

Type I mode is always less than that for Type II. Therefore, while interpolating for

mode Type I and Type II separately, the interpolation carried out using modes at the

ends of the interval would return reasonable approximations based of trial vectors taken

as interpolated modes within the interval, when interpolation is carried out along each

trajectory, i.e. one between eigenvectors corresponding to the greater eigenvalue at the

ends of the interval, and another between eigenvectors corresponding to the smaller of

the two eigenvalues at the ends of the interval. This approach for carrying out approx-

imation results good quality of approximations that are relatively economical because

the mode order is preserved during the parametric variation.

By contrast, the scenarios in Figures 4.22(b) and 4.22(c) require a more careful consid-

eration to the order of mode types associated with the two eigenvalue trajectories that

come close to each other. Phenomena illustrated on these figures called crossing and

veering, depending on the parameter-dependent eigenvalues location. If two parameter-

dependent eigenvalues have the same value at one parameter point, like it is shown in

Figure 4.22(b), then modes are crossing. If two eigenvalues that depend on a parameter

approach each other and then become more different, like it is shown in Figure 4.22(c),

then modes veer.

Leissa presented very closely related work [149]. The author researched a curve veering

aberration when natural frequencies of the model were obtained by various approximate

method, in particular, finite-element, Rayleigh-Ritz and discretisation method. Some

of these methods are compared with the presented method in this work, showing worth

accuracy than the interpolated modes method.

In both of Figures 4.22(b) and 4.22(c), the character of the mode type changes within

the interval, i.e. at the left end of the interval, the eigenvalue associated with mode

Type II is greater. Whereas, at the right end of the interval, eigenvalue corresponding

to mode Type II is smaller than another mode. When mode Type I is interpolated with

the mode of different (II-nd) type, it leads to inaccurate approximation. It is important

to interpolate between the same type of modes while using one-term Rayleigh quotient

approximation. The difference between the situations in Figures 4.22(b) and 4.22(c)

is that in case of the first, the modes do not interact, even though the mode order

changes at the point of crossing of the eigenvalue trajectory; whereas for the latter,

modes interact and their character changes along a trajectory from being Type I to

becoming Type II and vice versa. This takes place over a transition zone as shown in

4.22(c). We adapt the approach presented in the previous sections giving consideration

to mode order swapping. First, we give a closer look at the phenomenon analytically. An

approach of identifying mode swapping due to close modes is presented next. Finally, the

interpolation process is carried out using a modified procedure and illustrative examples

are presented.
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Algorithm 4.1: Computationally economical procedure for approximating the
eigenvalues of a parameter-dependent symmetric generalised eigenvalue problem,
considering possible close mode interaction.

Input: Size of the problem, interval of a design parameter p = [p0, pf ], symmetric
positive definite matrices K(p), M(p), N number of modes to be approximated.

Solve two eigenvalue problems at initial and final states of parameter range exactly:
[U0, λ0] =eig(K0,M0);
[Uf , λf ] =eig(Kf ,Mf );
Normalise eigenvectors;
Calculate and analyse MAC(U0,Uf )

for p = p0 + 1 : pf − 1 do
Evaluate matrices K=K(p), M=M(p)
for mode=1:N do

if Eigenvectors u0 and uf are well aligned then
u0 = U0{:,mode};
uf = Uf{:,mode};
Interpolated vector
Û{:,mode} = [(pf − p)u0 + sgn(uT

0 uf )(p− p0)uf ] 1
pf−p0 ;

else
u0{1} = U0{:,mode}; u0{2} = U0{:,mode+ 1};
uf{1} = Uf{:,mode}; uf{2} = Uf{:,mode+ 1};
Interpolated vectors for two closely interacting modes
Û{:,mode} = [(pf − p)u0{1}+ sgn(uT

0 {1}uf{2})(p− p0)uf{2}] 1
pf−p0 ;

Û{:,mode+ 1} = [(pf − p)u0{2}+ sgn(uT
0 {2}uf{1})(p− p0)uf{1}] 1

pf−p0 ;

end if

end for

Approximate eigenvalues λ̂ ≈ diag(Û
T
KÛ)/diag(Û

T
MÛ);

end for
Output: N number of eigenvalues that depend on parameter p calculated by the
interpolated modes method considering different position of modes.

The essence of the proposed method is solving two eigenproblems at the ends of pa-

rameter interval and approximate eigenvalues in between. The algorithm does not know

how eigenvalues behave throughout the interval, as eigenpairs only at the initial and

final references are exactly calculated. We cannot assume that all eigenvalues appear in

order, as it is shown in Figure 4.22(a). The mode interaction should be identified first,

to proceed with the interpolation between the same type of modes.

We came to the conclusion that MAC between obtained exact eigenvectors u0 and uf

needs to be calculated and analysed after solving initial (3.12) and final (3.13) eigenvalue

problems respectively. MAC values would provide an understanding of how the modes

behave in the middle of the parameter interval. In the case of the closeness of two modes,

like it is shown in Figures 4.22(b) and 4.22(c), the interpolation between modes of the
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same type should be carried out as

ûi =
(pf − p)u0i + sgn[uT

0iufi+1](p− p0)ufi+1

pf − p0
,

ûi+1 =
(pf − p)u0i+1 + sgn[uT

0i+1ufi](p− p0)ufi

pf − p0
,

(4.16)

where parameter p is in a range p0 ≤ p ≤ pf . The i th eigenvector is used in linear

interpolation with (i+1)-th eigenvector and vice versa. Signum function is calculated

between interpolated eigenvectors accordingly. The origin of Equation (4.16) goes from

interpolation (3.15) presented before. However, Equation (4.16) is a hybrid interpolation

between two eigenvectors from the interval edges that are swapped in order to achieve

an interpolation between modes of the same type. When modes are clearly separated,

Equation (3.15) should be used for interpolation. The proposed strategy of identifying

mode behaviour and choosing what equation to use is presented in Algorithm 4.1.

An illustrative example. The hybrid interpolated modes method, presented in this

section, is now applied to the vibration example of a parametrised tapered lamina,

presented in Section 4.2.1. MAC values between exact eigenvectors u0 and uf for the

Figure 4.23: MAC between exact eigenvectors u0 and uf for the first fifteen
modes.

first 15 modes are calculated and shown in Figure 4.23. As it was explained in Sections

4.2.2, a dark square (MAC≈ 1) in a diagram corresponds to an excellent eigenvector

alignment. In Figure 4.23, one can see that there are regions where a diagonal of

dark segments collapses, which is highlighted by red circles. This indicates close mode

interaction. In this example, the 13th mode from the initial eigenvector u0 correspond to

the 14th mode of the eigenvector from the end of the interval and vice versa. Similarly,
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the 9th mode correspond to the 8th. Even though, the 8th mode are aligned slightly

better with 10th mode, the hybrid method are applied to the 8th and 9th modes, as

correspondence of the 9th mode from u0 to 8th from uf is dominant. The 15th mode

cannot be analysed properly since mode number 16 was not computed. The 13th and

14th mode shapes from the initial and final references are presented in Figures 4.24 and

4.25 respectively. These mode shapes are extracted from the ABAQUS environment for

illustration of different mode types. The 13th mode shape that correspond to the first

design scenario, i.e. p = p0, shown in Figure 4.24(a), is of completely different mode type

than one at the final parameter stage, i.e. p = pf , presented in Figure 4.24(b). The same

trend could be observed in Figure 4.25. Interestingly, mode types from Figures 4.24(a)

and 4.25(b) are of the same kind. Similarly, modes presented in Figures 4.24(b) and

4.25(a) look alike. Therefore, the origin of the mode shapes has been changed in the

middle of the parameter interval.

The parameter dependence of exact eigenvalues number 13 and 14 is presented in Fig-

ure 4.26 for illustration. This illustrates the mode order swapping as suspected before.

Based on Equation (4.16), the 13th mode that corresponds to the parameter p0 (Fig-

ure 4.24(a)) is interpolated with the 14th at pf (Figure 4.25(b)). The eigenvalue number

14 at initial reference of a parameter interval (Figure 4.25(a)) is interpolated with 13th

at the final reference (Figure 4.24(b)). Similar procedure is done for the 8th and 9th

modes. The results obtained by the hybrid interpolated modes method is compared

with the interpolated modes approach without accounting for mode order swapping,

which are marked by black dots and dotted line respectively in Figure 4.27. Based on

the exact eigenvalues, marked by a solid red line in Figure 4.27, the accuracy for the

8th eigenvalue has changed dramatically using a hybrid method, as black dots are in

better agreement with the solid red line compared to the dotted line, that represents the

interpolated modes method. Despite the fact that 9th eigenvalue approximated by hy-

brid interpolated modes method shows worse accuracy at p = 0.072 m and p = 0.078 m

than by the proposed method without accounting for mode order swapping, the average

error of eigenvalues obtained from hybrid approach is lower than those based on the

interpolated modes method. The 13th and 14th eigenvalues, approximated by the hybrid

method, which is marked by black dots in Figure 4.27(b), are more accurate than those

(a) (b)

Figure 4.24: The 13th mode shape of a tapered lamina at p0 (4.24(a)) and pf
(4.24(b)) extracted from the commercial code ABAQUS.
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(a) (b)

Figure 4.25: The 14th mode shape of a tapered lamina at p0 4.25(a) and pf
4.25(b) extracted from the commercial code ABAQUS.

obtained by the interpolated mode method without consideration to the possibility of

mode swapping, marked by a dotted black line.

The example presented shows that the way of evaluating the interpolated vector depends

on modes interactions, i.e. a type of trajectories, shown in Figure 4.22. MAC is used

to successfully identify eigenmodes interaction. When such an interaction is cheaply

detected, the hybrid method, presented in this section, could be applied to approximate

closely spaced eigenvalues. Whereas, the original interpolated modes method, presented

in Chapter 3, is used for the rest of the modes, which are clearly separated. The

interpolation between the modes of different type leads to an inaccurate approximation

which is presented in Figure 4.11. Now the method distinguishes what interpolation,

Equation (3.15) or its hybrid (4.16), needs to be used. This is implemented by if/else

conditions in Algorithm 4.1 for demonstration.

In fact, the hybrid interpolated modes method requires, the same computational effort

as the interpolated modes method but provides more accurate approximation for cases

of mode swapping. The only increase in time compared to the previous example is MAC

Figure 4.26: The dependence of the 13th and 14th eigenvalues and their mode
shapes at the parameter ends.
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(a) (b)

Figure 4.27: The eighth, ninth (4.27(a)) and thirteenth, fourteenth (4.27(b))
eigenvalues as functions of the parameter h2 of the vibration problem of a ta-
pered lamina, computed exactly (solid red line), by the interpolated modes
method without mode order swapping (dotted black line) and with accounting
for mode order swapping (black dots).

calculations. In this example, it took 0.03 s to obtain MAC values of 15 modes, which

is considered to be minor. Therefore, the proposed method can be used to approximate

parameter-dependent eigenvalue problems in terms of symmetric matrices. The method

is accurate and computationally efficient. Moreover, it is capable of approximating two

closely spaces eigenvalues, which is shown in this section. However, we acknowledge that

the mode interaction of more than two eigenvalues is possible. Interpolation for such

case is considered for future implementation.

4.3 In-plane vibration of a deep parametrised tapered beam

In Section 4.2 several methods of approximating the eigenvalues were applied to a vi-

bration example of a parametrised tapered lamina. A thorough analysis of the results

was carried out. A proposed method for approximating parameter-dependent eigen-

values was modified considering a possible case of mode trajectories coming close to

each other resulting in mode order swapping. It involves analysis of eigenvectors align-

ment from initial & final references and two strategies of the interpolation which depend

on the eigenvalue trajectories. However, we recognise the limitations of the proposed

approach. When the modes are closely interacting more than once throughout the pa-

rameter interval, the hybrid interpolated modes method may not be able to predict

eigenvalue trajectory behaviour. In this section, we propose further improvement of the
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proposed method for such type of problems. The developed method is applied to a deep

parametrised tapered beam to test the robustness. Also, another method of approximat-

ing the eigenvalues, based on the proposed interpolation and the reduced order model,

is proposed in this section. The results calculated by both method are compared with

those obtained from the first-order perturbation.

4.3.1 Further improvement of the hybrid interpolated modes method

for unknown mode order swapping

In the real-life example, it is possible that eigenvalue trajectories would involve several

close mode interactions throughout a parameter interval. Such a case was not considered

in the previous subsection as it is more complex and requires even more careful consid-

eration of the mode order. The proposed method does not have the information of how

modes behave in the parameter interval since we solve eigenproblems exactly only at its

ends. In such a case, MAC between exact eigenvectors from initial and final references

cannot detect such complex mode behaviour. If one applies the proposed method to a

case where the modes closely interact more than once in a parameter range, it will lead

to inaccurate results in approximation. Such scenario is presented in this section for

illustration. In this case the interval is too wide for the proposed method application.

We suggest splitting the interval into smaller parts. However, we acknowledge that it is

challenging to choose a splitting point since we do not know the location of the transition

zone/point where mode type changes.

For cases where mode type rapidly changes several times throughout the parameter

range, we propose to solve an additional eigenvalue problem (4.12) at the middle of

the parameter interval. This reference represents a breaking point which divides an

interval into two smaller intervals. Then, the hybrid interpolated modes procedure,

presented in Section 4.2.5, is applied to each of the intervals. MAC values between

known eigenvectors inside each of the two intervals, i.e. MAC(u0,um), MAC(um,uf ),

are calculated to analyse modes behaviour. Depending on the trajectories of eigenvalues,

the interpolation or its hybrid is used, i.e. Equation (3.15) or (4.16) respectively. The

proposed approach is illustrated in Algorithm 4.2. We expect it to be more accurate

and robust than the application of the hybrid interpolated modes method applied to a

single parameter range [p0, pf ]. The increase in computational cost is expected due to

additional eigenproblem solution and MAC calculation. In essence, the proposal is that

of interval halving, when rapid changes in the eigenvalue trajectories take place.

An illustrative example. The proposed method is applied to in-plane vibration of

a deep parametrised tapered beam to test the accuracy of the approximation, its ro-

bustness, and its computational efficiency. The converged FE model from Figure 4.7

but with different model parameters is used here. Height h1 = 0.2 m, height h2 at the

tip of a tapered beam is treated as a design parameter that changes from 0.05 m to
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Algorithm 4.2: Modified procedure for approximating the eigenvalues of a
parameter-dependent symmetric generalised eigenvalue problem, considering possible
close mode interaction.
Input: Size of the problem, interval of a design parameter p = [p0, pf ], value of
middle reference pm, symmetric positive definite matrices K(p), M(p), N number
of modes to be approximated.

Solve three eigenvalue problems at the initial, middle and final states of the
parameter interval exactly:

[U0, λ0] =eig(K0,M0); [Um, λm] =eig(Km,Mm); [Uf , λf ] =eig(Kf ,Mf );
Normalise eigenvectors;
Calculate and analyse MAC(U0,Um), MAC(Um,Uf )
for p = p0 + 1 : pf − 1 do

Evaluate matrices K=K(p), M=M(p)
When p < pm
for mode=1:N do

if Eigenvectors u0 and um are well aligned at mode then
u0 = U0{:,mode}; um = Um{:,mode};
Interpolated vector
Û{:,mode} = [(pm − p)u0 + sgn(uT

0 um)(p− p0)um] 1
pm−p0 ;

else
u0{1} = U0{:,mode}; u0{2} = U0{:,mode+ 1};
um{1} = Um{:,mode}; um{2} = Um{:,mode+ 1};
Interpolated vectors for two closely interacting modes
Û{:,mode} = [(pm − p)u0{1}+ sgn(uT

0 {1}um{2})(p− p0)um{2}] 1
pm−p0 ;

Û{:,mode+1} = [(pm−p)u0{2}+sgn(uT
0 {2}um{1})(p−p0)um{1}] 1

pm−p0 ;

end if

end for
When p > pm
for mode=1:N do

if Eigenvectors um and uf are well aligned at mode then
um = Um{:,mode}; uf = Uf{:,mode};
Interpolated vector
Û{:,mode} = [(pf − p)um + sgn(uT

muf )(p− pm)uf ] 1
pf−pm ;

else
um{1} = Um{:,mode}; um{2} = Um{:,mode+ 1};
uf{1} = Uf{:,mode}; uf{2} = Uf{:,mode+ 1};
Interpolated vectors for two closely interacting modes
Û{:,mode} = [(pf − p)um{1}+ sgn(uT

m{1}uf{2})(p− pm)uf{2}] 1
pf−pm ;

Û{:,mode+1} = [(pf−p)um{2}+sgn(uT
m{2}uf{1})(p−pm)uf{1}] 1

pf−pm ;

end if

end for

Approximate eigenvalues λ̂ ≈ diag(Û
T
KÛ)/diag(Û

T
MÛ);

end for
Output: N number of eigenvalues that depend on parameter p calculated by the
interpolated modes method considering several close mode interactions in a
parameter range.
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0.1 m. The model contains 500 plane-strain elements (element type CPE8R) with 1621

nodes. Plane-strain elements are used since a considered beam is deep t = 1 m. Any

deformation of the plane is constrained. The ABAQUS environment [139] is used to

generate stiffness and mass matrices of the model.

(a) (b)

Figure 4.28: MAC values between exact eigenvectors u0, um (4.28(a)) and um,
uf (4.28(b)) for the first ten modes.

Firstly, two eigenproblems from initial and final references, Equations (3.12) and (3.13),

are solved exactly. Then, an additional eigenproblem (4.12) from the middle of parame-

ter range (pm = 0.072 m) is solved exactly. Within the two created intervals, i.e. [p0, pm]

and [pm, pf ], MAC values between eigenvectors from parameter ends are calculated and

presented in Figures 4.28(a) and 4.28(b) respectively. It can be seen that a diagonal line

of dark segments that represents an excellent vector alignment collapses at mode number

8 and 9, which is highlighted by red circles in both Figures 4.28(a) and 4.28(b). The

MAC diagrams show that the 8th mode corresponds to the 9th and vice verse in both

intervals. The dominant alignment for the 10th eigenvalue indicates on correspondence

to its own mode, which is shown by the darkest segment.

The mode shapes of eigenvalues 8-10 at three taken references are extracted from the

ABAQUS environment to illustrate the importance of the third reference and hence ne-

cessity of the method improvement. The 8th, 9th and 10th exact eigenvalues as functions

of a parameter together with their mode shapes at three reference points are presented

in Figure 4.29. Here we can see that two modes (8 and 9) interact with each other

more than once in a given parameter range. The origin of the mode shapes is changed

to a different type and then changed to its original type. It is impossible to determine
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this issue, knowing only eigenvectors from the parameter ends. Hence, MAC between

eigenvectors u0 and uf from parameter ends cannot detect such modes behaviour.

MAC between initial u0 and final uf eigenvector for the first ten modes are calculated

and presented in Figure 4.30(a). It indicates that the alignment between the 8th and

the 10th modes. Figure 4.29 shows that the 8th mode shape at the initial state is of

the same type as 10th mode shape at the final state. Similar case is observed with 10th

mode shape at p = p0 and 8th at p = pf . Figure 4.30(a) also shows that alignment

between initial and final eigenvectors at the 9th mode is excellent. From Figure 4.29

one can see that mode shapes of the 9th eigenvalue at parameter edges are of the same

type (e.g. Type I). However, the mode shape rapidly changes to Type II further along

from the initial state. Then, the mode shape changes back to Type I, closer to the final

references. Such trajectories of the eigenvalues cannot be detected by MAC between

eigenvectors from parameter ends, which is illustrated in Figure 4.30(a).

The alignment shown in Figure 4.30(a) is misleading. The interpolation considering

mode swapping between the 8th and the 10th eigenvectors, according to MAC(u0,uf ),

would lead to inaccurate approximation. For illustrating the limitation of the present

method (to be resolved later), the interpolation with mode order swapping is applied to

modes 8 and 10. The computed results are shown in Figure 4.30(b). According to the

exact eigenvalues, that are marked by the solid red line, the modes are not very close to

Figure 4.29: The dependence of the 8th, 9th and 10th eigenvalues and their mode
shapes at three taken reference points.
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(a) MAC values between exact eigenvectors u0 and uf

from initial and final eigenvalue problems respectively
for the first ten modes

(b) The eighth and the tenth eigenvalues as functions
of parameter h2 computed exactly (solid red line) and
by the interpolated modes method accounting for mode
order swapping (dotted black line)

Figure 4.30: MAC between eigenvectors from parameter ends and the eigen-
values approximated by proposed method using swapping between 8th and 10th

modes.

each other as expected from MAC results. The reason can be traced back to Figure 4.29

where one could notice that the mode type associated with λ9 at the left end undergoes

mode swapping twice within the parameter range – it is the second largest eigenvalue

at the left end, which transitions into becoming the smallest eigenvalue in the middle

and again back to the middle value at the right end. Therefore interpolating between

similar mode types will not work if rapid transitions between the two ends take place

(highlighting that we are pushing the method too far, i.e. the interval is very large).

Interpolation between similar mode types at the ends of the intervals (see Figure 4.29)

leads to approximations given by black dots in Figure 4.30(b), whereas the solid red

line represents direct calculations. Percentage error in the middle of interval reaches

6.4%. This suggests the resolution of the issue – i.e. there is a need for one more exact

reference.

The proposed method, presented in Algorithm 4.2, which combines mode swapping with

an increased point of exact evaluation to shorten the parameter interval, is now applied

to an in-plane vibration problem of a parametrised deep tapered structure. The first ten

eigenvalues are calculated: (i) exactly, (ii) by the modified hybrid method using Algo-

rithm 4.2, and (iii) the Rayleigh quotient approximation based on fixed modes at param-

eter ends. Based on Figure 4.28, the interpolation with mode order swapping, Equation

(4.16), is applied for the 8th and the 9th modes at [p0, pm] and [pm, pf ]. Whereas, the

interpolation without mode order swapping, Equations (4.14) and (4.15), is applied to

the rest of the modes (including the 10th) at two small intervals respectively.
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The results computed results for the swapped modes are shown in Figure 4.31. Compare

this with Figure 4.30(b). The black dots that previously crossed now are in excellent

agreement with the solid red line, which corresponds to the exact eigenvalues. Fig-

ure 4.31 demonstrates huge difference in accuracy of approximations compared to the

results shown in Figure 4.30(b), by just including one extra evaluation point in a pa-

rameter range with three interacting eigenvalue trajectories and multiple mode order

swapping. The maximal percentage error now is within 0.2%. The accuracy of eigen-

value obtained by the proposed method is 32 times better compared to results obtained

by using Algorithm 4.1 and shown in Figure 4.30.

The first and the second eigenvalues as functions of parameter, for the same mechanical

problem, are presented in Figure 4.32. It can be seen that eigenvalues computed by

the proposed method, marked by black dots, are in excellent agreement with exact

eigenvalues, marked by a thick red line. Rayleigh quotient approximation that makes

use of the fixed modes at initial and final states of parameter range provides accurate

results closer to the taken references, but rapidly deteriorates away from the reference

point – very much a symptom of many perturbative approaches too. The proposed

approach shows the approximation that copes with finite changes in the parameter (in

the present example by 100%). This demonstrates the superiority of choosing trial

vectors that are interpolated interpolated modes.

The computational time of the method proposed in this section is increased compared to

the hybrid interpolated modes method presented in Section 4.2.5. Here, MATLAB re-

quired additional 4.40 s to solve a large eigenvalue problem exactly and 0.13 s to calculate

Figure 4.31: The eighth, ninth and tenth eigenvalues as functions of parameter
h2 of the vibration problem of the deep parametrised tapered beam computed
exactly (solid red line) and by hybrid interpolated modes method (black dots)
considering middle reference and MAC results.
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MAC. However, the computational gain is still achieved. Calculations in the MATLAB

environment require 13.67 s to approximate ten eigenvalues, using Algorithm 4.2, which

is 3.4 times cheaper than solving the considered parameter-dependent eigenvalue prob-

lem exactly. This comparison highlights the importance of strength of the method even

with the additional complexity of closely interacting modes (crossing and/or veering).

In summary, further improvement to the hybrid interpolated modes (that combines

MAC calculations) was presented in this section. It was required for cases where eigen-

modes interact with each other more than once throughout a parameter range. In such

case, it is impossible to obtain accurate approximation without additional computa-

tional budget, with information only at the ends of parameter interval. We suggested to

split the interval by calculations at one more exact reference points. The method was

applied to an in-plane vibration example of a deep parametrised tapered beam. The ad-

ditional eigenvalue problem in the middle of the parameter interval was solved exactly.

The MAC values were calculated between exact eigenvectors. The interpolated modes

method showed excellent accuracy for modes that are clearly separated. The Rayleigh

quotient approximation based on fixed references at the ends of the parameter inter-

val provides accurate approximation closer to the taken reference. The error increases

further away from the reference point. The interpolation with mode order swapping,

presented in Section 4.2.5 was applied to modes 8-9 based on MAC diagrams. The

computed results for closely neighbouring modes showed excellent agreement with exact

eigenvalues. However, one additional reference might not be enough for really complex

situation and it is inevitable that one has to pay for it in terms of computational time.

(a) (b)

Figure 4.32: The first (4.32(a)) and the second (4.32(b)) eigenvalues as functions
of parameter h2 of the vibration problem of the deep parametrised tapered beam
computed exactly (thick red line), by interpolated modes method (black dots)
and reference fixed mode based Rayleigh quotient (thin lines as labelled).
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The example presented in this section clearly highlights that a proposed method has

its limitations, however it can be made more robust by multiple approaches. In case

of close mode interaction one needs to brake interval into smaller pieces and consider

approximating eigenvalues inside smaller intervals.

4.3.2 Combining reduced order modelling with mode interpolation

Recognising the strengths and limitations of the proposed scheme, we combine in this

section the strengths of reduced order modelling with those of true-component-rich in-

terpolated modes based trial vectors. The approach is based on reduced order modelling

with moderately large number of modes chosen in the basis (as opposed to just two in

Section 4.2.3), whereas mode interpolation is carried our at intermediate points within

the interval. It is of our interest to compare results from this approach with those

presented earlier. The method that achieves the highest computational gain and accu-

racy for a parameter-dependent symmetric generalised eigenproblem is identified. The

essence of the method is reducing n×n eigenvalue problem to one of a smaller size. The

approximate eigenvalues are obtained from solving a reduced eigenproblem. Here, we

aim to combine a proposed interpolation and a reduced order model into one method.

Algorithm 4.3: Computationally economical procedure for approximating the
eigenvalues of a parameter-dependent symmetric generalised eigenvalue problem us-
ing reduced order model and the proposed interpolation.

Input: Size of the problem, interval of a design parameter p = [p0, pf ], symmetric
positive definite matrices K(p), M(p), N number of modes to be approximated.

Solve two eigenvalue problems at initial and final states of parameter range exactly:
[U0, λ0] =eig(K0,M0);
[Uf , λf ] =eig(Kf ,Mf );
Normalise eigenvectors;
for p = p0 + 1 : pf − 1 do

Evaluate matrices K=K(p), M=M(p)
for mode=1:N do

u0 = U0{:,mode};
uf = Uf{:,mode};
Interpolated vector
Û{:,mode} = ((pf − p)u0 + sgn(uT

0 uf )(p− p0)uf )/(pf − p0);

end for
Reduced order model of size N ×N :

Evaluate KR = Û
T
KÛ, MR = Û

T
MÛ;

Solve [UR, λR] =eig(KR,MR) to receive approximate eigenvalues.
end for
Output: N number of eigenvalues that depend on parameter p calculated by
reduced order model using proposed interpolation.

As in previous examples, eigenvalue problems from the left-end-associated (3.12) and

the right-end-associated (3.13) references of parameter range should be solved first.
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Equation (3.15) is then used to obtain interpolated vectors using exact eigenvectors u0

and uf . N � n number of computed interpolated vectors are stored into one matrix Û.

Then, the reduced eigenvalues problem (4.8) is formed. The reduced stiffness and mass

matrices are given by

KR = Û
T
K(p)Û and MR = Û

T
M(p)Û (4.17)

respectively. Here, K(p) and M(p) are the reduced order stiffness and mass matrices of

size N × N . Note that these reduced order matrices keep the parametric dependence

within them. The approximates eigenvalues are obtained from solving a reduced eigen-

value problem (4.8). Solving a reduced eigenvalue problem is a cheap operation, since

N � n. The most computationally expensive steps in a proposed procedure is solving

two eigenproblems exactly and evaluating reduced matrices. We expect the method to

be less expensive than solving a parameter-dependent problem exactly. The developed

method is presented in Algorithm 4.3.

An illustrative example. The proposed method is now applied to a deep parametrised

tapered structure presented in the previous section. The eigenvalues are computed in two

ways: (i) by reduced order model using interpolation and (ii) exactly. In this example,

the 3200×32000 generalised eigenvalue problem is reduced to a size of 10×10. Six largest

eigenvalues obtained by proposed method are presented in Figure 4.33 for illustration.

Excellent agreement is observed with respect to the exact but expensive calculations.

In Figure 4.33(a) approximate eigenvalues, which are marked by blue diamonds, are in

(a) (b)

Figure 4.33: Eigenvalues 5-10 as functions of parameter h2 of the vibration
problem of the deep parametrised tapered beam computed exactly (solid red
line) and by reduced order model using interpolation (blue diamonds).
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excellent agreement with exact eigenvalues, which are marked by the solid red line. The

maximum errors for the first ten eigenvalues are within 1%.

In the previous example, we encountered a case of close mode interaction. The computed

8th, 9th and 10th eigenvalues are presented in Figure 4.33(b). The proposed method

of reduced order model using interpolation provides satisfied accuracy for these modes.

Comparing Figures 4.31 and 4.33(b) one can see that the method based on reduced mod-

elling gives slightly worse accuracy for closely spaced modes than the interpolated modes

method considering splitting interval and mode order swapping. Maximum percentage

error of 9th eigenvalues computed by the reduced order approach reaches 0.9%, whereas

the maximum error calculated from modified hybrid interpolated modes method, pre-

sented in the previous example, is 4.5 times smaller.

In the method presented here, we avoid the calculations of additional reference and

MAC values. MATLAB requires 9.65 s for the reduced order model using the proposed

interpolation. Out of this time, evaluating and solving the reduced order problem took

0.22 s, as expected. The exact calculation of a parameter-dependent eigenvalue problem

was completed in 45.41 s, which is 4.7 times less compared to a method proposed in this

section.

In summary, the reduced order model based on the interpolation between eigenvectors

from initial and final references was proposed in this section. The method was then

applied to an in-plane vibration example of a deep tapered beam. The eigenvalues ob-

tained were in excellent agreement with exact but expensive calculations. Maximum

percentage errors along a parameter range for the first ten computed modes were within

1%. The results obtained were compared with those presented in the previous section.

The reduced order model approach based on an interpolation is computationally cheaper

but less accurate the modified hybrid interpolated modes method. The advantage of the

reduced order approach compared to a hybrid method, presented in the previous sec-

tion, is avoidance of additional calculations, such as MAC and eigenproblem at middle

reference. Even though the modified hybrid interpolated modes method gains a compu-

tational efficiency in our example it might not be the case for a large number of required

eigenvalues.

4.3.3 Comparison with the first-order perturbation method

Perturbation methods are one of the most common methods for approximating eigenval-

ues. Therefore, we are interested in comparing eigenvalues computed by the proposed

interpolated modes based approach with those obtained from the first-order perturbation

method.

Equation for the first-order perturbation (see e.g. [150]) based on eigenvector x0 from

(3.1) was derived for a parameter-dependent standard eigenvalue problem (2.5), which
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is taken up next. The first order perturbation based formula turns out to be exactly the

same as that for Rayleigh quotient for fixed reference trial vectors, because

λ̊(p) = λ0 + ∆λ =
xT

0 A0x0

xT
0 x0

+
xT

0 ∆Ax0

xT
0 x0

=
xT

0 (A0 + ∆A)x0

xT
0 x0

=
xT

0 A(p)x0

xT
0 x0

= λ̃(p).

(4.18)

From Equation (4.18), Therefore the first-order perturbation of eigenvalues of a stan-

dard eigenvalue problem is identical to Rayleigh quotient approximation based on fixed

reference initial reference at parameter interval, Equation (3.5). Similar result also holds

for the reference taken as eigenvector xf – the mode at the right end of the parameter

interval, Equation (3.2). So, the first-order perturbation provides the same results as

that obtained from the fixed reference based Rayleigh quotient approximation, which

was compared to the proposed method above. Therefore, there is no need to repeat the

numerical experiment in account of perturbation theory.

The analysis for a parameter-dependent generalised eigenvalue problem is considered

next. As it was stated before, a Rayleigh quotient for standard and generalised eigen-

value problems is different. The difference between between approaches, Rayleigh quo-

tient based approximation, shown in Equation (3.16) and the first-order perturbation,

was established [150]. Unlike the case of standard eigenvalue problem, equations for

eigenvalue approximation in generalised case are different, i.e.

λ̊(p) = λ0 + ∆λ =
uT

0 K0u0

uT
0 M0u0

+
uT

0 (∆K− λ0∆M)u0

uT
0 M0u0

6= uT
0 K(p)u0

uT
0 M(p)u0

= λ̃(p). (4.19)

The full derivation is shown in Appendix A. Similar analysis could be carried out in

terms of an eigenvector uf from Equation (3.13).

For illustration, the first-order perturbation method is applied to a problem of a tapered

beam presented in Section 4.3.1. The fist ten eigenvalues are calculated: (i) exactly,

(ii) by the hybrid interpolated modes method, (iii) by the Rayleigh quotient approxima-

tion using reference fixed modes and (iv) by the first- order perturbation theory based

on initial and final states. The methods (i)-(iii) are applied to the example of tapered

beam before, which was shown in Section 4.3.1. In this section, we compare results com-

puted by the first-order perturbation approach to eigenvalues calculated by the methods

stated above.

Four arbitrarily chosen eigenvalues, i.e. λ1, λ2, λ4 and λ7, that depend on a parameter

(the height h2 at the tip of a tapered beam) are presented in Figure 4.34 for illustration.

It can be seen that the approach presented in this work, marked by black dots, provides

excellent accuracy because it is very close to the exact eigenvalues, marked by solid red

line, as it was shown before in Figure 4.32. The trend of eigenvalues computed using

perturbation theory is similar to those calculated by the reference fixed mode based

Rayleigh quotient. Both methods depended on fixed initial and final references, marked
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(a) (b)

(c) (d)

Figure 4.34: The first (4.34(a)), the second (4.34(b)), the fourth (4.34(c)) and
the seventh (4.34(d)) eigenvalues as functions of parameter h2 of a vibration
problem of the deep parametrised tapered beam computed exactly (thick red
line), by the interpolated modes method (black dots), reference fixed mode
based Rayleigh quotient (thin lines as labelled) and the first-order perturbation
method (blue and dark green crosses).

with green and blue colour-code respectively. In Figure 4.34, the perturbed eigenvalues,

marked by dark green crosses, are less accurate than those obtained from Rayleigh

quotient approximation based on an initial fixed reference, marked by thin green line,

which is closer to the exact eigenvalues. Figure 4.34 also shows that the first-order
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perturbation method based on uf provides similar or better accuracy of approximation

compared to the Rayleigh quotient approach using fixed final reference, as blue crosses

overlap or are below thin blue line respectively.

The opposite situation is observed with eigenvalues obtained by the first-order pertur-

bation method based on u0 and Rayleigh quotient approximation based on an initial

reference. In Figure 4.34 it is shown that dark green crosses are higher than thin green

line and further from exact eigenvalues. It highlights that eigenvalues computed using

the perturbation theory are less accurate than those by Rayleigh quotient based approx-

imation, which makes use of the actual parametric dependence of matrices (although

ignores eigenvector dependence over parameters due to the reference being fixed).

In summary, a host of competing approaches based on the use of interpolated modes

within a Rayleigh quotient approximation were presented. The strength of the approach

present here lies in the richness of the interpolated modes giving the results excellent

accuracy, while using just one mode enables us to gain in computational expense. There

are situations arising from large parameter range and/or mode order swapping within

an interval due to eigentrajectories crossing or veering. Approaches to deal with such

situations were presented, which involve detection of mode order swapping using in-

expensive calculations, combination of model order reduction with mode interpolation,

etc. Previously reported approaches essentially amount to first order perturbation –

the proposed approach appears to be superior in terms of accuracy and computational

expense.

4.4 Conclusions

In this chapter, the interpolated modes method was applied to practical vibrations prob-

lems of a parametrised ring and a tapered structure. For these problems, Algorithm 3.4,

which was presented in Section 3.2, for a parameter-dependent symmetric generalised

eigenvalue problem, was used. Stiffness and mass matrices of the problems were ex-

tracted from the ABAQUS environment where FE models were designed. The proposed

method showed excellent agreement with exact eigenvalues and significant computa-

tional economy. The eigenvalues obtained by the interpolated modes method showed

better accuracy compared to those calculated by Rayleigh quotient approximation that

is based on fixed reference modes at the ends of parameter interval. A similar trend

as fixed modes based Rayleigh quotient approximation showed the first-order perturba-

tion method, where the accuracy of the approximation decreases further away from the

reference point.

Several different approximation methods were applied to the same example to get sat-

isfactory accuracy when eigenmode trajectories come close on the parameter plane and

cross each other or veer. Firstly, the two-term Rayleigh-Ritz reduced order model was
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used to approximate eigenvalues. The essence of the method is reducing n×n eigenprob-

lem to the size of 2× 2. Then the reduced order eigenvalue problem is solved to obtain

eigenvalue approximation. It appeared that MAC calculations need to be carried out

for each parameter value since it is not obvious which out of two eigenvalues one should

treat as a required approximation. Moreover, the method itself is computationally more

expensive than the proposed method.

The interpolated modes method using quadratic interpolation was presented and ap-

plied to a tapered structure example. The method makes use of additional reference in

the middle of the interval. The interpolated vectors were obtained using three exactly

calculated references. The computed eigenvalues showed improvement for some modes.

The computational time was increased, compared to the interpolated modes method,

since one more eigenproblem was calculated exactly. Another strategy that makes use

of an exactly calculated middle reference that splits the parameter interval into two

smaller intervals was proposed. Then linear interpolation took place at each parameter

interval. The eigenvalues were obtained using Rayleigh quotient in terms of evaluated

interpolated eigenvectors. The method showed improvement in accuracy and required

the same amount of time as the proposed method based linear interpolation for the

whole parameter range. However, none of these two methods appeared to be consistent

in terms of accuracy for a case of closely spaced eigenvalues.

A hybrid interpolated modes method for cases with uncertain separation of modes was

proposed. After solving two eigenvalue problems exactly, the analysis of modes behaviour

using MAC was held. This helped to find closely interacting modes. In case of clear

separation of modes, the interpolated modes method, presented in Chapter 3 was used.

When an eigenvalue was very close to its neighbouring one, the interpolation between

swapped exact eigenvectors was carried out according to the vectors alignment shown

in MAC. This approach highly improved the accuracy of the approximation for closely

interacting modes and made a capability of the interpolated modes method stronger.

However, when modes interact more than once in a parameter interval, it is not possible

to predict mode behaviour based on only eigenvectors from parameter ends. Thus, the

interval should be divided into smaller parts to apply the proposed method. The alter-

native method of approximation the closely spaced modes is proposed. The approach

combines mode interpolation with model order reduction effectively. The method avoids

detection of mode order swapping by MAC calculations.



Chapter 5

An approximation for

parameter-dependent

skew-symmetric eigenvalue

problems with applications to

gyroscopic systems

The method proposed in Chapters 3-4 is based on the use of interpolated eigenvectors

as trial vectors within a one-term Rayleigh-quotient approximation. Excellent accu-

racy combined with computational efficiency were observed in numerical examples. The

approach for a parameter-dependent symmetric eigenvalue problem is developed for a

parameter-dependent skew-symmetric eigenproblem.

Structural problems that possess gyroscopy, typically encountered in the analysis of ro-

tating elastic structures, are considered in this chapter. Eigenvalue problems in terms of

a skew-symmetric matrix arise in the dynamics of different kinds of rotating structures

like spinning disks, hard drive, helicopter blades, vacuum cleaner, washing machine, etc.

Free vibration of flexible structures which move axially such as a conveyor belt, band

saw, chainsaw, vibration of pipes conveying fluids, etc. [151] also lead to similar mathe-

matical structures. Several gyroscopic examples with rotation and axial movements are

presented in Figure 2.3. All these examples possess some common mathematical features

that are generic to this class of problems. The governing equation of motion involves

two real symmetric matrices associated with the inertia and stiffness of the structure

whereas gyroscopy, arising from the linear term within the kinetic energy, leads to a

skew-symmetric matrix [63].
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Approximate but inexpensive calculations, which are used at early stages of design, are

sought for this class of problems. A scheme for approximating the natural frequencies

of undamped gyroscopic systems is presented in the present work. When dumping in

a system is light, undamped natural frequencies are very close to the damped natural

frequencies. Therefore, undamped vibration analysis is of great practical importance

as it is economical, yet contains information about structural resonances. The un-

damped structures, considered in this chapter, arise in two important classes of physical

problems–those that are associated with convecting velocity, or those that possess rota-

tional speed. The resulting generalised eigenvalue problem is in terms of a symmetric

and a skew-symmetric matrices.

Eigenvalues associated with the free vibration of the two classes of physical problems

discussed above are purely imaginary. The nature of the associated eigenvalues, the or-

thogonality relation and the Rayleigh quotient are different from those for a symmetric

eigenvalue problem discussed in Chapter 3. Whereas damped gyroscopic systems lead to

a general case, which is considered in the next chapter. Numerical examples show excel-

lent accuracy while affording significant computational economy compared with exact

calculations at each parameter step. The computational gain is found to be relatively

more notable when the size of the considered problem is large. However, we recognise

the limitations of the method. When the system is unstable throughout the parameter

range, it is challenging to receive an accurate approximation.

5.1 Skew-symmetric matrices in structural dynamics

Skew-symmetric matrices naturally arise in the structural dynamics of a range of me-

chanical problems. Of these, two classes of practical problems–when a flexible structure

is rotating and when axially convecting elastic continua undergoes transverse dynamics–

give rise to skew-symmetric coefficient matrices of the generalised velocity terms in the

governing equation of motion. A schematic representation of two typical simple struc-

tures that belong to the two classes of problems mentioned above is shown in Figure 5.1.

The gyroscopy term G in Equation (2.4)–which describes a general dynamical system–

arises from Coriolis forces. Coriolis forces are pseudo-forces and are associated with

terms in the kinetic energy that are linear in generalised velocities [15]. The kinetic

energy expression for such rotating structures takes the form of

T = T0 + T1 + T2, (5.1)

where T0 is a term independent of generalised velocities, T is linear in generalised

velocities, whereas T2 is quadratic in generalised velocities. For the dynamics of non-

rotating structures, the kinetic energy expression has only the quadratic terms, i.e. T2.

When the dynamics are expressed as field equations, the governing equation(s) of motion
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(a) (b)

Figure 5.1: Elastic structures whose dynamics exhibits gyroscopy and are asso-
ciated with skew-symmetric matrices in a discrete or discretised model.

contain differential operators that have intrinsic skew-symmetry. For finite degrees of

freedom systems, such as those encountered in discrete or discretised models, T has the

following form [15]:

T1 = qTFq̇. (5.2)

The governing equation of motion contains a skew-symmetric matrix G given by [15]

G = FT − F = −GT . (5.3)

Very similar mathematical structures arise in the dynamics of axially convecting elastic

media [152].

The method proposed earlier is now further extended to the case of parameter-dependent

eigenvalue problems in terms of a skew-symmetric matrix. Since the eigenvalues are not

real any more, the approach needs adapting to account for a different set of orthogonal-

ity relations as well as Rayleigh quotient. Moreover, an undamped gyroscopic system

involves three coefficient matrices. To cast the problem as a generalised eigenvalue prob-

lem in terms of two matrices, the equations of motion need to be expressed in the state

space, before approximations can commence. This is taken up next.
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5.2 An approximation for parameter-dependent eigenvalue

problems with undamped gyroscopic terms

The equation of free motion for undamped gyroscopic system is obtained by removing

damping and circulatory matrices C=H=0 in Equation (2.4). Hence, the gyroscopic

systems are expressed as [15]

Mq̈(t) + Gq̇(t) + Kq(t) = 0, (5.4)

where K and M are real symmetric stiffness and mass matrices of size n×n respectively,

G is n× n skew-symmetric gyroscopic matrix. Seeking a synchronous solution for (5.4)

leads to a λ-matrix problem of the form [153,154]:

(λ2M + λG + K)w = 0. (5.5)

Standard computer codes do not have routines that deal with such eigenproblems di-

rectly. Instead, a standard or a generalised eigenvalue problem needs solving. Equation

(5.5) can be cast as a generalised eigenvalue problem of double the size as that of (5.5)

by writing the latent 2n-dimensional space as u = [λwT | wT ]T . Free vibration prob-

lem associated with the first order state space equation is then given by the following

generalised eigenvalue problem

G∗u = −λM∗u, (5.6)

where G∗ =

[
G K

−K 0

]
is 2n × 2n skew-symmetric matrix, M∗ =

[
M 0

0 K

]
is a

2n×2n positive definite symmetric matrix [15], u is an eigenvector and λ is an associated

eigenvalue.

In design scenarios, we are often interested in studying the dynamics of structures when a

parameter of the problem takes values within an interval. The geometry of engineering

structures depends on a set of design parameters, such as thickness, length, height,

material properties, etc. For gyroscopic systems such as those described in the previous

section, in addition to structural and material parameters, rotational speed Ω or the axial

convection velocity v serve as the parameter p. For such a practical design Equation (5.6)

can be expressed as a parameter-dependent eigenvalue problem

G∗(p)u(p) = −λ(p)M∗(p)u(p), p0 ≤ p ≤ pf , (5.7)

where p is a design parameter. Solving several eigenvalue problems at early stages of

design leads to a large number of evaluations, which is computationally expensive. Here

we propose an approximation for a parameter-dependent eigenvalue problem, accurately

and computationally economically.
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Algorithm 5.1: Computationally economical procedure for approximating the
eigenvalues of a parameter-dependent skew-symmetric generalised eigenvalue prob-
lem.
Input: Interval of a design parameter p = [p0, pf ], symmetric matrices M and
K(p), skew-symmetric matrix G(p), N number of modes to be approximated.

Evaluate matrices G∗(p) =

[
G(p) K(p)

−K(p) 0

]
; M∗(p) =

[
M 0

0 K(p)

]
.

Solve two eigenvalue problems at initial and final states of parameter range exactly:
[U0, λ0] =eig(G∗0,−M∗

0);
[Uf , λf ] =eig(G∗f ,−M∗

f ).
Normalise and sort eigenvectors;
for p = p0 + 1 : pf − 1 do

Evaluate matrices G∗ = G∗(p) and M∗ = M∗(p)
for mode=1:N do

u0 = U0{:,mode};
uf = Uf{:,mode};
Interpolated vector
Û{:,mode} = ((pf − p)u0 + sgn(uH

0 uf )(p− p0)uf )/(pf − p0);

end for

Approximate eigenvalues λ̂ ≈ diag(−Û
H

G∗Û)/diag(Û
H

M∗Û);
end for

Output: The imaginary parts Im(λ̂) of N number of eigenvalues that depend on
parameter p calculated by the interpolated modes method.

The essence of the proposed method, which is presented in Algorithm 5.1, is solving the

eigenvalue problem at the ends of a parameter interval and approximating the rest of

eigenvalues using Rayleigh quotient with an interpolated vector. Consider a generalised

eigenvalue problem of the form (5.7), where G∗ is a skew-symmetric matrix. At first,

the following eigenvalue problems need be solved exactly

G∗0u0 = −λ0M
∗
0u0, G∗fuf = −λfM∗

fuf , (5.8)

where p0 ≤ p ≤ pf , G∗0 = G∗(p = p0), M∗
0 = M∗(p = p0), G∗f = G∗(p = pf ) and

M∗
f = M∗(p = pf ). The eigenvalues of an eigenproblem in terms of a skew-symmetric

matrix are purely imaginary, which do not appear in order after solving a problem

in the MATLAB environment [15, 136]. Therefore, the eigenvalues need to be sorted

accordingly to some criteria. Eigenvectors need to be arranged correspondingly.

The Rayleigh quotient definition for eigenvalue problem (5.7) in terms of a symmet-

ric and skew-symmetric matrices differs from one defined in Chapter 3 for symmetric

case [61]. The difference in the expressions for the Rayleigh quotient is attributed to

differences in the orthogonality relations depending upon the symmetry, definiteness,

etc of the matrices concerned. A rotating flexible structure, or convecting elastic media

exhibit gyroscopy–associated with this is a skew-symmetric matrix. The solutions of the

eigenproblem (5.6) are not real. The eigenvalues appear as n pairs of purely imaginary
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complex conjugates. The corresponding eigenvectors also appear as complex conjugate

pairs [61,63,64]. The approximate eigenvalues are calculated by Rayleigh quotient for a

skew-symmetric matrix pencil as

λ̂(p) = − ûH(p)G∗(p)û(p)

ûH(p)M∗(p)û(p)
, p0 ≤ p ≤ pf , (5.9)

with exact matrices at each value of p, i.e. using G∗(p) and M∗(p) respectively and a

trial vector being taken as the interpolated vector given by Equation (3.15), which is

a linear interpolation between two exact eigenvectors from initial and final eigenvalue

problems (5.8) respectively. The proposed method for undamped gyroscopic systems is

applied to a rotation structure to assess its robustness.

It is of our interest to compare results obtained by the proposed method with the results

obtained by a Rayleigh quotient approximation based on fixed reference modes. While

Rayleigh quotient approximation is well known [131], here we provide trial vectors that

are parameter-dependent, and not fixed, which turn out to be rich in the direction of the

actual parameter-dependent eigenvector. Moreover, this calculation of the proposed trial

vectors is extremely economical. The performance of the proposed approximation with

respect to a fixed mode Rayleigh quotient approximation is compared next. As parameter

p of the system changes, the eigenvalues along all the parametric range, approximated

by Rayleigh quotient based on reference trial vectors at the two ends of the parametric

range, are given by

λ̃(p) ≈ uH
0 G∗(p)u0

uH
0 M∗(p)u0

,
˜̃
λ(p) ≈

uH
f G∗(p)uf

uH
f M∗(p)uf

, (5.10)

where u0 and uf are the exact eigenvectors from eigenproblems (5.8) respectively, p0 ≤
p ≤ pf . We expect this method to be less accurate than the proposed method.

5.3 A numerical example

Consider a toy problem that possess the mathematical and physical features of rotating

flexible structures as shown in Figure 5.2. The structure spins with different angular

velocity Ω, k1 and k2 are the values of total stiffness of the springs along x and y

directions respectively. The angular velocity Ω is considered as a parameter p in a

parameter-dependent eigenvalue problem (5.7) and varies from 0.1 to 0.3, i.e. Ω0 = 0.1

and Ωf = 0.3. Here, 2n× 2n matrices G∗(Ω) and M∗(Ω) are given by

G∗(Ω) =

[
G(Ω) K(Ω)

−K(Ω) 0

]
, M∗(Ω) =

[
M 0

0 K(Ω)

]
, (5.11)
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(a) (b)

Figure 5.2: Rotating vibrating structure.

where n× n gyroscopic, mass and stiffness matrices are defined as

G(Ω) = Ω

[
0 −2m

2m 0

]
, M =

[
m 0

0 m

]
,

K(Ω) =

[
k1 0

0 k2

]
− Ω2

[
−m 0

0 −m

]
= K− Ω2M.

(5.12)

A number of subdivisions of parametric range equals to ten, taken as the number of

designs to be assessed. For this numerical example, the values of the model parameters

are taken as k1 = 1, k2 = 2 and m = 1. All the values are non-dimensional and hence

only their numeric values are quoted here.

A computer code for approximating the eigenvalues for a parameter-dependent gener-

alised eigenvalue problem (5.7), in terms of skew-symmetric and symmetric matrices,

is developed in the MATLAB environment based on Algorithm 5.1. In this example,

all eigenvalues are calculated in several ways: (i) exactly, (ii) by the interpolated modes

method presented here, (iii) by Rayleigh quotient approximation based on fixed reference

modes. The exact calculations at each parametric point along all the interval are held

for research purposes. It is of our interest to compare the accuracy of methods (ii) and

(iii), as they make use of Rayleigh quotient and require almost the same computational

time. The interpolated modes method requires an extra cost for the calculation of a

trial vector, which is minor.

The imaginary parts of eigenvalues as functions of rotating speed Ω are shown in Fig-

ure 5.3. Figures for real parts are omitted eigenvalues are purely imaginary, i.e. real

part equals to zero. The obtained eigenvalues appear as two conjugate pairs, where

imaginary parts are equal but have opposite signs in each pair. The first conjugate
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(a) (b)

(c) (d)

Figure 5.3: Imaginary parts of the first four eigenvalues as functions of pa-
rameter Ω of the parameter-dependent skew-symmetric generalised eigenvalue
problem, computed exactly (thick red line), by the interpolated modes approach
(black dots) and reference fixed mode based Rayleigh quotient (thin lines as la-
belled).

pair is shown in Figures 5.3(a)-5.3(b), the second is presented in Figures 5.3(c)-5.3(d).

Eigenvalues obtained by the interpolated modes method, marked by black dots, are

in excellent agreement with those calculated exactly, as marked by thick red lines in

Figures 5.3(a)-5.3(d).

The Rayleigh quotient approximation based on exact eigenvectors u0 and uf from fixed

modes, which is presented in Figure 5.3 by thin lines as labelled, shows good accuracy

closer to the fixed points. However, the accuracy deteriorates away from those references.

The use of interpolated modes improves the accuracy impressively with respect to fixed

trial vector-based calculations.
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The maximum percentage error of the interpolated modes method in the current nu-

merical example reaches 0.3%. The highest error of approximation while using reference

fixed mode Rayleigh quotient is 3.9%, which is 13 times greater than obtained from in-

terpolated modes method. Therefore, the eigenvalues approximated by the interpolated

modes method are more accurate than those computed by references fixed mode based

Rayleigh quotient approximation.

The proposed method is not only accurate but also computationally efficient. It is

definitely cheaper to calculate only two eigenproblems from ends of parameter interval

exactly than solve all problems inside the parameter range. The approach presented here

can be applied to large-scale problems to avoid large number of expensive calculations.

5.4 Conclusions

A method for approximating the natural frequencies of undamped gyroscopic systems

is presented. The proposed method, using only two exact eigenvectors from the ends

of parametric interval and Rayleigh quotient, approximates the eigenvalues throughout

parameter range economically. The interpolated modes method was compared with

Rayleigh quotient approximation, based on a fixed reference mode, to demonstrate the

efficiency of the presented method. The approximate methods were applied to a rotating

vibrating structure. The results obtained demonstrate excellent accuracy in eigenvalue

approximation by the interpolated modes method, which was more accurate compared

to the Rayleigh quotient approximation using fixed modes. The computational gain will

be very significant if the proposed method is applied to large-scale problems, which is

in future implementation.





Chapter 6

Approximations for

parameter-dependent general

asymmetric eigenvalue problems

Eigenvalue problem in terms of symmetric and skew-symmetric parameter-dependent

matrices form two important classes of problems, viz. conservative non-gyroscopic sys-

tems and conservative gyroscopic systems, for which approximations were sought in

Chapters 3-5. Also, symmetric generalised eigenvalue problems appear in structural

stability–they involve the familiar stiffness matrix and a geometric stiffness matrix–both

matrices being real and symmetric. Here, we extend analysis presented in Chapters 3-5

for the case of general asymmetric matrices as they are encountered in several more

general practical contexts. The proposed method is inspired by a class of structural

dynamic problems in the presence of a combination of physical features e.g. gyroscopy,

control, or aeroelasticity that naturally give rise to asymmetric coefficient matrices in

their governing equations of motion.

The asymmetry in an eigenvalue problem is often a result of gyroscopic or circulatory

forces [15]. For example, matrices associated with the structural dynamics of rotating

machinery depend on a frequency of rotation [155]. Rotating structures often can be

found in our everyday life: gear wheel in a car, aircraft, vacuum cleaner, washing ma-

chine, band saw, angle grinder and etc. In this chapter we consider damped gyroscopic

systems, which lead to asymmetric eigenproblem. Undamped gyroscopic systems were

discussed in Chapter 5. Non-gyroscopic systems, but damped, can also lead to an eigen-

value problem with complex eigenvalues in the solution [15]. Examples of such systems

are the vibration of the buildings during earthquakes, aircraft wings and etc.

Here, we restrict our attention to the case of a single parameter-dependent eigenvalue

problem that is also encountered in the state space formulation of general dynamical

systems. Asymmetry of the coefficient matrices necessitates the use of a different set of

113
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orthogonality relations a new definition of the Rayleigh quotient, and the consideration

to an adjoint eigenvalue problem associated with the transpose of the original. Numerical

simulations are carried out for an asymmetric system to demonstrate how the proposed

technique works. Another method of approximating eigenvalues, i.e. two-term Rayleigh-

Ritz reduced order model, is tested on asymmetric eigenvalue problem. The accuracy

of approximation and computational gain of both methods are compared.

6.1 An interpolation based approximation for asymmetric

eigenvalue problems

Consider a parameter-dependent standard eigenvalue problem with respect to an asym-

metric matrix A(p):

A(p)x(p) = λ(p)x(p), A 6= AT , p0 ≤ p ≤ pf , (6.1)

where λ is an eigenvalue and x is a corresponding eigenvector. Several modifications

to the interpolated modes method for symmetric matrices need to be made due to an

asymmetry of the considered problem. They are dictated by new orthogonality relation-

ship for an asymmetric matrix. In case of a single real symmetric matrix, eigenvectors

are orthogonal. In asymmetric case, left and right eigenvectors of a matrix A corre-

sponding to distinct eigenvalues are orthogonal [15]. In other words, eigenvectors of the

matrix and of its transposed matrix are biorthogonal. Therefore, an eigenvalue problem

associated with transposed matrix AT needs to be solved to find left eigenvectors. So,

in this case, four eigenproblems:

A0x0 = λx0, A 6= AT , (6.2)

AT
0 y0 = λy0, A 6= AT , (6.3)

which are taken from the initial reference p = p0, where A0 = A(p = p0) and

Afxf = λxf , A 6= AT , (6.4)

AT
f yf = λyf , A 6= AT , (6.5)

as problems from the final reference p = pf where Af = A(p = pf ), are considered.

Eigenvalues and eigenvectors of an asymmetric eigenvalue problem are complex and do

not appear in an order. It is impossible to determine which complex value is larger or

smaller, as complex numbers consist of real and imaginary parts. Hence, they cannot

be sorted in ascending or descending orders. Therefore, eigenvalues need to be sorted

by some other criteria. As a conjugate pair have equal real parts, it is important to sort

the numbers within a pair in the same order too. For example, a complex number with
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a positive imaginary part is chosen first followed by one with a negative imaginary part.

The corresponding eigenvectors are normalised and sorted by order of the corresponding

eigenvalues.

When the coefficient matrices involved in an eigenvalue problem are symmetric, the or-

thogonality relations as well as the Rayleigh quotient concern only right eigenvectors.

For asymmetric matrices, biorthogonality relations exist and the Rayleigh quotient in-

volves both left as well as right eigenvectors. The Rayleigh quotient for an asymmetric

generalised eigenvalue problem is given in [62]. When we adapt this quotient for a

parameter-dependent matrix A(p), the expression becomes

λ̂(p) =
ŷT (p)A(p)x̂(p)

ŷT (p)x̂(p)
, p0 ≤ p ≤ pf , (6.6)

where ŷ and x̂ are the left and the right trial vectors respectively. Proceeding on the

lines of selecting trial vectors that are rich in the components of actual eigenvectors,

here we propose to use interpolated modes as those trial vectors given by

ŷ(p) =
(pf − p)y0 + (p− p0)yf

pf − p0
(6.7)

and

x̂(p) =
(pf − p)x0 + (p− p0)xf

pf − p0
(6.8)

respectively. These two interpolations make use of exactly calculated eigenvectors y0,

yf , x0 and xf obtained from Equations (6.3), (6.5), (6.2) and (6.4) respectively. There-

fore, the computational burden now is double for evaluating the reference vectors for

interpolation compared to the symmetric case shown in Chapters 3-4. Such a price nec-

essary for asymmetric problems. This is true even in case of exact calculations. The

symmetric eigenproblem is associated with significant computational economy with most

algorithms [156].

Exact eigenvectors are complex due to the asymmetry of the problem. The identification

of a position of exact eigenvectors by calculating an angle between them, as it is used for

symmetric eigenvalue problem (3.8) shown in Chapters 3-4, cannot be applied here, be-

cause obtained information will not be adequate. Instead, before the interpolation takes

place the exact eigenvectors are normalised. A computer program for approximating

the eigenvalues for a parameter-dependent asymmetric eigenvalue problem is developed

in the MATLAB environment and is presented in Algorithm 6.1.

The method is proposed under an assumption that the nature of eigenvalues does not

dramatically change. We recognise the limitations of the proposed method. If the nature

of eigenvalues at the ends of the parameter range is different, the accurate approximation

cannot be received by the proposed method. However, if one knows upfront the area

where the character does not change, the method can be applied to those intervals.
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Algorithm 6.1: Computationally economical procedure for approximating the
eigenvalues of a parameter-dependent asymmetric standard eigenvalue problem.

Input: Size of the problem, interval of a design parameter p = [p0, pf ], asymmetric
matrix A(p), N number of modes to be approximated.

Solve four eigenvalue problems (two from the initial and final states of parameter
range and its transpose) exactly:

[x0, λ0] =eig(A0);
[y0, λ0] =eig(AT

0 );
[xf , λf ] =eig(Af );
[yf , λf ] =eig(AT

f );

Sort and normalise eigenvectors x0, y0, xf , yf ,

for p = p0 + 1 : pf − 1 do
Evaluate matrix A = A(p)
for mode=1:N do

Right interpolated vector:
X̂{:,mode} = ((pf − p)x0 + sgn(xT

0 xf )(p− p0)xf )/(pf − p0);
Left interpolated vector:
Ŷ{:,mode} = ((pf − p)y0 + sgn(yT

0 yf )(p− p0)yf )/(pf − p0);

end for

Approximate eigenvalues λ̂ ≈ diag(Ŷ
T
AX̂)/diag(Ŷ

T
X̂);

end for

Output: The real Re(λ̂) and imaginary Im(λ̂) parts of N number of eigenvalues
that depend on parameter p calculated by the interpolated modes method.

Similarly to the examples presented in the previous chapters, eigenvalues obtained by the

proposed method is compared with those calculated by the Rayleigh quotient approach

based on fixed modes. In this case, the exact eigenvectors from four eigenvalue problems,

Equations (6.2), (6.3), (6.4) and (6.5), used in the Rayleigh quotient as

λ̃(p) ≈ yT
0 (p)A(p)x0(p)

yT
0 (p)x0(p)

,
˜̃
λ(p) ≈

yT
f (p)A(p)xf (p)

yT
f (p)xf (p)

, p0 ≤ p ≤ pf . (6.9)

Based on the results shown in the previous chapters, we expect Rayleigh quotient fixed

mode approximation to show less accurate prediction compared to the proposed method.

6.1.1 A numerical example for systems involving asymmetric matrices

Consider a parameter-dependent standard eigenvalue problem (6.1) in terms of asym-

metric matrix A 6= AT , where p is in a range 0 ≤ p ≤ 1 with ten numbers of subdivisions

over the parameter interval. Two arbitrary asymmetric matrices of size ten00 × 1000

are generated and assigned as initial A0 = A(p = 0) and final Af = A(p = 1) matrices.

A sub-matrix of size 50 × 50 is considered to be dependent on a parameter. This is

frequently encountered in practical problems that require the understanding of the sen-

sitivity of structural response to modification in substructure or component of a large
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engineering assembly. For simplicity of illustration, the entries of A(p) are taken to

be linearly varying with the parameter p within the interval using Equation (3.6), as

implemented in Chapter 3.

The proposed method is applied to the considered asymmetric eigenproblem using Al-

gorithm 6.1. After solving four eigenvalue problems, their eigenvectors need to be nor-

malised and sorted with corresponding eigenvalues. Here, the eigenvalues are sorted in

ascending order by their real parts. Such sortation is reasonable for light damping prob-

lems, since over-damped cases are rare. In this example, the first ten eigenvalues are

calculated: (i) exactly, (ii) by the interpolated modes method and (iii) reference fixed

mode based Rayleigh quotient. As eigenvalues of an asymmetric eigenvalue problem

are complex, their real and imaginary parts that depend on a parameter are analysed

separately.

The first two parameter-dependent eigenvalues that represent the conjugate pair are

shown in Figures 6.1 and 6.2 respectively. Their real parts, which are shown in Fig-

ures 6.1(a) and 6.2(a), are equal and imaginary parts, shown in Figures 6.1(b) and 6.2(b),

have the opposite sign. Based on Figures 6.1 and 6.2 the interpolated modes, which is

shown by black dots, are in excellent agreement with exact results, shown by a thick red

line. The Rayleigh quotient reference fixed mode approximation gives better approxi-

mation closer to exactly calculated references, but the accuracy gets worse further from

(a) (b)

Figure 6.1: Real (6.1(a)) and imaginary (6.1(b)) parts of the first eigenvalue
as a function of parameter p of the parameter-dependent asymmetric standard
eigenvalue problem of size 1000 × 1000 computed exactly (thick red line), by
the interpolated modes approach (black dots) and reference fixed mode based
Rayleigh quotient (thin lines as labelled).
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(a) (b)

Figure 6.2: Real (6.2(a)) and imaginary (6.2(b)) parts of the second eigenvalue
as a function of parameter p of the parameter-dependent asymmetric standard
eigenvalue problem of size 1000 × 1000 computed exactly (thick red line), by
the interpolated modes approach (black dots) and reference fixed mode based
Rayleigh quotient (thin lines as labelled).

the parameter edges. It is shown by thin lines in Figures 6.1 and 6.2 as labelled. Hence,

the presented method works better than Rayleigh quotient based on fixed modes.

The percentage errors of the first ten modes between exact eigenvalues and those calcu-

lated by two approximate methods are calculated to assess the accuracy. The maximum

errors along parameter range for each mode are presented in Figure 6.3. Real and imag-

inary parts are observed separately. The errors from eigenvalues approximated by the

interpolated modes method, marked with black dots, are very close to zero with the

largest of 2.9 × 10−4% and 0.03% in real and imaginary parts respectively. Such small

errors illustrate that excellent accuracy in the proposed method calculations is achieved.

The accuracy of the fixed mode Rayleigh quotient approximation is worse than the pro-

posed method, as the errors are significantly larger. The worst approximations in real

part, that reached 0.032% are obtained by Rayleigh quotient based on xf for mode num-

ber 1 and 2, which is shown by blue blots in Figure 6.3(a) as labelled. The considered

error is small, but ten times higher than the maximum percentage error of eigenvalues

approximated by the proposed method. In the imaginary part, the fifth and the sixth

eigenvalues approximated by the Rayleigh quotient based on the final reference are the

least accurate. It is shown by a peak in 1.6% in Figure 6.3(b), which is 53 times more

than error reached by the interpolated modes method for the same mode. Therefore,

the demonstrated results show that the interpolated modes method is more accurate in

approximating eigenvalues than the reference fixed mode Rayleigh quotient method.
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(a) (b)

Figure 6.3: The maximum percentage error for the first ten real (6.3(a)) and
imaginary (6.3(b)) parts of eigenvalues over a parameter range calculated be-
tween exact and eigenvalues approximated by the interpolated modes method
(black dots) and reference fixed mode Rayleigh quotient (blue and green dots
as labelled).

Another advantage of the approximation proposed here is computational efficiency. Solv-

ing ten eigenvalue problems of size 1000 × 1000 exactly by the MATLAB environment

requires 9.62 s in this example. The interpolated modes method requires 5.78 s to ap-

proximate all the eigenvalues, which is 1.7 times less than exact. Moreover, the actual

approximation, Rayleigh quotient (6.6) and interpolated vectors (6.8), (6.7) took 1.98 s,

as the rest of this time is spent on solving initial (6.2), (6.3) and final (6.4), (6.5) eigen-

problems exactly. Calculating the exact eigenvectors from both ends of a parametric

range is the most expensive step in the proposed procedure, but it is still more efficient

than calculating each problem (ten in this case) exactly. This becomes even more sig-

nificant when the number of such evaluations is even greater, since the computational

time would scale linearly with the number of such intermediate calculations.

Consideration of only the first few modes is enough in most of the practical problems. For

such case, the proposed method requires 4.22 s to approximate the first ten eigenvalues,

which is 2.3 times less than exact calculations. This significant computational gain

could increase depending on the number of approximated values required, the size of

the eigenvalue problem and the number of designs. Therefore, the interpolated modes

method for an asymmetric parameter-dependent eigenvalue problem is accurate and

significantly inexpensive.

The proposed method for the eigenvalues approximation for asymmetric eigenvalue prob-

lems is compared to a two-term reduced order model. Based on a numerical experiment
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an accuracy of approximation and computational efficiency of both methods are assessed

and presented in the next section. Rayleigh-Ritz reduced order model method is demon-

strated on a symmetric generalised eigenvalue problem in Section 4.2.3. Now the method

is developed for a standard asymmetric eigenvalue problem.

6.2 A two-term reduced order model approach for parameter-

dependent asymmetric eigenvalue problems

The main idea of the reduced order model is to reduce solving of n × n eigenvalue

problem to a smaller size, which is computationally cheaper to solve compared to a

large problem. In this case, the problem is reduced to a 2 × 2 eigenvalue problem to

have a fair comparison with the proposed method. Consider two eigenvalue problems

(6.2) and (6.4) at the ends of parameter interval. Due to an asymmetry of the problem

the transposed eigenproblems (6.3) and (6.5) are also considered. The eigenvectors from

four eigenproblems are used to evaluate a reduced order problem. The reduced matrices

are defined as

AR =

[
yT

0 A(p)x0 yT
0 A(p)xf

yT
f A(p)x0 yT

f A(p)xf

]
, (6.10)

and

BR =

[
yT

0 x0 yT
0 xf

yT
f x0 yT

f xf

]
, (6.11)

which contain exact matrix A(p), eigenvectors x0 and y0 from initial (6.2), (6.3) and

eigenvectors xf and yf from final (6.4), (6.5) states respectively. A parameter-dependent

reduced eigenvalue problem

AR(p)qR(p) = λR(p)BR(p)qR(p), p0 ≤ p ≤ pf , (6.12)

needs to be solved at each parameter value to obtain the approximate eigenvalues. Here,

λR is an eigenvalue that corresponds to an eigenvector q. Superscript R refers to values

which order is reduced. The size of the reduced eigenproblem (6.12) is 2× 1.

The designation of “Rayleigh-Ritz” approach to refer to the model order reduction

method is used here similarly as it was used in Chapter 4. From Section 4.2.3, we

know that MAC calculation needs to be used for choosing more accurate eigenvalue out

two, λR1 and λR2 , from Equation (6.12). Similarly to the approach that was used in

Section 4.2.3, two reduced eigenvectors from Equation (6.12) are expressed in terms of

basic vectors in the subspace in the following way

xR
1 = q11x0 + q21xf ,

xR
2 = q12x0 + q22xf .

(6.13)
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MAC calculations between eigenvectors are used to find what vector, xR
1 or xR

2 , is better

aligned with the eigenvectors x0 and xf from Equations (6.2) and (6.4) respectively.

6.2.1 A numerical example for parameter-dependent asymmetric stan-

dard eigenvalue problem.

A computer code for approximating the eigenvalue of parameter-dependent eigenvalue

problem in terms of the asymmetric matrix using the two-term Rayleigh-Ritz reduced

order model is developed in the MATLAB environment. The method is applied to an

example in terms of randomly generated asymmetric matrices of size 1000× 1000 ta ht

are linearly vary as shown in Equation (3.6).

(a) (b)

(c)

Figure 6.4: Real (6.4(a)) and imaginary (6.4(b)) parts of the first eigenvalue
as functions of parameter p of the parameter-dependent asymmetric eigenvalue
problem of size 1000 × 1000 computed exactly (solid red line), by interpolated
modes method (black dots), two-term Rayleigh-Ritz approach (blue crosses and
asterisks) and MAC values (6.4(c)) between exact eigenvectors x0 and xf and
Rayleigh-Ritz eigenvectors xR

1 and xR
2 for all parametric values of the first mode.
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In this example, eigenvalues are calculated: (i) exactly, (ii) by the proposed interpolated

modes method and (iii) the two-term Rayleigh-Ritz reduced order model. The results

obtained by these approaches are shown in Figures 6.4 and 6.5. Real and imaginary

parts of parameter-dependent eigenvalues are observed separately.

MAC values are calculated and sorted according to a parametric range for a clear graph-

ical comparison of the mode shapes at each parametric step. Those are shown in Fig-

ures 6.4(c) and 6.5(c).

In Figure 6.4 the first eigenvalue obtained by the interpolated modes method, marked

by black dots, are in excellent agreement with exact eigenvalues, marked by a solid red

line. MAC diagram, shown in Figure 6.4(c), highlights the values from Rayleigh-Ritz

reduced order model that need to be considered. For the first half of the parameter

range, dark rectangles (MAC=1), that indicate on perfect alignment, are situated in the

(a) (b)

(c)

Figure 6.5: Real (6.5(a)) and imaginary (6.5(b)) parts of the third eigenvalue
as functions of parameter p of the parameter-dependent asymmetric eigenvalue
problem of size 1000 × 1000 computed exactly (solid red line), by interpolated
modes method (black dots), two-term Rayleigh-Ritz approach (blue crosses and
asterisks) and MAC values (6.5(c)) between exact eigenvectors x0 and xf and
Rayleigh-Ritz eigenvectors xR

1 and xR
2 for all parametric values of the first mode.
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bottom of each section of parameter value. It means that both exact eigenvectors x0

and xf , from initial and final states respectively, are aligned to the first eigenvector from

the reduced order model. So, for 0 ≤ p ≤ 0.56, the first values λR1 from Equation (6.12)

need to be chosen, which are marked by blue crosses in Figures 6.4(a). When p >

0.56, dark rectangles situated at the top of each segment in Figure 6.4(c) indicate the

alignment with second eigenvectors xR
2 . So, the second eigenvalue λR2 is considered as

an approximation. The same scheme is valid for the imaginary part of the first mode,

which is shown in Figure 6.4(b). Chosen eigenvalues obtained by Rayleigh-Ritz approach

for the first eigenvalue are in excellent agreement with the eigenvalues obtained by the

interpolated modes approach, which are marked by black dots in Figures 6.4(a) and

6.1(b). Both methods of approximation provide magnificent accuracy as they are very

close to exact eigenvalues, which are marked by a solid red line.

A similar trend could be observed in Figure 6.5, where the third eigenvalue with the MAC

results are presented. From Figure 6.5(c), when 0 ≤ p ≤ 0.67, both exact eigenvectors

from initial and final states are aligned to the first eigenvector xR
1 form Rayleigh-Ritz

method, as dark rectangles are situated at the bottom of the diagram at each parametric

step. When the parameter is bigger than 0.67, alignment changes. The dark rectangles

are at the top of each section in Figure 6.5(c), which indicates on alignment with second

eigenvectors xR
2 . So, according to the MAC diagram the first eigenvalue obtained by

Rayleigh-Ritz method λR1 , which is marked by blue crosses in Figures 6.5(a) and 6.5(b),

is considered. When p ≥ 0.67, the first eigenvalue λR1 , which is marked by blue crosses,

is ignored due to the alignment shown in MAC. The second eigenvalue λR2 is considered

instead. For the third parameter-dependent eigenvalue the reduced order model shows

excellent accuracy as well as the interpolated modes method, which is marked by black

dots in Figures 6.5(a) and 6.5(b), as the approximated eigenvalues obtained by both of

these methods, are very close to the exact results, shown by a solid red line.

The eigenproblem considered in this chapter requires more time for approximating the

eigenvalues of a parameter-dependent asymmetric eigenvalue problem than symmetric

as two additional transposed problems need to be solved exactly. Despite the fact that

results obtained by the reduced order model are accurate, the preparatory operations are

computationally more expensive than those achieved by the interpolated modes method.

Solving 2 × 2 eigenvalue problem (6.12) is very cheap process that took 0.68 s by the

MATLAB environment, but calculation of entries for matrices (6.10) and (6.11) takes

15.88 s. The preparatory operations of the interpolated modes method, i.e calculations of

interpolated vectors (6.8) and (6.7), requires 0.23 s in this example, which is 69 times less.

Moreover, the reduced order model requires additional calculation to identify alignment

and as a results more accurate approximation. MAC calculations took 0.86 s in this

example. In total, to approximate all eigenvalues the interpolated modes method takes

2 s, which is 4.5 times quicker than the exact solution of an asymmetric parameter-

dependent problem of size 1000 × 1000. The two-term Rayleigh-Ritz reduced order
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model took 17.42 s for the same purpose, which is even longer than exact calculations.

Therefore, the reduced order model could be beneficial for some examples as it provides

good accuracy. However, for a large-scale eigenvalues problem, it is better to use the

interpolated modes method as it is accurate and computationally more efficient.

6.3 Conclusions

In this chapter, the method for approximating the eigenvalues for systems depending

on a design parameter and involving asymmetric matrices is proposed. The approach is

based on a Rayleigh quotient approximation using the interpolated vectors that include

the exact eigenvectors from eigenvalue problems at the ends of parametric range. The

proposed method was applied on a numerical example of size 1000× 1000 and ten sub-

divisions over the parameter interval. The computed results show excellent accuracy of

the approximated eigenvalues by the interpolated modes method and significant com-

putational economy. Moreover, the interpolated modes method was compared to the

Rayleigh quotient fixed mode approximation that showed worse accuracy than the pro-

posed method. The maximum percentage error over the parameter range were calculated

and the method proposed here performed very favourably. Finally, the proposed method

was compared with the two-term Rayleigh-Ritz reduced order model. The method relies

on solving the eigenvalue problem in terms of matrices of reduced size. Both methods

showed excellent agreement with the exact results. However, the reduced order model is

appeared to be computationally expensive. Even though the calculation of the eigenvalue

problem of small size is a cheap process, the preparatory operations were expensive. The

total time required for the two-term Rayleigh-Ritz reduced order model exceeded the

time for exact solutions. The preparatory operations involved values of the calculation

of the entries for the reduced matrix and MAC. Hence, the interpolated modes method is

appeared to be more computationally efficient than the two-term Rayleigh-Ritz reduced

order model.
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Conclusions and future work

7.1 Conclusions

A host of engineering problems require solving large sized eigenvalue problems that are

functions of a parameter. The present work addresses the issue of huge computational

expense associated with this class of problems by providing approximations that are

economical, yet accurate. A method is very useful for early stages of a design where

the calculation of exact natural frequencies of a model is not required and approximate

answers suffice. While creating a certain model, a family of designs, where some phys-

ical parameters vary, need to be analysed. This family of designs can be expressed as

an eigenvalue problem that depends on a parameter, i.e. thickness, length, width or

etc. Calculating natural frequencies (eigenvalues) of each model is a computationally

expensive process. We propose to approximate eigenvalues using interpolation between

eigenvector at the ends of the interval as trial vectors that are rich in the components of

the actual parameter dependent eigenvectors. The proposed method provides excellent

accuracy and is computationally more efficient than exact reanalysis for each value of

the design parameter.

A computationally economical approximations for parameter-dependent symmetric stan-

dard and generalised eigenvalue problems were developed first. The proposed method

is further rendered more robust by accounting for the sign changes in an eigenvector.

It was found that an interpolated modes method should distinguish the direction of

the eigenvector and control its magnitude. The approach gives accurate approximation

when the eigenvectors are of the same direction and length. Signum function of the dot

product of eigenvectors was used in the interpolation formula. By detecting an angle be-

tween eigenvectors from parameter ends we avoid interpolation between approximately

opposite vectors which lead to poor accuracy. The procedure developed was tested

on an arbitrary symmetric eigenproblems of different sizes. The results obtained from

numerical examples, regarding computational cost and accuracy with respect to exact

125
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and reference fixed mode based Rayleigh quotient approximation were examined. The

proposed method requires at least twice less time than the exact computations. The ef-

fectiveness and robustness of the methods were assessed. These approximation methods

have very small difference in computational requirements. The additional computational

expense in calculating the interpolated mode is minimal. Based on numerical examples,

the proposed method provided excellent accuracy throughout the parameter interval.

Whereas the Rayleigh quotient approximation based on eigenvectors from parameter

ends gives satisfied approximation closer to the fixed vector, but accuracy deteriorates

further from the reference point. The computational complexity of the proposed ap-

proach was evaluated from several parameter-dependent problems that were generated

randomly.

The proposed method was applied to the vibration of a thin ring and tapered structures.

The eigenvalues approximated by the interpolated modes method from these practical

examples are in excellent agreement with the exact eigenvalues, which are twice more

expensive to calculate. The accuracy of the Rayleigh quotient based on a fixed mode is

poor compared to the interpolated modes based proposed approximation. The approxi-

mate eigenvalues obtained by the proposed methods were compared to those computed

by the two-term Rayleigh-Ritz reduced order model based on the example of vibrating

tapered lamina. The method reduced a large eigenproblem to one of a small size, 2× 2

in our case. Eigenvalues obtained by the interpolated modes method for a symmetric

eigenvalue problem and the two-term Rayleigh-Ritz reduced order model were in excel-

lent agreement with exact eigenvalues. However, the method is computationally more

expensive than the proposed method. Despite the fact that solving a reduced eigenvalue

problem is a computationally cheap process, the preparatory operations and select of

appropriate eigenvalue required much time.

The method is further improved enhancing its robustness for problem where eigenvalue

trajectories come close to each other on the parameter plane. In such cases, mode type

rapidly changes throughout a parameter range. A reasonable interpolation between

modes of the same type needs to be calculated. The interpolation between different

mode types leads to inaccurate approximation. We suggested the use of Modal As-

surance Criterion between two exact eigenvectors, which is an inexpensive calculation,

to identify mode interaction. The interpolation with eigenvectors, that are swapped

at one of the ends, is proposed. The sign change between the eigenvectors in the in-

terpolation was used accordingly. The method was applied to problems of vibrating

tapered structures, which had situations of closely interacting modes. The accuracy

of the eigenvalues approximated by the hybrid of the proposed method is significantly

improved compared to the regular interpolated modes method. However, the closeness

of modes could take place more than once throughout the parameter interval. More

than two modes interaction is also possible. The proposed method is yet not suitable

for such cases. The parameter range should be split into smaller intervals to apply the
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proposed approximation. If we could have an idea of the behaviour of eigentrajecto-

ries in advance, this would be beneficial for the proposed approximation to expand its

possibilities. Finally, the strengths of mode interpolations, stationarity of the Rayleigh

quotient and the economy of model order reduction were combined – the combined ap-

proach, although slightly more expensive than one-mode interpolation approach does

not require detection of mode order swapping etc. Moreover, the approach developed

here is shown to be superior to perturbation approaches that become inaccurate for large

parameter variations away from reference points.

The approach is further extended to the case of skew-symmetric eigenvalue problems,

which arise in undamped gyroscopic systems. This requires modification to the method-

ology due to the complexity eigenvalues. Gyroscopic structures are expressed as λ-matrix

problem, which can be rewritten as a generalised eigenvalue problem in terms of sym-

metric and skew-symmetric matrices. The approach developed was further extended to

this type of eigenproblem with pure imaginary eigenvalues. The method is applied to a

toy problem of a rotating vibrating structure with changing angular velocity. The results

obtained by the proposed method show excellent accuracy with maximum percentage

error of 0.3%. The Rayleigh quotient approximation based on fixed trial vectors showed

the same trend as in previous cases, in which accuracy decreases further away from the

fixed reference points for choosing the trial vectors.

Approximation in the spirit of the proposed approach for the case of asymmetric matrices

was presented. A standard eigenvalue problem in terms of the asymmetric matrix was

considered. Due to the orthogonality relationship, Rayleigh quotient is defined using left

and right interpolated eigenvectors. Left and right eigenvalue problems at the ends of

parameter interval were solved exactly. Therefore, this method is more computationally

expensive than previous, because of solving two additional eigenproblems. However, it

is still cheaper than solving a parameter-dependent eigenvalue problem exactly. The

method was applied to a numerical example with arbitrary matrix of size 1000× 1000.

The eigenvalues of such eigenproblems are complex. Real and imaginary parts were ex-

amined separately. Computed results showed that the interpolated modes method gives

excellent accuracy with a maximum error of 2.9×10−4% for real and 0.03% for imaginary

parts respectively. Eigenvalues approximated by the Rayleigh quotient approximation

based on a fixed mode showed worse accuracy.

Computationally economical approximations were developed for different types of eigen-

value problems such as standard symmetric, generalised symmetric, generalised skew-

symmetric and standard asymmetric. The proposed method was followed by a different

interpolation process and different Rayleigh quotient for each of these eigenproblems.

The developed procedures were tested on practical examples to achieve robustness. The

limitations of the proposed method were recognised. The proposed methods showed ex-

cellent accuracy and significant computational efficiency compared to exact calculations

of a large-scale parameter-dependent eigenvalue problem.
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7.2 Suggestions for future work

The proposed method could be extended to a range of problems. The method presented

here is formulated for one design parameter. However, an extension of this to multiple

structural parameters can be easily carried out. The approach could be to interpolate in

multi-dimensional space, on the lines similar to Equations (3.1)-(3.3), (3.8) for standard

and from Equations (3.12) to (3.15) for generalised eigenvalue problems respectively.

The mathematics of multi-dimensional interpolation is well developed and delving into

that would be a distraction for the present work. The basic idea, however, that the

mode shapes are interpolated in the parameter space followed by their use as a multiple-

parameter-dependent trail vector remains unchanged.

In this work, the interpolated modes method was applied to parameter-dependent eigen-

value problems with height, thickness and even angular velocity as changing parameters.

The interesting peace of work would be to set up boundary conditions as parameter

in parameter-dependent eigenvalue problem. For example, clamped free-beam with a

parametric spring connected to the ground at the free-end. Another good example for

numerical experiment could be transition between free-free and clamped-free of a simple

beam.

We should acknowledge that each method has its limitations. One of those is the close

interaction of modes. In this work, it was shown that the use of MAC is beneficial in

such a case. The method presented here was modified accounted for the closeness of two

modes. However, in real life problem, more than two modes could come close to each

other on the parameter plane. The approximation of three and more unclear unsepa-

rated eigenvalues could be researched further. Furthermore, we analysed examples when

modes interact once or twice in a parameter range. In the first case, MAC was used

detect mode order swapping to reach good accuracy. Whereas in the case of two regions

of interaction, one must solve one more eigenvalue problem exactly as a considered range

is too big for a proposed method. How to choose this reference and where to split the

interval in case of two and more cases of mode closeness in one parameter range should

be researched further.

Several physical contexts in which eigenvalue problems arise are presented in this work.

Structural dynamics is the running theme throughout this work. However, the approach

is easily adaptable to structural buckling problems, for example. In this work, the

proposed method was adapted only to a few of them. Whereas the research in other

areas could be done. For example, the approach presented in terms of skew-symmetric

eigenvalue problem was demonstrated on a small size example in Chapter 5. It could

be applied to a large-scale gyroscopic system to show the efficiency and computational

gain of the method. The practical examples might be a band saw, helicopter blades

and etc. Also, an eigenvalue problem in terms of operator(s), which arise in quantum
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mechanics, can be considered. For this type of problem, the interpolation will be held

between eigenfunctions.

The proposed method can also be extended to damped nongyroscopic systems. Space

crafts, structural shafts on bearings are some example of such structures. In this case

parameter-dependent eigenvalue problem has quadratic dependence and damping matrix

C, which make it challenging due to increase in complexity of mode tracing and complex

nature of eigenvalues and eigenvectors.

We applied the proposed method to eigenproblems with linear and polynomial matrix

dependencies in Chapter 3. It would be interesting to test the method on an eigenvalue

problem in terms of a matrix with quadratic dependence, i.e. [λ2M(p) + λC(p) +

K(p)]u = 0. This kind of problem arises in damped nongyroscopic systems, such as space

crafts and various structural shafts on bearings. The eigenproblem can be rewritten in

state space as a generalised eigenvalue problem in terms of symmetric but not positive

definite matrices. Eigenvalues of such an eigenproblem are complex. Moreover, all the

considered matrices in this work were real. The proposed method can be extended

for the eigenvalue problems in terms of complex matrices. Further, the method can

be extended to a more complex λ-matrix involving gyroscopy and follower forces, i.e.

[λ2M(p)+λ(C(p)+G(p))+K(p)+H(p)]u(p) = 0. This kind of problem arises in general

dynamical systems, which covers most of practical problem.





Appendix A

Relationship between the

first-order perturbation and

Rayleigh quotient based

approximation

The first-order perturbation based on initial eigenvector from (3.12) is defined as [150]:

λ̊(p) = λ0 + ∆λ =
uT

0 K0u0

uT
0 M0u0

+
uT

0 (∆K− λ0∆M)u0

uT
0 M0u0

. (A.1)

Whereas Rayleigh quotient approximation based on an initial trial vector u0 is expressed

as

λ̃(p) =
uT

0 K(p)u0

uT
0 M(p)u0

, (A.2)

which was presented in Section 3.2. The relationship between Equations (A.1) and (A.2)

is shown by

λ̊(p) =
uT

0 [K0 + ∆K− λ0∆M]u0

uT
0 M0u0

=
uT

0 [K(p)− λ0∆M]u0

uT
0 M0u0

=
uT

0 K(p)u0

uT
0 M0u0

−λ0
uT

0 ∆Mu0

uT
0 M0u0

=

=
uT

0 K(p)u0

uT
0 (M0 + ∆M)u0 − uT

0 ∆Mu0
−λ0

uT
0 ∆Mu0

uT
0 M0u0

=
uT

0 K(p)u0

uT
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