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ABSTRACT
A freestream Mach 2.9 flat-plate supersonic turbulent boundary layer subject to a “pure” adverse pressure gradient (APG) without the
impact of wall curvatures is studied by direct numerical simulation and compared with a benchmark flow with zero pressure gradi-
ent. Due to APG, the streamwise velocity shows an increase in the near-wall region and a reduction in the outer boundary layer. The
principal strain rate shows a sandwich distribution along the wall-normal direction. The mismatch between the temperature and veloc-
ity fluctuations in both the inner and the outer layer is observed. Enhanced LSMs (large-scale motions) and large velocity patches
are the typical flow structures in the outer and inner boundary layer subject to APG, respectively. From the analysis of quadrant
decomposition, the sweep events dominate in the near-wall region while ejection events dominate the rest of the boundary layer. It
is found that the baroclinicity plays a significant role in the formation of the enhanced LSMs in the outer boundary layer and the
near-wall velocity patches. The resulting amplified vorticity further drives the interactive motions of the outer fluid and inner fluid.
The turbulent kinetic energy and turbulent Mach number profiles are amplified by APG and a second peak is observed in both pro-
files. Turbulent energy budget analysis demonstrates that both the production and viscous effects are strengthened in the near-wall
region while in the outer layer, the production is significantly amplified and balanced by the increased convection and turbulent
transport.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5112040., s

I. INTRODUCTION

Among internal and external flows, adverse pressure gradient
(APG) is ubiquitous when interference, such as compression/shock
waves, geometric curvatures are confronted. Understanding the
physics of the supersonic turbulent boundary layer subject to an
APG is of great value to practical engineering applications includ-
ing the turbomachinery or high-speed aircrafts. APG has a tendency
to destabilize the turbulent boundary layer while favorable pres-
sure gradient (FPG) has the opposite effect to stabilize the turbulent

boundary layer. For laminar boundary layer flows, APG can dramat-
ically promote the growth of instability and accelerate flow transi-
tion.1,2 When the APG is strong enough, a flow separation would
occur in the boundary layer.3–5

Pressure gradients are usually characterized by the Clauser
pressure gradient parameter6 β = (dp/dx)/(τw/δ∗) (where δ∗ is the
displacement thickness; τw is the wall shear stress; dp/dx is the
streamwise pressure gradient). A positive β denotes APG while a
negative value denotes FPG. In particular, β = 0 represents zero
pressure gradient (ZPG). It is found that the bulk compression
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(−∇ ⋅U) as well as the lateral divergence can both decrease the span-
wise cross-sectional area of a fluid element which would increase
the spanwise vorticity due to the angular momentum conservation.
The former effect caused by the “extra strain rate” would reduce
the boundary layer thickness, the latter may result in a signifi-
cant impact on boundary layer properties even at a small level.7–9

Under APG, the skin friction coefficient decreases for incompress-
ible flows,6,10–14 However, increases for compressible flows,15–17

compared with ZPG turbulent boundary layer. The mean velocity
profiles can be altered by APG as well. It has been reported that
APG could lead to a shift of velocity below the classical log law
for incompressible boundary layers10,12,18 with exception reported
where the log law is well preserved.19 For compressible flows under
APG, a shift up of the van Driest scaled velocity profiles20,21 as well
as no shift in the log law region22 have been both observed. In
addition to the likely shift of the log law, a dip in the logarithmic
region is usually found and it may result from the increased length
scales of the turbulent motions within the boundary layer subject
to APG.7,22,23

Besides the mean flow properties, high-order statistical features
and flow structures also show prominent differences under APG
compared with ZPG boundary layer flows. The turbulent kinetic
energy and Reynolds stresses have been dramatically amplified espe-
cially in the outer layer and a second peak in the outer layer has been
observed when turbulent fluctuations are scaled by wall units.11,12,24

Large-scale motions (LSMs) have been shown more energetic and
active for altering the flow patterns.13,14,25–28 Recently, the history
effects of turbulent boundary layers under constant and varying
APGs at matched friction Reynolds number are studied by Bobke
et al.29 They showed that the mean velocity and Reynolds stress
profiles depend on the downstream development of boundary layer
flows and the APG has accumulated effects on turbulent bound-
ary layers due to history effects. For supersonic boundary layers
over a concave wall, the Görtler vortices are a significant feature
in promoting turbulence.30,31 Wang et al.32 performed a DNS on
a supersonic concave turbulent boundary layer as a supplement to
the experiment33,34 conducted previously. Results showed that the
streamwise extended vortices within the hairpin packets are intensi-
fied by the Görtler instability and abundant small vortices have been
generated. Ejection, sweep and spanwise events are enriched by the
large-scale streamwise roll cells which are considered to be the cause
of the alterations of mean flow properties and turbulent statistics.
Similar results have been found by Sun et al.35 who also pointed
out that the baroclinicity-induced vorticity contributes to Görtler
vortices and pressure gradient could play a significant role in gen-
erating the abundant small vortices appearing in the outer boundary
layer.

Although many works have been conducted on curvature
induced APG boundary layers, only a few tried to isolate APG
effects on supersonic turbulent boundary layer without the impact
of wall curvatures. External compression waves induced APG (βmax
= 5.8) are exerted on a flat-plate supersonic turbulent boundary
layer by Fernando and Smits22 using a two-dimensional wave gen-
erator, results are compared with the supersonic boundary layer
where a similar pressure gradient is produced by a concave wall.
Both the mean flow and the turbulent intensity are shown to have
been strongly affected by the pressure gradient. An increasing trend
of the skin friction coefficient and a decreasing trend of the friction

velocity and the boundary thickness have been observed. Similar
experiments have also been conducted by Smith and Smits36 who
found that the amplification of the turbulent intensity is larger and
the dip in the velocity profile is more pronounced and appears ear-
lier for the curved wall than the flat-plate counterpart. Wang et al.37

studied a flat-plate supersonic turbulent boundary layer with Mach
number 2.95 under APG produced by a compression wave gener-
ator. Results showed that the logarithmic law has been preserved
while an enhanced wake region is observed. No dip of velocity pro-
files occurs. The principle strain and turbulent intensity are shown to
increase due to APG and new velocity modes are found to change the
turbulence structures. Direct numerical simulation (DNS) is con-
firmed to be a powerful tool in unveiling more physical details than
experiments. However, works of DNS on this kind of flows are lim-
ited. More recently, Franko and Lele21 performed a DNS study on
flat plate isothermal boundary layers initially at Mach 6 with APG
imposed through the freestream boundary condition. A shift up log
law is observed. It was also reported that the APG increases the linear
growth rate of turbulence structures and accelerates the transition to
turbulence.21

In order to avoid the impact of coupling the effect of wall cur-
vatures which would further introduce strong centrifugal effect, a
freestream Mach 2.9 flat-plate supersonic turbulent boundary layer
subject to APG (β = 2.15) induced by an external compression wave
generator is studied through DNS. Mean flow properties, statis-
tics as well as turbulence structures are analyzed and compared
with a benchmark ZPG case to further understand the physics of
supersonic boundary layer subject to “pure” APG. A concise intro-
duction of a reliable in-house DNS code is presented in Sec. II.
Typical mean flow properties are shown in Sec. III A, the strong
Reynolds analogy is calculated which suggests a mismatch of the
temperature and velocity fluctuations in the inner and outer bound-
ary layer subject to APG. The near-wall streak structures and LSMs
as well as PDFs of instantaneous flow parameters are discussed
in Sec. III B. Turbulence structures and the interactive motions
between inner and outer boundary layer are found to be strength-
ened due to pure APG and the baroclinicity seems to be an impor-
tant driven force. The TKE distributions and the quadrant decom-
position shown in Sec. III C will give statistical explanations to
the instantaneous phenomena. Sweep events are found to dom-
inate in the near-wall region while ejection events dominate the
rest of the boundary layer. The TKE budgets show that the turbu-
lence transport is also altered predominantly compared to the ZPG
case.

II. DIRECT NUMERICAL SIMULATION
An in-house high-order finite difference DNS code38–40 is

adopted in present work to solve the three-dimensional compress-
ible Navier-Stokes equations directly without any models. Simula-
tions32,35,41–44 of several different topics on supersonic flows have
been conducted using this code and shown high reliability and accu-
racy. In present section, only a brief description will be given on the
numerical methodology of the in-house DNS code.

A. Governing equations
The non-dimensionalized conservative form of the three

dimensional Navier-Stocks equations in generalized curvilinear
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coordinates (ξ, η, ζ) are solved in the codes and the computational
domain is defined in Cartesian coordinates (x, y, z). The govern-
ing equations are non-dimensionalized by the freestream parameters
and a reference length which will be described later:

∂U
∂t

+
∂F
∂ξ

+
∂G
∂η

+
∂H
∂ζ
= 0. (1)

The conservative variables and flux terms are given by

U = J

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ρ
ρu
ρv
ρw
ρe

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

,

and

F = Fc + Fv = Jrξ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρu∗

ρuu∗ + psx
ρvu∗ + psy
ρwu∗ + psz
(ρe + p)u∗

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

− Jrξ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
σxxsx + σxysy + σxzsz
σyxsx + σyysy + σyzsz
σzxsx + σzysy + σzzsz
τxsx + τysy + τzsz

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (2)

where
sx = ξx/rξ , sy = ξy/rξ , sz = ξz/rξ ,

rξ =
√

ξ2
x + ξ2

y + ξ2
z , u∗ = usx + vsy + wsz ,

τx = σxxu + σxyv + σxzw − qx,
τy = σyxu + σyyv + σyzw − qy,
τz = σzxu + σzyv + σzzw − qz .

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3)

Here, Fc and Fv are convective and viscous flux components respec-
tively. The flux terms G and H are of similar forms as F. The viscous
stresses and heat fluxes are given in forms below,

σij =
2μ
Re
[1

2
(∂ui
∂xj

+
∂uj
∂xi
) − 1

3
∂uk
∂xk

δij], (4)

and

qj = −
μ

(γ − 1)RePrMa2∞
∂T
∂xj

. (5)

The ideal gas state equation is exploited as a supplement to close the
Navier-Stokes equations,

p = ρT
γMa2∞

. (6)

The dynamic viscosity is obtained from Sutherland’s law, given by

μ(T) = T3/2 1 + Ts/T∞
T + Ts/T∞

, (7)

where Ts = 110.4 is the Sutherland constant for air. For both ZPG
and APG cases, a constant Prandtl number Pr = 0.72 and the specific
heat ratio γ = 1.4 are used.

B. Numerical methods
An explicit 4th-oder spatial central difference scheme is

adopted to solve the non-dimensionalized governing equations for
the inner spatial derivatives and a 3rd-order scheme proposed by
Carpenter45 for boundary treatment. The convective terms within
the governing equations are treated using entropy splitting38 to
enhance the robustness. The 3rd-order Runge-Kutta scheme is
exploited for time marching. For cases when discontinuity occurs,
the total variation diminishing (TVD) combined with the artificial
compression method (ACM) is used.

A proper way to generate turbulent inflow conditions is always
very important for simulations of fully-developed turbulent flow,
here the code provides a digital filtering method introduced by
Xie and Castro46 and modified by Touber40 for the inflow turbu-
lent generation. This method needs a preset mean velocity pro-
file and root-mean-square (r.m.s) fluctuating information which
can be acquired from similarity solutions of a compressible lami-
nar boundary layer and experimental data of incompressible coun-
terparts respectively. Although the numerical filter can adjust the
length scales input to match the requirement of resolution and sta-
bility and shorten the spatial distance needed to recover small-scale
motions within the flow, enough distance is nevertheless necessary
to allow a fully-developed turbulent flow.43 A detailed description
about this method can be found in Touber.40

C. Simulation set-up
The computational domain for a flat-plate supersonic turbu-

lent boundary layer subject to APG is configured as shown in Fig. 1.

FIG. 1. (a) A sketch of the computational domain for the
APG simulation. Ly , in, Ly ,out and Lz represent the inlet-
section height, the outlet-section height and the width of the
computational domain, respectively. The total streamwise
length is separated by the coordinate origin equally. Ln and
Lp represent the negative x-axis streamwise length and the
positive part, respectively. (b) Illustration of the compression
wave generating profile (compression wave generator) and
the range of compression wave field. The pressure distri-
bution is extracted along a line crossing the compression
wave field (dash dotted line in red) from the inviscid result
without reflected waves from the bottom wall. The stream-
wise length is normalized by nominal 99% boundary layer
thickness at x = 0 (δ0) and p∞ denotes the freestream
pressure.
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TABLE I. Freestream conditions for both the APG simulation and the benchmark ZPG simulation.

Mach Streamwise Stagnation Stagnation BL 99% thickness
number velocity temperature pressure at inlet
Ma∞ U∞ T0 P0 δi

2.9 615 m/s 300 K 101 kPa 5.2 mm

A ZPG flat-plate supersonic turbulent boundary layer has also been
simulated with same inflow conditions, domain size and grid dis-
tribution as a benchmark case for comparison. The top boundary
of the APG domain contains a compression wave generating profile
(compression wave generator) carefully designed using characteris-
tics tracing technique which is in line of the experimental set-up of
Wang et al.,37 see Fig. 1(b). Fixed boundary conditions is added to
the top boundary with non-zero velocity, density and temperature
acquired from the characteristics tracing technique which are accor-
dant with those of inner flow. This wall-like boundary condition can
generate monotonically enhanced compression wave field (thus the
increased pressure as shown in Fig. 1(b)) without introducing flow
discontinuity like shock waves at supersonic inlet as non-slip wall
condition would do to contaminate the wave field. When super-
sonic incoming freestream confronts the compression wave gener-
ating profile, successive compression waves would be generated. The
incident and reflected compression waves will exert an APG on the
flat-plate boundary layer over the bottom wall. The lengths of the
wave generator and the top wall flat sections are so designed that it
allows the reflected compression waves from the bottom wall to leave
the domain without further reflection. After the compression wave
generating profile, the upper boundary recover to a flat plat profile
which can induce expansion waves. The domain length allows the
expansion waves to escape from the outlet as well to avoid influ-
encing the bottom wall boundary layer. The coordinate origin is
set in the middle of the domain at the nominal impingement point
of the first incident compression wave on the bottom wall (in fact,
the first incident wave would reach slightly downstream) with x,
y, z represent the streamwise, wall-normal and spanwise direction
respectively. Here, we separate the computational domain as APG
section (the positive-x zone) and turbulence developing section (the
negative x zone). The length of the turbulence developing section

is 19.2δi (δi is the 99% inflow boundary layer thickness) which is
long enough for the digital filtering inlet condition to develop.40,43

Actually, previous simulations indicated that, a distance of 15δi is
considered to be suitable.35,44

The inflow parameters are listed in Table I which are similar
to the experiments37 and simulation32 of Mach number Ma = 2.95.
In the paper, subscripts “∞”, “e” and “w” denotes quantities of the
freestream, at the edge of the boundary layer and on the wall, respec-
tively. The domain size and grid distributions of both the benchmark
ZPG case and the APG case are displayed in Table II. δ0 denotes
the nominal 99% boundary layer thickness at x = 0 which is defined
as the reference length. Subscripts “n” and “p” denote negative x-
axis part (within the turbulence developing section) and positive part
(within the APG section), respectively. The superscript “+” denotes
the length scales by wall unit νw/uτ . νw is the wall kinematic viscos-
ity and uτ denotes the friction velocity which is defined as

√
τw/ρw ,

where τw is the wall shear stress and ρw the fluid density on the wall.
A hyperbolic tangent stretching method47 is adopted for grid gen-
eration in the wall-normal direction to provide better resolution in
the near wall region. The distribution of grid size in the wall nor-
mal direction is given in Fig. 2. Both cases have the same grid con-
trol parameters except the refined upper zone for the compression
wave generator in the APG case (not shown). Along the streamwise
and spanwise directions, the grids are uniformly distributed in both
cases. The resolution in wall units might differ slightly due to the
change of flow properties between the ZPG and APG cases although
same grid configuration is used. The grid sensitivity was tested using
a grid coarsened by 50% in all directions for the APG case. Results
showed that the maximum value of the skin friction coefficient var-
ied by less than 5%. This guarantees that the grids used in present
simulations are sufficiently fine to capture small-scale motions in
turbulence.

TABLE II. Domain size and grid set-up for direct numerical simulations. The domain lengths are normalized by nominal 99% boundary layer thickness at x = 0 (δ0). The grid
spacings are normalized by the minimum wall unit in the turbulence developing section (with subscript “n”) and in the APG section (with subscript “p”), respectively.

APG case ZPG case

Domain size (Lx × (Ly,in;Ly,out) × Lz)/δ3
0 33.3 × (4.8; 3.8) × 4.7 33.3 × (4.8; 4.8) × 4.7

Grid points Nx × Ny × Nz 2500 × 282a × 431 2500 × 259 × 431
Grid spacing in x direction Δx+

n ; Δx+
p 4.8; 7.2 4.8; 4.8

First layer in y direction Δy+
1,n; Δy+

1,p 0.6; 0.9 0.6; 0.6
Maximum within a δ0 Δy+

max,n; Δy+
max,p 6.6; 9.9 6.6; 6.6

Grid spacing in z direction Δz+
n ; Δz+

p 3.9; 5.9 3.9; 3.9

aExtra 23 points are added to refine the upper boundary grid for the compression waves generating profile, while at the bottom wall, the first off-wall distance and grid stretching
parameters are the same as the ZPG case.
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FIG. 2. The wall-normal distribution of grid spacing.

TABLE III. Mean boundary layer parameters of the benchmark ZPG simulation.

δ0 (mm) δ∗ (mm) θ (mm) Reτ Reδ∗ ,vd Reθ ,vd

6.0 2.17 0.43 367.1 1750.0 1126.7

No-slip wall condition is imposed on the bottom bound-
ary and the wall temperature is fixed to the inflow stagnation
temperature (non-adiabatic wall condition). Periodic conditions are
used for both spanwise boundary. Characteristic conditions48 are
applied on the top and outlet boundaries for ZPG case. Fixed top

boundary with compression wave generating profile and character-
istic outlet boundary are arranged for the APG case.

D. Simulation validation
The mean velocity profile and Reynolds stress are used here

to validate the benchmark simulation of a ZPG supersonic turbu-
lent boundary layer. Results of the calculated mean boundary layer
parameters are given in Table III. The displacement thickness δ∗ and
momentum thickness θ are calculated at x = 0, the location the first
compression wave would impinge in the ZPG case. Reynolds num-
bers based on the van Driest transformed displacement and momen-
tum thicknesses Reδ∗ ,vd = ρwUvd

e δ∗vd/μw, Reθ,vd = ρwUvd
e θvd/μw are

also calculated as a reference for comparison with incompressible
data under the hypothesis of Morkovin.49

Fig. 3(a) shows a comparison of the mean velocity profiles. U+
VD

denotes the van Driest mean velocity scaled by the friction velocity,
defined as

U+
VD =

1
uτ ∫

U

0
(Tw/T)1/2dU (8)

Results are compared in Fig. 3(a) with the incompressible DNS
results of Schlatter and Örlü,50 whose Reynolds numbers Reτ
= 359.4, Reθ = 1006.5, and Reδ∗ = 1459.4 are similar with the van
Driest transformed ones of the present benchmark simulation. The
result from Duan et al.52 with Ma = 2.97 and Reτ = 486.9 is also
included. The mean velocity profile agrees well with law of the wall,
the logarithmic law and DNS results of Schlatter and Örlü50 and
Duan et al.52 The log law U+

VD = (1/κ) log y+ + C is plotted with
κ = 0.41 and C = 5.1. The deviation occurs in wake region might
be due to the non-adiabatic wall condition on the bottom domain

FIG. 3. Comparison of ZPG boundary layer results (at x = 0)
with reference data: (a) mean velocity profile; (b) r.m.s
velocity profiles with inner scaling compared with that of
Schlatter and Örlü;50 (c) r.m.s velocity profiles with outer
scaling compared with that of Guarini et al.;51 (d) two-point
spanwise correlations of the streamwise velocity at different
wall-normal positions.
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FIG. 4. Wall pressure normalized with freestream dynamic pressure.

boundary. The profiles of root-mean-square (r.m.s) velocity fluc-
tuations together with u′v′ plotted in inner and outer scaling
are compared with Schlatter and Örlü50 and Guarini et al.51 in
Fig. 3(b), (c) respectively. The r.m.s velocity components are scaled
by
√
ρ/ρw /uτ , while u′v′ is scaled as (uv)+ = ρw/ρ ⋅ u′v′/u

2
τ .

Good agreement with references shows the reliability of the present
simulation.

Two-point spanwise correlations of the streamwise velocity at
different wall-normal positions of the benchmark ZPG case are
given in Fig. 3(d). The spanwise separation is given in wall unit.
It is clearly shown that the correlation coefficients decrease rapidly
to zero well within the domain which suggesting the computational
domain is sufficiently wide to allow periodic boundary condition to
be applied.

Mean wall pressure of both APG and ZPG cases are illustrated
in Fig. 4. The result of present APG simulation agrees well with the
experimental measurements of Wang et al.37 Within the APG sec-
tion, the wall pressure grows almost linearly along the streamwise
direction which confirms that the compression wave generator pro-
file designed using the streamline tracing technique works well in
generating successively enhanced compression waves field without
any contamination. The non-linear distribution of the wall pressure
over 10 < x/δ0 < 15 in the experimental data may be resulted from the
existence of weak shock waves and secondary reflection of compres-
sion waves along the rear section of compression wave generator.

The Clauser pressure gradient parameter in the present simulation,
β = (dp/dx)/(τw/δ∗), is 2.15 which is similar to the experimental
result of β = 2.24.37

III. RESULTS AND DISCUSSION
A. Mean flow and statistical properties
1. Velocity profiles

The van Driest transformed mean velocity profiles in wall units
at different streamwise locations are shown in Fig. 5, along with
the profile for the ZPG case at x = 0 for comparison. The profiles
within the turbulence developing section (x = −3δ0 and x = 0) col-
lapse well indicates a fully developed turbulent boundary layer has
formed before the impingement of any compression wave. How-
ever, a slight difference is observed in the velocity profiles at x = 0
between the ZPG and APG cases. This is because the influence of
compression waves which penetrate through the boundary layer
slightly upstream before reaching x = 0 on the wall. Despite of this,
the velocity profiles in the near-wall viscous sublayer (y+ < 6) agree
with the law of the wall well regardless of locations. The mean veloc-
ity profiles of the APG case exhibit more prominent wake regions
further downstream when wall pressure rises. In the APG section
(see Fig. 5(b)), the mean velocity profiles first shift above and then
return back to the ZPG profile in this log law region when flow
develops downstream. The shift-up trend observed within a rela-
tively short range after the first impingement point (x = 0) is in
accordant with the DNS result from Franko and Lele21 which may be
caused by the relaxation of β for it can not increase suddenly from
zero to the expected steady value. No dip or a shift of the velocity
profile below the ZPG log law has been observed. The reason for
this would be related to the limited domain length. This is consistent
with the experimental result of Wang et al.37 For flat-plate bound-
ary layers subject to APG, according to previous experiments,22,36

the dip would only occur when the streamwise length of the APG
region is sufficiently long (several times the length of present
simulations).

Fig. 6 shows the mean velocity profiles in outer scaling. An
obvious velocity deficit exhibits in the outer part of the bound-
ary layer in the APG flow and a higher wall pressure leads to a
larger deficit. However, from the zoomed-in view of the profiles,
Fig. 6(b), an opposite trend is observed in the near-wall region,
where the velocity increases with the pressure rise as the flow

FIG. 5. (a) The mean velocity profiles normalized by wall
units at different streamwise locations. (b) shows a local
zoomed-in view.
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FIG. 6. (a) The mean velocity profiles scaled by the local
boundary layer thickness at different streamwise locations,
δ denotes the local 99% boundary layer thickness. A
zoomed-in view is shown in (b) for y/δ = 0.01 to y/δ = 0.04.

develops downstream. Similar result was observed in the supersonic
turbulent boundary layer over a concave wall.32 This is related to the
turbulent energy transportation influenced by compression waves
and may give an explanation to the increase of wall friction which
will be discussed later.

2. Skin friction
Distributions of the skin friction coefficient Cf = τw/

(0.5ρ∞U2
∞) along the streamwise direction of both APG and ZPG

cases are shown in Fig. 7(a). A slowly decreasing trend of the skin
friction coefficient in the ZPG flow is observed which is consis-
tent with the theoretical formula of Eckert53 for turbulent boundary
layer. In the turbulence developing section of APG flow, despite a

slight difference within a short region before x = 0 which is related
to the penetration of compression waves through the boundary layer
as discussed earlier, the skin friction coefficient agrees well with that
of the ZPG case. This shows that the flow in the turbulent develop-
ing section of the APG case is essentially the same as the ZPG case.
After the turbulent developing section, the skin friction coefficient
of the APG case decreases within a short distance after meeting the
compression waves, then increases further downstream. The over-
all rising trend of the skin friction coefficient is consistent with the
experimental result of Fernando and Smits22 and is opposite to that
of an incompressible boundary layer in response to an APG. The
decrease of the friction velocity uτ observed is primarily due to the
increase of density at the wall (see Fig. 7(b)). The brief decrease of the
skin friction coefficient immediately after x = 0 is likely due to the

FIG. 7. The distributions of skin friction coefficient (a) and
friction velocity (b) along streamwise direction.

FIG. 8. The distributions of normalized principal strain rate
Su throughout local boundary layer at different streamwise
locations in APG section: (a) near-wall distributions (y/δ is
on log scale); (b) a local zoomed-in view from y/δ = 0.1 to
y/δ = 1.4.

AIP Advances 9, 085215 (2019); doi: 10.1063/1.5112040 9, 085215-7

© Author(s) 2019

https://scitation.org/journal/adv


AIP Advances ARTICLE scitation.org/journal/adv

FIG. 9. The distribution of mean density throughout the boundary layer at different
streamwise locations. The density is normalized by freestream density.

sudden variation of the velocity gradient imposed by the first inci-
dent compression waves. This short period of readjusting can also
been seen in the friction velocity.

3. Strain rate
Fig. 8(a), (b) provide the distributions of the normalized princi-

pal strain rate Su throughout the boundary layer at different stream-
wise locations in the APG section. Su is defined as ∂(U t/U∞)/∂(y/δ0)
where U t denotes the mean streamwise velocity. It is found that the
mean shear stress in the viscous sublayer is higher than that in the
logarithmic and wake regions. The principal strain rate decreases
rapidly from inner to outer region of the boundary layer. Observed
from Fig. 8(a), Su has a trend of increase when pressure is enhanced
in the sublayer region. However, this behavior has immediately
transposed at the vicinity of y/δ = 0.015 (y+ ≈ 5), here δ denotes
the local boundary layer thickness. A second transpose of Su, albeit
not as clearly, has been found when the wall normal distance tran-
sitioning from buffer layer to logarithmic layer and wake layer (see
Fig. 8(b)). Similar variation trend has been reported by Wang et al.32

for a concave boundary layer. Combining with the mean velocity
profiles given in Fig. 6, the streamwise velocity experience different
increasing rates along the wall-normal direction. Under the effect
of APG, the shear stress becomes higher along the flow develop-
ing direction when y/δ is approximately less than 0.015. A con-
verse trend occurs immediately after this near-wall region until
y/δ ≈ 0.4 (y+ ≈ 100). This comes up with an interesting result

that the rate of velocity shows a sandwich distribution along wall-
normal direction which means that the decreasing middle region is
flanked by the increasing inner and outer regions. The bulk com-
pression induced by compression waves may be the direct reason
for the increased shear in the outer layer while the increase in the
inner layer may result from strengthened sweep events (will be dis-
cussed later). Meanwhile, the outward motion of near-wall low-
momentum fluids gives an explanation to the decrease in the middle
region.

4. Thermal effects
Fig. 9 plots the mean density distributions through the bound-

ary layer at different streamwise positions. It shows an increase of
density due to the bulk compression from the induced compression
waves. This leads to a decrease of the boundary thickness against the
rise of wall pressure in the present simulation. The r.m.s of temper-
ature and pressure are plotted in Fig. 10(a) (b) normalized by the
local averaged temperature <T> and wall dynamic pressure ρwu2

τ
respectively. Different trends have been observed for Trms and prms.
Due to the rise of pressure, the temperature fluctuation intensity
increases in the inner and outer layers along the flow developing
direction and decreases in the middle region (0.03 < y/δ < 0.4) of the
boundary layer, showing a similar variation trend with the principal
strain rate. This means the thermal transport from inner to outer
as well as from outer to inner boundary layer are both enhanced
due to APG. It also infers an outward move of low-momentum but
high-temperature fluids towards outer layer and an inward move
of high-momentum but low-temperature fluids towards inner layer.
In contrast to Trms, the pressure fluctuation increases across the
whole boundary layer as flow develops under APG, and its inten-
sity in the inner layer is larger than that of the outer layer, this
indicates a stronger volume compression of fluid in the inner layer.
However, the increase rate of the pressure fluctuation shows sim-
ilar trend with the r.m.s of temperature along the wall-normal
direction.

The strong Reynolds analogy (SRA) is calculated and shown in
Fig. 11(a) using the Morkovin relation:49

(T′′2)
1/2
/T̃

(γ − 1)Ma2(u′′2)
1/2
/ũ
≈ 1, (9)

where a tilde denotes Favre average. The results satisfy well in the
mesolayer except in the inner and outer end of boundary layer. The

FIG. 10. The r.m.s of temperature normalized by local
averaged temperature <T> (a) and pressure fluctuations
normalized by wall dynamic pressure ρwu2

τ (b).
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FIG. 11. The SRA (a) and Ru′′T′′ (b) profiles.

correlation between temperature and velocity fluctuations across the
boundary layer is given by

Ru′′T′′ =
−u′′T′′

(u′′2)
1/2
(T′′2)

1/2 . (10)

Observed from Fig. 11(b), at all locations, the u′′ and T′′ are cor-
related albeit out of place, Ru′′T′′ is around 0.6 which is similar to
the results of a ZPG supersonic boundary layers.51,52 However, dis-
tinctions still exists between the inner and outer part of the bound-
ary layer. The SRA and Ru′′T′′ behaviors both show a mismatch
between alterations of the temperature fluctuation and the veloc-
ity fluctuation due to APG in the sublayer and wake regions indi-
cating the effect of compressibility on the boundary layer due to
APG. Similar observations have been reported for turbulent ther-
mal boundary layers subject to adverse streamwise pressure gradi-
ents.54 From the energy transport perspective, the results can also
reflect an state of non-equilibrium of the kinetic and the inter-
nal energy. Details on turbulent energy transport will be discussed
later.

B. Instantaneous flow field and turbulence structures
1. Near wall streak structures

The streamwise velocity fields at different wall-normal dis-
tances are shown in Fig. 12. Alternating low- and high-speed streaks
can be clearly identified. Compared to the ZPG flow, similar near
wall streaks appear in the whole turbulence developing section and
only within a limited region ([0, 5δ0]) in the APG section where
compression waves are weak in the APG flow. When close to the
wall (y/δ0 = 0.02), we can find that within the downstream flow in
the APG section, high-speed streaks are elongated and aggregates
into wide patches which form a different streak pattern to the ZPG
case.

At y/δ0 = 0.25, shown in Fig. 12(b), the minimum streamwise
velocity of the APG case is lower than that of the ZPG one. In
the APG section, lower-momentum patches occur and have trun-
cated and redistributed the original high-speed streaks which form
the corresponding patches. The pattern given at this higher location
shows the hint of the outward motion of the inner low-momentum
fluid to the outer boundary layer and the interaction of outward
motions and inward motions should be stronger than that in the
sub-layer.

Two-point spanwise correlations of the streamwise velocity
fluctuations are compared at different wall-normal distances for
the APG case in Fig. 13. This can give a quantitative comparison
of the spanwise space between streaks. As can be seen, at these
two wall-normal locations, the streak spacing has been enlarged
due to the enhanced compression waves suggesting the formation
of velocity patches in the near-wall region and large-scale correl-
ative structures in the outer layer. This trend clearly shows that

FIG. 12. Streamwise velocity contours at (a) y/δ0 = 0.02 and (b) y/δ0 = 0.25 within
the boundary layers of the APG case (top) and the ZPG case (bottom).
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FIG. 13. Two-point spanwise correlations of streamwise
velocity fluctuations at different streamwise locations in the
APG case: (a) at y/δ0 = 0.03; (b) at y/δ0 = 0.3. The spanwise
separation is given in wall unit.

the flow patterns in the inner and outer layers have both been
greatly altered under the impact of compression waves induced
by APG.

2. Large-scale motions throughout the boundary layer
Fig. 14 shows the iso-surfaces of streamwise velocity ut = 0.45

for both ZPG and APG cases. It is clear that the flow pattern in
the APG section has been altered due to the APG. The stream-
wise flow structures observed in the APG section in Fig. 14(a)
organize together into large-scale patches. Some of the patches are
lifted towards the outer layer while some seems to dive into the
inner layer. It seems that the compression waves have enhanced
the layer-to-layer interactions which have changed the corrugated
flow pattern in ZPG to a rake-like pattern under the influence
of APG.

To characterize vortex structures, iso-surfaces of λ2, which is
the second eigenvalue of the velocity gradient matrix55 are plotted

FIG. 14. Coherent structures visualized by the iso-surfaces of ut /U∞ colored by
non-dimensional wall normal distances. (a) APG case; (b) ZPG case.

for the APG and the ZPG cases in Fig. 15(a) and (b), respectively. A
small negative value of λ2 (−0.06) is selected to visualize the turbu-
lence structures and the figures are contoured by the instantaneous
streamwise velocity. A wall-normal slice contour of instantaneous
streamwise velocity at y/δ0 = 0.5 is also shown in the figures. Obvious
differences can be observed when comparing the APG flow with the
ZPG one. Attribute to bulk compression induced by compression
waves the turbulence structures are “squeezed” into a thinner wall-
normal zone in the APG case close to the wall. This indicates that
the thickness of the boundary layer seems to become thinner due to
APG which coordinates with previous studies.22,32 When scrutiniz-
ing Fig. 15(a), apparently large vortex structures which embedded in

FIG. 15. The iso-surface of λ2 colored by the non-dimensional instantaneous
velocity along with a wall-normal slice contour (grayscaled) of the instantaneous
streamwise velocity at y/δ0 = 0.5 (0.5 ≤ ut ≤ 1, from dark to light). (a) APG case;
(b) ZPG case.
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FIG. 16. Three-dimensional streamlines originated from zero-x at y/δ0 = 0.03
colored by non-dimensional wall normal distances. (a) APG case; (b) ZPG case.

the regions of low momentum (dark regions in the grayscale slice)
can be easily identified in the outer layer. Although we can also find
footprints of such structures in the ZPG flow shown in Fig. 15(b),
the structure scale in each direction of the APG case is obviously
larger. According to previous studies56–58 on ZPG turbulent bound-
ary layer, these large vortical structures seem to be the LSMs where
the hairpin vortices within the vortex packets align in the streamwise
direction and induce regions of low streamwise momentum between
their legs. These structures stretch nearly 2 ∼ 3δ0 in streamwise
direction and about δ0 in spanwize direction. Along with Fig. 14, the
wall-normal size of these structures has been enlarged as well due to
APG obviously compared with those in the ZPG case. In supersonic

flows under APG effects coupling with wall curvatures, the LSMs
always correlated with curvature-related Görtler-like structures,32,35

here we find that the LSMs have been strengthened due to pure APG
without effects introduced by wall curvatures.

The instantaneous streamlines, start from x = 0 at a wall-normal
height of y/δ0 = 0.03, are compared in Fig. 16. These streamlines
are colored by the wall normal distance. The streamlines of the ZPG
case are more plain without obvious deviation. However, the APG
ones are more active and stratified in the wall normal direction along
with the rise of compression which has the same trend as shown
by the velocity iso-surfaces. The inward and outward deviations of
the streamlines clearly demonstrate that the inward fluid motions
from the outer layer has been dramatically enhanced and the out-
ward motions seem to be more energetic resulting from the stronger
inward motions.

To find out more details about how these enhanced LSMs are
formed and their relations with the near-wall structures, contour
maps of the instantaneous velocity in cross flow section at x/δ0 = 10
are plotted in Fig. 17 to observe the flow pattern within the bound-
ary layer. The in-plane streamtraces are also added in the figure. The
general patterns of the streamwise velocity are different for the two
cases. In the APG flow, the low-speed fluid close to the wall is more
likely to group together and move upwards away from the wall rather
than nearly uniformly distributed within the near wall region as in
the ZPG flow. Higher bulge structures related to the more active
upwards moving trend of the low-speed fluid are clearly observed.
From the in-plane streamtraces, the large-scale paired streamwise
vortices as outlined are crowd around the bulge top in the APG flow
while the vortices prefer to be random and small scaled in the ZPG
flow. This is consistent with the appearance of LSMs in Fig. 15. Fur-
ther evidence can be found by the probability density distributions
(PDF) of the streamwise vorticity along the wall normal direction
at different streamwise locations shown in Fig. 18. We can clearly
find that the PDFs of the streamwise vorticity collapse well in ZPG
case at different wall-normal locations (see Fig. 18(b) (d)). The char-
acteristics of self-similarity in both near-wall region and outer layer
show good consistence with previous studies.59,60 While in the near-
wall region the PDF distribution is sharp and has narrow tails, in
the outer layer it becomes more like Gaussian distribution and has
broaden tails. This difference of PDF forms for velocity or its gra-
dient fluctuations is always related to the level of small and large
scales.61,62 Although the symmetric feature of the PDFs in APG case
remains, the self-similarity occurred in ZPG case has been violated
(see Fig. 18(a) (c)). As flow develops further downstream in the APG

FIG. 17. Contours of streamwise velocity normalized by
freestream velocity with in-plane streamlines at x/δ0 = 10.
(a) APG case; (b) ZPG case.
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FIG. 18. The PDF of the dimensionless streamwise vorticity
ωx at different streamwise locations of the APG case (left)
and the ZPG case (right): (a) (b) at y/δ0 = 0.01; (c) (d) at
y/δ0 = 0.25.

case, the PDF shapes go less sharp and broader in both near-wall
region and outer layer. This shows a clue of the scale increment
and gives another evidence to the existence of strengthened vortex
structures in both the outer and inner layers under the effect of APG.

To further investigate the impact of pressure gradient on vor-
ticity, here we discuss the baroclinic term in the vorticity dynamic
equation (the third term in the right hand side) which is written by

Dω
Dt
= (ω ⋅ ∇)u − ω(∇ ⋅ u) − ∇p ×∇ρ

ρ2 +
∇p ⋅ τ
ρ

. (11)

Fig. 19 shows the contour maps of baroclinicity in a cross flow plane
at x/δ0 = 10. This term represents the cross production of the den-
sity and pressure gradients. When the local density and pressure
gradients are misaligned, this term contributes to the gross vortic-
ity increment. Carefully examination of the figure reveals that the

auricle-like structures of baroclinicity are formed within the bound-
ary layer in the APG case while no obvious alike structure is found
in the ZPG one. The existence of streaks in the near wall region
would induce density variation thus can increase the baroclinicity,
this can be seen in the near-wall region from both cases. However,
due to the pressure gradient induced by the compression waves, the
additional pressure gradient has further interacted with the streak-
induced density gradient which finally contributes to the vorticity
increment over the wall and forms the feet of the auricle-like struc-
tures. This may give an explanation to the accumulation of low-
speed fluids or patches in the near wall region of the APG flow dis-
cussed earlier. Same reasons may give to the formation of the auricle
head where the LSMs may occur and interact with the compression
waves which leads to larger baroclinicity than in the ZPG case. The
outer-layer increased baroclinicity conversely strengthens the vor-
ticity and further the relative motions of fluids within the boundary

FIG. 19. Contours of the magnitude of baroclinic term
(∣(∇p ×∇ρ)/ρ2

∣) normalized by freestream parameters at
x/δ0 = 10. (a) APG case; (b) ZPG case.
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FIG. 20. The PDF of the non-dimensionlized magnitude of
baroclinic term at different streamwise locations of the APG
case (left) and the ZPG case (right): (a) (b) at y/δ0 = 0.01;
(c) (d) at y/δ0 = 0.25.

layer (see in Fig. 16) resulting in the enhancement of LSMs. Even-
tually, the gross inward motions of high-density fluids in the outer
layer (which is stronger than the outward motions caused by the
reflected compression waves from the inner layer) caused by com-
pression waves throughout the boundary layer, as can be seen in
Fig. 17, form the whole auricle-like structures. The PDF of the non-
dimensional baroclinic magnitude along flow developing direction
at fixed wall-normal locations are given in Fig. 20. Similar distribu-
tion with that of the streamwise vorticity are shown in the figures,
indicating strong correlation between the baroclinicity and vortic-
ity generation. Hence, the large-scale streamwise vortices and the
relative motions of low- and high-speed fluids within the bound-
ary layer subject to APG could be explained by the vorticity increase
due to baroclinicity. Similar conclusions have been obtained by Sun
et al.35 for a supersonic turbulent boundary layer over a concave

wall. It is reported that the Görtler-like structures with the baroclinic
production from the concave compression leads to the generation
of abundant small-scale vortices in the outer boundary layer while
the relatively slow turbulence amplification in the inner layer relies
mainly on the baroclinic effect from APG.

C. Turbulent transport and TKE analysis
1. Turbulent kinetic energy distribution

The r.m.s velocity and the Reynolds stress at different stream-
wise locations of APG boundary layer are compared in Fig. 21–
Fig. 24. Profiles of locations within the turbulence developing section
(x/δ0 = −3, and x/δ0 = 0) collapse, which represents the flow has
reached a state of equilibrium before entering the APG section.

FIG. 21. The r.m.s streamwise velocity at different stream-
wise locations in the APG case: (a) normalized by
freestream parameters; (b) normalized by wall units.
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FIG. 22. The r.m.s wall-normal velocity at different stream-
wise locations in the APG case: (a) normalized by
freestream parameters; (b) normalized by wall units.

FIG. 23. The r.m.s spanwise velocity at different streamwise
locations in the APG case: (a) normalized by freestream
parameters; (b) normalized by wall units.

As shown in Fig. 21(a), the r.m.s streamwise velocity increases
close to the wall under the APG. A peak occurs in the inner layer to
a zero-pressure-gradient supersonic flow, however, the peak value
has been altered by the APG. It is found that the inner-layer peak
when normalized by the local freestream velocity has a trend to first
increase (up to x = 2δ0) and then decrease as flow further devel-
ops downstream, this non-monotonic variation may be caused by
the decrease of the local mean streamwise velocity due to the com-
pression waves and the use of freestream bulk velocity to normalize.
When the r.m.s values are scaled in wall units (Fig. 21(b)), a contin-
ued increase in the peak value is observed with the peak appearing
at the same location (y+ ≈ 15). From both figures, a second peak can
be seen in the r.m.s velocity in the outer layer and they are enhanced
by the rise of pressure.

The r.m.s wall normal velocity (see Fig. 22(a) (b)) has also been
amplified due to the APG. The outward move of the peak posi-
tion gives a hint on the enhanced transverse motions from both
the inner and outer layer which supports the discuss of instanta-
neous results earlier. Similar trend happens to the r.m.s spanwise
velocity (see Fig. 23(a) (b)). It is interesting to note that the curve
bump has been altered to become a flat due to the rise of pressure,
this may support the observation on instantaneous and mean flow
results of the enhanced inwards and outwards motions and the LSMs
therefrom. The Reynolds stress showed in Fig. 24(a) (b) has been
significantly promoted as well. The curve bump becomes sharper
and has a tendency to move outwards to the outer layer, the peak
position corresponds to the second peak in the streamwise velocity
profile.

FIG. 24. The Reynolds stress distributions at different
streamwise locations in the APG case: (a) normalized by
freestream parameters; (b) normalized by wall units.
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In a high-Reynolds-number boundary layer, the turbulent
kinetic energy and Reynolds stress production can be significantly
promoted in the outer layer with the contribution of outer-scaled
motions.63,64 In previous studies of the APG boundary layer, the
outer peak in the turbulent intensity profiles is also reported.12,27,32

From the above discussion of the TKE, all the profiles in the
outer layer have been greatly modified due to APG. Combined
with the observations of the instantaneous flow pattern, the LSMs
are likely to play a key role in the process of promoting the tur-
bulent intensity and Reynolds stress production. When carefully
checking the distributions of the r.m.s velocity and Reynolds stress,
the turbulent intensity within the near-wall region has also been
strengthened, though not as prominently, with an increase trend
when flow develops downstream. As Smits et al.65 have pointed
out that motions in the logarithmic and wake layer may have
a strong influence on the behavior of the near-wall turbulence,
this result gives another evidence to the instantaneous discussion
of the interaction between motions from both inner and outer
layers.

Turbulent Mach number Mat =
√

u′ju
′
j/c (where, c denotes the

local mean sonic speed) and the r.m.s of the fluctuating Mach num-
ber Mar .m .s normalized by freestream parameters are also plotted at
different streamwise locations in Fig. 25. Second peaks are observed
in line with the turbulent kinetic energy distributions. The obvious
difference between the ZPG and APG cases suggests the compress-
ible effect play a significant role in supersonic turbulent boundary
layer subject to APG.

2. Quadrant decomposition
To analyze the near-wall turbulent flow, the velocity fluctua-

tions are categorized into four groups or quadrants within u′ − v′

(the streamwise and wall-normal fluctuation velocities) plane using
the quadrant decomposition technique.32,66,67 Each sample of the
fluctuation is regarded as an event and the events are named as
outward interaction (in 1st quadrant, noted as Q1 event), ejection
(Q2 event), inward interaction (Q3 event) and sweep (Q4 event),
respectively.

The PDFs of u′v′ events at different streamwise and wall-
normal locations are shown in Fig. 26. For the turbulent flow events,
it is found that in the sublayer, shown in Fig. 26(a) at y/δ0 = 0.01 (y+

= 3), the turbulent events are mostly with small fluctuations, espe-
cially v′, giving a picture of slightly Q4 dominant at this height of

the boundary layer. However, when it comes to the buffer and loga-
rithmic layers (Fig. 26(b), (c)), fluctuation events especially the Q2
and Q4 events increase dramatically. With the rise of pressure as
the flow develops downstream under APG, the events start to scat-
ter among a relatively large area and diverge from the origin point
(u′ = 0 and v′ = 0). Different phenomena observed in the ZPG flow
where all the events gathered within a smaller area and converge
around the origin point. This gives a direct sense that the ejection
and sweep events are strengthened due to the APG. Both Q2 and Q4
events are related to the transverse motions in the wall normal direc-
tion and the Reynolds stress. This further indicates that the inwards
motions of high-speed fluids as well as the outwards motions of low-
speed fluids have been significantly strengthened by APG. The tur-
bulent intensity is also promoted due to the responsively enhanced
Reynolds stress.

The PDFs of the spanwise fluctuations are also plotted in Fig. 27
for different streamwise locations at fixed wall-normal positions
(y/δ0 = 0.01 and y/δ0 = 0.2) for both the APG and ZPG cases.
Similar distributions with that shown in Fig. 18 can be observed.
At both wall-normal positions, self-similarity remains for the ZPG
case and variations still occur along the downstream direction
for the APG case. As discussed earlier, the broaden tails of PDF
shapes mean a tendency of scale growth. The PDFs of the span-
wise fluctuation shown in Fig. 27(a), (c) further come to a result
that the spanwise scale of turbulence structures have been enlarged.
Along with the discussion about PDFs of u′v′ events and the three-
dimensional streamlines, it is natural to conclude that the stream-
wise vortex structures exist in both near-wall region and outer layer
have been strengthened downstream the flow field due to APG.
In fact, the PDFs of the velocity fluctuations in spanwise direc-
tion give a third-dimension information in addition to the quadrant
decomposition.

The statistical distribution of events in different quadrants
along with the streamwise locations are plotted in Fig. 28. Under the
impact of APG, the events in all four quadrants rise obviously, the
Q2 ejection and Q4 sweep events are dominant among all events.
Their peak positions moves gradually towards the outer layer giv-
ing another evidence to the enhancement of turbulent intensity in
the outer layer due to the APG which is consistent with the results
discussed on turbulent kinetic energy distributions. In the near-wall
region, the Q4 event contributes the majority of Reynolds stress,
indicating the sweep events are dominant in the generation of the
near-wall turbulence which is consistent with the earlier discuss.

FIG. 25. The distributions of turbulent Mach number Mat
(a) and the r.m.s of fluctuating Mach number Mar .m .s (b) at
different streamwise locations in APG case.
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FIG. 26. The PDF of u′v′ events at
streamwise location x/δ0 = 0 (left), x/δ0
= 7 (middle), x/δ0 = 14 (right). Both u′

and v′ are normalized by the freestream
velocity U∞: (a) at y/δ0 = 0.01; (b) at
y/δ0 = 0.04; (c) at y/δ0 = 0.2 in the APG
case.

The contribution of Q2 event increases faster than the Q4 event and
finally dominates in the rest of the boundary layer. It is interest-
ing that the Q2 events (solid lines) do not increase monotonically
in its peak compared to the Q4 events, however the extent of Q2
events has been expended within the boundary layer. When pres-
sure is increased, the Q4 sweep events which represent the motions
from outer layer to inner layer are strengthened in response while
the Q2 ejection events, which represent the motions from inner
layer to outer layer, do not rely on the pressure. The large-scale
vortices induced by Q4 events can also impact on the Q2 events

and make them distinctive within a large extent in the boundary
layer.

3. Turbulent kinetic energy budgets
The explicit form of the turbulent kinetic energy budget equa-

tion35,51 is given by

∂

∂t
(ρk) + ũj

∂

∂xj
(ρk) = P + T + Π + D − ϕ + Vc, (12)

FIG. 27. The PDF of spanwise fluctuation velocity w′ at dif-
ferent streamwise locations for fixed wall-normal positions
of the APG case (left) and the ZPG case (right): (a) (b) y/δ0
= 0.01; (c) (d) y/δ0 = 0.2.
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FIG. 28. The statistic distributions of quadrant decomposed
Reynolds stress at different streamwise locations: (a) x/δ0
= 0; (b) x/δ0 = 7; (c) x/δ0 = 14.

where
P = −ρu′′i u′′j

∂ũi
∂xj

, (13)

T = −1
2

∂

∂xj
ρu′′i u′′i u′′j , (14)

Π = Πt + Πd = −
∂

∂xj
p′u′′i δij + p′

u′′i
xi

, (15)

D = − ∂

∂xj
u′′i
Re

τ′ij, (16)

ϕ = 1
Re

∂u′′i
∂xj

τ′ij, (17)

Vc = −u′′j
∂p
∂xj

+
u′′i
Re

∂τil
∂xl
− ρk∂ũj

∂xj
, (18)

C = −ũj
∂

∂xj
(ρk). (19)

Here P represents the production term, giving the rate of gen-
eration of TKE due to velocity gradients; T the turbulent transport
term; Π the combination term of pressure dilatation and diffusion;
D the viscous diffusion; ϕ the viscous dissipation and C the con-
vective term. Vc contains the terms due to the density variation,
however these terms are small compared with the other terms, hence
we neglect all terms in Vc here.

The energy budget at x = 0 in the ZPG case is plot-
ted in Fig. 29 and is compared with the incompressible results
of Schlatter and Örlü50 at Reθ = 1006. All terms are nor-
malized by ρwu4

τ/νw where νw denotes the kinematic viscos-
ity at the wall region. Although slightly difference exists, which
might be due to the non-adiabatic wall condition on the bot-
tom domain boundary, the simulation result is generally consis-
tent with the comparable results given and this confirms the reli-
ability of present simulations and further validates the Morkovin’s
hypothesis.49,68

FIG. 29. The TKE budget at x = 0 position of the benchmark ZPG simulation (solid
lines) compared with the result of incompressible case from Schlatter and Örlü50

(dash-dotted lines).

AIP Advances 9, 085215 (2019); doi: 10.1063/1.5112040 9, 085215-17

© Author(s) 2019

https://scitation.org/journal/adv


AIP Advances ARTICLE scitation.org/journal/adv

FIG. 30. The TKE budget at different streamwise locations
of the APG case (solid lines) compared with the budgets
of the ZPG case at corresponding locations (dash-dotted
lines): (a) at x/δ0 = 0; (b) at x/δ0 = 2; (c) at x/δ0 = 8; (d) at
x/δ0 = 13.5.

Fig. 30 shows the energy budget at different streamwise loca-
tions in the APG case together with the ZPG case at x = 0 as a refer-
ence(dash lines). The TKE budget at x = 0 (Figure 26(a)) in the APG
flow show good agreement with that of the ZPG case. The produc-
tion is balanced by the dissipation throughout the boundary layer
while the viscous diffusion in the near-wall region is mainly bal-
anced by the viscous dissipation. Similar results have been reported
by Guarini et al.,51 Pirozzoli et al68 and Sun et al.35

Under the influence of APG, all terms in TKE budget are
amplified, suggesting an enhancement of turbulence which is con-
sistent with the previous discussion. In particular, the turbulent
transport term increases most due to APG, meaning increase of
motions between outer layer and inner layer. The augment of vis-
cous dissipation may be caused by the increase of density due to
compression waves, it can always be balanced by the increased vis-
cous diffusion within the inner boundary. This suggests more active
motions in the near wall region. In the outer layer, the production
term forms a second bump in response of risen pressure suggest-
ing a promotion of turbulent intensity within this region in the
boundary layer. In accordance with the second bump in the pro-
duction term, the convective term and turbulent transport term
also increase prominently in the outer layer for the energy equi-
librium of a new state. The strengthened balancing process in the
outer layer gives another evidence on the existence of large-scale
motions and their interaction with the outwards motions from inner
boundary.

IV. CONCLUSIONS
A freestream Mach 2.9 flat-plate supersonic turbulent bound-

ary layer subject to an APG (β = 2.15) is studied by DNS. The APG

is carefully configured by a compression waves generator designed
by characteristics tracing technique. This method can apply a “pure”
APG on the flat-plate supersonic turbulent boundary layer without
the impact of wall curvatures as usually do to induce pressure gra-
dient. A ZPG flat-plate supersonic turbulent boundary layer is also
simulated for validation and comparison.

The responses of the velocity profiles, skin friction as well as
the principal strain rate to APG are examined. For the particular
case studied with a constant β = 2.15, the logarithmic law of the
velocity profile has been preserved while a more prominent wake
region occurs due to APG which agrees with the experimental result
of Wang et al.37 Analyzing the local velocity profiles, the streamwise
velocity shows an increase in the near-wall region and a reduc-
tion in the outer boundary layer in response to the compression
waves. Increased principal strain rate is found in the near-wall and
the outer boundary layer while a small region between these two
regions shows a decreasing trend. Under the impact of bulk com-
pression generated by compression waves, the density within the
inner boundary layer has been promoted and in response the tem-
perature fluctuation has been dramatically altered. The mismatch
of the temperature and velocity fluctuations in the inner and outer
layer is observed according to the SRA analysis and the correlation
of the streamwise velocity and temperature which suggests a non-
equilibrium of the velocity and the temperature fields as well as the
amplified compressibility effect.

Compared with ZPG boundary layer, the near-wall streaks are
more likely to group together into patches with larger spacing due
to APG. Enhanced LSMs are the typical flow structures in the outer
boundary layer as a consequence of the bulk compression. From the
analysis of quadrant decomposition, the ejection events (Q2), sweep
events (Q4) and the spanwise events are increased in the APG flow.
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Results show that Q4 events dominate in the near-wall region while
Q2 events dominate the rest of the boundary layer. According to
a detailed analysis of the baroclinic term in the vorticity dynamic
equation, it is found that the baroclinicity plays a significant role in
the formation of the enhanced LSMs in the outer boundary layer
and the near-wall velocity patches since the existence of the com-
pression waves. The resulting amplified vorticity suggests to be the
driven force to the inward fluid motions from the outer layer and
the outward motions from the inner observed from the streamwise
velocity iso-surface and the streamlines.

Both the turbulent kinetic energy and turbulent Mach number
are amplified by APG and a second peak is observed in the outer
region. These reflect statistically the effects of the enhanced LSMs in
the APG boundary layer on the promotion of the turbulent intensity.
Turbulent kinetic energy budget analysis demonstrates that both the
production and viscous effects are strengthened in the near-wall
region. In the outer boundary layer, the production is found to be
significantly amplified and balanced by the increased convection and
turbulent transport.
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