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Abstract: Iterative learning control (ILC) is a well-established approach to precision
tracking for systems that perform a repeated task. Gradient-based update laws
are amongst the most widely applied in practice due to their attractive robustness
properties. However, they are limited by requiring a model of the system dynamics
to be identified. This paper shows how gradient ILC can be extended for use with a
general class of nonlinear systems, and additionally how the update can be generated
using an extra experiment conducted between trials. This ‘model-free’ approach
extends previous work for the linear systems, and is illustrated in a rehabilitation
application requiring accurate control of human upper-limb movement.
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1. INTRODUCTION

Tterative learning control (ILC) is an approach used
to facilitate accurate tracking of tasks that are exe-
cuted repeatedly over a finite time interval (Bristow
et al., 2006). ILC uses the tracking error over past
attempts to modify the control signal for the next
attempt, with the aim of ultimately converging
to zero error. ILC has found rich application to
industrial tasks such as robotic systems (Adloo
et al., 2009; Barton and Alleyne, 2011a), chemical
batch processing (Mezghani et al., 2002), servo
systems (Shaojuan et al., 2008; Zheng et al., 2009)
and rehabilitation (Freeman, 2016). See (Bristow
et al., 2006; Ahn et al., 2007) for a summary and
categorisation of algorithms.

A well established algorithmic framework has
emerged for the class of gradient based algorithms
whose convergence and robustness properties have
been extensively studied by many groups, includ-
ing Bristow (2008); Ratcliffe et al. (2006); van de
Wijdeven et al. (2009); Wang et al. (2010); Bar-
ton et al. (2008); Mishra and Tomizuka (2005);
Freeman et al. (2012); Butcher et al. (2008b). A
prominent member of this class is Norm Opti-
mal ILC (NOILC) which has received considerable
attention in the ILC community due to its ma-
ture theoretic basis Buchheit et al. (1994); Amann
et al. (1996). The framework has been applied to
a range of systems including gantry robots Rat-
cliffe et al. (2006), multi-axis robotic testbeds Bar-
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ton and Alleyne (2011b), rehabilitation platforms
Rogers et al. (2010), lasers Rogers et al. (2010)
and pneumatic muscle actuators Schindele and As-
chemann (2011). Extensions have been proposed
using a predictive mechanism Bristow and Alleyne
(2006), constraints Chu and Owens (2010), pro-
jections Chu and Owens (2009), and accelerated
learning Owens and Chu (2009). Another well es-
tablished algorithm is ‘gradient ILC’, also termed
‘adjoint ILC’ which has been studied by many
groups, including Owens et al. (2009); Owens and
Feng (2003); Jian-Xu and Ji (1998); Furuta et al.

(1991).

The majority of ILC methods require models of
the plant dynamics, such as frequency-domain ILC
in Norrlof (2000) and Freeman et al. (2009Db),
inverse model approach in Harte et al. (2005),
gradient approach in Haténen et al. (2004) and
Hétonen et al. (2006), norm optimal approach in
Dinh et al. (2013). The convergence conditions
and performance of these ILC methods are built
on the nominal model and uncertain properties of
the controlled system. The nominal model plays a
key role in the design of model-based ILC meth-
ods. However, for some cases, nominal models are
too difficult or/and expensive to obtain, such as
multivariate systems and musculoskeletal system
which is nonlinear and lack of sensing methods.
What’s more, the robustness will lead to a poor
performance when the uncertainty is too large.

To remove the restrictions of model and uncer-
tainty, a ’'model-free’ concept is first proposed



in Freeman (2004), in which an additional, non-
standard experiment at each trial is applied to
the real system in order to estimate the gradient.
Butcher et al. (2008a) figured out that though
the additional experiment will have its own dis-
turbance, an unbiased estimate of the gradient
can still be found. The model-free gradient ILC
(MFILC) approach will feed the time reversed error
signal into the real system as its input and use
the reversed output as the gradient to generate the
control signal for the next trial. This time reverse
operation requires the lifted matrix of the system
to be symmetric as shown in Bolder et al. (2018)
which extended MFILC to multivariate system
and presented a rigorous analysis of this method.
The convergence conditions and connections with
common pre-existing ILC algorithms were given.
However, the symmetric lifted system matrix in-
dicates that the system should be linear or weak
nonlinear which has little effect. To extend this
method to nonlinear systems, this paper proposes
a MFILC method which discrete the system at a
fixed working point by introducing another exper-
iment. Along with the algorithm convergence, the
input signal will converge, thus the experiment for
discretization only need to be executed few times
in a trial.

The main contributions of this paper are as fol-
lowing. A model-free gradient ILC for nonlinear
system is proposed for the first time. A scale pa-
rameter is introduced to enhance the precision. The
convergence conditions are given rigorously. The
proposed method is verified via Simulations on the
real data from human arm musculoskeletal system,
the comparisons between our method and linear
MFILC and conventional gradient ILC method are
carried out.

The paper is arranged as following. The nonlinear
gradient ILC algorithm is presented in the second
part. Then the model-free gradient ILC method is
set up on the concept of time inverse. We give the
convergence conditions of the proposed method at
part 4. Our method is supported by simulation
results on the two-muscle elbow systems, which
is presented in the section 5. At the last, the
conclusions and ongoing researches are given.

2. GRADIENT ILC FOR NONLINEAR
SYSTEMS

In this section, we construct the gradient iterative
learning control algorithm for nonlinear systems.

Consider the following general nonlinear discrete-
time system

w(i+1) = f(x(i),u(@)), =(0)= o, (1)

y(i) = h(z(),u(@)), ¢=0,1,2,...,N

with state vector x € R™. Here f(-) and h(-) are
continuously differentiable with respect to their
arguments. The relationship between the input
and output time-series can be expressed by the
following algebraic functions

y(0) = h(x(0),u(0)) = go(z(0),u(0))

y(1) = h(x(1),u(1)) = h(f(x(0),u(0)),u(1))
= 91(x(0),u(0),u(1))

y(N) =

so that the system (1) can be represented by the
vector function

90(x(0), u(0)) !
91(2(0), u(0), u(1))
y= | eEOu0mC) | g
on (2(0), u(0), u(1), ..., u(N)
where the supervectors,
u = [u(0),u(l),... 7u(N)}T e R™N (3)
Y= [y(O),y(].),,y(N)]T € RPY (4)
and the reference
r=[r(0),r(1),...,7(N)]T  €RPYN  (5)
then we can write
y=g(u) (6)

The term 7g (@) is the system linearization around
an operating point u, where

T 990 9090 990 T
Au(0) du(l) " Ou
b B o
vg(u) = | 0u(0) Ou(l) = Ju(N)
dgn g dgn
L Ou(0) Ou(l) =~ Ou(N)
- g0 -
u(0) 0
g1 g1 0
du(0) Ju(l)
_ | 992 092 Ogo
= 0 (7)
0u(0) Ju(l) Ou(2)
dgn  dgn Dy dgn
L u(0) Ou(l) Ou(2) ~~ Ou(N) |

The linearized system dynamics then equates to the
linear time-varying system

a(i+1) = A(i)x(i) + B(i)a(i),
yli) = C())a(i) + D(i)u(i),

where A € R*"™"™" B € R"™™ (C € RP*" D €
RP*™ 4(i) € R™ and g(i) € RP. In particular

$(0)=$0, (8)
i=0,1,2,...,N
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in which & is generated by running @ through
system (1).

Now apply the gradient method to minimise
J(u) == |e||*>,e = r — g(u), subject to dynamics
(1). Here VJ(u) = — 7 g(u) e and the update is

U1 = up + B glu) ey (10)
where ( is a positive definite scalar step length.

Thus, we get the gradient ILC update law for
nonlinear systems.

3. MODEL-FREE GRADIENT ILC FOR
NONLINEAR SYSTEMS

Precise model is always not easy or too expensive
to obtain, especially for nonlinear systems. In the
following, we will present how to remove the model
by experiments for nonlinear systems, which will
naturally lead to a model-free algorithm.

To apply our model-free approach, we must ex-
change (10) for
wpp1 = up + B g(ar) ey, (11)
where u; is a fixed operating point chosen to be
‘near’ uy. Hence the optimal choice is
ﬁk(Z) = ﬂk7 ﬁk = min Huk - ’lAleH2
ur€ER
with solution

= > (i) (12)

This produces a steady-state value (to ensure & has
identical elements, & (i) = Gy Vi). Hence

N ; - of .
AG) x| u() = = Ay, B(i) “ou | ut) =a, By,
z(i) = dg (4) = Gy,
_ 8h A ., Oh .
CO) =5z [uy = a = 0 PO =551 4oy = = Dr
(i) = x(i) = g
(13)
and it follows that 7g(ay) =
Dy 0 0 0
C’fBE AD’i p 0
CAyBy C1LBy, Dy, 0
ékAgilék C’kjlév*2Bk ékAivi?’Bk ﬁk

(14)
€ RP*mIN To compute vg(ty) ey in (11), write
the Taylor expansion of g(u) around uy as

g(u) = g(ur) + vg(ur)(uw—ax)  (15)
Now select u = 6y, + a€. For a sufficiently small

a > 0, we can then approximate with arbitrary
precision as

g(uy + aey) = g(ur) + Vg(ay) (g + oy — )
(16)
so that
v9g(tk)aey, ~ g(ty + aéy) — g(ay) (17)
= Vgli)er ~ (gl +aé) — g(an) (15)

Now let s denote the time reversal of vector s, i.e.
s =[5(0),s(1),...,s(N)]" €R*¥W,
§=1[s(N),s(N—=1),...,50)]" €R¥,

[aywrenwed
s(i) € R®. We can then write yg(t)é =

Dy 0 e 0

Dy, ( ex (V)
C’kBk Dy, - 0

ex(N —1)

OkA 1Bk CkAN ’B . Dk ek(())

) Dkek(N)
Dkek(N — 1) + C’kBkek(N)

?kek(l)-l-
Dkek(())
[ Dier(0) +
Dyer(1) +

s+ ékAéViQBkek N)
s+ CkAN_lBkek N)

(
(
-i-CkAN 1Bkek(N)
-+ CkA Bkek(N)

ﬁkek(N —A].) + C'kBkek(N)
L Dyer(N)

e CuBy - CLAN B,

0 Dp - CLAY 2B
| TR e ) (22)

L0 0 .- Dy, er(N)
= vg(ty) "er. Combine with (17) to produce

vg(ay) e = — (g(ug + aéy) —g(ur))  (23)

1
o
1

= (g(ar + cer) — glay)  (24)

= é (g('&k + aéy) —g(’&k)> (25)

where we select a such that the approximation (17)
is accurate. This produces the nonlinear model-free
ILC update as:

(1) Apply input uy to system, and compute ey,

(2) Compute 4y, the mean of input uy, and apply
it to the system, measure the output g(y)

(3) Time-reverse the signal ey, scale it by a, add
it to the mean of uy, apply it to the system
and measure the output g(uy + «éy)

(4) Update the input according to equations 11
and 25.

4. CONVERGENCE ANALYSIS

Theorem 1. Let g, J be Lipschitz continuous with
constants M, L respectively. Suppose the ILC up-



date (11) is applied with the operating point devi-
ation bounded by

5 |7 J ()|
[ar — up|| < =m0 (26)
Mlex]|
and the step size satisfying

2 (1-c
— 27
i<z (1 +2c> 27)
with ¢ = W Then the tracking error

norm J strictly decreases with each iteration of

gradient descent until it reaches the optimal value
J(ug) = J(u*).

Proof. First note that Lipschitz condition

v J(x) = ()l < Lz -yl forany z,y

leads to
VA (@) < LT (28)

and similarly for M. Quadratic expansion of J()
around J(x) gives

J(uks1) < J(u) + B J(u) T (Vg(in)) " ex
L3 )
+ TH(VQ(Uk))TekHQ (34)
< J(ug) + B J(ur) " (Vg(ur) e
L52 T2
——[(Vg(ux)) el
+1 V J(up) " Mey |ty — u|
2
+ el 7 g ey i — |
ﬁ2 T T e
t e M(7g(ur)) exl|tr — ugl
(I 7w
=7 J(up)llllexl|M]||ar — WH)
1
+ 82 (SLI 7 T ()
+ LIl 7 J ()l exl| M [tk — ]
We first require
0 < |7 J(ur)|I? = | 7 J () ||| ex | M || ey, — wi|

SO

= J(ug) - 8

(35)

| 7 J (ug)||
llex||M
It then follows that we require

1 N
BL (51w Tl + 1 v glwe)llex]2M i = ux])

g — gl < (36)

J(y) < flz) + (@) (y - z) + % 72 f(a)|ly — z|? < ﬁ(ll 7 ()| = 11 7 7 () ex ]| M |2y, — UkH)

(29)
1
< fl@)+vI(2) (y — =)+ oLy~ x||?
(30)
Assuming the update form (11) given by
g1 = wp + B(vg(ir)) ex (31)

where u; may deviate from wug, we set * = wug,
Y = Up41 to get

J(ups1) < J(uy)

+ VI (ur) " (ur + B(vg(ar) e — ur)

1 .

+ §L||Uk + B(vg(ar) " er — ugl®

= J(up) + B J(ur) (Vg(ir))  ex
(32)

Lp? LONWT 2
+TH(V9(U1€)) el

Then use expansion Vg (u) < vg(ug) + M ||ty —
ug|| where

Vig(ug) = MI (33)

to give

so that
k) llllex]| M|ty — uy|

<2 I J (ui)[I” = || 7 J (w

L[ J(ui)l? +2[ 7 g(we) [ l[ex]|* Ml ar — wyl|

Lemma 2. If g() is linear (i.e. yg(ug) = G V k)
then Theorem 1 holds with M =0 and L = ||G||*.

Proof. Note that L captures the nonlinearity as

VI (uy) =7 (= 7 g(ur)er) (38)
— (Vg(ur))er — vg(ur)(Vg(ur) ")
(39)
so if linear, 72g(uy) = 0, and we get
VA (ug) = = v gup)(vg(ur) ") (40)
so L is not zero, but can be bounded as
L= Lin = | v g(ur)(Vg(ur) Il (41)
Lemma 8. Theorem 1 hols with
L=|G|?*+ Mlleo| (42)

Proof. Follows from (39) and noting that ||eg]| is
the maximum value of ||ey||.
Lemma 4. If either ||, — ug|| =0 or M = 0, then
bound (27) becomes
2
p< i3

This is the bound if (11) is replaced by the ‘exact’
operating point, i.e. (12).

(43)



Theorem 5. Under the conditions of Theorem 1,

selecting
1 /1-c¢
=1 (1 + 2c>

in the update (11) bounds the error norm as

(44)

k
lexsal® < T (1~ gg(l ) v g(i)(ve(a)T) \|e0||2%g(1 — (v gl (V@) ")) lexl
=0

Proof. First recall (35)
Iupin) < () = 8117 J (i) 2
— 17 ) x| M [y — i)

+ 8L (5) v Tl

117 (@) llex | M ||k - u]) (45)
and from (36) there is a 0 < ¢ < 1 such that
X |7 J () |
[t — || = = ——— (46)
lex]| A

so that
J(upg1) < J(ug)

+EL(HI 7 TP + el v @) (n)
:wa—ﬁ(r—aqummW
+0L(5 + )| 7 )P (48)

Therefore (37) becomes

=Bl v )| = el v I (wo) )

5 < 2 || 7 J(u)|l* = || 7 J (wr) Il ex | M || s, — w|
L7 J(uwi)|? +2[| 7 J (w) ||| ex || M ||ty — |

using (46) gives
2 (1-c
<1 (1 n 2c>

For satisfactory convergence, we can choose, for
example, half this maximum value

1 /1-c¢
=1 (1 + 20>
so that (48) becomes
J(upg1) < J(up)

(49)

(50)

~B(1 =)l v J (o)

#8215+ )l )P (51)

= J(up) = B(1 = )| v I ()|
25 (1) (+ N v TP (2
= J(w) = B(1 =) v J(wo)
+28 (15) 9 Sl 53)
= )~ S (1= Tl (59
Writing
I I )l = (7g(a) el
> o (v g(ax)(vg(ar)")lexl (55)

so that (54) becomes
J(wpi1) < J(ug)

=2 (1) (v glin) (g el (50

(-

= |r = g(urs)]* <

(57)

from which we have the convergence property

k
I = g(us)l? < T (1
=0

%21 (v glan) (g ) - gluo)’

where from (50), and since 0 < ¢ < 1 and g( \V4
g(;)(vg(u:))" < L

b= (1- 200 (vatmvataT)) <

5. EXPERIMENTAL SETUP AND RESULTS

In this section, an upper limb rehabilitation system
based on functional electrical stimulation (FES)
is modeled and is used to verified the proposed
algorithm. Every year, millions people suffer a
stroke worldwide and are left permanently disabled,
and only 5% of survivors with severe paralysis
regain upper limb function Barrreca et al. (2003).
FES is an effective method to reduce impairment
post-stroke. Due to the difficulties in obtaining
an accurate model since the indistinct principle
of muscle and lacking of sensing methods, few
approaches have transferred into clinical practice,
though a wide variety of FES upper limb control
technologies having been applied in laboratory.

In this paper, we focus on the elbow angle track-
ing control which is a key role in the reaching-
and-touching rehabilitation. The main muscles that
drive the movement of elbow are triceps and bi-
ceps, which are antagonizing muscle pair. In the
following, we first setup the elbow model based on
elbow dynamics and hammerstein model which is
popular in the literature, e.g Le et al. (2010) and
has confirmed accuracy, structural simplicity and
correspondence with biophysics. Then, simulations
are carried out on it whose parameters are mea-
sured from health candidate. For the purpose of
comparison, a linear SISO nominal model is built
up via simplification and feedback linearization.

5.1 Modeling of Elbow Musculoskeletal System

The hammerstein structure is employed to model
the triceps and biceps, which is consisted with a
nonlinear isometric recruitment curve (IRC) and
linear activation dynamics (LAD). IRC captures
the relation between the applied FES and the
steady output torque when the muscle length is
fixed. While, LAD models the muscle contrac-
tion dynamics. IRC and LAD of triceps and bi-
ceps are donated by hrrcrr(v), Hoparr(s) and
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Fig. 1. Elbow musculoskeletal system
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Fig. 2. Effect of elbow angle and speed.

hire,Br(v), Hopa,gr(s) respectively, as shown in
Fig. 1. The muscle outputs will be affected by
the angle # and angular velocity 6 of elbow.
Those effects are represented by nonlinear func-
tions grgr(6,0) and gpr(6,0). Thus, the output 7
of the biceps-triceps pair is
7 =gp1(0,0)hLpapr(t) X hire,p1(usr) (58)
—9rr(0,0)hipaTr(t) X hrrerr(urr) (59)
— 9a(0,0) (60)
Here, upr,urg are FES input to the biceps and
triceps, ¢q.(0,0) is caused by the gravity and joint
friction, hrpa,.(t) is the inverse Laplace transform
of Hrpa,.(s). The nonlinear functions grg, gpr and

ga are measured by experiments, as shown in Fig
2.

Muscle model Rigid body dynamic

Fig. 3. The structure of nominal model

The simplified bode rigid dynamic is described as
a second-order integral system as shown in Fig. 1.
® is the forearm inertia. The mapping from 7 to
elbow angle 6 is
1

ds2’
To remove the nonlinearity caused by IRC, the
feedback linearization is employed. The FES inputs
will go through the inverse of IRC firstly and then
applied to the muscle. As the triceps and biceps
are antagonistic, the input signals urgp and upy
couldn’t be nonzero at the same time. Thus, we
can transform the two-input one-output model to
single-input single-output (SISO) model by com-
bining the two input signals into a signal input
signal u. This could be achieved by

GRBD = (61)

-1
- IRC,TR(_u) u<0

Urr { 0 u>0 (62)
_ hﬁ}cc pr(u) u>0

’LLB[—{O ’U,SO (63)

For comparative purposes, we simplify this system
and provide a nominal model which is used in the
model-based simulation experiments, as shown in
Fig. 3. The nonlinearity of IRC is eliminated by the
inverse block. The dynamics of triceps and biceps
are approximated to two-order linear systems with
the same parameters. Thus, we could merge the
two-input system into a single-input system. To
simplify the nonlinearities caused by the elbow
angle and angular velocity, the nonlinear functions
are simplified to be linear mapping functions and
are absorbed by the rigid body dynamics. Thus,
the muscle model dynamics is

w2

- (64)

Hipap=—— S0
BAD T 2 00,5 + w2

And the rigid body dynamics is
a2

H ="\ 65
RBD s2 4+ a5+ as (65)

The simplified nominal model is
GTL:HLADHRBD. (66)

In the next section, we conduct simulation ex-
periments on above complete model and nominal
model, and compare the simulation results. The
used parameters are from Freeman et al. (2009a).
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5.2 Algorithm settings

In this paper, we conduct simulation experiments
to compare the conventional gradient ILC method
(¢ILC), proposed nonlinear model-free gradient
ILC method (NMF) and data-driven ILC method
(DILC) proposed by Bolder et al. (2018). In the
following, the simulation parameters are given.

The performance is defined as J(u) = ||e||?. In this
case, the weighted matrixes for DILC are W, =
I, Wy = 0,Way = 0. The learning rate 3 for
all the methods are set to be the same, that is
1. In conventional gradient ILC method, the input
update law is

(67)

Here, G is the ’lifted” model matrix generated from
the nominal model 66.

Upy1 = uy + SGey

The experimental process of proposed algorithm
is shown in section 3. The scale rate « is 0.1. To
update the next input, two extra trials are needed.
The first trial is to generate the output g({ik), G
is the fixed operating point. And the second trial
is to generate the output of g(@, + aéy), € is the
time inverse of tracking error. Then, the input is
updated as

uier =i+ 2 (Gt g0 ~glan) 69

The enhancing convergence rate method in Bolder
et al. (2018) could be used to improve our al-
gorithm, which will not introduced in this paper
in order to compare the kernel algorithms. Thus,
the data-driven gradient-descent algorithm is com-
pared with our algorithm. The input update law
is

U1 = Ui + 5G*ek (69)

which is the same as conventional gradient ILC,
except that G*ey, is obtained by applying the time
inverse of tracking error eg.

The reference trajectory is presented in figure 4.
The elbow angle moves to 2.6 radian and then
backs to original position smoothly. Each trial lasts
20s and the sampled frequency is 100Hz. Every
simulation experiment includes 100 trials. In the
following section, the main simulation results are
presented.

T T 1
— — — -data-driven ILC
proposed algorithm
=+=:=model-based gradient ILC

R e e ot i B S o e |

0 10 20 30 40 50 60 70 80 90 100
Trial

Fig. 5. Convergence comparison of the three algo-
rithms.

5.3 Simulation Results

Under the settings presented above, simulations are
carried out. The main results are the algorithms
performance defined as J(u) = |le||?>. The con-
vergence processes of algorithm performance along
trials are presented in figure 5. The results demon-
strate that performance of the proposed method is
almost the same as the model-based gradient ILC,
and is better than data-driven ILC for the non-
linear elbow musculoskeletal system. The following
observations are made.

The convergence rates of proposed method and
conventional gradient ILC are almost the same,
which could prove the ability of our nonlinear
model-free gradient ILC algorithm. While the data-
driven ILC has a poor performance. At the first sev-
eral trials, the tree algorithms almost have the same
convergence rate. After 5 trials, the performance
value of data-driven ILC algorithm remains. The
possible reason is the nonlinearity of the isometric
recruitment curve (IRC). As shown in figure 6, the
property of the curve when the input u is small
is similar to dead region. The data-driven ILC
algorithm applies the time inverse of tracking error
er to the system to update the next input. After
several trials, the tracking error is small enough,
and when applied to the system, the input, that is
the time inverse of tracking error, will fall into the
‘dead region’. That will generate a output around
zero, as shown in figure 7. Thus, the input will
not be updated and the performance will not be
optimized. While, the proposed algorithm adds a
fixed working point @y to the tracking error, which
could be regarded as a discretization of the non-
linear system at @. Thus, the proposed algorithm
could reduce the tracking error significantly.

6. CONCLUSION

In this paper, a model-free gradient ILC algorithm
for nonlinear system is proposed. The key idea is
employing a fixed working point g, which could
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be regarded as a discretization of the nonlinear
system. The proposed algorithm is compared with
conventional model-based gradient ILC and data-
driven ILC on the elbow musculoskeletal system via
simulations. The experimental results prove that
the proposed algorithm could achieve the same
performance as model-based gradient ILC, while
avoiding the process of model identification by
adding more trials, and a better performance than
data-driven ILC which is more suitable for linear
systems or weak-nonlinear systems. The conver-
gence conditions are given and proved in section 4,
which gives a guidance of the selection of learning
rate and scale factor.

The proposed algorithm is only verified by simu-
lations in this paper. Ongoing research is applying
this model-free gradient ILC algorithm to healthy
participants. Another research is how to reduce the
additional trials.
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