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Abstract

Iterative learning control (ILC) aims at improving the tracking performance of repetitive tasks based on information learnt
from past attempts (trials). Modern practical applications demand more flexibility than current frameworks can deliver,
in both how the task is specified and how system constraints are applied. To provide these features, an ILC framework
is formulated in this paper for a generalized design objective with mixed system constraints, which includes intermediate
position and sub-interval tracking as special cases. This is the first framework to combine a generalized ILC task
description with constraint handling for continuous time systems. The successive projection method is applied to yield
a comprehensive ILC algorithm with attractive convergence properties and computationally efficient implementation.
This algorithm is verified experimentally on a gantry robot test platform, whose results reveal its practical efficacy and
robustness against model uncertainty.
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1. Introduction

ILC is a high performance control design method, and
can improve the tracking accuracy of systems which op-
erate repetitively over a finite time horizon. At the end
of each trial, ILC updates the control input for the next5

trial by learning from prior information, e.g. measured
output signals, from previous trials. As the reference re-
mains the same for each trial, ILC can theoretically enable
the tracking error to converge to zero after sufficient tri-
als. It hence allows a wide range of practical tasks to be10

performed with high precision, such as those required by
robotic systems [1, 2, 3], chemical batch processing [4, 5]
and stroke rehabilitation [6]. ILC has also been combined
with other methods, such as PID [7], iterative feedback
tuning [8], extremum seeking [9] and projection [10], to15

efficiently solve the specific tracking tasks in practice. See
[11] for a detailed overview of ILC.

Research in ILC, e.g. [12, 13, 14], predominately fol-
lows the ‘classical’ problem setup, whose design objective
is to track a given reference trajectory defined over the20

whole specified finite time horizon. However, this classical
ILC task description is overly restrictive and does not cap-
ture the various needs of engineering practice. An exam-
ple is a robotic manipulator’s pick-and-place task, whose
output trajectory is only critical at a finite number of ‘in-25

termediate’ time instants ti. To address this case, an ILC
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framework termed intermediate point ILC (or point-to-
point ILC) was formulated in [15], which leveraged signif-
icant control design flexibility by eliminating the unnec-
essary output tracking requirements. The released con-30

trol design freedom was further exploited in [16, 17, 18] to
employ the optimization of an additional performance in-
dex and tracking accuracy. The technique of intermediate
point ILC has been implemented in applications consisting
of point-to-point tracking, such as high-acceleration po-35

sitioning tables [19], robotic manipulators [20], two-mass
systems [21], electro-mechanical systems [22] and human
motor systems [23]. Subsequent research in [24] expanded
the intermediate point ILC framework to allow simulta-
neous tracking of both the reference along sub-intervals40

[ti−1, ti] and the intermediate time instants ti, in which
the tracking error on the latter exhibits more rapid conver-
gence than elsewhere along the time horizon. Note that the
authors’ previous research in [25, 26] considered the opti-
mal tracking time allocation problem of intermediate point45

ILC to optimize the control effort of a robotic task. How-
ever, the proposed algorithms are restricted to the class of
intermediate point ILC problem setup only.

Moreover, the classical ILC task description does not
incorporate the system constraints, which is somehow not50

fully adaptive to the practical task requirement. For exam-
ple, the input constraints may represent the safety input
load range of a power system, beyond which the risk of
system damage has a steep rise. Also, the output con-
straints may represent the acceptable working space for a55

laser cutting end-effector, and prevent the potential over-
shoot problem that causes damage to the device and re-
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duces the product quality. Therefore, substantial research
on ILC has considered the system constraint handling as
an essential part of their control design objectives. The60

main stream of constrained ILC research, e.g. [27, 28, 29,
30, 31, 32], focused on input constraint handling methods,
while other work, e.g. [33, 34, 35], studied the influence of
state and output constraints within the ILC design phase.
The relevant work on constrained ILC significantly links65

the theoretical ILC design framework to the practical task
requirement, and hence guarantees the reliable implemen-
tation of ILC in practice.

Parallel research has also modified the classical ILC
task description to tackle the path following tasks, in which70

the output is required to follow a path defined in space
without a priori temporal information. Compared to the
trajectory tracking requirement of classical ILC, this path
following requirement has significantly expands the control
design freedom in the time domain, and is ideally suited75

to automation tasks such as welding, laser cutting and ad-
ditive manufacturing. The technique of ILC was first used
in [36] to improve the corner path following accuracy of a
two-axis gimbal system. It proposed an ILC law to update
the switching policy (on or off) of the motors (operating in80

a constant velocity mode) using the minimum corner dis-
tance measured at the previous trial. Subsequent research
in [37] focused on a switched reluctance motor and rede-
fined the system input and output coordinates with respect
to the rotor position. The input voltage is then updated85

by ILC based on the previous trial torque error to reduce
the periodic varying torque ripple. Similarly, the work in
[38] redefined the system parameters in spatial coordinates
via 2D convolution reconstruction, and reformulated spa-
tial forms of the classical ILC update laws. It increased90

the task performance of specific applications with spatial
steady-state output, e.g. additive manufacturing. Mean-
while, the research in [39] used ILC to update the nominal
system model of a path planning problem, which aimed at
achieving high accuracy and minimum time of a repetitive95

2D robotic path following task. Although the path follow-
ing problem has been studied in the field of autonomous
air or surface vehicle steering, e.g. [40, 41, 42, 43], and
robotic motion planning, e.g. [44, 45, 46, 47], they have not
considered the ILC setting to improve the path following100

performance and hence their proposed control algorithms
are sensitive to the model uncertainty.

This paper brings together the aforementioned exten-
sions of the classical ILC task description to yield a gen-
eralized ILC framework for continuous time systems. This105

framework addresses high performance repetitive tracking
tasks in a wide class of systems with a mixed form of sys-
tem constraints. To achieve this, a generalized ILC de-
sign objective is formulated to embed intermediate posi-
tion tracking requirements at time instants ti as well as lin-110

ear path following requirements on sub-intervals [ti−1, ti].
The design objective is combined with a mixed form of
system constraints to yield a generalized ILC problem. To
solve this problem, a comprehensive ILC algorithm with

guaranteed convergence properties is proposed based on115

the successive projection method, such that it can be im-
plemented on a wide range of practical applications. A
typical example is the gantry robot, which replicates var-
ious application scenarios. For example, It can perform
the pick-and-place task, which picks up a payload from a120

dispenser and places it down onto a moving convey un-
derneath the gantry. Also, it is involved in laser cutting
and 3D printing tasks by moving its axis displacement to
change the laser head and nozzle positions. To examine
the practical performance, this algorithm is verified on a125

gantry robot test platform to establish its robust perfor-
mance and practical efficacy.

The authors’ recent work in [48] considered a similar
problem for linear discrete time systems, where all the sig-
nals (e.g. input and output) are finite dimensional. The130

result however does not apply to the continuous time prob-
lems, whose signals are infinite dimensional representing a
significant shortcoming. The continuous time problem for-
mulation is necessary as there are applications where only
the method of design by emulation (rather than direct dig-135

ital control) is possible or preferred, e.g. in the control of
free electron lasers, as the underlying signals are continu-
ous. In this paper, an infinite dimensional Hilbert space
setting is used to address this problem. This setting can
describe a range of systems, e.g. continuous linear time140

invariant systems, continuous linear time varying systems,
linear differential systems and linear deferential delay sys-
tems. Therefore, it is a substantial generalization to [48]
and so can be used on much broader application classes.
The Hilbert space theoretical deviation also has substan-145

tial difference. In addition, some initial results in this pa-
per were reported in [49]; in this paper a detailed analysis
of the proposed algorithm’s properties is made with rigor-
ous proof given, and its practical implementation proce-
dure is also provided in detail.150

The notation used in this paper is standard: N is the
set of non-negative integers; Rn and R

n×m denote the sets
of n dimensional real vectors and n ×m real matrices re-
spectively; Sn++ is the set of all n×n real positive definite
matrices; Lℓ

2[a, b] denotes Lebesgue 2-space of Rℓ valued155

signals on an interval [a, b]; 〈x, y〉 is the inner product of x
and y in some Hilbert space; X×Y is the Cartesian prod-
uct of two spaces X and Y; the symbol � is the pointwise
inequality sign; PΘ(x) denotes the projection x to the set
Θ in some Hilbert space.160

2. Problem formulation

This section first introduces the system dynamics and
specifies a general task description. Then, it embeds a
mixed form of system constraints into the task description
to yield a generalized ILC design objective and formulates165

a generalized ILC problem.
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2.1. System dynamics

Consider an ℓ-input, m-output linear time-invariant
system given in state space form

ẋk(t) = Axk(t) +Buk(t),

yk(t) = Cxk(t),
(1)

where xk(t) ∈ R
n, uk(t) ∈ R

ℓ and yk(t) ∈ R
m are the state,

input and output respectively; t ∈ [0, T ] is the time index
with finite trial length T < ∞; A, B and C are system
matrices of compatible dimensions; the subscript k ∈ N

denotes the trial number. At the end of each trial, the
state is reset to an identical initial value, i.e. xk(0) = x0,
∀ k > 0. The system can be equivalently represented in
an abstract operator form

yk = Guk + d. (2)

The input signal uk and output signal yk belongs to the
corresponding input and output Hilbert spaces Lℓ

2[0, T ]
and Lm

2 [0, T ] defined with inner products and associated
induced norms

〈u, v〉R =

∫ T

0

u⊤(t)Rv(t)dt, ‖u‖R =
√

〈u, u〉R, (3)

〈x, y〉S =

∫ T

0

x⊤(t)Sy(t)dt, ‖y‖S =
√

〈y, y〉S , (4)

in which R ∈ S
ℓ
++ and S ∈ S

m
++. The convolution operator

G : Lℓ
2[0, T ] → Lm

2 [0, T ] takes the form

(Guk)(t) =

∫ t

0

CeA(t−s)Buk(s)ds. (5)

The signal d ∈ Lm
2 [0, T ] represents the effect of initial

condition, and has the form

d(t) = CeAtx0. (6)

To delimitate the application area of the ILC update al-
gorithm, the following assumptions are made. Firstly, the
value of the signal d is considered as d(t) = 0 by taking170

x0 = 0 in later control design. Since the signal d is con-
stant with respect to the identical initial state x0, it can
be absorbed by the reference trajectory r(t) without loss
of generality. Secondly, the input and output constrained
sets Ω and Φ are considered as convex to fit the conver-175

gence proof of successive projection.

2.2. Generalized ILC task description

The classical ILC design objective is to iteratively find
the input signal uk such that the associated output yk =
Guk ultimately tracks a given reference trajectory r de-180

fined over the whole time horizon, i.e. limk→∞ yk = r.
To broaden the ILC application range, its classical de-

sign objective is extended in this paper to subsume both

intermediate position tracking at time instants ti, i =
0, ...,M , with ordering constraint

0 = t0 < t1 < · · · < tM = T, (7)

and path following on sub-intervals [ti−1, ti], i = 1, ...,M .
To formulate the generalized ILC design objective, the lin-
ear mapping ζ 7→ ζe is defined to map any signal ζ ∈
Lm
2 [0, T ] to the ‘extended signal’

ζe =

[

Fζ

Pζ

]

∈ H. (8)

Here, the operator F selects the information of the signal
ζ at time instants ti, i = 0, ...,M , which is defined as

Fζ =







F0ζ(t0)
...

FMζ(tM )






, Fiζ(ti) ∈ R

fi , i = 0, ...,M. (9)

Likewise, the operator P extracts the information within
the signal ζ to form linear combinations along sub-intervals
[ti−1, ti], i = 1, ...,M , which is defined as

Pζ =







(Pζ)1
...

(Pζ)M






, (Pζ)i ∈ L

pi

2 [ti−1, ti],

(Pζ)i(t) = Piζ(t), t ∈ [ti−1, ti], i = 1, ...,M. (10)

The Hilbert space H in (8) is defined as

H = R
f0 × · · · × R

fM × L
p1

2 [t0, t1]× · · · × L
pM

2 [tM−1, tM ]

with inner product and associated induced norm

〈(ω, ν), (µ, λ)〉Q̃ =

M
∑

i=0

ω⊤
i Qiµi +

M
∑

i=1

∫ ti

ti−1

ν⊤i (t)Q̂iλi(t)dt,

‖(ω, ν)‖Q̃ =
√

〈ω, ω〉[Q] + 〈ν, ν〉[Q̂], (11)

in which (ω, ν), (µ, λ) ∈ H have the following forms

ω = [ω0, ω1, . . . , ωM ]⊤, µ = [µ0, µ1, . . . , µM ]⊤,

ν = [ν1, ν2, . . . , νM ]⊤, λ = [λ1, λ2, . . . , λM ]⊤.

Note that the matrices Fi ∈ R
fi×m and Pi ∈ R

pi×m are
both assumed to be full row rank; the intermediate posi-
tions ωi, µi ∈ R

fi ; the signals νi, λi ∈ L
pi

2 [ti−1, ti]; Q̃

denotes the data sets {Q0, . . . , QM , Q̂1, . . . , Q̂M}, where185

the matrices Qi ∈ S
fi
++ and Q̂i ∈ S

pi

++.
According to definitions (9) and (10), the extended sig-

nal ζe comprises a subset of ζ at intermediate time in-
stants, together with a subset of ζ defined over the sub-
intervals. To represent a general ILC tracking require-
ment, an ‘extended system’ is formulated with dynamics

yek = Geuk = (Guk)
e =

[

FGuk

PGuk

]

, (12)
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where Ge : Lℓ
2[0, T ] → H is a linear operator. The ex-

tended system dynamics (12) capture the relationship be-
tween the input signal uk and the ‘extended output’ yek.
Using the extended system dynamics, the generalized ILC190

design objective is described as: to find the input signal
uk, such that the associated extended output yek = Geuk

ultimately tracks the extended reference trajectory re for
each trial, i.e. limk→∞ yek = re.

This design objective enables both an intermediate po-195

sition tracking requirement, Fiyk(ti) = Fir(ti), at time
instants ti, i = 0, ...,M , and a linear relationship be-
tween outputs, Piyk(t) = Pir(t), on sub-intervals [ti−1, ti],
i = 1, ...,M (to enforce tracking along lines or planes with-
out a priori temporary constraints).200

2.3. Generalized ILC problem with system constraints

In practical implementation, the effect of system con-
straints must be considered within the control design, as
they embed physical limitations or performance require-
ments of the practical system. The input constraints typ-205

ically represent the safe input load range, and assume the
following forms using the notion of the set Ω:

• Input saturation constraint

Ω = {u ∈ Lℓ
2[0, T ] : |u(t)| � M(t), t ∈ [0, T ]}, (13)

• Input effort constraint

Ω = {u ∈ Lℓ
2[0, T ] :

∫ T

0

u⊤(t)u(t)dt 6 M}. (14)

• Input gradient constraint

Ω = {u ∈ Lℓ
2[0, T ] : M(t) � u̇(t) � M(t), t ∈ [0, T ]}.

(15)

Similarly, the output constraints restrict the system out-
put to an acceptable region, and assumes the following210

forms using the notion of the set Φ:

• Output saturation constraint

Φ = {y ∈ Lm
2 [0, T ] : |y(t)| � N (t), t ∈ [0, T ]}, (16)

• Output polyhedral constraint

Φ = {y ∈ Lm
2 [0, T ] : a⊤i y(t) 6 bi, ai ∈ R

m, bi ∈ R,

i = 1, . . . ,M, t ∈ [0, T ]}. (17)

• Output gradient constraint

Φ = {y ∈ Lm
2 [0, T ] : N (t) � ẏ(t) � N (t), t ∈ [0, T ]}.

(18)

Note that all these listed input and output constrained
sets are convex, which naturally follows the assumption of
convex sets Ω and Φ in Section 2.1. Therefore, the gen-
eralized ILC objective is combined with the above system
constraints to form the following generalized ILC prob-

lem: to iteratively update the input signal uk, such that
the generalized design objective is achieved and the system
constraints are also satisfied, i.e.

lim
k→∞

yek = re, lim
k→∞

uk = u∗ ∈ Ω, lim
k→∞

yk = y∗ ∈ Φ. (19)

Remark 1. The generalized ILC problem (19) collapses
to existing ILC problems by setting the values of Q, Q̂, F
and P appropriately, e.g. 1) Qi = 0, Pi = I, classical215

ILC; 2) Q̂i = 0, Fi = I, intermediate point ILC.

3. ILC algorithm using successive projection

In this section, the generalized ILC problem (19) is first
formulated into a standard successive projection frame-
work, and then a comprehensive ILC algorithm with de-220

sired convergence properties is derived to solve this prob-
lem iteratively using experimental data.

3.1. Successive projection interpretation

The generalized ILC problem (19) is equivalent to iter-
atively finding an element (ye∗, y∗, u∗) in the intersection
of the two sets

S1 = {(ye, y, u) ∈ Ĥ : ye = Geu, y = Gu}, (20)

S2 = {(ye, y, u) ∈ Ĥ : ye = re, u ∈ Ω, y ∈ Φ}, (21)

where the set S1 describes the system dynamics and the
set S2 describes the generalized design objective as well
as the system constraints. Since the system dynamics are
linear and the constrained sets Ω and Φ defined in (13)-
(17) are convex, the above two sets are both convex. Note
that Ĥ is a Hilbert space defined as

Ĥ = R
f0 × · · · × R

fM × L
p1

2 [t0, t1]× · · ·

× L
pM

2 [tM−1, tM ]× Lm
2 [0, T ]× Lℓ

2[0, T ], (22)

whose inner product and associated induced norm are nat-
urally derived from (3), (4) and (11).225

To address the equivalent problem, the successive pro-
jection method is considered in this paper, whose basic
scheme is interpreted in Figure 1. The implementation
procedure and convergence properties of the successive
projection method are given in the next lemma.230

Lemma 1. [50] Let S1 and S2 be two closed convex sets in
a Hilbert space X. Define the projection operators PS1

(·)
and PS2

(·) as

PS1
(x) = arg min

x̂∈S1

‖x̂− x‖2X , (23)

PS2
(x) = arg min

x̂∈S2

‖x̂− x‖2X , (24)
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S1

S2

x0

x̃1

x1

x̃2

S1 ∩ S2

Figure 1: Illustration of the successive projection algorithm: start
from an arbitrary point in the space Ĥ, then iteratively project the
point to the two convex sets S1 and S2 respectively and finally reach
the intersection of the two sets.

where ‖·‖ is the induced norm in X. Then given the initial
guess x0 ∈ X, the sequences {x̃k} and {xk} generated by

x̃k+1 = PS1
(xk), xk+1 = PS2

(x̃k+1), k > 0 (25)

are uniquely defined for each x0 ∈ X and satisfy the mono-
tonic convergence condition

‖x̃k+2 − xk+1‖
2
X 6 ‖x̃k+1 − xk‖

2
X . (26)

For any ǫ > 0, there exists an integer N such that

‖x̃k+1 − xk‖
2
X < ǫ, ∀ k > N, (27)

and minimum distance between two sets is attained, i.e.

lim
k→∞

‖x̃k − xk‖
2
X = inf

x̃∈S1,x∈S2

‖x̃− x‖2X . (28)

Furthermore, if S1 ∩ S2 6= ∅, the following convergence
condition is satisfied as

‖xk+1 − x‖2X 6 ‖xk − x‖2X , ∀ x ∈ S1 ∩ S2, k > 0. (29)

3.2. Comprehensive ILC algorithm

The successive projection method in Lemma 1 can be
directly applied to solve the generalized ILC problem (19)
by considering X = Ĥ and the sets S1 and S2 to be the235

forms in (20) and (21). In this sense, a comprehensive ILC
algorithm is obtained as follows:

Algorithm 1. Given system dynamics (1), input con-
straint set Ω, output constraint set Φ, extended reference
re, and any initial values u0 ∈ Ω, r̃0 ∈ Φ, the input se-
quence {uk} generated by the ILC update law

ũk+1 = uk +Gs∗(I +GsGs∗)−1esk (30)

with the projections

uk+1 = PΩ(ũk+1) = argmin
z∈Ω

‖z − ũk+1‖
2
R , (31)

r̃k+1 = PΦ(ỹk+1) = argmin
z∈Φ

‖z − ỹk+1‖
2
S , (32)

iteratively solves the generalized ILC problem (19). The
linear operator Gs is defined as

Gsu =

[

Ge
Λu

Gu

]

: Lℓ
2[0, T ] → H̃, (33)

with its adjoint operator Gs∗, the error esk is defined as

esk =

[

eek
ẽk

]

, eek = re − yek, ẽk = r̃k − yk, (34)

and the Hilbert space H̃ is defined as

H̃ = R
f0× · · · × R

fM × L
p1

2 [t0, t1]×

· · · × L
pM

2 [tM−1, tM ]× Lm
2 [0, T ] (35)

whose inner product and associated induced norm are nat-
urally derived from (4) and (11).

Proof. See Appendix A.240

3.3. Convergence properties analysis

To analyze the convergence properties of Algorithm 1,
a realistic condition is considered such that perfect track-
ing is possible for problem (19), i.e. S1 ∩ S2 6= ∅. Under
this condition, the convergence performance of the succes-245

sive projection based algorithm within an infinite dimen-
sional Hilbert space is shown in the next theorem.

Theorem 1. If S1 ∩ S2 6= ∅, Algorithm 1 iteratively
achieves the generalized ILC design objective

lim
k→∞

yek = re (36)

and the error esk and the input signal uk converge mono-
tonically with respect to the functions

Jk = ‖Mesk‖
2
[Q] + ‖N esk‖

2
R , [Q] = {Q̃, S}, (37)

and

J̃k = ‖r̃k − ŷ‖2S + ‖uk − û‖2R , (re, ŷ, û) ∈ S1 ∩ S2, (38)

where M = (I +Gs∗Gs)−1 and N = Gs∗(I +Gs∗Gs)−1.
In addition, if the limit of the input signal uk exits, it

follows that

lim
k→∞

uk = u∗ ∈ Ω, lim
k→∞

yk = y∗ ∈ Φ. (39)

Proof. See Appendix B.250

From the above theorem, Algorithm 1 guarantees the
desired accuracy for both intermediate point tracking and
sub-interval path following, and the monotonic conver-
gence properties of the error esk and input signal uk with
respect to some cost functions. This algorithm is capable255

of minimizing additional cost functions while maintaining
high tracking accuracy which are appealing in practice.
However, the tracking error convergence only suggests the
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weak convergence of the input signal in an infinite di-
mensional Hilbert space, and does not explicitly imply its260

strong convergence. Therefore, an additional assumption
is made on the existence of the input limit, and the poten-
tial converged values satisfy the system constraints.

While there are no system constraints engaged, Algo-
rithm 1 guarantees minimum control effort of the given265

task as shown in the next corollary.

Corollary 1. If S1∩S2 6= ∅, Ω = Lℓ
2[0, T ], Φ = Lm

2 [0, T ]
and u0 = 0, the input uk converges monotonically with
respect to

Ĵk = 〈uk − û, H(uk − û)〉X , (re, Gû, û) ∈ S1 ∩ S2 (40)

and the converged input corresponds to the minimum con-
trol effort, i.e.

lim
k→∞

‖uk‖
2
R = min

u
{‖u‖2R , s.t. re = Geu}, (41)

where H = Ge∗Ge + I and Ge∗ is the Hilbert adjoint oper-
ator of Ge.

Proof. See Appendix C.

Furthermore, consider the extreme scenario that the270

intersection of the sets S1 and S2 is empty, which means
perfect tracking is impossible and the problem (19) does
not have any solution. However, Algorithm 1 still provides
attractive task performance as shown in the next theorem.

Theorem 2. If S1 ∩ S2 = ∅, the distance between the
two sequences {(ỹek, ỹk, ũk)} and {(re, r̃k, uk)} updated by
Algorithm 1 converges to the minimum distance

inf
u
{‖re −Geũ‖2Q̃+‖r̃ −Gũ‖2S+‖u− ũ‖2R}, r̃ ∈ Φ, u ∈ Ω.

(42)
between S1 and S2, the error esk converges monotonically275

with respect to Jk defined in (37) and the condition uk ∈ Ω
holds for each trial.

Proof. See Appendix D.

Remark 2. Note that the work in [48] focused on discrete
time systems, whose signals were all finite dimensional.280

In this special case, strong convergence conditions of all
signals are available. This paper generalizes the successive
projection method to embed elements (yek, yk, uk) in an in-
finite dimensional Hilbert space X, which leads to substan-
tial difference in the derivation of convergence properties.285

The proposed algorithm guarantees the tracking error to
converge to zero, which meets the design objective. How-
ever, it only provides a weak convergence condition of the
input signal uk.

4. Algorithmic implementation procedure290

The previous section proposes an algorithm (Algorithm
1) with an ILC update (30)-(32), and proves its conver-
gence. This section links the theoretical design to the

practical application, and describes how the proposed ILC
update law should be implemented in practice. The iter-295

ative implementation procedure consists of the two steps:
1). The input signal update step using (30); 2). The
projection step using (31) and (32), and the detailed step
solutions are provided respectively.

4.1. Step One implementation solution300

Due to the continuous time system problem setup, the
signals uk and esk are defined in infinite dimensional Hilbert
spaces and input signal update (30) of Step One cannot
be directly implemented as that in [48] using matrix com-
putation with finite elements. Instead of that, this step305

is suggested to be implemented using the state feedback
and feedforward action with differential equations, which
is illustrated in the next proposition.

Proposition 1. The input signal update step (30) is im-
plemented as a feedforward plus feedback solution

uk+1(t) = uk(t) +R−1B⊤pk+1(t) (43)

with the the costate

pk+1(t) = −K(t)(xk+1(t)− xk(t)) + ξk+1(t), (44)

where K(t) is the solution of the Riccati equation

K̇(t) = (K(t)BR−1B⊤ −A⊤)K(t)−K(t)A

− C⊤Q̂(t)C − C⊤SC (45)

with boundary conditions

K(ti−) = K(ti+) + C⊤F⊤QiFC, 0 6 i 6 M,

K(T ) = 0, (46)

and ξk+1(t) denotes the feedforward term at the (k + 1)th

trial generated by the differential equation

ξ̇k+1(t) = (K(t)BR−1B⊤ −A⊤)ξk+1(t)

+ C⊤Q̂(t)ek(t) + C⊤Sẽk(t) (47)

with boundary conditions

ξk+1(ti−) = ξk+1(ti+) + C⊤F⊤QFek(ti), 0 6 i 6 M,

ξk+1(T ) = 0, (48)

in which Q̂(t) = P⊤
i Q̂iPi for t ∈ [ti−1, ti], i = 1, . . . ,M .

Proof. See Appendix E.310

4.2. Step Two implementation solution

Step Two aims at projecting the unconstrained input
ũk+1 and output ỹk+1 into the constraint sets Φ and Ω us-
ing the projections (31) and (32). The input constraint set
Ω is usually pointwise in practice, so it is straightforward

6



Figure 2: Multi-axis gantry robot test platform.

to obtain the solution of PΩ. For the saturation form (13),
the corresponding solution of u = PΩ(ũ) is

u(t) =











M(t), ũ(t) ≻ M(t),

ũ(t), −M(t) � ũ(t) � M(t),

−M(t), ũ(t) ≺ −M(t),

(49)

for 0 6 t 6 T . In addition, the solution of the projec-
tion operator r̃ = PΦ(ỹ) in (32) for the saturation output
constraint set (16) is similar to (49).

5. Experimental verification315

The practical performance of Algorithm 1 is now veri-
fied on a three-axis gantry robot test platform. The corre-
sponding experimental results demonstrate the high track-
ing performance of this algorithm.

5.1. Test platform specifications320

The test platform comprises a multi-axis gantry robot
consisting of three perpendicular axes as shown in Figure
2. Note that the x-axis and the y-axis move in the horizon-
tal plane and are driven by linear brush-less DC motors.
Moreover, the vertical z-axis is placed on the top of the325

other two axes, and comprises a linear ball-screw stage
driven by a rotary brushless DC motor. The displacement
of each axis is measured by an optical incremental encoder
installed on the same axis. The hybrid motion of the three
axes gives rise to a path of the gantry robot end-effector330

in 3D space.
The overall structure of the gantry robot test platform

is shown in Figure 3. It employs a dSPACE DS1103 micro-
controller, Aerotech model BA10 linear amplifiers, and
Renishaw RGH22 linear encoders with a resolution of 1335

µm for x-axis and y-axis, and Aerotech rotary encoder for
z-axis with a resolution of 0.5 µm.

The x-axis and z-axis of the gantry robot have been
modelled based on frequency response tests in [51] with

Figure 3: Structure of gantry robot test platform.

transfer functions

Gx(s) =
1.67× 10−5(s+ 500.2)(s+ 4.9× 105)...

s(s2 + 24s+ 6401)...

(s2 + 10.58s+ 1.145× 104)(s2 + 21.98s+ 2.9× 104)

(s2 + 21.38s+ 2.017× 104)(s2 + 139.5s+ 2.162× 105)

and Gz(s) =
15.8869(s+ 850.3)

s(s2 + 707.6s+ 3.377× 105)
, (50)

and a proportional feedback controller with gain 300 is
added on the z-axis.

5.2. Task design objectives340

The task is specified as using both the x-axis and z-axis
(m = 2) of the gantry robot to follow a piecewise linear
path (the yellow path in Figure 4) composed of five line
segments (M = 5) during a given trial length T = 2s. The
path is defined as

r(t) = ri−1 +

(

t− ti−1

ti − ti−1

)

(ri − ri−1), t ∈ [ti−1, ti],

i = 1, . . . ,M, (51)

where the transition vertices

r0 =

[

0
0

]

, r1 =

[

0.00345
0.00476

]

, r2 =

[

0.00905
0.00294

]

,

r3 =

[

0.00905
−0.00294

]

, r4 =

[

0.00345
−0.00476

]

, r5 =

[

0
0

]

are defined in Cartesian space. The task design objective
is to find an input u such that the output y follows the line
segment between each pair of transition vertices ri−1 and
ri and passes them in ascending order at the intermediate
time instants

t0 = 0, t1 = 0.4, t2 = 0.8, t3 = 1.2, t4 = 1.6, t5 = 2.0.

The task design objective involves both the intermediate
point tracking at time instant ti and the linear path fol-
lowing along the sub-interval [ti−1, ti], which require

(Gu)(ti) = ri, i = 0, . . . ,M, (52)

P ∗
i (Gu)(t) = P ∗

i r(t), t ∈ (ti−1, ti], i = 1, . . . ,M, (53)

7
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Figure 4: Path profile and converged hybrid output trajectories with
and without system constraints.

and the output constraint

Φ = {y ∈ Lm
2 [0, T ] :a⊤i ri−1 6 a⊤i y(t) 6 a⊤i ri,

t ∈ (ti−1, ti], i = 1, . . . ,M}, (54)

where P ∗
i = [(r2i − r2i−1), − (r1i − r1i−1)] and ai = ri− ri−1.

These objectives are addressed by Algorithm 1 by set-
ting the projection matrices Fi and Pi in (9) and (10) as

Fi = I, Pi = 100 · [(r2i − r2i−1), − (r1i − r1i−1)], (55)

and embedding the output constraint (54), which yields
the solution of r̃ = PΦ(ỹ) as follows:

r̃(t) =











ỹ(t) + ∆i,i(t), a⊤i ỹ(t) > a⊤i ri,

ỹ(t), a⊤i ri−1 6 a⊤i ỹ(t) 6 a⊤i ri,

ỹ(t) + ∆i,i−1(t), a⊤i ỹ(t) < a⊤i ri−1,

(56)

for t ∈ (ti−1, ti], i = 1, . . . ,M , where

∆i,j(t) = (a⊤i ai)
−1a⊤i (rj − ỹ(t))ai.

Also, the input voltages of the two axes have the saturation
constraint form (13) with M(t) = [0.6, 2]⊤. For simplicity,
the weighting matrices Qi, Q̂i, S and R are chosen to be
diagonal matrices.345

5.3. Performance of the proposed algorithm

First, the performance of Algorithm 1 for the uncon-
strained case is considered. The system constraints are
provisionally removed by setting Ω = Lℓ

2[0, T ] and Φ =
Lm
2 [0, T ]. The algorithm is then applied to this task350

for 100 ILC trials using Q̂i = 100, 000I, Qi = 500, 000I,
S = 10, 000I and R = I. The final converged hybrid out-
put trajectory is plotted in Figure 4, and it is clear that the
converged hybrid output trajectory accurately follows each
line segment of the path. However, the overshoot problem355

occurs at two particular places on the path. The overshoot

Time, t (s)
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2In

pu
t V

ol
ta

ge
, u
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)
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4
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Constrained u100

Figure 5: Converged input trajectories along the time horizon with
and without system constraints.

of the end-effector beyond its given working space might
lead to the collision with the gantry frame. Also, the final
converged inputs of the two axes are plotted in Figure 5,
and it is obvious that at certain time sub-intervals the in-360

puts exceed the given input saturation constraints of the
gantry robot. These unconstrained results illustrate the
necessity of applying the system constraints in practice.

To satisfy the practical limits of the given task, the
input saturation constraint defined in (13) together with365

the hard output constraint defined in (54) are now added.
Note that the parameters are chosen as the same values as
those in the unconstrained case, and again 100 ILC trials
are carried out. The corresponding final converged hy-
brid output trajectory is plotted as the dashed magenta370

trajectory in Figure 4. This result addresses the effect of
output constraints on overcoming the overshoot problem,
and also verifies the feasibility of the proposed algorithm
to provide perfect tracking of the piecewise linear path. In
addition, the dashed magenta trajectories are plotted in375

Figure 5 to represent the final converged input voltages of
both axes. Compared to the previous unconstrained re-
sults, the employment of the input constraints guarantees
the input voltages to stay within their saturation limits.
These converged input and output results reveal that Al-380

gorithm 1 can guarantee high performance tracking as well
as handle a mixed form of system constraints.

Experiments of Algorithm 1 are performed multiple
times to further analyze and compare its convergence prop-
erties along the ILC trials. For each set of experiments, the385

parameters Q̂i = 100, 000I, S = 10, 000I and R = I are
kept as constant values, but the value of Qi is selected as
200, 000I, 300, 000I, 500, 000I, 800, 000I, and 1, 200, 000I
respectively. Again, 100 ILC trials are carried out for each
value of Qi. To evaluate the accuracy of the proposed al-390

gorithm with a relative fair judgment, the concept of mean
square error is used in this paper to represent the average
path following square error at each unit time interval of

8
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constraints.

Table 1: Control effort comparison for generalized and classical ILC.

Control Effort (V 2 ·ms)
Qi = 200, 000I 1,819.9
Qi = 300, 000I 1,820.3
Qi = 500, 000I 1,812.8
Qi = 800, 000I 1,810.9
Qi = 1, 200, 000I 1,807.8
Classical ILC 2,146.9

0.01s. The mean square value of the error esk is recorded
for each trial, and then plotted in Figure 6. The con-395

vergence rate has a proportional relationship with respect
to the weighting value Qi. Moreover, all curves converge
to around 0.01 in terms of mean square error, which also
shows the ability of this algorithm to improve tracking ac-
curacy and maintain robustness along the trials.400

The converged control effort with different values of
Qi are listed in Table 1. Due to the fact that the end-
effector of many practical applications, e.g. laser cutting
and welding, moves at a constant speed along its path,
a classical ILC setup assuming constant moving speed is405

considered and applied to the same task, and its control
effort is also listed in the same table for comparison. This
table shows that an approximate 16% control effort reduc-
tion is achieved using the proposed algorithm comparing
to classical ILC, as its problem formulation releases signifi-410

cant design freedom. Furthermore, experiments with other
combinations of Qi, Q̂i, S and R yield similar convergence
performance to the results in Figure 6. For brevity, these
results are omitted.

6. Conclusion and future work415

In this paper, a generalized framework with substantial
novelty is formulated for a wide class of ILC tracking prob-
lems, which involve intermediate position tracking, sub-
interval path following and mixed system constraints han-
dling. Within this framework, a generalized ILC algorithm420

is proposed based on a successive projection scheme, and
attractive convergence properties have been highlighted.
A computationally efficient causal feedback plus feedfor-
ward implementation of this algorithm has also been for-
mulated. This algorithm is verified on a gantry robot test425

platform by performing a piecewise linear path following
task with stipulated input and output constraints. The
experimental results illustrate the practical efficacy of the
proposed algorithm, which provides the first general ILC
solution for continuous time systems.430

Although the experimental results reveal that the al-
gorithm has a certain degree of robustness against model
uncertainty and disturbance, a rigorous robust analysis
like that in [26] will next be performed on this algorithm.
Other alternative path following tasks besides the piece-435

wise linear case will also be applied. These constitute the
focus of future research and will be reported separately.
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Appendix A. Proof of Algorithm 1

Since X = Ĥ and x = (ye, y, u), the projection opera-
tor PS1

can be computed as

PS1
(x) = arg min

x̂∈S1

‖x̂− x‖2X (A.1)

= arg min
(ŷe,ŷ,û)∈Ĥ

∥

∥

∥

∥

∥

∥





ŷe

ŷ

û



−





ye

y

u





∥

∥

∥

∥

∥

∥

2

{Q̃, S, R}

,

s.t. ŷe = Geû, ŷ = Gû

= arg min
(ŷe,ŷ,û)∈Ĥ

‖ŷe − ye‖2Q̃ + ‖ŷ − y‖2S + ‖û− u‖2R ,

s.t. ŷe = Geû, ŷ = Gû

= argmin
û

‖Geû− ye‖2Q̃ + ‖Gû− y‖2S + ‖û− u‖2R ,

which gives rise to the solution û = u∗ with respect to

u∗ = u+Gs∗(I +GsGs∗)−1

[

ye −Geu

y −Gu

]

. (A.2)

It follows from the definition (20) such that

PS1
(x) = (Geu∗, Gu∗, u∗), (A.3)
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where u∗ is in form of (A.2). Similarly, the projection
operator PS2

can be computed as

PS2
(x) = arg min

x̂∈S2

‖x̂− x‖2X

= arg min
(ŷe,ŷ,û)∈Ĥ

∥

∥

∥

∥

∥

∥





ŷe

ŷ

û



−





ye

y

u





∥

∥

∥

∥

∥

∥

2

{Q̃, S, R}

,

s.t. ŷe = re, û ∈ Ω, ŷ ∈ Φ

= arg min
(ŷe,ŷ,û)∈Ĥ

‖ŷe − ye‖2Q̃ + ‖ŷ − y‖2S + ‖û− u‖2R ,

s.t. ŷe = re, û ∈ Ω, ŷ ∈ Φ. (A.4)

In above problem (A.4), the variables ŷe, ŷ and û are in-
dependent of one another, which means that the solution
can be obtained by solving separate problems. Using (31)
and (32), it follows that

PS2
(x) = (re, PΦ(y), PΩ(u)). (A.5)

Note that the elements x̃k+1 and xk+1 are updated
using projection operators PS1

and PS2
at the kth trial.

Based on solutions of the projection operators, the update
(25) in Lemma 1 can be obtained with xk = (re, r̃k, uk)
and x̃k = (ỹek, ỹk, ũk). For x̃k+1 = PS1

(xk), it follows from
the solution (A.3) that

ũk+1 = uk +Gs∗(I +GsGs∗)−1

[

re − yek
r̃k − yk

]

,

ỹek+1 = Geũk+1, ỹk+1 = Gũk+1, k > 0,

(A.6)

and for xk+1 = PS2
(x̃k+1), it follows from (A.5) that

r̃k+1 = PΦ(ỹk+1), uk+1 = PΩ(ũk+1), k > 0. (A.7)

Therefore, the successive projection method combines the
solutions (A.6) and (A.7) to yield Algorithm 1, which up-
dates the input sequence {uk} along the trial under initial450

condition x0 = (re, r̃0, u0) ∈ S2, i.e. r̃0 ∈ Φ, u0 ∈ Ω.

Appendix B. Proof of Theorem 1

If S1 ∩ S2 6= ∅, there exists intersection between the
two sets, minimum distance between the two sets is zero
and perfect tracking under constraints is possible. From
the condition (28), the two sequences {(ỹek, ỹk, ũk)}k>0 and
{(re, r̃k, uk)}k>0 attain a distance of zero, i.e.

lim
k→∞

‖ỹek − re‖2Q̃ + ‖ỹk − r̃k‖
2
S + ‖ũk − uk‖

2
R = 0. (B.1)

It follows that

lim
k→∞

yek = lim
k→∞

Ge(uk + ũk − uk) = lim
k→∞

ỹek = re, (B.2)

which gives rise to the design objective (36). Then, sub-
stitute x̃k = (ỹek, ỹk, ũk) and xk = (re, r̃k, uk) with the
update solution (30) into the monotonic convergence con-455

dition (26) to give Jk+1 6 Jk.

When the limit of the input signal uk exists, the con-
strained condition (39) is satisfied by the definition of the
projection operators PΩ and PΦ. Moreover, substitute
x∗ = (re, y∗, u∗) and xk = (re, r̃k, uk) into the monotonic460

convergence condition (29) to give J̃k+1 6 J̃k, which com-
pletes the proof.

Appendix C. Proof of Corollary 1

In the absence of system constraints, the sets S1 and
S2 collapse to

S1 = {(ye, y, u) ∈ H × Lℓ
2[0, T ] : ye = Geu, y = Gu},

S2 = {(ye, y, u) ∈ H × Lℓ
2[0, T ] : ye = re}.

Substitute x̂ = (re, Gû, û) ∈ S1∩S2 and xk = (re, Guk, uk)
into monotonic convergence condition (29), which yields
Ĵk+1 6 Ĵk, ∀ k > 0. The proof of minimum control
effort follows from Theorem 1 in [52] by considering the
Lagrangian associated with the minimum control effort as

L(u, λ) = ‖u‖2R + 2 〈λ, re −Geu〉Q̃ , (C.1)

where λ is the Lagrange multiplier. The above problem has
a unique stationary point u∞ = Ge∗λ and re = Geu∞,
which gives rise to re = GeGe∗λ. The stationary point
solution solves the minimum control effort problem. If
there are no system constraints engaged and initial input
is zero, the update law of input uk is

uk = Ge∗
k

∑

i=1

Xiee0 = Ge∗
k−1
∑

i=0

Xi(I −X)λ0

= Ge∗(I −Xk)λ0, (C.2)

where X = (I + GeGe∗)−1 and ee0 = re = GeGe∗λ0. It
follows that uk converges to an input û∞ = Ge∗λ0 and465

re = GeGe∗λ0, which is exactly the unique stationary
point of the Lagrangian. It is clear that û∞ = u∞ and
λ0 = λ, and hence the control effort converges to its min-
imum value, which completes the proof.

Appendix D. Proof of Theorem 2470

The condition S1∩S2 = ∅ implies that perfect tracking
is impossible under given system constraints. However, it
still follows Theorem 1 that the two sequences {x̃k} and
{xk} attain the minimum distance between the two sets
as shown in (42).475

In addition, the input uk generated by projection op-
erator PΩ belongs to the input constraint set Ω and the
proof of monotonic convergence with respect to Jk follows
from a similar proof to that of Theorem 1.
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Appendix E. Proof of Proposition 1480

To formulate the solution, the next lemma is needed.

Lemma 2. The Hilbert adjoint operator Gs∗ : (ω, ν, y) ∈
H̃ → u ∈ Lℓ

2[0, T ] is defined by the inner product

〈(ω, ν, y), Gsu〉{Q̃,S} = 〈Gs∗(ω, ν, y), u〉R , (E.1)

and has the analytic form

u(t) = R−1B⊤p(t), (E.2)

where p(t) is computed in reverse time as

ṗ(t) = A⊤p(t) + C⊤(P⊤
i Q̂iνi(t) + Sy(t)), (E.3)

for t ∈ [ti−1, ti], i = 1, . . . ,M , with boundary conditions

p(t−i ) = p(t+i ) + C⊤F⊤
i Qiωi, i = 0, . . . ,M,

p(T ) = 0. (E.4)

See Appendix F for the proof. The above lemma ad-
dresses the analytic representation of the adjoint operator
Gs∗. Using this lemma, the feedback plus feedforward im-
plementation of (30) can hence be worked out. The ILC
update (30) is equivalently written as

uk+1(t) = uk(t) +Gs∗ẽsk+1(t), (E.5)

where ẽsk+1 = [eek+1, êk+1]
⊤ and êk+1 = r̃k − yk+1. From

Lemma 2, Gs∗ẽsk+1(t) is computed using

Gs∗ẽsk+1(t) = R−1B⊤pk+1(t), (E.6)

where the costate pk+1(t) is computed in reverse time as

ṗk+1(t) = −A⊤pk+1(t)−C⊤(P⊤
i Q̂iPiek+1(t)+Sêk+1(t)),

for t ∈ [ti−1, ti], i = 1, . . . ,M , with boundary conditions

pk+1(ti−) = pk+1(ti+) + C⊤F⊤
i QiFiek+1(ti), i = 0, . . . ,M,

pk+1(T ) = 0. (E.7)

Substituting (E.6) into (E.5) yields the solution (43).
Assuming full state knowledge, the costate equation

(E.6) yields a causal implementation

pk+1(t) = −K(t)(xk+1(t)− xk(t)) + ξk+1(t). (E.8)

Then use the method proposed in [53] such that it follows
from (1), (43) and (E.8) such that

ẋk+1(t)−ẋk(t) = A(xk+1(t)− xk(t)) +B(uk+1(t)− uk(t))

= A(xk+1(t)− xk(t)) +BR−1B⊤pk+1(t)

= (A−BR−1B⊤K(t))(xk+1(t)− xk(t))

+BR−1B⊤ξk+1(t). (E.9)

Then substitute (E.8) and (E.9) into the costate equation
(E.6) to yield an equation of the form

H(A,B,C, S, Q̂i, Pi, R,K(t), K̇(t))[xk+1(t)− xk(t)]

= G(A,B,C, S, Q̂i, Pi, R, ξk+1(t), ξ̇k+1(t), ek(t), êk(t)),

where H(·) and G(·) are functions of their arguments and
independent of the states. If both functions are both zero,
the above equation holds independently of the difference
of in states. This yields the Riccati equation K(t) and
the optimal predictor ξk+1(t) in (45) and (47) respectively.
Considering the boundary conditions in (E.7), there is an
extra term at the end, i.e. C⊤F⊤

i QiFiek+1(ti). Note that

ek+1(ti) = ri − Cxk+1(ti)

= ek(ti)− C(xk+1(ti)− xk(ti)), (E.10)

which yields

C⊤F⊤
i QiFiek+1(ti) =C⊤F⊤

i QiFiC(xk+1(ti)− xk(ti))

+ C⊤FiQiFiek(ti), (E.11)

and gives rise to the boundary conditions in (46) and (48).

Appendix F. Proof of Lemma 2485

To address the properties of the relevant adjoint oper-
ator Gs∗, its inner product form

〈(ω, ν, y), Gsu〉[Q] = 〈Gs∗(ω, ν, y), u〉R (F.1)

is needed, where [Q] = {Q̃, S}. Note that Gs consists
of the three parts FG, PG and G respectively, and their
adjoints are computed separately as follows:

1). Adjoint Operator of FG: The operator FG has the
following structure

FGu = [G0u, . . . , GMu]⊤, (F.2)

where

Giu = Fi

∫ ti

0

CeA(ti−t)Bu(t), i = 1, . . . ,M. (F.3)

Consider operator Gi : L
ℓ
2[0, T ] → R

fi via equation

ω⊤
i QiGiu = ω⊤

i QiFi

∫ ti

0

CAti−tBu(t) (F.4)

=

∫ ti

0

(R−1B(A⊤)ti−tC⊤F⊤
i Qiωi)

⊤Ru(t),

and equation

ω⊤
i QiGiu =

∫ T

0

((G∗
iωi)(t))

⊤Ru(t) (F.5)

held by the definition of adjoint operator, i.e.

〈ωi, Giu〉Qi
= 〈G∗

iωi, u〉R . (F.6)
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Hence, these equations give rise to the adjoint of Gi as

(G∗
iωi)(t) =

{

R−1BeA
⊤(ti−t)C⊤F⊤

i Qiωi, t 6 ti,

0, t > ti,

which can be further written as

(G∗
iωi)(t) = R−1B⊤pi(t), (F.7)

where pi(t) = 0 on [ti, T ], and on [0, ti)

ṗi(t) = A⊤pi(t), pi(ti) = C⊤Qiωi. (F.8)

2). Adjoint Operator of G: The adjoint of G is defined
by the inner product form

〈y, Gu〉S = 〈G∗y, u〉R (F.9)

as the map u = G∗y, i.e.

(G∗y)(t) = R−1B⊤pM+1(t), pM+1(N) = 0,

ṗM+1(t) = A⊤pM+1(t) + C⊤Sy(t). (F.10)

3). Adjoint Operator of PG: Note that PG is simply
the composite map G and the map P such that

y(t) → Piy(t), t ∈ [ti−1, ti], i = 1, . . . ,M. (F.11)

It follows that the adjoint operator P ∗
i is computed as

y(t) = S−1P⊤
i Q̂iνi(t), t ∈ [ti−1, ti], i = 1, . . . ,M, (F.12)

from the inner product form

〈νi, Piy〉Q̂i
= 〈P ∗

i y, y〉S . (F.13)

Hence, the adjoint of PG defined by the relation u =
(PG)∗(ν1, . . . , νM ) can be written as (PG)∗ = G∗P ∗, and
computed as

((PG)∗ν)(t) = R−1B⊤pM+2(t), pM+2(N) = 0

ṗM+2(t) = A⊤pM+2(t) + C⊤P⊤
i Q̂iνi(t),

t ∈ [ti−1, ti], i = 1, . . . ,M, (F.14)

by substituting (F.12) into (F.10).
The adjoint operator Gs∗ is the map (ω, ν, y) 7→ u. Due

to linearity, the adjoint operator Gs∗ can be expressed as
the sum of the adjoints of FG, PG and G, i.e.

Gs∗(ω, ν, y) =

M
∑

i=1

(G∗
iωi)(t) + (G∗y)(t) + ((PG)∗ν)(t)

= R−1B⊤p(t) (F.15)

as shown in (E.2), where p(t) =
∑M+2

i=1 pi(t). According to490

the representations of G∗
i , G

∗ and (PG)∗, the costate p(t)
in (E.2) is obtained together with its boundary conditions
(E.4). These together give rise to the definition of the
adjoint operator Gs∗, which completes the proof.
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