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We model the buoyancy-driven motion of a liquid droplet in an ambient liquid, assuming that the liquids are miscible.
The classical representation of miscible liquids as a single-phase fluid with impurity (neglecting surface tension effects)
cannot describe all experimental observations of moving droplets in a miscible environment, in particular, the tendency
of droplets to pull to a spherical shape. In the framework of the classical approach, we show that the motion of a
miscible droplet results in its instant dispersion (except for a very slow rise). We also model the motion of a miscible
droplet in the framework of the phase-field approach, taking into account surface tension forces. We vary the value
of the surface tension coefficient within a very wide range, modelling a droplet that rises preserving a spherical shape,
or a droplet which dynamically becomes indistinguishable from the droplet with an interface endowed with no surface
tension. We also show that by employing the concept of dynamic surface tension, one may reproduce the motion of a
droplet that pulls into a sphere in the initial period of its evolution and that disintegrates similar to a droplet with zero
surface tension at the later stages.

I. INTRODUCTION

We model the buoyancy-driven rise of a liquid droplet in a
container filled with another liquid. We assume that the liq-
uids are (slowly) miscible. Indeed, the diffusion coefficients
in liquids are relatively low, D ∼ 10−9m2/s, so the complete
dissolution of even a smaller droplet should take a while (the
droplet with the radius a0 ∼ 10−3m would dissolve over the
period, a2

0/D ∼ 103s). During this period, the differences in
the densities of two liquids in contact will engage a droplet
into a hydrodynamic motion, which is the focus of the current
work.

The buoyancy-driven motion of miscible droplets presents
a great practical and theoretical interest. The interest in par-
ticular is motivated by the role of the surface tension forces in
defining the shape and dynamics of a droplet moving in a mis-
cible environment. There are many evidences that miscible
interfaces should be endowed with some small dynamic sur-
face tension (that may however disappear when the miscible
system reaches the state of thermodynamic equilibrium).1,2

Such a conclusion can be even drawn from everyday observa-
tions, such as the dissolution of a honey droplet in tea (when a
droplet of honey tends to have a spherical shape, the spherical
shape can be only explained by the action of the surface ten-
sion forces). The values of the surface tension coefficient for a
number of miscible interfaces were experimentally measured
(see e.g. Refs. 3–7), with typically very low, but still different
from zero, values (typically, in the order of σ ∼ 10−5N/m).
The most recent review on the dynamic surface tension can
be found in work 8. Nevertheless, accurate measurements of
the low surface tension forces, and the correct application of
the concept of the dynamic surface tension remains a topic of
current active research work. For instance, one of the most re-
cent experimental study, designed to measure the surface ten-
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sion coefficient at a miscible (glycerol-water) interface by us-
ing the spinning drop tensiometry technique, turned out with
the conclusion that the correct description of the dynamics of
a miscible droplet in a spinning tensiometer does not require
the use of the surface tension.9 The authors even state that the
earlier measurements5,6 that were conducted with the use of
the spinning drop tensiometer need revision.

The laboratory-based observations of falling and rising mis-
cible inclusions in a container filled with another liquid are
reported in e.g. papers 1 and 10. Based on the stability
analysis, Kojima et al.10 demonstrated that the introduction
of the surface tension force is needed for a rising droplet to
remain spherical, as otherwise the spherical shape of a droplet
is unstable to small perturbations, which eventually result in
dispersion of the droplet in the ambient fluid. In addition,
based on the qualitative comparisons of their theoretical and
experimental results, Kojima et al.10 predicted ‘the possible
existence of a small time-dependent interfacial tension across
the drop interface’. Later, the stability of a moving droplet
was studied by other researchers, including Koh & Leal11 and
Pozrikidis12, whose analysis (fulfilled for slowly rising im-
miscible droplets) indicated that the surface tension is capable
of suppressing the growth of smaller perturbations, however,
the perturbations with sufficiently large amplitude may still
grow.

In this work, we conduct the direct numerical study of a ris-
ing miscible droplet with various levels of the surface tension
forces, with the aim to understand when a moving miscible
droplet may remain as a whole (not breaking and dispersing
into the ambient fluid).

Our numerical study is carried with the use of two alterna-
tive approaches. First, we use the classical (traditional) rep-
resentation for miscible liquids, modelling the hydrodynamic
evolution of a mixture of two liquids on the basis of the hydro-
dynamic equations for a single-phase fluid. In the framework
of the classical approach, the field of concentration is intro-
duced in order to distinguish the components of a mixture
and the hydrodynamic equations with addition of the equa-
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tion for the species transport are solved to trace the temporal
changes in the system. Within this approach the interface is
represented as a diffusive boundary with zero surface tension.
The second approach of our work is the phase-field modelling
that, in particular, adds the surface tension effects even when
tracing the dynamics of miscible boundaries.

The theoretical approach of the current study was earlier
used for modelling of the dynamics of a miscible droplet
in a spinning drop tensiometer,13 the development of the
Rayleigh-Taylor, Kelvin-Helmhotz and Holmboe instabilities
at a miscible interface,14,15 the displacement of one liquid by
another from a capillary tube,16 the development of frozen
waves at a miscible interface,17,18 and others.

The phase-field approach was also used (and validated)
for modelling the buoyancy-driven motion of immiscible
inclusions19,20. The rise of a miscible inclusion was the fo-
cus of our earlier study21, where we examined the interplay of
the droplet’s motion and the interfacial diffusion. We studied
the rise of near-spherical droplets that slowly loose some ma-
terial due to interfacial diffusion. The key focus of the current
work is the effect of the surface tension forces on the droplet’s
shape. We want to understand the dynamics of droplets with
lower surface tension coefficients, when droplets would tend
to disperse into smaller droplets rather than to rise as a whole.

II. PHYSICAL MODEL

A. Classical approach

Within the classical description, the mixture of two misci-
ble liquids is represented as a single-phase fluid with impurity.
To trace the presence of the second liquid in a mixture the
field of concentration is introduced. The concentration is first
defined as the mass fraction of the second component in the
mixture, but in order to simplify comparisons with the results
of the phase-field modelling, we also shift the reference point
for the concentration field, C → (C−1/2), so C =−1/2 cor-
responds to the pure first component and C = 1/2 is the pure
second component. We assume that mixture remains isother-
mal during the evolution (the latent heat that may be associ-
ated with the dissolution/absorption process is neglected) and
we also assume that both components of the mixture are in-
compressible. Nevertheless, the density of the mixture re-
mains a function of concentration, which is set by a simple
linear approximation,

ρ = ρ1(1+ϕ(C− 1
2
)). (1)

Here ρ1 and ρ2 are the densities of the mixture components,
and ϕ = (ρ2 −ρ1)/ρ1 < 1 is the density contrast.

The evolution of a mixture is determined by the equations
that reflect the laws of conservation of momentum, species,
and mass,

∂ u⃗
∂ t

+(⃗u ·∇)⃗u =−∇
Π
ρ1

+
η
ρ1

∇2u⃗+ϕCg⃗, (2)

∂C
∂ t

+(⃗u ·∇)C = D∇2C, (3)

∇ · u⃗ = 0. (4)

One may recognise that these are the equations for natu-
ral convection written in the framework of the Boussinesq
approximation.22 These equations adopt the following nota-
tions: u⃗ is the velocity vector, Π is the pressure, g⃗ is the grav-
ity acceleration, t is the time, η is the viscosity coefficient,
and D is the diffusion coefficient. For simplicity, it is assumed
that both η and D are constants.

Next, we non-dimensionalise the governing equations (2)-
(4) by using the following scales for the length, velocity, time,
and pressure,

L∗ = R, u∗ =
η

ρ1L∗
, τ =

ρ1L2
∗

η
, p∗ = ρ1u2

∗. (5)

Here R is the radius of a container.
The governing equations written in the non-dimensional

form read as follows

∂ u⃗
∂ t

+(⃗u ·∇)⃗u =−∇Π+∇2u⃗−Gr⃗γ, (6)

∂C
∂ t

+(⃗u ·∇)C =
1
Sc

∇2C, (7)

∇ · u⃗ = 0. (8)

Here γ⃗ is the unit vector directed upwards, γ⃗ =−g⃗/g.
These equations include two non-dimensional parameters,

which are the Grashof and Schmidt numbers,

Gr =
ρ2

1 ϕgL3
∗

η2 , Sc =
η

ρ1D
. (9)

B. Phase-field approach

To take into account the surface tension effects at the inter-
face we describe the evolution of a mixture in the framework
of the phase-field approach, adopting the Boussinesq approxi-
mation of the full Cahn-Hilliard-Navier-Stokes equations.17,23

In the dimensional form, the governing equations read

∂ u⃗
∂ t

+(⃗u ·∇)⃗u =−∇
Π
ρ1

+
η
ρ1

∇2u⃗−C∇µ, (10)

∂C
∂ t

+(⃗u ·∇)C =
α
ρ1

∇2µ , (11)

∇ · u⃗ = 0. (12)

µ =−ϕ (⃗g · r⃗)+2aTC+4bC3 − ε∇2C. (13)
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Here µ is the chemical potential, α is the mobility coefficient,
aT and b are the parameters that define the thermodynamic
model of the binary mixture, ε is the capillary constant, and r⃗
is the radius-vector.

The equation for the momentum conservation (10) includes
the term that is called the Korteweg force. This term describes
the effect of the surface tension on the morphology of the in-
terface. It also describes the generation of the flows along
the interface due to spatial variations of the interfacial stresses
(the Marangoni effect). In our equations, this term also in-
cludes the gravity force, which can be easily understood by
looking at the equation for the chemical potential (13).

From the equation for the species transport (11), one may
understand that in the phase-field approach the diffusion flux
is determined by the extended Fick’s law, i.e. not through the
gradient of the concentration (as in (3)) but through the gra-
dient of the chemical potential.22 The thermodynamic equi-
librium is determined by a constant value of the chemical po-
tential, and the diffusion is induced when the chemical po-
tential becomes spatially inhomogeneous. This description
is particularly relevant for partially miscible liquids, the off-
equilibrium mixtures for which the state of thermodynamic
equilibrium is heterogeneous. For instance, the equilibrium
states of many binary mixtures are defined by phase diagrams
with upper critical consolute points. For such mixtures, a
temperature quench shifts a binary system off equilibrium.
If however the new temperature of the mixture remains be-
low the consolute point, then the new state of thermodynamic
equilibrium may remain heterogeneous (which is also deter-
mined by the mass balance, - a smaller droplet may com-
pletely dissolve, although a larger droplet may shrink in size
until the state of thermodynamic equilibrium is reached). The
intensity of the diffusion process is determined by the mobility
coefficient α , which value can be correlated with the classical
diffusion coefficient by the relation, D = α dµ

dC /ρ1.
One sees that the definition of the chemical potential (13)

includes the gravity term, two terms that define the classical
part of the chemical potential, and the term that is determined
by the capillary effect.

The amplitude of the capillary term is determined by the
capillary constant, ε that is assumed to be so small that the
capillary term can be assumed negligible everywhere expect
for the zones of strong inhomogeneities in the field of concen-
tration, which correspond to interfaces. The capillary term in
the chemical potential determines two very different physical
effects: the shape of the interfacial boundary and the rate of in-
terfacial diffusion. Indeed, disparity of intermolecular forces
of two liquids in contact explains the existence of the surface
tension effect. The same disparity also explains the existence
of the potential barrier at the interface that needs to be over-
come by the molecules in order for the molecules to diffuse
from one phase to another.

For the classical part of the chemical potential (13) we use
the Landau free energy function,24

f0 = aTC2 +bC4, µ0 =
d f0

dC
= 2aTC+4bC3. (14)

The Landau free energy function is originally written for a

near-critical system, with two phenomenological coefficients:
aT ∼ (T −Tc) that can be of any sign and b that is always pos-
itive (here T and Tc are the temperature and the critical tem-
perature, respectively). We however use the Landau function
to describe arbitrary states of a binary system, not compulsory
near the critical (consolute) points. The coefficients aT and b
are the two phenomenological parameters that can be deter-
mined by fitting the shape of the phase diagram of a particular
binary mixture. Although, we still assume that aT can be of
any sign, and b is just positive.

Expression (14) is particularly convenient for description of
the liquid/liquid binary mixtures with an upper critical (conso-
lute) point, which are miscible in all proportions if the mixture
temperature is above the critical point, and which are only par-
tially miscible if the mixture temperature is below the critical
point. This is the most common shape of a phase diagram
for liquid/liquid binary mixtures. This phase behaviour is also
typical for ‘immiscible alloys’, such as sulfides and silicate
systems, glasses, metallic composites used as superconduc-
tors, magnetic materials, etc.25,26

As already noted, the first term of the chemical poten-
tial determines the gravity force, as substitution of this term
into the Navier-Stokes equation (10) gives a standard expres-
sion for the gravity force, −C∇µ → ϕCg⃗. In addition, the
first term of the chemical potential determines the effect of
barodiffusion,22,27? ,28 which, in our case, is the preferential
diffusion of heavier molecules downwards and, correspond-
ingly, the preferential diffusion of lighter molecules upwards.

Indeed, the state of thermodynamic equilibrium of a binary
mixture is determined by

u⃗ = 0, Π = 0, µ = 0, (15)

and the equilibrium concentration profile is determined by the
equation,

−ϕ (⃗g · r⃗)+2aTC+4bC3 − ε∇2C = 0. (16)

By solving this equation (e.g. by assuming that in the state
of equilibrium the concentration is a function of one (vertical)
coordinate) one may easily see that the first term in equation
(16) sets the gravitational stratification in the concentration
profile.

One may also notice that the substitution of the expression
for the chemical potential into the equation for the species
transport cancels the gravity term. Nevertheless, the effect of
barodiffusion still influences the concentration field through
the boundary conditions imposed at the horizontal walls. In-
deed, to exclude the diffusive transport through the wall, one
needs to say that the normal derivative of the chemical poten-
tial is zero at the wall, which involves the gravity term thus
influencing solutions for the concentration profiles.

To non-dimensionalise the governing equations (10)-(13),
the following typical scales are chosen,

L∗ = R, u∗ =
η

ρ1L∗
, τ =

ρ1L2
∗

η
, Π∗ = ρ1u2

∗, µ∗ = b. (17)

Then, the governing equations in the non-dimensional form
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read

∂ u⃗
∂ t

+(⃗u ·∇)⃗u =−∇
Π
ρ
+

η
ρ

∇2u⃗− 1
M

C∇µ , (18)

∂C
∂ t

+(⃗u ·∇)C =
1
Sc

∇2µ , (19)

∇ · u⃗ = 0. (20)

µ = GrM(⃗γ · r⃗)+2AC+4C3 −Cn∇2C. (21)

These equations include several non-dimensional parame-
ters. These are the Grashof and Schmidt numbers,

Gr =
ρ2

1 ϕgL3
∗

η2 , Sc =
η

αµ∗
. (22)

The definition of the Grashof number coincides with the corre-
sponding parameter (9) that was introduced in the subsection
that sets the classical approach. The definition of the Schmidt
number is different by involvement of the mobility coefficient
α instead of the standard diffusion coefficient D. We still treat
this parameter as the Schmidt number, using the same nota-
tion, assuming that the diffusion coefficient in the phase-field
theory, can be defined as D = αµ∗/ρ1. In addition, similarly
to the classical approach, we assume that the viscosity coeffi-
cient η is constant (one value for both components).

Next, the thermodynamic model of the mixture, is defined
by an additional non-dimensional parameter, that can be inter-
preted as the ‘mixture temperature’,

A =− a
µ∗

. (23)

The strength of the capillary effects is determined by two
parameters, the Cahn and Mach numbers,

Cn =
ε

µ∗L2
∗
, M =

u2
∗

µ∗
=

(
η∗

ρ∗L∗

)2 1
µ∗

. (24)

The Cahn number also defines the thickness of the interface.
For instance, the equilibrium thickness of a flat interface (ne-
glecting the gravity effects) is δ0 =

√
−Cn/A. The Mach

number determines the amplitude of the Korteweg force: the
capillary effects are insignificant at higher values of the Mach
number, so equation (10) transforms into equation (2); and
the capillary effects are important at lower values of the Mach
number.

As already noted, the benefit of the phase-field approach is
a possibility to take into account the surface tension effects.
The coefficient of the surface tension can be determined from
the concentration field, as

σ =
Ei

S
=

Cn
MS

∫
V
(∇C)2dV . (25)

Here Ei is the interfacial energy (scaled by ρ1u2
∗L3) and S is

the surface area of a droplet. The coefficient of the surface
tension is given in the units of ρ1u2

∗L∗.

The modulus of the concentration gradient is close to zero
almost everywhere except the interface. At the interface, the
value of the concentration gradient can be estimated as |∇C| ∼
1/δ (where δ is the current interface thickness), and thus the
value of the surface tension coefficient can be estimated as

σ ∼ Cn
MS

Sδ
δ 2 =

Cn
Mδ

. (26)

III. PROBLEM STATEMENT

We model the buoyancy-driven rise of a small single droplet
in a container filled with another liquid. We assume that the
container has the shape of a cylinder with the circular cross
section. To lessen the influence of the walls of the container on
the droplet’s behaviour, we assume that the droplet’s radius is
considerably smaller than the container’s radius. In addition,
we consider a sufficiently tall container, which allows us to
neglect the influence of the bottom and top boundaries on the
droplet’s dynamics.

We solve the 2D problem assuming the axial symmetry.
The cylindrical system of coordinates is adopted, with the ra-
dial and vertical coordinates denoted by r and z, respectively.

At the initial moment, we assume that the droplet is mo-
tionless, there is no fluid motion in the container, the droplet
has a spherical shape, and the droplet is positioned at the cen-
treline at the height of z0. In other words, the initial velocity
and concentration fields are set by the following expressions,

u⃗0 = 0, C0 =
1
2

tanh

(√
r+(z− z0)2 − r0

δ0

)
. (27)

In our current work, the initial position of the droplet is al-
ways set by z0 = 0.5, the initial radius of the droplet is set by
r0 = 0.1, and the initial thickness of the liquid/liquid interfa-
cial boundary is δ0 ≈ 0.014 (which is the equilibrium thick-
ness for A =−0.5 and Cn = 10−4).

The governing equations formulated in section II are also
supplemented with the boundary conditions. At the lower wall
of the container we set,

z = 0 : ur = uz = 0,
∂C
∂ z

= 0,
∂ µ
∂ z

= 0. (28)

At the upper wall,

z = H : ur = uz = 0,
∂C
∂ z

= 0,
∂ µ
∂ z

= 0. (29)

At the centreline,

r = 0 : ur = 0,
∂uz

∂ r
= 0,

∂C
∂ r

= 0,
∂ µ
∂ r

= 0. (30)

At the side walls,

r = 1 : ur = uz = 0,
∂C
∂ r

= 0,
∂ µ
∂ r

= 0. (31)

These boundary conditions are written for the phase-field
approach II B. The phase-field equations are of the higher
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(fourth) order in terms of the concentration field, and they re-
quire one additional condition for the concentration field. To
exclude the diffusion flux we set the boundary condition on
the chemical potential, and the second condition on the con-
centration determines the wetting properties at the walls. In
this work, we are interested in the dynamics of the droplet far
from the walls, which allows us to accept the neutral wetting
conditions, when the contact line is just orthogonal to the wall.

The boundary conditions for the classical approach II A are
exactly the same, with the only difference that those equations
do not include the chemical potential, and hence the condi-
tions for the chemical potential are not needed (it is not possi-
ble to set the wetting properties in the classical model, and the
conditions for the concentrations would reflect no-diffusion
through the walls).

IV. NUMERICAL APPROACH

The equations are solved in terms of vorticity-
streamfunction using the finite-difference approach, adopting
the second-order formulae for spatial derivatives and the
first-order formulae for time derivatives. The equation
for the stream-function is solved by Gauss-Seidel method.
The spatial discretisation is uniform. An explicit marching
scheme with a constant time step is implemented.

Figure 1 depicts the numerical results that are obtained with
the use of the grids with the different number of the grid
points. One may observe the convergence of our results, indi-
cating that the grid with 450×2700 grid-nodes is sufficiently
good to obtain the accurate results. The requirements on nu-
merical resolution are stricter for the phase-field approach,
and become stricter for lower values of the Mach number,
lower Cahn numbers, and higher Grashof numbers. Figure 1
shows the results for one of the most challenging calculations
of this work.

All calculations are fulfilled for the height of the computa-
tional domain L = 6. We found that this height is sufficient
for a (near-spherical) droplet to reach the state of the rise with
the constant (terminal) velocity, and for a dispersing droplet
to undergo all dispersion stages. We also found that until the
droplet is really close to the upper wall (z > 5.5) the influence
of the upper wall on the droplet’s motion remains insignifi-
cant.

V. ESTIMATION OF PARAMETERS

Let us now estimate the values of the non-dimensional pa-
rameters. The experiments 1 and 10 deal with the corn syrup-
water, glycerol-water mixture, and molasses-glycerol mix-
tures. These mixtures are characterised by higher contrasts
in viscosity coefficients. Our interest however is motivated by
experiments with the weak (very diluted) water-based mix-
tures, similar to the ones used in work 29, when the physical
parameters of the mixture components are very close to each
other.
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FIG. 1. The integral parameters of a rising droplet calculated with the
use of different numerical grids: 250×1500 - dash-dot lines, 350×
2100 - dashed line, 450×2700 - solid lines, 550×3300 - dotted lines,
650× 3900 - dash-dot-dotted lines, and 750× 4500 - long-dashed
lines. The results are shown for Gr = 104, Sc = 103, M = 10−7,
A = −0.5, and Cn = 10−4. (a) The vertical position of the droplet,
(b) the volume of the droplet, (c) the speed of the droplet, (d) the
total kinetic energy of the mixture in the computational domain, (e)
the interfacial thickness, and (f) the surface tension coefficient.

Thus, for our estimations we take the density and viscosity
of water, and the value of the diffusion coefficient that would
be typical for a water-based mixture,

ρ1 ∼ 103 kg
m3 , η ∼ 10−3Pa · s, D ∼ 10−9 m2

s
. (32)

Two most influential parameters that allow adjustments of
the Grashof number are the concentrations of the mixture
components, as they determine the gravity contrast, ϕ , and
the initial size of the droplet, as this also sets the typical
length scale, L∗. We assume that the initial radius of the rising
droplet is small, a0 ∼ 10−3m (the container’s size, which is
chosen as the typical length scale, is taken ten-times greater,
R= L∗ ∼ 10−2m.) We also assume a lower value of the density
contrast, ϕ ∼ 10−3. In this case, the typical values of the non-
dimensional parameters that define the classical model are

Sc ∼ 103, Gr ∼ 104. (33)

The chosen droplet’s size and especially the density con-
trast would in fact be quite small for an experimental work.
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The given estimation of the Grashof number would rather set
the lower boundary of the Grashof number for the dynamics
of (diluted) water-based binary mixtures. For other mixtures,
although, e.g. with more viscous components, like a water
bubble in glycerol/water mixture, or molasses (see Ref. 1),
the values of the Grashof number can be lower.

One of the difficulties of the phase-field modelling is in-
volvement of non-classical phenomenological parameters, α ,
µ∗, and ε . First, to model the evolution of a mixture within
the phase-field approach, we accept the same values of the
Grashof and Schmidt numbers, as in the classical approach.

The value of the Cahn number is primarily defined by the
capillary constant, ε . This parameter, in particular, determines
the equilibrium interface thickness, which is δeq =

√
−Cn/A.

In our work, the calculations are fulfilled for Cn= 10−4, when
the interfacial boundary is sufficiently thin, much smaller than
the droplet’s size, although the numerical resolution of such a
boundary remains doable.

The value of the Mach number defines the magnitude of the
Korteweg force, setting the importance of the surface tension
effects. We fulfil the calculations for different Mach numbers
in order to reveal the role of the capillary forces in the overall
droplet’s dynamics.

The thermodynamic model of the mixture is determined by
the parameter A. The considered binary mixture is given by
the phase diagram with the upper consolute point (that is de-
fined by A = 0): if A is positive then the mixture is homoge-
neous in equilibrium, and if A is negative then the mixture may
be either homogeneous or heterogeneous as determined by the
overall mass balance (for the considered problem, however,
owing to the fact that the droplet is small as compared with
the size of the container, the state of thermodynamic equilib-
rium will be always homogeneous, except for A =−0.5 when
the interfacial diffusion is (nearly) zero, as the initial concen-
trations of the mixture components already correspond to the
equilibrium saturation levels). In our work we perform the
calculations for several different values of parameter A.

Let us also summarise the numerical values of the scales
of the velocity and time, and surface tension coefficient, that
would be needed for the analysis of the results,

u∗ ∼ 10−4m/s, τ∗ ∼ 102s, σ∗ = ρ1u2
∗L∗ ∼ 10−7N/m. (34)

The motion of an inclusion in an ambient liquid is fre-
quently characterised by the Reynolds number that is defined
on the inclusion’s size,

Re =
ρ∗u∗a0

η∗
∼ 0.1. (35)

Lower value of the Reynolds number corresponds to a slowly
moving inclusion that tend to preserve its initial spherical
shape.
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FIG. 2. The snapshots of the concentration and velocity fields. The
results are obtained with the use of the classical approach, for Gr =
104 and Sc= 103; the numerical resolution is 500×3000 grid-points.
The snapshots are shown for the time moments, (a) t = 0.01, (b)
t = 0.04, (c) t = 0.1, (d) t = 0.2, and (e) t = 0.3.

VI. RESULTS

A. Classical approach

Figure 2 depicts the flow fields for a rising droplet that is
modelled using the classical approach. One can observe a
very rapid disintegration of the droplet, so it becomes com-
pletely invisible at t ∼ 1. By the moment of its disappearance
(∼ 1min) the droplet travels a relatively short path (< 3cm in
dimensional units). The Schmidt number for this calculation
is sufficiently high, which sets a very large value of the diffu-
sion time, τd ∼ Sc ∼ 1000, and thus the visible disappearance
of a droplet should be primarily explained by its disintegra-
tion (spreading over the computational domain), assisted by
convective motion.

The flattening of the droplet during its rise (and formation
of the ring) resembles the experimental observations reported
in Refs. 1 and 10. The initial dynamics of the droplet, includ-
ing the intrusion of the ambient fluid from behind, also agrees
with the earlier modelling results reported in Refs. 11 and 12.

We also performed the simulations at different values of
the Grashof numbers. At higher Grashof numbers, the dis-
persion of the droplet occurs even faster (see figure 3). At
Gr = 103 (see figure 4), the droplet’s rise occurs much slower,
although, at the same time, the droplet manages to travel a
greater distance before its disappearance. At this level of the
Grashof number, the hydrodynamic motion induced by the
moving droplet in the ambient liquid is not strong enough to
break the droplet. At higher Grashof numbers the speed of
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FIG. 3. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained using the classical
model, for Gr = 105 and Sc = 103 and the resolution of 550×3300
grid nodes. The snapshots are shown for the time moments, (a) t = 0,
(b) t = 0.03, (c) t = 0.05, (d) t = 0.08, and (e) t = 0.1.

r

z

0 0.5 1
0

2

4

6

(a) t=0

r

z

0 0.5 1
0

2

4

6

(b) t=0.08

r

z

0 0.5 1
0

2

4

6

(c) t=0.4

r

z

0 0.5 1
0

2

4

6

(d) t=1

r

z

0 0.5 1
0

2

4

6

(e) t=2

FIG. 4. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained with the use of the
classical approach, for Gr = 103 and Sc = 103. The snapshots are
shown for the time moments, (a) t = 0, (b) t = 0.08, (c) t = 0.4, (d)
t = 1, and (e) t = 2.
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FIG. 5. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained with the use of the
classical model, for Gr = 102 and Sc= 103. The snapshots are shown
for the time moments, (a) t = 0, (b) t = 0.5, (c) t = 2, (d) t = 4, and
(e) t = 6.

the vortex formed at the droplet’s side is comparable or even
stronger than the droplet’s speed of rise (especially, because
the flattening of the droplet’s shape substantially decelerates
the droplet’s rise), and this is not the case for lower Grashof
numbers. At the lower Grashof numbers, the droplet’s shape
evolves to form a tail at the trailing edge, which closely resem-
bles the modelling pictures by Koh & Leal11 and Pozrikidis12.
The calculations fulfilled at even lower Grashof numbers (see
figure 5 for the results obtained for Gr = 102) show that at
these Grashof numbers the diffusion effect becomes more pro-
nounced, so the droplet’s dynamics can be described as diffu-
sive smearing (obviously, anisotropic smearing) rather than
the hydrodynamic motion and dispersion. The effect of inter-
facial diffusion was not taken into account in the modelling
works by Koh & Leal11 and Pozrikidis12, and they did not re-
port similar diffusion-driven evolution of the droplet’s shape.

Some experimental images, e.g. those reported in work 1,
clearly show the prolong rises of droplets, that remain nearly-
spherical. Moreover, the authors note that ‘bubble appears to
want to pull into a sphere even and especially at the instant of
injection’. Our calculations allow us to conclude that misci-
ble droplets, reported as absolutely unstable in Refs. 10–12,
can in fact rise as a whole (without strong deformations), but
only if they rise rather slowly, under lower Grashof numbers.
Although, since the classical theory fully neglects the surface
tension effects, it may never explain the experimental obser-
vations when a miscible ‘bubble ... pulls into a sphere’.
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FIG. 6. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained with the use of the
phase-field approach, for Gr = 104, Sc = 103, A =−0.5, Cn = 10−4,
and M = 10−7. The arrows that depict the velocity vectors are of
the same length as in figure 2. The snapshots are shown for the time
moments, (a) t = 0.005, (b) t = 0.05, (c) t = 0.1, (d) t = 0.15, and
(e) t = 0.2.

B. Phase-field modelling

Figure 6 depicts the flow fields for a rising droplet that
is modelled on the basis of the phase-field approach. One
sees that the surface tension added to the interface keeps the
droplet’s shape spherical during the droplet’s rise. Owing to
lower drag, a spherical droplet rises much faster.

Figure 7 depicts the integral characteristics of a rising
droplet. The results are shown for three different values of the
Mach number (different levels of the surface tension forces).
Figure 7a shows the vertical position of the droplet at different
time moments. Figure 7b shows the volume the droplet. The
thick dashed line depicts the limiting value that corresponds to
a spherical droplet with the radius of 0.1. The volume of the
droplet with interfaces endowed with stronger surface tension
forces remains nearly constant during the entire rise. At lower
values of the surface tension the interfacial diffusion becomes
different from zero, which results in a slight shrinkage of the
droplet.

After the period of an initial adjustment, the droplet starts
to rise with the constant (terminal) speed. In the limiting case
of a slowly rising spherical droplet, the terminal speed is de-
termined by the Stokes’ law (or the Hadamard-Rybczynski’s
law),

U∞ =
4

15K1
Gr r2

0. (36)

This equation is written in assumption that the droplet’s liq-
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FIG. 7. (a) The vertical position, (b) volume, and (c) speed of
a droplet; (d) the total kinetic energy of the fluid motion in the
container; (e) the droplet’s interfacial thickness; and (f) the coef-
ficient of the surface tension. The data is obtained for Gr = 104,
Sc = 103, A = −0.5, Cn = 10−4, and three different Mach num-
bers, M = 10−5 (dash-dot-dotted line), M = 10−6 (dashed line), and
M = 10−7 (solid line). The results are obtained with the numerical
grid with 750×4500 grid points.

uid and ambient liquid have the same values of the viscos-
ity coefficient. The correction coefficient K1 takes into ac-
count the fact that the droplet rises in a tube of spherical cross
section (i.e. it takes into account the influence of the con-
tainer’s walls on the droplet’s speed).30 For the droplet of the
radius r0 = 0.1, the correction coefficient is K = 1.26, giv-
ing the value of the terminal velocity, U∞ = 21.2 (∼ 2mm/s
in the dimensional units). In figure 7c, one sees that at lower
Mach numbers, the calculated terminal speed of a droplet ap-
proaches the value predicted from formula (36).

The rising droplet engages into motion the fluid within the
entire computational domain. The intensity of this motion is
characterised by the total kinetic energy, Ek =

1
2
∫

V u2dV , that
is depicted in figure 7d. The kinetic energy associated with the
rising droplet, VU2

∞/2 ≈ 0.942 is considerably smaller than
the level of the resultant kinetic energy shown in figure 7d,
indicating that in fact a significant part of the fluid domain is
engaged into hydrodynamic motion.

Figure 7e depicts the interfacial thicknesses calculated as
the thickness of the zone for which |C| ≤ 0.05. Figure 7f
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FIG. 8. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained with the use of the
phase-field approach, for Gr = 104, Sc = 103, A =−0.5, Cn = 10−4,
and M = 10−5. The snapshots are shown for the time moments, (a)
t = 0.005, (b) t = 0.05, (c) t = 0.1, (d) t = 0.15, and (e) t = 0.2.

shows the value of the surface tension coefficient. Both the
interface thickness and the surface tension coefficient associ-
ated with the interface remain nearly constant over the entire
droplet’s rise. By invoking the estimates (34) one may also
understand that the dimensional value of the surface tension
coefficient for the run with M = 10−7 is σdim ∼ 10N/m and
for M = 10−5 is σdim ∼ 0.1N/m.

The results shown in figures 6 and 7 depict the behaviour
of a droplet which interface is endowed with very strong (in
fact, non-physical) surface tension forces, when the droplet
remains spherical (behaving like a solid particle). We are in-
terested in the dynamics of the droplet with lower values of the
surface tension, which can be adjusted by the Mach number.

Figures 8-11 show the shapes of the droplets with inter-
faces endowed with lower interfacial stresses. At M = 10−6

and M = 10−5 (see e.g. figure 8), there are no qualitative
differences in the numerical results: the droplet continues
to rise with a nearly-spherical shape. One may only notice
that the speed of the droplet’s speed becomes slightly higher
(see figure 7c). Earlier, we already showed that the inclu-
sions that are absorbed by the ambient liquid rise faster than
they would rise in a non-absorbing liquid.21 This effect is ex-
plained by the action of the Korteweg force, similar to the
Marangoni force that influences the rise of the bubbles with
surfactants (see e.g. Refs. 31 and 32). At M = 10−4 (that
should correspond to the surface tension coefficient of the or-
der σdim ∼ 0.01N/m, which is a typical value for an immisci-
ble liquid/liquid interface), the droplet deforms into a ring-
like shape (see figure 9). The stronger deformation of the
droplet’s shape also results in slowing down of the droplet’s
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FIG. 9. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained with the use of the
phase-field approach, for Gr = 104, Sc = 103, A =−0.5, Cn = 10−4,
and M = 10−4. The snapshots are shown for the time moments, (a)
t = 0.005, (b) t = 0.05, (c) t = 0.1, (d) t = 0.2, and (e) t = 0.35.
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FIG. 10. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained with the use of the
phase-field approach, for Gr = 104, Sc = 103, A =−0.5, Cn = 10−4,
and M = 10−3. The snapshots are shown for the time moments, (a)
t = 0.005, (b) t = 0.04, (c) t = 0.2, (d) t = 0.3, and (e) t = 0.4.
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FIG. 11. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained with the use of the
phase-field approach, for Gr = 104, Sc = 103, A =−0.5, Cn = 10−4,
and M = 10−1. The numerical resolution is 500×3000 grid-points.
The snapshots are shown for the time moments, (a) t = 0.01, (b)
t = 0.04, (c) t = 0.1, (d) t = 0.2, and (e) t = 0.3.

rise. At M = 10−3 (σdim ∼ 10−3N/m), depicted in figure 10,
the droplet’s dynamics already resembles the dynamics ex-
hibited by the droplets with no surface tension (see figure 2).
At even lower values of the Mach number (see figure 11 for
M = 10−1 that should correspond to σdim ∼ 10−5N/m, i.e.
the order normally assumed for miscible interfaces) the snap-
shots of the flow fields that characterise the droplet’s rise quite
closely reproduce the results shown in figure 2. The differ-
ences at the flow field are only observed near the bottom and
top walls of the container, where the phase-field results ex-
hibit the development of the gravity-stratification in the con-
centration field due to effect of barodiffusion (which intensity
is defined by GrM, and hence it increases at higher values of
M).

All the results shown above are obtained for A = −0.5.
For the accepted thermodynamic model, this value of A cor-
responds to the case of immiscible liquids, when the initial
state of the mixture coincides with the state of thermodynamic
equilibrium. The numerical results although show that in or-
der to strictly eliminate the diffusion, it is additionally neces-
sary to tend the Mach number to zero. At higher Mach num-
bers, the interfacial diffusion is low but still different from
zero, which explains slight changes of the droplet’s volume
(see figure 7b).

Figure 12 demonstrates the results obtained for different
values of parameter A. For A>−0.5 the shrinkage of a droplet
due to the interfacial diffusion becomes more significant. The
droplet’s shrinkage results in slowing down of the droplet’s
rise (as the speed of the rise is proportional to the square of
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FIG. 12. (a) The vertical position, (b) volume, and (c) speed of a
droplet; (d) the total kinetic energy of the fluid in the container; (e)
the interfacial thickness; and (f) the coefficient of the surface tension.
The data is obtained for Gr = 104, Sc = 103, Cn = 10−4, M = 10−7

and for A = −0.5 (solid line), A = −0.3 (dashed line), A = −0.1
(dash-dotted line), and A = 0.5 (dash-dot-dotted line).

the droplet’s radius, see equation (36)). In addition, all calcu-
lations are started from the same initial state (defined by the
same initial thickness of the interface). The temporal changes
of the interfacial thickness are depicted in figure 12e. One
sees that the thickness of the interface gradually grows. It
should grow until either an equilibrium value is reached (for
A < 0, the equilibrium thickness of the interface is defined
by
√
−Cn/A) or indefinitely (for A > 0 the state of thermo-

dynamic equilibrium is always homogeneous). The temporal
changes of the surface tension coefficient (depicted in figure
12f) follow the variations of the interface thickness, as it could
be understood from equation (26).

The changes in the value of the surface tension over the
period that is traced in our calculations are relatively small.
For M = 10−7, no qualitative differences in the droplet’s dy-
namics are observed for the calculations fulfilled with dif-
ferent A (to observe significant changes, the calculations for
a much longer container, much longer droplet’s rise, would
be needed). Although, for lower Mach numbers, when the
droplet’s trajectory remains limited to the modelled con-
tainer’s size, the calculations for different A would already
produce the visibly different data. For instance, figure 13 de-
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FIG. 13. The snapshots of the concentration and velocity fields at
different time moments. The results are obtained with the use of the
phase-field approach, for Gr = 104, Sc = 103, A = 0.5, Cn = 10−4,
and M = 10−4. The snapshots are shown for the time moments, (a)
t = 0.006, (b) t = 0.05, (c) t = 0.1, (d) t = 0.2, and (e) t = 0.35.

picts the flow fields for the rising droplet obtained for M =
10−4, as in figure 9, but for A = 0.5. The initial dynamics
of the droplets for these two calculations are almost identical,
but when the change in the surface tension becomes consider-
able (t > 0.1), the behaviour of the droplets becomes visibly
different. Under higher temperatures (higher A) the droplet
becomes more flattened, which slows downs its rise; the rate
of interfacial diffusion is also increased.

VII. CONCLUSIONS

We model the buoyancy-driven rise of a miscible droplet.
Owing to lower diffusion coefficients in liquids, miscible
droplets remain visible for quite long periods, during which
they experience complex hydrodynamic evolutions. Miscible
interfaces frequently exhibit the behaviour which can be only
explained by involving the concept of the surface tension. For
instance, it was noted that miscible droplets tend to have a
spherical shape, which can be explained by the action of capil-
lary forces.1 There were many attempts to measure the surface
tension forces for miscible interfaces that produced generally
quite low values, although, these values were still different
from zero.

It was also shown that if the droplet’s interface has no sur-
face tension, then while moving it becomes absolutely unsta-
ble, rapidly dispersing within an ambient liquid.10–12 The dis-
persion of a droplet results in much faster visual disappear-
ance of the droplet as compared with the expectations based
on pure diffusion dynamics. It was also shown that the surface

tension may suppress the development of the smaller pertur-
bations, but still the perturbations with larger amplitude may
lead to instability of the droplet’s shape and to the droplet’s
dispersion.

In our study, we first modelled the droplet using the clas-
sical approach, completely neglecting the surface tension ef-
fects. In general, the obtained results agree with earlier theo-
retical studies of the motion of immiscible droplet with lower
surface tension coefficients.11,12 We observe that the droplet
rapidly disperses through a number of the already identified
stages. Only for lower speeds of the droplet’s rise, for lower
Grashof numbers (for nearly density-matched mixtures), the
shape of the rising droplets may resemble a sphere (at least
such droplets do not brake into parts before their dissolution).

The classical modelling may not however explain why the
droplet takes the spherical shape at the start of the evolution.
Moreover, some experimental observations even report that
miscible droplets may pull into shape of a sphere.1 These
experimental observations motivated the second part of our
work, where we develop the phase-field modelling of the ris-
ing droplet, taking into account the surface tension forces.

We carried out the numerical calculations for the fixed val-
ues of the Schmidt and Grashof numbers that would define the
rise of a smaller droplet in a water-based binary mixture with
nearly density-matched components, but for a wide range of
the surface tension forces. For very high (non-physical) values
of the surface tension coefficient, the droplet exhibits the be-
haviour of a solid particle, rising with preservation of a perfect
spherical shape. At lower values of the surface tension co-
efficient (typical for immiscible liquid/liquid interfaces), the
rising droplet deforms into shape of a ring. At even lower
values of the surface tension coefficient, the dynamics of the
droplet starts to resemble the results obtained with the help of
the classical approach (for zero tension forces).

We also considered the rise of the droplets for the differ-
ent ‘mixture temperatures’, which are set by the parameter A.
This parameter sets the equilibrium state of the mixture, that
may be heterogeneous (with e.g. the interface of the thickness√

−Cn/A) or homogeneous. By setting the initial value of
the interface to be different from its equilibrium value we in-
duce the adjustments of the interface thickness, which in turn
results in dynamic adjustments of the surface tension coeffi-
cient associated with the interface. In that case, the system
may be characterised by the higher value of the surface ten-
sion coefficient at the start of the droplet’s rise, which explains
the observed visible pulling of the droplet into the spherical
shape at the initial moments (reported in work 1) and by the
lower value of the surface tension to explain the features of
the droplet’s dynamics that are reproduced by the calculations
that fully neglect the surface tension effects.

Finally, we conclude that disappearance of a miscible mov-
ing droplet (primarily due to dispersion) occurs on a short (hy-
drodynamic) time-scale. Over a short time period, the role of
the surface tension on the droplet’s dynamics is crucial, even
more significant than the role of the interfacial diffusion. The
dynamic changes of the surface tension coefficient strongly
affect the overall dynamics of the droplet, so the droplet pulls
into a spherical shape at the first instances, and behaves like
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a droplet with zero surface tension at the later period. These
features of the dynamics of miscible interfaces can be success-
fully modelled on the basis of the phase-field approach.
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