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Quantum systems in contact with a thermal environment experience coherent and
incoherent dynamics. These drive the system back towards thermal equilibrium after
an initial perturbation. The relaxation process involves the reorganisation of spin
state populations and the decay of spin state coherences. In general individual pop-
ulations and coherences may exhibit different relaxation time constants. Particular
spin configurations may exhibit exceptionally long relaxation time constants. Such
spin configurations are known as long-lived spin order. The existence of long-lived
spin order is a direct consequence of the symmetries of the system. For nuclear spin
systems rotational and permutational symmetries are of fundamental importance.
Based on the Schur-Weyl duality theorem we describe a theoretical framework for
the study of rotational and permutational dual-symmetries in the context of long-
lived spin order. Making use of the proposed formalism we derive exact bounds
on the number on long-lived spin populations and coherences for systems exhibiting

rotational-permutational dual-symmetries.
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I. INTRODUCTION

The term long-lived nuclear spin order refers to particular configurations of the spin

1,2

ensemble that exhibit exceptionally long relaxation times™“. These may either be formed

1220 Tp both instances the relaxation time of these

by spin populations or spin coherences
configurations may greatly exceed the conventional relaxation time constant 7Tj. For this
reason long-lived nuclear spin order has been found useful for a variety of practical appli-
cations including diffusion processes, bio-molecular ligand-binding, para-hydrogen induced

hyperpolarisation and quantum computing?' 3!

Spin configurations with exceptional lifetimes arise if the system exhibits a certain degree
of symmetry. The application of symmetry arguments for the description of NMR experi-
ments has a longstanding history!'®3243. It is therefore not too surprising that the theory of
long-lived nuclear spin order is most naturally formulated within a group theoretical frame-
work. Here the collection of symmetry operations that leave the system invariant form a
mathematical group G** 7. The symmetries of the system may then be studied by making

use of fundamental results from group theory*6:14-19:48

. Most importantly the presence of
symmetries implies the existence of selection rules which may be determined by the gener-
alised Wigner-Eckart-Theorem®%4". The underlying Hilbert space H then decomposes into
a direct sum of irreducible representation I'; of the group G. Groups of special interest for
NMR applications are the three-dimensional rotation group SO(3) and the symmetric group
g, 35,14-19,36,38,39

Exceptional relaxation time constants follow from symmetry induced selection rules that
either forbid or greatly suppress transitions between different symmetry manifolds by co-

3814718 Ag a consequence information across different

herent and incoherent mechanisms
symmetry manifolds may be stored for an extended period of time. Meaningful long-lived
spin order may then be defined as the population difference across distinct symmetry mani-
folds®14 1848 In the case of two coupled spin-1/2 particles for example a long-lived state may
be defined as the population imbalance between the anti-symmetric singlet and symmetric

triplet manifold!2.
In more complicated spin systems an intuitive argument to determine the number of long-
lived spin order becomes increasingly difficult. Some long-lived spin operators for particular

spin systems have been reported previously®®147184955  Recently references 16 and 56 have



given a lower bound on the number of long-lived spin populations based on group theoret-
ical arguments. Long-lived spin populations may be constructed from a set of projection
operators P'i that project onto the different symmetry manifolds I'; of a group G. The

number of non-trivial long-lived spin operators is bounded by the relation'®
Npps > Nr — 1, (1)

where Nt represents the number of irreducible representations of G.

This bound however displays some issues. Consider the following (apparent) paradox:
The three protons of a methyl rotor constitute a system of three identical spin-1/2 par-
ticles. In a typical solution state NMR experiment the symmetry of the methyl group is
commonly described by the alternating group of order three A3 1737, The group As may
be characterised by three irreducible representations: {A, E,, Fp} leading to Npr = 3. It is
however straightforward to show that the symmetry of the spin Hamiltonian for the methyl
protons is equally well described by the symmetric group of order three S3. The group Ss is
similarly characterised by three irreducible representations: {A;, Ay, E'}. Spin functions for
three identical spin-1/2 particles however are not capable of supporting the A, irreducible
representation** 4. This reduces the number of available irreducible representations by one,
so that Np = 2. As a consequence the number of long-lived spin operators predicted by
characterisation according to Az or S3 symmetry are not the same. This has lead to some
confusion regarding which symmetry group of the Hamiltonian should be used to describe
the system.

In this paper we address and resolve this issue by treating rotational and permutational
symmetries on equal footing. This is done by exploiting the dual-pairing for the irreducible
representations of the unitary group U(n) and the symmetric group S,. The intimate re-
lationship between these two groups is described by the Schur-Weyl duality theorem®”®,
The Schur-Weyl duality theorem gives a concrete relation between the irreducible represen-
tations of S, and U(n). Since the three-dimensional rotation group is a subgroup of the
unitary group U(n) the duality principle provides a connection between the irreducible rep-
resentations of S,, and SO(3). This may be done by utilising branching rules for irreducible
representations for the subgroup chain SO(3) C U(n). This way we will be able to state a
new lower bound on the number of long-lived spin operators including spin populations and

coherences.



For practical applications a simple approach is outlined to construct basis sets that possess
dual-symmetry for any two commuting groups GG, and G, and in particular the case G, = S,
and G, = SO(3) is treated. Such basis sets may be used to verify the presented results and
simplify explicit calculations of relaxation dynamics. We illustrate this by reexamining the
long-lived states of a methyl rotor under dual-selection rules. A detailed application to
practical NMR examples however is beyond the scope of this paper and deferred to a future

publication currently under preparation.

II. BACKGROUND

A short overview of key concepts and necessary terminology is given in order to facilitate
the following discussion. The required group theoretical concepts are presented in full detail

in references 44, 46 and 47.

A. Groups and Subgroups

Consider a set of elements G equipped with a composition law (x) for any two elements
9i,9; € G. The composition law is often abbreviated by group product or simply product. If

(G, *) satisfies the axioms:

The product g; * g; is an element of G for all elements g;,g; € G.

The product of the group elements g; * g; * g is associative.

The identity element denoted by e is an element of the group G.

e For every element g; there exists the corresponding inverse element g;* € G so that

gi * g; ! equals the identity element e in G.

the set G together with (x) forms a group* 7.

If the group G contains a subset A so that A fulfills the group axioms, the subset A is called
a subgroup of G. Subgroups are commonly denoted by A C G. In general A may contain
additional subgroups leading to a so-called subgroup chain, Ay C --- C Ay C Ay C G, where

N is the length of the subgroup chain®’.



B. Symmetric group

The symmetric group naturally arises in physical systems consisting of a set of identical
particles. Consider a set of N elements Qy = {1,2,...,N}. A permutation is as a re-

4

arrangement of elements in {0 in a one-to-one manner*. For example if Qy is given by

{1,2,3} a permutation may be defined as follows:
oc:1—2,2—33—1. (2)
This sequence of operations is often abbreviated by the so-called cycle notation
o= (123). (3)

The collection of all such permutations on the set Qy satisfies the group axioms and forms
a group G of order N!. The resulting group is called the symmetric group of order N! and
denoted by S,.

A simple example is the symmetric group on a set of two objects denoted by Ss. The

2! = 2 elements of Sy are given by

Sz = {(1)(2), (12)} = {e, (12)}, (4)

where the permutation (1)(2) is the identity element in Sy and in general (1)(2)...(n) = ein

S,. The symmetric group on a set of three objects is denoted by S3 and has 3! = 6 elements

The symmetric group S3 is the first symmetric group that contains a non-trivial subgroup.

This subgroup is the set of all even permutations
A = {e, (123), (132)}. (6)

In general the set of all even permutations on a set of order N is called the alternating group
A,, CS,. The alternating group Az is commonly used to analyse the dynamics and describe
symmetries of methyl group rotors!416:18:37:59 "1 the NMR literature however it is common
practice to refer to the groups S3 and Aj by the crystallographic point groups Cs, and Cs.

This is possible since the groups Ss = Cs, and Az = C3 are isomorphic to each other.
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C. Dynamic groups

The unitary group U(n) consists of all n x n matrices that satisfy the condition
Utu =1, (7)

so that U~! equals its conjugate transpose or adjoint denoted by U'. The unitary group

44,46

U(n) forms a connected continuous group of n? parameters®1. Group elements of U(n)

may be generated as follows

u:exp{—iZajEj}, (8)
j=1

with o being a real number and E; a n x n hermitian matrix that belongs to corresponding
Lie algebra u(n).

An important subgroup of the unitary group is the special unitary group SU(n) C U(n).
Elements of SU(n) fulfill the additional constraint det(U) = 1. The group elements of SU(n)

are generated by n? — 1 traceless hermitian matrices*46

n?—1
Su = exp {—i Z oij]} with Tr(7};) = 0. 9)
j=1

The generators of the Lie algebra su(n) may be chosen to be polynomials in the Cartesian
angular momentum operators {I,, I,, I}, which naturally arise in the definition of a spin
Hamiltonian%63.

The three-dimensional rotation group SO(3) C SU(n) C U(n) plays a central role in
NMR. theory??4950.64TL = From an experimental point of view SO(3) group elements may
be generated either by physical rotations of the sample or application of suitable radio-

60,63

frequency pulses®”®?. The elements of SO(3) may be specified by a rotation axis n and a

rotation angle 6:
R(n,0) =exp{—ifn -1}, I= [Ix I, ]Z] , n = [nx n, nz] , n-n=1 (10)

An alternative parametrisation frequently found in the NMR literature is the Fuler angle
convention. Here group elements of SO(3) are specified by a set of three rotation angles

{a, B,7}5%%3. A generic group element may then be expressed as follows

R(a, B,7) = R.(a)Ry(B)R.(7v) = exp {—ial.} exp {—ifl,} exp {—ivI.} . (11)

The Euler angle parametrisation has been used extensively for the description of rotating

solids, the design of composite pulses, decoupling schemes and phase cycles*0:49-55:66,67
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D. Conjugacy classes

The elements of a group G may be partitioned into conjugacy classes. Two elements g;

and g; of G are conjugate to each other if the following relation holds
9i = grg;9, " for some g, € G. (12)

The set of all elements conjugate to each other is called a conjugacy class

Cl(g:) = {9, | 9i = gry;g;,* for some g;, € G} (13)

and g; is called the representative of the class.

For the symmetric group elements with the same cycle structure form a conjugacy class**.
For example the elements (123) and (132) and the elements (12)(34) and (13)(24) are conju-
gate to each other. More generally the conjugacy classes of S,, may be specified by a string

of cycle lengths. For the group Ss this means

Cl(e = (1)(2)(3)) = [111],
CI(12)(3)) = [21],  CI((123)) = [3].

(14)

The possible cycle structures for S,, may be determined by considering all integer partitions
A of n™. The symbol A F n will be reserved to indicate that A partitions n. An integer
partition of n represents n as a sum of one or more positive integers. The integer partitions
of 5 for example are given by

5 [5], 441+ [41], 34+ 1+1+— [311],

241+1+1[2111], 141414141 [11111], (15)

342+ [32], 2+ 2+ 1+ [221].
Thus there is a natural identification between conjugacy classes of S,, and the integer parti-
tions of n.

The conjugacy classes for matrix groups such as U(n), SU(n) and SO(3) are formed by

all matrices that are related to each other by a similarity transformation
Cl(A) = {B | A= VBV for some V € U(n),SU(n),SO(3)}. (16)

Since the trace of a matrix is preserved under a similarity transformation the conjugacy

classes are given by all matrices with the same trace. For the rotation group the conjugacy
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classes are formed by all rotations with the same effective rotation angle . Conjugate
rotations then simply correspond to the same rotation as viewed from different reference

frames.

E. Irreducible representations

For certain applications it is convenient to generate a representation D(g) for the group
elements g € G. This is done by mapping the group elements onto (d x d) dimensional
matrices. The group composition law then translates into matrix multiplication. If the
mapping is additionally one-to-one the representation is said to be faithful.

For groups considered here there always exists a similarity transformation V' that block-
diagonalises the representations D(g) simultaneously so that all D(g) Vg € G admit a direct

sum decomposition in H
Nr
VD(g)VI =@ mr, D' (g) VgeG. (17)
j=1

The resulting (dr, x dr,) dimensional representations D' (g) are called irreducible repre-
sentations of G and are labelled by I';. The total number of irreducible representations for
a given group G is denoted by Np. An important theorem of representation theory states
that the number of irreducible representations Nr of a group G is equal to the number of
conjugacy classes of G447,

Depending on the underlying Hilbert space H some irreducible representation may appear
multiple times and some may not appear at all. The multiplicity of a given irreducible

representation is denoted by mr,. The dimension of the Hilbert space H may then be

expressed as follows
Nr
d]H = Zijdrj. (18)
j=1

The basis set that spans the irreducible representations of a given group G is called a

symmetry adapted basis Bg. The members of Be may be specified by a set of group labels*64"

Be = {Il'j,v, 1)} (19)

The first label I'; specifies the irreducible representation the state belongs to. The second

label v distinguishes between basis elements belonging to the same irreducible representation



with dr, > 1. In this work we will refer to this label as the group projection number. The
label y is necessary for mp, > 1 to uniquely address each basis element.
This notation is chosen to resemble the labelling of angular momentum states |I, m) with

the addition of a multiplicity label.

F. Characters

The irreducible representations of a group may be classified according to their characters.

The character x of a representation is given by the trace of the corresponding matrix

x(9) = Tr(D(g))- (20)

From equation 17 it follows that the character x(g) may be expressed as follows

Zmp Tr(D% (g Zmp X (21)

The characters x'7(g) are called irreducible characters of g € G. The irreducible characters
are orthogonal to each other with respect to the following complex inner product

Z )X (9) = djn- (22)

gEG’

This is a consequence of the Schur orthogonality relations** 47
1G]

S 1D )] D™ (9 s = GG
F.

gelG v

(23)

for the matrix elements [D'7(g)], = of the irreducible representation I';. An irreducible
representation I'; is therefore uniquely specified by its set of characters.
The characters are conveniently collected into a character table. An example of a typical

character table is given in table I.

The first column runs through all irreducible representations of the group. The following

columns are labelled by the group elements of G.

1. Symmetric group

According to section ITE the number of irreducible representations equals the number

of conjugacy classes. For S, the conjugacy classes are in a one-to-one correspondence with

9



F]’ € g1 g‘G|

I'y X' (e) X" (g2) X" (91¢))
Iy x'2(e) x"2(g2) x"2(91¢))
Ty xXre) | xMr(g2) X (g961)

Table I. Character table of a generic group G.

the integer partition of n (see section IID). As a result the irreducible representations of S,
may also be labelled by integer partitions.

It is common to represent the irreducible representation of S, by the integer partitions
and the classes by a cycle representative. In the case of S this results in a character table

as indicated in table II.

I e (12)(3) (13)(2) (23)(1) (123) (132)
I'y=[3] 1 1 1 1 1 1
Iy=[111] 1 -1 -1 -1 1 1
I'y=[21] 2 -1 -1 -1 0 0

Table II. Character table for the group Ss.

The assignment of a given integer partition to an irreducible representations follows partic-

ular symmetry arguments that may be found in reference 44.

2. Three-dimensional rotation group

The character table for SO(3) may be determined by considering solutions of the three-
dimensional Laplace equation

Pf  0*f  O*f
ox? i oy i 02>

= 0. (24)

The solutions to this equation are spherical harmonics Y, (6, #)**7. These span a (2[ + 1)
dimensional representation of SO(3). By the similarity argument of section IID it is suf-

ficient to consider rotations around the z-axis to determine the characters. The resulting
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character table for the group SO(3) is given by table III.

I, e R(n,0)
! 1 sin((1 + 3)0)/ sin(36)

Table III. Character table for the group SO(3).

The irreducible representations of SO(3) are thus distinguished by the quantum number /.
The spherical harmonics Y,,,(0, ¢) are additionally labelled by a quantum number m to dis-
tinguish elements with the same quantum number [ but different transformation properties

under the two-dimensional rotation group SO(2).

G. Direct product groups

Given two groups G, and G}, one may define the direct product group G, ® G} by intro-

ducing the following element-wise operation447

(98,9)) * (98> 90) = (9 *a 90> 95 %6 91), V9,98 € Ga and Vb, g/ € Gy, (25)

where (x,) and (%;) are the group products for G, and Gy, respectively. The direct product
group G, ® G, contains subgroups G; and G;) which are isomorphic to G, = G; and G = G;).

The isomorphism may be constructed as follows

/

Ga =Gy ={(g" ")}, Gp=Gy={(e"g"}, (26)
so that the two groups G, and G, commute
(G, Gyl =0 (27)

and every element of G, ® Gj may be represented as a product of an element from G, and

/

G,.
If both groups G, and G, are realised in terms of representations D(g?) and D(g%) the

direct product group may be constructed by forming the Kronecker product of the matrices

D(g") and D(g")

D(g".¢") = D(9") ® D(g")- (28)
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ITI. LONG-LIVED SPIN ORDER
A. General framework

We consider a system of N identical spins with quantum number I. A single particle
state occupies a Hilbert space Hy; 1 with dimension d; = 27+ 1. The state of the composite
system |1)) is an element of the composite Hilbert space H given by the N-fold tensor product
of the Hilbert space Hyzy; with dimension dy = (21 + 1)

H=Hyy ®- - ®Horys . (29)

~
N —times

We further assume that we are dealing with an ensemble of such systems dissolved in a

liquid. The state may then be described by a density operator p

p =), (30)
where the overbar indicates an average across the spin-ensemble. The density operator p is
an element of the space of linear operators on H denoted by IL(H)

L(H) = H® H* :11—12I+1 ® "'®H21+1/®]H§I+1 ® - @Hy . (31)

Vv TV
N —times N —times

61

In the NMR jargon IL(H) is known as Liouville space®. Making use of superoperator no-

tation the Liouville-von-Neuman equation governing the dynamics of the ensemble may be

expressed as follows”™

L10(t)) = (Lo + R (1), (32)
with Leon being the coherent Liouvillian of the system, R' the generator of relaxation
expressed in the laboratory frame and |Q)) denotes a state in IL(H). The coherent Liouvillian
is assumed to be the same for each member of the ensemble and is given by the commutation
superoperator of Heon

‘écoh = _i(Hcoh ® 1-1 & HT ) (33)

coh

The assumption of an ensemble of N identical spins dissolved in an isotropic liquid allows

us to express the coherent Hamiltonian as follows® %3
N
Heon =wol. +277 S L1, with I = [ L I, 1} : (34)
i<j

12



with I, being the total z-angular momentum operator. The interaction between the spins
and the magnetic field is characterised by a single Larmor frequency wy. The second term
describes the mutual scalar coupling between pairs of spins with the same coupling strength
J.

The relaxation superoperator R may be constructed from the fluctuating part of the
spin Liouvillian ﬁﬂuc(t)

Lae(t) = —iHaue (). (35)

The fluctuating part is in general different for each member of the ensemble at given point

it time. For conventional spin systems the relaxation superoperator R'2> takes the form of

a double commutation superoperatorf-¢2

0 = —
Rlab — / e (0) g (7). (36)

where ﬁﬂuc(t) represents the fluctuating part expressed in the interaction frame of the co-

herent Liouvillian
Lane(t) = exp {—ﬁmht}/ﬁﬂm(t) exp {+ﬁmht}. (37)

The relaxation superoperator for spin systems deviating strongly from thermal equilibrium
should be formulated within the Lindblad formalism™7". The symmetry properties of the
relaxation superoperator do not depend upon this choice and we will avoid this complication

here.

B. Rotational symmetries

An operator () possesses rotational symmetry if it is invariant under conjugation by
elements of SO(3)
R'(n,0)QR(n, ) = Q. (38)

Being invariant under rotations implies that ) preserves the total angular momentum 7 and
z-angular momentum m of a state in H.

The coherent Hamiltonian Hcop, is in general not invariant under SO(3) but commutes
with the total angular momentum operator I? and the total z-angular momentum operator
I

[I* + I, Heon) = 0, (39)

13



where I? and I, are defined as follows:
N N
L=Y 1. P=Y1L.1 with L= [ L I, 1} . (40)
i i

As a consequence the coherent Hamiltonian also preserves total angular momentum [ and z-
angular momentum m, and eigenstates of H.,, may be chosen to be total angular momentum
states |1, m)

(I + L)|I,m) = (I(I + 1) +m)|I,m). (41)

The set of all angular momentum states |/, m) forms a symmetry adapted basis Bso(s) for

rotations in H
Bso) = {|1,m)}. (42)

Similarly, the total angular momentum superoperator 12 and total z-angular momentum

superoperator I, in IL(H) are given by the expressions below

The eigenoperators of (12, 1.) are given by irreducible spherical tensor operators (ISTO)%.
Each ISTO may be labelled by two quantum numbers (k, m) which reflect their symmetry
under SO(3) and SO(2) operations

(1 + L)|Tin) = (k(k + 1) +m)|Tigm). (44)

The set of all spherical tensor |Tk,,) forms a symmetry adapted basis Bso(g) for rotations in
L(H)

Bso) = {[Tim)}- (45)
Consider the coherent Liouvillian resulting from the Hamiltonian in equation 34. It is

straightforward to show that ﬁcoh commutes with 72 and _fz
(12 + 1., Leon) = 0. (46)

The coherent Liouvillian Lo, thus preserves the two quantum numbers (k, m) and its rep-

resentations may be decomposed according to the irreducible representations of the rotation

group SO(3).

14



The relaxation superoperator R'2> on the other hand possesses no symmetry in general.

But the combination of dominant Zeeman interactions and weak relaxation processes driven

by rotational Brownian motion imposes symmetry onto the relaxation superoperator®*%.

Typically Rlab s well approximated by a secularised relaxation superoperator R which
possesses at least SO(2) symmetry
[I.,R] =0, (47)

so that R preserves the z-angular momentum of any ISTO. Without any further approxi-
mations or assumptions R may not be decomposed into a sum of irreducible representations

of the rotation group SO(3).

C. Permutational symmetries

A system of N identical spins possesses spin permutation symmetry. The action of a spin

permutation P, onto a direct product state 1115 ... y) may be expressed as shown below

Pol1tpg .. hn) = [Yoy¥o2) - - - Vo)) (48)

For instance, the permutation P, acting on the state [¢11021)3) leads to the following

Pra|th11paths) = |1harh11hs). (49)

The action of a spin permutation P, onto an operator () is given by conjugation of () by P,
B, : Qs P,QP}. (50)

When an operator is expressed in terms of Cartesian angular momentum operators for

example, a spin permutation amounts to a permutation of the indices
PiyliployPly = Iy Iy, (51)

Consider the coherent Hamiltonian of equation 34. Since the nuclear Larmor frequency
wp and the mutual scalar coupling constant J is the same for all members of the system, the

coherent Hamiltonian is invariant under the symmetric group S,

PoHeon Pl = Heon Vo € S,. (52)
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Similarly, the coherent Liouvillian Leon is invariant under the set of spin permutation super-
operators

P, =P, P, (53)
that generate a representation of the group S,, on LL(H)

pgﬁcoh A; = »CAcoh Vo € S,,. (54)
As a consequence the representations of H,, and ﬁcoh may be decomposed according to
irreducible representations of S,,. And again without further approximations R does not

possess any spin permutation symmetry.

D. Schur-Weyl duality

Sections III B and III C showed that the coherent Liouvillian and Hamiltonian given by
equations 33 and 34 are invariant under group elements S,, and preserve total and z- angular
momentum. This gives rise to the concept of a dual-symmetry®™58. Consider a Hamiltonian

H or Liouvillian £ that commutes with two groups G, and G,

[Hv Ga] = Oa [Hv Gb] = 07

. R (55)
[‘Cu Ga] = 07 [Ev Gb] = 07
with the additional assumption that G, and G, commute
[Ga, Gy] = 0. (56)

It is easy to check that that this condition is fulfilled for spin rotations and permutations.
In this case one speaks of a dual-symmetry and there exists a set of basis states and basis
operators that transforms irreducibly under G, and (G, simultaneously. Similar to equation

19 the basis elements may then be specified by a set of two group labels*’

BE = 1%, Yy 1 T8, Yo, 1) 3,

. (57)
BGZ = {‘F;‘La Ya; Ha; F27 Vbs ,U/b)}-

In general there is no special relationship between the irreducible representations of G,
and Gy. An exception exists for the case that G, = U(n) and G, = S,,. The connection

between irreducible representations of U(n) and S,, is described by the Schur-Weyl duality
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theorem®”°8,

Following reference 58, a simplified version of this theorem states that the
direct product representation of U(n) and S,, may be used to decompose H according to the

irreducible representations {A} of U(n) and [A] of S,, as follows

I(N)<n
H= 5 p™o DM, (58)

AN

where [()) indicates the length of a partition and we denote the dual pairing by (o). There
is thus a unique pairing between irreducible representations of U(n) and S,, identified by a
common partition A.

The Schur-Weyl duality further ensures (not captured by equation 58) that the multi-
plicity myyy of an irreducible representation of U(n) is the same as the dimensionality diy
of the corresponding irreducible representation of S,, and vice versa.

Since the rotation group SO(3) is a subgroup of U(n) the Schur-Weyl duality theorem
provides a way to identify irreducible representations of SO(3) with those of S,. Strictly
speaking this only holds in H and we briefly outline how to extend the duality principle to
L(H) in appendix A 3.

To illustrate implications of the Schur-Weyl duality we first consider Hilbert spaces of
spin-1/2 systems. The irreducible representations of U(2) remain irreducible upon restriction
to SO(3). In this case the branching rules simplify significantly?445.

The coupled angular momentum basis for a system of two spin-1/2 particles consists of

three triplet states |T1,,) with I =1 and a singlet state |Sp) with I =0

[So0) =27 2(laB) = |Ba)),  |Ti1) = |aa),

(59)
Tho) = 27 2(jaB) + [Ba)),  |Tio1) = |BB).
These states have definite permutation symmetry under the spin permutation Pjs
Pia|So0) = —|S00),  Pra|Tim) = +|Tim), (60)

with the singlet state being anti-symmetric and the triplet-state being symmetric. The same
information is encoded by the Schur-Weyl duality theorem. According to equation 58 it is
only necessary to consider integer partitions with [(\) < 2. For two particles the possible
partition are given by

A2 ={[2],[11]}. (61)
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The branching rule for the SO(3) C U(2) subgroup chain follows the simple rule I =
%(}\1 o )\2>45,76

1:%(2—0):1H[2], 123(1—1):09[11]. (62)

This leads to the following dual pairing of irreducible representations of SO(3) C U(2) and
S2
H = Do D@ g D° o DI, (63)

Equation 63 agrees with equations 59 and 60 if we identify [2] with the symmetric and [11]
with the anti-symmetric irreducible representation of So. And as indicated in table IV, the

multiplicities and dimensionalities follow the pattern myy, = djy and vice versa.

I'; mr; d[‘j
I=1 1 3
A=[2] 3 1
I1=0 1 1
A= [11] 1 1

Table IV. Dimensionality and multiplicity pairing for SO(3) C U(2) and Ss.

Similarly for three identical spin-1/2 particles the following partitions are of relevance
A3 ={[3],[21]}. (64)
Repeating the argument above one may decompose H as follows
H = D20 D @ D3 o D2V, (65)

The Schur-Weyl duality thus explains the absence of the [111] or A, irreducible represen-
tation of S3 for the coupling of three spin-1/2 particles!® 175 With the help of the S;
character table (see table II) it is straightforward to construct the dimensionality and mul-

tiplicity pairings as shown in table V.

For systems with / > 1/2 the branching rules for the SO(3) C U(2] + 1) subgroup chain are

not unique. In these cases the branching rules can be built up recursively based on ideas by

Jahn®.
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I'; mr; dpj
=3 1 4
A= [3] 4 1
=1 2 2
A= [21] 2 2

Table V. Dimensionality and multiplicity pairing for SO(3) C U(2) and Ss.

We illustrate the Schur-Weyl duality for spins with I > 1/2 by considering three coupled
spin-1 particles. Such systems are interesting in the context of long-lived spin operators for
deuterated methyl rotors!®". For spin-1 particles it is necessary to consider partitions up
to length three:

A3 ={[3],[21], [111]}. (66)

The dual pairings for SO(3) C U(3) are given by the relations below
H=(D'® D% oDP¥ e (D'e D?*) oD@ Do DI (67)

Since the irreducible representations from U(3) do not remain irreducible upon restriction
to SO(3) the dual-pairings between SO(3) C U(3) and S3 are not unique.

The multiplicities of the irreducible representations may be determined by realising that
every individual pairing has to fulfill the multiplicity-dimensionality pattern. This leads to

a simple set of rules.
e (1) Distribute the dual-pairing over all direct sums.

e (2) Multiply the SO(3) irreducible representation by the dimensionality of the S,

irreducible representation and vice versa.

For the current example this reduces to the following sequence of steps:

(D' @ D*) o D¥l @ (D' @ D*) o D' @ D" o DI

(i)Dl o D[iﬂ D Dl o D[S] @ Dl o D[Zl] D D2 o D[QH D DO o Dlll

2
(:>(D1 03 x DBY @ (D*o7 x DBy @ (2 x D' 03 x DY)

(68)

®(2 x D? 05 x Dy @ (D% o DI,
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The last line of equation 68 has been summarised in table III D to illustrate the individual

dual-pairings.

I mr; dr, I mr; dr,
1=0 1 1 1=2 2 )
A= [111] 1 1 A= [21] 5 2
I=1 1 3 1=3 1 7
A=[3] 3 1 A= [3] 7 1
=1 2 3
A= [21] 3 2

Table VI. Dimensionality and multiplicity pairing for SO(3) C U(3) and Ss.

While it is straightforward to determine the dimensionality of an irreducible representation
D!, it is not straightforward to calculate the dimensionality of an irreducible representation
DWW, Since the following discussion will focus on spin systems with I = 1/2 and I = 1 we

provide expressions for the dimensionality of DY with I(\) < 3

dy1(A) =1,
B ()\1 - )\2 + 1)
Dz A) = O+ ) SR e
d)\73()\1, )\2; )‘3) -
(M =X+ 1M = A+ 1A — A3+ 2)
(h £ 2)1(0h + 1) '

()\1 + Ay + )\3)!

A derivation of these is given in appendix A 1.

E. Long-lived spin operators
1. Permutational symmetry

Long-lived spin populations and long-lived spin coherences possess exceptional relax-
ation time constants. This indicates that they are either exact or approximate members
of the nullspace of R (strictly speaking one should consider the nullspace of Loon + R,

but this distinction will be inconsequential for the following discussion)?®. The elements of
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the nullspace Null(?@) may be constructed by imposing symmetries on R. Practically this is
achieved by synthesising molecules with a high degree of local symmetry and rigid molecular
structure™ 0,

In the NMR literature it is often assumed that long-lived spin operators are encountered
if R is invariant under the permutation group of Heon (or one of its subgroups)* 6. But
this conclusion is incorrect. The relaxation superoperator has to obey a stricter symmetry
principle. For long-lived spin operators to exist R has to be invariant under the following

direct product group
S2 =8,®S:. (70)

The elements of S? are given by generalised spin permutation superoperators 15;

A

Pl =P, ® P with o,7€8,. (71)

These operate on H and its dual H*, respectively.

To see why R has to be invariant under S2) we first consider a system without any

symmetry. In this case the only member of Null(R) is the sum of all populations |1)
RI1) = |0). (72)

The identity operator may be decomposed by making use of the projectors P onto the

different symmetry manifolds of S,, on H* 47
A Ay (A *
Po = S, (XM (0)) . (73)
"l ses

Equation 72 may then be expressed as shown below

RIL) =) RIPVIPIT) = " RPW1), (74)

AFn AFn

where we have defined the following projection superoperator
P = P & pAL*, (75)
Assuming that R commutes with every projector PW equation 74 reduces to the following

RI1) =) PYR|L) = |0). (76)

AFn
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The projectors PP however may not be constructed from the set

(P} ={P,} €S, (77)
which generates a representation of S, on L(H). Instead they are constructed from the
elements of the group S2. This implies that R has to be at least S2 symmetric.

The physical interpretation for this is straightforward. Consider for example a system

dominated by dipolar relaxation. The dipolar relaxation superoperator may be expressed

as followsb1:62:
R=R"+R*",
RY =303 () VT T
> 2 (78)
i<j m=—
R = > (1=0y85) Y (1)o7 137,
1<j,p<q m=—2

with Rt being auto-correlation terms and RX being cross-correlation terms. The commu-
tation superoperators Tgfn are constructed by coupling rank one ISTO of spins ¢ and j into
i7,pq)

a rank two ISTO. The relaxation rate constants bém may be derived from the molecular

6162 The action of a generalised permutation superoperator P7

geometry of the molecule
onto R is given by conjugation
P R PTRPM. (79)
Instead of acting onto the superoperators the permutations may alternatively act on the
relaxation rate constants
p; : bgiyr‘;pq) s bé%i)g(j)’T(p)T(Q)). (80)
This way it is easy to see that S, operations on IL(H) permute auto-correlation terms and
cross-correlation terms, but never mix auto- and cross-correlation terms for mixed m. S,
symmetry therefore describes the symmetry of R+ and R* separately. For exact long-lived
spin operators to exist however, it is necessary that R remains invariant even if auto- and
cross-correlation terms are exchanged. Such symmetries are described by S? and not by S,,.

Making use of the considerations above we have the following result regarding the

nullspace of a relaxation superoperator R.

Theorem III.1. The nullspace Null(?@si) of an S2 symmetric relazation superoperator RS

s given by the set of generalised group projection operators PW[’(\S]
Null(R®) = {|PI))}. (81)
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Proof. Let [A] be an irreducible representation of S,. A group projection operator 72[/’;] onto

the [\]-subspace is defined as follows*7
d A *
P =g 2 [DY@LsP (82)
" es,

If considered as states in I.(H) the action of RS onto |77£)(§]) may be expressed as follows

Q2
RSP = |S 2 (DM@ RE Py @ 1))
oES, (83)
P =1 ”l > [DY@)5(P, ® DR 1) = |0),
" oes,

where the second line is a result of the S? symmetry of RS, The set of group projectors

|P 5) therefore spans the nullspace of R
Null(R%) = {|P2)}. (84)
[l

A bound on the number of long-lived spin operators may be determined by expressing

the 733(‘;] in terms of the symmetry adapted basis states B

75—§j| AL, 0, pl. (85)

The number of long-lived spin operators is then bounded by the following relations:

Corollary III.1.1. For a S?2 symmetric relazation superoperator RS the number of long-

lived spin populations N} is bounded by
Nr
Nis > dr,. (86)
j=1

Corollary II1.1.2. For a S? symmetric relazation superoperator RS the number of long-

lived spin coherences N{ 4 is bounded by

Nr
Nis > di. —dr,. (87)

j=1
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Corollaries III.1.1 and III.1.2 implicitly assume that the summations are carried out
over the set of irreducible representations supported by H. Without presence of any further
symmetries one may invoke the equal signs. However, as shown in section IIT F dual-selection
rules including rotational and permutational symmetries may lead to an increased number
of long-lived spin operators.

Assuming no further symmetries for the moment, the upper bounds given by corollaries
IT1.1.1 and III.1.2 resolve the apparent paradox presented in the introduction. According
to the bounds given in reference 16 the number of long-lived populations bounded by Aj
and Sz symmetry are Ni;q = 3 and N{; g = 2, respectively. By taking the dimensionality of
the irreducible representations into account both groups As and Ss lead to identical results,
namely Nl ¢ = 3.

This may be seen as follows. The coherent Hamiltonian for a methyl-rotor is S3 and Ag
symmetric. Since Az is a subgroup of S3 it is always possible to choose a symmetry adapted
basis that remains irreducible for the subgroup chain A3 C S;. In table VII we have listed
the branching rules for the A3 C S3 subgroup chain. Upon restriction from S3 to Az the
two-dimensional E subspace splits into two one-dimensional subspaces F, and Ej,. As a

consequence the overall number of long-lived populations remains constant.

r; A E, B,
Ay 1 0 0
A 1 0 0
E 0 1 1

Table VII. Branching rules for the irreducible representations of S3 upon restriction to As. The
irreducible representations have been labelled according to the crystallographic point group con-

vention.

Consider now the number of long-lived spin coherences. It is clear that the prediction of
long-lived coherences differs for the groups Sz and Az. For the group S; one finds N g = 2
since the irreducible representation E' is two-dimensional. But for the group Az one finds
N g = 0. This simple example shows that the bigger group, Sz in this case, carries more

information than As, so that in general one should always use the maximal symmetry group
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of the relaxation superoperator R.
Besides the existence of long-lived spin operators, the S? symmetry imposes a block
structure onto the matrix representation of RS% when expressed in the outer tensor basis of

symmetry adapted basis states B35
B = {|[N], 7, 3 ], 0,v)}y = B @ B, (88)
where we have introduced the following short-hand notation

AL v (], 6, v1) = (], 7, 5 [K], 6, v). (89)

A general matrix element of RS may then be expressed as follows
A Q2
(V]S 15 (K70, 8V RPN v, s [, 6, 0). (90)
Due to S?2 symmetry we may replace RS by PA’;’T?A%S% }55 and sum over o € S,

> (VLA 16,8,V PR PEIN], 7y, s [1], 6, ) =

oES,

gs: (Po([N. s 1) [], ',V RS Py ([N], v, p); [], 6, v) = (91)
DD (VLo /), VRSN, @, s (K], 6,v) x [DP(0)],, [DY(0)],

a,af €Sy

The last line may be simplified by making use of the Schur-orthogonality relations (see
equation 23)

(N1, A w5 [K], 8, V' [RSA[A, , 5[], 6, v) =

Sn / / n o< 1P S2 (92)
‘_| Z(P\],CY,M ; [I{]ad vV |Rsn|[)‘]aa7ﬂ'a [H]aéa V) X 6[)\’}[)\]57’7-

In a second step one may replace RSH by Pg’%siﬁg and perform the same steps again. A

generic matrix element is then constrained by the following relation:
(P\/]? 7/5 ,u/7 [’%/]7 6/7 V/“é'sgl ’ [)‘]7 Yy K5 ["1]7 67 V) X 5[)\’][)\}5[/{’][/4]57’755’6- (93)

This indicates that RS may not mix either of the permutation symmetries of the operators
I[A], v, ) ([K], 0, v| and its matrix representation splits up into the blocks ([A][«], [\][x]). The
block ([A][k], [A][s]) is additionally split into (dpy x df) blocks since the group projection

numbers v and 0 have to match.
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For the case of three-identical spin-1/2 particles the relaxation matrix of R% takes the

following form for example

[3](3] | [21)(21] | [3][21] | [21][3]
B3] | WM | 0 0 | 0
Ré= |21 0 | m 0 0 (94)
B2 0 | 0 | 0
1B 0 | 0 0 | m

F. Rotational symmetries

So far we have only considered permutational symmetries of the relaxation superoperator.
We will continue assuming that R is S?2 symmetric but additionally consider rotational
symmetries.

The treatment of rotational symmetries for a relaxation superoperator requires some care.
In principal RS may possess “two types” of rotational symmetry. To see this a generic

. . Q2 . . . . . .
S2 symmetric relaxation superoperator R5» originating from rotational diffusion processes

(neglecting cross-relaxation terms) is expanded as follows®!-%2
2tk N 2 1k N
A o2 A ~ ~ A
R =22 D AT+ > bun > B B (95)
k=1 m=—k i,p k=1 m=—k i<j,p<q

where the superoperators A are derived from linear and the superoperators B from bilinear

spin operators permutation symmetry implies that the relaxation rate constants ax,,

61,62 g2
and by, are independent of (1, j, p, q) for fixed (k,m). This enables the definition of effective
commutation superoperators as shown below
. AN . Al
Y A=Ay and Y BY =Bl (96)
i i<j
The notation A™ and B™ reflects the fact that these superoperators are invariant under

elements of S,,. The relaxation superoperator in equation 95 is then replaced by the following

2 2 +k

+k
R =33 A ADT +37 > b B B (97)

k=1 m=—k k=1 m=—k

The first type of rotational symmetry implies that RS% is invariant under rotations in

IL(H). These type of rotations are generated by the commutation superoperators of the
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Cartesian angular momentum operators. The superoperator equivalent of equation 11 is

then

R(a,3,7) = R.(a)R,(B)R.(7) = exp {—iozfz} exp {—iﬁfy} exp {—Mfz} : (98)
For the relaxation superoperator of equation 97 this means that relaxation rate constants

apm and by, are independent of m

2
30(3) Zak Z ApASH Z Z B B (99)
o

m=—k m=—k

This is often the case for relaxation in the fast motion limit, but we will not make this
assumption here61:62:64.65

The second type of rotational symmetry is inherited from H. This may be seen by
evaluation of an arbitrary matrix element of RS%. For simplicity we consider the bilinear
term as the argument easily generalises to linear terms. A matrix element for fixed (k,m)

may be calculated as shown below

(a; bl B B! |es d) = Te{(Ja) 8]) By, [Bind T, [e)(d)]}. (100)

km >
Evaluation of the trace results in the following

(a; bl B B! e d) =(a| By By Tle) (bld) + (d| By B [b) (alc)

(101)
—(a| BN ey (d| B b) — (a B e) (d| B b,

So far the states |a), |b), |c) and |d) have been arbitrary. Consider replacing these by
total angular momentum states |I1), |I2), |I3) and |I). Since all quantities involved possess
definite total angular momentum the expectation values of equation 101 are subjected to
the Wigner-Eckart-theorem* 7. But by virtue of the Schur-Weyl duality theorem one may
always find total angular momentum states |/) that transform irreducibly under S, and

SO(3) simultaneously. These states form a dual-basis for S,, and SO(3)
ng(s) ={l[\, D) }. (102)

In this case the matrix elements of equation 101 obey dual-selection rules reflecting their

rotational and permutational symmetry.
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Dual-selection rules may be derived by introducing dual-basis states into equation 101.

The first contribution is subjected to the following selection rules

(N, It Bt B TI[X], 1) (s, W] L) =

AL LB B K], L|[], L)
%;}([] | Bl A, )AL 31 BITIINT, Js) (8], T[], 1) (109

> o0 ALk, §) AT, k, )

JEM

and similarly for the second contribution:

(8], Lo B B8], L) ([N, L[], L) =
> K, Ll By N[, )], 41 B[], L) (I, L[N, Is) o

JE[K]

> SO On 1 AT, b, 5) AL K, ),

JElK]

(104)

where j runs over all total angular momentum values that may pair up with the irreducible
representation D or DI®l. The symbol A(J1, j2, j3) describes the triangular conditions the

angular momenta have to satisfy. It has the following properties®54447

S 1 forjs € {|j1 — jaols |1 — g2l + 1, g1 + J2l}
A(j1, J2, J3) = : (105)

0 forjs & {|j1 —jal, 71 — Jo| + 1,..., |1 + jal}

The third and fourth contributions to the matrix elements of RS* are significantly simpler

and are constrained by the same selection rules

(N, LBV, ) (8], L BN [8], ) oc g0 AL, by 1) A(Is, k, 1)

N N (106)
(N, L BRIV, L) (8], T BRI (8], o) o< S Ol A U1, ey 1) Aoy e, 1)

Collecting all selection rules from equations 103, 104 and 106 leads to rotational and per-

mutational dual-selection rules for the relaxation superoperator RS+ for fixed k and m
(IN; [5) Lo RS [N Is; [5]14) o< Gariia)Opwriin] O O
( Z 5[2[4 Ilv k J)A([37 k7]) + Z 611[3A(127 ka])A(-Ll) ka ]) - A(Ilv ky I3)A([27 k:7 [4)) )

JEA JE[K]

(107)

where we have made us of equation 93 to introduce the missing group selection rules.
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The selection rules of equation 107 are readily generalised for the case that 7%336(3) is

invariant under permutations and rotations in IL(H). Since the relaxation rate constants for

ﬁgé(g) are independent of m one may simply sum equation 107 over m for fixed k

+k
(N3 (R T2l R [NV s [11) = Y (N s [T R[N [1] 1) o
m=—k
5[)\’}[)\]5[/4’“/@}57’756/6 ((5[11351214 < Z A(Ila ka]) + Z A(127 k;])) - A(Ila ka IS)A(IZ> k? [4)) :
JEA] JE[~]

(108)

When expressed in the outer tensor product basis of dual-symmetry adapted basis states
826(3) the dual-selection rules in equation 107 and 108 indicate that the relaxation super-
operators RS+ or 7%236(3) take on the general block structure ([A|[x], [A][x]) as discussed in
section III C. Additionally, within each symmetry block ([A|[], [A][k]) the elements are sub-
jected to triangular conditions that may lead to an increase in the number of long-lived spin
operators. Examples of such cases are discussed in the next sections. In particular we will
consider spin-1/2 and spin-1 systems which are commonly encountered in the context of

long-lived spin order!4 182425,

IV. SYSTEMS OF SPIN-1/2 PARTICLES

Consider the dual-selection rules of equation 107 for spin-1/2 systems. Since the dual-
pairings for S,, and SO(3) C U(2) irreducible representations are unique it is permissible to

replace I3 with I} and I; with I; under the Kronecker deltas dpyp and e
([N [ L[ RS | [N] 3 (] ) o

S O] [ ( Z A(Ly,k,j) + Z ALy, k,j) — AL, k, 1) A(Lo, k, 1)

JEN JEK]

)' (109)

One may further replace I; and I by the corresponding partitions [A] and [x]. This way
one may eliminate the summations by virtue of uniqueness of the dual-pairing. This leads

to the simplified dual-selection rules for spin-1/2 systems as indicated below

(N1 (K] L R3|[N) L3 (K] L) o
SOt (A(N, &, [A]) + A([K], &, [6]) — AN, &, A)A((8], &, [1])) -

(110)

For spin-1/2 systems it is therefore sufficient to consider diagonal triangular conditions.
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To analyse the implications of such dual-selection rules it is advantageous to treat spin-
1/2 systems with an even and odd number of particles separately. As it turns out these two

cases will behave differently under rotational-permutational dual-symmetry.

A. 0Odd number of spins

For a system of N spin-1/2 particles with N being odd the relevant integer partitions are
given by
AMe{[N,[N=11],[N—-22],...,[5(N+1) (N +1)-1]}. (111)

These pair up with the following irreducible representations of SO(3) C U(2) (in that order)

N N 1

I — —=—1..., -}
E{2’2 ’ ’2}

(112)

Spin operators responsible for relaxation are spherical tensors with £ = 1 and k£ = 2, so that
there is only a finite number of triangular conditions to check. It is easy to show that the

following relations hold

1 11
AL =1VI, A(L2N)=1Y1> 5, A(5.2.5)=0. (113)

The triangular conditions indicate that there is no increase in the number of long-lived spin
operators if relaxation mechanisms with k& € {1,2} are active. In this case the number of
long-lived spin operators is given corollaries II1.1.1 and III.1.2 with an equal sign.

The situation changes if only relaxation mechanisms with & = 2 are active. This applies
for systems that are dominated by dipolar relaxation mechanisms. In this case the matrix
elements of the subspace uniquely associated with spin angular momentum / = 1/2 vanish
identically since all triangular conditions evaluate to zero. For three-spin-1/2 particles for

example the bloc vanishes complete
ple the block ([21][21], [21][21]) vanish pletely

[3](3] | [21][21]| [3][21] | [21][3]
B3]3] | WM | 0 0 0
RS = | 21][21]| © 0 0 0 (114)
Byl ol o | m | o
21][3] | © 0 0 | m
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It follows that all possible coherences and populations of the ([21][21], [21][21]) subspace are
now elements of Null(f%s%). The total dimensionality of this block may be calculated by
using the fact that d;/, = 2 and djp;) = 2

d[21}[21} = d%/Q X d[221} = 16. (115)

The number of long-lived operators thus increases from Nyps =5 to N =1+ 16 = 17, as
may be verified numerically.

This idea may be generalised to any odd system of N identical spins with I = 1/2. As
indicated by equation 112 any odd number of systems contains the representation D'/? and
according to equation 111 the D'/? representation pairs with the integer partition [1(N +
1) 2(N +1) — 1]. For example for 3, 5, and 7 spins the pairings D'/? o DBY D/2 o D2,
DY20 D3 are present. The total number of long-lived spin operators may then be calculated
by making use of the dimensionality function d o for partitions with [(A) < 2 (see equation
69)

(N=3)

Nits = (dijp X dapB(IN+1), 3N+ 1) = 1))+ Y (daa(N =4, ) (116)

5=0
The number of long-lived spin populations and spin coherences may then be separated as

indicated below

1
5(N=3)

Nits = dija X dyo(3(N+1), 3(N +1) = 1)+ Y (dra(N —5,4)),

J=0

(117)
NELS = Nis — NELs-
Table VIII summarises the number of long-lived spin populations and coherences for N €

{3,5,7} spins.

The group projection operators Pw[g} which span the nullspace Null(ﬁsi) are then comple-

mented by all operators of the type

GV +1) 5(N +1) = 1,7, 1/2,mi)([5(N +1) 3(N +1) —1],8,1/2,ma], (118)
where m; and msy may take the values +1/2 and —1/2.
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N NivLs NSLS NLLs
3 5 12 17

5 15 102 117
7 49 968 1017

Table VIII. The number of long-lived spin operators and spin coherences for an odd number of

spin-1/2 particles experiencing relaxation mechanisms with k& = 2.
B. Even number of spins

For a system of N spin-1/2 particles with N being even the relevant integer partitions

are given by:

Ae {[N],[IN - 11],[N—22],...,[N/2 N/2]} (119)

These pair up with the following irreducible representations of SO(3) C U(2) (in that order):

N N

1 —,——1,...,0 120
6{272 ? 7} ( )

The triangular conditions for an even system are expected to be different since all total
angular momentum quantum numbers are even. In this case operators belonging to the
block ([N/2][N/2],[N/2][N/2]) are immune to relaxation mechanisms with & =1 and k = 2.

Operators belonging to any other representation are still affected by relaxation:
A0,k,0)=0 A(I,k,I)=1VI>0 (121)

For an even number of particles however the representation that is immune to relaxation is
D° with dy = 1 and the multiplicity of the [N/2][N/2] irreducible representation is given
by mn/an/2) = 1. As a consequence an additional splitting of the ([N/2][N/2],[N/2][N/2])
subspace is impossible and the number of long-lived spin operators is given by corollaries
[II1.1.1 and III.1.2. So in contrast to an odd number of spin-1/2 particles suppression of
particular relaxation mechanisms for an even number of spin-1/2 particles does not have an
effect on the total number of long-lived operators. The number of long-lived populations

and coherences for N € {2,4,6} is given in table IX.
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N NivLs N, ELS NLLs
2 2 0 2

4 6 8 14
6 20 112 132

Table IX. The number of long-lived spin operators and spin coherences for an even number of

spin-1/2 particles experiencing relaxation mechanisms with k£ € {1, 2}.

V. SYSTEMS OF SPIN-1 PARTICLES

In contrast to spin-1/2 systems a general discussion for spin-1 particles becomes difficult.
This is due to the fact that the rotational-permutational dual-pairing is not unique anymore.

As a consequence one has to consider all possible triangular conditions occurring in equation

107.

To illustrate the general strategy we consider three identical spin-1 particles These could
for example represent a deuterated methyl rotor. According to equation 67 such systems
are able to support irreducible representations [3], [21] and [111] of S3 which pair with
irreducible representations D' @ D3, D' @ D? and D° of SO(3), respectively. Application of
corollaries II1.1.1 and III.1.2 indicate that the number of long-lived spin operators is bounded
by Niyiuis > 1+ 144 > 6. To take rotational symmetries into account the relaxation
superoperator is first expressed in the outer tensor basis constructed from the symmetry

adapted basis states ng(g). The matrix representation of RS takes the following form
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[3)[3] | [21][21] | [111][111] | [3][21] | [3][111]| [21][111] | [21][3] | [111][3] | [111][21]

=)

B3] | =
21][21] | 0
[111)[111]| 0
321) | 0
3][111] | 0
0

0

0

0

[21)[111]
[21][3]
[111][3]
| [111][21]

0
|
0
0
0
0
0
0
0

oc|lojlo|lo|lojlo| R o | o

0
0
0
|
0
0
0
0
0

oclojlo|loB|loco|jo|jo|o

0
0
0
0
0
|
0
0
0

oo B | o|locojlojo|jo|o

0 0
0 0
0 0
0 0
0 0
0 0
0 0
| 0
0 |

(122)

Similar to spin-1/2 systems relaxation for spin-1 systems is driven by relaxation mechanisms

with k£ € {1,2} and only a finite number of triangular conditions has to be considered. The

diagonal symmetry blocks ([A][A], [A][A]) are of special importance since they contain the
projection operators P,Eg].

The dual pairing for the ([3][3], [3][3]) symmetry block requires the following triangular

conditions

A(1,1,3) = 0,
A(I,2, L) =1 for I,Ie{1,3), (123)
A(I,L1,I)=1  for Ie{1,3).

The required triangular conditions for dual pairing within the ([21][21], [21][21]) symmetry

block does not lead to any rotational constraints
A([l,k, [2) =1 for [1,[2 € {172} (124)

The ([111][111],[111][111]) symmetry subspace couples uniquely to D° and is rotationally

invariant so that all triangular conditions vanish identically
A(0,k,0) = 0. (125)

This indicates that if both £ = 1 and k = 2 relaxation mechanisms are active, the number of

long-lived spin operators is given by corollaries I11.1.1 and II1.1.2. On the other hand if only
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k = 1 relaxation mechanisms are active an increased number of long-lived spin operators
should be expected.

For example, the rotationally invariant symmetry block ([111][111],[111][111]) is one-
dimensional (there is only one spin-state with I = 0) and contributes one long-lived operator
even if relaxation mechanisms are constrained to k& = 1. But for the fully symmetric sym-
metry block ([3][3],[3][3]) equation 123 indicates that relaxation terms with k& = 1 cannot
induce transitions between states with I = 1 and I = 3. The projector Pv[‘? however contains
contributions from spin states with I = 1 and I = 3. This may be seen by expressing P’E?S]

in terms of symmetry adapted states

PV[?;_Z] 1,7, 1,m){ (5,1,m|—|—2| 7, 3,m)([3],8,3,m| = P + PSP, (126)

m=—1 m=—3

with Pv[g]l being the projector onto the [A] subspace with total angular momentum /. The
triangular conditions above then imply that both PW[?;]I and Pv[?g are decoupled and members

of the nullspace Null(R5%)

RPN = j0) and R%[PY?) = |0). (127)

The projector Pv[f}] is thus split into two long-lived spin operators. Finally, according to equa-

tion 124 the diagonal symmetry block ([21][21], [21][21]) is not subjected to any rotational
selection rules. The number of long-lived spin operators taking rotational symmetries into
account increases from Nijg > 6 to Npgg > 1+2+4> 7.

A comparison with numerical results however shows that this number is greatly exceeded.
For three identical spin-1 particles dominated by relaxation mechanisms with £ = 1 the
nullspace Null(?@si) consists of 15 elements and not 7. Some of this discrepancy may be
explained by yet another rotational selection rule specific to linear relaxation terms with
k = 1. This selection rule is not captured by 107 but may be derived as follows. The
outer tensor basis of symmetry adapted basis states are eigenoperators of the left and right

multiplication superoperator of I2

(IQ ® :H')H/\]a I; [’f]7[2) = 11(11 + 1)|[/\], I; [5]7[2>> (128)
(1@ I?)|[N], I1; [K], L) = Io(Io + 1)|[N], I+ [K], L),

where we have suppressed the group and z-angular momentum projection number. As shown

in appendix A 4 the effective double commutation superoperator flm A%T additionally com-
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mutes with both the left and right multiplication superoperator of I?

AN AN (2 g1 =0 and [ANANM (1w 1%)] =0. (129)

Im > Im >
The vanishing commutator leads to two additional symmetry constraints. A relaxation
superoperator RS with k = 1 being the only active relaxation mechanism has to preserve

both total angular momentum quantum numbers I; and I, of an operator |[A], I1; [k], I2)

RO @ DN, Iis [5], ) = Li(I+ DR, i [K]) = (17 @ DR[N], s [x], ), (130)
R (1@ I[N, i (K], ) = (L + DRI, I [6]) = (1@ IP)YRY[N, Ir; [4], ).
This type of symmetry has implications for diagonal symmetry blocks that are not uniquely
associated with a single total angular momentum quantum number. For example, the sym-

metry block ([21][21],[21][21]) associated with angular momentum states with / = 1 and

I = 2 is not subjected to triangular conditions, but is subjected to this additional type of
(3] [21]
5

symmetry. In particular this means, similar to the projector P 5, the projector P s* may
be decomposed according to its total angular moment components
+1 +2
PRl =37 (2t L m)(21), 6,1 m] + 7 [[21], 7.2, m)[21), 6,2, m| = P 4 P
m=—1 m=—2 (131)

Since the irreducible representation [21] pairs with two distinct total angular momentum
numbers the number of long-lived spin operators contributed by the ([21][21], [21][21]) sym-
metry block increases from 4 to 8. The total number of long-lived spin operators is then
bounded by Nyps > 1+2+2 x4 > 11. It is clear that this result is readily generalised to
larger identical spin systems with [ = 1.

A small caveat remains however. As mentioned previously numerical results indicate that
the exact number of long-lived spin operators is given by Npps = 15. Numerical analysis
shows that these operators are members of the ([3][21], [3][21]) and ([21][3], [21][3]) subspace.
At this point we are not able to systematically identify these operators as they do not result

from further splittings of the projection operators.

VI. DUAL-SYMMETRY BASIS SETS

For practical applications we will briefly outline a method to construct dual-symmetry
adapted basis states. A thorough discussion of the necessary group theoretical tools, includ-

ing proofs, may be found in reference 47.
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For a given group G define a class operator Cg, as follows

Cao= Y 9 (132)
)

geCl(h

with h being an arbitrary class representative. The class operator C, commutes with every

element in G

[Cay, g =0 Vg e Gy (133)

and each class operator Cg, possesses a complete set of eigenstates {|¢;)}

Ceoldy) = CLylo;) and  (slon) = G- (134)

In agreement with quantum mechanical convention the eigenstates may be labelled according

to their eigenvalues cg;o
{1GE0) 16 ) - 1Ga }- (135)

The eigenvalues {Céo} are related to the irreducible characters of Gy. If the group Gq
is abelian the set of eigenvalues {|(5,),|C&,),- - - ]Cgf)} will be non-degenerate and every
eigenstate may be uniquely specified by a single eigenvalue. In this case the set of eigenstates
{1¢6a05 168 )5 - - - |Cg(’f‘>} spans all irreducible representations I'; of Gy.

In general the set of eigenvalues {Céo} will be degenerate since a single eigenvalue or
character is not enough to distinguish between basis states belonging to the same irreducible
representation I'; with dr, > 1. To uniquely address an eigenstate |¢) it is necessary to assign
additional quantum numbers to each state. The additional quantum numbers are provided
by class operators of a given subgroup of Gy. For example if G; C Gy and Cg, is a class

operator of (G equation 133 indicates that Cg, and Cg, commute
[CGm CG1] =0, (136)

so that Cg, and Cg, share a common set of eigenstates |§é0, (él).

The idea is to add class operators of the subgroup chain Gy C --- C Gy C Gy until
the set of eigenvalues {cg;o, cg;l, o CéN} uniquely labels each eigenstate |¢;). The subgroup
chain is called canonical if the group G is abelian. In this case there is no need to add
any further operators and the degeneracy is completely lifted. The set of class operators

Ce ={Cqy,Caqy, ...} is then called a complete set of commuting operators (CSCO).
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For the rotation group SO(3) the class operator is given by I%. To resolve possible
degeneracies the class operator I, for the subgroup chain SO(2) C SO(3) is added to the
CSCO

Cso() = {1°, I.}. (137)
To construct rotational-permutational symmetry adapted basis sets class operators of the
group S,, are added to the SO(3) CSCO. This is possible since every permutation operator
P, commutes with I? and ..

As an example we consider a system of three identical spins. A possible choice for the

CSCO is given by the following set of operators
CS&(@ = {I*, L., Pis + P13 + Pa3, P23}, (138)

which characterises the subgroup chains SO(2) C SO(3) and A3 C S3. The dual-symmetry

adapted basis is calculated by numerically solving for the eigenstates of the matrix pencil of
Sn
CSO(3)
(CL1]2 + CLQ]Z + ag(Plg + P13 + P23) + (I4P123)|¢j> = (all(f + 1) + aosM -+ CL3C§3 + (I4Ci3)|¢j>.
(139)

For a system of three spin-1/2 particles the solution to the matrix pencil of equation 139

leads to the following set of states

1326(@ =
1885)
F(8Ba) + |Bag) + |asB))

) =
) =

[1,1,3/2,+1/2) = =(laaf) + [afa) + |Baa))
) =

;

I[1],1,3/2,—3/2

I[1],1,3/2,—1/2

[1],1,3/2,43/2) = |aaa)
(140)
121],1,1/2,-1/2) = £ (|8Ba) + €|Baf) + €'asp))
21],2,1/2, -1/2) = £(|BBa) + €'|Baf) + €|aspB))
[21],1,1/2,4+1/2) = \%(]aaﬁ) + elafa) + €| faa))
\ [21],2,1/2,+1/2) = =(|aaB) + €'lafa) + €|Baa))
with €= exp(—i%).
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Each state possesses definite permutation symmetry [A] with group projection number ~ and
definite total angular momentum I with z- angular momentum m. A state |[A],~, I, m) is

therefore uniquely characterised by the set of quantum numbers {[\],~, I, m}.

VII. AN ILLUSTRATIVE NMR EXAMPLE

Making use of the concepts presented in section IV and VI we examine the possible
long-lived spin operators for protonated methyl rotors. Such systems have been analysed
previously using purely rotational and permutational selection rules, but not under dual-
selection rules®!. In the rotating frame the coherent Hamiltonian of the system is given by

a symmetric scalar coupling term
Heon = 27 J (L1 - Ty + 1) - I3 + Iy - I3). (141)

The system therefore displays S3 symmetry and classifies as an odd spin-1/2 system. For
such a case the arguments of section IV A indicate that dual-selection rules may lead to an
increased number of long-lived spin operators.

The required degree of symmetry is a consequence of overall tumbling and internal methyl
rotor dynamics. As illustrated in figure 1 the methyl rotor is assumed to be attached to
a marcomolecule undergoing isotropic rotational diffusion characterised by a single correla-
tion time 7.. The methyl rotor dynamics are described by a symmetric three-fold nearest

neighbour jump model with rate constant k = (37,)~'.
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Tc

Figure 1. Motional model for a methyl rotor attached to a tumbling macromolecule. The methyl
rotor performs symmetric three-fold jumps around its symmetry axis with a jump rate k = (37,.) L.
At the same time the methyl rotor, being attached to the macromolecule, experiences isotropic
rotational diffusion characterised by a correlation time 7.. For this setup, rotational diffusion is
much slower than the methyl group reorientation (7, < 7.) resulting in a reasonable timescale

separation of the two stochastic processes.

Focusing on dominant dipolar relaxation mechanisms, the relaxation superoperator takes

the form®©1.62

3 0 +2 2
5 prig ok, . Ho Vith
R=—bim Y / Ciju(T)dr Y Ty, Tyl with by = —E%, (142)
i<j=17 7> m=—2 HH
k<=1
where byy represents the proton-proton dipolar coupling strength, rgy the proton-proton
distance, vy the proton gyromagnetic ratio and py the magnetic constant. The commutation
superoperators 1! Qan are constructed from irreducible spherical tensor given in appendix A 5
and Ck (1) are (classical) time correlation functions. As shown in appendix A 6 the time
correlation functions (including tumbling and methyl rotation) may be expressed as a sum

of S2-symmetric and SZ-asymmetric contributions

Ciju(T) = Ciyg (1) + C" (7)), (143)
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where

Sym 3
Co (1) == exp (=|7|/7),
10 (144)

asym 9
it (1) =55 exp (=[7l/7e) exp (=|71/7:) (30105 — 1)
and ijyﬁ (1) does not depend upon the indices (i, j, k,[). The relaxation superoperator may

then be split into an SZ-symmetric and S3-asymmetric term

R—RS% RS

sym asym)
3 0 +2
582 2 sym 2ig Akl
Rsym - bHH E : / Cijkl (T)dT § : TQmTQm )
i<j=1Y ~x m=—2 14
k<l=1 ( 5)
3 0 +2
582 2 asym 2ig Akl T
Rasym - bHH E : / Cijkl (T)dT E : T2mT2m :
i<j=1Y 7% m=—2
k<l=1

For sufficiently short methyl rotor correlation times (7, < 7.), the asymmetric term may be
neglected and the methyl rotor dynamics lead to a motional averaging effect. The dipolar

relaxation superoperator is then approximated by

- ~Q2
R ~ R5n

sym*

(146)

This situation correspond to the first row of table VIII and a total number of Nypg = 17 is
expected.

The relaxation superoperator given by equation 146 has been evaluated numerically mak-
ing use of the symmetry adapted basis given by equation 140. The resulting matrix repre-

sentation is given in figure 2.

The matrix representation can be seen to match the pattern indicated by equation 114. As
a consequence one long-lived spin operators originates from the total population of the [3]
symmetry manifold with the remaining 16 long-lived spin operators being elements of the

[21] symmetry manifold.

VIII. CONCLUSIONS

To summarise, we have described a purely group theoretical framework to analyse
long-lived spin operators under rotational and permutational symmetries and rotational-

permutational dual-symmetries. We have considered systems for which the symmetry of
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31(21] | [21](3]

32

48

Figure 2. Superoperator matrix representation of the relaxation superoperator given by 146. The
matrix representation has been constructed using an outer tensor basis resulting from the symmetry
adapted basis states defined by equation 140. Matrix blocks are labelled according to the irreducible
representations [A] of S3. The dimensionality of each block is indicated on the left. Calculations
have been performed using SpinDynamica®!.

the system may be described by the symmetric group S,. In this case we have shown,
against common belief, that the relaxation superoperator has to be invariant under the
direct product group S, ® S¥ and not S,, for exact long-lived spin order to exist. For systems
that do not display any further symmetries we have given an exact number of long-lived
states and coherences. For systems with additional rotational symmetries we have derived
several lower bounds on the number of long-lived spin operators. This has been achieved
by first characterising the symmetries of the system according to the symmetric group S,
and then including rotational selection rules by virtue of the Schur-Weyl duality theorem.
For spin-1/2 systems we have given a complete characterisation of long-lived spin operators

under such rotational and permutational dual-symmetries.

An increase in the number of long-lived spin operators for spin-1/2 systems is only ex-

pected if relaxation is dominated by spherical interactions of rank two and an odd number
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of particles. For such systems we have given analytic expressions for the total number
of long-lived spin populations and coherences. The treatment of rotational-permutational
dual-symmetries of spin systems with / > 1/2 have been outlined by considering a system

of three identical spin-1 particles.

The discussion for particles with higher spin quantum numbers is complicated due to
the loss of uniqueness of rotational and permutation dual pairings. In general for systems
with I > 1 that are subjected to relaxation mechanisms with spherical rank one or two
dual-symmetries do not lead to an increase in the number of long-lived spin operators.
For systems dominated by linear relaxation mechanisms with spherical rank one we have
identified additional rotational selection rules that are not captured by the Wigner-Eckart
theorem. These may be used to partially explain the increase in the number of long-lived

spin operators and tighten the lower bound.

Although the discussion has been mostly based on the symmetric group S,, the arguments
may readily be extended to other finite groups GG. In certain situations the symmetric group
S, may not be the appropriate group to describe the symmetries of the systems. Instead the
Hamiltonian and relaxation superoperator are invariant under a smaller permutation group
G. But since any finite group G is isomorphic to some subgroup of S,, the rotational and
permutational dual-pairing for the subgroup G may be derived by considering branching

rules of irreducible representations of S,, to the irreducible representations of G.

Many of the commonly encountered long-lived spin order components fall into this cat-
egory. We have illustrated this by considering a protonated methyl rotor, but a separate
publication is under preparation that applies the presented concepts to a broader series of

practical NMR examples.
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Appendix A: Appendices
1. Dimensionality of S, irreducible representations

The irreducible representations of S,, are in a one-to-one relation with the integers parti-
tions of n. A graphical representation of an integer partition is given by a so-called Young-
Tableau*. For an integer partition [A;Ao)s...]| the corresponding Young-Tableau displays
Ay cells in its first row, A9 cells in its second row, A3 cells in its third row, etc. The integer

partitions A F 3 with their corresponding Young-Tableau are indicated below

Bleol T 21— [111](—)@. (A1)

Given a Young-Tableau [A] the hook hz[-;\-] of its cell in the i’th row and j'th column counts the
number of cells below and to the right of it (including the cell itself). For the Young-Tableaux
of equation Al the hooks for the individual cells are given by the following:

3[1] 3]
3]2]1], o E- (A2)
= 1

The dimensionality djy of a given irreducible representation [A] of S, is given the hook length

formula**
dpy = —" (A3)
= BY
Hij hij
For small groups such as S3 this may be verified by explicit calculation
3! 3! 3!
dgy= ———=1,dpy=—""—=2,d = 1. A4
B3 xax1 P T 31k O T (A4)

3><2><1:

To determine the hook length product for a generic Young-Tableau [A; Aq] it is advantageous

to split the Young-Tableau as shown below

It is easy to see that the blue squares contribute a factor of A\s! and the red squares a factor

of (A1 —Ag)!. The hook length product for the black squares is given by the following pattern

(A + 1)!

Cut D +1=1) 0 Qut1= 0 = 1) = 75—

(A6)
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Collecting all factors leads to the following product of hook lengths

Xlr = 2!+ DI Al(Ag +1)! (A7
(A — Ap+ 1)) M — Ao+ 1)

The dimensionality of an irreducible representation djy with maximal length two is then
given by the expression below

(A=A +1)

Aol(A + 1)!
Ao!(Ap + 1)1

v — o+ 1) (A8)

(/\1+>\2)!( )1 = (A1 + Ay)!

This is the expression given in equation 69. Similar arguments may then be used to derive
an expression for the dimensionality of irreducible representation associated with integer

partitions of maximal length three.

2. Inner products

Given two irreducible representations D'7 (g®) and D (g) of the groups G, and G the

character of the resulting direct product representation is given by the following expression
Tr(D"i "4 (g, g")) = Tr(D" (g%) @ D' (g") = X" (g")x"* (¢"). (A9)
For the case that the two groups are identical
G, =G, Gy=G (A10)
and the group products are restricted to the diagonal case:

D(g,9) = D(g) ® D(g), (A11)

one speaks of an inner product of group representations. In this case the product character

of equation A9 reduces the the expression below

T (D' (g, 9)) = Te(D (g) ® D (g)) = X" (9)x"*(9)- (A12)

The product character x'7(g)x'*(g) is in general not an irreducible character of G so that

the representation D3> (g, g) is reducible. The reduction of the inner product follows a
Clebsch-Gordan series N
r

D7 x T = @ miF 17, (A13)

p=1
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where mg;k’ represents the multiplicity of the irreducible representation I'? for the reduction
IV x I'*. The multiplicities m?* may be determined from the characters of the irreducible

representations

my = Z X 9X' (), (A14)

gEG
which follows from the Schur-orthogonality relations given by equation 23.

Similar concepts hold for some continuous groups. In particular for the rotation group
SO(3) the inner product reduction is given by the well-known angular momentum coupling
rule

Ii+12
D= @ D (A15)

I=|I, Iy

Such general rules for Clebsch-Gordan series are an exception however.

3. Dual-pairing in Liouville space

The dual-pairings indicated by equation 58 apply to basis elements of H. In certain
cases it might be useful to extend rotational-permutational dual-pairings to IL(H). Here
rotational and permutation dual-pairings refer to the pairing of irreducible representations

for rotations in IL(H) and permutations generated by the set
{P7}={P,} oc€S,, (A16)

which generates a representation of S,, on IL(H).
According to equation 31 IL(H) is given by a tensor product of H and its dual space H*.
Applying the Schur-Weyl duality twice we may express LL(H) as follows

I(N)<n I(k)<n
L(H) = ( oy D{)‘}OD[)‘) ( & D{K}ODN)

I(AN)<nl(k)<n N N
— EB EB DM @ Dt o DM @ DI,
AFN  REN

~

where [A] and {\} denote conjugate partitions. The direct product representations translate
into group inner products and may be reduced as indicated in section A 2

IMN)<ni(rk)<n

- P D DR} o plAlxl]. (A18)

AN kKEN
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As a consequence the operators on IL(H) may always be chosen to transform irreducibly
under SO(3) and the set of spin permutation superoperators {P,}.
We illustrate this by considering a simple example. Consider the dual-pairings given in

table V. The operator space IL(IH) may then be expressed as shown below
3 1 3 ~ 1 ~
L(H) = {D2 o DB @& D2 o D2} @ {D2 o DB @ D2 o DRV}, (A19)

where we have replaced D7 by D! since total angular momentum representations are self-
conjugate. Distributing the tensor product and performing the inner product reduction
leads to the following

L(H) = {(D° ® D' @ D* @ D*) o D}

o{(D' @ D?) o DR} (A20)
o{(D' ® D?) o DP}
@{(D° & DY) o (DB @Y g Iy,
The relations above do not give a unique dual pairing between S,, and SO(3) on L(H). To
resolve this issue simply follow rule (1) of section IIID and distribute the dual-pairings over
all direct sums
L(H) = {D° o DB @ D' o DB/ ¢ D? 0 DB gy D* 0 DI}

@{D'o D g D? o DU}

@{D' o DY @ D? o DR} (A21)

@{D°0 DB & D% o D2 g D° o I

@ D'oDP @ D'o DPV g D' o DI},
Then according to rule (2) the multiplicity-dimensionality relation is satisfied for each indi-
vidual pairing
L(H) =
{(D°o DBl @ (D' 0 3 x DB

D?05x DB @ (D307 x DB}

© &

{(2x D'o3x DPYy @ (2 x D? 05 x DPU)}

P

{(D° o DPy @ (2 x D° o D) @ (D° o D)

D

(
(
{(2x D'o3 x DPYY @ (2 x D? 05 x D)} (A22)
(
(
(

S5 D103><DB])@(QXDloBXD[zl])@(Dlong[lllb}‘
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A quick summation over the symmetry adapted basis elements for S,, or SO(3) shows that

the dimensionality of the space is correct:

dyy =(24+2+ 1)+ (6 +18+3) + (5+20) + (7) (A23)
=(2+6+5+7)+(2+18420) + (1+3) = 64.

The extension of the duality principle to IL(IH) thus enables dual-symmetry characterisation
of a set of basis operators without explicit construction. And while calculations of this
type become increasingly tedious with an increasing number of spins, the systematic rules

outlined are easily implemented into symbolic software packages such as Mathematica®?.

4. Commutator of commutation superoperators

A

A generic commutation superoperator () is defined as follows
Q=Qel-10Q" =Q"-Q~ (A24)

where QL and QR are left and right multiplication superoperators, respectively. These act

on an operator X as follows
Q"X =QX OFX = XQ. (A25)
Left and right multiplication superoperators for any two operators A and B commute
[AY BR] = 0. (A26)

The commutator of two commutation superoperators A and B may then be derived from
their commutator on H

~

[A, B] = [AY, B"] — [A®, B¥] = [4,B]® 1 — 1 ® [A, B]', (A27)

which follows from the definition of the left and right multiplication superoperators.
The commutator between the effective commutation superoperator /1[1]:1] and the left mul-

tiplication superoperator I? ® 1 may then be expressed as follows

AN e 1) =AM Ple1 -1 Al

1m> 1m> 1m>»

0 =AY PP ® 1. (A28)

1m>

The spherical tensor operators Am are linear combinations of the total z-, y-, and z-angular
momentum operators

AN — o 1 T+ L (A29)
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for some coefficients c,. But any total angular momentum operator [, along a particular
Cartesian coordinate axis commutes with the total angular momentum operator I2. The
effective commutation superoperator Am then commutes with the left multiplication super-
operator 12 ® 1

~

AN 2@ 1) =o0. (A30)

In full analogy flm also commutes with the right multiplication superoperator 1 ® I>1.
[N]

As a result any product of the effective commutation superoperator Alm,

and in particular

the double commutation superoperator A%A%T, commutes with 1> ® 1 and 1 ® I,

5. Spherical Tensor Operators

Spherical tensor operators for dipolar interactions are summarised in Table X. A generic
operator is denoted by T,ifn The superscript (i) indicates angular momentum coupling
of spins ¢ and j resulting in a spherical tensor operator of total angular momentum & and

z-angular momentum m.

m\k 2
+2 s3Iy
+1 Ty (I bz + L 15)
0 —oe (I + [T Iy — 461,

Table X. Dipolar spherical tensor operators for a coupled spin-1/2 pair.

6. Methyl rotor correlation functions

When expressed in the symmetry frame of the methyl rotor the dipolar interaction tensors

W;; take the form

V3 V3
-3 2 -3 -2 Lo
Wiy = %g ;11 0], Wiz= _%g ;11 0, Was=10-20 . (A31)
0 0 1 0 0 1 0 0 1



It is easy to see that the dipolar interaction tensors are related by a three-fold spatial rotation
K.(27/3) around the symmetry axis of the methyl rotor.
Based on the correlation function given in reference 15 we express the dipolar correlation

function as follows

Cia(r) = £ exp (~Ir /7))

i (T) = (Tr{ K (Qo) Wiy K2 (Q0 — Qo) Wi K () ot

(A32)

Here €, is a random variable taking on values from the set {0,27/3,47/4} at time ¢ and
(... )t represents an ensemble average over the methyl rotor dynamics. The purely rota-

tional correlation function Cj5y(7) may be split into its mean and difference

z

(7)) = Te{WEW T )+ (Te{ K (20) W3 K (Q0 — Q)W K2 (20) s (A33)

with W,? being the methyl rotor averaged dipolar tensor and I/VA Wi; VVE With this

definition it is easy to see that
Ciji(T) = C’fj,;l(T) + ijs,g'lm(T), (A34)
where we have defined

sym 1

it (T) = ¢ exp (—|7|/7) Te{ W Wi, (A35)
asym ]‘

i (T) = ¢ exp (=|7]/7c) X (Te{ K. (Q)WG K (20 — Q)W K ()} .

z

The rotational mean and correlation function may evaluated by considering the angular

transition density 75 (,|Qmn)

<Tr{K (Q)WAKT(Q0 — Q)W KX (92) et = (A36)

z

- Z Tr{ K. (Qn)WE KT (o — Q)W T K ()T (2] Q).

z
mnl

ZK DWEKT ()T (2,|Q) (A37)

For the symmetric three-fold jump model T(€2,|€2,,) satisfies the differential equation

d

—T. (92,1, =QT,(,|Q2

T (20l ) = QT (0] 2)

Q=0rn)"| 1 -2 1 |,
1 1 =2

20



so that the transition density is given by

T (| 0) = % + exp(—r/7) (@,m - %) | (A39)

Equations A36 and A37 are then readily evaluated leading to the correlations functions

indiacted by 144.
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