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THE STRUCTURE OF TURBULENT SHEAR FLOW

by Philip John Morris.

A theoretical investigsation 1s made of the mixing layer between
two streams. The work is divided into four sections. The first
involves the solution of the mean problem of laminar and turbu—
lent mixing. The equations of motion are written in terms of a
similarity wvariable. An eddy viscosity hypothesis is made to

describe the shear stresses. The similarity equations for both

laminar and turbulent problems are solved numerically by an

The second section examines the stabllity of the mixing layer.
The Orr-Sommerfeld equation of hydrodynamic stability is solved
numerically. Both cases of spatlal and bemporal amplification
are examined, The shear layer is shown to be unstable to both

ially and temporally growing disburbances at all Reynolds

numbers, A correction is made for the divergence of the mean

flow and leads to a value of critical Reynolds number of 12.3.
The third section presents a model for the turbulent mixing

layer. A set of partial differential equations describing the

flow are cbbtained. A Fourler transform technique is employed



&

+o reduce thig seb to
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n ordinary differential equabion for the
fluctuating flow field., The homogeneous form of this equation is

solved numerically. The resulting predictions of fluctuating

M

velocity, pressure and their correlations are compared with
neasured values. The agreement is good in certain cases and this

serves as a guide to components of the flow governed by non~linear

M
4z

Drocesses,

>
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The final sechtion examines the non-linear growth of the mixing
layer through transition from laminar to turbulent flow. A set of
integral momentum and energy equations are written in terms of a
number of shape parameters of mean and fluectuating flow. The
amplitude of disturbances is shown to grow rapidly and reach a
limiting value. A sudden growbth of the mixing layer thickness
through transition is also predicted. Comparison is made with

experimental results,
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CHAPTER 1

Introduction

The motion of a fluid may be conveniently classified under
three separate headings: steady laminar flow, unsteady laminar
iow and turbulent flow., These classes of motion are best
described by reference to a series of identical experimentsa
If a property of the fluid, such as veloclty or pressure, is
measured in all the experiments then, in the case of steady
laminay fiow, it will not vary with time or from experiment to
experiment., For the second type of motion, unsteady laminar
fiow, we would find that, although the measured property is a
function of time, it will not vary from experiment to experiment,
Tn both these cases the properties of the fluid are determinate.
Tn turbulent flow however the property would be fluctuating in
Lime and between cxperiments and would appear random in nature.
S0 we can say that turbulent flow does not appear determinate
in any simple sense. However, turbulent flows and their effects
are commonly encountered in most cases of fluid motion., It is
true to say that one is more likely to meet turbulent flow
than leminar flow in most engineering situations. 5o it
becomes important to know how +urbulent flow behaves., At the
same time it is necessary tn know why they behave the way they
do in order to formulate rules for practical use and, with a
basic understanding of the phenomenon, to propose methods for

its application and control.



Turbulence is three—dimensional, non~linear and diffusive.
Diffusion in turbulence accounts for the differing character—
isties of, for instance, mean velocity distributions and heat
transfer between laminar and turbulent flow. In the kinetic
theory‘of gases the diffusion of molecules is explained in
terms of the random motion of the molecules, where a molecule,
by a process of random walk, moves farther and farther from its
point of departure. Turbulent diffusion may also be likened
to a random walk bub now the translations and collisions occur
bebween separate bodies of fluide

The non-linear character of turbulence presents the hardest
problem in any attempts at its understandingT The Havier =
Stokes equations, which, it is generally accepted, adequately
describe the fluid motion in terms of mean and fluctuating
components, are non-linear, Although a complete solution of
these equations is possible on a high speed digital computer,
the process would take a long time and it 1is questionable
whether the information gathered would be worth tﬁe effort,
What part does non-linearity play in the phenomenon of tur=
bulence? One clear fact that emerges from experiments is that
the magnitude of the turbulent fluctuations is an order of
magnitude smaller than that of the mean flow¢ So 1t seems
reasonable o argue that there exists some process in the
flow that limits the amplitude of the fluctuations. However,
in order to maintain the turbulence, there must exist a

process for the generation and growth of the fluctuations. It



is the author's view that both these mechanisms are best assigned
to non-linearity. However, there exists no widely accepted view
on the rgle of the non-linear actions, If non—linear effects
are entirely damping effects, what mechanism is there tc prevent
the turbulence being in a continual state of decay and, if that
is the case, how can disturbances grow? So one might reasonably
argue that small disturbances are amplified, by a Jinear or
non~linear process, to some amplitude where non—linearity
prevents their further growth,

The very nature of turbulence, its three-dimensionality
and its randomness, has made experiments in this field highly
complicated. At the same time the techniques developed to make
these measurements have been ingenious and sophisticated.
Turbulence occurs in very many flow situations but the number
of flow configurations considered in experiments 1s relatively
fow. Because of this there has been a great deal of duplication
of méasurementsé In many instances the apparently differing
results from scemingly identical experiments has often initially
1ed more to confusion than to enlightenment. However, the
accuracy of experiments 1s continually increasing as the
techniques become more sophisticated, and the results of these
experiments are invaluable in any attempts to understand the
mechanisms in turbulence.

The descripbion of turbulent motion as a function of
space and time is made nearly impossible by its complicated
natureo However, it is possible to regard turbulerce as a

phenomencn in which the fluctuating gquantities are to have



random variations with space and times Tn this way it becomes
possible Lo describe the turbulence in terms of a number of
stabistical propertics. The atatistical theory of turbulence
was initiabed by G.Il. Taylor (1935), Subsequent studies of the

structure of turbulent shear ITlow have been greatly influenced

3

by the statistical theory as it presented the possibility of

{

describing the turbulent motion analytically from the equation
of motion without arbitrary assumptions. Much experimental
work has thus been directed at measuring staﬁistical properties
of the turbulence such as veloeity—velocity correlations and
root mean squares of the flow properties. The measurement of
these properties enables the researcher to gain a clearer
understanding of the physical nature of the flow, Advanced
measurement techniques have recently enabled workers to measure
space and time correlations and power spectra of turbulent
velocity components in many different shear flows, Notatle
contribubions have been made by Favre, Gaviglie and Dumas
(1958) for the turbulent boundary layer, Grant (1958) for
boundary layers, wakes and grid turbulence, and Bradshaw,
Ferriss and Johnson (1964), for a cireular jet., The measure=
ment of fluctuating pressures in turbulence presenﬁs more
cxperimental problems than the measurement of veloeilty fluc—
tuations; however, experiments have been carried out by

Fuchs (1968) for a jet and in the boundary layer correlations
between wall pressure fluctuations and veloclby componen®:s

have been made by Hodgson (1962) and Tu and Willmorth (1966).



Thus it can be seen that, with the introduction of more
sophisticated techniques such as conditional sampling for the
measurement of intermittancy, see Wygnanski and Fiedler (1970),
experimental investigations have reached a very advanced stateo
Theoretical investigations have not advanced as quickly
as experimental work in describing the nature of turbulent
motion9 Much of the work has been applied to isotropic and
homogeneous turbulence, most of which work is described by
Batchelor (1953)., The extension of this work to inhomogeneous
turbulence has led to great difficulties and one is often
forced to empirical hypotheses. Fundamental to the deseription
of turbulence is the description of the mechanism by which the
Reynolds shear stress is maintained. Many of the early theories
of turbulent flow were of a phenomenological nature and des=
cribed the shear stress in terms of a mixing length or an
eddy viscosity. Assuming a similarity condition the equations
of motion could then be solved for distribution of mean velocity.
Only Reichardt pointed out that the comparison of the results
of the various theories with experimental data, which usually
contained a lot of scatter, would not allow a decision to be
made in favour of any particular theory. He proposed an
inductive theory, described by Abramevitch (1963), based on
the results of experimental investigations of directly
measurable quantities such as the mean square of the axial
velocity fluctuations? The assumption of a constant eddy
viscosity has led to a number of useful predictions, however

it is clear that the shear stress is not a local property
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of the flow but a function of the whole flow field.

The next major development, subsequent to the phenomeno—
logical theories and statistical theories, was made by
Townsend (1956) with the publication of his monograph, 'The
‘Structure of Turbulent Shear Flow'9 He presented an inductive
account of the processes involved in turbulent shear flows.

He proposed that the turbulence could be separated into
various scales of eddy motion. The medium scale eddies would
contaln almost all of the turbulent energy. The large eddies
would be responsible for the distortion of the turbulence front
and would control the entrainment of irrotational fluid. They
would also be responsible for the intermittent nature of the
turbulence? In the same year another new development was
proposed by Malkus (1956)? Malkus studied the turbulent shear
flow in a channel without any empirical assumptions. In his
theory he assumed that the non-linear momentum transport had
only a stabilising effect on the mean flowf His hypothesis
may be stated that firstly, the mean flow will be stable if
perturbations of the mean flow are marginally stable and
satisfy the Orr~Sommerfeld equation, and secondly, that the
scale of these marginally stable modes will be the smallest
scale present in the momentum transport spectrum? These
hypotheses mean that the mean profile will be marginally
stable in an Orr—Sommerfeld sense and that the Reynolds

shear stress is composed of scales larger than the smallest

scale in the spectrum of momentum transporte The equation
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of mean motion for channel flow may be written

e e 39U
Uy = w4y = (1.1)
oy d By2

. d 3P . ; .

where T = - ;“ Py where P is the wall pressure and 4 is

the separation of the walls,
We may write Uv as a series of orthogonal fTunctions where the
last term in the series corresponds to the smallest scale of

the fluctuations, Thus we write,

n
o ‘
uv = ) A sin any (1.2)
=1 B d

Substituting the series (1.2) into equation (1.1) leads to,

n
2., o] T
d i 2nmy o)
ot LAy B - —— <
— Z L CO8 T o) (1.3)
ay n=1
2
Assuming that 5 is positive definite we may guard against the
dy

possibility of inflectional instability. Malkus then proposed

to find the mean profile which would make the rate of dissipation
of potential energy into heat a maximum? This condition would
then fix the value of n e The rate of digsipation of energy

by viscosity will equal the rate of mechanical work done by
shearing stresses., The total rate of dissipation per unit

mags is given by

D = TOUm 5 (lél")

where Um is the y-averaged mean velocity which is the reference

velocity, We need to find the conditions for maximum D, which



w1ll eclearly occur for maximum Tyo Um being fixed, Thus we
consider the maximum value of the non-dimensional quantity
Rt U d

ww%-, where R = M%M is known, Alternatively, we may keep
U

m
this quantity constant and find the minimum Reynolds number
associated with the marginally stable solution of the Orr-
Sommerfeld equation. This then fixes the value of n which
gives the last term in the series for uve. The subgsequent
determination of the mean velocity profile through optimisa~—
tion of the dissipation rate involves much complicated analysise
However, the solution obtained by Malkus was in close agreement
with the measurements of Laufer (1951) and is the only profile
obtained on purely theoretical analysis.

The success of Malkus® theory has led a number of re=
searchers to analyse his hypothesis., Townsend (1962) reviewed
Malkus?® work and discussed its physical implications., We
may note that the total energy dissipation is determined by
the velocity gradient at the walls., As the Reynolds number
of the flow tends to infinity the velocity profile at the
chennel centre becomes flatter and approaches a constant
value, thus maximum dissipation will occur for infinite
Reynolds number. Townsend also noted that the modes con=—
sidered by Malkus obtained thelr energy directly from the
mean motion but the energy was lost to a background of
isotropic eddies by a non—linear transfer process supporbing

the idea of the stabilising effects of non—-linear phenomensa.



More recently Reynolds and Tiederman (1967) contradict the
Malkus theory. As a result of extensive numerical calculations
they conclude that the experimental profiles were shable in
Lineaﬁ perturbation theory and the marginally stable ones
do not correspond with experimént? They could not find any
neutral stability curve in this case, However Eckhaus (1965)
points out that in the classical calculation of critiical
curves it is considered that if other eigenvalues than the
ones considered exist, then they are all stabilising. He also
notes that unless there exists an infinite denumerable sequence
of eigenvalues in the case of Poiseville flow such that the
{(n + ljth eigenvalue is more stable than the n~th, then no
eritical curve may exist. The number of eigenvalues of the
Orr-Sommerfeld equation was considered by Corcos and Sellars
(1959) for the case of Poisewille flow in a circular pipes
They concluded that, as for every fixed value of Reynolds
number and wavenumber the number of eigenvalues was finite,
the number of eigenvalues is finite? Eckhaus extends this
argument o state that as the Reynolds number tends to in-
finity the number of eigenvalues is finite for each fixed
value of B but increases without limit as R -+ =, We will
now consider other lines of recent research on the problem
of turbulent shear flow?

We have previously noted that the description of the
Reynolds shear stress is fundamental to study of turbulent
shear Tlowse Phillips (1967) presented a hypothesis for

the gradiént of Reynolds shear stress as a function of the



convected integral time scale, The generation of Keynolds shear
stress is generated by the interaction of the fluctuvations and
mean velocity field? The interaction between uniform shear and
a single Fourier‘compdnent of the turbulent flow has been
considered by, amongst others, Moffatt (1965)? He concluded
that, in an analysis which neglected the interaction between
separate fluctuations, there existed no unique relationship
between the local mean velocity gradient and the Reynolds stresse
This supports the idea that the Reynolds stress is not a %local!
property of the turbulent field but a property of the whéle
field? We may simply show that the Boussinesq hypothesis of
constant eddy viscosity is not valid, He hypothesised that the
shear stresses would be proportional to the local velocity

gradient, He wrote

aU. oU .

(i,
Uy \)T(axj+ax.)’ (1.5)

i
where Vi is the eddy viscosity and Ui and u, are the mean and
fluctuating components of velocity in the Xi--direction° If

we consider the case of 1 = j in (1l.4) we see that for an

incompressible fluid,
i
s = 2y, —— = 0, (1.6)

which implies no turbulence exists in incompressible flow.
Phillips noted that experiments show that the energy con—
taining turbulent components, which generate the Reynolds

stress, have scales of the same order as the mean flow., He



pointed out that it is the variation of Reynolds stress that
occurs in the momentum equation and he argued that one should
consider the relation between variation in the Reynolds stress
and variationg in the mean velocity gradient, A similar
association was found by Miles (1957) in the case of inviscid
laminar air flow over water waves, He found that the stress
difference across the critical layer, where the wave speed
equals the wind speed, is proportional to the ratio of local
mean velocity curvature to its slope. Phillips derived a
similar expression for the contribution to the shear stress
across the 'matched layer?!, where the mean velocity is equal

t0 the wave speed. He wrote this as

S AL)
k Ut W }z ?
m

ATP = A { (1.7)

where Am is a numerical constant and the term in brackets is
evaluated at the matched layer where z = Z,° W2 is the mean
square periodic perturbation in the z-direction. He then
considered the turbulent motion in a Fourier decomposition
as the superposition of a large number of small travelling
perturbations, periodic in space in the x-y plane. By
considering the contribution from all the wavenumbers of the

turbulence with thelr matched layers at zZ, he derived the

expression for the gradient of the Reynolds stress,

—_ 2
Cdr B RY)
Fr A@ W2 mdzg s (1.8)

where A is a number, Q§ is the convected integral time scale
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of the W-velocity fluctuations and U(z) is the mean veloecity

profile, Thus we may write the eddy viscosity

vT(Z) = A. GD W2 (1.9)

From equations (1.8) and (199) we see that the Reynolds stress
is not a local property of the flow? Although the Reynolds
stress gradient would appear to be a local function of the
curvature of mean veloecity and velocity fluctuations but the
convected time integral scale involves a history of the
turbulence. We also see the importance of the energy contalning
eddies in supporting the Reynolds stress as the eddy viscosity
is proportional to kinetic energy density of the W-velocity
fluctuations, The inclusion of the convected integral time
scale shows that the longer the W-fluctuation remains coherent
the greater their contribublon to the shear stress., However,
Hall (1968) has pointed out that if Phillips' expression is
integrated across a jet or wake momentum will not be conserved
which suggests that Phillips'! hypothesis may not be useful in
these caseso

Another formulation of the problem has been given by
Lilley? He compared the turbulence terms in the vorticity
equation with those in the equations of motion and derived

an expression in two=—dimensional flow which is given by,

— o, = j Wl dx, (1?10)

where Wy is fluctuating vorticity in two dimensions. In a

....12=ss



manner similar to Phillips we note that the Reynolds stress is
a global property of the flow and also that 1t obtains its
value from regions of high vorticity production. Lilley (1967)

opserved that it would be possible to write,

LE

.20 2
Wity = A 97 o (u2) R (1.11)

2
where A 1s an arbitrary constant, @ is the mean vorticity and

% is a mixing lengths, From equation (1.10) we see that,

1
2

| ; 200 (2
WM, = j A g aX2(uz) dx,, (1,12)

The right hand side may be integrated numerically with the
measurements of root mean sguare velocity fluctuations and the
mean veloeity profile., We may note that in Phillips' formu~-
lation of the problem the Reynolds stress is related to the
kinetic energy of the transverse velocity fluctuations and in
ILilley's formulation 1t is related to the fluctuating vorticity.
Towards the edge of the mixing layer, or the free edge of any
shear flow, the value of G{Eé falls rapidly to zero as does

g

the value of m§ whereas the kinetic energy of the fluctuations
remains small bub finite? Thus a system connecting shear

stress to fluctuating vorticity is more reasonable9 Sharma
(1968) noted that as well as not meeting the requirement of
conservabion of momentum in the jet or wake, Phillips' expression
may not be useful in the logarithmic region of the boundary

layer as here the inverse of x,. will appear on the right hand

2

side of his expression and will give very large values of'EIEé

- 13 e



for small values of x However, we see that both the

e
expressions of Lilley and Phillips are similar in nature and
in both cases empirical values have to be found for constants.

An entirely different formulation of the problem has been
suggested by Landahl (1967)? He considered that the turbulent
motion in a shear flow may be examined as a wave=propagation
phenomenon., Making use of a Fourier transform technique he
derived an equation of the Orr—Sommerfeld type for the
turbulent fluctuations. His numerical solution of the linear—
ized equation showed that, for infinitessimal disturbances,
the turbulent boundary layer with zero pressure gradient is
stable? We will now briefly summarise his analysis. First
let us consider a wave—guide with stationary random disturbe
ances. If we call the random signal p(x,t) and assume

homogeneity in x then we may introduce the Fourier transform

#(k,w) defined by

[+ R o]

B(k,uw) = j f e”i(kx"wt)p(x,t) dxdt, (1.13)

]

where w 1s the frequency and k 1s the wave number. The wave-
number frequency spectrum, gp?(k,m), being defined as the
Fourier transform of Spp’ the cross spectral density, may then

be written,

g _ B(E.w) PE(R',0Y)
Spp(k’w) B 5(km§@, w0t ) (Lolk)

where § is the generalized Dirac delta function and the
star denotes the complex conjugation. The bar denotes an
ensemble average. The inverse Fourier transform of (Lo1k)

leads to the cross spectral density function such that,

- ) -



s (g,w) = = j elk‘E S '(k,w)dk (1.15)

The random disturbances will excite the wave modes in the
wave-guide and thus the Fourier transform of p(x,t) will

econtain terms of the form,

- (n)
R , (1.16)
k- a

n) (n)

where a( = 0

. n)
R T 1o

Tn order to emSure that the disturbance field is statistically

are the wave propagation constants,

homogeneous in x, it is assumed that all the waves are damped,

n)

and Hence oy is positive for waves travelling in the

positive x»directioné This condition is essential in the
1inear model, however statistical homogeneity may be preserved
for amplifying disturbances when non-linear amplitude limiting
processes occur, For the case of lightly damped wave modes,

which will correlate over the largest distance, where

(

(n)l
R

<< |a n)! then the cross spectral density will be

o,
of the form,

SplEsw) = Zl—j'@ o(2) () exp(iuén)r;wain}lzh, (1.17)
I

where ®(n,n) = G(n)(a(n)’w)‘G(n)*(k"w') (1?18)

G(Q(n)

- k', wnwl)

) n)

and the coefficients G(n are related to the coefficients ¢
in equation (1.16) and are functions of wave number and

frequency.
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(n,n)

In order to evaluate the term ¢ in equation (1,18)
Landahl introduces infinitessimal disturbances into the equations
of motion and after employing a Fourier transform technique he
obbains the equation,

i iv

(U-c)(gt? = k2¢) ~ Ut 4 + P (67" - 2k2¢ P kh¢)

- (1,18)
= q/ak,

where ¢ is the Fourier transform of the disturbance stream
. . . 2 2.3
function, U is the mean velocity, k = (a” + )%, where o and B
are the non-dimensional wave numbers in the x— and z-directions
&
respectively. ¢ is the Fourier transform of the non-linear
Reynolds stress terms and is regarded as known and will be
considered as a forcing function. The main contribution to the
cross spechral density is assumed to come from the least attenu~

ated mode and then Spp(g,t,w), for three dimensional disturbances

may be written,

o o).
o1 3 . o), _ o)
Spp(E»Caw> = ;;—Tb) exp (1&R £ o [gt
o (1.19)
+ 1 Br) as

Landshl then notes that the main contribution to the integral

in (1.19) will come from the Q(an)

terms as the eigenvalues
are only slightly sensitive to the wave angle., He iz then
able to express the cross spectral density in terms of

expressions which are independent functions of the longitudinal

and transverse separations and he writes this in the form,

w 16 -



5,p65550) = Blu) exp (ig-? A<g—§) BEE (1.30)

where UC is the convection velocity given by,

U = w/a (1.31)

e R °®
This expression (1.20) was proposed by Corcos (196l4) on the
basis of the experiments by Willmarth and Wooldridge (1962).
Willmarth and Roos (1965) showed that there existed regions
of separation and non—dimensional frequency where Corcos'

similarity formulation does not hold, It is not valid for

ws*/U_ > 3, |g|fs*< 0.7 and for ws*/U_ < 1, [¢|/8% > 1.

Tn his calculations of convection velocity Landahl's
equation (121) means he has equated convection velocity and
phase velocity, This convection veloecity was found to be
too low by 30%f However, if a viscosity of a much higher
value was assumed the convection velocities agreed with
experiments? Landahl concluded that one should consider
the propagation of a wave in a flow with pre—existing fluc-
tuations, which may act like an eddy viscosity. However,
the inclusion of an eddy viscosity means the problem must
be reformed as, for instance, the mean velocity will be a
function of the disturbed flows

In Landahl's analysis we also see that the ratio
aI/aR is taken as constant though it would appear that the
variation of G with frequency is much greater than that of

o Landshl chooses a constant value of aI/aR as he notes

RQ
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that the calculated decay rate has an uncertainty, the‘major
contribution to which coming from the uncertainty in the mean
velocity profilef This implies that an eddy will deéay in a
distance prqportional to its size? The. calculations of
Sharma (1968) show that the ratio o /ap is not constant and
the‘prOPortional rate of decay of small eddies is much greater
than that of the larger eddiesé Landahl's results also indi=-
cate that the wave number/frequency ratio is constant, which
implies that the system is non~dispersivef

The non—~linear terms in Landahl's work are treated as a
forcing function needed to maintain an otherwise continuously
decaying disturbance field, It is clear that this assumption
will not hold when there exists an unstable mode in the flowe
Tt is likely that turbulent bursts in the boundary layer,
which Lendahl associates with a non—linear process, aré the
result of instabilities in the mean profilef Experiments
indicate that these bursts occur in the region where large
variations occur in the derivatives of the mean velocity
profile and it is this, as Landahl notes, which leads to
uncertainty in his calculations of the amplification factorse.
Tandahl also relies on there only being one dominant mode
in the flow which is not the case for instance in the jet,
where Lessen et al (1965) found more than one unstable
mode?

It would appear that the range of application of Landahl’s
hypothesis is limited to flows where there exist no amplifying

disturbances. In these cases the assumption that non-iinear



terms are forecing functions is more reasonable, This is only
possible in certain cases in the light of a linear analysis,
For the case of the boundary layer, Sharma (1968) found that
there are amplifying modes. We may also recall that Malkus
hypothesised that the non—linear terms have a stabilising
influence on the flow?

In our present study of the turbulent mixing layer
between two streams will we have need tc call on the non=
linear terms to act as both stabilising and destabilising
influences? In order to present a complete study of the
mixing layer the work will be divided into four sections.

We will firstly consider the solution of the mean equations
of motion for both cases of laminar and turbulent mixing.
Secondly, we will examine the stability of a laminar mixing
layer between two streams of finite velocity. We will then
present a model for the structure of the turbulent mixing
layers Finally, the effects of finite amplitude disturbances
in the mixing layer will be examined? A review of previous
work on thege various topics will be presented in the
relevant sectionsf

In the next chapter we will derive the governing
differential and integral eguation of the mixing layer

between two streams.
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CHAPTER 2

Mathematical Derivation

In this chapter the equations that describe the turbulent
shear flow problem will be described. These equations will be
presented in a convenient form for the performance of numerical
calculations.

2.1 Governing Differential Equations

For convenience we will derive the equation using tensor
notation. Repeated suffices will imply summation over the
values of the repeated suffix. A point in the flow is written
as x with co-ordinates X where, for rectangular cartesian co~
ordinates, i = 1,2,3 and the velocity component of the flow in
the X direction is given by u . In certain sections of the
analysis the notation (x,y,z) and (u,v,w) will be used instead
of X and U respectively,

It is initially assumed that the fluid is incompressible
and that the fluid properties are independent of temperature.
Thus fluctuations of fluid density due to pressure, entropy and
vortical fluctuations are neglected. These assumptions are
valid if the flow speed is low. When calculations of the
acoustic radiation of the flow are to be made the compressible
flow equations must be used. However, the incompressible flow
problem will be solved as the starting point for dealing with
the complete problem.

Thevequation of continuity for incompressible Tflow may be

written,
au.

l —
T F 0 (2.1)
1
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The Navier-Stokes equations will be assumed to describe
the motions of both turbulent and laminar flow. Theymay be

written for turbulent incompressible flow as,

1. ou.

i, i . _L1 9 2
st us ij 5 Bxi vV w . (2.2)

Using the equation of continuity (2.1), equation (2.2) may be

rewritten,

LR ou. U
—t gy edd = 7
ot ij

O

p )
axi + vV ui R (2.3)

XB) are a set of orthogonal co-

o 3% 9 3%
ordinates, V = —% + — e ui is the i1nstantaneous

2 2°

1 8x2 8x3

velocity component parallel to the X, axis, p is the fluid
density, p is the pressure and v is the kinematic viscosity,
u/p.

The instantaneous values of velocity and pressure may be

written as,

e ]
ug (g5t) = Uy () +owy (g 5%)

(2.4)

S Nt S

i

. 1
and p(xi,t) P(Xi) + D (xi,t)

where ui’ and p' are the turbulent fluctuations and Ui and P
are the average values of velocity and pressure averaged

according to,
T
1in 1
T 2T |
~T

U, = u. dt, etce.
i i

By substitution of the relations (2.L) into (2.2) and (2.3)

and averaging over a long period, we have,
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oy,

. O
and (2.5)
3U.U. ouful ,
1o, ig . 1 aP 4y va(U_)
3% . X - p OX. 1
J J 1

When the equations for the mean flow (2.5) are subtracted from
equations (2.1) and (2.3) we obtain the equations for the

fluctuations,

ou, !
9% = 0,
(2.6)
aul duly. AV.u' . dulw! | sulu!
SRS s R s N A A s NN A AN LT SR
3t ij ij ij ij ‘ o axi 1

If it is argued that the disturbance motion is rotational
it is convenient to rewrite the equations in terms of a fluctu-
ating vorticity. Thus on making use of the alternating, third-

order tensor, € 3k>

= 0 if any two of the indices ijk are equal,

€103 7 31 T f3120 T b»

and (1ii) €1ap = 301 = €013

written in terms of the vorticity. Helmholtz's equations for

(ii)

~1, equations (2.2) may be

i

the vortiecity follow and are,

3w . 2.
1

Jwi I S T 2
i e (2.7)
d dJ
where the vorticity, Wy s is given by,
Bui
Y T 523' €ijk . (2.8)
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Now since the divergence of the vorticity is zero, or in

tensor notation,

then equation (2.7) may be rewritten,

Bmi awiuj Buiw. > ’
3t "5%5 = Ty v Ve (2.9)

If the instantaneous value of the vorticity is written as,

welx.,8) = 0. {x.) + ! (x,t

1( i? ) 1( 1’ o ( 1’ )

then substitution of +this relation into equation (2.9) and
averaging over a long time period yields the equation for the

mean vorticity.,

BQiU‘. BUi'il; aw’i'ui Bu:{wj o
Mgifi Toax St Bi T ox =v v (Qi) * (2.10)
§ J J J

To obtain the equation for the vorticity fluctuations equation

(2.10) is subtracted from equation (2.7) to yield,

Sw; ;Siji agiuj Bqué ;Bini P
+ + - - = 4
ot %, 9X. 9x%. ax. Xi vy (ml))
J 3 J B g( )
e : 2.11
.. .7 .00 H 1 @
where y, = a(ujwi uiwj)_ 8(ujmi u} wj) )
ij ij )

Having derived the general differential equations which describe
the motion of a turbulent fluid, the next sections will con-
sider their application to the problem of the turbulent mixing

of two parallel streams. Firstly, the equations that describe
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the stability of the flow will be derived. The integral
equations of the mean flow and the fluctuations will be derived
and the significance of the components in the equations will be

discussed,

2,2 Derivation of the Eguations for the Stability of the Viscous
Shear Layer

The study of hydrodynamic stability was initiated with the
work of Helmholtz, (1868). This contribution was followed by
the works of Reynolds (1883), Kelvin (1880) and Rayleigh (1878
onwards). The derivation of the equations which included the
effects of viscosity and enabled a critical Reynolds number to
be calculated, was arrived at independently by Orr (1907) and
Sommerfeld (1908), The Orr-Sommerfeld equation was derived by
considering two-dimensional wave-like disturbances superimposed
on the parallel mean flow., The equation remained unsolved for
a number of years until Tollmien (1929) obtained the first
critical Reynolds number, A review of methods of solution of
the Orr-Sommerfeld equation is presented later, however we will
be concerned here with its derivation for non-parallel flows
and three-dimensional disturbances.

2.2.1 The Stability of thé Shear Layer to Three—dimensional
Disturbances

In this section we will derive the stability equation for
a shear layer with two—dimensional mean flow. Xy is measured
along the line of separation of the two parallel streams prior
to mixing, Xy is measured in the transverse direction across
the plane of mixing and X, is measured normal to Xy and XB.

The origin of co-ordinates is taken as the point at which

mixing theoretically commences, see diagram below.
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Vi

Vs

As a consequence of the assumption of a two-dimensional
mean flow we have that the mean velocity is a function of X, and

pe The assumption of a parallel mean flow will be considered

2.
at a later stage when the stability equations in their fuller

form have been derived. Thus we may write,

ul(xi,t) = U(xl,xg) + ui(xi,t>

)
)
(x.,t) = V(x,,x,) + ul(x:,t) )
Yoty 1272 271 ) (2.12)
UB(Xi,t) = ué(xi,t) g
and p(Xi,t) = P(Xl,XE) + P'(Xi:ﬁ) )

The corresponding relations for the vorticity components

are written,

wy (x,5t) = w] (x;,t) g
UJZ(Xi,t) = wé(xi’t) g (2-13)
and wB(Xi,t) = Qg(xl,xz) + wé(xi,t) )

Substitution of these relations into equation (2.,11) and

the first of equation (2.6) yields;
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3 U3 V.9 ! 3U 3u 2
(e e Sy, m o, s, X, = vV (w))
9t axl 8X2 1 39 3 1 Bxl 2 3x2. 1 1
Ju
3 U3 v_9 2 3V oV 2
(et e V2 )y -0 m o, — +x, =v ¥ (w,)
ot Bxl 3x2 2 3 aXB 1 BXl 2 8X2 2 2
E10) af du.,
) Us 9 3 3 3 2
2oy By vl =2 b, e - 3+ xS
T oam e eyt g e T YT VY (w3)
and au ou,. u
+ 5 4 =0
axl 8x2 BXB
where
. = (ugy — vyvp) dlugn T o)y,
1 Bx2 BXB
- B(ulw2 = uyy) . 8(u3w2 - u2w3) Y " N
2 axl 3X3
and
a - -~
_ (u1w3 qul) . 8(u2w3 u3w2) o Ve '}
X3 9%y 8x2

where the bracketted terms, ( ), represent the time averages

of the preceding fluctuating quantities. The primes denoting

fluctuating quantities have been omitted for convenience.
In linearised theory it is assumed that, as the fluctua-

tions are infinitesimal, products of fluctuations and their
U,

8x2

the other terms in the equations.

may be neglected in comparison with

derivatives, such as .

In the subsequent analysis

we will discard the X - momentum equation in (2.14) in favour

of the equation of continuity. We will further assume that

in equations (2.13) the mean vorticity component, 93, is

o Then the last three equations of

8x2

dominated by the term

®

(2.14) become,
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- U9 V9 2 3V sy Yo
B P e Ly VT, - e, b S =5 = 0 )
ot Bxl ax2‘ 2 8x2 2 8x2 BXS )
)
Ju 2 2
3 U3 V3 2 3U 3 3°U 3V )
(S b T = =y VT, T T - u, 5t U, 5 =0
9t 3%, 8%, 3 ax, 9%, 2 5,2 1,2 ) (2.15)
p) 2 )
)
and Bul 8u2 8u3 )
)

+
BXl 3X2 ox

In these eguations we have retained those terms in the mean flow
that are of order unity or greater according to the normal
boundary layer approximation.

In order to reduce these partial differential equations to
an ordinary differential equation we will make use of the Fourier
transform method., We will assume that the flow is statistically
stationary in the X1~x3 plane and that the boundary conditions
may be written in terms of the transverse distance Xoe We will
reduce the set of equations (2.15) to a set of ordinary differ-
ential equations by using the Fourier transform with respect to

Xy, Xg and t. Thus we write,
" 1
alk, wsx,) =

< (2“)3

w0

exp{wl(klxl * kX - wt )}

(2.16)

q(xl,x3,t,x2)dxldx3dt

where q(xl,x3,t;xz) is a generalised disturbance function de-
pendent on space and time, Q(%,w;xg) is its Fourier transform,

% = (kl,k ) is the wave number vector of the fluctuation in the

3
%y 5%3 plane and w is the complex frequency. The Fourier trans-—

form for the velocity fluctuation can be written,
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8

exp{~1(klxl + k3x3 - wt)}

(2.16a)

Ydx. dx..db.

»Tix 193

ui(Xl’XB 5
where ﬁi(%,ngz) is the complex Fourier transform of the velocity
fluctuatbion ui(;é,t)o The limits of integration over Xy would be
better considered as (x, — x) with x - « to guard against the
possibility of divergence of the integral of u at infinity.

In equation (2,15) we note that the derivatives of the mean
velocities are all with respect to Xpe In order to facilitate
the transformation of the equations we will assume that U and V

are functions of x,. only bearing in mind the weak dependence of

2

both on Xl.
Transformations of the form (2.16a) of the velocity fluctu~

ations are used and equations (2.15) may be written, with the

vorticity fluctuations replaced by their velocity components,

as follows,

' OV L iom .U _
{4 8X2}(J.Bﬁ1 1ozﬁ3)+1[3 — 0, = 0,
2
X1 2 2
Mo, - —2) +ipg X o -2Tg + 214 =0,
2  dx 90X, 3 2 2 2 71
2 2 ox 39X
2 2
on
and 1aﬁ1 v oge + 18ﬁ3 =0,
2
] o wy LV 13 2 .2
where A iz the operator [ia(U o A e welial=2 (o + 89)1]
2 ax2

All quantities have been non-dimensionalised with respect to a

reference velocity Uo’ and a reference length L. Also a = le,
UL
B =%kL and R = —— ,
3 v

We note that
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o .mgx -y = "i“gz - gz gx . (2.18)
o 9% o M 9%

Fliminating i, between the second and third equations of (2.I7)

3
we obtain,
[ L __agvjﬁ - [ A—-@—q—@—-—-~§—2-p—]ﬁ = 0. Maki
L 3x2 ““axg Bxg 1 = 8x2 8x2 8x§ 2 ' asing

use of relation (2.18) we may rewrite this in the form,

2

- W 3 37U =

[gxa }! o - [ion - x, oy - i 2] f, = 0. (2.19)
*2

We now eliminate ﬁ3 between the first and third of equation (2.17)

to obtain,

2, W21, L A RO fy 2V _
tle *3)LA“ax2]}ﬁ1+{B el 7%, ax, 2O

1f we differentiate this equation with respect to x, we obtain,

o 2u.d 52 2 8°u , 280 B
(o7 + 87 {5 ( ax b+ 8% 5+ 87 5 o
o S o 9%,

. rd 3V_, 3 _
m[axe (& - Bxe) Bxgj} 8, =0 (2.20)

Eliminating {";" (p - ézm }ﬁl between equations (2.19) and (2.20)
2
and replacing the operator A we obtain, after some rearrange-~

ment,
— _(_J:)_ ) - 2 2 : - 1IN ”_:-i-___ iV » 2 2 "
(U - 2){0] (0™ + 8 )ag} U, + == {0 2(a” + 87)0]

i{Vﬁ T~ (VY o+ (0 + 85)V)aL)
a2 2

[

where primes denote differentiation with respect to Xse
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If the right hand side of equation (2.21) is set equal to
zero then we obtain the Orr-Sommerfeld equation for three-

dimensional disturbances,

oW "W 2 2 Tl __j_—___ iv _ 2 2\ att
(U u){QE (o + B )ﬁg} u" o, + = {a, 2(a” + B )ﬁ2 +

2

- (a2 2)2

+ B ﬁg} = 0 (2.21a)

Equation (2.2la) would have resulted from the analysis if an
assumption of parallel flow had been made. The coefficients of
the terms on the right hand side of equation (2.21) are small
compared with the coefficients of fhe Orr-Sommerfeld equation.
It may be argued that the inclusion of these terms in the
equation will not greatly affect its solution. However, the
divergence of the flow is a necessary factor in the solution,
as a parallel flow assumption fails to provide a critical
Reynolds number., It will be argued that the effect of diverg-
ence of the flow is accounted for best by modifying the eigen—
values found for eguation (2.21a). The corresponding eigen-
functions of equation (2.21a) are known to change very slowly
with change in eigenvalues and it may be arguéd that the elgen—
functions corresponding to the modified eigenvalues will closely
approximate to those of the unmodified values. We will argue
that the flow divergence will affect the energy of the inter-
action between the disturbances and the mean flow and we will
modify the eigenvalues according to this argument.

2.3 ‘The Integral Equations for the Flow

The integral equations of the mean flow are obtained by

integrating over the transverse co—ordinate, X The equations
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may then be reduced to ordinary differential equations in Xy

We will make use of the boundary layer type approximations,
that is,
i) V/U<< 1

.. a ) .
ii) ‘é;/5§'<< 1, or the growth of the layer is small.

The mean momentum equation may be obtained from the mean
vorticity equation (2.10), which may be rewritten for a two

dimensional mean flow as,

U3y Vou uv. é—'(E?

=2y _, 38U
5% ¥y by ex - v) = ny2 (2.22)

Let 6l(x) be the edge of the mixing layer on the side with

velocity U, and —Sg(x) be the edge on the side with velocity

U Then integrating equation (2,22) between the edges of the

20

layer we obtain,

. |
j L2 - 0w - vy + (@ - P)lay + [0y und = o

2 (2,23)

Here we have assumed that the disturbances have zero magnitude

at the edges of the layer and we have introduced into the
VaUl + U, . aUlU
oy ox 7

way the integrand is zero on both sides of the mixing layer.

In this

integrand the two zero terms, -

The equation for the differentiation of an integral may be

written as,

g(a)
Bla)
%g [f(b,a)]db = %; [£(p,a)]ab + f(a,a) %% - f(B,a) %S- (2.24)
ola) ala)
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Making use of this relation we may rewrite eq. (2.23) as

8
1
%}:J{ [(UMUl)(U-Ug) + (Eeﬁ jdy+ [VU-'UV:L-} = 0 (2-25)

_.62

The mechanical energy equation may be obtained most conveniently

for the mixing layer by multiplying equation (2.22) throughout

(U, +U.)
by U - «wimg*mg”', that is,
U2gg‘+ sy U(Ul + Egz. 3u X,3<Ul + U2>U . LU - (Ul + Ug)
% Yy 2 ox 2 oy 2
o k S— "
duv_ [? ffg”w%ng 2 (5 =79
Y 2 oK
_ T 2
= vUIU vy o,y )L (2.26)
2 2 2 2
3y ay

Integrating equation (2.26) across the mixing layer we obtain,

1. U - (U, +U.)
a s 1 2 -2 -
i@dx{g w-uv)w-uv)] + [ —5=] & -v)ta
o
(61 ~ 2. 3U 5 — 81 qu.2
= J (v° -~ v") o~ dy + J uv §§'dy J (3;? dy,
-3, -5, -3,

where we have introduced into the integrand the zero term,
v YU

5 Tae - Making use of relation (2.24) the integral of the
¥

mean mechanical energy equation may be written,

,51 (Ul’+‘U )

a o) o p
& | [U U - U ) (U Ug)j + [U 5 J® - v9) ¥ ody
...62
%1 -5, U 8 — 3y 53('8U o
= d (v - v°) = dy + J uv 3y dy - v J 5;) dy. (2.27)
-5 -5 -8

2 2 2
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The energy equation for the fluctuation may be obtained
by multiplying the second equation of (2.6) throughout by u; .

We then obtain,

u. ou. . 0U-1J - u. . oU.u. U.0U.U. U.0u.U.
1 1 1177 1 1] 1 1] 11 J
e e + + - e

ot 9% . 0%+ X - 0X .

d J J J

9P, ‘

= -2 Ly ve(u) (2.28)
o Bxi i 1

If we introduce the kinetic energy of the turbulenceper unit

mass, written as,

then equation (2.28) may be written as, having averaged over a

long period,

-5 2 2 P 22 o
LBXj <Uj 5 )J + Y [pj 5 + 5 ] =y V 5T v(axj -
BUi
R | (2.29)

We will assume that the motion is two-dimensional for mean
quantities and time averaged fluctuations. Thus we will neglect
-0 | éi‘ =0 . .

w- etec., and also assume that 09z . It will be shown, 1in

our later discussion on the stability of the mixing layer, that
the most amplifying disturbances are two—dimensional. Experi-
ments have also shown that in the transition region the
disturbances are essentially two-dimensional. Thus, if we
confine ourselves in our subsequent analysis to this region of

the flow then we may treat the whole flow as two dimensional.

If we integrate equation (2.29) over the transverse co-ordinate
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y we obtain,

8 : ‘ —_— —
1 (%1 a4 p2 w2y, =3 > 2w
5 J g UE" + 7))+ + w” + > ] ay

_..62
8 ; § '
(1 — -2, 38U 1 -—— U 3V
= - J (v = v) = W - uv (ay + =) 4 (2,30)
-6, =8,
v (b1 &8 ) 1 8u 2, Bu ‘53 2 3v,2
+ 5‘[ o (u” + v [ L oyt (53 (ggd ] a
.‘.6 X
2 w62
Finally, meking use of relationship (2.2L4), the integral of
the mean fluctuation energy equation may be written:
14 81 —g ~3 up
35 f U(u™ + v7) +u +uv + ]dy
8, = -2, 3U 8 — v du du
o Q. o P ] oo v L -+ B
J (u v 9% a J u oy v J [(ax) (By)
...(S "6 - :
2 5 2
5.2, 3,
| Vv ‘d2 7 s
Here we have neglected the terms —— and —, (v + vT)ay
9x dx2

according to our boundary layer type assumptions.,

Tt should be noted that in our derivation of eguation
{2.31) the averaging of the fluctuations has been carried out
over o long time period assuming that the turbulent field is
stationary. In later analysis, where a single component of
frequency will be assumed to exist, the integrafion will be

performed over a single period.
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It is interesting to note briefly the function of the
various terms in the fluctuating energy equation. Let us
consider equation (2.29). The first term in brackets on the
left hand side of the equation represents the change in kinetic
energy of the turbulent field. The second term represents the
diffusion of the total turbulent energy by the turbulence its-

elf., We may rewrite equation (2.29) as,

w———— e

[3 ;Eij 5 [ ‘QE, .pu%l 5 aui Buj
: (y. )1 + — [u. + = v u. ( + )
ij J 2 ij J 2 o ox; ij Bxi
Bui ‘Buj. Buj BUi
- + T ouLu., T .
“(ax. ax.) 3% uluJ 39X - (2.32)
J 1 d

The first term on the right hand side of equation (2.32)
represents the work done per unit mass and time by the viscous
shear stresses of the turbulence and the second viscous term
represents the dissipation per unit mass by the turbulence.
The final term describes the transfer of energy between the
mean motion and the turbulent shear stresses.

A qualitative analysis of the behaviour of the flow field
in a non-linear region may be obtained by considering equation
(2«29), The difference between the two small quantities G? and
32 may be assumed to be smallf Then we see that when the
fluctuations are very small the production term will be neg-
ligible compared with the viscous dissipation term and the
solution of the equation will be that for a laminar mixing
layerf As the fluctuation grows the Reynolds stress term
becomes comparable in magnitude with the dissipation term and
the mean flow will deviate from the laminar solution. As

the fluctuation amplitude increases further the Reynolds stress
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term dominates and the mean flow then satisfies the solution
of the turbulent mixing layer equations.

In the next chapter we will consider the solution of
the mean velocity equations for turbulent and laminar mixing
layers. These solutions are a required input for the sub-
sequent solution of the small disturbance and stability

equations.
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CHAPTER 3

TH} SOLUTION OF THE MEAN EQUATIONS FOR THE MIXING OF TWO STREAMS

3.1 Introduction

The mixing of two parallel streams can be usefully divided
into two types: laminar and turbulent. For both cases of mixing
it is possible to deduce that a similar solution will exist. In
the case of laminar mixing the rate of spread of the mixing layer
is a function of the square root of downstream distance and fbr
turbulent mixing the spread rate is constant. The differential
equations for the stream functions, defined in terms of a simi-
larity co-ordinate, may be derived for laminar flow without any
assumptions other than the boundary layer type assumptions. For
turbulent mixing, however, some hypothesis must be made regarding
the behaviour of the Reynolds stress. The ineclusion of a stream
function in the equations of motion leads in both cases to a
third order differential equation. There are thus three boundary
conditions required for a unique solution. In this chapter we
will derive and solve the differential equations governing the
laminar and turbulent mixing of two streams.

3.2.1. The Laminar Mixing of Two Parallel Streams

The solution of the laminar boundary layer equations for
mixing of parallel streams was performed by Lessen (1950) in
his stability analysis of a laminar mixing layer. He derived
the differential equation for the streamfunction, having
assumed & similarity variable, using a general analysis with

both undisturbed streams having finite velocity. In order to
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be able to expand a solution of a transformed form of the
differential equation it was necessary to limit the boundary
conditions such that one stream was at rest. The laminar mixing
problem was tackled by Lock (1951) and solved for the case of
the mixing of streams of different fluids for various velocity
ratios. Lock assumed as a third boundary condition, to be dis-
cussed later, that f(o) = O where f is the stream function in
terms of a similarity co-ordinate n. Lin (1953) solved the
problem using a modification of Gortler's (19L42) method for
turbulent mixing. Crane (1957) extended this work to deal with
the problem of the compressible mixing of two streams.

Tt is thought useful at this stage to consider the boundary
conditions on the problem. There are two boundary conditions

apparent in the problem, namely,
8] U :
-+ 1 as y o>

and (3.1)
[ U2 as y > -
The third boundary condition necessary for a unique solution of
the third order differential equation of the streamfunction is
not so eclear. The simplest condition used by Lin (1953) and
Gortler (19&2)‘implied that the x-component of velocity along
the interface was the mean of the two stream velocities. Lin
noted that the choice of the third boundary condition was ar-
bitrary up to a translation along the n-axis. Crane (1957)

proposed that the third boundary condition should be of the

form w(nO) = 0 where n_ was to be determined by experiment or
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some other means. Kuethe (1935) applied the boundary condition
proposed by von Karman based on the balancing of transverse
momentum. This was applied to the turbulent case which has

the same indeterminateness as the laminar problem. The boundary
condition was,

Ulvl + U2V2 = 0 (3.2)
where Vl and V2 are the mean transverse velocities above and
below the mixing layer. Ting (1959) derived the third boundary
condition for the zero order solution of the mixing region for
several cases of subsonic and supersonic streams. Ting intro-
duced a stretched co-ordinate Y where Y = % and %‘is of the
order of the square root of the Reynolds number. He then showed
that the pressure difference across the mixing layer is of
order ega Thus orientating the velocity profile of the zero-—
order solution such that the pressure difference is balanced
across the layer led him to the third boundary condition. He

concluded that the correct boundary condition for incompressible

flow was,
o vl E ey rpurlOE, - w) =0, (3.3)
o 1 L’ 02 L? ?
(0),x X, . o
where V (+, =) is the zero order transverse velocity in an

L’ L

expansion in terms of e, which is equivalent to the condition
(3.2) proposed by von Karman. A detailed discussion of the
third boundery condition is given in Appendix I.

We will now derive the equations for the mean flow in
laminar or turbulent mixing. It will be seen that the form
of the resulting equations for the similarity stream functions

are very similar to each other in both cases of mixing.
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3,2.2 Derivation of Equations

We will consider the steady flow of a viscous incompressible
fluid. Two uniform streams of velocity Ul and U2 begln mixing
at the point x = 0. We will assume that the mixing is two-
dimensionsl. Introducing the normal boundary layer assumptions,
deseribed in the previous chapter, we may write the equations of

continulty and momentum,

3U | 3V
o% * 3y

uau , Vau

8x 3y p ox (3.4)

aP
ay 0

e N St S e N e S M

The velocity in the x-direction is assumed to be constant out-—

side the layer where one has %% = 0. Thus we may write

equations (3.L4),

au | 9V
ittty + B = L]
5% | 3y 0 (3.5)
and USU . VAU _ 3%
Py + 5’; = VvT5 (3.6)
oy
We will introduce a stream function, ¢, given by,
' X Ud
p=U0y/ 5 g T (n) + n} ) (3.7)
s s
U, + U U, - U
_ 1 2 1 2
where US = 5 s Ud = ”~"§~*— and

n, the similarity variable is given by,
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U is used in the definition of n rather than Ug in order

that the square root will always be real for x > O independent
of the values of Ul and Ug‘ (This assumes that one of the

streams is not flowing in the negative x—direction). The com-

ponents of velocity in the x~ and y-directions may now be

written,
U= %%» = Ug+ Uy 1 (n), and (3.9)
=3y Ud R
V= o= o= 5”'/ ;5; {n £'(n) - £(n)} (3.10)

The boundary conditions are

U= U1 as y »
U = U2 ags y - -
and Ulvl + U2V2 = 0,

In terms of the new similarity function the boundary conditions

are,
f'(n) 1 as n > @ ;
f'(n) » ~1 as n »—o )
)

.U f(n) + Uf(n) ) (3.11)
~ Lin 71 2

and Uy=U, = { - } %
)

It can be seen that our choice of the form (3.7 ) for the
stream function leads to boundary conditions on the first
derivative, which determines the mean velocity in the x—
direction which are independent of Ul and Ug.

Substituting equations (3.9) and (3.10) into equation

- O -



(3.6) leads to the differential equation for f,

U
2200 (n) + £ (n)fn + £(n) ﬁéj =0 (3.12)
s

We see from equation (3.12) that f(n) is not a universal
function of n for all values of Ud/Us’ thus we may write,

U
a
s

I

£(n)

Equation (3.12) may be solved numerically subject to the bound-
ary conditions (3.11). As the method of solution is very
similar to that used for the turbulent mixing problem we will
deal with the numerical solutions for both cases after first

deriving the appropriate egquations for turbulent flow.

3.3.1 The Turbulent Mixing of Two Parallel Streams

In dealing with turbulent flow we may see that the effect
of viscosity no longer controls the mean motion but affects
the small scale motions involving dissipation and heat production.
The essential difference, between laminar and turbulent flows,
in the form of the momentum equations we use below, lies in
the dominance of the Reynolds stress in comparison with the
viscous terms. At present all solutions of the mean turbulent
mixing problem require the use of an assumption for the
nature of the shear stress. The two most widely used hypo-
theses, both introduced by Prandtl, are the mixing-length
hypothesis, Prandtl (1925), and the constant exchange co-
efficient or constant eddy viscosity hypothesis, Prandtl

(1942). Using the mixing length hypothesis, Tollmien (1926)
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obtained a solution for the mean velocity profile of a mixing
layer with one stream at rest. An empirical constant related to
the rate of spread of the layer had to be provided. Kuethe
{1935) extended this analysis to the case of both streams having
finite velocity. In his analysis he used the third boundary
condition proposed by von Karman which we have earlier demon—
strated is the appropriate one for incompressible flow. Gortler
(19h2) solved the same problem as Kuethe but used Prandtl's
second hypothesis. Mills (1968) also made use of the eddy
viscosity hypothesis in his nﬁmerical investigation of the
mixing layer. He transformed the momentum and energy equations
into equations for the shear stress and enthalpy with new in-
dependent variables x and U. The equations for compressible
flow were then solved by a method of successive approximation.

A numerical solution has also been obtained by Baker and
Weinstein (1968) for the problem of both homogeneous and heter-
ogeneous mixing. We will now derive the equation governing

the mean motion in a turbulent mixing layer.

3.3.2 Derivation of Equations

Let us assume that two non-turbulent, parallel streams

of veloecity of Ul and U, begin mixing at x = 0. As in the

2
case of laminar flow it is assumed that the flow 1s similar,
at all stations downstream of x = 0, for the mean flow in
the mixing region.

Assuming that to the zeroth order pressure 1s constant -

everywhere inside the mixing region then for two~dimensional,

incompressible flow the mean flow equations of continuity and

-0 -



and momentum may be written,

U av
ot >y 0, (3.13)
and
2 [,
USU . VAU voU _ 3uv 8 =2 . =2
0% dy 8y2 oy Bx(u V) (3.1%)

In the eguations of motion of a turbulent fluid the viscous and
normal stress terms are known to be small and they may be

neglected. Then equation (3.1k) becomes,

Ul , VaU _ _duv

ox t oy - oy (3.15)
Let us introduce the stream function ¥, given by,
Uy
b= ULb(x) {5 Fle) + &3, ‘ (3.16)

S

where Us and Ud are defined as in the case of laminar mixing

and £, the similarity variable is given by,

£ = ot
L{x)
where L(x) is a measure of the mixing layer width to be defined

more accurately later. We may now write the velocity components,

U=1U_ + UF (g) (3.17)
and V=u Qé-{gF'(a) - 7{z)} : (3.18)
B 4 dx ?

where primes denote differentistion with respect to E. Sub-
stituting equations (3.17) and (3.18) into equation (3.15) we

obtain,



1 e
dls Ld

_a e 4 g uv
o {r + 0, F(E)} FrU(g) = Az (US i ) (3.19)

Tt will be shown in Appendix I that we may use the third
boundary condition given above, (3.2), for both the laminar and

turbulent problems. Then the boundary conditions on F(g) are,

Ey0

Prig) > 1 as E > 4o )
)

gy » 1 as g+ -~ ) (3.20)
)
_ Lin {UlF'(E) + UEF‘(~E)} %
and Jl - U2 £ )
)

The problem is to determine the mean fluctuating shear

stress, uv. The experiments of Wygnanski and Fiedler (1970)

have shown that if measurements of the shear stress uv, are
made only when the measuring instrument is embedded in rotational

flow, by means of conditional sampling, then the eddy viscosity,
= [EEV%%}, is constant across the flow. Remember-

ing that we have considered the flow to be rotational throughout,

defined by Vi

it seems reasonable to assume that the eddy viscosity is given

oy,

v_ = vy X constant, where y is the intermittency

T
function which is assumed to be a function of our similarity
variable.

Let us therefore introduce an eddy viscosity defined by

the relation, . U
‘ UV E Vg 5y 0 (3.21)

the substitubion of (3.21) into equation (3.14) with only the
normal stress terms omitted yields,
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L dbL .o T W L] [
o (U, + Uy F (€)F Frr(e) + (v +vg) FUU(E) 4
BV, (3.22)
1t -
57 T (g) =0
Let Vo F OV G(g) and o= %-, where Vo is the maximum value of
o)

Vs then equation (3.22) may be written,

U

. [ .
ﬁmmgim-{o FrUto4 éi%gg*~)} + {USE + UdF} F't =0, (3.23)
o 4L :
dx -

where RT is the turbulent Reynolds number defined by,

U. L
R, = | dl (3.24)

T Vv
o)

The assumption of a constant eddy viscosity would lead to the

equation,
Ud(l + g)FIT Us
e + {£ + En-F} F'' o= 0, (3.2ka)
USRT dx S

which is the laminar flow equation (3.12) with a change of
coefficient on the third derivative of F. This fact was noted
by Lin (1953) who was able to make use of Gortler's calculations
for the turbulent mixing layer in his own calculations of the
laminar flow problem.

3.h.1 Solution of the Similarity Equations for Laminar and

Turbulent Mixing Layers

Before describing the method of solution which is employed
for both the laminar and turbulent cases we will evaluate the

coefficients in the turbulent similarity equation (3.23). We



need to evaluate four factors,
i) the ratio of kinematic to eddy viscosities, o,
ii) the distribution of eddy viscosity as a function
of &, G(g)a
iii)the variation of turbulent Reynolds number with
Ud
velocity ratio, RT(ﬁfJ,
s
and

1v) the variation of spread rate with velocity ratio.

The magnitude of the ratio of kinematic to eddy viscosity .
is very small. We can see from equation (3.23) that the ratio
will only affect the solution appreciably in regions where G(&)
tends to zero. We will see later that this occurs at the edges
of the mixing layer. The experimental results of Yule (1970)

showed that the maximum value of‘eddy viscosity is given by,

Yo -l
= 7x10 , (3.25)

which result we will use in our calculations.
Lessen, Harpavat and Zien (1969) note that in their
solution, choosing G(£)= 1, the velocity profile is an error

function and therefore,

2
i (- %) (3.26)

They argue that as, from mixing length theory, the eddy viscosity
is proportional to the magnitude of %33 then a plausible distri-

bution of eddy viscosity may be of the form,
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vp = v, exp ) (3.27)

where A is a constant with approximate value'%. However, in
s
our caleculations the inflection point of the velocity profile

does not occur at £ = 0 and thus a better representation of the

eddy viscosity distribution would be,

Vg TV, eXp Tag - EF)2] (3.28)

In our calculations the value of &P is taken to be the value of

3
¢ for which é"% = 0. This was calculated from a counstant eddy
. a” 33 au . .
vigcosity analysis. When -§~¢ 0 then E;’ls s maximum and from
dg

mixing-length arguments we may take this to be the position of
the maximum in the eddy viscosity distribution. This may also
be argued by considering single components of the fluctuating
flow. TFoote and Lin (1950) considered the distribution of
Reynolds' stress based on sclutions of the inviscid Orr-Sommer-
feld equation. If u and v are given by,

ia(x~ct)

o
i

ily) e

and v = ¥(y) eia(x»ct)

where i and ¥ are the complex y-distributions of u and Vv

satisfying the inviscid stability equation

7

2 U
Y . e {F 2
& o+ G =0 (3.29)
then uv is given by,
- 20c.t
1

,_.._,_,.l LR
uy = 5 (vivr vivr)e , (3.30)



where the subscripbs 1 and r refer to the imaginary and real
parts respectively. Multiplying equation (3.29) by the complex

conjugate of ¥ we obtain,

2 va

FIa% 3 B ot tiar =
LA s s sl e (3.31)

The imaginary part of the equation is obtained by subtract-—

ing the complex conjugate of equation (3.31) from itself,

4 —ii%[zzciu"
2 (19% ~ 91%¢) = 5 (3.32)
Y |U-c|
Now (ﬁrﬁi’ - %iﬁr') = - %(ﬁ'%* — ¥%'%) and thus from equations
5r - 2ucit o le 2
(3.32) and (3.30) we have % = =& e c.. —  (3.33)
3y 2o 1 lU—c!L
where 1 = ~p§;‘is the Reynolds' stress.

From equation (3.33) we see that the gradient of the
Reynolds' stress is zero at the inflection point of the mean
velocity profile. This simple example, which disregards the
singularity U = ¢ which occurs in inviscid theory and also
only considers temporal amplification theory (see Chapter 4),
is given as a Justification for the choice of the value of

o

by peing the value of £ at which-g—% is zero. At a later
ag

stage in this work we will discuss this form of representation
of the disturbances in turbulent flow by particular single
components of the disturbed flow. It will be seen that this
method provids a good representation of the turbulence.

In our calculations we will consider three eddy viscosity

distributions,
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i) constant eddy viscosity,
ii) equation (3.27) and
iii) equation (3.28) where the value of gF is determined

from the constant eddy viscosity analysis.

Lilley (1967) has suggested how the variation of turbulent
Reynolds number with veloecity ratio may be obtained. Let us

write the width of the mixing layer L,

L =W x,

o

where W = W(Eg} is s function of the velocity ratio. Then

s
substituting into equation (3.19) we obtain,

, Yg a uy
{e + 5 Flg)IF' ' (E) = EE”{EWEfﬁ*"} (3.34)
S s d

We have previously noted that the similarity equation for
turbulent Fflow, equation (3.23), and that for laminar flow,
equation (3.12), are of a gimilar form for the simple case
of constant eddy viscosity. ¥ 2 will also see that experi-
mental results show that when mean veloeity profiles of
laminar and turbulent mixing regions are plotted against a
variable based on the width of the mixing layer then the
profiles coincide closely. Thus we could argue that for
equation (3.34) to have a similar form, as a fﬁnction of the
veloeity ratio, with the laminar case then uv has to be a

function of £ and proportional to U _UgW.

Thus from our definition of eddy viscosity we see that

F?!
T T . .
5 = %’I . ? where T is the Reynolds' stress defined above
WolU - a
d




i.e. 5 = Ea 0 which may be written,
WpU [~ T
a
U
T d Fre
=L (3.35)
T
W‘USLdp USW RT
T Ud
However, we require that -———— be independent of = which
pUSUdW US

implies from equation {(3.35) that

(3.36)

U
hT = const x USW

Gartshore (1965) has proposed that the turbulent Reynolds number

is of the form

1
== === {1+ 4 |=]) (3.37)
R A
RTQ
U ol
where A = 3“ N B = 5;' .

and Rrp is the value of the turbulent Reynolds number when B = 0
]
which, in our case, occurs slong the line & = go. The value of

A is determined from experimental results. Newman (1967) obtains

these constants and writes equation (3.37) in the form,
5= = 077 {1 - 9.1 [g | W (3.38)

Substituting equation (3.36) into equation (3.38) we obbain,

cly a

1
UW o .o77(1 - 9.1 |£ _[W
%‘ O

e

and rearranging to obtain an equation for W we have,
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; Ud
Uy (.077. )
W o= W{—w—) S i ————— e e

U U
s (1 + cligoigéj

p
»

Making use of this expression for W we obtain a relationship

for the turbulent Reynolds number as a function velocity ratio

vemeter. o4 1" %
+ Ay - 5
U, Uy + U
U
Uy C1l+te, (ﬁé)
RT{ﬁ;) = RT(l) { 17 o, —} (3.40)

From the mumerical values given by Newman for RT for a jet
with still surroundings and a small perturbation wake we may

write,
Ud
5] 1+ 1.5 ("”)

R (=) = 32.9{ 55 YsZy (3.41)

It can be seen from equation (3.41) and our definition of
turbulent Reynolds number that the magnitude of the eddy
viscosity decreases as the velocities of the two streams
approach one another in order that there is a finite value
of RT for this case.

Equation (3.39) gives the variation of spread rate with
velocity ratio. We will now define the width parameter L(x)
more accurately and then we will consider the analysis used
by Abramoviteh (1963) which will be compared with our present
formulation.

We will define L for the mixing layer as the distaice
vetween the points wheré thé mean velocity differs from the

U

average velocity of the two streams by Eé . This is shown



in the disgram below

¢

Z@;&

We will nowconsider the arguments used by Abramovitch (1963) to
describe the rate of spread of the mixing layer. He made use
of mixing length ideas to conclude that the rate of increase

in the layer thickness was proportional to the perturbation
component of the transverse velocity which was proportional to

the difference in velocities at the boundaries, i.e.

ak '

I (3.42)
and .

9 T P

vi o U - U, , (3.43)
Making use of eguation (3.42) with 5 = U we obtain

a1 7 U

aL (3.hh)

ax ¢ U]
We need t) determine the value of the mean characteristic
velocity in the denominator of equation (3.kk4). Abramovitch

argues that for incompressible fluid this value is close to

the arithmetic mean of the boundary velocities. Thus we
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may write,

. U, - U]

a7 i \
g” = W{w:%m;~ﬁgw} (3.45)
¥ le 2

Newman (1967) expanded this as a polynomial,

o3
&

A lu, - vu,| lu. ~u,|
Lo h Gy th Tt (3:46)
1 2 (U, +U,)"
1 2
T aL , .
If U, - U, = 0 then = = 0 and thus A = 0. Then taking the
1 2 dx ol

first term only in the expansion as chosen by Abramovitch we
have,

lu, - u,]
aL 1 2
= e (3.47)
dx (Ul + Ug}

This result is the same as that obtained from our previcus
analysis for the turbulent Reynolds number. From equation

(3.39) we have,

-yl
1 (Ul + U?)
W = ab - = (3.48)
dx !U - U } ?
1ot kz(ul n U2>
1 2

where kl = 0,077 and k2 = cllgoie Expanding the denominator

we obtaln,

; TT 2 - T 2
w,, sl U o, B 0 Tl } (3.49)
— ( 1 - H T )
ax ~ 1 (U) + Uy 2 (U, +U,) 2 (U, + U2)2

The first term in the expansion (3.49) is identical to the
expressicn (3.47). It may be expected that this first term

representation will be walid for Ul >> Uev The variation
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of rate of spread with velocity ratio is shown in igure 1. The
collected results of Abramovitch (19632) show good agreement with
the form of equation (3.47) though their numerical value is

determinad by the choice of W when U2 = 0. The results of Yule

nd Sabin (1965) suggest that the constant k. shcould have

( arrey )
L1970) 1

o

a value ¢f approximately .10. The constant given by Newman (1967)
is .104. Prom equations (3.39) and (3.38) we may see tlat the

choice of ¢ = kl = .10k leads to the result, RT = 9.6. The
o

vaiues of RT calculated from experiments is tabulated by Newman,

part of this table ig shown below.

U
Experimenter | Year |Range of]wéﬁigggl Type of Body RT
1 .
Reichardt 1951 |.080 ~ .057 Circular 10.h
Cylinder

Schlichting 1960 |.061 -~ .025 " 13.0
Townsend 1956 |{.0Lks - ,031 " 13.3
Gartshore 1965 |.111 - .071 Square Cylinder | 8.6
Silverstein 1939 Aerofoil 8.1
et. al. NACA 0018

In his evaluation of the constants in equation (3.38), Newman
ugses experimental results and we may see from the above table that
for the small perturbation wake Ro, lies in the range 8.4 + 13.3.
For the small perturbation wake, ]%} + O and thus RT > RT . The

o
average value of the experimental results above for R is 10.7
- T

o
which agrees more closely with the results obtained from the
calceulations from the rate of spread analysis. In order to

achieve consistency in our caleulations and alsc make use of

the more easily measurable results, we will choose the coastant

,.5hm.



i, = .10k. Then equations (3.40) and (3.47) become,

Ud
U, 14 1.43 ({r)
RT*\““ = 32.9 {——5 7>} and £3.50)
- I
aL tn..;L,,U Yol
e 1
d}’; wlO-;{ {U.l + Ur))} (3051)

¢

These equations are used in our caleculations for the turnulent

mixing layer.

3.5.2 Numerical Method of Solution

The same numerical procedure is used for the solution
of both tae laminar and turbulent problems. As the solution
of the turbulent case, equation (3.23) is algebraically wmore
complicated, we will examine it in detail and only give the
corresponding equations for laminar flow when convenient.

Equation (3.23) may be written,
U

U _a
(£ + MQ(F P G} F'Y o+ e {F+CHTF''' =0 (3.52)
U 5 R ﬁé R éﬂ-—i

Let us introduce a new function P(£) defined by,

dg ? i
then equation (3.52) becomes, Ug
-4
Ud 1 Ls
fg + == (F+ G')Ip! +{ 4L (o +G) }P'' =0 (3.54)
U dL
5 R, = T ax
T dx

The equivalent form of equation (3.12) for laminar flow is,
3]

{n o+ Eﬁ;fbv + 2p'' =0, (3.55)
s
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ar(n) (

an

(8]
\JY
(G2
N

where F(n) =

We will row write these equations in finite differ:nce form.

Touation {2.523) may be written

(7, -F _ ) =50 (P +P ), (3.57)

where h is the step difference in § between stations 'y-1' and

r'. Equation (3.5L4) may be written,

i
Ya Us
Yy B Yq Gy o
— - 7 - [ - + G }3
{P an (o + Gr) 2 [gr * U (Fr * R 51&)]} 1 ¢ ab (o 1"”
T dx T dx T dx
Ud (3.58)
— U G!
.U h d r
J ¢ M oot e — et e =
- Cogy (o +c)+2 [, +5 (F, g_L_)]} P =0
T ax S T ax
The equivalent finite difference form of equation (3.55) is,
‘ Ud Ud
% - n + == £ 3} P - B ‘ — 1 = .59,
{ hin, 0 £II P, - Bp {h + bin, + g £ Py =0 (3.59)

Equations (3.58) and (3.59) are solved by an iterative procedure.
An initial assumption is made for the values of (g}, In our
calculaticns a sine form was chosen. The value of F(£) is then
calenlated using equation (3.57). The finite difference equation

(3.58) may be written in matrix form,

Al P =38 (3.60)
where }Al ie a triple diagonal matrix snd P and B are co.umn

vectors, the first and last elements of'E being determined by

,,56.,
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the boundary conditions on P(£) and the rest of its elemonts
being zero. The system of linear algebraic equations (3.60) is
solved using Gausslan elimination without pivots giving v now
value for P(g). The new value of F(g) is calculated by ovalua~
ting the “ransverse velocity according to equation (3.18! and
applying the third boundary condition (3.2). The iteration
procedure is repeated until successive values of P(g) dirfer

by less than a chosen small quantity.

3.4.3 The Computer Program

The flow diagram of the program is shown in figure ©*. The
data to be read in are the velocities of the two streams, the
ratio of kinematic to eddy viscosity, the step size and the
numerical value of the desired accuracy of the iteration. Having
evaluated Ud/Us the subroutines SPREAD and RTURB are called which

o

evaluate*%% and RT according to equations (3.50) and (3.!1) re-
spectively. The subroutine EDIVIS then calculates the distri-
bution of eddy viscosity for either constant eddy viscosity or
according to equations (3.27) or equation {3.28), where - is
previously determined from a caleculation involving constent
eddy viscosity. The initial guess at the values of P(g) is
caleulated as a sine function and the values of F(z) are
calculated from equation (3.57). The set of linear algebraic
equations are calculated and golved using Gaussian Elimiration
without pivots. The new value of P(z) is then taken as the

average value of PT and P If convergence 1g not achieved

T+1°

within ten iterations sets of four iterated values are uced
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to caleulete the new value of P(f) using linear intarpolstion.
When the sum of the differences PI+1 - PI becomes less thran the
desired value, the program outputs the values of F'(z), Vig)

and their derivatives.

3.5 Compubation Results

The calculations were performed for values of UQ/U1 of 0.61
and 0.0. The first value of veloecity ratio was chosen so that
comparison could be made with the measurements of Yule (1970).
Results from the calculations using the second velocity ratio
were required for our subsequent calculations of finite amplitude
effects on the growth of the mixing layer.

The computed function f'(n) for laminar flow and velocity
ratio 0.61 is shown in Figure 3. The calculations are compared
with those of Lin (1953) for a velocity ratio of 0.667. Lin's
results have been recalculated for a change in definition of
the similarity variable, n .

The convergence of the iteration scheme is shown in Figure
L, It was found that as the value of UP tended to zero so the

convergence of the solution became slower. If a simple itera-

tion scheme is used where PI = PI as many as 800 iterations

+1
were reguired. The iterative scheme used in the calculations

P1 P
for figure L set Pryp = 57T for the first ten calcul-tions

and then sebs of four iterated values of PI were used in a
linear interpolation for the new value of P.
The effect on the velocity distribution of the choica of

eddy viscosity distribution is shown in figure 5. Here the



function F'11(£) is presented, where

2

ot

i

Frev(e) =

i
N

d

2

£
It can Dbe geen that if the physically incorrect assumption of

a symmetric eddy viscosity distribution is considered then the
maximum absolute magnitude of second derivative of velocity
oceurs towards the lower velocity edge of the shear laycr. If
the constant eddy viscosity assumpbion is made then the magni-
tude of the second derivative of velocity decreases and the
solution tends towards the laminar result as can be seen from
examination of equation (3.24a).

The effect of choice of the constant A in equation (3.27)
is shown in Figure 6. The variation is most noticeable at the
edges of the mixing layer. The experimental results of Yule
(1970) are plotted for comparison. Ittwas found that a value
of A of (0.7 gave best agreement with these experimental results.
We have previously noted that the distribution of eddy viscosity
given by G(&) should correspond to the intermittency of the
flow. 1In figure T the experimental values of intermittency
measured by Wygnanski and Fiedler (1970) are compared with
G{g) with &4 = 0.7. The agreement is very good, especially in
the cenbtre of the region. The experiments by Wygnanski and
Fiedler do however suggest that the value of A in our definition
of eddy viscosity should take two values, one for the high
velocity side of the layer and another for the lower velocity

gide.



It iz interesting to note that the shear stress is an
integral function nf the product of the z~component of tae
vorticity disturbance and the y-direction velocity fluctuaation.

This was noted by Lilley (1967) who put,

I
5§E = W,V (3.61)\

Integrating equation (3.61) with respect to y we obsain
¥

uv = Vi, dy’ (3.62)

Making use of mixing length ideas we would expect the
integrand in equation (3.62) to have a positive peak at v ="y,

and a negative peak at y = Yo where 7y and Yo lie close to

2
the points of maximum value of §~%’. This is sketched below.
3y

The corresponding integral is also sketched and we see that
we have predicted a constant shear stress across the flow

between ~y. and y,.. 5
1} L 2 vy

35V

However, we have previously noted that we have assuned that
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the flow 1s rotational throughout whgreas the above analysis
refers only to the turbulent fluid. Thus we would expect that
taking account of intermittency would result in a rounding off
of the uv distribution. From equatior (3.21) we have that the
eddy viscosity is given by, Vg = *5572?, and so we woulc expect
that the distribution of eddy viscosity in equatioa (3.78) would
be too large oubtside the values vy = vy and y = Yy These two
positions are shown on Figure 7 and we note that oir prediction
does appear to be too large outside these values.

The function F'(&) for turbulent flow and velocity ratio

0.61 is shown in figure 8. The constants for the calculation

were,
(i) A = 0.7
(ii) o = ,0033
and

(iii)g, = -.13123.

The experimental results of Yule are plotted for comparison
and the agreement is good over the whole mixing layer. The
constant eddy viscosity calculation is also shown for com—
parigon and 1t can be seen that the agreement between theory
and experiment is poor at the edges of the mixing layer.

By considering the momentum integral equation (2.273) we
may define the momentum thickness of the mixing layer between
streams of velocity U, and U, as, (see Lin 1953),

Fo0

N1
g = Ef” J (U, - (U - U,) ay (3.63)

=00
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Then for the laminar flow case we may write,

8 =/ 2 I (1 - £9)(1 + £') dn, (3.6k)

oo
0, =L | (1 =F)(1 +Far ' (3.6
i iw
Thus the non-dimensional co-ordinate yv/0, is given, in the
laminar case, by
o0
N = _ 7
v/6; n/[[ (1 - £)(1 + £')dn) (3.6
bl
and in the turbulent case by,
(o]
o
v/o, =e/L | (1 -F)Q + F)ag] (3.6
e

Making use of equations (3.66) and( 3.67) the functions F' and
f' are plotted as functions of (Xép? in figure 9, where b is

the value of y at which U = US. As Sato( 3956) poirts out, in
nis work on the transitlon of the mixing layer, the two curves
show so slight a difference that it is difficult to tell the
transition point from the mean profiles alone. The calculations
in figure 9 are for a value of U2 = 0, The results are com—
pared in the laminar case with the calculations of Lin and in
the turbulent case with the experiments of Liepmann and Laufer
{1947). The agreement is good except for the turbulent case

at the lowest velocity edge of the mixing region where measure-

ments of the mean velocity are most difficult.

5)

7)



The measurements in this region are not rellable as the
axial velocity is no longer large in comparison with the
transverss velocity. Liepmann and Laufer note that their hot-
wire measurements are accurate in the range « > 6 > — 0.8. They
compared their hot-wire measurements with the measurements using
a total head tube and the results differed outside the range
given above. In this region the hot-wire will produce an
output which is crudely proportional to the square root of the
sums of the squares of the axial and transverse velocities.

Thus the recorded value of axial velocity will be greater than
its true value, which agrees with our theoretical prediction.

At a later stage we will use this non-dimensional form
of the mean velocity profile to represent the shape of the mean
veloeity profile through transition.

The calculated results for the two velocity ratios are
tabulated in Tables I and II.

In the next chapter we will consider the analytic and
numerical methods for the solution of the Orr-Sommerfeld
Equation, which will be subsequently solved using the mean

velocity profiles calculated in this chapter.
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CHAPTER 't

Review of Methods of Solution of the Orr-Sommerfeld Egquabion

In Chapter 2 we derived the linear eguation of hydro-—
dynamic stability for parallel mean flow .nd taree dimensionas
disturbances. Before we go on to solve this eguation for the
case of the stability of & laminar mixing layer, and at a later
stage solve & similar eguation in our discussion of the
turbulent mixing layer, it is thought to be useful to review
prévious analytic and numerical methods of solution of the
Orr-Sommerfeld equation.

The Orr-Sommerfeld equation is an ordinary linear differ-—
ential equation of the fourth order. The methods of analysis
used in its solution have been variational methods (Lee and
Reynolds, 196L), expansion methods (Dolph and Lewis, 1958) and
asymptotic methods. Because of the magnitude of the Reynolds
number, the asymptotic methods have played the most important
role in analytical solutions. With the advent of the high speed
digital computer, numerical methods have recently proved very
successful. A collection of the various asymptobtic methods is
presented by Lin (1955) and more recently accounts of develop-
ments in the methods of solution have been presented by ChandTa-
rasekhar (1961) and Betchov and Criminale (1967).

The stability equation derived in Chapter 2, =squation

(p.21a), is rewritten now for convenience,

“~

(0 - )" - (68 + 89)v) - U+ == (7Y - 2(o® + 8P)v" 4
(® + 85)%) = 0 (4.1)
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conditions are

v = Dv = 0 at the two boundaries (k.35).

In order to construc. the adjoint problem, (L.3L4), is mulviplied
by v*, the adjointfunction, then integrated from omne boundary

to another, i.e.
Yo
I= j v L[v] dy (4.36)
Iy

Integrating (L4.36) by parts we have,

I= [V*DBV -~ DVADY + DQV*DV - D3v*v - 2 o®v*Dy + 26°Dvky

g J
~1oR {UV¥Dv - UDv¥v ~ DUv¥v - ov¥*Dv + cDv¥v}] .
y
1

V5 (L.37)

)

)

)

)

)

: )

+ j v [D&V* - 2@2D2v* + ahv* - iuR’{UDZV* - cng* - ae(U—c)V*§
Ve )
+ )
)

)

)

+ 2DUDV¥ }]dy

If the boundary conditions for the adjoint problem are chosen to

be the same as the given problem,

v¥ = Dv¥ =0 at the boundaries, (L.38)

then (L.37) may be rewritten in the form,
T2
I= J v L*[y*] dy
1
from which we may write the adjoint differential operator and

equation as,

p*[v¥] = (0% - o®)2 - iR {(v-c) (0%~ o?) + 2DUDY] v* =0 (4.39)



Lee and Reynolds characterised the variational formulation of

the problem by the reguirement that the integral

72

I = J V*ZLDﬂ ay,

"
is stationary under first order variations in the functions
v and v¥ vhere v and v* are solutions to ﬁﬁeir respective
problems. They then used the Ritz method to reduce the problem
to a set of algebraic equations as follows. Let the functions

v and v¥* be expanded as

K
v(y) = jzl ajfj(y) §
K ) (4.40)
)
v (y) = izl a¥ £¥(y) |

where aj and a§ are complex coefficients and fj and fi are .
carefully chosen functions that fit the boundary conditions.
Since the boundary conditions are identical the same approxi-
mating functions may be taken for each set. Substituting (L.L0)

into (k.36) gives
¥ k Yo
= *
I= ) ] a; 2 J £, L[fj] dy (L.k1)
1= J=1

Since I 1s to be stationary

3l

ok = 0 1= 1.k
i

and so we obbain from (L.4l) a set of algebraic equations

) s J £ L[fj:jdy = 0 | (k.42)
Y1
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which has non-trivial solutions if
Io
Det [ J £, L [fjj ay] =0 (4.143)
¥,
A
Liee and Reynolds wrote che operator L in the form L = M ~ AN

then the secular equation (L4.43) becomes

Det; [Aij - ABiJ.] =0

)
¥ )
where A.. = j 2f. M[f.] dy )
1d 1 J ) (4.hh)
Yy ) c
v )
and By = J £ N[fjj dy |
¥y )

Equation (4,kkh) was then solved for the eigenvalues A. The

functions fj chosen by Lee and Reynolds for various flows were

(i) Poiseuille flow, fn(y) = (1 - y2)2 y2(n*l) )

{ii) Couette flow, fn(y) = (1 - y2)2 yn~1 ) (L.L5)
n

(iii)Plane Jet Flow, fn(y) = sech {(ay) )

Lee and Reynolds' results showed good agreement with other
methods of calculation and the convergence of the eigenvalue
calculations wag fast.

As has been mentioned, the accuracy of methods involving
the solution of matrix equations depends on the accuracy with
which a matrix may be inverted. When the matrix is ill-
conditioned the task can be very long and so we will now examine
numerical methods that use a step-by-step integration procedure.

A scheme for a step-by—step integration method was sug-

gested by Brown (1959), for the Blasius profile. He noted that
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when y > &, where § 1s the value of y when the free stream
values are reached within a specified amount, then the solution

of the Orr-Sommerfeld may be written exactly as,

- ay oy By -8y
vEeed te,e teget +¢c e (4.46)
where B8 = 8+ ig; and
' a1 1

By = J% E.ag *oac R+ (o + aciR)2 + {uR)g(US - cr)g}2 1° %

)
1 2 ’ 2 2 2, ) i1

Bl = 4 /__—-2— [-—-(o'. + OLCiR) + {(a + aciR) + (OLR) (U(3 - cr) }2]2, g
)
)

the sign of Bs being the same as the sign of (U(S - cr).

In order to satisfy the boundary conditions at infinity c, = cy

= 0. Thus

veec.e ™ 4 c), e By (4.48)

If the subscript 2 denotes values at y = & then the function v

and its derivatives yield two equations,

vy eyt ~82(vé +oav,) = 0 and

2 2

(k.h9)

T “,11_2(1_'_ )“O
2 + ng o v2 Bv2 =

for y < § the solubtion can be written

<
4

klvl + k2v2 + k3v3 + khvh

If the v's are defined as follows:

it

o i = L P LI —
vi(o) 1+ i, vi(o) v, (o) v, (o) = 0,

H

VE(O) O, V2‘(O) = l+ia VZ"(O) = Vg"'(O) = 0,

.....79-.
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vglo) = vy'(0) = 0, va''(o) = 1+, vy'"' = 0 and
v, (o) = v (o) = v, ""(o) =0, v""" = 1+,

then insertion of tbL  boundary conditions at the wall,

v o=yl =0 when y = 0, leads to,

e { v'
O klgl“i"l)

0 = k. (1+1), so that the complete solution can be expressed
o~

v o= k3v3 + khvh (4.50)

At the boundary layer edge the two solutions (L4.48) and (L.50)

must coineide. The method suggested by Brown first sets kB = 1.

The functions v3 and V) are then integrated fromy = O to y

and this gives the values at y = 6, l.e. Vv

8

it

30° Vég ete. Substi-
tution of equation (L.50) into either equation (4.49) will
determine kao The other equation (L4.L9) has then to be satis-
fied by adjusting the parameters o, R and c¢. Brown found that
the digital computers available to him were not accurate to a
large enough number of digits and were too slow for accurate
enough step-sizes. However, the method developed by Brown of
applying boundary conditions, e.g. equation (L4.h9), corresponds
to the method we will use in our own numerical computations.

The reason for Brown's difficulty in the numerical inte-
gration can be seen readily if we examine the behaviour of the
solutions in a simple flow case. Let us consider the problem
where,

U=1,U" =o0. (k.51)
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then the solutions of the Orr-Sommerfeld eguation, which corre-

spond to equations (Lh.L6) and (L.L7) are,

Vl,? f\: exp [:’ riy]

(L.52)

Nft

S N Nt S

V3ﬁh v oexp Ei'{ag + 1aR(1~¢)}

i)

The boundary conditions only permit the solubtions with negative
exponents for y > 0, i.e. Vi and V3Q Examination of the form of
(L.52) shows that the Vs solution depends on the Reynolds number
and will grow rapidly in comparison with the Vl solution which
is dependent on a. Thus the parasitic error from the rapidly
growing V3 solution will soon dominate the Vi solution if
integration 1s performed. We therefore need a numerical method
to inhibit this contamination.

A scheme developed by Kaplan (1964) provided the first
attempt at preventing the contamination of the Vi solution. His
procedure divided the range of integration into a number of seg-
ments and then the solution was purified at the start of each
segment. Kaplan's method and its modification by Betchov and
Criminale (1967) is summarised here.

The solution of the Orr-Sommerfeld equation is written

in the form,

L
v(y) = )} A e (L.53)

where, at any thin slice of the boundary layer, for large

Reynolds rumber
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T t 1
LAY 2 —(gf 3 Uz
Pl (o U”“t“} 9 p2 la 'E’(U“_c) ) ))
) sy
1 1)
P = (i%XR(U-¢))? ) P, = ~(iaR(U~c))? )

Physically A, and AQ represent inviscid robational oscillations
oo -

and A, and A, correspond to viscous vorticity waves.

3 k
The numerical solution is started by integrating ascross

the boundary layer to obtain a solution containing as muych as

possible of the Ah mode. This is performed by setting Al =

fae

e

= A3 = 0 and A& =laty =1 and integrating across the
entire region storing the values of v and its derivatives at
each step. Let us denote this function as (v)Goa The compu~
tation is then starbed again at y = 1 with AZ = 1 and A_1 = A3 =
A, = 0. Integration Proceeds to a station yl, The computer

then integrates across the region ¥y to Y etc. If the solution

fromy = 1 +o yl is denoted by Sl and that fromyl tO’yE by S

2
then we define 82 as follows,

D2 = Sl + al SQ’ ('!'['-55)
where So is the solution obtained on the first complete pass.
The new function v is then related to the two others by

= faeg
(V)S (V}S + 8‘1(V)S (h.56)

2 1 s}
The coefficient &y is determined by the condition that the

vorticity mode Ah of solution 82 must vanish at y = ¥y, T s

- B2 -



means that

a. = (Au) (}5'"57)

Kaplan assumed that er ept near the critical layer and very close
to the wall the eigenfunchtion satisfies the Rayleigh equation and

he thus pub

fy = (U=e)(v'" - 0ov) - U v (L.58)

Betchov and Criminale obtained A, from relation (L.53) and its
L

derivatives. Neglecting Al and A2 the relations TFor v''' and
v yield,
viV - SRR
P3 P3y
AM = 3 e (4.59)
2(p,)

The initial values for 82 at y = y, may now be obtained by

applying equation (4.56) at y =y The computation then pro-

1
ceeds to a new station Y3 and the decontamination procedure is

repeated. When the wall is reached the final solution will be

of the form,

8, =8, * (al +oa, - aw~l) 8, (L.60)

At the wall the zero normal velocity condition gives

v(o) = (V)Sw(o) + A(V)S (o) =0 (L.61)

o

The zero tangential velocity condition with equation (4.61) gives

(V)NW(O)
vi{o) = (v)éw(O) - z*”E"ng'(V)

V)s (o) =0 (k.62)
o)

¥
o
fwl
o}

This equation provides the eigenvalue criterion and the value of



v'{o) is adjusted to be zero by altering the values of the
parameters o, R and c.

This wethod has Deen used by Wazzan, Okamurs and Smi+™
(1966) in a modified ‘,rm using a scaling factor when storing
the rapidly growing solution. The method is also used by Hussain
and Reynolds (1970) in their study of a perturbation wave in
turbulent shear flow. However, the method is criticised by
Wazzan, Okamura and Smith {1967) because of its limited range
of application: up to R = 10°. Both Sharma (1968) and Davey
and Nguyen (1971) were unable to obtain accurate results using
this method, the former author considering the boundary layer
and the latter, pipe flow. In both these rapers and that of
Wazzan et al. (1967) the authors used the much more elegant
technique of orthogonalisation which we will use in our compu~
tations. A detailed description of this technique will be given

at a later stage.

4.3 Spatial and Temporal Amplification

In our discussion of methods of solution of the Orr-Sommerfeld
equation, we have confined ocurselves to the problem of temporal
amplification. We have defined this model as having real Reynolds
number and wave-number and a complex value of ¢, the real part of
¢ being the phase Velocity and the imaginary part the amplification
factor.

The experimental investigation of Schubauer and Skramstad
(1943) was originally accompanied by theory considering temporal
amplification. However, the waves observed experimentally grew

spatially with distance from the vibrating ribbon and a trans-
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formaetion had to be used which gave the spatial growth rate

apparent to an observer moving at a speed c. where c.. is given

by s

&

0
I
H

, the phase velocity, (4o63)

where o 1g the real wave number. Gaster (1965a) observes that
the type of waves generated by Schubauer and Skramstad should

have a complex wavenumber and real freguency, w, defined by

W = Oe o (hc6h)

However the correspondence between experimental results
analysed using the transformation (h?63) agreed well with the
theory, The relationship between temporal and spatial para-
meters has been exemined by Gaster (1965b, 1962).

The characteristic equation (thQ) may be written in

the form,

F(u,w) = O, (hoés)

for a particular velocity profile and Reynolds, where w= oc =
w., + iwi is the angular frequency, o = ar + iai 18 the complex
wavenpumber and ¢ = cr + ici? For every value of w a value of
O, o, + iai, may be found so that one may map lines of constant
o, and o, on the w-plane. Gaster (1965a) notes that the two
families of curves are orthogonal except at points where there
is a singularity in the solution of (h?65)7 It will be assumed

that no such singularity occurs in the region of interest near

the real axis.



It will be assumed that w is an analytiec function of a,.
The two cases of interest are the spatially increasing modes,
with w real, and the temporally growing modes with o real, These
modes thus occur on 1. lines w; =0 and @, = 0 respectivelye

Along the line w, = 0 we have,

i
O

(La66)

€
i
2

LG oo C.
ir r i

With our assumption of an analytical relationship between w and

o we may write,

(a_ya.) (ho67)

= L) o+ 1
w=uw _(a 5“1) iwg (o y0.

r r

and the Cauchy-Riemann relations hold;

oy oy )

aa T %a
v )

) (4,68)
and oW ow )
BN S | )
da da )
T

(3

Now let us integrate these relations from a point on the
temporal curve, a, = 0, to a point on the spatial curve, w, = 0,

along a line of constant a, 1leCe

iS Bwr
s = e I "é’&"’" d oy ) (4o69)
T T )
© )
aiS Ewl )
R L ) (1.70)
S T 5 1

where the subscripts T and S denote values on the temporal and
spatial curves respectively. Gaster argues that the integrand

in egquation (4,70) will be of the order of the maximum value
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of w. for a given Reynolds number and thus the integral term as

e

a whole will be very small and we may write,

. = w (1.71)

rq Tm
wa
Bxpanding ga*' about a point ai on the conste. o, line and sub-
r

stitution in (L.69) leads finally to,

wiT Swr
— = = e (g%) 4+ O {o. ew. } and to the same
o 30, 1 1. 1
i, r S “max
ful
accuracy as (4.71) we have,
wiT 8wr
i 2 e *
%) 3@ (ai) 3 (hng)
i T

where B@r may be evaluated at any point on the a, = const
curve between the temporal and spatial curves. Thus we see
that for small amplification factors the real parts of w and
the real parts of o calculated from temporal and spatial con-—
siderations are equal. From (4,72) we see that the spatial

growth rate is equal to the temporal growth rate divided by a

factor known as the group veloecity, that is

o - ). /C (u073)
iy i g
where c, is the group velocity, WNow from (4.63) we see that

the spatial amplification may not be calculated from the

temporal amplification in this manner unless,

— o (b, 7h)



and the group velocity then equals the phase velocity. In

the boundary layer where waves may be considered non=dispersive,
this relationship will be approximately true, which accounts

for the apparent suc. ssful comparison of theory and experiment
by Behubauer and Skramstad,

Although most previous theoretical investigations have
considered temporal amplification the use of numerical techniques
enables investigations of spatial amplification directly with
no great increase in difficulty.

In this chapter we have examined the development of
linearised stability theory which has now reached a stage
where comparison with experiments in a number of different
flows hag produced convincing agreementf However, this theory
based on the assumption of infinitessimal disturbances, pre—
dicts a very rapid growth rate for unstable modes and so
non~linearity and finite amplitude disturbances need to be
examined, A review of non~linear effects is given at a later
stage when calculations for finite amplitude disturbances in

a mixing layer are presented,
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CHAPTER 5

The Stability of ;§E'Mixing,Layer'between‘twc Streams

In this chapter we will describe the numerical method to
solve the Orr-Sommerfeld equation, Calculations will then be
made of the stability of the mixing layer between two streams
of finite veloelty using the mean velocity profile calculated
in Chapter 3e The effect of divergence of the flow will be

discussed and corrections made to the stability eigenvalues,

5s:1 Numerical Method of Solution

The Orr—Scmmerfeld equation of hydrodynamic stability

is written,

(Umc)‘{ﬁgH - u2 32} - U'?ag + ~é§:{32iv - 2@232"
(5.1)
+'a432} = 0,
and the boundary conditions are
o e
u, = u,' = 0 as xyr A2 (5.2)

where the primes denote differentiation with respect to Xy
In equation (5?1) the parameters that are determined by the
mean flow are U, the mean velocity profile, U'', its second
derivative with respect to X5 and the Reynolds number R

given by,

R = cor— o (503)



profile derived in Chapter 3 we will define the mean velocity as,

Uln*) =1 + Uy F1{n%) (=)

where n* =X,/6 and the momentum thickness 6 is defined by

-

9 == | (U] ~UNU - U,) dxp (5.5)

Substitution of expression (5.4) into equation (5,1) leads to,

PU(%) = 0%) {000 e o%2 5 3 = FrO0(n%) B i

(£1(n*) = c*) {u, o*" u ) = f (n*) u, + R,
(5.6)

n v MY ¥ 5

{u2 = 20*%" 't |« ug} = 0,
U8 u, ]
where o¥ = 08, R/ =—- and - c* = Em'w-éj (506a)
a

primes denote differentiation with respect to n¥, It can Dbe
seen that equations (5.1) and (5.6) are identical in form,
however in equation (5?6) the wavenumber and Reynolds number
are functions of x.

Above the mixing layer £f(n¥*) attains a constant value 1,
and £17¢(n*) is zero, In this region the solution to eguation
(5.6) may be written,

)4 ES
; N % p, 0

=k
]

112 =7 A}’)e
n=l n n=l ?

where py = o¥, P, = -a¥,

N

_ k2, - _ 2 . 2
Dy = [+ ia*R, (1 c*)]% ana D), = ~[a®< + 1a*R6(l~c*)]
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Below the mixing layer £'(n*) attains a constant value =l
and £'7'(n*) is zero. In this region the solution to equation

(5:6) may be written

I i a9, n¥*
& &
u, = ) u, = ] B e , (509)
T on=l "n p=1
where  q, = o* . q, = =o¥ g
) (5.10)
2 3 2 2)
= To*% = ig¥R (1+e® = = [g#C m % "
dy [ ia .s(l c#)]? and a, (o io Re(l c)] )
In the solutions above the mixing layer we see that
. 2]
Al = A3 = 0 in order that the boundary conditions on u, may be
fulfilled., Below the mixing layer we also have B2 = Bh = 0,
In the above solutions we see that above the mixing layer
» Pon® e
u, = A2 e corresponds to the 'inviscid solution?® and
" ? By, n*
u, = A e involves the Reynolds number and corresponds to
h
the ‘viscous solution?, Similarly, below the mixing layer,
q,n®
the solution 32 = Bl e corresponds to the "inviscid solution?
1
*
and 22 = B, e 355 the tviscous solution', Let us consider
3

the solutions for n* > 0 as we will numerically integrate
from above to below the mixing layer,

It can be seen from the form of §2é and aguthat the
viscous solution will vary rapidly with n¥ depending on the
value of the Reynolds humber, whilst the inviscid solution

will be well-behaved, In any numerical integration procedure

with starting conditions corresponding to,

R Py, n*
A2 e “"ana AA e b (5.11)
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will adopt to preserve the linear independence of the solutions
is to obtain an orthorormal system of vectors corresponding to
the linearly indeper { at solutions.

The formation of s set of orthogonal vectors from a
system of vectors is a well=known method in vector analysis.
Let us consider the two linearly independent vectors A end B.
We wish to construct a vector orthogonal to A of the form

B — kA where k is a scalar variable, Thus we may write

A. (B~ kA) = O, (5.12)

Rearranging thisg expression we may see that the scalar variable
k 1s formed by the dot product of the vector B and the norma~
lised vector A, that is,

A

A

k= T%Té

o B (5.13)

2
Where f%i denotes the absolute squared value of the vector Ao

From the definition of linear independence the vector (B - k.p)
cannot vanish§ Thus we have constructed a pair of orthogonal
vectors from our original pair of linearly independent vectors,
The adaptetion of this procedure to the solution of
differential equations was made by Bellman and Kalaba (1965),
Let us write the inviscid solution 32‘ as the vector Xg where

2

22 18 gilven by

= (4, , 4,7, 4, 19, & 110), (5.1k)

and the vigcous solution 32' as Xh where Xh is given by,

L
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o - ‘ & ’ . 23 .
v, o= (u u, Y, u, 'ty om, 1Y) (5.15)

The method of «. ubion iz to first obtain the viscous

solution V;» This can sither he evaluated for one integration

step or across the range of integration and the values stored.

Cvisecous solubion is then normalised which we will denote by

3&? that is,
—
W =TV T (5.16)
N
We now form the purified inviscid solution by setting,
V=AY
- "vg "u).&
V? = (5.17)

Vo = 0l
where the complex scalar X is given by,

b fons ps k3
“ X2@'¥h

where the star denotes the complex conjugate, The value of A

may be evaluated at each step of the integration. The solutions

yp and XM now represent the linearly independent inviscid and

viscous solutions to the equation.
A numerical example of the above technique for a wholly

real differential equation is given in Appendix A,

5,2 Numerical Calculation Procedure
The numerical integration method chosen was the standard
Runge-Kutta scheme with error minimisation developed by Fyfe

(1965), Tt was found that the accuracy of the integration

e
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could be easily checked by altering the step size and comparing
.

calculations., Two numerical procedures were used in all; the
first which checked - e step length accuracy and recorded the.
required step length: the second used thig information in an
unchecked numerical integration which saved computation time,
The integration is started from above the mixing layer
where the exact solubions are known., To start the integration
the coefficients A2 and AM’ {equation (5.7)), are set equal to

unity, I the starting value of »¥ is nl* then the starting

conditions on u and u are

& 2

- ey ¥y # o .
u, = e - > Uy b= “a*uz ) 32 o= a*zaz 5 ﬁg Y = *@*332 . (5.18)
“p 2 2 2 2 2 2 ‘
and
s p ”‘% & . ' .
gg = b1 3 U.,.‘f = Phaz 3 g.? v o= Ph23~? 2 {32 o= Ph:%g? s (5019}

b I b “k "l L I

where primes denote differentiation with respect to n¥.

For large values of Reynolds number the starting values
of g?h and its derivatives are very small, To prevent floating-
pvint;@ve?flow occurring when the vector Xh is normalised it is
convenient to multiply (5.19) by a suitably large constant
throughau@? The solution Xh tends to grow very rapidly as the

integration proceeds unless some scaling procedure is intro-

duced., The normallsation. of Xh at every integration step, which

by

is required for the orthonormalisation procedure, prevents

overflow of the viscous solution and no scaling factors are

reguired,
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When an integration step is completed the solution T ig
normalised and the nev ° rthogonal vecﬁof'ig is calculated, ..
the eigenfunctions are required the same transformations have
to be performed on the preceding values of ié and Eﬁ. However
if only the eigenvalues are required the time is saved if this
vackward transformation is not performed.

When the linearly independent solutions'ig and iL have been
caleulated completely across the layer the boundary conditions
below the layer must be applied to form the eigenvalue problem.
T,et the value of n* at the finish of integration below the layer

be ngﬁg Then at this point we have from equation (5.9)

a*nz*
Uy ‘ 1 1 1 1 B, e
1 * I —
Uy o o q3 q3 B2 e
= (5.20)
q.n,*
- 2 2 2 2 32
f% * % B
U ¢ . 4 943 3 €
.—q n *
R X %3 3 3 _.3 32
Uy o o q3 a5 Bh e

Fquation (5.20) may be inverted to give four equations for

Br in terms of u, and its derivatives, The equations for BP and
L -~
Bh are
(a%*n *)

- et et o kS m g 2 h s g g f c

BQ % ) %2 {dg o u2 q3 u2 o q3 u2} (5.21)
(20% g7 @ ))
and
(ayn,%)
B, = e 22 {0,917 = q, u,'" - o 41 + g o2 T (e oo
2 2 2 3 ol (5.22)
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aze we xeep w and R constant and again alter the value of c,

We may rewrite equation (5,25} as

By
T
(BQ)II

i

(R, o, ¢) = (Bh>

o]

I . (Bh)II (5.0%a)

The search for the zero of Bh can be found by linear interpolat o,
As we are altering the value of ¢ only for a specific set of
values of o and R, or v and R, we find the change in BA made by

a small change in ¢ of 5c? Then for any other small change in

¢ of Ac we may write the value of Bh as,

B,(C"i*,ﬁc)‘*f Bh(c)

Se N

NS
%
{
ON
p—

B, (c + 4c) = B, (c) + Ace (5

In order to make B&(c + Ac) zero we must therefore choose Ac

such that

wmg;fg7““" ~ 1} Sc, (5.27)

AC:“")\‘{

where X is a factor that enables the computer to take large or
small steps towards the minimum depending on the variation of

B,
is)

L with co The value of ¢ is then replaced by ¢ + Ac and Sc by

whc where y acts in the same way as A to reduce to step size
a5 the minimum is reached,

When the computations were performed it was found to be
very difficult to make BM exactly zero., Instead the program
compares successive values of ¢ and when two such values are
within a gvecified 1limit then the interpolation is stoppede
It was also found that for high Reynolds number the program

would only converge if the initial guess at the eigenvalue is

,._,98.,,



very close to the actual eigenvalue,

This problem was also

encountered by Sharma (1968} who developed the following scheme

of inverse Langrangian interpolation which proved to give
nigher accuracy and faster convergence of the eigenvalue,

A number of values of B, for various values of ¢ are
+

caleulated and these values are used to generate a power series

of the form,

n
- ] L.(E>(Bh).cj5

+1 )
nrlL o J
n
I
w7l b {n} Y ixo
where Lj (B&} =
11
i=o (Bh,
J

pairs (C o B},; )3 (Clg Bh )g eveoonebeCRes (Cng BL!» )a
o .

1

n

(5,28)

(5.29)

(5.30)

ig the nth Lagrangian coefficient formed for the (n+1)

We are seeking the value of ¢ for which B), is zero., Thus

D

Y¢

i

14

n
n AR T 7
Cas1 .z Cj (-1)" 1??
I j;; (thw REEE

set B, = 0 in (5,30) and substitute into (5,29) giving,

(5031)

Equation 5.31) provides the next value of ¢ to be used in the

solution of equation (5.1).
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In the compubations three values of ¢ are used to start
giving three corresponding values of Bh and equation (5.. .. -.
used to determine the new value of ¢, The corresponding value
of B, 15 calculated and the four sets of values are then used
to deterrmine another value for c, The convergence in our

celeulations appears to have been more rapid than that of Sharma.

An exsmple of the convergence of BM to a minimum is shown in

e 10 for a typical set of values of R and o, The surface

as & function of complex variable ¢ exhibits a sharp

vipum at the elgenvalue hubt outside the minimum the surface
gradually slopes away. LI points are chosen outside the
immediate ares of the minimum then the interpolated new value

of ¢ will not be closer to the eigenvalue and the procedure

not converge.,
In the next sectlon we will review previous work on the

stability of free shear layers.

Review of Studies of the Stability of Free Shear Leayers

A
L)
(¥

The investigation of the stability of free shear layers

was initiated by Lord Rayleigh (1880). He considered the

shear layver with & mean velocity profile given by,

(1 v o> 1,
U WE v -1 <y < 1, (5.32)
{(~1 v < 1

He assumed that the value of U'' was finite within the layer

H [
v = 1 + ¢ and that u, was constant. Integrating the inviscid

Y

- 100 ~



stability equation showed that the value of (Umc)ﬁz’ - U

2
at y = 1 = ¢ must equal its value at 1 + g, This lead to
an expression for ¢ of the form,
2 1.2 1 -l
¢ =(l"“~§*) - (=) e *. (5033)
o hag

These values of ¢ agree qualitatively with those obtained for
continuous mean velocity profiles, The eigenvalues and ampli=

fications for the profile (5.,32) are sketched below.

e,

Figenvalues and amplifications for discontinuous profile,

equation (5,32)

Following Rayleigh's work the problem was not tackled again
until 1950, when Lessen (1950) cqnsidered the free boundary
layer between parallel streams, He solved the complete Orr-—
Sommerfeld eguation using an expansion method similar to the
one used to obtain the mean velocity profile., His calculations,
and those of subsequent workers, showed that the unstable
properties of the shear layer were very nearly independent of

Reynolds number for large values of Reynolds number. fHsch (1957)
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considered the stability of a free shear layer with a piecewise
mean velocity profile? He showed that the neutral curve
approached the origin with o = R x const. This indicates that
there exists no critical Reynolds number for the free shear
layersé quever for low values of Reynolds number the assumption
of parallel mean flow is not valid as the variation in the mean
velocity profile in the x—~direction may be importanté We will
discuss this problem in more detail a little later. The inviscid
shear layer has also been studied by Michalke (1964) who con-—
sidered the disturbance vorticity distribution. He showed that
for neutral disturbances a single concentration of vorticlty
existed within a single wave length forming a stable cell~like
structure. However, for the case of maximum temporal amplifiw
cation two distinct concentrations existed within one wavelength,
If these vorticity distributions are considered in terms of
eddies then the instability may be seen as the rolling over of
one eddy on another. The preceding investigations have all
considered temporally growing disturbances as were assumed in

the classical stability theory. In order to compare the results
for temporal growth rates obtained theoretically with experimental
results, a number of researchers, Schade and Michalke (1962) and
Sato (1959) have used the disturbance phase speed to obtain
spatial growth rates. The agreement was fair comparing wave=
numbers and growth rates, cher factors such as the eigenfunction
for temporal amplification, was contrary to that predicted from

experiment. As we have seen in Chapter 4, Gaster concluded that
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the phase velocity would only be used when the wave system is
non~dispersive, which is nearly the case in boundary layers.
Direct numerical calculations of the spatial growth rates
involving complex wavenumber and real frequency have been made
by Michalke (1965) for the inviscid shear layer, Betchov and
Criminale (1966) for the inviscid jet and wake, Lessen and Ko
(1966) for the viscous incompressible half jet flow and Ko and
Lessen (1969) for the viscous full jeto The calculations by
Michalke cqmpared very well with the experimental results of
Freymuth (1966) and Browand (1966), The growth rates and
wavenumbers corresponded to the transformed values using
temporal amplification., However, the essential features of the
instability such as the distribution of the ul—fluctuation,
which exhibits a phase reversal for one stream having zero
veloeity, were also predicted? As we have noted, no critical
Reynolds number is predicted using a parallel nean flow
assumption. We will now discuss the modification in the growth

rates caused by a non-parallel mean flow,.

504 The Stability of Non—Parallel Flows

The non—~parallel mean flow problem was treated analytically
by Lanchon and Eckhaus (].96&),_a They concluded that for free
shear flows only the inviscid 1limit obtained from the quasi-~
parallel flow assumption was correct and it would be essential
to take account of flqw divergence when viscous terms are
included, They also noted that the asymptotic theory of
weakly divergent flows is analytically little more complicated

than the classical theory,
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Ir our direct numerical integration cf the stability
equation we need to take account of the effect of flow diver—
gence, Lessen and Ko (1966) and Lescen, Farpavat and Zien
(1969) proposed a relatively simple method of correcting the
stability curves in non—parallel flows. Though we shall note
that some of their results are anomolous, it is felt that
their basic argument is justified,

Lessen et., al. argue that in lirnear stability theory it
is the interaction energy between the disturbance and the main
flow that plays a role in the stability of the flow., Let us
denote this interaction energy by E(x,y,t) which will depend
on the products of the disturbances. If we denote two such
disturbance terms as p{x,y,t) and q(x,y,t) then their Fourier

transforms are,

g(y;k,m) = — exp [=i(kx = wt)} plys;x,L) dx db
(2'” )c..

and

a(y;k,w) = z;»52 exp {=i(kx - wt)} qlys;x,t) dx dt,
2m

where k is the wavenumber in the x~direction and w is the
angular Trequency., The Fourier trancform of the energy term

will be of the form of the product of the two disturbances,

G(ysk,u)oBlysk,w)
:L by . . €
= == exp {=i(kx - wt) dx dt plx',y,t"),
(2m)
e —o (5.3k4)

a((x=-x"),y ‘t=t')) dx' dt!'
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Thus we may write the transform of the interaction energy as,
X

* 1 . -
Blysk,n) = " J j expl{~i(kx =~ wt)} E(y;x,t) dx dt (5.35)
(pm)”

-

Let the energy density per unit width be given by e(y;x,t) with
. )
its transform e{y;k,w).

Then we may write,
9. LaB_1dv (5.36)

where V is the volume @ccupied by the disturbances, Let us
assume that as the change in the volume V depends on the growth

of the layer then we may write,

14V 1 4
Vdx = & dx °? (5.37)
where f 1s the width of the mixing layer for lamirar Tlow such

that,

1oag 1
T oax - o o (5+39)

Making use of equation (5.35) we see that

Rl ’ (5:40)

where ki 15 the imaginary part of the wavenumber k.



Substituting equations (5,39) and (5.40) into equatiorn (5636) we

obtain,
1 ode 1
e =k 2% (thl)

Non~dimensionalising this equation with respect to the reference

length & and a reference energy density €, We obtain,

Lode* L1 (5.k2)

A*‘
where e* = gfe . g, = kiz and

From equation (5,42) we see that the growth of the region has
led to the inclusion of a term, (QRQ)ml, which reduces the
amplification factor found from parallel flow assunptions, Thus

for spatial amplification we may write,

\ = ...].:._
Qi)nonnpara,llel - (“i)parallel * 2R, (5.43)

&

This result is the same as that obtained by Lessen and Ko (1966),
However, it is interesting to note thar if One assumes a wavew
like form for the disturbances g priori, then the intersction
energy will have an exponent of twice that of the disturbanceé
However, making use of the Fourier transform, as we have seen
above, eliminates this problem,

Let wus now consider the effect of a divergent flow when
one considers temporal amplification. Using a similar technigue

to that above we may write
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-
1 de* _ 1 dx*
&% at®¥ T %°1 T 2R, Gt¥ (5.hh)
In their discussion of the problem, Lessen et, al. (1969)
*
set %%% equal to unity which implies that the disturbances are

travelling at the meanreference velocity,

« .
Let us set g§§~ = c¥, a non—dimensionalised velocity which

represents the translation speed of the disturbances. We may

then write,

o¥
(aci)non*parallelw {aci)parallel 2R2 (5:45)
The neutral stability curves for either spatial or temporal
amplification must be identical in the non—divergent case as
well as the parallel case, Making use of our discussion of
spatial amplification in Chapter L, we may usefully multiply
ow
equation (5.43) by - 5&£~ to obtain,
r
oW dw dw
r : r 1 r
o — = L, e—— [ T S o
(ul Bar)non~parallel (al aar)parallel QRQ aar (5.46)
Now from equation (4,72) we have,
0
1 Dw
NSO (ho72)
o go.
i r
s

where the subscripts T and s refer to temporal and spatial
amplification respectively, From equations (5.45) and (5.46)
with (4,72) we may see that

dw
c¥ = —E = Cg’ the group velocity? (S?MT)

.
r
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In the case of a non-dispersive wave system the group velocity
will equal the wave speed given by

W

= X
e, == (5.18)

r
r
Thus we may see from the preceding discussion that we may only
calculate the correction in amplification factor for the temporsal

case when the system is non—dispersive and then we have,

c

(ac;) e (5.49)

(a parallel - 2R2

Ci)non~parallel -

505 Results and Discussion

In this section we will present the numerical results for the
stability of a mixing layer between two streams. Calculations have
been performed for the two cases of temporal and spatial amplifi-
cation. The results for the temporal case will be presented first
and comparison will be made, where possible, with the results of
other researchers,

5e¢5e1l Eigenvalues and Eigenfunctions for the Temporal Case

Calculation of the eigenvalues for the temporal case were
made for the laminar velocity profile calculated in Chapter 3
for the mixing of two streams with finite velocity. The velocity
ratio of the two streams was 0?617 The eigenvalues for various
wavenumbers and Reynolds numbers are tabulated below? The results
of Esch (1957) indicated that for values of oR » 100 the resulis
of inviscid theory were found to be a good approximation to the
viscous results? Calculations were thus made at a value of

Re = 500 so that comparison with the results of inviscid theory
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and calculation could be made§ The value of 500 was chosen
30 as to clearly meet the requirement of Esch ard also so that
computations could be faster than if s higher value of Reynolds
ﬂumber had been chosen9 The eigenvalues were evaluated by
integrating between values of y/eof +2 and ~2, with a step
size of ?OOS. In all cases the computation was completed when

successive values of the interpolated eigenvalue differed by

less than 10“7.

Table IIT,

Numerical Results of the Calculations,

RG o ., c; ac,
560 2 L,068748 . 34936L 069673
560 ol L,070216 +189218 075687
560 55 L,071635 073067 -0L0187

10.0 .2 L,068189 A7h3k3 .09L4 869
10.0 oL 4.,070206 350662 »140265
10.0 .6 L,072800 . 223019 2133811
- 10.0 .8 4.075939 .098330 078684
12.5 2 h?068031 509870 .101974
12,5 ol L.070301 392735 2+ 15709k
12.5 .6 h?073127 »269509 .161705
12.5 .8 k.076k6k .1&8938 119151
15.0 .2 L.067927 .537h36 .107h87
15.0 ok k070428 -42k085 -16963L
15.0 .6 L.073kk7 303373 182024
15,0 .8 L,076943 .185258 148207
15.0 1.0 4.,080973 071291 071291
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R o c C. ne.

8 r 1 1
500.0 0.1 4.,0687k1 876765 087676
500,0 0.2 u,o72069 . 808464 .162.693
500,0 0.k L,076671 667809 26712k
500.0 0.6 L,081002 .538959 » 323375
500,0 0.8 L,08557L che1kss 337166
500.0 1.0 L .090603 0312914 312914
500.0 1.2 k096279 .211166 .252399
500.0 1.3 L ,099L2l 162251 .210927
500,0 1,k 4,102813 114379 .160131
500,0 1,5 Lo106LTL .0673k7 101020
500.0 1,6 Lo110kh) 02099k .033501
500.0 1.7 ho11k761 ~.02L83h -.0k2218

The temporal amplification factors ac,, are shown
graphically in Figure 11 as g function of the wavenumber,
The calculations of Betchov and Szewezyk (1963) for a
hyperbolic tangent representation of the mean profile are
shown as a dotted line. The results of Rayleigh (1880)
for the mean velocity profile given by equation (5932) are
also plotted. These two calculations are for the inviseid
shear layer. It can be seen that for low wavenumbers the

amplification factors are nearly independent of the mean

profile shape. This agrees with the work of Esch (1957)
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and Michalke (1969). Esch comments that at low wavenumbers the
wavelength of the disturbance will be large compered with the
width of the shear layer and the disturbance motion will spread
deeply into the uniform streams outside the shear layer, Under
these conditions the individual mean velocity profiles will all
appear the same and the amplification will be independent of the
profile shape. However, at high wavenumbers the individual mean
velocity profile greatly affects the stability characteristics
of the shear layer. It can be seen that at a Reynolds number of
15 the maximum amplification factor is 55% of the maximum value
at the high Reynolds number. It will be seen later that when
corrections are made for the flow divergence then the smplification
factors at low Reynolds numbers are reduced,

Curves of constant amplification factor are plotted in
Figure 12, It can be seen from the figure that there exists
no critical Reynolds number, that is no Reynolds number below
which no amplification occurs. In his analysis of the insta-
bility of the shear layer with mean velocity profile given by
equation (5.32), Esch (1957) showed that for small wavenumbers
a form of the secular determinant equation (4.11) led to a
geries in (aHe)%, for the neutral stability case. Equating the
first non~vanishing term in the series to zero yielded the

equation,

q

Lo + (6% )7 5 (6% )2 - (6% 1) 0, (5.50)

of-

2ifs + (6= 1)

1

where § ='on/(ocRe)§o For positive real & this equation has the

single root,
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§ = ,380,

Nofet -

The equation, a = ,380 (aRe) , (5.51)
1s plotted in Figure 13 and compared with our calculated neutral
stability curve replotted as a function of (aRe). It can be
seen that for values of aRe < 1 the agreement is good, This also
serves to demonstrate that for low wavenumbers the velocity
profile shape does not affect the overall stability of the shear
layer. It is interesting to note that our calculations give no
indication of a peak in the neutral stability curve about (aRe)
15 as was calculated by Esch. The monotonicity of the curve
is later demonstrated again for the case of spatial amplification.,
The wave speed c. = wr/ocr is plotted as a function of wave—
number in Figure 14, It can be seen that for the case of an
assymmetric velocity profile the wave speed is a fanction of
wave numver, For symmetric profiles it may be shown that the
value of c. = H{U(0) + U(~0)} = U« That is that for a symmetric
profile ¢, = 0. In this case U(-y) = -U(y) and if we replace
Y by =y in the Orr-Sommerfeld equation we obtain,

‘“iV_‘ _ 26,,_ )44\__
u,” (=y) - 20 ' '(-y) + a u, (=)

= =daR[(U+e) (B, (-y) = o &,(5)) = v §,(-n)] (5.52)

Then if we put y(y) = ﬁg*(~y), (see Tatsumi and Gotoh (1959)),
where the star denotes the complex conjugate, then taking the

complex conjugate of equation (5.52) leads to,

Xiv - 207 ' o+ ahx = 1oR{(U + c*)(y'* - agx) - U''x}, (5.53)
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which equation in y(y) is identical with the Orr-Sommerfeld
equation for ﬁq(y) when ¢ = ~c*, If for a given o and R
there exists a unique solution then the eigensolutions y and ¢

must be equal and ¢ = -c¥*, which leads to

(o4 = O. <5a5h’)'

From Figure 14 we may see that for low wavenumbers the value
of c. is approximately equal to the average velocity of the
two stresms, again showing the lack of influence of the profile
shape at low wave numbers.

The eigensolutions ﬁg(y/e) and their first derivatives
are plotted in Figures 15(a) and (b) and 15(c) and (d) for
several wavenumbers and a value of Re = 500, The functions

have been normalised such that ﬁz =1 and ﬁﬁ = 0 when (y/0) = O.
s
r i

It is interesting to note that the distributions are not
symmetric about the x—-axis in the temporal case., The derivative
of the eigenfunction is related to the axial velocity disturbance
through the transformed equation of continuity,

oA
lu
2

(5.55)

3
u -
1 o

The amplitude distributions of axial and transverse velocity
fluctuations are shown in Figures 16 and 27T respectively., The
distributions have been normalised such that the value of [3112

is unity for y/6 equal to zero. We can see that the axial
velocity fluctuation distributions exhibit three distinct peaks.
The magnitude of these peaks increases as the wavenumber increases.
By comparing Figures 16 and 17 we can see that the relative magni -
tudes of the axial to the transverse fluctuations decrease as

the wavenumber increases.

- 113 - A.



The relative phase and amplitude of the computed eigen=~
functions and derivatives for two wavenumbers are shown in
Figures 18 and 19. For a wavenumber of 1.0 the two outside
peaké which occur on the [Glle distribution may be seen to
be approximately 7 radians out of phase with each other, For
the same wavenumber the central peak in the distribution is
n/2 radians leading the peak at negative y/6 and w/2 radians
lagging the peak at positive y/6. As the wavenumber decreases
80 the phase difference between the three peaks increases.

We will now consider the results of the calculations for
spatial amplification. Subsequently we will evaluate the
corrections to the stability curves for divergent fiow, then,
where possible, compare the results of computations in both the

temporal and spatial cases with other theory and experiment.

2eDe2+ Elgenvalues and Eigenfunctions for the Spatial Case

Calculations made for the spatial case were performed at
similar Reynolds numbers to those of the temporal case. For
the reasons given in the previous section, the maximum value
of Reynolds number chosen was 500, The elgenvalues were
evaluated by integrating between values of y/6 of +2 and -2,
with a step size of -005. The same limits of convergence were
used as for the temporal case., The eigenvalues for various

frequencies and Reynolds numbers are tabulated below,



Table IV Numerical Results of Calculations — Spatial Case

‘R I ¢ c. o 0.

] r 1 r 1
5.0 .25 L,059658 468662 060772 -,007016
5.0 .50 h,057A60 414033 <121960 -,012L45
5.0 .75 u,055135 2362751 .183482 -.,016413
5.0 1,00  4.053769  .312k16 .2h5227 -,018899
5.0 1.25 4,053587 262667 .807079 -,019898
5.0 1,50 L.,0ske12 213512 368926 -.019427
5.0 1.75 L.056799  .165028 14130662 -.017519
5.0 2,00 L4.,060076 @ .117287 492191 -,014218
5.0 2,25 L4,06L4363  ,0703LL 553426 -.009578
5.0 2.50  L,069582 024235 614292 -.003658
5.0 2,75 L4,075657 -.021022 6TUT20 003480

10,0 .25 4,063003  .542055 06045 -,008065
10,0 »50  L,0599L45  ,516489 .121193 -.015418
10,0 75 bh,05582k . L8LLOO .182319 -,021775
10.0 1,00  L,052309  .kk8L53 .2L3787 ~.026979
10,0 1.25  L,049801 410550 305520 -,030957
10.0  1.50  L,0LB8382  ,371126 . 367431 -.033683
10.0  1.75  L.0k8026  .331h2k Lh29k31 ~.035159
10.0  2.00 héoh8665 «291658 ?h91huo -.035L02
10.0  2.25  L.050216  .252093 »553382 ~.034LhYy
10.0  2.50 h,052601 »212900 .615190 -.032318
10.0 2,75 L4.05574L3  .17L189 .676802 -.029068
10.0 3,00  4,059576  .136027 738165 ~.02473h
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C

C.

o

Q.

G r i r i
10.0  3.25 L.0640kL3 .0984 54 . 199227 -,019362
10.0  3.50 4.069093 .061kg2 859546 -.,012996
10.0 32,75 b, 07L68Y .025147 .920282 ~.005679
10.0 hfoo 4.0807T79 010582 ,980198" .0025L2
12,50 .75 L4,056048 .519310 .181927  -,023293
12,50 1,50 L, 0h702) Al12710 +366828 -.037409
12.50 2,25 L,obk7373 .297750 552924 ~.0L067T
12.50 2.00  L,055179 -185103 738257  -.033699
15.0 .25 L,064982 .58Lk232 060256 -,008660
15,0 250 L,0612L5 « 571603 12072k ~.016991
15.0 .75 4.056151 546030 .181607 -, 024470
15,0  1.00 L,051677 515140 . 242885 -.030881
15.0  1.25 L ,048266 480384 304487 ~.036132
15,0 1.50 L, 0L5994 uL38sk »366328 -.040187
15,0  1.75 L,0kL815 1064 T2 128327 -.0L30L4
15,0 2,00 b OkL6ELs 368801 hookol -.0kl716
15.0  £.25  L,045386 331190 552486  -,0L5231
15.0 2,50 Lk, 0Lk6950 .293861 614509 -, 0bh621
15.0  2.75 L, okgas2 «256952 L6T76L1L ~,042923
15.0  3.00 4.,059920 .149k33 .860920 -.031688
15.0  3.75 h,064553 114756 »921876 -+ 026028
20,0 75 k056111 . 587137 .181111  -,026217
20.0 1,50 4. OkLL3L -1881L5 .365555 —.0kh121
20.0  2.25 k042706 2 37TT5k0 «5517Th6 -,051526
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R w c e. o, o.

5] r 1 r 1
20.0 3,00  L.0L8436 268007  .737772  -,0h900L
20,0 3.75 4.,059543 165211 . 920200 -.037532
20.0 5,00  L4.086860 -004075  1.223432  ~,001220

500.0 0,10 4.068019 -881803 .023478 ~.005089

500.0 0,15 L,067089 .89h179 .035181 -.007735
500,0 0,25 4, 062960 .895915 .058678 ~-,012939
500,0 0,50 4,053139 .865303 -11798L ~-,025188

500.0 0.75 L,0L5608 .823418 .178012 -.036231
500.0  1.50 4,033164 .692261 .361273 ~.062010
500.0 2,25 4,031221 +569186 . 5h723) -,077266
500.0 3,00 4.03596L 156336 73393k ~,082984
500.0 3.75  L4,045310 352752 .92000k  -,080225
500.0 5,00 h9667968 2196176 1.226263 -.059136
500.0  5.25 L.073400 .166850  1,286691 -.05270k
°00.0 5,50 k.079111  ,138093  1.346790  -.0k550)

500.0 5,75 4.085103 -10988L  1.L06536 ~.037834
500.0 6,00 4,091371 .082173  1,465910 ~-.029k4k2
500.0 6.25 4.097918 -05LoLY 1.524891 ~.0204L5
500.0  6.50 L,10L7L6 028175 1.583458 -.010869
500.0  6.75 h,111857 .0018k46 1.64159% -.000737

The spatial amplification factor, —0s is plotted against
frequency for several Reynolds numbers in Figure 20. Also
shown in the figure is the amplification curve for the temporal

case simply transformed for comparison with the spatial case.
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The spatial amplification factor, —0s, and the temporal factor
~aci/cr may be seen to coincide very closely., This, as we will
discuss later, is unlike the results of Michalke (1965) whose
calculations produced only broadly similar curves for the case
of an anti-symmetric mean velocity profile and one free stream
at rest. Curves of constant amplification factor are shown in
Figure 75 as a function of wavenumber and Reynolds number. As
may be seen from an inspection of the eigenvalue problem in
both the temporal and spatial cases, the neutral stability curve
is the same in both. In the neutral case the wavenumber, fre-
quency and eigenvalue are all real. Also shown in the figure

is the curve

° = By (5.56)
which is the neutral stability curve at low wavenumbers derived
in this form by Tatsumi and Gotoh (1960) being equivalent to
equation (5.51),

The wave speed wr/ar is plotted in Figure 22 as a function
of frequency for several Reynclds numbers. Also shown for the
high Reynolds number case is the corresponding wave speed curve
for the temporal amplification case., The noticeable difference
between the two cases is the rise in the magnitude of the wave
speed in the spatial case at low frequencies, However, it is
to be thiced that there exists a maximum value of wave speed
of 4,2633, In fact the wave speed in the spatial case varies
between 50 and 60 percent. of velocity difference above the

veloecity of the lower velocity free stream. In his calculations
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for the separated shear layer, igef U, = 0, Michalke (1965),
using inviseid theory, calculated that at gzero frequency the
vave speed equalled the velocity of the free stream Ul’
The eigenfunctions and their derivatives are shown in
Figures 23(a) and (b) and 23(c) and (d) respectively. As in

the temporal case the eigenfunctions have been normalised such

that ;2 = 1 and ﬁg = 0 when y/6 = 0, It is interesting to
r i

note the close correspondence between the eigenfunctions in
the temooral and spatial cases at approximately corresponding
wavenumber and frequencies. Thig may also be seen in the
amplitude distributions of axial and transverse velocity
fluctuations shown in Figures 2); ang 25 respectively, The
relative phase of the alfluctuation is shown in Figure 26 for
several frequencies. It can be seen that the overall phase
difference across the layer is less for the higher frequencies
than the lower. Also the major phase change, whish occurs
towards the centre of the mixing layer, takes plarce over a
narrower region for the higher frequency fluctuations than for
the lower frequency disturbances. Also shown in the figure is
the calculated phase distribution of ‘Freymuth (1966) and
Michalke (1965) for the case of U, = 0 and inviscid flow. In
their caleulations of the spatial case they found a sharp
pPhase reversal corresponding to the sharp minimum in the ﬁl
magnitude distribution. This they also observed experimentally
and the reversal occurred at all frequencies. In our calcu-

lations of the spatial case we have found no phase reversal.
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It may be argued that the case of a mixing layer with one stream
at rest is the special case in the general problem of the mixing
of two streams with finite velocityf Only when both streams
have finite velocity can the assumption that the disturbances
are much smaller than the mean quantities be applied everywhere
in the flow. Thus one must question the validity of linearised
theory in the special case,‘ However, the calculations and ob-
servations of Freymuth do coincide. We may argue that by posing
the eigenvalue problem as in equation (5.6) the results for
spatial and temporal calculations will coineide as U2 tends to
equal Ule We may see this if we consider the imaginary part of

the frequency which, for spatial amplification, is to be zero,

The imaginary part of the frequency is

Ws = @g.C + o_c.
1 ir r i

Meking use of equation (5.6a) we may write this as,

U
= * *
a. toge ¥+ e, (5.57)

w 5
i i U ir
d

For spatial amplification w, = 0, oy 1s negative and ci* isg
positive, Thus for positive real part of wavenumber we

have,

o)
o, = ~{a ¢.% + g.c *).”g'
1 r i ir US

Now for antisymmetric or nearly antisymmetric mean velocity
profiles the value of ¢, ® is either identically zero or close

to zero respectively. Thus we obtain

(5.58)

O, = =g c.¥
i r i

G]dﬂ

S
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Assuming, as the calculations indicate, the values of o, and ci*‘
remain finite as U2 tends to Ul then towards the limit as U,
tends to Uj, a; tends to zero. That is the spatial and temporal
cases tend to coincide. Thus one would expect that the results
for the spatial case will change from those for the spatial case
of U. = 0, calculated by Michalke, to those of the temporal case

2

as U, tends to U

5 As of yet there exists no experimental

1°
verification of this as all experiments on the transition of a
free shear layer have dealt with the case of U2 = 0,

Experimental results have indicated that the mode which
dominates the flow in the region of validity of the linearised
theory corresponds to the mode at the frequency at which maximum
amplification occurs. From the results of Michalke (1965) and
Sato (1956, 1959) for the case of one stream at rest, it may
be inferred that the spatial amplification case is to be con-
sidered. The distributions of the magnitude of the axial and
transverse velocity fluctuations are shown in Figures 27 and 28
respectively for cases of both temporal and spatial amplifi-
cation? The results have been normalised such that !ﬁll2is
unity when y/o is ZEero. It can be seen that the differences
between the two cases of amplification are slight. The maximum
amplitude of the axial velocity fluctuation is larger in the
spatial case, though the maximum amplitude of the transverse
velocity fluctuation is greater in the temporal cases We
may also note that the minimum in the\!alig distribution occurring
towards the lower velocity stream has a lower value in the

spatial than in the temporal case. This may suggest that, as
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we have argued above, this minimum will continue to decrease as
the value of U2 decreases until, when U2 = 0, a.phase reversal
will be evident? The two outside pesks in the tﬁllg distribution
occur at the very edges of the mixing layer as may be seen from
the mean velocity profile plotted in Figure U, The peaks occur
at 8f5 percent? and 9975 percent, of the velocity é[iffe)c'ence.7
This corresponds to the results of Freymuth who also noted that
the outside peaks move inward as the frequency increased, The
maximum value of the [31[2 fluctuation 1s approximately twice the
maximum value of the lﬁgf2 fluctuation in both cases.

From equations (5.7) and (5.8) we may see that for high

+

Reynolds numbers the eigenfunction will behave as u, o ehgy
as the mean velocity approaches that of either stream., The

sign of the exponent is chosen such that the function is bounded.

From equation (5.55) we may then write

o~ . oA
u, ® 1 u
1 2

i

e [3]?

%, % . (5.59)

This result holds in our calculations for v/8 > 1.3 and y/6 <
1e3. The values of f'(y/8) at these values of y/§ are +1,0

and 0.9 respectively.

5¢5.3. Corrections for Non-Parallel Flow

The elgenvalues obtained for the parallel flow case are
modified for the non-parallel flow case according to equation
(5.,43) and the modified curves of constant amplification factor

for the gpatial case are plotted in Figure 29. As may be seen
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from equation (5.43) the correction is a function of the Reynolds
number and decreases as the Reynolds number increases, It may be
seen that the modification for non-parallel flow has 1éd to a
non-zerc value for the critical Reynolds number. This value is
12f3 and agrees with the value of RCRIT of 12 calculated by Lessen
and Ko (1966) for the half-jet flow. We have seen from the
comparigson of the spatial amplification factors and the temporal
amplification factors divided by the wave speed that the argument
leading to eguation (5.49) may be tentatively applied in these
calculations. Making use of equation (5,49) the curves of constant
awplification, modified for nor—-parallel flow in the temporal case,
are plotted in Figure 29, As in the spatial case a non-zero value
of critical Reynolds number of 12.3 is obtained. This is to be
expected due to the coincidence of the neutrsl cnrves in the
parallel flow case and the correspondance of the spatial and

temporal amplification factors.

5.6 Conclusions

In this chapter we have exsmined the stability of a mixing
layer between two parallel streams. We have seen that for the
case of both free streams having finite velocity the corresponding
eigenvalueé and eigenfunctions for both temporal and spatial
amplification are similar. When the two streams tend to have
equal Velqcity then the temporal and spatial cases tend to
coin:ci‘def We have noted that viewed in this way the problem of
U2 being zero is a special case of the general mixing problem

and its results do not apply when U2 is non-gero., Making use
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of a non-parallel flow correction based on the energy of the
interaction between the disturbances and the flow a critical
Reynolds number of 12,3 has been calculated.

In the next chapter we will consider the fully turbulent
mixing problem. It will be seen that equations of the type used
in this chapter to determine the stability of & laminar flow

may also cccur in the turbulent case,
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CHAPTER 6

‘A Model of the Turbulent Mixing Layer Betweéen. Two Streéams

In this chapter we will propose a model for the structure of
a turbulent mixing layer between two streams? Although the
mathematical analysis is similar to that in our previous dis-
cussion of the stability of the mixing layer, this analysis will
be duplicated in part in order that the two problems may be
considered entirely separately.

Firstly we will state the physical structure of the model
to be u.sed.}a In our subsequent mathematical derivetion the points
will be reiterated where they enter the mathematical model. It
is considered that the large scale eddies in the shear flow will
dominate the flow structure. These large scale motions are
related to the most amplifying disturbances in the flow. The
action between the large eddies and the mean flow causes further
growth of this scale of motion? The interaction between the
large scale motion is then considered to produce smaller scales
which contribute to a background turbulence., This background
motion may be connected with a turbulent eddy viscosity, which
may or may not take the same value as the eddy viscosity used
in mean flow analysis? The effect of the eddy viscosity is
to reduce the effective Reynolds number of the flow which has
a stabllising or amplitude limiting effect on the large scale
motions? Thus we see the model is closed and demonstrates
the dual rglé of non-linearity in turbulence. Primarily the

action between mean flow and large scale motions has a forcing



function effect on the turbulence., Secondly the interaction
between eddies leads to a background turbulence which reduces
the effective Reynolds number and 1imits the amplitude of the
disturbancesf

Let us now derive the governing differential equations for

the problem,

6.1 Governing Differential Equations

Let us consider the mixing of two parallel streams of
veloeity Ul and U2 above and below the mixing layer. Let the
xl—co—ordinate lie in the initial direction of flow »f the two
streams and the xgwco—ordinate be across the mixing layer. Ve
will assume that the mixing begins at the origin and that the
mean flow is two—dimensionalf As the analysis associated with
the derivation of our final equations is very complicated it is
thought to be useful to introduce two assumptions at this stage.

We will firstly assume that the mean flow is parallel., In
our discussion of the stability of the mixing layer we have seen
that the growth and form of fluctuations in a non-parallel flow
are very similar to that in a parallel flow except at low
Reynqlds numbers. In the case of a turbulent mixing layer the
Reynolds number of the flow is high enough such that the assump—
tion of parallel mean flow will not affect our predictions of
ﬁhe turbulent structure? We will also assume that the disturb~
ances in the flow are two~dimensional§ Though it is recognised
that the fluctuations in the flow are three~dimensional it will

be assumed that the dominating motions are in two dimensions.,

- 125 -



We have seen that in the problem of stability in a mixing layer
the dominating disturbances are two-dimensional, that is the
more oblique the wave is the less fast will it grow. We will
see in our discussion of the turbulent flow case that similar
differential equations govern the fluctuations in a turbulent
flow and in a laminar flow on the point of transition. Michalke
(1969) has shown numerically that this dominance of the two
dimensional mode applies whether fluctuations are considered as
having growth or decay with time or space. This assumption of
two~dimensionality could be introduced subsequent to our
derivation of the equations rather than here, but the increased
complexity of the analysis is not considered to Justify this
exactness,

- With the assumption of two dimensional disturbances, i.e.
u, = 0 and ~§-= 0, and the assumption of paraliel flow, we may

3 3x3

write down the two-dimensional vorticity equation in the form,

0 U o

o )
1.9 . e i e « T e e . - .
{at + axl v V7} wy u2§23 axi (ulw3 ulw3)> (6.1)

where we have introduced the fluctuating component of vorticity

wy = ;;g' - §§£ , ‘ (6.2)
4 ‘
and the mean vorticity vector QSO For two dimensional parallel
mean flow we have Ql = 92 = 0, and for two dimensional disturb~

ances we have wy = W, = O.

Let us introduce a fluctuating stream function ¢ defined

by,
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n =2 and u, = - W (6.3)

Then the fluctuating component of vorticity Wy is given by,

oy = vy, (6.1)

For two dimensional parallel mean flow the mean vorticity vector
Q. is given by

3

Q. = ~U (6+5)

Equation (6.1) written in terms of the fluctuating stream function

is then,
1 1 1 *2 2
(6.6)
J 2.2 2 Y
* X (V79 BK -V gx )
2 1 1
REquation (6.6) is a fourth order partial differential equation
for the fluctuating stream function . The boundary conditions
on the velocity fluctuations are
w o= u, = 0 when u, > oo (6.7)
The boundary conditions on the stream function may be more
clearly defined later, however, making use of equations (6.3)
we have,
2; = 0 as x, > i )
2 )
) (6.8)
and P o= W(Xg) as x, ¥ i )
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Let us introduce the Fourier transform of the fluctuating

stream function of the form,

PO -1 (k. x. = wt)
» 1 171
vlx,sky,0) = f J e

(2m)?

-l w00

w(xz,xl,t) dx, dt (6.9)

vhere $ is the Fourier transform of y, ky is the wave number in
the xl~direction and w 1s the frequencyf In order to assure that
the above integral exists we will assume that the fluctuating
vorticity, 3o is zero outside a region defined by X, = iXi and

t = +T, Then ¢ = O outside this region.

The Fourier transform of equation (6.6) is

> 2 ~ v oortiv o L
— 7 o — L2 [ A — 9
(U= et ~xgd) =009 - g (7= 2yt kg
= -z (B0 - <20 bl - - ) axaw
" Tk k(¥ Ky W) bl = Kgs 0 1
- K (&" - K 23) $'(k - ko aw — W)ed{w-w)dk
kl 1 1 1 1 ° 1
+ = ( (k, -« )(a"' - K 2&‘)$(k - K., W — wW)dk.dw
k) 17 1 17 K1 1
+ L (k.- « )(a"' - K 2&')$(K - kaa w — W) 6(w-w) dk
kl 1 1 1 1 12 1

Following Sharma (1968) we then obtain,

S

& & A 3 2 a L#“
(U — C)(l])" — k‘llﬁb) -t IP “'i‘l\i;j u}lvﬁ_ gkl wl' + k]_ w]
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i

+

i

[e <IN« ]

ii [ { [$"'(k1" Kys w = W) K1$(K1’W) -

Xy e 00

Fo

Klw(Kl,W) W'(kl T Ky, W w)] dKldW

o©

L
k

) I [$"'(kl - K, & = W) Kl$(Kl,W) -

OO

(k-

1 w - w)] S{w-w) dx

K

< 2

3
. 19
<" Gesw) 1 1

e ] 0o

J { a"'(Kl,W) $(kl~ Kyo W = W) dKldW

O (0

f $"|(K1,W) &(Kl“ Kps 00 = w) §{w-w) dKl

W= W) a'(ml,w) di., dw

i "1’ 1

fee]

e

)2

b

) {(kl“ Kl)($"(kl“ Kys 0 = w) - (kl~ 3

——CO

:D(kl“ Koy .= W)) :I"(Klaw) S{w-w) dx

4

1 1
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l,“w =) - (kl* Kl)2,$“(k1~ K

I

&
£t —
Ky (y (kl K 13

§ e 8

£
= |
=
s

w o= W)) a (Kl,w) dic, dw

8

.];- “Y?' s - o s 2“’
+ K Ky (p (kl Kys @ W) (kl Kl) w'(kl~ Kyp = w))
FUS
w(Kl,w) 8 (w—w) diy
= - P (e W) (D1 (= ks 0 = w) = (ko= k)2 Bk = «
1° 17 Ky 17 <) T
W= W)) dKldW
1 » @ 2
—_ %% - — — —
+ kl f J Klw(Kl,w)(w (kl Kys @ w) (kl Kl)
W(kl“ Kys 0 = w)) dic, Gw
+ = K a(K w)(a"“(k - k., w = W) - (k.= « )2
kl 1 1? 1 1? 1 1
&
w'(kl = Kys 0" w)) dKldW

+ ( )

where ( ) denotes the time average of the preceding
terms, The delta functions arise in the time averaged
integrals as these then lead to the Fourier transforms of

constants,
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Let us consider the right hand side of equation (6.10). The
integrand of the first integral is the product of the Uy~
fluctuation and the vorticity fluctuationf The integrand of the
second integral corresponds to the product of the vorticity
fluctuation and the derivative with respect to X, of the u -
fluctuation? The final integrand represents the product of the

gradient of the vorticity fluctuation and the u,~fluctuation.

2
We also notice that if the right hand side of equation (6.10)
is set equal to zero the homogeneous equation is the well known
Orr-Sommerfeld equation we have previously derived in our con=
sideration of the stability of the mixing layer,

TMemﬂuﬁﬂnofemmﬁon(édﬂ)inthefmmwmfmalisa‘
formidable task, the difficulty lying in the presence of the
non—linear terms on the right=hand side? We will discuss the
various previous treatments of the non-linear problem when we
introduce the problem of finite amplitude disturbances in the
next chapter? However, we will introduce a number of those
ideas here as an explanation in part of our method of solution
for the free shear layeré

A method of soluﬁion involving a perturbation of the mean
profile was used by Sharma (1968) in his work on the boundary
layer. Tf we assume that the vorticity fluctuations in equation
(6,10) may be taken out from the integrals then the velocity
fluctgations and derivatives alone remain in the integrands.

Then the integrals may be evaluated and combined with the terms

on the left hand side of equation (6,10). This can be shown
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to be equivalent to perturbing the mean velocity profile. Let

us return to our two-~dimensional model., The vorticity equation

= (

)

is,
3 ] 2 82U ~
(r+ U = W9, - . 22 = o — (. w U.w,) )
at axl 3 2 8X22 axi 13 i3 \
- (6,11)
Jw aw W Iw
3 3 3 3
== (u, ==+ u, —2) + (g, —2 + y. —2)
1 ax, 2 ox, 1 8x; 2 8x, )
We may rewrite this equation as,
2 oW
9 0 _ u° - su ___3
g+ W+ m) 5= -y Jog = uy (55 = 52) )
dw dw (6.12)
3 3 )
)

u + 1
1 axl 2 8x2

Writing this equation in terms of the stream function we have,

, 5 5 o
3 s 2 _ 3y (8%U 3% 3%
Gg * (U+w) 52 v)v?y x. Lot T e )

1 1 8X2 3X2 1772

)
)
) (6013)
8u1w3 8u2w3
== Bxl * 3x2 ) )

The right hand side of equation (6,13) represents the time-
averaged convection of vorticity by the turbulent fluctuations.,
The relative magnitudes of these time averaged terms may be
Jjudged by assuming that the vorticity is a transferable

quantity and may be expressed as,

21 4
) L, —, ,
dx,
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G 2
- 2>2 3%y
173 1 2
&y
—
where L, and L, are length scales. The values of (u22) may be
“ [a}

considered small at the points of maximum Q;Eé and the gradient
dx

of Uy may be considered much smaller than 2 the gradient of

oo

2) with %, 1s small for parallel or

The variation of {(u 1

u2(1)3§ 1

nearly parallel flows and the variation of EZE;~ with X, can

be neglected in comparison with the gradient of Uy e Thus we
may neglect the terms on the right hand side of equation (6.13)
in comparison to the terms representing the convection of
vorticity by the turbulence on the left hand side. The remain=
ing homogeneous equation is still too complicated for useful
solution, Sharma solved the homogeneous equation by assuming
that the solution to the linear problem, that is the problem
neglecting all non-linear terms, was the first approximation

to the general solution. He was then able to modify the mean

profile to obtain the next approximation. If we write

Y
U=10U+ ul,

where w is the solution of the linear homogeneous equation

then the second approximation is a solution of the equation,

R o2 3y U
(cm+ U = WV = ( ) = 0. (661k)
ot axl axl - 2 :

The results obtained by Sharma for the first iteration of
the modified mean profile led to enhanced amplification. He

showed that a perturbation in the mean profile excited large
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scale motions in the boundary layer? In the boundary layer case,
however, the disturbances are either stable, neutral or only
very slightly amplified. The inclusion of the perturbation on
the mean profile leads clearly to an inflexional instability on
the outer part of the boundary layer? This inflexional in=-
stability leads to much higher values of amplification, Thus
we see that considered in this way the non-linear terms have
acted as a destabilising influence? However, we must consider
that the non=~linear terms have a stabilising effect as well for
it is known that there is a limiting value to the turbulence
intensityf Let us consider that the background turbulence may
be associated with an eddy viscosity term? We must be clear
here that this eddy viscosity 'may' or may not take the same
value as that used in our mean flow analysis (Chapter 3). The
eddy viscosity used there was contributed to by the large

scale turbulent motions, We are here dealing with a turbulent
eddy viscosity associated with the small scale background

turbulence. We may write the eddy viscosity such that,

3 ,aui au.
T, =- % Vip (axj * Bxi) > (6.15)

where Ti is the Reynolds stress function defined by,

R (w.u. = uw.u.) (6§16)

Then the new form of the transformed equation (6.10) is

(U=c) (17 = x53) = Uty

(N

dv
R 3 R S A 2%44 Lo L2 Tees 20 I
= k<R+RT)(w kYT + k) -1 (v kxp)9w2
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) (6617)

L@ -y
We have seen from our calculations for the mean velocity profile
that the assumption of a constant eddy viscosity distribution
does lead to a representatiqn not unlike the measured values‘_3
Thus we may ascribe a constant value to Ve to obtain a repre—
sentation of the effect of its introduction on the equation®s
solution. With vq constant the equation (6.17) leads to the
homogeneous Orr—Sommerfeld equation with the kinematic viscosity
enhanced by an eddy viscosiﬁy? This leads to a net effect of
a reduction in the effective Reynolds number, As we have seen
from our calculation of the stability of a mixing layer a
reduction in Reynolds number has the effect of stabilising the
flowe Though we have performed no calculations using an eddy
viscosity it does not seem unreasonable to tentatively suggest
the dual role of the turbulence in the flow. We have seen from
equation (6§lh) that a perturbation in the instantaneous velocity
profile has a destabilising effect whereas as the turbulence
level increases the formation of an eddy viscosity has a
stabilising or amplitude limiting effect.

We have noticed however that the role of the turbulence
in enhancing the growth of disturbances, by modifying the mean
velocity profile, was chiefly successful in Sharma's Worke
for the case of the boundary layer, owing to the introduction
of an inflection point in the mean profile? The bqundary

layer does not have an inflexion point in the mean profile,
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except for special cases such as at the separation point., Thus
it is clear that in this case modification of the mean profile
will have a dominating effect on the growth of disturbances,
However, we nust question whether the effect would be as great

if the same formulation of the problem were used in the case of
the mixing layer between two streamsf In this case there already
exists a strong inflexional instability in the mean velocity
profile which leads to strong amplification of disturbances. Thus
we may argue that the former role of the turbulence expressed
above as a destabilising influence will not be best considered

by perturbing the mean velocity profile? That is to say that for
the case of the mixing layer the first approximation, the linear
solution, to the non-linear equation (6?lh) will not be modified
greatly by a perturbation of the mean velocity prdfileo In view
of this a different formulation of the non-linear problem for the
case of the mixing layer has been used and this is presented in
the next chapter, However we must expect that our first linear
approximation will adequately represent the fluctuations in the
turbulent mixing layer?

From the preceding discussion it would appear that the
solutions to the homogeneous linear equation plays an important
role in the description of fluctuations in the turbulent mixing
layer. Eckhaus (1965) expanded the solution to the non=linear
problem in terms of solutions to the linearised equation9 If
the solution to the non~linear problem is given by @'(xi,t)

then at any instant of time it may be represented
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by the series expansion

[+ ]

1] Yo \
Yrxgat) = ) A (8) v (x)) (6.18)
m=0
where Wm(xi) are the solutions of the linearised problem and
Am(t) are 'amplitude functions' which may be determined from the

relation,

(6.19)

- 1 u
A = f f(xg) Wm(xg) dx,,

where ¢, Fepresents the complex eigenvalues for given values of
kl and R in the solution of the linearised homogeneous equation
(6910), f(xz) represents the non-linear right hand side of this
equation and %m(xg) are the corresponding eigenfunctions of the

adjoint problem given by,

(o) (Bt =™ 0) v 2wl + L2 (A o B %) =0
1

“\y
1

with $(4=) = P(-») = §

)
) (6.20)
(+=) = ! (==) = 0 ;

In equation (6.19) the adjoint eigenfunction and non—linear

terms are functions of x. only. In the preceding analysis we

2

have intrqduced the concept that for given values of kl and R
there exists no unique eigenvalue Co In stability theory we
seek the lowest eigenvalue of the sequenoef Eckhaus, inter-—
preting the results of Corcos and Sellars (1959), stated that

'in the first asymptotic approximation for R + ® the number of

eigenvalues 1s found to be finite for every fixed value of R
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and increasing without limit as R w,' In chapter 4 we dis-—
cussed methods of solution of the Orr—-Sommerfeld equation
which involved variational techniques. It is clear that in
this case the solution of the matrix problem will give rise

to a sequence of eigenvaluesf Thus numerically we may evaluate
the eigenvalue sequences,

In our approach to the solution of this problem we will
make use of the first term in the eigenfunction analysis, that
is the solution involving the lowest eigenvalue. A similar
approach has been used by Landahl (1967) in his wave-guide model
for the turbulent boundary layer. In his formulation he sought
the lowest eigenvalue to the Orr-Sommerfeld problem. However
it is thought probable that his failure to find any amplifying
modes to the boundary layer problem was due to the inaccuracies
in bis purification scheme for the numerical solution at high
Reynolds numbers. Landahl considered that the cross—spectral
density of the pressure fluctuations will be dominated by
lightly damped waves. This can be seen as these waves will
correlate over a larger distance? However in the case of the
free shear layer there exists strong amplification and it
does not seem reasonable to describe the structure of the
flow in terms of lightly damped or neutral disturbances?

We have already seen in our discussion of the stability
of free shear layers that the most amplifying mode dominates
the local flow s‘l:zc'uctu:z'a,i> This is clearly seen in the work
of Michalke (l965)§ Thus we propose to describe the structure

of the turbulent flow in terms of the most amplifying eigen-—
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function solution of the homogeneous equation,

(U=c) (J'" - k12$> Ut o+ %i-(@iv - 2k TP 4 kluﬁ) =0  (6.21)
In the light of the correspondence between theory and measurements
in stability work on the free mixing layer using spatial amplifi-
cation we will consider the spatial mode in our calculations.

That 1s we will consider a real frequency and complex wavenumbers
and eigenvalues?

In the next section we will describe the method of solution
of equation (6,21) and the numerical values of parameters chosen
to correspond with experimentf We will later discuss how the

introduction of the most amplifying eigenfunction is compatible

with our previous discussion of amplitude limitation.

6.2 Numerical Calculation Procedure for the Solution of the

Homogeneous Equation of Turbulent Shear Flow

Let us first non—dimensionalise equation (6.21) with
respect to a reference length Eg, and a reference veloclity Ugi

Equation (6.21) then yields,

(U=c) (P11 = %) = utt] + 3§-($1Vn 2ufh + o) =0,  (6.22)
U *T, ¥
where o = leo*, R = 3* S  and all other guantities in egquation

(6.22) are non—dimensional, Let us write the mean velocity in

the form, as in Chapter 3,
* * * - *
Ul + U2 Ul U

2
¥ = 1 N
U 5 + 5 £ (y/e) (6.23)
where O 1s the momentum thickness and dimensional gquantities
L ULE - Ug*
are starred. Then letting UO* = “;~*§*~—~ and referring all
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lengths to 0 we obtain from (6.22),

where c¥ = ¢ ~ ( 5 ) .

(£1= c®)(Grr = «®) - perf e = (P- 2% 4 6 = 0,)
)

U+, y (6.21)
)

The detailed solution of equation (6.24) has been dealt
with in Chapter 5 and Appendix II, however we will describe again
here the main features.

Above the mixing layer U¥ = U2 and f' = 1, The solutions

to the equation are then

" b p Y/
p= ) A e , (6.25)
n
n=1
where p, = o , P, = -0 )
) (6.26)
- 3 2. 3
Py = (a®+ iaR(1-c*)) , ), = ~(a“+ i1aR(1-c¥))° )
Below the shear layer the solutions are of the form,
)y a, /6
L
V=1 B e , (6.27)
n=]
where ql = 0o 5 q2 = -0 )
) (6.28)
2 . 2 2 . 3
a1, = (0= ioR(1+c*))% q, = {0 — iaR(1+ec*))®)

The computation is started with A. = 1 and Au = 0 and the

2
integration is performed from above to below the layer. At

some point below the layer we may evaluate the values of Bn
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for this solution. The quantities Bn may be obtained by inverting

the equation (6.27) which leads to,

-a y/6
- Lad Lad 24\ 26
By m=————=—= (Y"'"" + ayp'" - ¢ “y' - ag,yP)
1 (g2 &) 3 3 ¥
3
a y/o
e a - 2a 2a
B, = — (Wrrr =o't - o P+ ag S0,
2 20(,((1 2_ OL2) 3 3
3
~45 y/6

e o - 24
R =W(wvrv+q¢77_awl_aqw) and
3 2q3(q3 ac) 3 3

_ dq v/

to
=
i

Groe = afr - P e ).
2 2 3
2q3(q3 - )

The values of the constants Bn evaluated using the values of
the computations with A2 = 1 and Ah = 0 we will call BnI. A
second integration is then performed with A, = 0 and A, =1
as the starting conditions and the corresponding values of Bn
are called BnII, As the equation is linear we have that for
any arbitrary values of A2 and Ah the values of Bn are given
by Bn = A2 BnI+ Ah BnIIf We require that for a bounded
solution below the mixing layer B2 = Bh = 0., We may find the

value of Ah for which B2 = 0 for A2 set arbitrarily equal to

unity from the above equation. The equation for Bh is then

Bh = Bh - 1, BlL (6.29)

Equation (6.29) leads to the numerical method for calculating

the eigenvalue for fixed values of w and R, For any value
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of w and R the value of c¥* is altered such that the value of
Bh is set as near zero as possible., Further details of the
numerical purification scheme needed for large Reynolds numbers
and the interpolation procedure may be found in chapter 5 and
Appendix IIf

In our calculations we will consider the problem of a
mixing layer for which UE/Ul = 0,61, This corresponds to the
experiments of Yule (1970)f The value of R used is 6,000, which
corresponds to a reference velocity (Ul* Ug)/2 of 3.55 m/sec
and a reference thickness of lO—ZMo

In the next section we will describe the results of our
calculations for the mixing layer between two streams. The

results will be compared, where possible, with the experimental

results of Yule.

6.3 Discussion of Results

The mean velocity profile used in the numerical calculations
was found theoretically by the method of solution given in
Chapter 3. We saw there that this gave excellent agreement with
the experimental profilef A numerical solution was used, rather
than the experimental values, fqr the mean velocity profile as
it was found to be difficult to obtain a smooth second deriva-
tive from the measured valuesf However for the case of the
mixing layer neither the mean velocity nor its second derivative
have very high values, as is the case for the boundary layer,
and 1t is unlikely that very small differences between.theoret~

ical and measured profiles will greatly affect the calculations,
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We will now present the results of our calculations for the
turbulent mixing layer. In a number of cases quantities which
are predicted theoretically have not been measured by Yule for
this particular velocity ratio of 0?617 In this case we will
attempt to relate certain experimental results for different
veloecity ratios.

6o3.1o The phase veloclty and the convection velocity

The phase velocity is shown in Figures 31 for both cases
of spatial and temporal amplification respectively. Although
we will concentrate most of our succeeding discussion on the
spatial case it is thought useful to include both here for
comparison, It is clear that the phase velocity is a function
of frequency. In his calculations for the boundary layer Sharma
(1968) found that as the frequency increased so the phase
velocity becomes independent of the frequency. In our calcu~
lations for the mixing layer this is not the case, In the
instance of spatial amplification the phase velocity has a
peak value at low freguency then decreases to a minimum with
increasing frequency and Tinally begins to increase with
frequencyf For temporal amplification the phase velocity is
increasing monotonically with freguency with a large range
of near irndependence of frequency in the middle wavenumber
regions? If we recall the results of the stability analysis
of Chapter 5 we noticed that at low frequencies the calculations
were independent of the mean profile shape and at high fre-

quencies the profile shape was a critical factor., Thus it
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is clear that our particular choice of velocity profile accounts
for the rise in phase velocity at the higher frequencies. The
range of variation of phase velocity in the spatial case is
between L9% and 58% of the velocity difference between the two
free streamsf The experimental results of Davies and Bose (1968)
show that the phase velqcity is nearly indepéndent of frequency
and takes a value approximately equal to the local mean velocity.
We must note that measurements of convection velocity depend on
the transverse position of the measuring instrument in the mixing
layer. In our calculations the phase velocity predicted is not

a function of the transverse co-ordinate, It would appear
reasonable that our predicted phase velocity should thus lie
close to the arithmetic mean of the velocities of the two Streams.
If we consider the relationship between spatial and temporal

variations we may write,

— = - U =, (6.30)

where UC is the convection velocity. If we Fourier transform

this expression we see that,
U ac ) (6031)

where . is the phase velocity. As we have previously discussed
in considering the relationship between temporally and spatially

~ growing disturbances, the constant of proportionality in equation
‘ dw
(6.31) will be a function of the group velocity, e = Fa " The
.

variation of phase velocity with frequency for the range of
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frequencies considered is not great though there exists no region
of frequency independence? However the error involved in equating
U, and c in equation (6f31) is unlikely to be large, The
measurements of Davies, Fisher and Barrett (1963) confirm that
the difference between convection velocity and phase veloecity in
the mixing region of a jet is never greater than 10%. It is
interesting to note that the phase velocity in the spatial case
reaches a maximum value ap low frequencies. In the case of U2

= 0 the calculations of Michalke (1965) for the stability
problem, indicate that’the phase velocity increases with decreas—
ing frequency and reaches a value equal to the velocity Ul at
zero frequency. The phase velocity, as we have noted above, is
related to the convection of eddies in the flow. If we consider
the spatial case it is clear that the large eddies move faster
than the smaller although there is an increase in velocity
towards the higher frequencies,

The amplification factor, Gy in the spatial case is plotted
as o function of frequency in Figure 3. The amplification is
strong as is to be expected for the profile of a mixing layer
with an inflection point? The maximum value of amplification
factor is =.073699 and occurs at a frequency, w, of 2.50275.

The phase velocity of the maximum amplifying mode is L.,07343
which is SOflS% of the velocity difference of the two streams
above the value of U27

6.3.2. Rate of growth or decay of eddies

The ratio ai/ar, in the spatial case, is related to the
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rate of decay of the eddies? The rate of growth, ~ai/ar, is
shown against frequency in Figure 33. It may be seen that the
rate of growth is largest at low frequencies and the growth rate
decreases with increasing frequency until the neutral frequency
is reached? This suggests that the rate of growth of the large
eddies 1s much faster than that of the small eddies, The
calculations of Sharma (1968) for the boundary layer in which
the amplification is very small, show that the larger eddies
decay slbwer than the smaller ones. An extension of our curve
in Figufe 33 for higher frequencies at which damping takes place
would show the same features ag Sharma noticed assuming that
the curve continued with the same sign of derivative at higher
frequeﬁcies°

We have only performed calculations in this instance for one
Reynolds number, However if we can assume that the results of
Sharma for the boundary layer will be analogous to ours for the
mixing layer it is to be expected that alteration in the magnitude
of the Reynolds number will have only a small effect and then
only at the higher frequencies, We may explain this by noting
that the larger eddies will be dominated by inertial forces

and will be little affected by viscous forces.

6¢3¢3e The fluctuating velocity and pressure field

In this section we will examine the distributions of
fluctuating velocity in the mixing layer by a suitable use
of the eigensolutions to equation (6.22), A complete descrip-

tion of the fluctuating velocity field would be obtained by
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applying the inverse Fourier transform to the stream function in
equation (6.22)§ This would involve an integration over wave-—
number . and frequeneyf However, as we have argued above, the
flow structure at any axial position in the mixing layer will

be dominated by the mode receiving maximum amplification. The
eigensolution to equation (6T22) which receives maximum amplifi-
cation is shown in Figure 34(a) and (b). The solution has been
normalised such that the real part of @ is unity at y/6 =0

and the imaginary part of $ is zero, The relationships between
%, and $ and Gl and @ are given by the transformed form of

2
equation (6.3); they are

32 = ~ia$ and )
a ) | (6.32)
ug = P! )

The derivative of &, which is related to ﬁl through egquation

(6.32) is shown in Figures 35(a) and (b). The change of sign
and relative magnitudes of real and imaginary parts of $ and

@Y makes description of the distributions of velocity fluctua—
tions difficult? We will therefore conside the modulii of
squared ﬁl and ﬁgo These are shown in Figures 36 and 37
respectively. The results have been normalised in both
instances such that the modulus of Glis unity when y/0 is zero.
Also shown on Figure 36 are the measurements of Yule (1970)

for the mixing layer with UQ/Ul = ,61. It may be seen that

the agreement over most of the mixing layer is very good.
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The experimental results have been modified such that the
maximum experimental value equals the maximum theoretical value,
The measured values do not correspond at the edges of the mixing
layer where the theoretical curves predict two small peaks. The
values Qf mean velocity at the position of the two minima in the
predictions are 5% and 93% of the velocity difference. The
phase difference of the two smaller peaks is 180° and the maximum
at the centre of the layer is 9Oo out of phase with both smaller
peaks. The corresponding measured values of 13212 are also shown
in Figure 37? It can be seen that the measured values are twice
as large as predicted values. The two peaks in the theoretical
profile correspond, through the continuity equation, with the

two minima of the ]ﬁl!gvalues. We may see from the results of
the stability analysis of Chapter 5, or from equation (6.32),
that for the magnitude of [3212 to correspond to the measured
values, assuming two-dimensional disturbances, the wavenumber,

@, should be of order unity. However as this does not correspond
to the wavenumber for maximum amplification it would appear more
likely that the low values of 132[2 are due to our assumption

of two dimensional disturbancesT The same effect was noticed

by Sharma in his results for the boundary layer, No calculations
have been made fqr leique waves, however the effect of obliquity
on the value of the normal velocity fluctuation may be seen
qualitatively by considering a simple example7 For high wvalues
of Reynolds number the inviscid solution is a good approximation
to full equationf We will consider a shear layer where the

mean velocity profile is given by
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U= Ul* + U2* +y/6, 0 <y/8 < 1, (6.33)

a
We may then write the inviscid equation for the u, fluctuation,

u,'t = (a2 + 82)u2, (6.34)

where B is the non-dimensional wavenumber in the xB“direction.

The admissible solution of equation (6.34) for y/6 > O is,

: 2
L (% 8P)y/e
uzcxe

~(o?

o \3
sec”9)7y/0 (6.35)

where ¢ is the wave angle given by ¢ = tan“l B/os
We may write equation (6.35),

FS e | 0s
%0 (afcos o)y/9 (6.35a)

Thus we see that the magnitude of 32 is dependent on the magnitude
of cos ¢. So the magnitude of 32 decreases as ¢ increases.
This contradicts the result of Sharma who incorrectly inter-—
preted a trigonometric relation. Thus we see that the maximum
magnitude of ﬁp occurs when ¢ = 0 or for two-dimensional
disturbances., However we may see from equation (6.32) that

’ -
the magnitude of u, increases as the wavenumnber increases 50
the magnitude of the ﬁg‘fluctuation will increase if averaging
is performed over wavenumber instead of considering the
maximun amplifying mode alone.

The distribution of Reynolds stress fuaction is shown in

Figure 38. Also shown in the figure are the results obtalned
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by Yule. The experimental results have been modified so that
the maximum experimental valus corresponds to the theoretical
maxinun value. The distribution is very well predicted by the
linear theory in this case. The curve exhibits & peak at a
value of y/6 corresponding @o the point of maximum mean shear,
U', It is interesting to note that the Reynolds stress distri-
bution exhibits no peaks or troughs which are evident in the
fluctuating velocity distributions, The distribution of Reynolds
stress coefficient or shear cqrrelation coefficient is shown in
Figure 39. The distribution appears to take a constant value
over most of the mixing layer. The experiments of Bradshaw et,

al. (1963) give a maximum value of R,, of o5l compared with

2
Liepmann and Laufer of .56. The reason for the high value of
correlation may be seen by comparing the eigenfunction and its
derivative. At v/0 = 0 the function is w/2 radians out of phase
with the derivatives. Thus, making use of equation (6.32) we
see bthat the ﬁl and ﬁg components are nearly in antiphase at the
centre of the layeré This is true over all the mixing layer
except for a small region of y/6 < Of This accounts for the
dip in the correlation curves

The equation for the fluctuating pressure may be obtained

by returning to our original equation of motion. The Navier—

Stokes equations may be written,

du. o)
s + .a.«.._ .. = - —1‘-— E*p‘-" + Vw7 u. (6036)
3t ij 173 po9xy 1 '

Making use of the equation of continuity and taking the
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divergence of (6.36) we obtain

2

3
.., (6.37)
Bxiaxj 1

5 .
v p(xi,t) = - p

which is the Poisson equation for the pressure. Dividing the
velocity and pressure into mean and fluctuating components,

substituting into equation (6.37) and subtracting the mean part

leads to
U
2 aU '3
Vp=-2p - (w.u. - w.u.),
Bxl ax2 Bxiaxj 1J 17J
du
2 o ey —2 U O
or V P 20 axl 8){2 + e 3Xl —Lj: (6-38)

where T. = =2 (w.u. - w.u.) is the divergence of the Reynolds
1 axj 1] 17J

stress tensor. The equations for the fluctuating velocity

components are obtained by direct substitution of mean and

fluctuating components into equation (6.36) and subbtraction of

the mean, which leads to

ou. Codus du.
1 S i _ 2 19p
it " lax, TR T, VI W TN (6.39)
J J i
The u,~component of equation (6.39) is
du, du, 1 5p 2 )
— —_— = .= + o
v U, oax, TV VT (6.40)

The equation for the fluctuating pressure may then be obtained

from (6.38) making use of equation (6.40) so that,

2 2
o 2% o, 2y M2 aw Mo
8x12 axsz ot 9%, " 0%, dx, 9%,
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u o7 aT
vV 2k 3 (6.141)

sz Bxl ax3

Performing a Fourier transformation on equation (6.41) we obtain
the equation for the transform of the pressure fluctuation. The

transformed equation for two dimensional disturbances is

2 e L Y D Lo [ S I~ A Ry B e
D = [(U c) u,' =~ U'n, + == (u2 a“u, )] = (Tl), (6.42)
where 5 is the transform of p and the components of the equation

have been non—-dimensionalised with respect to a reference length,
velocity and density. In our analysis we have neglected the

transformed shear stress term. The equation for P in terms of the

fluctuating stream function 7 is then
B == [u=c)pr - v + == (1 - o2yt 7] (6.13)

The magnitude distribution of the fluctuating pressure obtained
from equation (6.43) is shown in Figure 40. The measurements of
Fuchs (1969) for the mixing region of a jet exhausting into still
air show a pronounced peak at the centre of the layer if,eo v/0

= 0. The behaviour of our linearised prediction may be explained
by considering the equation (6,&3)o The fluctuating pressure
clearly follows the product of the ul*fluctuation and the mean
velocity towards the outer edges of the mixing. At the centre

of the layer where U approaches the real part of ¢, the product
of the derivative of mean velocity and the ;2~fluctuation,

which is of opposite sign to the first term in the right hand
side of (6TM3), reduces the magnitude of the pressure fluctuation.

Tt would appear then that in this region we are unable to
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justify our neglect Qf the non—linear terms. We may say that

as the phase velocity of the fluctuations approaches the local
mean velocity the pressure fluctuations will be produced by
quadratic velocity terms; either squares of velocity fluctuations
or shear stress terms., For the case of isotropic turbulence,

Batchelor (1951) derived the result that,

v _ — 6,2
Drgorropic = (0458 7 1e0)p v

ne
where v = 1L

The products of pressure and veloecity fluctuations averaged

i
over wave length are shown in Figure Ll. The products puy and

Yy
pu, are of opposite sign over the whole mixing layer. The

magnitude of the Eﬁi distribution is approximately twice that of
the %52 distribution except at the positions corresponding to the
sharp minimum in the Gl fluctuation distribution. The derivative
of the %ﬁé product represents the lateral pressure diffusion in
the turbulent energy balance equation, Applyingkthe normal

i)

boundary layer assumptions we may write equation (2,32) as,

U3 ) 501 0 P -3, 1 3 —
——w ni— + st gt . mam——. ——
55 (ot ) 5 (up VS ax. P
1 2 0
(6,hL)

A e U

v(ulvpul + ugvzuq) + uluo-%; = 0.
o o 2

The first term in equation (6.k4) represents the convection of
turbulent energy by the mean flow. The second term represents
the diffusion of turbulent energy. The +third term denotes the
pressure diffusion, the fourth is the viscous dissipation of

turbulent energy and the fifth represents the production of
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turbulent energy. The production terms distribution in the
mixing layer may be seen from the distribution of the shear
term EZE;'to be negative across the layer and have maximum
magnitude at the position of maximum mean vorticity. The
distribution across the layer of the pressure diffusion term
is shown in Figure L2. Also shown on the figure are the
experimental results of Yule (1970). It may be seen that
agreement is good over most of the mixing layer except on the
lower velocity side of the layer where the predicted pressure
diffusion attains a small positive value and the experimental
results indicate that the term remains negative. The experi-
mental results have been plotted such that the maximum positive
~e
value of_ifﬁg corresponds to the predicted value. In these
two cases . of production and pressure diffusion in the
energy balance, where comparison may be made, the predictions
agree fairly well with the measured values., However, as the
computed eigenfunctions may be multiplied by an arbitrary
constant and still meet the boundary conditions of the problem,

only comparison of distributions of fluctuating quantities may

be made.

6.4  Summary of Results of Linear Analysis

We will now summarise the results of the linear analysis
of the turbulent mixing layer. The linear analysis provides a
useful guide to the large scale structure of the shear flow.
We have seen that the convection and phase velocities of the

fluctuations agree with available experimental results. The
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fluctuaﬁing components of velocity and pressure have been
predicted by considering the most amplifying mode in the
spatial case which is considered to have a dominant effect
on the local structure of flow. The maximum amplifying mode
occurs at a non-dimensional wavenumber, with respect to the
shear layer thickness, of 0.6, The distribution of [Gllg
across the mixing layer ag#ees with experimental results
except at the edges of the layer where the theoretical pre-
diction exhibits two minor peaks. The distribution of [32[2
is small by a factor Qf two compared with measured values,
This is due to the value of wavenumber of the maximum ampli-
fying mode, as the magnitude of the u,-fluctuation is given

2

by,

5, = Jiad]®

It may be argued that the low value of the transverse velocity
fluctuation may be raised by integrating the fluctuations for
all wavenumbers. It has been seen that the pressure fluctuations
predicted by linearised theory do not correspond to measured
values? The major discrepancy occurs in the centre of the
mixing layer where the phase velocity approaches the mean
velocityf We have seen that in this region the non-linear
terms may not be reasonably neglected and that the pressure
fluctuations will contain contributions from the non-linear
velqcity product termsf We may also see this in another way:
the non—~linear terms will try to force a sort of isqtropy on

the fluctuations so that the magnitudes of the components of
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velocity become equal. In this way the non-linearity acting
at the critical centre of the mixing layer will remove the dips
in the uz*fluctuation and the pressure distribution.

The discrepancies in results between the linearised theory
and experiment may serve to highlight those terms where non-
linear motions dominate. We have seen that for a correct
distribution of ﬁi*fluctuation we may predict the Reynolds
stress distribution. However, the Gz—fluctuation and the
pressare‘fluctuation would appear to require a non-linear
solution? The successful prediction of the 5&2 correlation
is almost certainly due to the coincidence of discrepancies
in both cases.

On the basis of the results of the linear analysis it is
clear that a useful description of the large scale motion in
a turbulent shear flow may be obtained. However, the analyses
so far presented have dealt with the growth and amplification
of turbulent fluctuations and we have not considered, in detail,
how these fluctuations are amplitude limited. We have pre-—
viously argued that the small scale turbulence will contribute
to an eddy viscosity. This will produce a reduction in the
effective Reynolds number which will have a stabilising effect
on the disturbances, We may also notevthat as a disturbance
grows its wavenumber decreases, which will again have a
stabilising effect on the fluctuation. In the next chapter
we will cqnsider a more complete analysis of the non-linear
problem, We will show how the shape and rate of growth of
disturbances affects the mean flow as the flow moves from a

laminar to a turbulent region.
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CHAPTER 7

Finite Amplitude Effects on the Development of the Mixirg Layer

7.1 Introduction

In the previous chapters we have seen how linearised thecry
may be used in connection with the stability of a mixing layer
and the description of turbulent structure of the mixing layer.
However, we have seen thaﬁ the rate of growth of the linear
disturbances‘in either space or time is very rapid and it is
clear that the neglect of non-linear terms, allowed by the
assumption of infinitessimal disturbances, will not be valid
when the disturbances have reached finite amplitude. The added
complexity of theoretical models including non-linearity is
such that much work has been based on experimental observation.
The separated shear layer was studied by Sato (1956, 1959).

He observed that after separation the flow remained laminar for
some distance until velocity fluctuations of a regular sinusoidal
wave form appearedf The magnitude of the fluctuations increased
until turbulence develqped further downstream. The extent of
the areas including sinusoidal fluctuations 1% sketched below,

(from Sato (1959)). Inside the shaded area the wave—form is
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sinusoidal. Within the small region enclosed by a full-line,
the amplitude of the fluctuation is veéry small and the wave-
form is not sinusoidal, Further downstream the fundamental
component 1s accompanied by a subharmonic component,

When the amplitude of the disturbances has reached a
finite value we clearly have to reform the problem of stability
to take account of non-linear terms., Let us consider the

vorticity equation (2.9) which we write,

oW . oWw. . AU. W -
1, 1J _ 1]
3t X . 9X.,
J dJ

2
+ vV W (7e1)

where ws and ui are the components of vorticity and veloelty
respectively. The second and third terms in equation (7.1)
represent the convection and stretching of vorticity respective~
ly. For two dimensional flow there is no vortex stretching,
however it plays an important part in three—dimensional flow.
Stuart (1965) noted that, for a boundary layer, if the vortex
stretching terms were omitted no peaking occurred in the
vorticityé Thus vortex stretching which creates a greater
vorticity locally than that present at any point in the flow
plays an important role in flow development.,

Let us consider an example of a typical non-linear term,
v*g;-. It is clear that the linearised theofy may break down
for small amplitudes if the derivative becomes large. Betchov

and Criminale (1967) note that if viscosity is allowed to

vanish while v retains some small amplitude the derivative
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the transfer of energy from the mean flow to the disturbance.

He applied these ideas to the problem of Poiseuille flow. Sharma
(1968) used the distortion of the mean profile in his study of
the turbulent boundary. He found that the modified profile
introduced stronger rates of growth in the disturbance. It

seems reasonable to attribute this increase in rate of growth

to the appearance Of inflection points in the modified profile.
Stuart looked for & solution to equations (7.5) and (7.6), with

the series terminated after the ¢ term, in the form

o, = A(t) v, (z) + B(t) wll(z> )

5 ) (7.9)
¢, = A(t) v (2)

In order to obtain a solution where variations in time and 2z

are separated Stuart writes

2(t) A*(t),

which leads to the equation for A(t) in the form,

4(pA¥)

2
dt )

= 2aci(AA*) - 2ak!AA¥ (7.10)

where k is a complex number which may be determined from the
shape of the functions wi(z) with the aid of the adjoint operator
of (7.b).

The solution to equation (7.10) is,

c; C exp(Eacit)
2
1+k C exp(Eacit)

AA¥® = (7.11)
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where ki is the imaginary part of k and C is an arbitrary, real
constant. If e, > O the amplitude will increase to a maximum

value of Ci/ki’ assuming that ki is notpositive., For c. < 0

k.
1

and k, < O the disturbance takes a value [ci{/ as t » —o,
If [A[2> ci/ki then the amplitude of the disturbance grows to
infinity. Stuart also considered the integral energy equation
to obtain an equation of the form of equation (7.10) for the
disturbance amplitude but we will consider this later as our
subsequent method for the growth with space of the amplitude
will be along similar lines.

A class of non-linear problems was considered by Eckhaus
(1965) which included the problem of flow stability. He wrote
the solution of the non-linear problem as a series in terms of
eigenfunctions of the linear problem, i.e.

v(y,t) = nzl 2 (£) v (y). (7.12)

This may also be written,
0 mnt
W(y,t) = ) B oy (y) e, (7.13)
n=1 &0

where w, are the eigenfrequencies and wn(y) are the orthonormal
.. . . v
eigenfunctions. Making use of the adjoint elgenfunctions wn(y)

we may write the orthogonality relationship in the form,

1
Y
Ay ay
= Ky y Jay = (1ifn=m (7.14)

nom (0O ifn #m
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Application of the eigenfunction expansion (7.12) leads to the

result,

i

1
s (1 A
n

50 N K (%) (7.15)

As a test of his method Eckhaus considered the model of turbulence
proposed by Burgers (1948). In this case the stream function is

given by the solution to the equation,

i

1
2 2
§~%.+ V- %y-= X, R L j wg ayJy (7.16)
Sy t 3y o

the boundary conditions on ¢(y,t) being,

plo) = y(1) = 0. (7.17)

and the wn(y) are given by

v, = sin(n + 1) =y

with eigenfrequencies

ﬁ2 2
W= [ "R (n+ 1) J

n

This problem is then seen to be analogous to stability theory

. 2 .
as there exists a value of R = RCRIT =7 , where R 1s a constant

analogous to the Reynolds number. For R < RCRIT there is
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stability while for R > RCRIT there is instability. To consider
th~ non-linear problem he introduces the expansion (7.12) and
after some calculation he finds

dA

EEE~MA=——~REKZA]A+n+l [— AL -

(7.18)

o0

kzo Ak An+k+ll

His calculations for the first few amplitude functions, An, agree
with those of Burgers (1948). Equation (7.18) is of the form of
equation (7.15) which in simple cases leads to the results of
Stuart (1960) or Landau and 1ifshitz  (1953).

Finally, in this short review of non-linear methods we will
consider the technique of the energy method. The method was first
considered by Orr (1907). Let us define the kinetic energy per

unit mass of the perturbation as,

e z-% Ui 4 (7.19)

where u; are the perturbations of the mean flow, Uio We may write

the rate of change of energy of the perturbation as,

1 3
2 (UJ+ uy) + 2R ij ulul

(7.20)

where the components in the equation are suitably non-dimensionalised.
If we consider the integral of (7.20) over a volume bounded by
walls or the nodes of a periodic velocity field the term in brackets

will not contribute and we may write,
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If the total energy is stationary then %% = 0 and the production

term will equal the dissipation. We then have,

Bui aui
[ f J 90X . ij av

J
R = vV
(71.22)
aU.
L1 vy
13 axj
Vv
Use may be made of the calculus of variations to find the extreme
value of R, that is the critical Reynolds number.
Stuart (1958) used the energy method for two dimensional
disturbances in Poiseuille flow. The integral energy equation
may then be written,
9 1,2 2 _ ~ 3U _
5% f f 2 (" + ugax;axg j f (-ujug) 5, axdxg
l-f f (8u3 _ aul)Q o (7.23)
R axl BXB 173
The equation for the mean flow is
80,5 ==y _2,1 3% (7.20)
ot~ sx, ‘"3’ TR TR 2 °
3 3x3

If we assume that 3U/3t may be neglected then equation (7.2&) may

be integrated for U(XB) and with equation (7.23) we obtain,
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2

2  v,a
@-.?’. ] oaal# - 2 h - )4
Y155 =V Y50 Ra = > (7.25)

where a 1s the amplitude of the function and,

1 1
. 2
Yy = f erl® + o®lo%haxg, v, = hf x3(050," = 0,0, )ax,y ,
o} O

1 1
vy = f (950," = dp0;")axy, vy = 2{ (orr]®+ 20%[41]% +

0 o

o o] ax,,

the suffixes r and i denote real and imaginary parts and ¢ is

defined as in equation (7.2). We may write equation (7.25) as,

2
da” _ 2 _ 2 _ L
Frali e Ba B8 (7.26)

The solution to equation (7.26) is in the form,

, . e(Blw 62)t

a~ = : : (7.27)
8 B.— B.)t
B~ B,

Now Bl - 62 = 2aci, from linear stability theory. Thus we see that

equation (7.27) is equivalent to equation (7.11). The equilibrium

2
amplitude of the disturbance occurs when %%‘ = 0 and may be shown
to be,
2 By By ¥p(R - Ruprn)
8, =% = 5 (7.28)
3 y3 a R

Thus it may be seen that the equilibrium amplitude is proportional
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to the square root of the difference between the flow Reynolds
number and the critical Reynolds number. Stuart showed that the
critical Reynolds number agreed reasonably with the calculations
of Thomas (1953) although the correct eigensolutions were not
available for integration.

We will now present our formulation of the non-linear problem,
The integral equation of mean and fluctuating components of the
flow will be written as ordinary differential equations in Xy
in terms of a number of shape parameters of the mean Tlow and
the amplitude of the disturbances. The distributions for the
fluctuations will be calculated using & modified solution of the
stability problem. The technique to be used is similar to that

successfully applied to the wake by Ru~Sue Ko et. al. (1970).

T.2 Governing Differential and Integral Egquations

In Chapter 2 we obtained the integral equations of the mean
flow by integrating acrogs the layer the mean momentum and energy
equations and the turbulent energy equation., These were then
written as ordinary differential equations in the independent
variable x by considering the differentiation of integrals. The
final equations in Chapter 2 were derived with the assumption
that the fluctuations were zero at the limits of the integration.
In this chapter we will not use that assumption as it will be
seen that the disturbance distributions used in our formulation
decrease exponentially outside the layer.

Referring to Chapter 2 we may write the integral equations
of the mean flow and fluctuations as (i) the mean momentum

equation,
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1

3 -2 =2 _ ,

| o [(u U (U-u,) + (0 - Yay + [VzUl Ugvl] =0, (7.29)
_(S,-}

(ii) the mechanical energy equation,

S

1
(U.+ U,)
3 (L 1 22 =2
[ 5;-{5{U(U~Ul)(unugij+[p - ——§--J(u - v7)} dy )
3 )
2
(7.30)
5, 5, 5, )
- 2 _ T2y 3 — U - 2Uy2
= (u ) s &+ | uv ay WV (By) dy )
=6, =8, =5, )
and (iii) the mean fluctuation energy equation,
%1 . 8y
1 3 _rgyTR , T2 -3 D up - =2 -2, U _
5 Py DR +7°) + 0 +w” + 2 . ] ay = (W™ = v7) o
-8 -8
§ ° (7.31)
51 81 . . .
U du,2 au,2 vy 2 v
[ — W e @2 @2 (Y
05 =65
Making use of equation (2.2L4) we may write equation (7.29)
8
1 aé
a -2 = 2 —2 —2,
= J [(v-u)) (U U,) + (u ve)]dy o (w7 v,)) )
g~ ) (7.32)
a8
-2 =2 _ _
= (ul - v, %)+ [VQUl UV, 0 )

where the subscripts 1 and 2 on the fluctuations refer to their

values at the upper and lower limits of integration respectively.
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Equation (7.30) becomes,

8

1
(U, +U.)
d 1 17 Vol o
= J {ZE@(U~U1)(U—U2)] + [u - =1 @ - v)lay
..62
as, as
2 -2 1~ 2 — 2
Pl - v i (T v
ol 8y 6,
= w2 _ 72y AU U .o - aUye
I(u )BXdY+JuV 5y W { (By)d’
“52 '52 ”52
(u, - U,)
_ 1 2
where Ud I
Equation (7.30) becomes,
51 . 51
i 4 2, 2 up 1d S R
ngJ[U(u +v)+2‘)]dy+2dX (u” + uv)dy
-8
2 62
—_2 2 -2 -2
) dég_rU (u,” + v,") , 5P ] - 1 b (u, "+ %)
= Wo " x b1 5
u. p ds ds
1P1 1,.%%2 —3 2 1 =3, —2
o d e g (T uv ) = (T v )
5, 5 o,
- 2 _ 72y 3U U - duy -
= f (u v©) O J uv o dy { [(ax) +
‘62 *62 ~62
—2 =2 =2
Ju v v
(ay) (ax (ay) Ja

— 169 -

[

(7.33)

(7.34)



We will now non-dimensionalise equations (7.32), (7.33) and
(7T.34) with respect to a reference length £ and the velocity
difference (Ul - UZ)/Q' The pressure is non-dimensionalised with
respect to p(Ul“ U2)2/h. Equations (7.32), (7.33) and (7.34)

may then be written,

(S ¥*
+ aé
d 2 2 P
e [(U*~U*)(U*~U2*)+(* - v*)] *-F . )
%
%2 ) (1.35)
)
I N N S
* — * — * — * * * * ¥* -
(uy vo*) - o v *) o+ [prur v =0
$ *
1
(U,* + U_¥%)
2 —.2
‘é%? {-:2L [U* (v *) (0% - U *)] + [U* - L =1 (@ - v )y
- *
5, )
ds,* 2 T P > )
®< * - TORe L %
g (uy ) - g (y v ¥ )
2 D, JU¥
= ( (u* v%7) Py dy* + ( u¥y¥ ==  gy* )
- * — *
S, 5, )
*
8 )
1 aU*\2 .
R, (By*) ay*, )
— *
8,
*
8% 8,
— — da -2 TET¥S *
and %'E%; fﬁ*(u*g + v*g) + 2u¥p¥|dy¥* + %-azg (T + u'v g)dy
- o ¥*
8, % 5,
as ¥ (@,*° + v %% .
[ * * * —
5= Uz > * uyFpy* ]
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—~ 2
as.* (w * + v *7) as * J—
1 — 1 90T 0
T 0 2 # T - 3 G (0 up*v )
as. *
1~ 3 2
* * *
e (w7 R R
*
) 6%
— *
= - (u*E v*g) §§¥ dv¥ — W e ay* -
- * e *
8 5,
5%
1) Fu*y2 , Bu*y2 | BvEi2 o avEiee o
R, (G + Gy)™ + G + (5527 av™,
- *
%

where all non-dimensional quantities are starred, and the Reynolds

number RQ is given by,

R, = i (7.38)

7.3 Shape Assumption for the Mean Flow

In this section we will assume that the unknowns in our
equations may be expressed in terms of a number of shape para-—
meters, These will then be determined from the integral
equations. In their study of the incompressible wake Ru-Sou
Ko et., al. (1970) were able to express the mean velocity profile
in terms of two parameters, the wake half-width and the velocity
defect. In Chapbter 3 we saw that when the mean velocity profiles
for both laminar and turbulent mixing layers were plotted as a

function of n, where n 1s given by,



X* - b*(x*)

n = 6% (x*) (7.39)

then the profiles coincided. Sato (1956), whose results on
the transition of the mixing layer we will use later, noticed
this in his measurements of the mean velocity profiles of a
mixing layer before and after transition from laminar to

turbulent flow. In equation (7.39), b*(x) is the value of

+
Ul U2

2
thickness defined by,

y¥* at whiech U = » and 6% is the non-dimensional momentum

>3

e*-—:f(U

00

¥ = UR) (U - %) ay* (7.10)

We will then write the mean velocity profile as,
Ul-x- + U_*
U* (x*,y%) = 5 + £(n), (7.11)

and we will further write n as,

_y¥* - b*(@) _ y¥ = b%i~¥)
ne gl*(x*)+ 82*(x*) =¥ e*(x*)x (7.L42)
o

—

where 62*(X*) = | (U
- ) (7.43)

and 81*(X*) = (Ul* - U*¥)(u* - U2*)dY*

In this manner we are able to define more clearly the
width of the mixing layer. We will now change the independent

variables (x¥,y*) to (£,n) in equations (7.35), (7.36) and
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(7.37). The transformation of

rules,

g = x*¥

2.8 (1 @*, p @,
ax* I 0% dx* 0% dx¥

We will also alter the range of

across the momentum thickness.

variables follows the following

: . =ﬁ6.;__.b.’i; )
) (7.44)
a1 8
: ay* 6% 3n )

integration to an integration

Then equations (7.35) and (7.36)

becone,
a_ % 2 ®F o — .2
& fH—E(Ul* - U*)T 4 kg, + b(1, - 12)]} ol (u*" = v ) )
)(7.45)
®F o o
T P o) s [t x -k = o )

and

1
)
W* o~ .o
(U % + U %) + 8(13 - Ih)]} + {az~'(u2* - v ) - )
)(70’4‘6)
a6, *
1 = .2 = .2 )
FE (ul* - v* )} |
= ~db* . do* 1
= B Ta ety Resh ’ )
where, ny nl
B, = ff(n)dn ;8= f Fman
-n -n
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By = By,
-n,
i
— 2
= %
Il Ju dﬂ 3 12
-1,
m
13 = fu*” dn H Iu
-n,
nl—'—Q -, 2, df
I = ¥ ¥ o .
5 (u v*<) in dn 16
-,
n
1
I, = v 4L dn
7 dn ’
-n,
6*"'b*
" T T eE s T
and
. (Ul - U2)8
8 2v
Equation (7.37) becomes,
. (U * + U_¥*)
ac 10 i 5 (1, + 1) + (13 + 1))
— 2 - 2
* * * *
d62 [U* (u2 + v, )+ P — del
ac L2 oPo g

.,1714._

+ +
218

[Ul* (u*

I

2

Al -

+ v¥*

2y

+



46, *

- 2 3 2 1 ,~ .3 2
¥* * — N * * * —— b3 * %
2u, *p; 3 {dg (u2 + uy*v, )+ FFS (ul oy vy )}
dp* 4e6¥ 2
2= I _+2=— I, =2 - = 1
g s de 76 7 R, "10° (7.47)
i ny
where IB = u*p¥* dn ; 19 = (u*” + u*v*z) dn;
N, -,
i ';g; P gg; 2 ;@% 2 2
and I, = {(3;‘) + (55;) (5;—' + (gg;) } dn
-,

where £* 1s the axial co-ordinate non—dimensionalised with

respect to the local thickness, i.e.

EXO¥ = £,

Equations (7.45), (7.46) and (T.47) are differential
equations of the first order in the independent variable £.
The unknown gquantities are 6%(£), b*(z) and the variation of
the I-integrals as functions of . In order to generate the
disturbance distributions we will now make use of the results

of a linear stability analysis.

7.4 Shape Assumptions for the Fluctuations

Experimental investigations of the transition of a free
shear layer from laminar to turbulent flow have shown that the
initial development of the flow is dominated by a disturbance

of a single frequency. It has been noted, (Browand (1966) ,
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Freymuth (1966) and Sato (1956)), that this frequency corresponds
to the frequency at which maximum amplification is predicted using
spatial analysis in linear stability theory. Thus in order to
generate the disturbance terms in the integrél equations of the
mean flow we will use a form of linearised stability theory. Ve
have seen in previous sections that the disturbance distributions
of a single frequency component predicted from the eigensolutions
of the Orr-Sommerfeld equation may be used to represent the
turbulent fluctuations. The integral equations derived above

are exact and the only assumptions to be made in order to solve
the ordinary differential equations are that the mean flow may

be represented in terms of a number of shape parameters and that
the disturbance distributions may be generated from solution

of the Orr-Sommerfeld equation. Thus, as in Chapter 2, we will
introduce a Fourier transform of the velocity and pressure fluctu—

ations such that,

)

e(£).ula*,u*;n) = ‘(%-7;)2 expl{-i(a¥E* ~ w¥g*)Juk (£% 6% 5n)de*at*

e(g).v(a¥,0¥3n) = . 5 [ exp{-i(a¥g* — w¥g¥)}v¥(£* t¥%;n)dg*ae*
(Eﬁ) o

and mr

e(g)oﬁ(a*,m*;n) = *£¥-2 exp{-i(a¥e* ~ w¥t*) p*¥ (g%, t%;n)de*ae*
(2m)

® (7.L48)

where o* = a6%*, the compex wavenumber and w* = w6* is the local
real angular frequency. The amplitude of the disturbances is

then given by,
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A(g) = e(g) exp (- o *g¥) (7.149)

Making use of expressions (7.48) we obtain, as in Chapter
2, an equation for the distribution of v(n). This is of similar

from to the Orr—Sommerfeld equation,

2 N 2 . Ly~ 2

(20)( 2 - o)y - 2L 0w = 2 - ow® 24 wx') = 0 (7.50)
an an 8 an oan
U%+U*
where @ = @F _ (Mi___*_gm)

a¥ 2 °

v='g~§- = 0 as n > +w (7.51)

Equation (7.50), together with the boundary conditions (7.51)
constitutes an eigenvalue problem. For a given function f(n) we

have,

Q
®
i}

a¥ (¥, 0%)

) (7.52)

v(n;w¥*,0%) )

<>
i

and

We will now write the integrals Ii’ i=1...,10 as functions
of the single parameter 6* and the amplitude square of the
disturbances, ]A!eo Then the integrals can be written in the

form,

I, =k (e%) [A]7, 1i=1,2...10 (7.53)

when only the fundamental mode is Included the terms associated

with the triple correlation will vanish,
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Using the definition (7.50), equations (T.45), (7.46) and
(7T.47) become three first order differential equations for the
three parameters, 6%, b* and [A!go These equations may be solved
as an initial value problem. In order to define the disturbance

magnitude we will set
k, +k =1 (7.5k)

Using equation (7.53) we may write equations (7.45), (7.46)

and (T.47) as,

dk dk

T - %+ he, + 41a1% 0 - k) + ¥ [a]? (E - =2 )
)

a0* oy elalfo el 20% - = o

3t + [Q*(kl k2)1 az (kl*+k2*) a& (ug* VE* ) )

1a]® del*(*v*g ~T.%2) 4 v *u,* - UV %] =0 )
(i ¥+ k%) dg Y V1 o -1 21 2

1
(7.55)
-%[B By + WU * + U %) 8, - 2(Uu* - Ug*)2 B, = (U * - U2*>2(Ul* + U,*))
dk., dk )
2 3 L aex
* BT ey Xy, k) + (g = e g+ [0 )] )
2 2 40, *
alal® o =~ ap* . |a] 2 m 42 = 42, )
ar + Tlal k) ac (i, %+ k%) G (" = v |
a8 *
1~ .2 = .2 , 2 1 _ )
e (0 ¥ = vy *9)) "i[ 4] ke ~ ﬁé Bﬂ] =0 )
(7.56)
and
L lAIQ{Hif—j~ngl~(k + k) + (k, + &k - 2k, + 2k,)} +
2 17 %2 37 6 8



* *
(u* + U, )(dkl dk2> \ (dkB dk) dk ae

8.
+
> qo* * Fox g% taor 2 gt ar

4] Pexg

(U

*+U9€')
+ Ea*{ 2

2

2
1 ; de
() + k) + (kg + Xy + 2kg)1] = -

as, .
* * *
U3 [0*(u* v,

dp* !A12 2

ae (kl* + kg*)

[2]a|? ks ) +

NE e
* * —
2u,*p, iy (k% + k%) T

*
el O WL
2 2 .2
+[2|a] ko + 5 1817 k] = o,
0

(7.57)

where (kl* + kQ*) is the sum of the unnormalised integrals at

each station. Let us write,

k¥ = (kl* + kg*) (7.58)

From our calculations for the mean velocity profile we have the

values of el*, 82* and 6%, Thus we may write

6. % = pp* )

)

(7.59)

D
*
i

and (1 -x)e*

Making use of expressions (7.58) and (7.59) we may write the

three integral equations in their final form,

dk
1 2 2 2 2
Flou* =09+ bey + A0 - k) + be*|AlT (g - 55E) -

- - -2 = .2 . 0%
E AP @ - T+ @ - ] 2 Tory -k,
2

ajal _ -
a * LR -] =0, (7.60)
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1 « _ _ 2 _ 2
8[§B3 + LU * + U*) By, 2(Uy* - U*)7 8y (U = U, (U * + U%)

2 3 8 2
+ 8|A] {(k3 - k) *+ k6) + o% (55;-~ aggq} *w A7 {(1-2).
_ _ _ _ )
(u2*2 - vg*g) - A(ul*e - vl*z)}] %%- + [?* - k) )] %%él~ +
1
[1al%) 8 - DIalP g - 8] =0
(7.61)
(Ul* + Ug*) 5
ﬁA} { =" (k, + k) + (k3 + k) - 2kg + 2kg)} + |al”
(U.* + U ¥) dk dk dk dk 2dk 2
1 2 1 2 3 L 8, |al
0% > (HE+rae *(GF Tt o TR

-2 T 42 — 2 T g2 e dasg*
- * * * * * L. - * * * ok
{(1 k)[(u2 + v )UK+ 2u2p2] + }\[(ul v, U+ Eulplﬁ}]dg

(U, * + U ¥*) 2
L (k) + k) + (kg + Ky + 2kg )1] Qléiw

+ |o*{

[21A12k51 %‘g-* + (24l + %e 1a1%x, ] = 0
(7.62)

Equations (7.60), (7.61) and (7.62) are first order differential
equations for the three unknowns, 6%, b* and ]AlQO In the next
section we will describe the calculation of the integral functions,

k..
1

7.5 Calculation of the Integral Functions

In order to evaluate the integral functionsthe Orr-Sommerfeld

equation (7.50) is solved and the distributions of fluctuating
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components are calculated from the eigensolutions. The measure-
ments of Sato (1959) show that the natural frequency of the
fundamental mode of the fluctuating field is 242 Fz. The Reynclds
number used is 4,237h x 105 which corresponds to a reference plate
length of 150 mm, With the frequency fixed at this value the
eigenvalues and eigenfunctions of the Orr—-Sommerfeld equation may
be determined as functions of the momentum thickness, 6%. The
amplification factor, —ai*, 1s shown as a function of 6% in

Figure 43. The measurements of Sato (1956, 1959) were made for
the separsated shear layer, i.e. Ug* = 0, thus our calculations
have been made for one stream stationary. TFigure 43 shows that
the maximum amplification occurs at a thickness 6% of approxi-
mately .0175. The distribution across the shear layer of'a*n
shows the features of the disturbance profile measured by Sato
(1959), Freymuth (1966) and Browand (1966). We may see that the
distribution has a sharp minimum at y/0%* = 1.4 which corresponds
to a change in phase of the u*-fluctuation., The integral functions
are then evaluated from the eigensolutions of the Orr—Sommerfeld

equation and are normalised such that

n

1 :
— -0
(u*” + v¥" ) dn =k + k. = 1 (7.63)

-n,
The integral functions are then known functions of 6% and the

three differential equations for 6%, b* and |A|2 may be solved

as an initial value problem.

7.6 Results and Discussion

The solution of equations (7.60), (7.61) and (7.62) presents

- 182 -



a tedious computational problem. However we shall see below that
by appropriate simplification of the differential equations much
useful information about the influence of finite amplitude dis-~
turbances on the growth of the mixing layer may be obtained.
Firstly we will assume that the disturbance functions are
zero outside the limits of integration. We have seen from our
previous chapter on the turbulent problem that agreement between
experiment and theory in, for instance, the case of the'a*2
distribution is good over the centre of the layer but, whereas
the predicted profile exhibits two peaks outside this region the
experimental results do not., Secondly, we will simplify the
energy equations so as only to consider the kinetic energy of the
disturbances and to disregard the £~derivatives of certain shape
parameters. We know from the measurements of Browand (1966) that
the value of b¥* is small and that, after a period of development,
which will be influenced by the experimental situation, the value
*

of %%» is small., Thus we will write the three differential

equations as,

.,a;,.. [( - 2 - - ¥ - Y

B, - 1)6% + |A|“(x, - k)] = -2v,* = _'1. (7.6h)
ag 2 1 2 2 72"
& Tox(p, + 8, - 8, - 1J] - 14, -2t (7.65)
de By * B, By = 77 R.o¥* .

2
2|A]“k

a_ 10
2€ [e*lAlEo(kl + k2)] o= 2‘A‘2k7 - W (7.66)

. 2 .
We may see from equation (7.6lh) that when [A]“> 0, i.e.

for laminar flow, then gﬁi-a L or
3 ar ‘/'E_ s
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6¥ =

Vs /E (7.67)

In equations (7.65) the left hand side represents ﬁhe
derivative with £ of the energy of the mean flow., The value of
kT is always negative and we can see that the disturbed flow 1is
extracting energy from the mean flow. In equation (7.66) the
left hand side represents the derivative with £ of the energy of
the disturbed flow. It may be seen from the right hand side of
this equation that the shear stresses are feeding energy to the
disturbances whilst the viscous forces are appljing demping.
Combining equations (7.65) and (7.66) we obtain,

1 alal® 5 iéi? 1 i

L
T e e {2 -y {2 k + } 5 (7\»68)
lA!Q dg p¥ 2 R°6*2 10 v,

where v, = 1+ Bl - 82 - B,

Rearranging this equation we may write

2 a
d Al 2 L 3 2
a1 |a]” - ) lal” - R |A] (7.69)
i ) g
where a, = Ty~ o, 8, = oy, and a, = 8;2 {2k, o * ;;-} (7.70)

Equation (7.69) is to be compared with equation (2.15) of Stuart
(1958) for the temporal growth of the disturbance amplitude. In
our case the values of ars a, and a3 are functions of §&. t can

1
be seen that when the disturbance magnitude is of order R ? then

the disturbance terms may no longer be considered as negligible.
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We may also note that the first two terms on the right hand side
of equation (7.69) are of opposite sign which means there will
be a value of |AI2 for which,§%%l2+ 0., From equation (7.68) it
is clearer that this value is given by lAfg = 2Y2.

Having evaluated ki as a function of 6% we will now solve
equations (7.64) and (7.68) simultaneously to evaluate the growth
of 6% and [A[2 with £. The required inputs to the computer
solution are the starting values of &, 6% and IAIE. A number of
different values of parameters have been considered and their
effect noted, The equations are solved using a Runge-Kutta
integration scheme and linear interpolation to evaluate the co-
efficients at each point. The starting value of § was set at

.01, which corresponds to x = 1.5 mm and 8% was started at a value
of .00k, which corresponds to a value of 6 of 6 mm.

The growth of the disturbance amplitude, [Alg is shown in
Figure 45 for a number of different initial values of IAfza |
As is to be expected the smaller the initial value of [A[E the
further downstream will the sudden growth occur. It may also be
seen that the amplitude limit is reached as 1A|2+ 1.257 the value

of 2v, being 1.2628. The effect of the initial disturbance ampli-
tude on the growth of the mixing layer thickness, 6% is shown

in Figure 46. Once again the smaller the initial magnitude of
the disturbance the longer will be the transition. We may also
note that the smaller the initial amplitude of the disturbances
the smoother is the transition. Up to the point of sudden growth

of the mixing layer the rate of growth of 6% is inversely

proportional to‘/go
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Phe two quantities measured by Sato with which

¥
comparisons may be made are the value of & and the energy

density of the T ~fluctuation defined by,

8

Eoo= | u¥ dn (7.71)

This function is shown in Figure L7 for vaggous initial disturbance
amplitudes. The maximum value reached is approximately .75 for
all initial values of |A|2u The experimental results of Sato give
a value in the region of .6, however in the case of the wake there
existed a possible integration error of 10%. We may also note
that in Sato's experiments the sub-—harmonic of the fundamental
occurred at a position short of the longitudinal point at which
the maximum amplitude was reached. The distance over which the
energy density grew from zero to a maximum value in Sato's measure-
ments appears independent of the Reynolds number based on the
plate length and free stream velocity. In our calculations the
equivalent non-dimensional distance is given by £ = .1 which

when dimensionalised with respect to L¥ = 150 mm gives 15 mm.

The value given by Sato is up to 75 mm and thus we see that the
rapid growth of the disturbances is faster in our calculations.

It is clear that some mechanism is required to damp the growth

of the solutions of the simplified set of equations (7.6L4) and
(7.68). Before examining the effect of the terms omitted from

the complete equations let us look at the effect of increasing

the viscous dissipation. In order to do this we will examine

the effect on Ee of increasing and decreasing the Reynolds

number.

The effect on the growth of Ee for four different values

- 186 -



of Reynolds number is shown in Figure 48, The effect 1s similar
to that caused by varying the initial value of the disturbance
amplitude. This can be clearly seen from equation (7. ) where
decreasing the Reynolds number has the effect of increasing the
disturbance magnitude in the viscous dissipation term. However
the lower Reynolds number has a continuing effect through the
transition and reduces the eventual equilibrium value of the
energy density. For a reduction of order 10 in the Reynolds
number the equilibrium value of the energy density decreases
from 0,75 to 0.61, This latter value agrees more closely with
the measurements of Sato, however the transition length is still
too small in comparison with measurements. There is a slight
increase in the transition length as the Reynolds number is
decreased., The use of a variable Reynolds number to isolate the
effect of viscous dissipation may be used as at high Reynolds
numbers the disturbance distribution integrals will be nearly
independent of Reynolds number and will approach the inviscid
limit,

Let us consider the possible influence of the terms
omitted in our simplification of the energy equations. The term
omitted from the left hand side of the fluctuating energy

equation 1is

%g [e*\Aig(k3 + k) + 2kg)] (7.72)

From the calculated values we find that in the range O < g% <
.025 the value of k8 is nearly constant and equals -.25. The

sum of k., and kh is also nearly constant in this range and is

3
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approximately equal to .4. Thus the effect of this term is a
factor of 10 smaller than the kinetic energy terms kl and kgo
The term omitted from the left hand side of the mechanical

energy equation 1is

dlk, = k)
a 2 2 BT ag¥
& [rlal® Gy )] = DInPte —dr— "y -l

2
+8*(k3 - ku) alal’

FT (7.73)

As 6% = 015 which for [A[zg =1 x lO“6 is in the centre of the
o

fast-growing region, the value of (k3 - kh) is gzero. d(k_3 - kh)/de*
is negative and it is clear that this term will increase the value
of Y, which will lead to a higher limiting amplitude for the
disturbance. However, it will also lead to a decrease in the
rate of growth of the momentum thickness. The terms omitted
from the right hand side of the equation represent the integrated

oU 2>

product of —— and (E*z ~- ¥

- . Experimental results show that

u 2 and ;*2 are nearly equal in the mixing layer and as the value
of 5U/8x will be small those terms are unlikely to affect the
solytion.

The phase velocity of the disturbances given by c, = wr/ar
' is shown in Figure 49. The measurements of Browand (1966) give
the phase velocity as 1.16 + .22, in our calculations the phase
velocity varies between 1.7 and 1l.l. There appears to be no
consistency in the measurements of Browand as to the relationship

between phase velocity and longitudinal distance. The measure-

ments of Sato for the wake show a sharp change in the phase
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velocity from the laminar to the turbulent regions,

Let us return to the amplitude growth of the disturbances,
The experiments of Freymuth (1966) show that the growth rate
of the main peak in the u* fluctuation is independent of the
applied sound pressure and increases ten times in a distance
of approximately 30 em where em 1s the momentum thickness of the
layer at the separation point. Our definition of 6% is different
from that of Freymuth, the relation between the two being 6% = Lg,
Thus our calculations should show a tenfold increase in a
distance of approximately 890*' With GO* = ,00k4 this distance
is .032, and, as is shown on our Figure 45 for a value of IA{i =
1x 10"6 the distance is .038. The same growth distance is
found for the other values of initial disturbance magnitude.
However this calculation may only be used as a quantitative check
on the growth rate as calculations performed with different values
of eo* gave similar growth distances suggesting that the rate of
growth is independent of the initial thickness. The smaller the
initial thickness, the longer the longitudinal distance before
transition. This may be seen in a plot of momentum thickness
against & for various values of eo* in Figure 50. A decrease
in the value of eo* results in an initial decrease in the Reynolds
number based on momentum thickness and, as may be seen from
Eqn. (7.65), a consequent increase in the value of the viscous
dissipation term.

TeT. Conclusions

We have seen how the development of the mixing layer from

laminar to turbulent flow may be determined from a simplified set
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of momentum and energy equations. The growth of the mixing layer
is shown to be proportional to g*% for infinitessimal disturbances.
The point of tfansition occurs at a point which is a function of
the initial amplitude of the disturbances, the flow Reynolds number
and the initial momentum thickness, A decrease in Reynolds number
leads to a lower limiting value for the eergy density. The
amplitude of the disturbances is shown to grow very rapidly and
reaches a limiting value which, in the simplified equations, is

a function of the mean velocity integrals. The limiting magnitude
of the disturbances does not occur at a value of 6% corresponding
to the neutral mode as was the case for the wake, Ko, Kubota and
Lees (1970). The rate of growth of the disturbance amplitude

was shown to be of the same order as the measurements of Freymuth
(1966) but independent of the initial thickness of the layer.

The results of Sato (1956), however, indicate a rate of growth

of the energy density less than our calculated values. The
limiting value of energy density is a function of the Reynolds
number and agreement between Sato's value and the calculations
occurs for a value of R of one~tenth of the real value. The
maximum amplitude of the energy density is independent of the
initial values of disturbance magnitude and momentum thickness.
The phase velocity of the disturbances decreases from a value

of 1.7 to a value of 1.1 through the transition region.
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APPENDIX T

Discussion of the Third Boundary Condition for the Mixing of Two

Pyrallel Streams.

We have noted in our analysis in Chapter 3 that the equation
for the stream function describing the mixing of two parallel
streams is of the third order, It will thus require three bound-
ary conditions. Two of these are immediately apparent, namely
that the x~component of velocity must reach that of the free

stream on each side of the mixing layer,

U>U, as 7y (AT,1)

U~ U2 as y > =, (AL.2)

where U1 and U2 are the velocities of the upper and lower streams
respectively. The third boundary condition necessary for the
complete solution of the third-order differential equation has
been considered by a number of workers. Kuethe (1935) made use
of the third boundary condition proposed by von Karman based on
the balancing of transverse momentum, though Kuethe made no
attempt to justify this proposition. The most complete dis-
cussion, of the proper determination of the third boundary
condition, so far presented was by Ting (1959). Ting made use
of matched asymptotic expansions to derive the appropriate
boundary conditions for compressible and incompressible mixing.
In his paper he found it necessary to match second order
pressures across the mixing layer, for the case of incompressible

mixing, in order to derive the third boundary condition. It

AQI .l.



is shown below that this was not necessary and was due to an
analytical error in Ting's paper.

Let us first consider a laminar mixing region and write
the Veiocity components and pressure in the free stream above
the mixing layer as series in powers of e where 1/e is of

the order of the square root of the Reynolds number,

13

Ul(x,y) = US{(Ul/US) + € U§l) (x/L,y/L) + s2 U (2) (x/L,y/L) + ...} (AIL.3)

1
v ) = ute v, Gn, v+ F B Gy ¢ (41.1)
Pl(x,y) = Po{l + € pl(l) (x/L,y/L) + €2 pl(g) (x/L,y/L) + <o} (AL.5)
U, +0 v
1 2 . 2 _ 0
where, U 5 , L 18 a reference length, ¢ = USL )

Vg 1s the kinematic viscosity of the parallel streams

and PO is the pressure of the parallel streams.

The corresponding expansions for the lower stream are,

Ug(x,y) = Ué{(Ug/Us) + ¢ Ug(l) (x/L,y/L) + 2 u (2)(X/L,y/L) + ...} (AL.6)

2
vV (x,y) = U e vz(l)(x/L,y/L) + e V2(2° (x/L,y/L) + .o } (AL.T)
P(x,y) = Pl +e¢ Pg(l) (x/L,y/L) + e P2(2> (%/1,7/L) + «ne } (AT.8)

In the preceding expansions the subscripts 1 and 2 refer to
quantities in the upper and lower streams respectively and the
superscripts define the order of the term in the series expansion
in powers of €o

The flow outside the mixing layer is irrotational and

inviscid and we may write Bernoulli's equation for the upper



stream in terms of the series (AI,3, L, 5),

P U2 14 e PP (1) e2 PP (2)
o) 1l _ "0 o 1 o 1
e B e — e—— e nee
pg 2 o Py Po
ve v 2 28U1Ul(l) o (1)2 282U1Ul(2)
+ 5»-{(5fﬁ * g + Uy + = + woe} (AT.9)
S s S
2
U 2
s, 2. (1)
+ 2 {E Vl + U?0.0??OOO}

where o is the density of the two parallel streams.,

Collecting coefficients of like powers of e we obtain,

2 2

P, L%, 8

Py 2 Pg 2

p U.U
Pl(l) = “{*ggi"g} Ul(l) (X/Lay/L)s (AI°lO)
O
o U2 2 o U.U
p (8 oo oy W12 0 7T o 2oy o B ), (aran)
O O

PSRN BOORGONEES

Similar expressions will exist for the pressure terms in
the lower stream. We note in particular that

p U.U
o 2 S} U

P 2
o

o (1) _

(1)
5 (

- { x/L,y/L) (AI.12)
It can be seen from equations (AI.10) and (AI.12) that the first

order pressures on each side of the layer are proportional to

the product of axial velocity and the first order x—component

of velocityf It will be shown that the first order x~component

of velocity is a function of the transverse velocity at the

edge of the layer and in this way the boundary condition

proposed by von Karman is satisfied.
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Let us expand the velocity components and pressure inside

the mixing layer as follows.

UGx,y) = U0/ (x,Y) + e U0 (5,Y) + oo
V(x,y) = eUé{V<O)(x,Y) + € V(l)(x,Y) + ces
and

P(x,y) = P§{P(°)(x,y) + ep(d) (x,Y) + oo

(o) (1)

(AT.13)

(AT.14)

(AI.15)

where Y = y/e is the stretched co~ordinate inside the mixing

layer.

those in the flow above the mixing layer are,

lim
Y30

Lim
Y0

Lim
Y00

and

Lim
Yoo

Lim

The relationships between quantities within the layer and

U, /U

U(O)(X/L, Y/L) = U /U,

U (1) (x/L, + 0)

v (/1. 1/1) L

VOOV CeORLOERECORBRIODLOOR0ORO®

V(O)(X/L, /) = v, ¢

1 x/L, + 0)

CROCOVOREOPOOO0EVOOOVCOOLOPROBOO

i
fi

P(o)(X/L, Y/L)

Pl(l)(x/L, +0)

i

p(1) (x/1, ¥/1.)

A.Iqho

(AT.16)

(AT,17)

(AT,18)

(AT.19)

(AI?QO)



The corresponding relationships between the quantities

inside the layer and those in the flow below the mixing layer

are,

Yoo

1}

U2/Uo

i

Yo

it

2o (e, v/ Ug(l)(x/L, -0)

Linmv(o) (1)

Yoo

(x/L, Y/L) = vl (x/L, -0)

BVLRQORBEORVEEQAOGDOROCGOEBEOCOED @

and
22l e, vy =2
yifilp(l)(x/L, /L) = P?(l)(X/L’ )

RO OCRPERBLLOEQROQRVOORLODOOD OGO

(Al,zl)

(AI.22)

(AT.23)

(AT.2L)

(AT.25)

Substituting the series (AI.13, 1L, 15) into the Navier—

Stokes equations and collecting coefficients of like powers of

€ then we obtain from the y-component equation,

_@2(0)

5y -0

3Y >
and U(o)'§2‘0)+ V(o) gz(oi - PO QE
ax 3Y p U_Z oY

A°I°50

(2) .2 (o)
L v e

(AI.26)

(AI.27)

(AT,28)



Then equation (AI.27), together with the matching conditions

(AI,20) and (AI.25), leads to,

P (l)(x/L, +0) =P (l)(x/L, -0) (AT.29)

1 2

Equation (AI,29) states the condition that there is no net
first order pressure difference across the mixing layer. This
compatability condition serves to provide the necessary third
boundary conditionf

In a linear theory we may represent the shear layer as a
distribution of sinks lying on the x-axis. Then according to

thin aerofoil theory we have,

* (o)
ED P C R I J (VU w/Le=)y g (AI.30)
" (2w )
O

(see Tsien (1956)), where z = x + 1 ¥y

In order to evaluate the integral in equation (AI.30) we

will now introduce a stream function w(o)(x,y) given by,
w(o)(x,y) =7/ xU_ v, £(n), (AT.31)
where n is a similarity variable given by,

n+ (¥// xL) = n (AT.32)

[¢]

The asymptotic behaviour of the stream function and the
velocity components are,
U

£(n) > () (n+ ),
S
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(o)

n—>~+oo

1° (AT.33)
o wU U
V(O) + 3/ *;é'(no - a)(ﬁ;),
S
U2
£(n) > G0+ 8),
S
U(O) -+ U N - o (AT.3k4)

and V(O) 14 XHE (n_ - B)(Eg)
2 X o Us ?

where o and B are known constants of the gimilar solution and the
inclusion of n permits f'(o) = 1.
Then for the flow above the mixing layer from (AI.30) and

(AI.33) we have,

lee]

U.o
LR ilf - (AT.35)
o Y w(z—‘w)
IR - kel
where al = 0 (no o) 4 U
s s
The solution of equation (AI.35) is
-1U. 0 U,a
Ul(1) -3 Vl(1> - 171, 11 10%’{i~iwﬁ2} . (AT.36)
Jz wz 1 -z

Tt is to be noted that in his analysis Ting only noted the
singularity at w = z in the integrand of (AT.35) and not

the singularity where Ju = O, This led in the limit as

v>0, Ul(l) =0 as the right hand side of equation (AI.36) is
then entirely imaginarye. As y>+0 we have from equation (AI.36)

that

Ag 1970



Up0q 14 Vx

1
Ul( )(x/L, +0) = = log {T—7 (AT.3T)
T ¥X

' Making use of equation (AI,10) with (AI.37) we obtain,

p N
(1) p U Ula
P : & .
1 (X/L, + 0) = - {-—T(;_..i} 11 log {,]:._j.___‘/.}g} (AI.38)
o) T VX 1 - /%
Similarly when y + -0 we may obtain,
oU. Ua o
1 ) , +
Pe( )(x/L, -0) = {-%-f'—} 22 log {}w«—:—’f} (AT.39)
o T VX 1 - vx
: v
= i - )
where s EUS (no B) US .

Then from equations (AI.38) and (AI.39) with the compata-—

bility condition (AI.29) we have,

2 2
U,.a U o

272 + 171 =0,
U /x o Ux

s 8

with equations (AI.33) and (AI.34) we may finally write this

condition

(o)

0,7 (/1) + v ey, ) = o (AT.%0)

This equation constitutes the third boundary condition on our
third~order differential problem. It may be seen that this
agrees with the proposition of von Karman equation (3.2).
However, it is to be noted that this condition 1s not necessa~

rily correct for higher order matching of pressures across

A,T.8,



the mixing layer. We may also note that if we introduce an
eddy viscosity solution for the turbulent mixing problem and
then introduce an appropriate similarity factor we may also

derive the result (AI,40) for the turbulent problem,
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APPENDIX IT

The Use of Orthogonalisation Procedure in Numerical Solution of

Boundary-Value Problems

In this section we will consider a simple procedure for the
numerical solution of ill-conditioned boundary-value problems.
Included in this class of problem is the solution of the Orr-—
Sommerfeld equation?

Let us firstly introduce the idea of orthogonalisation of
vectors. A set of vectors are linearly dependent if they may
be written,
=0, (A.IT.1)

=1
where Xm are the vectors and Am are arbitrary numbers at least
one of which is non-zero. If this relation (A,II.1) is not
satisfied then the vectors are said to be linearly independent.
A system of unit vectors £n which satisfy the relation,

2

g =1, £:8; = 0, 1i#J, (A.II.2)

form an orthogonal system. We may see that an orthogonal set
is also linearly independent.
We may form an orthogonal set of vectors from any arbiltrary

system of linearly independent vectors Xi' Let us first set,
e. = Vv./|v.]. (A.II.3)

We require to find a scalar A, such that Xj - Aigi and e5

are orthogonal., It is clear that A is given by the dot

AIT.1



product of Xj and %i, that 18,

A = V.oe. (A IT.L)

As Xj and g. are linearly independent vectors we may construct

a unit vector orthogonal to e, given by,

SR 1 (A.TL.5)
We may apﬁly the same procedure to orthogonalise a set of linearly
independent functionsf
This technique may be applied to the numerical solution of
boundary-value problems where the egquation to be solved is ill-
conditionedé We will now introduce the numerical technique and
explain the main steps in the computer solution, A simple example
of the technique will then be givenf Let us write two linearly
independent solutions, and their (n-1) derivatives, of an nth

order linear differential equation as

g, (v) g,(y)

& (v) = g ' (v) and g0 = gQZSY) (A.II.6)
g "' () e, (y)
glﬁ”l(Y) g2ﬁ”l (y)

The equation may be integrated from some linearly independent
starting conditions to a value of y = Ve Then applying the
technique of orthogonalisation on the values of %l and %2 at

y =y, ve obtain
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G (vy)

)
8O = sl i

and ) (Afll'T)
o - Golry) = (60 ) By (v )IB (yy)
B T e G (G0 )k B )]

The same transformations must then be applied to the initial

conditions such that they now become,

. G, (o)
R A !
(A.TII.8)
and 2 (o) = ’%2(0) (QQ(yl ,\,l(yl))ml(o) )
EZ l’QQ(O) - ('%Q(yl) "vl(yl))gl(o f )

The integration may then procede from y = ¥y to y = Y, with

%l(yl) and gg(yl) as the starting conditions. It must be re-
membered that the transformation applied to orthogonalise each
set of vectors at each new step of the integration must be applied
to each previous set of vectors.
The steps to be used in the computer solution using this
technique may be written in sequence as follows,
(1) set up initial vectors %l(o) and g2(o),
(ii) integrate to position y = yqe
(iii)create orthogonal vectors gl(yl) and %2(y1) at ¥y = vy,
(iv) perform same transformation on initial conditions to
obtain gl(o) and‘%2(9), |
(v) integrate fromy =y, toy =y, with E (yl) and mg(yl)

as initial conditions,

AII.3



(vi) create orthogonal vectors %l(yg) and gz(yg) at ¥ = ¥,

(vii) perform same transformations on vectors @l(yl), %Z(yl)
and E, (o), E,(0),

(viii)inﬁegrate fromy =y, to ¥y = ¥4 with %l(yz) and ge(yg)
as initial condi?ions,

(ix) continue procedure until end of range of integration.

Let us now consider a simple example of the solution of
an ill-conditioned differential equation which we will write
as,

#V(y) - oh £1ri(y) - 169 £ (y) - 324 £ (y)

(A.II1.9)
-~ 180 f(y‘) = 0, : .
Its general solution is,
= -y -2y -3y 30y
£(y) a,e ” + aye +oage +ae” . (A,I1.10)

We will consider the solution with 8, = 0 with boundary conditions

£(0) = 0, £'(0) = 0, £''(0) = 2, £'''(0) = -12, (A.IT.11)
so that the solution is,

ply) = e¥ — 2 4 (A.II.12)

The values of £(y) and f'(y) at y = 1 are then

£(1)

]

.1k70 )
: ‘ ) (A,II.13)
) ot

it

and (1) ,ozhl

We will now solve this equation (A,II.9) as a boundary value
problem with boundary conditions given by f(o) = £'(0) =0
and conditions (A.,II.13). Let us start the integration with

conditions,

AJITI.h



K

.1 0

S .o O

!
Integrating from y = 0 toy = y, we obtain,

10 1

> )
) (A.IT.1L)
. )

i
]

gl(l) »196 x 10 s gl'(l) -587 x 10t

10

H

8,(1) =326 x 10" and g,'(1) = 978 x 10

Now the solution of (A.I1,9) is a linear combination of gl and %2
such that

fly) = a g (y) + 1 gz(y)f (A.IT.15)

'a' and "' may be calculated from (A.IT.15) using (A.IT.L) and

- we then obtain,

f"(O) = ”?006: ) (A.II.16)

and £'''(o0) = ,036.

which clearly is not the case. The linear independence of the
originally linear independenﬁ solutions has been contaminated by
the solution with exponent 30 in equation (ATIIfll). In order

. to ensure linear independence of the solutions we may use the
qr@hqgonalisation procedure ouﬁlined above? Integrating from
y=0toy=IWMtha step size of .0l and perfqrming the
orthogqnalisation after each integration step we finally obtain

the result,

1]

£''(0) = -2,00000037

(AGIIflT)

1

and £111(o0) 1179999908?

A.IT.5



This accuracy may be further increased by a decrease in step size
and a consequent increase in the possible number of orthogonalisa—
tions?

In the solution of the Orr-Sommerfeld equation, whiéh is
ill-conditioned in the above sense, the solutions are complex.
No difficulty is expgrienced in FORTRAN V programming as the
functions may be deglared as COMPLEXf However, care must be
taken in forming the scalar operator As in orthogonalisation
as for complex vectors 1t is the dot product of Xj and the

complex conjugate of g.. (see equation (A.II.k)),

A, II.6
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Velocity Ratio

o]

g;‘ 0. 0.61
n.=y/ i £ (n) £1(n)
-8, ~.,9998 -1,0
-7.2 -.9972 ~29999
=6,k ~:9919 - ~.9999
~5.6 ~.9815 -2 999k
=l 8 ~,9607 ~.9968
-l ~,9196 -, 985k
=3.6 ~.8863 ~.9712
=3,2 -, 8Lok ~a9k62
-2.6 =TT ~.90L9
-2,k ~,693k - 8407
-2, -, 5824 - Th69
~1.6 -, 406 ~.6185
-1,2 -.2663 ~. 4540
~0.8 ~,0628 o257k
~Q b 2159 ~,0389
0.0 3825 »1860
0.k .5852 » 3995
0.8 . Th90 5856
1.2 8649 o341
1.6 29360 L8421
2. 9735 29136
2. ,9905 9566
2.8 29970 .9800
3.2 .9992 .9916
3.6 .9998 .9968
4, 25999 29989
,8 1.0 29999
5.6 1.0 1.0

Laninar Veloeity Distributions.
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