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Abstract—Single carrier frequency-domain turbo e-
qualization (SC-FDTE) has gained widespread adop-
tion in the emerging broadband spatial modulation (S-
M) systems operating in frequency selective channels,
where the channel model considered is a quasi-static
Rayleigh fading channel. In this paper, a new class of
robust FDTE designs based on the minimum mean-
square error (MMSE) criterion is conceived for broad-
band single-carrier SM (SC-SM) systems relying on
realistic imperfect channel knowledge. First, a robust
time-domain soft-decision feedback (TDSDF) aided
FDTE is proposed to cope with channel estimation er-
rors at the receiver. Furthermore, its robust frequency-
domain soft-decision feedback (FDSDF) aided counter-
part is derived to offer a low-complexity approximate
solution. Finally, by exploiting the carefully selected
reliable soft-decision output of the channel decoder as
pilots, we refine the resultant decision-directed channel
estimation. As a benefit, the performance of the two
robust FDTEs can be further improved. Both our
simulation results and our extrinsic information trans-
fer (EXIT) chart analysis demonstrate that the pro-
posed robust FDTEs achieve significant performance
improvements over the conventional FDTEs.

Index Terms—Single-carrier (SC), spatial modula-
tion (SM), frequency-domain turbo equalizer (FDTE),
imperfect channel knowledge.

I. Introduction

SPATIAL modulation (SM) has been widely considered
as an attractive low-cost single radio-frequency (RF)

multiple-input multiple-output (MIMO) technique as a
benefit of its simplified transceiver structure and low
power dissipation [1]-[4]. Despite having multiple transmit
antennas (TAs), in the original SM scheme only a single
TA and a single RF-chain is activated for transmitting
a classic modulated symbol at any time instant, hence
extra information may be conveyed by the index of the
activated TA in addition to the symbols of a conventional
modulation scheme.
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In the previous studies of SM, a flurry of research has
been focused on the design of low-complexity transceivers
for flat-fading channels [5]-[9], but there is a paucity of
SM-contributions designed for frequency-selective fading
channels. In order to support high-rate broadband SM
transmission, single-carrier (SC) SM [10] and multicarrier
SM orthogonal frequency division multiplexing (OFDM)
[11] have been proposed for frequency-selective fading
channels. Compared to SM-OFDM, SC-SM constitutes a
more promising alternative for broadband SM scenarios,
since it exhibits reduced peak-to-average power ratios,
offers improved multi-path diversity gains and retains the
single RF structure.
As a benefit of the attractive SC-SM features described

above, hard-decision based equalizers have been proposed
for SC-SM [12]-[15]. In order to achieve improved coding
gains, turbo equalization [16]-[17] was integrated with the
soft-input soft-output detectors of SC-SM [18]-[23], yield-
ing either a frequency-domain turbo equalizer (FDTE)
[18]-[20] or a time-domain turbo equalizer (TDTE) [21]-
[23]. However, most of the above-mentioned detectors
relied on the idealized simplifying assumption that perfect
channel state information (CSI) is available at the receiv-
er. Explicitly, practical channel estimation has not been
considered in their equalization processes. In practice, it
is quite challenging to acquire accurate CSI in multiple
antenna aided systems. However, realistic imperfect chan-
nel estimation degrades the equalization performance [10],
[24]-[27]. Specifically, the authors of [22] demonstrated
that under imperfect channel estimation, the TDTE of
[22] suffered from significant performance losses due to
the inaccuracy of the estimated CSI. Afterwards, the
authors of [23] embarked on improving the performance
whilst reducing the complexity of the TDTE under the
idealized simplifying assumption of having perfect CSI,
whilst setting aside the realistic imperfect channel esti-
mation scenario for future research. Explicitly, given that
the impact of imperfect channel estimation has not been
considered in the context of SC-SM systems, we tackle this
challenge in this treatise.
To elaborate, substantial research efforts have been

invested in conceiving reliable channel estimation algo-
rithms [28]-[30] and pilot transmission strategies [31]-[33]
for classic SC transmissions. However, these processes
are invarially prone to channel estimation errors. Hence
designing robust equalizers by taking into account the
channel estimation errors is of salient importance. To
expound further, in [34]-[35], robust FDTEs were designed
for SC single-input single-output (SISO) systems to cope
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with the channel estimation error by exploiting the char-
acteristics of the specific channel estimator, namely both
the channel estimate and the variance of the error, rather
than by aiming for achieving a more accurate estimated
channel response by conceiving more complicated pilot
designs, thus aiming for superiority over their existing non-
robust counterparts. In order to achieve optimal system
performance, decision-directed semi-blind channel estima-
tion [36]-[37] was incorporated into our turbo-iterative
receivers, in order to yield a robust receiver. Nevertheless,
a robust receiver was designed for SM systems relying on
imperfect CSI for transmission over Rayleigh flat fading
channels [26]. In a nutshell, to retain all the benefits
of SC-SM in practical applications relying on realistic
imperfect CSI estimation, the design of robust equalization
for SC-SM systems becomes an important open issue
for future research, which requires further investigations.
Against this backdrop, the robust design of FDTEs relying
on realistic imperfect channel knowledge and quasi-static
Rayleigh fading channel is conceived for SC-SM systems.
We design minimum mean-square error (MMSE)-based
decision-feedback equalizers (DFEs), since FDTEs impose
lower complexities than TDTEs, while attaining consider-
able multipath diversity gains, where the single-tap based
FDTEs can be implemented using the fast Fourier trans-
form (FFT). Additionally, the existing DFE [19] conceived
for SC-SM systems was designed based on the assumption
of perfect channel knowledge. Therefore, the knowledge of
the channel estimator cannot be exploited by the equalizer,
not even if the channel estimate and error variance of the
estimator are known. In contrast to the original DFE of
[19], in this contribution a pair of robust FDTE designs
are proposed for SC-SM transmissions, evolved from the
classical channel estimation model of [26], [34] as well as
from the FDTE structure relying on time-domain (TD)
[19], [28], [38] and frequency-domain (FD) [28], [39]-[40]
feedback, in order to take into account the specific char-
acteristics of the channel estimator. By considering the
practical channel estimation error, the considered system
model is different, so the coefficients of the robust TDSDF-
FDTE and the soft mapper of the equalized signal should
be redesigned. Furthermore, decision-directed equalizers
are specifically designed for SC-SM systems, which achieve
joint robust equalization and data-aided channel estima-
tion (DACE) [36]-[37] to provide a more accurate channel
estimate for improving the performance of the proposed
robust FDTEs. Compared to the existing robust equal-
izers and decision-directed equalizers designed for SC-
SISO systems [34]-[35] by assuming both perfect symbol
feedback and unbiased channel estimation, the reliabilities
of both the SM feedback symbol and of the biased channel
estimation are considered in the proposed robust FDTEs
and in the decision-directed SC-SM equalizers advocated,
respectively.

Against the above background, the new contributions of
this paper are as follows:

1) As a further development of the hybrid DFE struc-
ture proposed in [19], [28] and [38], we investigate the
joint design of robust time-domain soft-decision feed-
back (TDSDF) aided FDTE assisted by our channel
decoders for practical SC-SM systems relying on

realistic imperfect channel knowledge. Furthermore,
in this work, the relationship amongst the MSE
matrix, the equalized signal and the desired signal
is investigated to derive the conditional probability
density function (PDF) of the desired SM symbol.

2) To further reduce the complexity imposed, inspired
by the receiver structure of FDTE having FD feed-
back [28], [39]-[40], a robust frequency-domain soft-
decision feedback (FDSDF) aided FDTE is pro-
posed, where both the feed-forward and feed-back
filter are implemented in the FD.

3) In order to further improve the performance of the
above pair of robust equalizers by providing a accu-
rate channel estimation, decision-directed equalizers
are proposed for reducing the noise-like distortion
term embedded in the equalized signal by exploiting
the reliable data sequence to refine the channel esti-
mation, where both soft-decision based SM symbols
and biased estimation are considered.

4) Based on our extrinsic information transfer (EXIT)
chart analysis [41], the convergence behavior of the
proposed robust FDTEs is studied. Both the EXIT
chart analysis and simulation results confirm that
our robust FDTEs provide a better bit error rate
(BER) performance than its non-robust counterpart
[19].

The remainder of the paper is organized as follows.
Section II introduces the system model of SC-SM and
our channel estimation model relying on imperfect chan-
nel knowledge. In Section III, we propose several robust
FDTEs and theoretically derive the coefficients in the
presence of channel estimation errors. A joint robust equal-
ization, channel estimation and channel decoding scheme
is also investigated in Section III. Section IV characterizes
the convergence behavior and the maximum achievable
performance of the proposed robust FDTEs based on
EXIT chart analysis. While our simulation results and
computational complexity comparisons are presented in
Section V. Finally, our conclusions are summarized in
Section VI.
Notation: (·)T , (·)∗, (·)H and (·)−1 refer to the trans-

pose, conjugate, conjugate transpose, and pseudo inverse
of a vector/matrix, respectively. Im represents the m ×
m-dimensional identity matrix, while 0m×n denotes the
(m× n)-dimensional null matrix having all zero elements.
The function abs(·) denotes the absolute value of all the
elements of a matrix, while trace (·) represents the trace
of a matrix. Furthermore, diag (·) stands for the operation
of reshaping a vector into a diagonal form with all the
off-diagonal elements being zeros. The operator (·) modK
suggests the modulo-K operation and the operator ‖ · ‖2
refers to the Frobenious norm of a vector/matrix. Finally,
E {·} and D {·} represent the mean and the variance of a
vector/matrix, respectively.

II. System Model with Imperfect Channel
Knowledge

A. System Model
We consider a broadband SC-SM based MIMO system

having Nt TAs and Nr receive antennas (RAs), communi-
cating over a frequency-selective channel. At the transmit-
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ter, B = log2Nt + log2L information bits are transmitted
in each time slot, where log2Nt bits are employed to select
one out of Nt TAs, while log2L bits are used for modulat-
ing a L-PSK/QAM symbol transmitted by the activated
TA. We employ a vectorial notation for representing the
mth interval of the transmitted SM symbol, as follows

sm = [0, ..., 0︸ ︷︷ ︸
lm−1

, sm, 0, ..., 0︸ ︷︷ ︸
Nt−lm

]T ∈ CNt×1, (1)

where m = 0, ...,K − 1 represents the index of time
interval, while k = 0, ...,K − 1 denotes the index of the
corresponding frequency subcarrier after the FFT in this
paper. Furthermore, lm ∈ {i}Nti=1 refers to the index of
the activated TA during the mth interval, and sm stands
for the L-PSK/QAM symbol transmitted from the classic
signal set.

In broadband SC-SM systems, K modulated SM sym-
bols, sm for m = 0, ...,K − 1, are grouped into a block.
Then a suitable cyclic prefix (CP) is appended for pre-
venting inter-frame interference. The resultant block is
then transmitted through the frequency-selective fading
channel having P resolvable multipath links between each
TA and RA pair, where the channel model applied here
is a quasi-static Rayleigh fading channel. At the receiver,
after removing the CP from each block, the signal received
in the mth interval can be expressed by

ym =
P−1∑
p=0

Hps(m−p)modK+nm, for m = 0, ...,K−1, (2)

where Hp ∈ CNr×Nt stands for the channel gain matrix on
the pth channel tap, whose elements can be assumed to fol-
low the complex Gaussian distribution of CN

(
0, σ2

hp

)
, and

are independent of each other for different p. Furthermore,
nm ∈ CNr×1 represents the additive white Gaussian noise
(AWGN), which is composed of i.i.d. CN

(
0, σ2) elements.

By applying the FFT to both sides of (2), we arrive at

zk = Dkxk + wk, for k = 0, ...,K − 1, (3)

where zk = 1√
K

∑K−1
m=0 yme−

j2πmk
K , xk =

1√
K

∑K−1
m=0 sme−

j2πmk
K , Dk =

∑P−1
p=0 Hpe

− j2πpk
K , and

wk = 1√
K

∑K−1
m=0 nme−

j2πmk
K .

Assuming that the TDSDF-FDTE scheme is applied
at the receiver, which consists of a feed-forward linear
equalizer processed in the FD to combat the influence of
the channels, and a feed-back filter implemented in TD
to cancel the inter-symbol interference (ISI). As shown in
[19], the final equalized signal in the mth interval is given
by

ŝm = 1√
K

∑K−1

k=0
Ckzke

j2πmk
K + Bs̄ (m) , (4)

where s̄ (m)=
[
s̄T(m−1)modK , s̄T(m−2)modK ,· · ·, s̄T(m−P+1)modK

]T
and s̄m represents the soft-feedback SM symbol calculated
by the channel decoder, given as

s̄m , E {sm} =
∑

αi∈S
αiP (sm = αi), (5)

where αi ∈ S stands for the transmitted SM vector, and S
represents the SM symbol set. Furthermore, P (sm = αi)

refers to the probability of the event of sm = αi, which
can be expressed by

P (sm = αi) =
B∏
n=1

p (cn = bmn ) =
B∏
n=1

e(bmn )La(bmn )

1 + eLa(bmn ) , (6)

where La (bmn ) represents the a priori log-likelihood ratio
(LLR), and bmn ∈ {0, 1} stands for the corresponding
transmit information bit. According to [19], Ck ∈ CNt×Nr
and B ∈ CNt×Nt(P−1) in (4) are the coefficients of the
feed-forward and feed-back filters, which are derived by
assuming perfect CSI. However, in practice the CSI has
estimation errors, which degrades the performance of the
equalization process [10], [24]-[27].

B. Channel Estimation Model

In this subsection, the statistical channel estimation
model of [26], [34] is employed for expressing the relation-
ship between the real channel Hp and its estimate Ĥp as
follows

Ĥp = Hp + Hεp , (7)

where Hεp denotes the channel estimation error, whose
elements can be modeled as complex Gaussian random
variables with the distribution of CN

(
0, σ2

εp

)
and are

independent for different p. It is worth noting that the
channel estimation model in (7) closely characterizes prac-
tical channel estimation. For example, let us assume that
least square (LS) based channel estimation is carried out in
the TD to estimate the channel Ĥp and its error covariance
σ2
εp , where the N -length TD unit-power training sequence

(TS) of [s0, s1, · · · , sN−1]T , N ≥ P [42] is employed for
estimating the channel impulse response between each
TA and RA. Furthermore, a (P − 1)-sample CP is used.
Then, after removing the CP from the receiver, the signal
received from tth t ∈ (1, Nt) TA and rth r ∈ (1, Nr) RA
pair can be expressed as

yr = Sht,r + nr, (8)

where yr = [yr,0, yr,1, · · · , yr,N−1]T denotes the signal
received by the rth RA, while S represents an (N × P )-
elemetnt Toeplitz matrix, given by

S =


s0 sN−1 · · · sN−P+1
s1 s0 · · · sN−P+2
...

...
. . .

...
sN−1 sN−2 · · · sN−P

 . (9)

Furthermore, ht,r =
[
h0
t,r, h

1
t,r, · · · , hP−1

t,r

]T , and hpt,r,
p ∈ (0, P − 1) represents the element in the rth-row and
tth-column of Hp. Therefore, the LS estimation can be
formulated by ĥt,r =

(
SHS

)−1SHyr, with the channel
estimation error covariance matrix being

∆ ∆= E

{(
ĥt,r − ht,r

)(
ĥt,r − ht,r

)H}
= σ2(SHS

)−1 = σ2

N IP .
(10)
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III. Proposed Robust FDTEs
A. Proposed Robust TDSDF-FDTE
1) Coefficients Derivation of Robust TDSDF-FDTE: In

this subsection, we first derive the coefficient of the robust
TDSDF-FDTE scheme based on the channel estimation
model of (7). As observed in [19], imperfect SM symbol
feedback and imperfect feedback cancellation occur due to
the fact that s̄m 6= sm, which will lead to a different pro-
cess than those of conventional robust equalizers relying
on assuming having perfect feedback symbols and perfect
feedback cancellation [34]-[35]. The architecture of the pro-
posed robust TDSDF-FDTE conceived for our recursive
systematic convolutional (RSC)-coded SC-SM system is
depicted in Fig. 1, where Π and Π−1 denote the interleaver
and de-interleaver, respectively. Furthermore, as shown
in Fig. 1, the conditional MSE based on the estimated
channel Ĥ is invoked for deriving the optimal coefficients
of the feed-forward and feed-back filters involved in (4),
which can be expressed by

Λ ∆= E

{
1
K

∑K−1

m=0
(̂sm − sm) (̂sm − sm)H

∣∣∣Ĥ} . (11)

By substituting (3) and (4) into (11), and employing
Parseval’s formula to generate its FD version, we have

Λ = E
{

1
K

∑K−1
k=0

(
CkDkxk + Ckwk + B̂kx̄k − xk

)
(
CkDkxk + Ckwk + B̂kx̄k − xk

)H ∣∣∣Ĥ} ,
(12)

where B̂k and x̄k correspond to the FFT-based version of
B and s̄m, given by

B̂k = BFk,Fk = [e−
j2πk
N , · · · , e−

j2πk(P−1)
N ]T ⊗ INt , (13)

and
x̄k = 1√

K

∑K−1

m=0
s̄me−

j2πmk
K , (14)

respectively.
As observed in (12), the key step to derive the MSE

matrix Λ is to find E
{

Dk

∣∣∣Ĥ} and E
{

DkDH
k

∣∣∣Ĥ}. Since
Dk is the FFT-based version of Ĥp, we have

D̂k
∆= E

{
Dk

∣∣∣Ĥ} =
∑P−1
p=0 E

{
Hp

∣∣∣Ĥ} e− j2πpk
K

=
∑P−1
p=0 Ĥpe

− j2πpk
K ,

(15)

and

E
{

DkDH
k

∣∣∣Ĥ}
= E

{∑P−1
p=0 Hpe

− j2πpk
K

∑P−1
l=0 HH

l e
j2πlk
K

∣∣∣Ĥ}
= E

{∑P−1
p=0

∑P−1
l=0

(
Ĥp−Hεp

)(
ĤH
l −HH

εl

)
e
j2π(l−p)k

K

∣∣∣Ĥ}
=
∑P−1
p=0

∑P−1
l=0 ĤpĤH

l e
j2π(l−p)k

K +
∑P−1
p=0 E

{
HεpHH

εp

∣∣∣Ĥ}
= D̂kD̂H

k +Nt
∑P−1
p=0 σ

2
εpINr .

(16)
Substituting E

{
Dk

∣∣∣Ĥ} and E
{

DkDH
k

∣∣∣Ĥ} into the
MSE matrix of (12), we arrive at

Λ = 1
K

∑K−1
k=0

(
CkD̂k − INt

)
E
{
xkxHk

}(
D̂H
k CH

k − INt
)

+
(
CkD̂k − INt

)
E
{
xkx̄Hk

}
B̂H
k + B̂kE

{
x̄kx̄Hk

}
B̂H
k

+ B̂kE
{
x̄kxHk

}(
D̂H
k CH

k − INt
)

+ σ̂2CkCH
k ,

(17)

where

σ̂2 = trace
(
E
{
xkxHk

})∑P−1

p=0
σ2
εp + σ2. (18)

Furthermore, E{xkxHk } is the diagonal second-order mo-
ment matrix of the FD symbol xk, given by

E{xkxHk } = 1
K

∑K−1
m=0 E{smsHm},

E{smsHm} =
∑

αi∈S
P (sk = αi) αiαi

H . (19)

Next, the approximation of the reliability of feedback deci-
sion E

{
sms̄Hm

}
≈ E

{
smE{sm}H

}
= E {sm}E{sm}H =

s̄ms̄Hm defined in [19] is employed, yielding

E
{
x̄kxHk

}
= E

{
xkx̄Hk

}
= E

{
x̄kx̄Hk

}
= 1
K

∑K−1

m=0
s̄ms̄Hm.
(20)

Setting the derivative of (17) with respect to Ck to zero,
we have the optimal feed-forward filter as follows

Ck =
(
E
{
xkxHk

}
− B̂kE

{
x̄kxHk

})
D̂H
k

(
D̂kE

{
xkxHk

}
D̂H
k + σ̂2INr

)−1

=
(
E
{
xkxHk

}
− B̂kE

{
x̄kxHk

})(
D̂H
k D̂kE

{
xkxHk

}
+ σ̂2INt

)−1
D̂H
k .

(21)

Similarly, by setting the derivative of (17) with respect to
B to zero after substituting (21) back into (17), we have
the optimal feed-back filter as follows

B =
[∑K−1

k=0 σ̂2
(
D̂H
k D̂kE

{
xkxHk

}
+ σ̂2INt

)−1
FHk
]

{∑K−1
k=0 Fk

[̂
σ2E

{̄
xkxHk

}
E
{
xkxHk

}−1
(
D̂H
k D̂kE

{
xkxHk

}
+ σ̂2INt

)−1 + INt − E
{
x̄kxHk

}
E
{
xkxHk

}−1
]
FHk
}−1

.

(22)
It is worth noting that the above derivation in the robust
TDSDF-FDTE design is quite different from that of the
conventional TDSDF-FDTE of [19], since the conventional
equalizer only directly replaces the real channel Dk by the
estimated one D̂k, where both the estimated channel D̂k

and the second-order moment matrix E
{

DkDH
k

∣∣∣Ĥ} are
utilized in the design of the robust TDSDF-FDTE. Thus,
a more robust system performance can be achieved by the
proposed equalizer.
2) Output Extrinsic LLR of Equalized Signal: Given

the optimal filter coefficients derived in (21) and (22),
the equalized signal ŝm in (4), which is an estimate
of the corresponding desired SM symbol sm, has to be
converted to the corresponding extrinsic LLRs (defined
by the posteriori LLR minus the priori LLR [43]) of
the transmitted information bits bmn , n ∈ {1, B} for the
channel decoder, where the calculation of the conditional
PDF of the equalized signal ŝm is needed. In contrast
to the LLRs computed in [19] under the perfect CSI
assumption, in the case of imperfect channel estimation,
the inputs of the channel decoder in terms of the LLRs can
be calculated as follows. Firstly, we rewrite the equalized
signal of (4) in the TD circular convolution form, as follows

ŝm =
∑K−1
p=0 Gps(m−p)modK +

∑P−1
p=1 Bps̄(m−p)modK

+ 1√
K

∑K−1
k=0 Ckwke

j2πmk
K ,

(23)
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Fig. 1. Transceiver architecture of the proposed robust TDSDF-FDTE aided SC-SM scheme with imperfect channel knowledge.

where B ∆= [B1, · · · ,BP−1] and Gp
∆=

1
K

∑K−1
k=0 CkDke

j2πpk
K . In the case of perfect channel

knowledge, by assuming that the distortion term
containing both the remaining ISI and noise is
Gaussian distributed [19], the equalized signal can
be directly represented by a Gaussian distribution
of CN (E {ŝm |sm,H} , D {ŝm |sm,H}). However, this
approach is unsuitable for the case of imperfect channel
knowledge, because the coefficient matrix G0 associated
with the desired SM symbol sm in (23) is related to
the real channel H, which is not perfectly known at
the receiver. To solve this problem, the relationship
amongst the MSE matrix, the equalized signal and the
desired signal in (11) is investigated in order to calculate
the conditional PDF of the equalized signal ŝm in (4).
According to (23), we can rewrite the equalized signal as
follows

ŝm = E
{

G0

∣∣∣Ĥ} sm + Um = Ĝ0sm + Um, (24)

where Ĝ0 constitutes a multiplier of the desired signal,
given by

Ĝ0
∆= E

{
G0

∣∣∣Ĥ} = 1
K

∑K−1

k=0
CkD̂k. (25)

Furthermore, Um represents the distortion term, which
can be expressed by

Um =
∑K−1
p=1 Gps(m−p)modK +

∑P−1
p=1 Bps̄(m−p)modK

+ 1√
K

∑K−1
k=0 Ckwke

j2πmk
K +

(
G0 − Ĝ0

)
sm.

(26)
It can be observed in (26) that the distortion term Um

contains not only the residual ISI and filtered noise, but
also a noise-like distortion component due to the channel
estimation error. Again, let us assume that Um is Gaussian
distributed with zero mean 0Nt×1, which is independent
of the desired signal. By substituting the equalized signal
ŝm of (24) into the MSE matrix Λ of (11), we can refine

Λ as follows

Λ = E

{
1
K

∑K−1
m=0

(
Ĝ0sm+Um−sm

)(
Ĝ0sm+Um−sm

)H∣∣∣Ĥ}
=
(
Ĝ0 − INt

)
1
K

∑K−1
m=0 E

{
smsHm

}(
Ĝ0 − INt

)H
+ 1

K

∑K−1
m=0 E

{
UmUH

m

∣∣∣Ĥ}
=
(
Ĝ0−INt

)
E{xkxHk }

(
Ĝ0−INt

)H
+E

{
UmUH

m

∣∣∣Ĥ} ,
(27)

where

E
{

U0UH
0

∣∣∣Ĥ} = · · · = E
{

UK−1UH
K−1

∣∣∣Ĥ}
= 1

K

∑K−1
m=0 E

{
UmUH

m

∣∣∣Ĥ}. (28)

Then based on (27), the second-order moment matrix of
Um can be derived as

E
{

UmUH
m

∣∣∣Ĥ} = Λ−
(
Ĝ0 − INt

)
E{xkxHk }

(
Ĝ0 − INt

)H
,

(29)
where the MSE matrix Λ can be expressed with the aid
of its FD version in (12), yielding

Λ =E{xkxHk }−E{xkxHk }Ĝ0+ 1
K

∑K−1
k=0 CkD̂kE{xkx̄Hk }B̂H

k

+ B̂kE{xkx̄Hk }B̂H
k − B̂kE{xkx̄Hk } − E{xkx̄Hk }B̂H

k .
(30)

Finally, according to (24), (25) and (29), the extrinsic LLR
at the output of the proposed robust equalizer and entered
into the channel decoder can be calculated by the well-
known Max-Log maximum a posterior (MAP) algorithm
[19], [43], as follows

Le(bmn ) = max
sm∈Sn1

[
−‖ŝm−Ĝ0sm‖2

σ2
m

+
B∑
j 6=n

bmj La
(
bmj
)]

− max
sm∈Sn0

[
−‖ŝm−Ĝ0sm‖2

σ2
m

+
B∑
j 6=n

bmj La
(
bmj
)]
,

(31)
where Sn0 and Sn1 refer to the legitimate subspaces of
SM symbols, satisfying Sn0 = {xk ∈ Sn : bn = 0} and
Sn1 = {xk ∈ Sn : bn = 1}, respectively. Here, σ2

m stands for
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the covariance value of E
{

UmUH
m

∣∣∣Ĥ} in (29), which is
expressed as:

σ2
m =

trace
[
abs

(
E
{

UmUH
m

∣∣∣Ĥ})]
Nt

. (32)

B. Proposed Robust FDSDF-FDTE
1) Proposed Robust FDSDF-FDTE design: In the pro-

posed robust TDSDF-FDTE design, the operation of the
Nt(P − 1)-dimensional matrix inversion involved in the
calculation of feed-back filter imposes a high computa-
tional complexity. To tackle this issue, a robust FDSDF-
FDTE designed for SC-SM is proposed in Fig. 2, where
both the feed-forward and feed-back filter are implemented
in the FD. In the proposed robust FDSDF-FDTE, the
FD single-tap based feed-back filter is conceived rather
than the TD multiple-taps based feed-back filter, leading
to a lower computational complexity than the robust
TDSDF-FDTE. Moveover, imperfect SM symbol feedback
and imperfect feedback cancellation are assumed in the
proposed robust FDSDF-FDTE. As shown in Fig. 2, the
final equalized signal ŝm in the mth symbol interval is
given by

ŝm = 1√
K

∑K−1

k=0

(
Ckzk + B̂kx̄k

)
e
j2πmk
K , (33)

where x̄k corresponds to the FFT-based version of s̄m
defined in (14).

Here, Ck ∈ CNt×Nr and B̂k ∈ CNt×Nt are the coeffi-
cients of the feed-forward and feed-back filters, designed
by solving the following optimization

arg min
Ck∈CNt×Nr ,

B̂k∈CNt×Nt

Λ

subject to
∑K−1
k=0 B̂k = 0Nt×Nt ,

(34)

where Λ is the conditional MSE based on the esti-
mated channel Ĥ, defined in (11). Here, the constraint∑K−1
k=0 B̂k = 0Nt×Nt ensures that the feed-back filter does

not remove the desired component [44]-[45]. According
to the classic Lagrangian method, Ck and B̂k are the
solutions of the following equations

∂
(
Λ+A

∑K−1
k=0

B̂k
)

∂Ck
= 0Nr×Nt

∂
(
Λ+A

∑K−1
k=0

B̂k
)

∂B̂k
= 0Nt×Nt∑K−1

k=0 B̂k = 0Nt×Nt

, (35)

where A is the Lagrange multiplier. Substituting the
FD version of Λ of (17) into (35), we have the optimal
coefficients of the feed-forward and feed-back filters as
follows

Ck =
(
E
{
xkxHk

}
− B̂kE

{
x̄kxHk

})(
D̂H
k D̂kE

{
xkxHk

}
+ σ̂2INt

)−1
D̂H
k ,

(36)

and

B̂k =
[
σ̂2(D̂H

k D̂kE
{
xkxH

k

}
+ σ̂2INt

)−1 −KAHE
{
x̄kxH

k

}−1
][

σ̂2E
{
x̄kxH

k

}
E
{
xkxH

k

}−1(D̂H
k D̂kE

{
xkxH

k

}
+ σ̂2INt

)−1

+INt − E
{
x̄kxH

k

}
E
{
xkxH

k

}−1
]−1

,

(37)

where E
{
xkxHk

}
and E

{
x̄kxHk

}
are defined in (19) and

(20), respectively. Furthermore, D̂k and σ̂2 are defined in
(15) and (18), respectively. Here, KAHE

{
x̄kxHk

}−1 is a
constant matrix for a given index k, which is given in
(38). As observed in (37), only the Nt-dimensional matrix
inversion is used, rather than the Nt(P − 1)-dimensional
matrix inversion involved in the calculation of the feed-
back filter in the proposed robust TDSDF-FDTE, hence
leading to a reduced computational complexity.
2) Output Extrinsic LLR of Equalized Signal: Similar

to the soft output of the robust TDSDF-FDTE presented
in Section III-A 2, the soft mapper of the proposed ro-
bust FDSDF-FDTE should also exploit the relationship
amongst the MSE matrix, the equalized signal and the
desired signal in (11) for determining the conditional PDF
of the equalized signal ŝm of (33). Firstly, the equalized
signal ŝm in (33) can be refined by invoking the TD
circular convolution form, as follows

ŝm =
∑K−1
p=0 Gps(m−p)modK +

∑K−1
p=0 Bps̄(m−p)modK

+ 1√
K

∑K−1
k=0 Ckwke

j2πmk
K ,

(39)
where Gp

∆= 1
K

∑K−1
k=0 CkDke

j2πpk
K and Bp

∆=
1
K

∑K−1
k=0 B̂ke

j2πpk
K . Then the equalized signal can be

rewritten as the desired signal plus a distortion term as
follows

ŝm = E
{

G0

∣∣∣Ĥ} sm + Um = Ĝ0sm + Um, (40)

where the multiplier of the desired signal Ĝ0 and the
distortion term Um are formulated as

Ĝ0
∆= E

{
G0

∣∣∣Ĥ} = 1
K

∑K−1

k=0
CkD̂k. (41)

and
Um =

∑K−1
p=1 Gps(m−p)modK +

∑K−1
p=0 Bps̄(m−p)modK

+ 1√
K

∑K−1
k=0 Ckwke

j2πmk
K +

(
G0 − Ĝ0

)
sm,

(42)
respectively. Therefore, similar to (29), the second-order
moment matrix of Um can still be derived by

E
{

UmUH
m

∣∣∣Ĥ} = Λ−
(
Ĝ0 − INt

)
E{xkxHk }

(
Ĝ0 − INt

)H
,

(43)
where the MSE matrix Λ can be obtained by substituting
(36), (37) into (30). Finally, the extrinsic information
based on the equalized signal ŝm output by the robust
equalizer and entered into the channel decoder can be
obtained by (31) and (32).

C. Proposed Decision-Directed Robust Equalizers
In the proposed pair of robust nonlinear FDTE designs

of the previous subsections, a component related to the
channel estimation error was identified in the distortion
term of (26) and (42). Therefore the system performance
is still limited by the quality of the channel estimation.
Hence, better system performance can be attained by
improving the accuracy of the channel estimation. In this
subsection, decision-directed equalizers are proposed by
using joint robust equalization and DACE for reducing
the noise-like distortion term embedded in the equalized
signal. The architecture of the proposed decision-directed
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Fig. 2. Transceiver architecture of the proposed robust FDSDF-FDTE aided SC-SM scheme with imperfect channel knowledge.

KAHE
{
x̄kxH

k

}−1 =
{∑K−1

k=0 σ̂2(D̂H
k D̂kE

{
xkxH

k

}
+ σ̂2INt

)−1
[
σ̂2E

{
x̄kxH

k

}
E
{
xkxH

k

}−1

(
D̂H

k D̂kE
{
xkxH

k

}
+ σ̂2INt

)−1 +INt − E
{
x̄kxH

k

}
E
{
xkxH

k

}−1
]−1
}

{∑K−1
k=0

[
σ̂2E

{
x̄kxH

k

}
E
{
xkxH

k

}−1(D̂H
k D̂kE

{
xkxH

k

}
+ σ̂2INt

)−1

+INt − E
{
x̄kxH

k

}
E
{
xkxH

k

}−1
]−1
}−1

.

(38)

robust equalizers is depicted in Fig. 3. As observed in Fig.
3, two main steps are invoked for improving the accuracy
of the channel estimation: 1) the conditional first- and
second-order moment matrices based on the a priori MSE
channel estimation results are invoked for alleviating the
influence of the channel estimation error before the process
of robust equalization, and 2) the output soft-decision
SM symbols for the channel decoder are exploited as a
reference TS to refine the channel estimation. Here, the
refined biased channel estimation rather than the unbiased
estimation [28], [34] is considered due to the fact that the
soft-decision SM symbols is unequal to the desired SM
symbols. Then a more accurate channel estimate can be
obtained by combining the refined channel estimate results
with the TS-based channel estimate results. The details
of the proposed decision-directed robust equalizers can be
summarized as follows.

Step 1: Calculate the conditional first- and second-
order moment matrices based on the a priori MSE channel
estimation results given in (7), where the a priori channel
estimation results are given by the TS-based channel
estimation results for its first iteration.

In the robust TDSDF-FDTE/FDSDF-FDTE, the esti-
mated channel value and its error covariance matrix in (7)
is directly employed to derive the optimal filter coefficients
and the PDF of the equalized signal. According to [46],
the conditional first- and second-order moment matrices
of the real channel leaving an MSE channel estimation can
also be applied to achieve more accurate CSI estimation
than LS estimation, hence potentially resulting in a more

robust receiver. Based on [46], and assuming that the
channel matrix H represents a Rayleigh fading channel,
the conditional first- and second-order moment matrices
of the real channel H leaving an MSE estimate H̃ is
calculated as follows

H̃p
∆= E

{
Hp

∣∣∣Ĥ} = E
{

HpĤH
p

}
E
{

ĤpĤH
p

}−1
Ĥp

=
σ2
hp

σ2
hp

+σ2
εp

Ĥp,

(44)
and

E
{

HpHH
p

∣∣∣Ĥ} = E
{

Hp

∣∣∣Ĥ}E{Hp

∣∣∣Ĥ}H+D
{

Hp

∣∣∣Ĥ}
= H̃pH̃H

p +D
{

Hp

∣∣∣Ĥ} ,
(45)

where

D
{
Hp

∣∣∣Ĥ}=E
{
HpHH

p

}
−E
{
HpĤH

p

}
E
{
ĤpĤH

p

}−1
E
{
ĤpHH

p

}
= Nt

σ2
hp
σ2
εp

σ2
hp

+σ2
εp

INr .
(46)

Therefore, the conditional first-order moment ma-
trix E

{
Dk

∣∣∣Ĥ} and second-order moment matrix

E
{

DkDH
k

∣∣∣Ĥ} of the FD channel Dk can be reformulated
as:

D̂k
∆= E

{
Dk

∣∣∣Ĥ} =
∑P−1

p=0
H̃pe

− j2πpk
K , (47)
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and

E
{

DkDH
k

∣∣∣Ĥ} = D̂kD̂H
k +Nt

∑P−1

p=0

σ2
hp
σ2
εp

σ2
hp

+ σ2
εp

INr ,

(48)
respectively.

Step 2: Perform the robust TDSDF-FDTE/FDSDF-
FDTE based on the conditional first- and second-order
moment matrices of the real channel.

Upon replacing the real estimated first- and second-
order moment matrices (15)-(16) by the conditional first-
and second-order moment matrices (47)-(48), the proposed
robust TDSDF-FDTE/FDSDF-FDTE relying on the con-
ditional first- and second-order moment matrices follows
the same steps as that of the TDSDF-FDTE/FDSDF-
FDTE in the pervious subsections, except that the value
of σ̂2 in (18) is refined to

σ̂2 = trace
(
E
{
xkxHk

})∑P−1

p=0

σ2
hp
σ2
εp

σ2
hp

+ σ2
εp

+ σ2. (49)

Step 3: Invoke the soft-decision SM symbols output by
the channel decoder as a reference TS to refine the channel
estimation.

In contrast to the channel estimation model of Section
II-B, by exploiting the soft sequence output by the channel
decoder as a new TS, the received TD signal of the rth
RA can be expressed by

yr,0
yr,1

...
yr,K−1


︸ ︷︷ ︸
yr∈CK×1

=


sT

0 sT
K−1 · · · sT

K−P +1
sT

1 sT
0 · · · sT

K−P +2
...

...
. . .

...
sT

K−1 sT
K−2 · · · sT

K−P


︸ ︷︷ ︸

S∈CK×PNt


h0

r

h1
r

...
hP −1

r


︸ ︷︷ ︸

hr∈CPNt×1

+


nr,0
nr,1

...
nr,K−1


︸ ︷︷ ︸
nr∈CK×1

,

(50)
where sm ∈ CNt×1, m ∈ (0,K − 1) is the desired SM
symbol in the mth interval defined in (2). Here, hpr =[
hp1,r, h

p
2,r, · · · , h

p
Nt,r

]T
, and hpt,r, p ∈ (0, P − 1) stands

for the element in the rth-row and tth-column of Hp.

By entering the soft-decision SM output symbols into
the channel decoder, according to the LS based channel
estimation, the estimated channel ĥr can be formulated
by

ĥr =
(
S̄H S̄

)−1S̄Hyr, (51)

where S̄ ∆= E {S}. By substituting (50) into (51), we have

ĥr =
(
S̄H S̄

)−1S̄HShr +
(
S̄H S̄

)−1S̄Hnr, (52)

where ĥr is a biased estimate of hr due to the fact that S̄ 6=
S, except at a high enough signal-to-noise ratio (SNR),
where the bias becomes negligible. To tackle this issue,
the biased channel estimation error covariance matrix can
be calculated as

∆data
∆= E

{(
ĥr − hr

)(
ĥr − hr

)H}
= E

{((
S̄H S̄

)−1S̄HShr +
(
S̄H S̄

)−1S̄Hnr − hr
)

((
S̄H S̄

)−1S̄HShr +
(
S̄H S̄

)−1S̄Hnr − hr
)H}

=
[(

S̄HE
{
SSH

}−1S̄
)−1
− IPNt

]
E
{

hrhrH
}

+ σ2(S̄H S̄
)−1

,
(53)

where E
{
SSH

}
is a diagonal second-order moment matrix

due to the randomness of the transmitted SM symbol,
given by

E
{
SSH

}
= diag

[
σ2
s0
, σ2
s1
, · · · , σ2

sK−1

]
, (54)

where

σ2
sm = trace

(∑P−1

p=0
E
{

s(m−p)modKsH(m−p)modK

})
.

(55)
Moveover, E

{
hrhrH

}
is the second-order moment matrix
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of the channel matrix in (2), computed as

E
{

hrhrH
}

= diag

σ2
h0
, · · · , σ2

h0︸ ︷︷ ︸
C1×Nt

, · · · , σ2
hP−1

, · · · , σ2
hP−1︸ ︷︷ ︸

C1×Nt

 .
(56)

Similar to (10), due to the randomness of the transmitted
SM symbols and the usage of the interleaver, the biased
channel estimation error covariance matrix ∆data in (53)
can also be approximated as a scaled diagonal matrix.
Based on the channel estimation model in (7), ∆data can
be expressed by

∆data = diag

σ2
εdata0

, · · · , σ2
εdata0︸ ︷︷ ︸

C1×Nt

, · · · , σ2
εdata
P−1

, · · · , σ2
εdata
P−1︸ ︷︷ ︸

C1×Nt

 .
(57)

Therefore, we have

σ2
εdatap

= 1
Nt

∑Nt
i=1 abs

(
∆data
pNt+i,pNt+i

)
,

for p = 0, ..., P − 1,
(58)

where ∆data
j,j , j ∈ (0, PNt) denotes the jth diagonal

element of ∆data.
Next, the channel estimate based on the data sequence

can be combined with the TS-based channel estimate,
yielding the combined estimated channel Ĥcom

p with its
error covariance σ2

εcomp
being

Ĥcom
p = σ2

εcomp

(
Ĥdata
p

σ2
εdatap

+
ĤTS
p

σ2
εTSp

)
, (59)

with
σ2
εcomp

= 1
1

σ2
εdatap

+ 1
σ2
εTSp

. (60)

Finally, the combined channel estimates will be employed
as the a priori channel estimates for the next iteration.
Note that although the proposed robust equalizers and
the proposed decision-directed equalizers are designed by
relying on the TD orthogonal training method, they can
be readily extended to other estimation method, such as
superimposed training [29] or FD pilot insertion [32].

Finally, the differences among the existing equalisers
and the proposed equalisers are summarized in Table I
to clarify the novelty of our works.

D. Computational Complexity Analysis
In this subsection, the computational complexities of

both the proposed robust equalizers and of the decision-
directed equalizers are analyzed in terms of the number of
real-valued multiplications. Specifically, for matrices A ∈
Cm×n, B ∈ Cn×p, and C ∈ Cn×1, the operations of AB
and ‖C‖2F require 4mnp and 2n real-valued multiplication-
s, respectively. The complexity order of the conventional
equalizer is available in [19]. Furthermore, the complexities
of both our proposed robust equalizers and of our decision-
directed equalizers are summarized in (61) in terms of
the number of real-valued multiplications, where the 2-
based butterfly FFT and Inverse FFT (IFFT) operations
are invoked in all the simulated equalizers. Finally, the
complexity comparisons for specific system parameters are
given in Section V to illustrate the calculations in (61).

IV. EXIT Chart Analysis
In this section, we present our EXIT chart analysis for

characterizing the convergence behaviors of the proposed
solutions along with the conventional DFE [19] in a two-
stage concatenated RSC-coded SC-SM relying on imper-
fect channel knowledge under different antenna configura-
tions. In our simulations, the half-rate RSC (2,1,2) code
having an octal generator polynomial of (Gr, G) = (7, 5)8
is employed, and both the estimated channel having a fixed
error variance and the real estimated channel presented
in Section II-B are considered for demonstrating the su-
periority of both the proposed robust equalizers and of
the decision-directed equalizers. Furthermore, a frequency-
selective Rayleigh fading channel having a channel impulse
response (CIR) length of P = 15 is employed in our sim-
ulations, and the CIR taps are i.i.d. CN (0, 1/P ) complex
random variables.

A. Convergence Behavior Analysis
We consider block-based transmission of K = 256 SM

symbols having (P − 1) CP length in each block. Based on
the EXIT chart analysis [41], the convergence behaviors of
the proposed equalizers are analysed for both full-rank and
rank-deficient antenna configurations. Here, the curves
labeled with ‘T-FDTE’ and ‘F-FDTE’ are the EXIT
curves of the proposed robust TDSDF-FDTE and FDSDF-
FDTE, respectively. Furthermore, the curves labeled with
‘d-T-FDTE’ and ‘d-F-FDTE’ are the EXIT curves of the
proposed decision-directed TDSDF-FDTE and decision-
directed FDSDF-FDTE, respectively.

Fig. 4 portrays the EXIT charts of both the conventional
equalizer and of the proposed equalizers using Nt = 4,
Nr = 4 and Nt = 8, Nr = 4 in the fixed-variance imper-
fect channel. Observe from Fig. 4 that all the proposed
equalizers provide more extrinsic information than the
conventional DFE in [19], which implies that the proposed
FDTEs outperform the conventional DFE in terms of
BER under both the full-rank and rank-deficient antenna
configurations. It is also shown in Fig. 4 that all the
proposed decision-directed equalizers offer better EXIT
chart performances. This is due to the fact that by entering
both the MSE estimate of the channel and the soft-
decision SM output symbols of the channel decoder into
refining the channel estimation, the proposed decision-
directed equalizers attain a more accurate channel esti-
mation, leading to a better BER performance. Moveover,
the EXIT trajectories of the robust TDSDF-FDTE as well
as the EXIT curve of the RSC (2,1,2) code are plotted
for visualizing the convergence behavior of the proposed
equalizers, where the EXIT trajectories can reach their
point of convergence after four iterations.
Next, Fig. 5 illustrates the EXIT charts of the real

estimated channel by assuming a length N = P ideal
unit-power TS and the LS algorithm presented in Section
II-B under both the full-rank and rank-deficient antenna
configurations. As observed from Fig. 5, similar EXIT per-
formances trends are demonstrated in Fig. 4. Furthermore,
in Fig. 5, the proposed equalizers exhibit less superior be-
haviour than the conventional equalizer of [19] compared
to those of the fixed-variance channel error estimation in
Fig. 4, owing to the fact that the LS estimation can provide
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TABLE 1
Comparisons of the conventional equalisers and the proposed equalizers.

[35]-2014 [18]-2015 [36]-2016 [21]-2017 [19]-2017 [22]-2017 [20]-2018 [23]-2018Proposed
Soft-Input Soft-Output X X X X X X X X X

Designed for SC-SM X X X X X X X
Priori LLRs

employed in Filter Design X X X X X X X X

Non-Gaussian Properties
of the Transmit Symbols X

Feedback Structure X X X X X
Imperfect Feedback Decision X X

Imperfect Channel Estimation X X X X
Joint Channel Estimation

and Equalization X X X

Unbiased Channel Estimation X

CT DSDF −F DT E= 2NrKlog2K︸ ︷︷ ︸
FFT

+ 2NtKlog2K + 4NtNrK + 4N2
t PK − 4N2

t K︸ ︷︷ ︸
(4)

+K2B+1︸ ︷︷ ︸
(5)

+ 5K2B︸ ︷︷ ︸
(19)

+ 4N2
t K︸ ︷︷ ︸

(20)

+ 14N3
t K + 8N2

t NrK + 6N2
t K +Nt︸ ︷︷ ︸

(21)

+ 4N2
t NrK + 2N2

t︸ ︷︷ ︸
(25)

+ 8N3
t︸︷︷︸

(29)

+ 4N2
t︸︷︷︸

(32)

+4N3
t K + 6N3

t P
3−18N3

t P
2+18N3

t P+4N2
t P

2K+6N2
t P

2−2N2
t K−12N2

t P+12N2
t +2NtP−2Nt︸ ︷︷ ︸

(22)

+NtK2B+2 +BK2B +N2
t 2B+2︸ ︷︷ ︸

(31)

+ 4N2
t PK − 4N2

t K︸ ︷︷ ︸
(13)

+ 16N3
t K + 4N3

t︸ ︷︷ ︸
(30)

,

CF DSDF −F DT E= 2NrKlog2K︸ ︷︷ ︸
FFT

+K2B+1︸ ︷︷ ︸
(5)

+ 2NtKlog2K︸ ︷︷ ︸
(14)

+ 5K2B︸ ︷︷ ︸
(19)

+ 4N2
t K︸ ︷︷ ︸

(20)

+ 16N3
t K + 4N3

t︸ ︷︷ ︸
(30)

+ 4N2
t︸︷︷︸

(32)

+ 14N3
t K+8N2

t NrK+6N2
t K+Nt︸ ︷︷ ︸

(36)

+10N3
t K+12N3

t +6N2
t K+16N2

t︸ ︷︷ ︸
(38)

+4N2
t NrK+2N2

t︸ ︷︷ ︸
(41)

+NtK2B+2 +BK2B +N2
t 2B+2︸ ︷︷ ︸

(31)

+ 2NtKlog2K + 4NtNrK + 4N2
t K︸ ︷︷ ︸

(33)

+ 4N3
t K︸ ︷︷ ︸

(37)

+ 8N3
t︸︷︷︸

(43)

,

Cdata−aided equalizer = CT DSDF −F DT E/CF DSDF −F DT E + 2P 3N3
t + 8P 2N2

t K + 6P 2N2
t + 4PNtK︸ ︷︷ ︸

(51)

+ 2P 3N3
t + 4P 2N2

t K + 8P 2N2
t + 2PNtK +K︸ ︷︷ ︸

(53)

.

(61)
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Fig. 4. EXIT chart comparisons between the conventional equalizer
and the proposed robust equalizers in the fixed-variance imperfect
channel employing QPSK, P = 15, and K = 256 with different
antenna configurations and channel estimation errors: (a) Nt = 4,
Nr = 4, σ2

εp
= 0.02; (b) Nt = 8, Nr = 4, σ2

εp
= 0.03. Here, the

EXIT trajectory of the proposed robust TDSDF-FDTE is calculated
by assuming the interleaver length is 40,960 bits.

a more accurate estimation at a high SNR, leaving the
channel error covariance based technique less competitive.

B. Maximum Achievable Throughput
According to the area property of EXIT charts [41],

in this subsection, the maximum achievable throughput

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

IA IA

I E I E

Conventional [19]
RSC (2,1,2) code
Trajectory, 6 dB

T-FDTE
F-FDTE
d-T-FDTE
d-F-FDTE

Conventional [19]
RSC (2,1,2) code
Trajectory, 7 dB

T-FDTE
F-FDTE
d-T-FDTE
d-F-FDTE

(a) (b)

Fig. 5. EXIT chart comparisons between the conventional equalizer
and the proposed robust equalizers in the real estimated channel
employing QPSK, N = P = 15, and K = 256 with different antenna
configurations: (a) Nt = 4, Nr = 4; (b) Nt = 8, Nr = 4. Here, the
EXIT trajectory of the proposed robust TDSDF-FDTE is calculated
by assuming the interleaver length is 40,960 bits.

of the proposed equalizers subjected to fixed-variance
channel estimation error is characterized in Figs. 6 and
7 by assuming the same configurations as in Figs. 4 and
5, respectively. The maximum achievable throughput of
the conventional equalizer [19] is also added for both full-
rank and rank-deficient TA-RA configurations. As shown
in [18] and [22]-[23], it is challenging to derive the theo-
retical maximum throughput of suboptimal soft-decision



IEEE 11

detectors owing to the excessive complexity imposed by
long CIRs. Consequently, the potent semi-analytical tech-
nique based on the area property of EXIT charts can be
applied [41], which can be calculated as follows: CEXIT =
A (ρ)RSM bits/symbol. Explicitly, 0 ≤ A (ρ) ≤ 1 refers
to the area under the EXIT curve of the proposed e-
qualizers at SNR=(ρ) and RSM represents the bandwidth
efficiency of the SC-SM system, which is quantified in bits
per channel use (bpcu). To this end, the more extrinsic
information the proposed equalizers provide, the higher
CEXIT will become for a given SNR=(ρ). However, both
the conventional equalizer of [19], as well as the proposed
robust TDSDF-FDTE and FDSDF-FDTE may exhibit
a BER error floor at a high SNR, so that the value of
A (ρ) may not approach the (IA, IE) = (1, 1) point at
the top right corner of the EXIT-chart, leading to a lower
than the theoretical value of CEXIT. This situation can
be circumvented by exploiting the MSE estimation of the
channel and the data sequence for aiding the channel
decoder to refine the channel estimation in our decision-
directed equalizers.

As depicted in Figs. 6 and 7, when employing a half-rate
RSC (2,1,2) code for SC-SM systems, the system’s spectral
efficiency becomes 1

2RSM, resulting in bpcu = 2 and 2.5 bp-
s/Hz for the antenna configurations of Nt = 4, Nr = 4 and
Nt = 8, Nr = 4, respectively (see horizontal dashed lines).
For the case of the fixed-variance channel error of Fig.
6, the max bpcu limits of the proposed robust TDSDF-
FDTEs and FDSDF-FDTEs schemes can be reached at
ρ = −0.3 for Nt = 4, Nr = 4, σ2

εp = 0.02 in Fig. 6
(a) and at ρ = 3.1 for Nt = 8, Nr = 4, σ2

εp = 0.03 in
Fig. 6 (b). Correspondingly, the proposed decision-directed
equalizers’ bpcu values are reached at ρ = −1.7 for Nt = 4,
Nr = 4, σ2

εp = 0.02 in Fig. 6 (a) and ρ = 0.7 for Nt = 8,
Nr = 4, σ2

εp = 0.03 in Fig. 6 (b). Moveover, for the
realistically estimated channel of Fig. 7, the bpcu limits of
the proposed robust TDSDF-FDTEs and FDSDF-FDTEs
are reached at ρ = 1.6 for Nt = 4, Nr = 4 in Fig. 7 (a) and
at ρ = 2.7 for Nt = 8, Nr = 4 in Fig. 7 (b). Accordingly,
the proposed decision-directed equalizers’ bpcu values can
be reached at ρ = 0.5 for Nt = 4, Nr = 4 in Fig. 7 (a)
and at ρ = 1.6 for Nt = 8, Nr = 4 in Fig. 7 (b). As seen
from Figs. 6 and 7, all the proposed FDTEs are capable
of outperforming the conventional DFE design of [19] in
dealing with the channel estimate error.

V. Simulation Results
In this section, we compare the proposed robust nonlin-

ear FDTEs to the conventional DFE [19] along with the
decision-directed equalizers in a half-rate RSC (2,1,2) cod-
ed SC-SM scheme relying on imperfect channel knowledge.
Both the BER performance v.s. the computational com-
plexity of the proposed equalizers and of the conventional
DFE [19] are compared under various antenna configura-
tions. Furthermore, we also compare these equalizers in
both fixed-variance channel error and the real estimated
channel scenarios.

A. Performance v.s. Complexity Comparisons for Fixed-
Variance Channel Error

Fig. 8 compares the BER performances of the proposed
equalizers and of the conventional equalizer [19] for the
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Fig. 6. Maximum achievable throughput of the conventional equaliz-
er and the proposed robust equalizers in the fixed-variance imperfect
channel employing QPSK, P = 15, and K = 256 with different
antenna configurations and channel estimation errors: (a) Nt = 4,
Nr = 4, σ2

εp
= 0.02; (b) Nt = 8, Nr = 4, σ2

εp
= 0.03. Here, the

interleaver length adopted is 40,960 bits.
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Fig. 7. Maximum achievable throughput of the conventional equal-
izer and the proposed robust equalizers in the real estimated channel
employing QPSK, N = P = 15, and K = 256 with different antenna
configurations: (a) Nt = 4, Nr = 4; (b) Nt = 8, Nr = 4. Here, the
interleaver length adopted is 40,960 bits.

QPSK-modulated SC-SM system for both full-rank and
rank-deficient antenna configurations using four turbo
iterations. These curves are labeled in the same as Section
IV. As shown in Fig. 8, all the proposed equalizers exhibit
better BER performances than the conventional DFE of
[19] in the case of imperfect channel knowledge. Moveover,
the decision-directed equalizers, i.e., ‘d-T-FDTE’ and ‘d-
F-FDTE’ in Fig.8, exhibit similar performances, achieving
the best BER performances in the simulations. This bene-
fit is due to the fact that with the aid of the MSE estimate
of the real channel and the data sequence, we iteratively
refine the channel estimation. Given that the estimated
channel becomes more accurate, we attain a gradually
improved system performance, which is consistent with the
EXIT chart predictions presented in Fig. 4.
Next, the complexities of the proposed robust equalizers

are compared in Fig. 9 by assuming the same configuration
as in Fig. 8. Compared to the conventional DFE of [19],
the proposed robust TDSDF-FDTE provides considerable
performance gains at the cost of about 22% increase in the
complexity. Furthermore, the proposed robust FDSDF-
FDTE outperforms the conventional DFE of [19] by more
than 4 dB at BER = 10−2, despite 70% reduction in
complexity. Finally, the decision-directed equalizers attain
the best BER at the highest complexity. In summary, the
proposed equalizers are capable of striking an attractive
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Fig. 8. BER performance comparison between the conventional
equalizer and the proposed robust equalizers in the fixed-variance
imperfect channel employing QPSK, P = 15, and K = 256 with
different antenna configurations and channel estimation errors: (a)
Nt = 4, Nr = 4, σ2

εp
= 0.02; (b) Nt = 8, Nr = 4, σ2

εp
= 0.03. Here,

the interleaver length adopted is 40960 bits.
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Fig. 9. Complexity comparison between the conventional equalizer
and the proposed robust equalizers employing QPSK, P = 15, and
K = 256 with different antenna configurations: (a) Nt = 4, Nr = 4;
(b) Nt = 8, Nr = 4.

BER v.s. complexity trade-off both in full-rank and rank-
deficient antenna scenarios.

Finally, Fig. 10 plots the BERs of the proposed robust
equalizers for high channel estimation error variances of
σ2
εp = 0.08 and σ2

εp = 0.05 using four iterations, where
the channel variance σ2

hp
in the simulation is set to

1/P ≈ 0.067. Observe that the proposed robust equalizers
still outperform the conventional DFE of [19]. Moveover,
the decision-directed equalizers still outperform the com-
mon robust equalizers at high channel estimation error
variances. Therefore, our approach exploiting the MSE
estimate of the channel and the soft-decision SM symbols
for refining the channel estimation improves the accuracy
of channel estimation, hence leading to beneficial BER
gains compared to the common robust equalizers.

Fig. 11 shows the BER performance of the proposed
equalizers both as a function of the SNR v.s. the channel
estimation variance σ2

εp and v.s. the CIR length P for four
iterations. Observe from Fig. 11 (b) that the proposed
robust equalizers achieve substantial BER performance
improvements at diverse channel estimation variance levels
over the conventional DFE of [19], especially for σ2

εp ≥
0.01. Furthermore, as seen from Fig. 11 (c), the proposed
equalizers provide considerable BER gains at different CIR
length over the conventional DFE of [19].

In Fig. 12, the performance curve of the MAP-based
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Fig. 10. BER performance comparison between the conventional
equalizer and the proposed robust equalizers in the fixed-variance
imperfect channel employing QPSK, P = 15, and K = 256 with
different antenna configurations and channel estimation errors: (a)
Nt = 8, Nr = 8, σ2

εp
= 0.08 with an interleaver having 40,960 bits;

(b) Nt = 16, Nr = 8, σ2
εp

= 0.05 with an interleaver having 38,400
bits.
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Fig. 11. BER v.s. SNR, channel estimation variance and CIR length
for the conventional equalizer and the proposed robust equalizers in
the 2 × 2 SC-SM systems employing QPSK, P = 15, and K = 256:
(a)BER v.s. SNR when σ2

εp
= 0.02; (b) BER v.s. channel estimation

variance when SNR=7dB; (c) BER v.s. CIR length at SNR=7dB,
σ2

εp
= 1/(5P ).

equalizer [22] relying on perfect CSI is added to show the
performance gap between the proposed robust equalizers
and the MAP-based equalizer [22] both in terms of its
EXIT chart, its throughput and its BER performance
for a low-complexity configuration of Nt = 2, Nr = 2,
BPSK and P = 3. As observed from Fig.12, there is still
considerable performance gap between the MAP-based
equalizer [22] and the proposed robust equalizers, although
the latter can provide significant improvements over the
conventional equalizer. Due to its high complexity, the
MAP-based equalizer [22] having perfect CSI is unsuitable
for high-dimensional configurations.

B. Performance Comparisons in Real Estimated Channels

Fig. 13 portrays the BER v.s. SNR performance for
our different equalizers using four iterations for frequency-
selective Rayleigh fading channels having a CIR length
of P = 15, where the CIR taps are i.i.d. CN (0, 1/P )
complex random variables. In Fig. 13 (a) the normalized
mean-square error (NMSE) is employed as our channel
estimation quality metric for different TS lengths, which



IEEE 13

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

-20 -10 0 10 20
0

0.5

1

1.5

2

-2 0 2 4 6 8 10

T-FDTE

F-FDTE

d-T-FDTE

d-F-FDTE

MAP [22]

Conventional [19]

RSC (2,1,2) code

Trajectory, 8 dB

T-FDTE

F-FDTE

d-T-FDTE

d-F-FDTE

MAP [22]

Conventional [19]

T-FDTE

F-FDTE

d-T-FDTE

d-F-FDTE

MAP [22]

Conventional [19]
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

B
E

R

IA SNR (dB) SNR (dB)

I
E

N
o
rm

a
li

z
e
d

 t
h

ro
u
g

h
p
u

t 
[b

p
s
/H

z
]

(a) (b) (c)

Fig. 12. EXIT chart, achievable throughput and BER performance
comparisons between the conventional equalizer and the proposed
robust equalizers in the fixed-variance imperfect channel employing
BPSK, Nt = 2, Nr = 2, σ2

εp
= 0.05, P = 3, and K = 512 with

an interleaver having 40,960 bits: (a) EXIT chart comparison; (b)
maximum achievable throughput; (c) BER performance comparison.
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is defined as

NMSE =E
(
|ĥpt,r−hpt,r|2
|hpt,r|2

)
,

t ∈ (1, Nt) , r ∈ (1, Nr) , p ∈ (0, P − 1) .
(62)

Next, in Fig. 13 (b), N = P = 15 ideal unit-power TS
[42] and the TD-based LS algorithm of Section II-B are
applied to demonstrate the superiority of the proposed
equalizers over the conventional equalizer of [19]. As seen
from Fig. 13, the proposed robust TDSDF-FDTE and
FDSDF-FDTE offer about 2.5 dB and 2 dB improvements
over the conventional DFE of [19] for Nt = 4, Nr = 4 at
the BER of 10−5, respectively. As shown in Fig. 13 (b), the
decision-directed equalizers effectively alleviate the error
floor of the common robust equalizers, hence leading to
an improved BER performance.

Fig. 14 evaluates the BERs of the proposed equalizers
for transmission over the Extended Vehicular A (EVA)
channel model using four iterations. Specifically, the sys-
tem’s bandwidth is set to 3.84 MHz at a microwave
carrier frequency of 2 GHz. The power delay profile of
the fading channel is taken from [47] with the maximum
Doppler frequency set to 222 Hz corresponding to a typical
velocity of 120 km/h. The TS length is set to N = P . As
illustrated in Fig. 14, the proposed robust equalizers still
perform better than the conventional DFE of [19] in the
time-varying channel with the decision-directed equalizers
achieving the best BER performances, which is consistent
with the trends presented above.
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Fig. 14. BER performance comparison between the conventional
equalizer and the proposed robust equalizers in the estimated EVA
channel employing QPSK, K = 256, and N = P with different
antenna configurations: (a) Nt = 4, Nr = 4 with an interleaver
having 1,024 bits; (b) Nt = 8, Nr = 4 with an interleaver having
1,280 bits.

VI. Conclusions
This paper proposed several robust DFE designs for

our CP-aided SC-SM system relying on realistic imperfect
channel knowledge. Compared to the conventional DFE
design based on the assumption of idealized perfect chan-
nel estimation [19], the proposed robust designs overcomes
the degradations imposed by the channel estimation error,
making it eminently suitable for practical wireless systems.
Moveover, both the optimal coefficients involved in the
robust designs and the decision-directed joint design con-
ceived with channel estimation are addressed in this paper.
Finally, biased channel estimation is also considered in
our decision-directed joint design conceived with channel
estimation, rather than simply assuming idealized unbi-
ased estimation [28], [34]. Both our EXIT chart analysis
and simulation results show that the proposed robust
equalizers provide considerable performance gains over
the conventional DFE of [19] in the presence of realistic
imperfect channel knowledge.
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