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Abstract—In order to glean benefits from orthogonal frequency
division multiplexing combined with index modulation (OFDM-
IM) in the presence of strong Phase-Noise (PHN), in this paper,
low-complexity joint PHN estimation and decoding methods are
developed in the framework of message passing on a factor
graph. Both the Wiener process and the truncated discrete cosine
transform (DCT) expansion model are considered for approxi-
mating the PHN variation. Then based on these a factor graph
is constructed for explicitly representing the joint estimation
and detection problem. Taking full account of the sparse and
structured a priori information arriving from the soft-in soft-
out (SISO) decoder of a turbo receiver, a modified generalized
approximate message passing (GAMP) algorithm is invoked for
decoupling the frequency-domain symbols. In the decoupling
step, mean field (MF) approximation is employed for solving
the unknown nonlinear transform matrix problem imposed by
PHN. Furthermore, merged belief propagation and MF (BP-MF)
methods amalgamated both with sequential and parallel message
passing schedules are introduced and compared to the proposed
GAMP based algorithms in terms of their bit error ratio (BER)
vs. complexity. Our simulation results demonstrate the efficiency
of the proposed algorithms in the presence of both perfect and
imperfect channel state information.

Index Terms—Orthogonal frequency division multiplexing
(OFDM), index modulation (IM), phase noise (PHN), discrete
cosine transform (DCT), message passing algorithm.

I. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) is one
of the most widespread multi-carrier transmission techniques
designed for satisfying the increasing demand for high-rate
wireless communications. Compared to single-carrier systems,
OFDM is capable of improving the spectral efficiency (SE),
despite its reduced detection complexity, in wideband channel-
s. Recently, the emerging concept of index modulation (IM)
[1], [2] has been applied to classic OFDM to potentially attain
a lower peak-to-average power ratio (PAPR) and improved bit
error ratio (BER) performance over its conventional OFDM
counterpart [3]–[6]. By conveying information through mul-
tiple distinguishable modulation modes using all subcarriers
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and the permutations of these distinguishable modes, a novel
multiple-mode OFDM-IM scheme was developed in [7]–[9]
for improving the SE.

To elaborate a little further, in the OFDM-IM scheme,
information is conveyed not only by conventional phase shift
keying (PSK) or quadrature amplitude modulation (QAM)
signal constellations, but implicitly also by the specific com-
binations of the activated subcarrier indices. However, in
contrast to the single-tap frequency-domain equalizer of classic
OFDM, a joint PSK/QAM symbol and IM symbol detector
is required for OFDM-IM systems. Bearing in mind that the
values of frequency-domain symbols can be zero or non-
zero, a reduced-complexity log-likelihood ratio (LLR) detector
was proposed in [4] for reducing the excessive complexity
of the joint maximum likelihood (ML) receiver. Inspired by
the benefits of the greedy pursuit algorithms conceived for
the estimation of sparse vectors, a low-complexity iterative
residual check (IRC)-based detector is developed in [10],
where the associated hard decisions are refined by making
locally optimal choices at each step.

Nonetheless, as for all emerging techniques, there are also
some open issues such as the design of powerful OFDM-IM
detectors for realistic channel conditions, because in practice,
OFDM-IM is extremely sensitive both to dispersive time-
varying fading channels, as well as to carrier frequency
offset (CFO) and to Phase-Noise (PHN) [11], just like classic
OFDM. However, in most of the previous studies, quasi-static
frequency-selective fading channels are considered, where the
channel state information (CSI) is assumed to be perfectly
known at the OFDM-IM receiver [10], [12]–[14]. As a further
aggravation, in contrast to the channel impulse response (CIR)
and CFO, which vary slowly with reference to the OFDM
symbol rate, the PHN arising from the voltage-controlled os-
cillator’s jitter fluctuates rapidly and thus cannot be eliminated
with the aid of pilots. The existing papers mainly focus on
the PHN mitigation techniques of classic OFDM [15]–[17],
whilst PHN estimation has not been considered in OFDM-IM
systems.

Indeed, it is quite a challenge to design a low-complexity
OFDM-IM receiver in the presence of strong PHN. The un-
known time-varying nonlinear effects imposed by PHN result
in a loss of subcarrier orthogonality, which inevitably leads
to inter-channel interference (ICI). Accordingly, the system
implementation and performance are considerably affected, if
the PHN is inadequately compensated. Specifically, if each
index modulated symbol vector (IM-symbol) in each OFDM-
IM subblock is detected independently, the performance erodes
owing to the presence of correlated, i.e., colored, PHN. If
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however several IM-symbols are jointly detected for mitigating
the PHN, the complexity of the receiver becomes prohibitive,
even if reduced-search based detectors are used. Therefore,
efficient PHN estimation techniques have to be designed to
attain reliable BER performance and glean multiple advantages
from OFDM-IM schemes. Moreover, wireless systems tend
to rely on iterative channel decoding based on the powerful
turbo principle to attain a low BER at SNRs close to channel
capacity. However, the existing PHN estimation and OFDM
symbol detection problems are predominantly formulated for
uncoded systems. Against this background, our goal is to
propose low-complexity methods for joint PHN estimation and
OFDM-IM symbol detection. Very recently, message passing
algorithms defined over factor graphs have gained popularity,
including both belief propagation (BP) [18], as well as mean-
field (MF) approximation based variational methods [19] and
generalized approximate message passing (GAMP) techniques
[20]. The BP and MF methods defined over factor graphs
are derived from the stationary points of the corresponding
variational free energy [21]. By forwarding messages from
one node of the factor graph to neighboring nodes according
to message updating rules (refer to [18] and [19] for BP
and MF rules, respectively), the distance measure between
a trial distribution and the original objective function to be
estimated can be minimized. GAMP constitutes a state-of-
the-art BP approximation, where the message passing between
variable nodes and factor nodes is simplified by exploiting the
central limit theorem and a second-order Taylor series (refer
to [20] for GAMP rules). A structured approximate message
passing (AMP) detector is developed for spatial modulation
aided systems in [22], which is further generalized in [23],
where perfectly known block fading Rayleigh channels are
assumed, albeit no joint iterative turbo detection is invoked.

Explicitly, the contributions of this paper are summarized
as follows:

• We propose a GAMP based low-complexity joint PH-
N estimation and decoding algorithm for OFDM-IM
communicating in frequency-selective fading channels.
The structured a priori information gleaned from the
low-density parity-check (LDPC) soft-in soft-out (SISO)
decoder in the turbo receiver [24] is specifically construct-
ed to take into account the sparsity of the OFDM-IM
symbols. Given that the consecutive frequency-domain
IM symbols are not independent due to the existence of
PHN, the GAMP algorithm is invoked for decoupling
the vector estimation process into scalar operations. To
circumvent the nonlinear and unknown transform matrix
problem in the decoupling step of the GAMP [20], the
MF method [19] is employed at the observation node
(refer to [18] for details about the observation node
defined over factor graphs) for approximating the output
function fout defined in GAMP.

• We consider two PHN models, i.e., the Wiener model
[15], [16] and the truncated discrete cosine transform
(DCT) expansion model [25], for representing the PHN.
In contrast to linearizing the system model directly as
in [15], the time-domain statistics of PHN are explicitly

exploited based on the Wiener model. In contrast to
[25], where only hard estimates of the DCT coefficients
are given by the expectation-maximization algorithm,
the probability distributions of the DCT coefficients are
provided. By exploiting the PHN estimates, the accuracy
of data detection is gradually improved in an iterative
fashion.

• We invoke the amalgamated BP-MF algorithm for joint
PHN estimation and decoding as a benchmark. Parallel
and sequential message passing aided schedules relying
on the DCT model and Wiener model, respectively, are
introduced for comparison. The complexity of the parallel
scheduling is similar to that of the proposed GAMP based
algorithms, since the efficiency of fast Fourier transform
(FFT) can be exploited. However, some performance loss
is observed due to its low convergence rate compared
to both the sequential and to the proposed GAMP based
methods. As for the Wiener model, the amalgamated BP-
MF relying on sequential message passing outperforms
the intrinsically parallel GAMP method, albeit at the
expense of an increase of complexity.

• The performance of the proposed algorithms is evaluated
and compared to that of classic OFDM for both perfect
and realistic imperfect channel conditions. Both subcarri-
er interleaving and coordinate interleaving techniques are
used for further improving the BER performance by in-
creasing the diversity order. Our comparisons both to the
conventional pilot based method, to the extended Kalman
filter (EKF) of [15] and to the variational inference (VI)
approach of [16] are also shown. Our simulation results:
1) confirm the robustness of the OFDM-IM scheme rely-
ing on the proposed algorithms both in the face of severe
PHN, as well as realistic imperfect CSI and residual
CFO compared to its classic OFDM counterpart; and
2) demonstrate the superiority of the proposed algorithm
over existing methods.

The rest of the paper is organized as follows. In Section
II, the system model of OFDM-IM symbols transmitted over
frequency-selective fading channels in the presence of PHN
is formulated. Then in Section III, both the Wiener model
[15], [16] as well as the DCT model [25] are considered and
then both the GAMP-Wiener and the GAMP-DCT algorithms
are developed for joint PHN estimation and detection. In
Section IV, the amalgamated BP-MF methods relying on
sequential and parallel message passing are introduced and
their complexity is compared to that of the GAMP based
algorithms. Our simulation results and performance analysis
are provided in Section V, where the proposed algorithms are
also evaluated in the context of imperfect channel conditions.
Finally, our conclusions are offered in Section VI.

Notation: xn and Xm,n represent the nth and the (m,n)th
elements in vector x and matrix X, respectively. X:,n and Xn,:

indicate the nth column and the nth row of X, respectively.
IN and 1 denote the N × N identity matrix and the all-
one column vector, respectively. D(x) is a diagonal matrix
with the vector x on its diagonal. Nc(x; m̂x, v̂x) represents
the circular Gaussian probability density function (pdf) of
the random variable x with mean m̂x and variance v̂x. The
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relationship f(x) = cg(x) for some positive constant c is
written as f(x) ∝ g(x). ⌊·⌋ is the floor operation. Eb(x)[·]
denotes the expectation with respect to the pdf b(x). δ(·) is
the Dirac delta function. The operator ⊙ denotes element-wise
product and ||Ω||0 the size of set Ω. Φ is the DCT matrix with
the (n, l)th entry Φn,l given by

√
2
N cos

(
πl
N

(
n+ 1

2

))
.

II. SYSTEM MODEL

Let us consider an LDPC coded OFDM-IM system having
Nq data subcarriers in each OFDM-IM block, whilst commu-
nicating over an Lh-tap frequency-selective fading channel.
Fig. 1 depicts the transceiver schematic of the OFDM-IM
system. The data bits cq , [c

(q)
1 , . . . , c

(q)
Mq

]T are generated
by encoding Mi information bits b , [b1, . . . , bMi ]

T using
a rate-Rc LDPC coder and then by partitioning the resultant
Mc =Mi/Rc bits c , [c1, . . . , cMc ]

T into an integer number
of Q , Mc/Mq OFDM-IM symbols. These Mq bits in the
qth block are then splitted into G subgroups each containing
Mg bits, i.e., we have Mg = Mq/G. Each subgroup of
Mg-bits is mapped to an OFDM-IM subblock of length Ng ,
where Ng = Nq/G. Here, Nq is the size of the inverse
fast Fourier transform (IFFT) of Fig. 1. In each OFDM-IM
subblock, only Kg out of Ng available subcarriers determined
by the first Mg1 bits of the incoming Mg-bit sequence are
activated for transmitting S-ary classic PSK/QAM symbols,
while the remaining (Ng − Kg) inactive subcarriers are set
to zero. In addition to the Mg1 bits transmitted by the active
subcarriers, OFDM-IM also transmits Mg2 , Mg −Mg1 bits
by mapping them to Kg S-ary PSK/QAM symbols conveyed
by the Kg active subcarriers. Therefore, we have Mg =

Mg1+Mg2 =
⌊
log2

(
Ng

Kg

)⌋
+Kg log2 S, where

(
Ng

Kg

)
denotes

the binomial coefficient representing the number of subcarrier

combinations. Then the Mg1 bits determine Υ = 2

⌊
log2

(
Ng
Kg

)⌋
legitimate combinations of the active subcarriers. We define
the indicator set Ω = {ω1, . . . ,ωΥ} associated with ωγ =
[ωγ,1, . . . , ωγ,Ng ]

T ∈ {0, 1}Ng , where ωγ,i = 1 if the ith
subcarrier is activated, and ωγ,i = 0 otherwise. The coded bits
corresponding to ωγ are represented by [c

ωγ

1 , . . . , c
ωγ

Mg1
]T .

Specifically, we assume that the indices activated in the
gth OFDM-IM subblock are given by Ig = {ig,1, . . . , ig,Kg},
g = 1, . . . , G, where ig,kg ∈ [1, . . . , Ng], and the non-zero
symbols assigned to the Kg active subcarriers are collected
as xg,d = [xg,d(1), . . . , xg,d(Kg)]

T , g = 1, . . . , G, where
xg,d(kg) ∈ S and S = {s1, . . . , sS} denotes the normalized
S-PSK/QAM symbol set. The coded bits corresponding to
the mth constellation symbol sm in the set are denoted by
[csm1 , . . . , csmlog2 S ]

T . Then the Kg data symbols are allocated
to Kg active subcarriers of the index set in Ig, yielding a
subblock of symbols xg, which can be expressed as xg =
I0gxg,d , [xg(1), . . . , xg(Ng)]

T , g = 1, . . . , G, where I0g
consists of the Kg columns from INg having the indices
given by Ig. The index modulated symbol vector xg in the
g OFDM-IM subblock is referred to as the gth IM-symbol.
The activation pattern constraint here is that xAP

g ∈ Ω, where
xAP
g (n) = 0 if xg(n) = 0 and xAP

g (n) = 1 otherwise. In
other words, the set of Υ legitimate combinations is used at

both the transmitter and receiver sides, and the transmitter
chooses an index combination from the set for each OFDM-
IM subblock. After concatenating all symbol vectors from G
subblocks by the OFDM-IM block assembler of Fig. 1, a main
OFDM-IM block can be written as x = [xT

1 , . . . ,x
T
G]

T ,
[x1, . . . , xNq ]

T ∈ CNq×1, where the nth element in x obeys
xn ∈ {S, 0}. Note that with a little abuse of notation, we
may denote the bit vector transmitted in the gth subblock by
cg = [cIMg,1, . . . , c

IM
g,Mg1

, cSg,1, . . . , c
S
g,Mg2

]T ∈ {0, 1}Mg , where
cIMg,i , i = 1, . . . ,Mg1, is the ith subcarrier selection bit, and
cSg,ȷ, ȷ = 1, . . . ,Mg2, the ȷth symbol mapping bit.

By defining the total number of active indices in an OFDM-
IM block as Kq , GKg, we have E[xHx] = Kq . At
the transmitter, the IFFT having a normalization factor Nq√

Kq

is employed for generating the time-domain symbol vector
xT = 1√

Kq

FHx, where F ∈ CNq×Nq is the discrete Fourier

transform (DFT) matrix associated with FHF = NqINq . Thus,
the transmitted power is normalized, i.e., E[xH

T xT] = Nq .
Then, an Lcp-length cyclic prefix (CP), which has to be longer
than the channel’s delay spread for the sake of eliminating the
effects of the inter-symbol-interference (ISI) over frequency-
selective fading channels, is added at the front of the time-
domain symbols. Then the signal generated at the transmitter
is sent over an Lh-tap frequency-selective fading channel.
Initially, the CIRs are assumed to be perfectly known at the
receiver, but this assumption will be relaxed in Section V,
where the effects of imperfect CIRs will also be considered.
In the presence of unknown PHN distortion, the Nq-point
complex baseband received signal sequence r ∈ CNq×1 of
an OFDM-IM block can be written as

r =
1√
Kq

D(ejθ)RcpHtTcpF
Hx+w

=
1√
Kq

D(ejθ)FHHx+w, (1)

where θ = [θ1, . . . , θNq ]
T is the discrete PHN sample vector,

Tcp =
[
0Lcp×(Nq−Lcp) ILcp

INq

]
∈ R(Nq+Lcp)×Nq inserts the Lcp-

length CP, Ht denotes the time-domain channel convolutional
matrix consisting of the channel vector h = [h1, . . . , hLh

]T ∈
CLh×1, Rcp =

[
0Nq×Lcp

INq

]
∈ RNq×(Nq+Lcp) removes the

CP, and w ∈ CNq×1 is the zero-mean complex circularly
symmetric Gaussian noise vector with a variance of 2σ2.
In (1), RcpHtTcp = 1

Nq
FHHF is a circular matrix and

H = D(FI0Lh
h) with I0Lh

being formed by the first Lh

columns from INq .
As illustrated in Fig. 1, at the receiver, the proposed

joint PHN estimation and OFDM-IM decoding algorithm is
performed by: 1) estimating the PHN using the received
signal sequence and the OFDM-IM symbols’ estimates from
the previous iteration; 2) updating the OFDM-IM symbols’
estimates using the received signal sequence and the PHN
samples’ most recent estimates; 3) calculating the a posteriori
pdfs of information bits according to the IM and PSK/QAM
modulation constraint; 4) extracting extrinsic information from
the a posteriori information and then forwarding them to
the LDPC SISO decoder to perform Bahl, Cocke, Jelinek,
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Fig. 1. The transceiver of the LDPC-coded OFDM-IM system.

and Raviv (BCJR) decoding [26]; and 5) calculating the
a priori pdfs of information bits using the outputs of the
decoder and then constructing the sparse a priori pdfs of the
OFDM-IM symbols, which are further applied to update the
PHN samples’ and OFDM-IM symbols’ estimates for the next
iteration.

III. THE PROPOSED JOINT PHN ESTIMATION AND
OFDM-IM SYMBOL DETECTION ALGORITHMS

A. Probabilistic Representation and Factor Graph

We employ a Wiener process [15]–[17], which is widely
used for modelling a free-running oscillator, in order to
approximate the variation of PHN, i.e.,

θn = θn−1 +△n, n = 2, . . . , Nq, (2)

where △n is a zero-mean white Gaussian noise process with
a variance of σ2

△. Based on (2) and on the received signal
model in (1), we obtain the joint a posteriori pdf of x and θ

p(x,θ|r) ∝ fC(c,b)

G∏
g=1

fM,g(xg, cg)P (x)p(θ1)

·
Nq∏
n=2

fθn(θn, θn−1)

Nq∏
n=1

frn(zn, θn)fδn(zn,x), (3)

where fC(c,b) represents the coding constraint; fM,g denotes
the IM and PSK/QAM modulation constraint; P (x) is the a
priori pdf of the data symbol x; p(θ1) is the a priori pdf of θ1
and fθn(θn, θn−1) ∝ N (θn; θn−1, σ

2
△). In (3), the additional

variable zn is defined as zn , Λn,:x, where

Λ , 1√
Kq

FHH. (4)

Accordingly, the relationship between the variable zn and
the vector x can be written as fδn(zn,x) , p(zn|x) =
δ(zn−Λn,:x), and the likelihood function can be calculated by
frn(zn, θn), p(rn|zn, θn) =Nc(rn; zne

jθn , 2σ2). The factor
graph corresponding to (3) is shown in Fig. 2, where the solid

PHN estimation subgraph

SISO Demodulation subgraph

Fig. 2. Factor graph representation of the probabilistic model (3),
where the solid lines and dashed lines in the PHN estimation subgraph
are associated with the Wiener model and DCT model, respectively.

lines in the PHN estimation subgraph are associated with the
Wiener model.

We classify the factor nodes into three disjoint subsets,
i.e., ABP ,

{
{fM,g}Gg=1, {fθn}

Nq

n=1

}
, AMF , {frn}

Nq

n=1

and AGAMP , {fδn}
Nq

n=1. The messages can be readily
calculated by splitting the factor graph in this way, because
BP is compatible with hard constraints [21], whilst MF has
simple message passing update rules for continuous variables
belonging to an exponential family [27], and GAMP works
well for estimating a vector transformed by a known linear
mixing matrix [28], [29].

B. Soft Demodulation and Decoding for OFDM-IM Symbols

In frequency-selective fading channels which are free from
PHN, the system model is formulated in the frequency domain,
where frequency-domain received signals are subjected to
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OFDM-IM detection. In this case, the complexity of the
optimal receiver is on the order of O(G2Mg ) [4], since the
ML detector can be applied to each subblock independently.
In the presence of correlated PHN, however, the received IM
symbols become correlated and ICI occurs. In this case, the
optimal detector has to consider all the legitimate IM-symbol
combinations, hence the complexity order becomes O(2GMg ),
which grows exponentially with G, Kg , Ng and S. Similarly to
classic OFDM [15]–[17], the received time-domain signals are
directly used for jointly estimating the PHN and for detecting
the OFDM-IM symbols. As seen in (1), the frequency-domain
OFDM-IM symbols are coupled by the transform matrix
D(ejθ)FHH. The relationship between the input and output
is both nonlinear and unknown due to the existence of PHN,
which imposes challenges on the detection. Moreover, the
complexity of optimal OFDM-IM detection becomes much
higher than that of the classic OFDM symbols in both cases,
since the receiver has to detect both the subcarrier index-
modulated and the PSK/QAM modulated symbols. In the
following, we conceive low-complexity methods for joint PHN
estimation and decoding of the OFDM-IM symbols affected
by PHN.

A straightforward technique of reducing the complexity is to
treat xn, n = 1, . . . , Nq , as Gaussian variables [15], [16], [30],
[31]. However, significant performance loss is imposed by this
method, because xn is actually a discrete variable and xg

has a sparse structure. Hence we invoke the GAMP algorithm
[20] for decoupling the signal vector estimation problem into
Nq scalar problems, whilst taking into account its discrete
and sparse nature. Unfortunately, the existing GAMP method
of [20] cannot be directly invoked for OFDM-IM detection,
because the nonlinear transform matrix imposing the PHN has
to be known, which is not the case. Secondly, the sparsity of
the signal cannot be readily exploited by the original GAMP
[20]. Thirdly, it is more difficult to take full account of the
activation pattern constraint if more than one subcarrier of
the gth subgroup are activated. To circumvent these problems,
we invoke the MF method to approximate the likelihood
p(rn|zn) for exploiting the available a priori information of
the frequency-domain symbols provided by the LDPC SISO
decoder. Hence appropriately adopt the GAMP algorithm for
updating the a posteriori pdfs and the extrinsic information of
frequency-domain symbols using our turbo receiver.

Specifically, instead of using the independent a prior-
i information of the IM-symbols in the form P (x) =∏Nq

n=1 P (xn), we take into account their correlation for
both the IM symbols and PSK/QAM symbols in the gth
IM-symbol, using the extrinsic information gleaned from
the LDPC SISO decoder (refer to [24] for details about
the turbo detection principle), which can be written as
{P (cIMg,1), . . . , P (cIMg,Mg1

), P (cSg,1), . . . , P (cSg,Mg2
)}. Given this

a priori information and the message mxi→fM,g
(xi) ∝

Nc(xi; τ̂i, vτi) forwarded from the variable node xi to the
factor node fM,g , which will be later updated according to
(12) and (13), we can calculate the a posteriori pdf b(xi) of
xi according to the associated IM and PSK/QAM modulation
constraint. The detailed derivations of b(xi) are provided in

Appendix A. Given the a posteriori pdf b(xi), the a posteriori
mean and variance of xi are formulated as

x̂i =
∑
s∈S

sb(xi = s), vxi =
∑
s∈S

|s|2b(xi = s)− |x̂i|2. (5)

By using the GAMP algorithm ([20, Eqs. (2a) and (2b)]),
the message mfδn→zn(zn) ∝ Nc(zn; ξ̂n, vξn) from the factor
node fδn to the variable node zn is updated by

vξn =
∑
i

|Λn,i|2vxi
, (6)

ξ̂n =
∑
i

Λn,ix̂i − ζ̂nvξn , (7)

where ζ̂n related to the a posteriori mean of zn will be later
updated according to (11). In the original GAMP, the function
Fout defined in [20] is given by Fout(zn, ξ̂n, vξn , rn) =
fout− 1

vξn
|zn−ξ̂n|2, where fout = log p(rn|zn) [20, Eq. (7c)].

However, the relationship between zn and rn is nonlinear and
unknown due to the presence of PHN. To this end, we use the
MF method [19] for calculating the message mfrn→zn

(zn)
forwarded from the factor node frn to the variable node zn,
and use it for approximating p(rn|zn). Given the a posteriori
pdf of θn, i.e., b(θn) ∝ N (θn; θ̂n, vθn), which will be
later updated in (26), the message mfrn→zn

(zn) is calculated
following the MF rule [19, Eq. (18)] and then approximated
with the aid of its second-order Taylor expansion as:

mfrn→zn
(zn) ∝ exp

{
Eb(θn)

[
log frn(zn, e

jθn)
]}

≈ Nc(zn; η̂n, vηn), (8)

where
η̂n = rne

−jθ̂n(1− 1

2
vθn), vηn = 2σ2. (9)

Bearing in mind that Fout is equivalent to the belief of zn
in its log-domain based on the probabilistic understanding of
message passing, the a posteriori pdf of zn can be expressed
as b(zn) ∝ Nc(zn; ẑn, vzn), where

vzn = (v−1ξn
+ v−1ηn

)−1, ẑn = vzn(ξ̂nv
−1
ξn

+ η̂nv
−1
ηn

). (10)

The output scalar function gout(ξ̂n, vξn , η̂n, vηn) is updated by
([20, Eqs. (3a) and (3b)])

ζ̂n = gout(ξ̂n, vξn , η̂n, vηn) =
ẑn − ξ̂n
vξn

=
η̂n − ξ̂n
vηn + vξn

,

vζn = − ∂

∂ξ̂n
gout(ξ̂n, vξn , η̂n, vηn) =

1

vξn

(
1− vzn

vξn

)
. (11)

In the GAMP algorithm ([20, Eqs. (4a) and (4b)]), the variance
and the mean of the message mxi→fM,g

(xi) ∝ Nc(xi; τ̂i, vτi)
are calculated by

vτi =

(∑
n

|Λn,i|2vζn

)−1
, (12)

τ̂i = vτi
∑
n

ζ̂nΛ
∗
n,i + x̂i. (13)

Note that the complexity of the structured GAMP algorithm
is O(N2

q ), which is dominated by the matrix-vector multi-
plications in (6), (7), (12), and (13). This complexity can be
reduced to O(Nq logNq) thanks to the FFT. Specifically, we
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can rewrite (6) as

vξ=1/Kq|FH |2HHHvx≈1/Kq

∑
i
|hi|2vxi1Nq×1, (14)

where vξ = [vξ1 , . . . , vξNq
]T and vx = [vx1 , . . . , vxNq

]T .
Furthermore, we have

ξ̂ = 1/
√
KqF

HHx̂− ζ̂ ⊙ vξ, (15)

where ξ̂ = [ξ̂1, . . . , ξ̂Nq
]T , x̂ = [x̂1, . . . , x̂Nq

]T , and ζ̂ =

[ζ̂1, . . . , ζ̂Nq ]
T . Similarly, (12) can also be represented in a

vectorial form, i.e.,

vτ =1Nq×1./(
1

Kq
HHH|F|2vζ)≈

Kq

v̄ζ
(HHH)−11Nq×1, (16)

where vτ = [vτ1 , . . . , vτNq
]T , vζ = [vζ1 , . . . , vζNq

]T , and
v̄ζ =

∑
n vζn . Hence, (13) is reduced to the following equation

τ̂ = 1/
√
KqH

HFζ̂ ⊙ vτ + x̂, (17)

where τ̂ = [τ̂1, . . . , τ̂Nq ]
T and ζ̂ = [ζ̂1, . . . , ζ̂Nq ]

T . For-
tunately, some of the matrix-vector calculations within the
GAMP iterations can be efficiently performed by the FFT. The
complexity of the specific matrix-vector calculations relying
on diagonal matrices is low.

Given the latest updated message mxi→fM,g (xi) in (12) and
(13), the belief of xi can be updated by (50) and (51), see
Appendix A. Meanwhile, we can obtain the belief of xg as

b(xg) ∝ Pxg (xg)
∏
i∈Ig

exp

{
−|xi − τ̂i|2

vτi

}
, (18)

where i ∈ Ig , {(g − 1)Ng + 1 : gNg}. The extrinsic log-
likelihood ratios (LLRs) of the ith subcarrier selection bit
and of the jth symbol mapping bit in the gth IM-symbol,
i.e. Lextr(cIMg,i ) and Lextr(cSg,ȷ), respectively, can be calculated
according to the turbo principle [22]–[24].

C. PHN Estimation in the OFDM-IM Scheme

1) PHN estimation based on the Wiener model: The mes-
sage emerging from the observation node to the PHN estima-
tion subgraph can then be calculated by

mfrn→θn
(θn) ∝ exp

{
Eb(zn) [log frn(zn, θn)]

}
∝
{
ℜ
[
r∗nẑn
σ2

ejθn
]}

. (19)

It is readily seen that the message mfrn→θn
(θn) in (19) is

not Gaussian due to the nonlinear effect imposed by PHN.
However, this message is expected to be Gaussian, hence
the messages updated in the PHN estimation subgraph are
all Gaussian and thus low complexity can be achieved. We
use the second-order Taylor expansion for approximating
mfrn→θn

(θn), instead of directly linearizing the system model
[32]–[34]. Given the a posteriori mean θ̂n and variance vθn
obtained from the previous iteration, ejθn can be approximated
as

ejθn= ejθ̂n(1−jθ̂n−
1

2
θ̂2n)−

1

2
ejθ̂nθ2n+(j+θ̂n)e

jθ̂nθn. (20)

Thus, mfrn→θn
(θn) can be approximated by N (θn; θ̂

↓
n, vθ↓n),

with

vθ↓n =1/ℜ
[
r∗nẑn
σ2

ejθ̂n
]
, θ̂↓n=vθ↓nℜ

[
r∗nẑn
σ2

(j + θ̂n)e
jθ̂n

]
. (21)

Given this Gaussian message forwarded from the MF subgraph
to the PHN estimation subgraph, both mfθn−1→θn(θn) and
mfθn+1→θn(θn) are Gaussian and can be recursively updated
based on the BP algorithm ([18, Eqs. (5) and (6)]) as follows:

mfθn→θn
(θn) ∝

∫
mfθn−1→θn−1

(θn−1)fθn(θn, θn−1)

·mfrn−1→θn−1
(θn−1)dθn−1

∝ N (θn; θ̂
→
n , vθ→n ), (22)

where

θ̂→n =
(vθ→n−1

)−1θ̂→n−1 + (vθ↓n−1
)−1θ̂↓n−1

(vθ→n−1
)−1 + (vθ↓n−1

)−1
,

vθ→n = σ2
△ +

(
(vθ→n−1

)−1 + (vθ↓n−1
)−1
)−1

, (23)

and

mfθn+1→θn
(θn) ∝

∫
mfθn+2→θn+1

(θn+1)fθn+1(θn+1, θn)

·mfrn+1→θn+1
(θn+1)dθn+1

∝ N (θn; θ̂
←
n , vθ←n ), (24)

where

θ̂←n =
(vθ←n+1

)−1θ̂←n+1 + (vθ↓n+1
)−1θ̂↓n+1

(vθ←n+1
)−1 + (vθ↓n+1

)−1
,

vθ←n = σ2
△ +

(
(vθ←n+1

)−1 + (vθ↓n+1
)−1
)−1

. (25)

Given (19), (22) and (24), the belief of θn is expressed as
([18, Eq. (3)]):

b(θn) ∝ mfrn→θn(θn)mfθn→θn(θn)mfθn+1
→θn(θn)

∝ N (θn; θ̂n, vθn), (26)

where

vθn = (v−1θ→n
+ v−1

θ↓n
+ v−1

θ↑n
)−1,

θ̂n = vθn(v
−1
θ→n

θ̂→n + v−1
θ↓n

θ̂↓n + v−1
θ↑n

θ̂↑n). (27)

The message passing schedule for our proposed joint PH-
N estimation and decoding algorithm based on the GAM-
P method relying on the Wiener model of the OFDM-IM
scheme, which is referred to as GAMP-Wiener, is summarized
in Algorithm 1.

2) PHN estimation based on the DCT model: Inspired by
the idea of reducing the number of unknown PHN samples
and improving the degree of parallelism, we model the PHN
variation as a truncated DCT expansion [25], i.e. the vector
u , ejθ is approximately represented by

u = Φα, (28)

where Φ is the DCT matrix with size Nq × LPN, and
α = [α1, . . . , αLPN ]

T collects the DCT coefficients to be



7

Algorithm 1 The proposed joint PHN estimation and decoding
algorithm based on the GAMP method relying on the Wiener
model.

1: Initialization: t = 0 (iteration index)
2: For n = 1, . . . , Nq, compute x̂0

n and v0xn
;set ζ̂0n = 0,

η̂0n = rn and v0ηn
= 2σ2.

3: Set t = 1 and repeat the following steps until
∑

n |x̂t+1
n −

x̂t
n|2 < ϵ

∑
n |x̂t

n|2 or t > Tmax, where ϵ is a pre-specified
error tolerance and Tmax is the maximum number of
iterations.

4: − PHN estimation step: For n = 1, . . . , Nq , compute
{vt

ξ, ξ̂
t} and {ẑtn, vtzn} from (14), (15) and (10), respec-

tively.
5: For n = 1, . . . , Nq , compute {θ̂↓n, vθ↓n}, {θ̂→n , vθ→n },

{θ̂←n , vθ←n } and {θ̂tn, vtθn} from (21), (23), (25) and (27).
6: − Decoupling step: For n = 1, . . . , Nq , compute

{η̂tn, vtηn
}, {ẑtn, vtzn}, {ζ̂tn, vtζn}, {vt

τ , τ̂
t} from (9), (10),

(11), (16) and (17), respectively.
7: − Decoding step: For g = 1 . . . , G, i = 1, . . . ,Mg1, ȷ =

1, . . . ,Mg2, Lextr(cIMg,i ) and Lextr(cSg,ȷ) → Decoder.
8: Compute (46) by using the information from the decoder.
9: − Denoising step: For n = 1, . . . , Nq , compute {x̂t

n, v
t
xn
}

from (5).

estimated1. In this way, the problem of estimating the Nq di-
mensional PHN vector has been transformed to the estimation
of LPN DCT coefficients. Based on (1) and (28), the received
data vector can be alternatively expressed as:

r =
1√
Kq

D(Φα)FHHx+w. (29)

The PHN estimation subgraph corresponding to the DCT
model is shown on top of the Wiener model factor graph
representation in Fig. 2 using dashed lines. The message
arriving from the observation node to the DCT coefficient
vector α is formulated as:

mfrn→α(α) ∝ exp
{
Eb(zn)

[
log frn(α,zn)

]}
∝ exp

{
2ℜ{r∗nẑn(Φα)n} − |(Φα)n|2(|ẑn|2 + vzn)

2σ2

}
.

Thus, the a posteriori pdf of α is given by

b(α) ∝ p(α)

Nq∏
n=1

mfrn→α(α)

∝ exp

{
2ℜ{(r⊙ ẑ∗)HΦα} −αHΦHD(ϱ̂z)Φα

2σ2

}
,

where ϱ̂z = [|ẑ1|2 + vz1 , . . . , |ẑNq |2 + vzNq
]T , while its

covariance matrix and mean vector are

Vα = 2σ2(ΦHD(ϱ̂z)Φ)−1, α̂ =
1

2σ2
VαΦ

H(r⊙ ẑ∗).

(30)

Note that the computation of (30) involves a nontrivial matrix

1The design of the length of vector u is flexible. The selection of Nq here
is just for the sake of simplicity.

inversion, which has a complexity order of O(L3
PN).

Given b(α), the message mfrn→zn
(zn) is expressed as:

mfrn→zn
(zn) ∝ exp{Eb(α) [log frn(zn,α)]}

≈ Nc(zn; η̂n, vηn), (31)

where

η̂n =
rn
ϱ̂un

(Φα̂)∗n, vηn = 2σ2/ϱ̂un , (32)

with

ϱ̂un =

LPN∑
i=1

|Φn,i|2(Vi,i + |α̂i|2) +
LPN∑
i=1

LPN∑
ȷ=1,ȷ>i

Φn,iΦn,ȷ

· 2ℜ(Vi,ȷ + α̂∗i α̂ȷ). (33)

Actually, the complexity of both (30) and (33) is low. As it
will be demonstrated by our simulation results, an attractive
BER performance can be attained when LPN is selected to
be sufficiently small compared to Nq . To further reduce this
complexity, we approximate D(ϱ̂z) by ϱ̂zINq , where ϱ̂z is the
average of the diagonal elements of D(ϱ̂z). In this way, Vα

becomes a diagonal matrix, with 2σ2/ϱ̂z being the diagonal
element since ΦHΦ = ILPN .

The message passing schedule for the proposed joint PH-
N estimation and decoding algorithm based on the GAMP
method using the DCT model for the OFDM-IM scheme,
which is referred to as GAMP-DCT, is summarized in Al-
gorithm 2.

Algorithm 2 The proposed joint PHN estimation and decoding
algorithm based on the GAMP method using the DCT model.

1: The same as GAMP-Wiener except for the following
modifications imposed on the PHN estimation step and
the decoupling step:

2: − PHN estimation step: For n = 1, . . . , Nq , compute
{vt

ξ, ξ̂
t} and {ẑtn, vtzn} from (14), (15) and (10), respec-

tively.
3: Compute {Vt

α, α̂
t} from (30).

4: − Decoupling step: For n = 1, . . . , Nq , compute
{η̂tn, vtηn

}, {ẑtn, vtzn}, {ζ̂tn, vtζn}, {vt
τ , τ̂

t} from (32), (10),
(11), (16) and (17), respectively.

IV. AMALGAMATED BP-MF ALGORITHM

For comparison, we also amalgamate the BP-MF algorithm
of [21] and invoke it for the coded OFDM-IM system. The
subgraph of the PHN estimation shown in Fig. 2 is also used in
the BP-MF method. The difference with regard to the proposed
GAMP based algorithms is that the BP-MF technique is
invoked for soft demodulation, and the corresponding SISO
demodulation subgraph shown in Fig. 2 is replaced by that in
Fig. 3. In contrast to the traditional OFDM system, the sparsity
of the OFDM-IM symbol should be explicitly exploited by
the BP-MF method, which is similar to that of the GAMP
based algorithms. However, instead of using central-limit-
theorem based approximations (refer to [20] for details of
original GAMP) for representing the noiseless output zn,
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SISO Demodulation subgraph

Fig. 3. The subgraph for soft demodulation using the amalgamated BP-MF
algorithm.

n = 1, . . . , Nq , and assuming them to be independent of
each other, we use the a posteriori pdf of zn to estimate
the PHN effect ejθn , the BP-MF method estimates x directly
and uses the a posteriori pdf of this vector for updating the
PHN samples’ estimates. As shown in Fig. 3, this part of the
subgraph is densely connected. Therefore, there are multiple
message-passing schedules to select. In the following, both a
sequential and a parallel schedule are used. Bearing in mind
that the DCT model based PHN estimation method operates in
parallel, while the Wiener model based one is in a sequential
recursion form, they are naturally embedded in parallel and
sequential message-passing schedules, respectively. In both
schedules, the extrinsic information extracted from the LDPC
decoder is calculated simultaneously.

The message mBP−MF
xi→fM,g

(xi) is formulated as:

mBP−MF
xi→fM,g

(xi) ∝
Nq∏
i=1

mfrn→xi(xi) ∝ Nc(xi; τ̂ i, vτ i
), (34)

where τ̂ i and vτ i
will be later updated according to (38)

and (43) in the sequential and parallel schedules, respectively.
Given the extrinsic information gleaned from the SISO de-
coder and (34), we can compute the a posteriori pdf of xi,
b(xi) according to Appendix A, where {τ̂i, vτi} is replacing
by {τ̂ i, vτ i

}. The a posteriori mean and variance of xi are
obtained as

x̂i =
∑
s∈S

sb(xi = s), vxi
=
∑
s∈S

|s|2b(xi = s)− |x̂i|2. (35)

A. Wiener model based sequential BP-MF message passing
schedule

According to the MF rule, the message mfrn→xi(xi) can
be expressed using b(xi) and b(θn) by

mfrn→xi(xi) ∝ exp
{
Eb(θn)

∏
ȷ̸=i b(xȷ) [log frn(x, θn)]

}
∝ Nc(xi; τ̂

′
i , vτ ′i

), (36)

where

vτ ′i
= 2σ2/|Λn,i|2,

τ̂
′
i =

vτ ′i
Λ∗n,i

2σ2

(
rne
−jθ̂n(1− 1

2
vθn)−Λn,:x̂ī

)
. (37)

In (37), x̂ī is constructed of the a posteriori mean of xȷ, ȷ =
1 . . . Nq, ȷ ̸= i, i.e., x̂ī = [x̂1, . . . , x̂i−1, 0, x̂i+1, . . . , x̂Nq ]

T .
Substituting (36) into (34), we have

vτ i
=2σ2

(
ΛH

:,iΛ:,i

)−1, τ̂ i = vτ i

2σ2
ΛH

:,i (D(ϱ̂θ)r−Λx̂ī) , (38)

where ϱ̂θ = e−jθ̂ − 1
2e
−jθ̂ ⊙ vθ, θ̂ = [θ̂1, . . . , θ̂Nq ]

T and
vθ = [vθ1 , . . . , vθNq

]T .

Using the second-order Taylor expansion of ejθn in (20), the
message passed on the MF subgraph to the PHN estimation
subgraph can be approximated as

mBP−MF
frn→θn

(θn) ∝ exp
{
Eb(x) [log frn(x, θn)]

}
∝
{
ℜ
[
r∗nΛn,:x̂

σ2
ejθn

]}
∝ N (θn; θ̂

↓
n, vθ↓n), (39)

where

vθ↓n = 1/ℜ
[
r∗nΛn,:x̂

σ2
ejθ̂n

]
,

θ̂↓n = vθ↓nℜ
[
r∗nΛn,:x̂

σ2
(j + θ̂n)e

jθ̂n

]
. (40)

The amalgamated BP-MF using the sequential message
passing schedule for the Wiener model based joint PHN
estimation and decoding algorithm, which is referred to as
BP-MF-s, is summarized in Algorithm 3.

Algorithm 3 Amalgamated BP-MF algorithm for joint PHN
estimation and decoding based on the Wiener model using the
sequential scheduling.

1: Initialization: t = 0 (iteration index)
2: For n = 1, . . . , Nq , compute x̂0

n and v0xn
; set θ̂n = 0.

3: Set t = 1 and repeat the following steps until
∑

n |x̂t+1
n −

x̂t
n|2 < ϵ

∑
n |x̂t

n|2 or t > Tmax.
4: − PHN estimation step: For n = 1, . . . , Nq , compute

{θ̂↓n, vθ↓n}, {θ̂→n , vθ→n }, {θ̂←n , vθ←n } and {θ̂tn, vtθn} from
(40), (23), (25) and (27), respectively.

5: − Soft demodulation step: Compute ŵt = D(ϱ̂t
θ)r −

Λx̂t−1.
6: For n = 1, . . . , Nq ,

7: compute vtτn
from (38); compute τ̂ tn =

vt
τn

2σ2 Λ
H
:,nŵ

t+x̂t−1
n ;

compute {x̂t
n, v

t
xn
}; compute ŵt = ŵt−Λ:,n(x̂

t
n−x̂t−1

n ).
8: End for n.
9: − Decoding step: For n = 1, . . . , Nq , {τ̂ tn, vtτn

} →
Decoder.

10: Compute (46) by using the extrinsic information from the
decoder.

11: − Denoising step: For n = 1, . . . , Nq , compute {x̂t
n, v

t
xn
}

from (35); x̂t = [x̂t
1, . . . , x̂

t
Nq

]T .

B. DCT model based parallel BP-MF message passing sched-
ule

Given b(xi) and b(α) from the previous iteration, the
message mfrn→xi

(xi) is formulated based on the MF method
by

mfrn→xi(xi) ∝ exp
{
Eb(α)

∏
ȷ ̸=i b(xȷ) [log frn(x,α)]

}
∝ Nc(xi; ϑ̂

′
i, vϑ′i

), (41)

where we have:

vτ ′i
= 2σ2/(ϱ̂un |Λn,i|2),

τ̂
′
i =

vτ ′i
ϱ̂unΛ

∗
n,i

2σ2
[(Φα̂)∗nrn/ϱ̂un −Λn,:x̂ī] , (42)
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and the message mBP−MF
xi→fM,g

(xi) ∝ Nc(xi; τ̂ i, vτ i
) is associated

with

vτ i
= 2σ2

(
ΛH

:,iD(ϱ̂u)Λ:,i

)−1
,

τ̂ i =
vτ i

2σ2
ΛH

:,iD(ϱ̂u)
(
DH(Φα̂)D−1(ϱ̂u)r−Λx̂ī

)
, (43)

where ϱ̂u = [ϱ̂u1 , . . . , ϱ̂uNq
]T .

The message emerging from the observation node to the
PHN estimation subgraph can be expressed as:

mfrn→α(α) ∝ exp
{
Eb(x)

[
log frn(α,x)

]}
∝ exp

{
2ℜ{r∗nΛn,:x̂(Φα)n} − |(Φα)n|2ϱ̂xn

2σ2

}
,

where ϱ̂xn =
∑Nq

i=1 |Λn,i|2(|x̂i|2 + vxi) +

2
∑Nq

i=1

∑Nq

ȷ>i ℜ
{
Λ∗n,iΛn,ȷx̂

∗
i x̂ȷ

}
. Thus, the a posteriori

pdf of the DCT coefficient vector is given by

b(α) ∝ p(α)

Nq∏
n=1

mfrn→α(α)

∝ exp

{
2ℜ{(r⊙ (Λx̂)∗)HΦα} −αHΦHD(ϱ̂x)Φα

2σ2

}
,

where ϱ̂x = [ϱ̂x1 , . . . , ϱ̂xNq
]T , and its covariance matrix and

mean vector are approximated as

Vα = 2σ2/ϱ̄xILPN , α̂ =
1

ϱ̄x
ΦH(r⊙ (Λx̂)∗), (44)

where ϱ̄x is the average of the elements in ϱ̂x.
The amalgamated BP-MF using the parallel message pass-

ing schedule for the DCT model based joint PHN estimation
and decoding algorithm, which is referred to as BP-MF-p, is
summarized in Algorithm 4.

Algorithm 4 Amalgamated BP-MF algorithm for joint PHN
estimation and decoding based on the DCT model using the
parallel scheduling.

1: Initialization: t = 0 (iteration index)
2: For n = 1, . . . , Nq , compute x̂0

n and v0xn
.

3: Set t = 1 and repeat the following steps until
∑

n |x̂t+1
n −

x̂t
n|2 < ϵ

∑
n |x̂t

n|2 or t > Tmax.
4: − PHN estimation step: Compute {Vt

α, α̂
t} from (44).

5: − Soft demodulation step: Compute ŵt =
DH(Φα̂t)D−1(ϱ̂t

u)r−Λx̂t−1.
6: For n = 1, . . . , Nq , compute vtτn

from (43); compute
τ̂ tn =

vτn

2σ2 Λ
H
:,nD(ϱ̂t

u)ŵ
t + x̂t−1

n .
7: − Decoding step: For n = 1, . . . , Nq , {τ̂ tn, vtτn

} →
Decoder.

8: Compute (46) by using the extrinsic information from the
decoder.

9: − Denoising step: For n = 1, . . . , Nq , compute {x̂t
n, v

t
xn
}

from (35); x̂t = [x̂t
1, . . . , x̂

t
Nq

]T .

C. Complexity Analysis
In Table 1, we provide a brief complexity comparison of the

proposed GAMP-Wiener, GAMP-DCT, BP-MF-s and BP-MF-
p algorithms. All of these methods involve the calculations

of the standard BCJR decoding, thus we only analyze the
computational complexity of a single iteration between the soft
demodulator and PHN estimator within an OFDM-IM block.
For soft demodulation by the GAMP-Wiener scheme, the order
of O(GNgS) operations are needed for the calculation of
(52) and (53) (see Appendix A), plus an Nq-point IFFT for
evaluating (15) and an Nq-point FFT for evaluating (17). We
point out that the complexity in this part grows linearly both
with the number of IM symbols and the modulation order,
while that in the optimal receiver has a complexity order of
O(2GMg ). The PHN estimation, i.e. the computation of (19)
and the messages in the PHN estimation subgraph based on
the Wiener model and on the second-order Taylor expansion
approximation is in the order of O(Nq). The GAMP-Wiener
and GAMP-DCT scheme differ in the PHN estimation part.
Explicitly, in GAMP-DCT, O(2NqLPN) operations are re-
quired for the calculation of (30) and (32) following from
the assumption of D(ϱ̂z) ≈ ϱ̂zINq . The BP-MF-s differs
from the GAMP-Wiener scheme in the soft demodulation,
where the complexity is increased from O(Nq logNq) to
O(N2

q ), since the FFT cannot be directly invoked, when
the messages are updated sequentially. By contrast, the BP-
MF-p and GAMP-DCT have similar complexity in this part
using the FFT, when passing messages in parallel. We also
compare the complexity of the proposed algorithms to that
of the conventional pilot based PHN estimation method of
[35] combined with the conventional OFDM-IM detector of
[4]. The calculations of a frequency-domain received sequence
need an Nq-point FFT. The PHN estimation part in the pilot
based method requires O(Npilot) operations, where Npilot

is the total number of pilots contained within an OFDM-
IM packet. However, the complexity of these calculations is
modest, which have already been performed before starting
iterative decoding. After compensating the received samples
using the PHN estimates, the conventional LLR detector of
[4] is employed for soft demodulation, which has a complexity
order of O(GMgS). Furthermore, the existing PHN tracking
algorithms of [15] and [16] are combined with the proposed
demodulation method and the complexity of PHN estimation
is studied for comparison with both its Wiener model and the
DCT model based counterparts. For the EKF of [15], similar
PHN estimation complexity is seen as that in the GAMP-
Wiener scheme due to the local linearization of the system
model using first-order Taylor expansion. The VI approach of
[16] involves an inversion of an (Nq × Nq)-element matrix,
which imposes a complexity order of O(N3

q ). In Table. 1, we
give an example for Nq = 64, LPN = 2, G = 16, S = 4,
and Mg = 4. We observe that the proposed PHN estimation
algorithms are computationally more efficient compared to the
VI approach, for example, by a factor of 4096 at Nq = 64,
when we employ the GAMP-Wiener method.

V. SIMULATION RESULTS

In this section, simulation results are provided for evaluating
the performance of the proposed joint PHN estimation and
decoding algorithms for the OFDM-IM scheme and for com-
paring it with conventional OFDM. For all simulations, a rate-
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TABLE I
COMPARISONS OF COMPUTATIONAL COMPLEXITY (FOR EXAMPLE: Nq = 64, LPN = 2, G = 16, S = 4, AND Mg = 4.)

Algorithm Complexity of the demodulator Value Complexity of the PHN estimator Value
GAMP-Wiener O(GNgS + 2Nq logNq) O(1024) O(Nq) O(64)
GAMP-DCT O(GNgS + 2Nq logNq) O(1024) O(2NqLPN ) O(256)

BP-MF-s O(GNgS + Nq logNq + N2
q ) O(4736) O(Nq) O(64)

BP-MF-p O(GNgS + 2Nq logNq) O(1024) O(2NqLPN ) O(256)

Optimal Detector O(2GMg ) O(1.8× 1019) − −
EKF [15] − − O(Nq) O(64)

VI [16] − − O(N3
q ) O(2.6× 105)

0.66 (i.e., Rc = 0.66) LDPC code2 using a block size 8064 is
used. The maximum number of iterations in the LDPC decoder
is 50, while it is Tmax = 20 between the SISO demodulation
and SISO decoding, unless otherwise stated. The tolerance
value is set to be ϵ = 10−12. The number of subcarriers in
an OFDM-IM symbol is kept constant at 64, i.e., Nq = 64. A
ten-tap (i.e., Lh = 10) Rayleigh fading channel is considered.
The CIRs are circularly symmetric complex Gaussian random
variables following the distribution N (hl; 0, 1/Lh). The CP
length LCP is selected to be 13. The SNR is expressed as
Eb/N0, with Eb =

Nq+LCP

RcG(Mg1+Mg2)
being the energy per bit.

The effective throughput is Rc
G(Mg1+Mg2)

Nq+LCP
[bits/symbol]. For

characterizing the PHN, a Wiener model with σ△ = 0.5◦

and a severer one with σ△ = 3◦ are used for generating
PHN samples. The initial phase θ1 is uniformly distributed
in [0, 2π). The number of DCT coefficients LPN is designed
to be 2, unless otherwise specified. A pilot is inserted every 64
subcarriers to assist the iterative decoder to bootstrap and to
aid synchronization3. Bearing in mind that OFDM-IM scheme
tends to exhibit benefits over its OFDM counterpart when the
throughput is below 2 [bits/symbol] [12], we only consider
low-order modulation schemes4 such as binary phase shift
keying (BPSK), i.e., S = 2, and quadrature phase shift keying
(QPSK), i.e., S = 4.

Fig. 4 shows the BERs of the proposed GAMP-Wiener
and GAMP-DCT algorithms for different OFDM-IM schemes
characterized by {S = 4, Ng = 4,Kg = 1} (denoted by
“(4, 4, 1)”) and {S = 2, Ng = 4,Kg = 2} (denoted by
“(2, 4, 2)”), respectively. For comparison, the BER curves
of classic BPSK modulated OFDM (denoted by “OFDM
BPSK”), yielding the same transmission rate as that of OFDM-
IM, are also plotted. The BERs of the OFDM-IM and OFDM
schemes with known PHN, denoted by “known PHN”, are
also shown as benchmarks. A constellation rotation technique
with a rotation angle of π/12 and the coordinate interleaved
orthogonal design (CIOD) approach of [14] are used for
improving the diversity gain. Additionally, for OFDM-IM
with known PHN, the subcarrier-level interleaving scheme

2The variable and check node degree distributions (refer to [36] for
details) are X1 = 0.00003 + 0.1909X + 0.4070X2 + 0.4020X7 and
X2 = 0.5029X9 + 0.4971X10, respectively. The parameter definitions
follow [36].

3The power overhead due to the pilots is included in the simulation results.
The gap between cases with known PHN and unknown PHN only comes from
different algorithms and is not due to pilots, since the increase of required
SNR is added artificially in known PHN cases.

4As evidenced by our additional extensive simulations, the BER perfor-
mance advantage of the OFDM-IM scheme over its classic OFDM counterpart
tends to erode for higher order modulations.
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Fig. 4. BER performance of classic BPSK-modulated OFDM and OFDM-IM
(characterized by (4,4,1) and (2,4,2)) systems communicating over a 10-tap
Rayleigh fading channel affected by PHN. Wiener PHN model with standard
deviations of σ△ = 0.5◦ and 3◦ are considered. Both proposed GAMP-
Wiener and GAMP-DCT are evaluated. The effective throughput is 0.55
bits/symbol.

of [13] is also invoked for attaining multipath diversity by
reducing the correlation amongst the subcarriers 1 to Nq .
As shown in Fig. 4, in case of known PHN, OFDM-IM
outperforms its OFDM counterpart in the high-SNR region,
in agreement with the findings of [4], [12], [13]. This is
because the performance advantage of the bits transmitted in
the IM domain is more significant at high SNRs, especially
for σ△ = 0.5◦. Specifically, the performance loss of both
the GAMP-Wiener and GAMP-DCT algorithms recorded in
case of known PHN is modest, which confirms the efficiency
of the Wiener model and DCT model based PHN estimation
methods, when σ△ = 0.5◦. By contrast, about 0.7dB gap is
seen for classic OFDM, if the target BER is 10−5. This means
that using the proposed GAMP based algorithms, the OFDM-
IM schemes transmitting part of the information bits by the
indices of activated subcarriers indeed succeed in improving
the performance over classic OFDM with PHN distortion. For
σ△ = 3◦, the GAMP-DCT is slightly superior to GAMP-
Wiener for OFDM-IM (4, 4, 1) at a slightly higher complexity.
This indicates that the accuracy of the Taylor expansion in
the GAMP-Wiener receiver degrades upon increasing the PHN
intensity. Meanwhile, we point out that the correlation between
the PHN samples is not exploited across different OFDM-IM
symbols, which is also a reason for the performance degra-
dation of GAMP-Wiener. Explicitly, the mean values of the
messages mfθn→θn

(θn) and mfθn+1→θn
(θn) at the boundaries
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Fig. 5. BER performance of classic QPSK-modulated OFDM and OFDM-
IM (characterized by (4,4,3)) systems communicating over a 10-tap Rayleigh
fading channel affected by PHN. Wiener PHN model with standard deviations
of σ△ = 0.5◦ and 3◦ are considered. Both proposed GAMP-Wiener and
GAMP-DCT are evaluated. The effective throughput is 1.1 bits/symbol.

of an OFDM-IM symbol are initialized with zeros, which will
introduce a transient for the PHN estimation, especially when
Nq is not long enough.

In Fig. 5, we compare the BER performance of the OFDM-
IM (4, 4, 3) and classic QPSK modulated OFDM both at
an effective throughput of 1.1 bits/symbol. As seen from
Fig. 5, the proposed GAMP-Wiener achieves better BER
performance than classic OFDM beyond a certain SNR when
σ△ = 0.5◦. This trend is similar to that in Fig. 4. However,
this performance advantage diminishes for a relatively severe
PHN of σ△ = 3◦. This can be explained by the fact
that the accuracy of data detection and PHN estimation is
reduced upon increasing the PHN intensity, since more ICI is
introduced. To improve the BER performance of OFDM-IM
(4, 4, 3) for σ△ = 3◦, we add a depth-Ng subcarrier inter-
leaver to rearrange the contaminated subcarriers in frequency
domain. The BER curve of this interleaving aided GAMP-
DCT method is labelled by “GAMP-DCT-IS”. Specifically,
the interleaved frequency domain signals can be expressed
as x̆ = [x1(1), x2(1), . . . , xG(1), . . . , x1(Ng), . . . , xG(Ng)]

T .
Accordingly, after de-interleaving at the receiver, we have

r =
1√
Kq

D(ejθ)F̆HH̆x+w, (45)

where F̆H and H̆ are de-interleaved versions of FH and
H, respectively. In this way, the performance degradation of
IM-modulated bits due to the frequency-domain correlation
is reduced. It is shown that as expected, about 0.4dB gain
is achieved at a BER of 10−5 for the GAMP-DCT-IS over
GAMP-DCT. However, the OFDM-IM having realistic un-
known PHN and using the interleaving loses the low complex-
ity advantage of the FFT, which is in contrast to the known
PHN case due to the matrix F̆H in (45). Using Equations
(6), (7), (12) and (13) instead of (14), (15), (16) and (17), the
complexity is increased from O(Nq logNq) to O(N2

q ). Hence,
there is a flexible performance vs. complexity tradeoff in the

4 5 6 7 8 9 10 11
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

B
E

R

E
b
/N

0
 [dB]

 

 

BP−MF−p 
BP−MF−s 
GAMP−Wiener 
GAMP−DCT 

(4,4,1) (4,4,3)

Fig. 6. BER performance of the proposed GAMP-DCT, GAMP-Wiener and
BP-MF algorithms. Both parallel and sequential schedules for the BP-MF
methods are studied for comparison. Wiener PHN model with σ△ = 3◦ is
considered. The effective throughput of OFDM-IM (4, 4, 1) and (4, 4, 3) is
0.55 bits/symbol and 1.1 bits/symbol, respectively.
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Fig. 7. BER performance of the proposed GAMP-DCT, GAMP-Wiener
and BP-MF algorithms versus iteration index. Both parallel and sequential
schedules for the BP-MF methods are studied for comparison. Wiener PHN
model with σ△ = 3◦ is considered. The effective throughputs of OFDM-IM
(4, 4, 1) and (4, 4, 3) are 0.55 bits/symbol and 1.1 bits/symbol, respectively.

GAMP based OFDM-IM receiver.
In Fig. 6, the BER performance of the BP-MF-s and BP-

MF-p based receivers is compared to that of the proposed
GAMP-Wiener and GAMP-DCT algorithms at a PHN of
σ△ = 3◦. The OFDM-IM schemes characterized by (4, 4, 1)
and (4, 4, 3) and having throughputs of 0.55 bits/symbol and
1.1 bits/symbol are considered.The number of turbo iterations
between SISO demodulation and SISO decoding is fixed to
Tmax = 20. We observe that GAMP-DCT exhibits the best
BER amongst the aforementioned algorithms. Compared with
GAMP-Wiener, BP-MF-s achieves slightly lower BER values,
which is attributed to exploiting the a posteriori estimates
of xg in the estimation of the remaining symbols during
iteration t. By contrast, a significant performance loss is seen
for the BP-MF-p method, especially for OFDM-IM (4, 4, 3).
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Fig. 8. The impact of the number of DCT coefficients on BER performance
of the GAMP-DCT algorithm at Eb/N0 = 7 dB. The block length of DCT
model is fixed at 64, 128, and 256, respectively. Wiener PHN model with
σ△ = 3◦ is considered.

For example, at a BER of 10−5, about 0.6dB loss is observed
for BP-MF-p over GAMP-DCT for OFDM-IM (4, 4, 1), but
an error floor around the BER value of 10−4 for OFDM-IM
(4, 4, 3). Furthermore, Fig. 7 plots the BERs of the receivers as
a function of the iteration index under the conditions of Fig. 6.
The SNR is fixed to 7dB (dotted line) and 9dB (cont. line)
for OFDM-IM (4, 4, 1) and OFDM-IM (4, 4, 3), respectively.
Observe that the GAMP-Wiener, GAMP-DCT and BP-MF-s
algorithms all converge after about 5 iterations. Therefore, 5
iterations on average are sufficient to meet the pre-specified
stopping criterion. By contrast, the convergence of BP-MF-
p is slow compared to both its sequential counterpart and
to the GAMP based receivers, which explains its poor BER
performance at high SNRs in Fig. 6. We also observe that
although the complexity of GAMP-Wiener is lower than that
of BP-MF-s and its performance is inferior to BP-MF-s after
convergence, the BER of GAMP-Wiener is slightly lower than
that of BP-MF-s at the first few iterations.

In Fig. 8, the BER performance vs. the number of DCT co-
efficients is studied. Observing that similar to the phenomenon
shown in [25] for a single-carrier system, given the OFDM-
IM symbol length, there is an appropriate number of DCT
coefficients. After optimizing the relationship between the
number of DCT coefficients and OFDM-IM symbol length,
we find that a slightly better BER performance can be attained
for higher Nq .

The proposed algorithm relying on residual CFO ∆ϕ and
imperfect channel information is evaluated in Fig. 9. In prac-
tical systems, the channel estimation error at the receiver is
assumed to be a zero-mean Gaussian variable with a variance
of vϵh [38]. Fig. 9 compares the BER performance of the
proposed GAMP-DCT both for OFDM-IM and for classic
OFDM, when ∆ϕ = 0.1 [39], vϵh = 0.01 and σ△ = 3◦.
The simulation settings are kept the same as in Fig. 4.
In order to take the channel uncertainty and the residual
CFO into account, the proposed algorithm is modified by
recalculating the equivalent mean and power of the residual
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Fig. 9. The impact of residual CFO of ∆ϕ = 0.1 and imperfect CSI with
parameter vϵh = 0.01 on BER performance of the GAMP-DCT algorithm,
the existing EKF [15], and the [37] combined with VI [16]. Wiener PHN
model with σ△ = 3◦ is considered.

interference imposed by residual CFO and imperfect channel
estimation using the PHN estimates and symbols estimates
at each iteration. Additionally, the BER curves of the pilot
based joint CFO, CIR and PHN estimation methods of [15]
(denoted by “EKF [15]”) and of [37] are now combined with
the PHN tracking algorithm of [16] (denoted by “ [37] & VI
[16]”), which are shown for comparison. We observe that the
proposed GAMP-DCT method outperforms the existing pilot
based EKF and [37] & VI, even in the presence of residual
CFO and channel estimation errors. Moreover, compared to
classic OFDM, OFDM-IM relying on the proposed GAMP-
DCT method is more robust both to the residual CFO and
to the channel uncertainty. For example, for ∆ϕ = 0.1,
vϵh = 0.01, and σ△ = 3◦, only a modest performance gap
of 0.15dB is seen for OFDM-IM compared to the perfect
CFO and CSI based BER curve at BER= 10−5, while 0.4dB
is observed for classic OFDM. However, this gap widens at
higher SNR values.

In Fig. 10, the BER performance of the proposed GAMP-
Wiener and GAMP-DCT algorithms is compared to existing
methods. The conventional pilot based PHN estimation method
of [35] is now combined with the conventional OFDM-IM
detector of [4] (denoted by “pilot based & [4]”). We consider
different ratios of pilots, e.g., 6%, 12.5% and 25%. The
extended Kalman filter method (denoted by “EKF [16]”) and
the variational inference approach (denoted by “VI [17]”) were
proposed for joint PHN estimation and uncoded ODFM data
detection in [15] and [16], respectively. These are now extend-
ed to the coded OFDM-IM scheme by combining it with the
proposed GAMP based data detection algorithm. The system
parameters are the same as in Fig. 5, where two different PHN
variances, i.e., σ△ = 0.5◦ and 3◦ are considered. Additionally,
the BER performance recorded without PHN estimation (de-
noted by “No PHN cancel.”) is also shown for comparison. It
is seen that the OFDM-IM performance degrades significantly,
if the effect of PHN is ignored. The conventional pilot based
method improves the BER performance by increasing the ratio
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Fig. 10. The BER performance of proposed GAMP-Wiener and GAMP-DCT
compared with existing EKF [15] and VI [16] algorithms. The OFDM-IM is
characterized by (4, 4, 3). Wiener PHN model with σ△ = 0.5◦ and 3◦ are
considered. The effective throughput is 1.1 bits/symbol.

of pilots from 6% to 12.5%. However, a performance erosion
is imposed by further increasing this ratio, since due to the
power assigned to the pilots, the Eb/N0 reduction becomes
significant. We also observe that the pilot based algorithm is
inferior to other data-aided methods, due to the fact that the
PHN varies rapidly compared the OFDM-IM symbol rate and
hence the PHN cannot be sufficiently mitigated using pilots.
By using the proposed GAMP-Wiener and GAMP-DCT, the
BER performance improves considerably even for severe PHN.
The GAMP-DCT scheme outperforms the others due to the
fact that the first LPN DCT coefficients are well suited for
the compact representation of the lowpass process of discrete-
time PHN samples [25]5. However, the VI method exhibits
poor BER performance compared to the proposed ones and
the EKF, especially at high SNRs, where the performance is
mainly limited by the PHN estimation accuracy instead of the
additive white noise. Explicitly, it suffers from an error floor
when σ△ = 3◦. This outcome can be attributed to the first-
order Taylor expansion approximation of the PHN vector over
the whole OFDM-IM symbol. The linearization approximation
directly imposed on the system model substantially deviates
from the true system parameters in the presence of strong
PHN. By contrast, both the proposed GAMP-Wiener method
and the EKF updates the current PHN sample estimation
by using previous PHN estimates. The essential difference
between the EKF and the GAMP-Wiener is that the EKF
linearizes the system model locally using the first-order Taylor
series, while the GAMP-Wiener approximates the messages
exchanged in the factor graph by second-order Taylor expan-
sion. This explains the superiority of the GAMP-Wiener over
the EKF for two different PHN variance values.

VI. CONCLUSIONS

This paper proposes several low-complexity joint PHN
estimation and decoding algorithms for OFDM-IM operating

5Similar applications of DCT expansion tehcnique can be found in various
audio and image compression algorithms.

in frequency-selective fading channels. Two models are con-
sidered for approximating the PHN process. The Wiener model
exploits the time dependent statistics, while the DCT model
dramatically reduces the number of unknown variables. Based
on these pair of PHN models, a factor graph is constructed and
the GAMP method is invoked, where the unknown nonlinear
transform matrix problem imposed by PHN is circumvented
by using MF approximation. For comparison, the amalgamated
BP-MF methods are presented for soft demodulation and
for both sequential as well as for parallel message passing
schedules. The performance vs. complexity of the proposed
algorithms is compared to that of conventional pilot based
method, the existing EKF and VI approach. Our numerical
results show that the proposed GAMP-DCT method has the
best BER performance at a slightly increased computational
complexity, as shown in Table 1. We also observe that OFDM-
IM outperforms its OFDM counterpart even for strong PHN,
imperfect CSI and residual CFO.

APPENDIX A
DERIVATION OF THE a posteriori PDF b(xi)

According to the associated IM and PSK/QAM modulation
constraint, we have

P
(
xAP
g = ωγ

)
=

Mg1∏
i=1

P
(
cIMg,i = c

ωγ

i

)
, γ = 1, . . . ,Υ,

P (xg,d(k) = sm) =

log2 S∏
i=1

P
(
cSg,(k−1) log2 S+i = csmi

)
,

m = 1, . . . , S, k = 1, . . . ,Kg. (46)

Thus, the a priori pdf of x provided by the LDPC SISO
decoder can be formulated as

P (x) =
G∏

g=1

Pxg (xg),

Pxg (xg) =
Υ∑

γ=1

P
(
xAP
g = ωγ

) [∏
i∈Iγ

(∑
s∈S

δ(xi − s)P (xi)

)

·
∏
ȷ∈Īγ

δ(xȷ)

 , (47)

where i, ȷ ∈ Ig , {(g − 1)Ng + 1 : gNg}, Iγ is the support
set of vector ωγ , i.e., Iγ = {i|ωγ,i = 1, i ∈ Ig}, Īγ is the
complementary set of Iγ , and xi ∈ {xg,d(1), . . . , xg,d(Kg)}.

Given (47) and the message mxi→fM,g
(xi) ∝

Nc(xi; τ̂i, vτi), which will be later updated according to
(12) and (13), we can calculate the a posteriori pdf b(xi) of
xi by (48) for xi = sm, sm ∈ S , and by (49) for xi = 0.
After further algebra in manipulations, we arrive at

b(xi = sm) =
D(xi = sm)∑

s∈S D(xi = s) + E
, (50)

for xi = sm, sm ∈ S , and

b(xi = 0) =
E∑

s∈S D(xi = s) + E
, (51)
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b(xi=sm) =
∑

γ:i∈Iγ

P
(
xIM
g =ωγ

)
exp

{
−|sm − ϑ̂i|2

vϑi

}
P (xi=sm)

∏
ȷ∈Iγ ,ȷ ̸=i

(∑
s∈S

exp

{
−|s− ϑ̂ȷ|2

vϑȷ

}
P (xȷ = s)

)∏
k∈Īγ

exp

{
−|ϑ̂k|2

vϑk

}
. (48)

b(xi = 0) = exp

{
−|ϑ̂i|2

vϑi

}
·
∑

γ:i∈Īγ

P
(
xIM
g = ωγ

) ∏
ȷ∈Īγ ,ȷ ̸=i

exp

{
−|ϑ̂ȷ|2

vϑȷ

} ∏
k∈Iγ

(∑
s∈S

exp

{
−|s− ϑ̂k|2

vϑk

}
P (xk = s)

)
. (49)

D(xi=sm)=
∑

γ:i∈Iγ

P
(
xIM
g =ωγ

)
exp

{
−|sm|2 − 2ℜ{smϑ̂∗

i }
vϑi

}
P (xi=sm)

∏
ȷ∈Iγ ,ȷ ̸=i

(∑
s∈S

exp

{
−
|s|2 − 2ℜ{sϑ̂∗

ȷ }
vϑȷ

}
P (xȷ=s)

)
. (52)

E =
∑

γ:i∈Īγ

P
(
xIM
g = ωγ

) ∏
ȷ∈Iγ

(∑
s∈S

exp

{
−
|s|2 − 2ℜ{sϑ̂∗

ȷ }
vϑȷ

}
P (xȷ = s)

)
. (53)

for xi = 0, where D(xi) and E are given by (52) and (53),
respectively. The a posteriori mean and variance of xi are
formulated as

x̂i =
∑
s∈S

sb(xi = s), vxi =
∑
s∈S

|s|2b(xi = s)− |x̂i|2. (54)

Note that there is no a priori information arriving from the
decoder during the first iteration, and the a priori pdf of xg

can be directly written as

P 0
xg
(xg) =

1

Υ

Υ∑
γ=1

∏
i∈Iγ

(
1

M

∑
s∈S

δ(xi − s)

) ∏
ȷ∈Īγ

δ(xȷ)

 .

Accordingly, the a posteriori mean and variance of xi for the
first iteration is given by

x̂0
i =

∑
s∈S

s
||Ωi,1||0
||Ω||0M

, v0xi
=

1

M

∑
s∈S

|s|2 ||Ωi,1||0
||Ω||0

− |x̂0
i |2,

(55)

where Ωi,1 = {ωγ |ωγ,i = 1, γ = 1, . . . ,Υ}.
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