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Time-delay polaritonics
J.D. Töpfer 1,2*, H. Sigurdsson 1,2, L. Pickup2 & P.G. Lagoudakis1,2*

Non-linearity and finite signal propagation speeds are omnipresent in nature, technologies,

and real-world problems, where efficient ways of describing and predicting the effects of

these elements are in high demand. Advances in engineering condensed matter systems,

such as lattices of trapped condensates, have enabled studies on non-linear effects in many-

body systems where exchange of particles between lattice nodes is effectively instantaneous.

Here, we demonstrate a regime of macroscopic matter-wave systems, in which ballistically

expanding condensates of microcavity exciton-polaritons act as picosecond, microscale non-

linear oscillators subject to time-delayed interaction. The ease of optical control and readout

of polariton condensates enables us to explore the phase space of two interacting con-

densates up to macroscopic distances highlighting its potential in extended configurations.

We demonstrate deterministic tuning of the coupled-condensate system between fixed point

and limit cycle regimes, which is fully reproduced by time-delayed coupled equations of

motion similar to the Lang-Kobayashi equation.
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T ime delay is widespread in nature and occurs when the
constituents of a given system interact via signals with a
finite propagation time1. If the characteristic timescale of

the system, such as the period of a simple pendulum, is much
longer than the signal propagation time, then one arrives at
familiar examples such as Huygens clock synchronisation
described by instantaneous interactions2. When propagation
times are appreciably long, the role of the system’s history is
enhanced and the interactions are said to be time delayed. Such
systems dictate the neurological function of our brains, affect
traffic flow, influence economic activities, define population
dynamics of biological species, regulate physiological systems,
determine the stability of lasers, and have application in control
engineering3,4. Besides their ubiquity in nature and science,
coupled systems with continuous time-delayed interactions
exhibit interesting mathematical properties such as an infinite
dimensional state space, i.e. for a fixed time-delay τ there are
infinitely many initial conditions of the system in the time
interval �τ � t � 0 needed to predict the dynamics for t > 0
(ref. 5). Time-delayed interaction or self-feedback is known to
greatly increase the dynamical complexity of a system, giving rise
to chaotic motion, chimera states6, as well as being able to both
stabilise and destabilise fixed point and periodic orbit solutions4.

Technological applications of delay-coupled systems appear in
diverse areas such as control engineering7, high speed random-bit
generation8, secure chaos communication9, but have also recently
emerged in machine learning, where the demand for neuro-
inspired computing units has led to various hardware realisations
of artificial neural networks10. The intrinsic high-dimensional
state space of delay-coupled systems enables an efficient platform
for tasks such as pattern recognition, speech recognition, and
time series prediction as demonstrated in electronic11, photo-
nic12–14, and optoelectronic15–17 systems.

In this work, we demonstrate the prospect of an ultrafast
microscale platform for engineering time-delayed coupled oscil-
lator networks based on condensates of microcavity
exciton–polaritons (from here on polaritons)18,19. Polaritons are
bosonic quasi-particles that can undergo a power-driven quan-
tum phase transition to a macroscopically occupied state with
long-range phase coherence20. This phase transition is associated
with the formation of a polariton condensate, a non-linear mat-
ter-wave quantum fluid, which differs from classical cold atom
Bose–Einstein condensates, and liquid light droplets21,22 due to
its non-equilibrium nature. One of the greatest advantages of
polariton condensates for optoelectronic applications is the easy
implementation of arbitrary geometries, or graphs, using adaptive
optical elements for the excitation laser beam23. We show con-
trollable tuning between steady state (single-colour) and limit-
cycle (two-colour) regimes of the two coupled condensate system
and explain our observations through time-delayed equations of
motion.

Results
Time-delayed coupled matter-wave condensates. Con-
ventionally, networks and lattices of condensates consisting of
cold atoms24, Cooper pairs25, photons26, or polaritons27,28 are
studied in trap geometries, weakly coupled via tunnelling cur-
rents, that allow for the study of solid state physics phenomena
such as superfluid-Mott phase transitions29, magnetic frustra-
tion30, PT-symmetric non-linear optics31, and Josephson
physics28,32. Here we investigate the inverse case, wherein
polariton condensates are freely expanding from small (point-
like) sources experiencing dynamics reminiscent to macroscopic
systems such as time-delayed coupled semiconductor lasers33.
Ballistic expansion extends over two orders of magnitude beyond

the pump beam waist, and occurs due to the repulsive potential
formed by the uncondensed exciton reservoir injected by the non-
resonant pump34. In the case of spatially separated polariton
condensates, propagation from one condensate centre to another
results in a substantial phase accumulation, interpreted as a
retardation of information flow between the condensates. To date,
coupled polariton condensates were restricted to distances
d≲ 40 μm23,35,36, wherein coupling was assumed to be instanta-
neous although propagation time was comparable or longer than
the characteristic timescale of the systems. To unravel the role of
time-delayed interactions, we demonstrate the synchronisation
between two tightly pumped condensates separated by up to
d � 114 μm, as shown in Fig. 1a. Figure 1b, c compares sche-
matically the conventional regime of coupled condensates sepa-
rated by a potential barrier and described by a tunnelling current
J , to the macroscopically coupled driven-dissipative matter-wave
condensates interacting via radiative particle transfer subject to
finite propagation time τ.

Dynamics of two interacting condensates. We utilise a strain
compensated semiconductor microcavity to enable uninhibited
ballistic expansion of polaritons over macroscopic distances37.
We inject a polariton dyad with identical Gaussian spatial pro-
files, with full-width-at-half-maximum (FWHM) of �2 μm, using
non-resonant optical excitation at the first Bragg minima of the
reflectivity stop-band, and employ spatial light modulation to
continuously vary the separation distance from 6 to 94 μm, while
keeping constant the excitation density of each pump beam at

P1;2 � 1:5´ Pð1Þ
thr , where P

ð1Þ
thr is the condensation threshold power

of an isolated condensate. For each separation distance d (more
than 400 positions), we record simultaneously the spatial profile
of the photoluminescence (real-space), the dispersion (energy vs
in-plane momentum in the direction of propagation), and the
photoluminescence in reciprocal (Fourier) space (see Supple-
mentary Movie 1). We observe that opposite to the twofold

Fig. 1 Macroscopically coupled matter-wave condensates. a Schematic
showing the cavity plane with two focusing laser beams (red cones) which
are spatially displaced by a distance d � 114 μm and the experimentally
observed photoluminescence of two synchronised, ballistically expanding
and interfering condensate centres. Finite particle transfer time τ results in
time-delayed interaction between condensates Ψ1 and Ψ2. Unlike in the
case of a conventional bosonic Josephson junction (b) the reported time-
delayed coupling mechanism between two tightly pumped polariton
condensates (c) is not mediated by a tunnelling current J (blue dashed line)
but by a radiative transfer of particles (blue wavy line).
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hybridisation of two evanescently coupled condensates28, the
macroscopically coupled system is characterised by a multitude of
accessible modes of even and odd parity (i.e., 0 and π phase
difference between condensate centres) that alternate con-
tinuously between opposite parity states with increasing dyad
separation distance. For a range of separation distances only one
resonant mode is present in the gain region of the dyad, wherein
the polariton dyad is stationary, occupying a single energy level.
Between the separation distances, wherein only one mode is
present, we observe the coexistence of two resonant modes of
opposite parity resulting in non-stationary periodic states.

In Fig. 2 we present an example of the two different regimes,
stationary and non-stationary states. Figure 2a, b shows real-
space photoluminescence, Fig. 2c, d shows Fourier-space
photoluminescence and Fig. 2e, f shows the polariton dispersion
along the axis of the dyad with separation distances of (a, c, e)
d ¼ 12:7 μm and (b, d, f) d ¼ 37:3 μm. Figure 2g depicts the
integrated spectra of Fig. 2e, f using black dots and red squares,
respectively. Absolute values of the energy levels are given as a
blueshift with respect to the ground-state of the lower polariton

branch. Although from the clear fringe pattern in Fig. 2a one
could infer that only one mode of odd parity is present, it is
through the simultaneous recording of either the Fourier-space or
the dispersion that the coexistence of an even parity mode
becomes apparent. Each of the two modes has a well defined but
opposite parity to the other. We note that as long as we maintain
the mirror symmetry of the system by pumping both of the two
condensate centres with the same power P1 ¼ P2, we do not
observe formation of non-trivial phase configurations
ϕ1 � ϕ2 ≠ 0; π.

To unravel the dynamics of the coupling on the separation
distance between the two condensates, we obtain the spectral
position, parity, and spectral weight of both energy levels for
pump spot separation distances from d ¼ 5 μm to d ¼ 66 μm.
We have recorded configurations with more than two occupied
energy levels for several distances d, but with the relative spectral
weight of the third peak less than a few percent. In the following,
we focus our analysis to the two brightest energy levels for each
configuration. The measured normalised spectral weights and
spectral positions of the two states versus pump spot separation
distance d are illustrated in Fig. 3a, b using black dots for even
parity states and red hollow squares for odd parity states,
respectively. Figure 3a shows that the system follows an
oscillatory behaviour in the spectral weights of the two parity
states giving rise to continuous transitions between even and odd
parity states interleaved by configurations exhibiting both parity
states. Interestingly, each period of these oscillations in relative
intensity (starting and ending with a vanishing spectral weight)
displays an ‘energy branch’ featuring a notable reduction in
energy with increasing pump spot separation distance d as is
shown in Fig. 3b. The energy of an isolated condensate is
measured in the same sample space and its value �2:22 meV,
above the ground state energy of the lower polariton dispersion, is
illustrated with a blue dashed horizontal line. We observe that the

Fig. 2 Emission characteristics of two non-resonantly pumped polariton
condensates. Measured a, b real-space photoluminescence jΨðx; yÞj2,
c, d momentum-space photoluminescence jΨðkx; kyÞj2, and e, f spectrally
resolved momentum-space photoluminescence along ky ¼ 0 for two
condensates with separation distances (a, c, e) d ¼ 12:7 μm and (b, d, f)
d ¼ 37:3 μm, respectively. g Normalised spectra, which are obtained by
integrating e and f, are illustrated with black dots and red hollow squares.
For better visibility of low-intensity features all images are illustrated in
logarithmic grey-scale saturated below 0.001 as shown in f. Scale bars in
a, c, e correspond to (10 μm, 1 μm�1, 1 μm�1).

Fig. 3 Spectra of ballistically coupled polariton condensates. a Spectral
weight and b measured blueshift of even (black dots) and odd (red hollow
squares) parity states formed by the coupling of two spatially separated
polariton condensates with distance d. The energy level of a single
condensate pumped with the same non-resonant excitation power density,
i.e. 1.5 times the condensation threshold of a single condensate, is
illustrated with a horizontal blue dashed line. The vertical dashed lines at
d ¼ 12:7 and 37:3 μm indicate a two-colour and single-colour state,
respectively.
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phase-coupling of two spatially separated condensate centres is
dominated by a spectral redshift with respect to the energy of an
isolated condensate. The spectral size of each ‘energy branch’, i.e.,
the measurable redshift, is decaying from branch-to-branch with
increasing pump spot separation distance d. The two dyad
configurations exhibiting single-colour and two-colour states
shown in Fig. 2 are indicated with grey vertical dashed lines in
Fig. 3. Interestingly, it has been shown that the observation of
phase-flip transitions, accompanied with changes in oscillation
frequency to another mode is a universal characteristic of time-
delayed coupled non-linear systems5,38. Such dynamics can be
associated with neuronal systems39–41, and coupled semiconduc-
tor lasers33,42, but have also been demonstrated experimentally
for other types of time-delayed coupled systems such as non-
linear electronic circuits38,43, living organisms44, chemical
oscillators45, and candle-flame oscillators46.

Time averaged measurements over �1000 realisations of the
system as presented in Fig. 2a, c, e cannot reveal whether the
system of two coupled polariton condensates exhibits periodic
dynamics in the form of two-colour states or whether it
stochastically picks one of the two parity states. However, it is
well known that the power spectrum of a time-dependent signal is
related to its auto-correlation function by means of Fourier-
transform (Wiener–Khinchin theorem). A two-colour solution, as
shown in Fig. 2g, results in the periodic disappearance and revival
of the first-order temporal coherence function gð1Þð�τÞ. To
characterise the temporal evolution of gð1Þð�τÞ, we perform
interferometric measurements of the two coupled condensates
and extract the fringe visibility V which—up to a normalisation
factor—is proportional to the magnitude of the coherence
function gð1Þ

�� ��. Assuming two coexisting states of opposite parity
but equal spectral weight, one may simplify the complex

amplitudes of the two coupled condensates Ψ1 and Ψ2 as

Ψ1ðtÞ ¼ ψ0 e�iμet=_ þ e�iμot=_eiϕ
� �

; ð1Þ

Ψ2ðtÞ ¼ ψ0 e�iμet=_ � e�iμot=_eiϕ
� �

; ð2Þ
with time-independent complex amplitude ψ0 and relative phase
ϕ between the two modes of opposite parity and energy μe; μo for
the even and odd mode respectively. The mixture of two modes,
with energy splitting _Δ ¼ μe � μo

�� ��, causes an antiphase

temporal beating in the intensities Ψ1;2

�� ��2 similar to oscillatory
population transfer in coupled bosonic Josephson junctions.
Therefore, while the occupation amplitude of both condensate
centres oscillates with a period T ¼ 2π=Δ, they feature a relative
phase shift of π due to mixture of even and odd parity states. We
use a Michelson interferometer, comprising a retroreflector
mounted on a translational stage, and measure both the time
averaged interference of the photoluminescence of the same
condensate I11ð�τÞ ¼ h Ψ1ðtÞ þ Ψ1ðt þ �τÞj j2i as well as the time
averaged interference of the photoluminescence of opposite
condensates I12ð�τÞ ¼ h Ψ1ðtÞ þ Ψ2ðt þ �τÞj j2i, where �τ is the
relative time delay controlled by the adjustable position of
the retroreflector. Examples of the interferometric images are
illustrated in Fig. 4a for two condensates with a separation
distance of d ¼ 10:3 μm, which demonstrates condensation in
both an even and an odd parity state as shown in Fig. 4b.
Assuming the spectral composition as noted in Eqs. (1) and (2)
the corresponding interferometric visibilities V can be written as

V11 ¼ cosðΔ�τ=2Þj j; ð3Þ
V12 ¼ sinðΔ�τ=2Þj j: ð4Þ

5μm

Fig. 4 Periodic population transfer between two ballistically coupled polariton condensates. The emission of a polariton dyad with condensation centres
Ψ1;2 pumped with P1;2 ¼ 1:5Pð1Þthr at locations ðx ¼ ±d=2; y ¼ 0Þ with d � 10:3 μm is interferometrically and spectrally investigated in a–c. a Time integrated
real space photoluminescence of both condensates and the interference patterns of one condensate centre Ψ1ðtÞ interfering with a delayed version of itself
Ψ1ðtþ �τÞ or with a delayed version of the spatially displaced condensate Ψ2ðtþ �τÞ. b Corresponding spectrally resolved real-space photoluminescence
along the axis of the dyad y ¼ 0. The colour-scale of the normalised counts is saturated above 0.5 for better visibility. c Extracted fringe visibilities for the
interference of same condensate centres (blue hollow circles) and opposite condensate centres (red hollow squares) versus relative time delay �τ of the two
interferometer arms. The inset in c illustrates the expected visibilities (Eqs. (3) and (4)) multiplied with an exponentially decaying envelope. d Comparison
of the temporal decay of coherence extracted from the interference of the same condensate h Ψ1ðtÞ þ Ψ1ðtþ �τÞj j2i for two coupled condensates with
separation distances d ¼ 20 and 20:5 μm, as well as a single isolated condensate. In all three cases each condensate is pumped equally with P � 1:7Pð1Þthr.
The error bars are calculated as the standard deviation of the extracted visibility within the full-width at half-maximum (�2 μm) of each condensate. Lines
represent exponential fits for the decay of coherence for the single-mode polariton dyad and the single condensate, respectively.
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The experimentally extracted visibilities V11ð�τÞ and V12ð�τÞ versus
relative time delay �τ are illustrated in Fig. 4c with blue circles and
red squares, respectively. In agreement with the predicted
correlations [Eqs. (3) and (4)] we observe high fringe visibility
V11ð0Þ> 0:8 for the interference of one condensate with itself and
almost vanishing fringe visibility V12ð0Þ< 0:1 for the interference
of opposite condensates at zero time delay. Furthermore, we find
periodic disappearance and revival of fringe visibility with period
T � 15:3 ps, which is consistent with the observed energy
splitting of the two modes _Δ ¼ 270 μeV (see Fig. 4b). The
relative phase shift between the two visibilities V11ð�τÞ and V12ð�τÞ
is a direct result of the periodic population transfer between the
two condensates. For comparison the inset in Fig. 4c shows the
expected visibilities (Eqs. (3) and (4)) multiplied with an
exponential decay accounting for the finite coherence time of
the system.

In Fig. 4d we show the decay of temporal coherence for two
coupled condensates in a single-colour state (d ¼ 20 μm), a two-
colour state (d ¼ 20:5 μm), and for an isolated condensate excited
with the same pump power density. We note that the coherent
exchange of particles in both regimes of the coupled condensate
system results in an enhanced coherence time. For the single-
colour state (d ¼ 20 μm) and the isolated condensate the
coherence time �τc can be extracted from exponential fits yielding
25:5 and 10:2 ps, respectively.

Numerical analysis. The dynamics of polariton condensates can
be modelled via the mean field theory approach where the con-
densate order parameter Ψðr; tÞ is described by a two-
dimensional (2D) semiclassical wave equation often referred as
the generalised Gross–Pitaevskii equation coupled with an exci-
tonic reservoir which feeds non-condensed particles to the con-
densate47. In Supplementary Note 1 we give numerical results of
the spatiotemporal dynamics of the dyad reproducing semi-
quantitatively the experimentally observed results. We also pro-
vide a supplemental animation showing the calculated evolution
of the two-colour condensate (Supplementary Movie 2).

In the following, we show that our experimental observations
are described as a system of time-delayed coupled non-linear
oscillators. For simplicity we consider the one-dimensional (1D)
Schrödinger equation corresponding to the problem of s-wave
scattering of the condensate wavefunctions with δ-shaped
complex-valued, pump induced, potentials. We start by char-
acterising the energies of the time-independent non-hermitian
single particle problem:

EΨðxÞ ¼ � _2∂2x
2m

þ VðxÞ � i
_γc
2

� �
ΨðxÞ; ð5Þ

where VðxÞ describes complex-valued δ-shaped potentials sepa-
rated by a distance d, VðxÞ ¼ V0 δðx þ d=2Þ þ δðx � d=2Þð Þ, and
V0 lies in the first quadrant of the complex plane, i.e. repulsive
interactions and gain. The eigenfunctions of Eq. (5) describing
normalisable solutions of outwards propagating waves from the
potential (non-resonant pump) centres are written as

ΨðxÞ ¼
Ae�ikx; x � �d=2

Beikx þ Ce�ikx; jxj< d=2

Deikx; x � d=2

8><
>: ð6Þ

where k also belongs to the first quadrant of the complex plane.
This problem is well known for the case of lossless attractors
(<ðV0Þ< 0, =ðV0Þ ¼ 0) describing electron states in a 1D
diatomic Hydrogen molecule ion. The resonance condition of

the system is written as

V0
i_2k
m � V0

eikd
" #2

¼ 1: ð7Þ

The solutions of Eq. (7) can explicitly be written as

kn;± ¼ �i~V þ i
d
Wnð�d~Ved

~VÞ; n 2 Z; ð8Þ

with ~V ¼ mV0=_
2. Equation (8) describes infinitely many

solutions of the system of even ðþÞ and odd ð�Þ parity, where
Wn are the branches of the Lambert W function. The
corresponding complex-valued eigenvalues,

En;± ¼ _2k2n;±
2m

� i_γc
2

; ð9Þ

are illustrated in Fig. 5 and qualitatively reproduce the
experimental findings of the multiple energy branches shown in
Fig. 3. We interpret the experimental occurrence of predomi-
nantly two lasing modes with the behaviour of the imaginary
values of En for the simplistic 1D-toy model. While there are
periodically alternating regions of even and odd-parity solutions
dominating the gain, we expect distances at which two modes (of
opposite parity) have equal gain and thus can operate with equal
intensity. It is worth noting that the Lambert W function
naturally arises for problems involving delay differential
equations48.

The time-dependent problem can be formulated as a super-
position of two displaced, normalisable, and ballistically propa-
gating waves ψ1;2ðxÞ, each emerging from one of the condensate
centres,

Ψðx; tÞ ¼ c1ðtÞψ1ðxÞ þ c2ðtÞψ2ðxÞ: ð10Þ
Here, in analogy with Eq. (6), the normalised ansatz is written as
ψ1;2ðxÞ ¼

ffiffiffi
κ

p
eikjx±d=2j, with a complex-valued wavevector

k ¼ kc þ iκ. When the coupling between condensates is weak,
i.e. small ξ ¼ expð�κdÞ, one can omit all terms of order Oðξ2Þ
and higher. Then plugging Eq. (10) into the time-dependent form
of Eq. (5) and integrating out the spatial degrees of freedom,

Fig. 5 Resonances of two complex-valued δ-shaped potentials. Calculated
a imaginary part and b real part of the eigenvalues E in Eq. (9) for
<ðV0Þ ¼ 1 meV μm, =ðV0Þ ¼ 2meV μm, m ¼ 0:28 meV ps2 μm�2,
γc ¼ 1=5:5 ps�1. The two solutions with largest gain (imaginary part of E)
are illustrated as lines; other solutions are shown as dotted branches.
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assuming that Eq. (7) is satisfied, one gets (see Supplementary
Note 2),

i__ci ¼
_2k2

2m
� i

_γc
2

þ κ V0 �
i_2k
m

� �� 	
ci þ V0κe

ikdcj: ð11Þ

where j ¼ 3� i and i ¼ 1; 2 are the condensate indices. When
setting ci ¼ ±cj, and solving for stationary states, the above
equation recovers the exact resonant solutions dictated by Eq. (8).
Equation (11) then shows that inter-condensate interaction is in
the form of a coherent influx of particles from condensate j onto
the condensate centre of condensate i (and vice versa), with a
phase retardation of kcd. When ci and cj oscillate at a fixed
frequency ω we can transform the phase-shifting term expðikcdÞ
into an effective time delay,

eikdcjðtÞ ¼ e�κdcjðt � τÞ: ð12Þ
The time delay τ corresponds to an interaction lag between
condensate centres i and j caused by their spatial separation and
is given by τ ¼ kcd=ω. In the case of weak coupling, i.e. small
changes in oscillation frequency ω compared to the frequency ω0
of a single unperturbed condensate, the time-delay is approxi-
mately proportional to the dyad separation distance d, i.e. τ �
kc;0d=ω0 where we also use the notation k0 ¼ kc;0 þ iκ0 for the
wavevector of the single unperturbed condensate. The exponen-
tially decaying term on the right-hand side of Eq. (12) accounts
for the 1D spatial decay of particles propagating in between the
two condensate centres. Introducing local non-linear interactions,
reservoir gain, and blueshift one can write the full non-linear
equation of motion for the two coupled condensates as47

i_ci ¼ Ωþ g þ i
R
2

� �
ni þ αjcij2

� 	
ci þ Jeiβcjðt � d=vÞ; ð13Þ

_ni ¼ �ðΓA þ Rjcij2Þni þ P: ð14Þ
Here, ni correspond to the pump induced exciton reservoirs
providing blushift and gain into their respective condensates, g is
the polariton-reservoir interaction strength, R is the rate of
stimulated scattering of polaritons into the condensate from the
active reservoir, α is the interaction strength of two polaritons in
the condensate, v ¼ ω0=kc;0 is the phase velocity of the polariton
wavefunction, and ΓA is the radiative decay rate of the bottleneck
reservoir excitons. The parameter Ω ¼ Ω0 � iΓ captures the self-
energy of each condensate which will, in general, have a
contribution from a background of optically inactive dark
excitons generated at the pump spot, and Γ denotes the effective
linewidth of the polaritons expanding away from the pump spot.
The complex valued coupling is written J expðiβÞ ¼
V0κ expð�κdÞ for brevity. Equation (13) is then in the form of
a discretised complex Gross–Pitaevskii equation but with time-
delayed interaction between the bosonic particle ensembles:
which greatly increases the dimensionality of phase-space and
complexity of the coupled system. Our system then has strong
similarity with the famous Lang–Kobayashi equation49,50 where
in our case each condensate acts as a radiating antenna of
symmetrically expanding waves. The two spatially separated
antennas interfere and maximise their gain by adjusting both
their common frequency and their relative phase difference
ϕ ¼ argðc�i cjÞ. Similarities of the dynamics of coupled polariton
condensates to equations of motion in the form of the
Lang–Kobayashi equation was discussed in theoretical works
recently for instantaneously coupled condensates with complex-
valued couplings51. Unlike trapped ground state bosonic systems,
such as cold atoms, the ballistically expanding polariton matter-
wave condensates necessarily experience time-delayed coupling

since kc;0d 	 1 similar to inter-cavity coupling of semiconductor
lasers33.

In order to accurately reproduce experimentally observed
spectra using Eqs. (13) and (14) we fit the distance dependence of
the coupling amplitude JðdÞ to the spatial envelope of a single
condensate. It is known that in a 2D system the 0-order Hankel
function of the first kind describes the cylindrically symmetric
radial outflow of particles in the linear regime34, therefore we
choose

JðdÞ ¼ J0 Hð1Þ
0 ðk0dÞ

��� ���; ð15Þ

where J0 is a parameter describing the coupling strength (see
Supplementary Note 3). Numerical integration of Eqs. (13) and
(14) is computed for separation distances d > 10 μm using
Gaussian white noise as initial conditions which, in close analogy
to the experimental findings, reproduces periodic parity-flip
transitions accompanied by cyclic solutions in the transition
region. Figure 6a depicts the experimentally measured and
normalised emission spectra of the polariton dyad versus pump
spot separation distance d on a grey-scale colour-map, for which
the extracted two most dominant spectral peaks are depicted in
Fig. 3. The red dots represent the numerically calculated spectral
peak from Eq. (13) when in single mode operation, or the two
most dominant spectral peaks when multiple spectral compo-
nents exist, showing excellent agreement with experiment. As an
example, we illustrate a continuous transition of the system from
an anti-phase to in-phase state described by the time-delayed
coupled model in Fig. 6b and c showing the corresponding
spectral decomposition and phase-space diagrams of the system
for an increasing set of distances d from 20 to 21 μm. Similar
stationary and oscillatory behaviour, for separation distances d ¼
20 and 20:5 μm respectively, is shown in Fig. 4d. The numerically
simulated phase-space diagrams depict periodic orbits in the
transition region, involving periodic oscillations of the phase
difference ϕ ¼ argðc�1c2Þ and population imbalance
z ¼ ðjc1j2 � jc2j2Þ=ðjc1j2 þ jc2j2Þ, which is also confirmed by
2D-simulations of the generalised Gross–Pitaevskii equation (see
Supplementary Note 1). We have verified through numerics that
time-delay physics are indeed an accurate representation of the
coupled condensate dynamics (see Supplementary Note 2).

We note that in the limit of fast active reservoir relaxation,
Γ�1
A 
 Γ�1, one can adiabatically eliminate Eq. (14) and introduce

an effective non-linear term to Eq. (13), ðαeff � iσÞjcij2, account-
ing for polariton–polariton and polariton–reservoir interactions,
as well as condensate gain saturation. The dynamical equations of
two coupled condensates are then described by time-delayed
coupled Stuart–Landau oscillators,

i_ci ¼ Ωþ ðαeff � iσÞjcij2

 �

ci þ Jeiβcjðt � d=vÞ: ð16Þ
Numerical analysis of Eq. (16) is given in Supplementary Note 4
showing qualitative agreement with experiment.

Discussion
We present an extensive experimental and theoretical study of a
system of two ballistically expanding (untrapped) interacting
polariton condensates, the fundamental building block of polar-
iton graphs with higher connectivity. We demonstrate a regime
for coupled matter-wave condensates, wherein the coupling is not
instantaneous but mediated by a particle flow inherently con-
nected with time retardation effects. We observe deterministic
selection of steady state (single-colour) or dynamical (two-colour)
modes of the system by controlling the separation distance
between the condensates. Time-delay polaritonics potentially
offers an ultrafast platform for simulating the dynamics of real-
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world systems of time-delayed coupled non-linear oscillators that
appear in photonics, electronics, and neural circuits. Given the
high non-linearities of polaritons and the ease of optically
imprinting multiple condensates of arbitrary geometries on pla-
nar microcavities, the system offers promising applications for
neuromorphic devices based on lattices of history dependent,
non-trapped, strongly interacting, polariton condensates with a
wide range of coupling strengths, fast optical operations (input),
dynamics (processing), and readout.

Methods
Microcavity sample and experimental methods. The microcavity sample used is
a strain compensated 2λ GaAs microcavity with three pairs of 6 nm InGaAs
quantum wells embedded at the anti-nodes of the electric field37. The intracavity
layer contains a wedge and the position on the sample is chosen such that the
cavity photonic mode is redshifted from the excitonic mode at zero inplane
wavevector (jkj ¼ 0) by � �5:5 meV. For all experiments the microcavity is held
in a cold finger cryostat (temperature T � 6K) and is optically pumped with a
circularly polarised continuous wave monomode laser blue-detuned above the
cavity stopband (λ � 785 nm). To prevent heating of the sample, an acousto-optic
modulator is used to generate square wave packets at a frequency of 10 kHz and
duty cycle of 5%. A liquid crystal spatial light modulator (SLM) imprints a phase
pattern such that when the beam is focused through the 0.4 numerical aperture
microscope objective lens it excites the sample with the desired spatial geometry.
The phase patterns are carefully designed so that when changing the pump
separation distance d of the two-spot excitation pattern, the diffraction efficiency of
the SLM remains constant and both pump spots retain equal excitation power and
width. The photoluminescence is collected in reflection geometry and spectrally
resolved using an 1800 grooves/mm grating in a 750 mm spectrometer, which is
equipped with a charge-coupled device (CCD). Real-space, Fourier-space and
dispersion images are acquired using exposure times in the order of milliseconds.

Interferometry. A modified Michelson interferometer, where one mirror is
replaced with a retroreflector mounted on a translational stage, is used for mea-
suring the interference and temporal coherence of the emission. By tilting the angle
of the emission entering the interferometer, we select to spatially overlap the

emission of either opposing condensates or the same condensates onto a CCD
camera. Interference fringe visibilities are extracted from the normalised first dif-
fraction order of the computed discrete Fourier transform of each
interference image.

Image processing. Image displayed in Fig. 1a has been digitally processed with a
low-pass filter to increase the visibility of interference fringes.

Data availability
The data that support the findings of this study are openly available from the University
of Southampton repository (https://doi.org/10.5258/SOTON/D1149)52.
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