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Abstract

Pass-by noise measurements can nowadays be realised in a laboratory environment with a microphone array
and a stationary vehicle on a rolling road, according to ISO – 362-1:2016. Within this indoor testing proce-
dure, the contributions from the various noise sources in a car can be estimated, with a set of microphones
close to the various sources, and the pass-by noise then synthesised. The methods described in this paper
use measured near field pressure data close to a rolling tyre at 50 km/h to estimate virtual source strength,
using the inverse method, and the synthesised far field tyre noise is then compared with the one measured
directly at a far field microphone array. A combination of `1 norm and `2 norm regularisation methods are
investigated to optimise the equivalent source position and strength and, subsequently, the far field pass-by
noise pressure estimates through the frequency range of interest. It is shown that by optimising the positions
of 4 equivalent sources, acceptable representations of the measured far field spectra can be synthesized.
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1. Introduction

The exterior sound emission from a vehicle is an increasingly important criterion for the homologation
of road vehicles. Until recently, pass-by noise has been measured outdoors, but can now be measured in an
indoor environment with a far field microphone array and a stationary vehicle on a rolling road, according
to ISO-362:2016 [1]. This standard also describes pass-by noise testing systems, using a roller bench in a5

semi-anechoic room, to increase the total robustness and repeatability of the measurements and there also
exists the ability to quantify the various car noise source contributions. This is described as the pass-by
noise contribution analysis and is nowadays widely used in the field of vehicle noise control as it gives further
insight into the total noise disturbance [2].

Tyre noise has become one of the major sources of pass-by noise due to considerable efforts in reducing10

engine noise and increasing use of electric vehicles. The indoor tyre pass-by noise contribution can be
estimated in fully operational conditions by using a set of additional microphones close to the real car
sources using the concept of acoustic transfer path analysis (TPA) [3-4]. The tyre is approximated by a
set of equivalent sources and the acoustic transfer responses are measured between these sources and all
near field microphone positions, to give a full matrix of coupling coefficients. The various equivalent source15

strengths are then estimated by combining the pressure responses measured by the near field microphone
array and the inverse of the transfer response matrix. A new set of acoustic transfer functions is then
measured between the source positions and a linear microphone array 7.5 m away from the car, which is
then used to synthesise the far field acoustic pressure.

A number of studies have used the noise contribution analysis to quantify the indoor tyre pass-by noise,20

along with all the various noise source contributions in fully operational conditions [5-10]. A slightly different
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variation is proposed by Janssens et al, where the phase information is omitted from the measured spectra
by assuming an energetic, power-based approach to the traditional formulation [2]. Research has also been
done on the prediction of tyre pass-by noise by combining the indoor pass-by noise contribution analysis
with outdoor measurements [11]. In this previous work, the indoor tyre noise contribution is estimated by25

assuming a small number of uncorrelated monopole sources very close to the leading and trailing edge of
each tyre, using double this number of near field microphones in close proximity to the tyre. The positions
of the equivalent point sources are, therefore, chosen based on experience and the knowledge that the most
dominant tyre noise sources are situated at the tyre-road contact area [12], while the number of sources is
kept low to minimise the duration and complexity of the measurement sessions.30

Different applications of the inverse method to the synthesis of far field tyre noise have also investigated
alternative distributions of equivalent sources. In [13] and [14], the tyre is split into a multitude of segments
represented by a number of predefined source positions to synthesise the far field tyre noise, which requires
a considerable number of microphones, measurements and post-processing time. In [15], a collection of
different equivalent source distributions is investigated starting from only a few up to 40 uncorrelated35

monopoles to synthesise tyre noise in the far field from near field measurements. However, while conclusions
can be drawn as to the number of equivalent uncorrelated sources needed for an accurate far field pressure
reconstruction, the source positions are not optimised in order to achieve the best possible accuracy under
the given operational conditions, but rather chosen beforehand and tested for their ability to accurately
reconstruct the sound field.40

With the aim of overcoming this limitation, the work presented here utilises two `1 norm regularisation
methods to select a few equivalent source locations out of a larger number of possible locations using
compressive sensing techniques, applied in real-life data measured in the semi-anechoic chamber of Applus+
IDIADA. The novelty of this work is that the methods utilise the sparsity-promoting properties of the `1 norm
to choose optimised equivalent source distribution for a given number of sources using the inverse method45

and enhance the accuracy of the tyre noise contribution far field synthesis in an indoor pass-by noise context.
Different numbers of equivalent source positions are assumed, while a `2 norm regularisation technique is also
deployed to improve the reconstruction accuracy at lower frequencies when using a larger number of sources.
The aim of this paper is therefore to investigate the application of regularisation techniques to optimise the
equivalent source geometry and far field synthesised spectra for a given number of sources without assuming50

prior knowledge of the noise generating mechanisms of the tyre. Although prior knowledge of the transfer
functions between the source positions and the microphone array positions is still required, a fast and robust
selection of source positions can be performed compared to an exhaustive search of the various combinations
of equivalent source positions which grows geometrically in time with increasing number of assumed source
positions. It is noted, however, that the results obtained in this paper are strictly valid only for the given55

measurement conditions, and further work should be done to assess the validity of the results in other
operational conditions.

In Section 2, the theory of the inverse method used for the tyre noise synthesis including the different reg-
ularisation strategies is covered, while, in Section 3, the measurement set-up is presented. The corresponding
results are discussed in Section 4, while the conclusions drawn are covered in Section 5.60

2. Theory and formulation

The synthesis of the far field pressure with use of near field measured spectra is a two-step process. It
consists of an inverse method where the equivalent source strengths on a tyre are reconstructed by using the
near field spectra and a forward problem where the source strengths are used to synthesise the pressure in
the far field. The accuracy of the synthesis is largely dependent on the accuracy of the inverse method in65

the first step, which is correspondingly determined by the conditioning of the transfer matrix to be inverted
[16-17]. This matrix is often ill-conditioned and, subsequently, susceptible to errors associated with noise
and uncertainties inherited through the measurements.

The susceptibility of the problem to errors, however, can be controlled by selecting the geometry of the
problem, that is the spatial sampling of the source and the microphone array as a function of frequency70
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[18,19]. In this paper, two `1 norm regularisation techniques are investigated which utilise the sparsity-
promoting properties of the `1 norm to directly associate the choice of the equivalent source positions with
the cost function to be minimised. The first technique is a Compressive Sensing technique [20,21] which
has previously been used in near-field acoustic holography (NAH) [22-24] and beamforming applications
[25], while the second one is its generalisation for the simultaneous recovery of signals with shared sparsity75

properties and has been used in source localisation [26] and other applications [27-30]. The approach is to
identify the positioning of a small number of equivalent sources that can then be used independently to
repeat measurements, thus minimising the instrumentation and complexity.

Once the equivalent source positions are chosen for various numbers of source elements, the inverse
problem is then solved using the pseudo-inverse that is formed using the equivalent source positions chosen80

by the compressive sensing techniques. A standard `2 norm (Tikhonov) regularisation technique is finally
further used to alleviate the effect of poor conditioning at lower frequencies and the final source strengths
are then used to synthesise the far field pressure and compare it to the one measured directly.

2.1. Use of `1 norm regularisation at each frequency

As a first step, the pressure is assumed to be measured with a near field array of M microphones. Tyre85

noise is mostly broadband and has a time dependence that can be regarded as random with stationary
statistical properties at a given road speed. Therefore, the spectra are estimated by defining the Fourier
transform from a series of finite length histories of measured data [16]. For example, the discrete Fourier
spectrum at the mth microphone is defined by

pnear,m(k) =

N−1∑
n=0

pm(n)e−iωknT (1)

where pm is the sequence of N pressure samples, T is the period and ωk = 2πk
NT . These spectra will in90

practice be contaminated by errors and noise. The modulus squared Fourier transform can be smoothed
to give the power spectral density either by averaging the modulus squared spectra over multiple blocks of
data in the time domain, or by averaging the modulus squares spectra across multiple frequency bins in the
Fourier transform for a single large set of time-domain data [31]. The tyre radiation is approximated by
N monopoles distributed over its radiating surface with complex source strengths q, while their pressure95

contributions to the near-field are estimated by means of a frequency response function matrix Gnear of
size MxN which in practice should also be measured. This is because waves reflected and scattered within
the measurement environment are only properly captured by measuring the Gnear with the consequence
that using the same Gnear may not produce the same results for another vehicle. Therefore, the equation
describing the system at a given frequency is100

pnear = Gnearq + e (2)

where pnear is a vector of pnear,m and e is a vector of complex errors.
Unlike conventional methods, in this configuration the total number of possible equivalent source po-

sitions can be greater than the number of near field microphones (i.e. N > M). In the conventional
least-squares case, a full-rank solution would imply that the system has either no solution or an infinite
number of solutions. However, sparsity, herein introduced by adding a penalty in the `1 norm of the source105

strength vector q, forces it to be decomposed as a combination of a number of elements equal to Nf , which
is a subset of the number of source positions N (i.e. N ≥ Nf ) [23]. This decomposition can either be
exact, meaning that the source strengths of the rest of the source positions are set to zero, or approximate,
meaning that they are highly compressed to a level where they can be regarded as negligible. By enforcing
an acceptable level of sparsity with a constraint on the `1 norm of q, a number of non-zero point sources110

smaller or equal to the number of near field microphones is finally used (N > M ≥ Nf ) [26] and the final
system of equations becomes resolvable in the constrained minimisation problem

min
q
‖Gnearq− pnear‖22 subject to ‖q‖1 ≤ δ (3)
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where δ is a positive scalar, ‖‖22 denotes the squared `2 norm and ‖‖1 denotes the `1 norm, the solution of
which is a convex problem [23].

The level of sparsity in the source strength vector q is adjusted by tuning the regularisation parameter δ.115

This parameter directly represents the `1 norm, that is the sum of the absolute values of the source strength
vector at that frequency. Therefore, the lower the δ, the more it is going to enforce sparsity in the solution
and thus a smaller number of non-zero equivalent sources will be used in the inverse problem. The careful
selection of δ gives the opportunity to choose the number of sources with which the source reconstruction is
realised at each frequency and their distribution from the grid of candidate sources is optimised to minimise120

the least-squares linear problem in Eq. (3).
The `1 norm is used as a convex alternative to the non-convex sparse minimisation of the `0 norm, which

is essentially a direct selection of the number of non-zero source strength positions [23]. Since the `1 norm
regularisation cannot be expressed in closed form, it has no analytical solution and, therefore, iterative
numerical methods are used to solve it. Numerous algorithms exist (interior point algorithms, iterative125

reweighted least squares, gradient projection etc.) and several toolboxes are available, such as CVX [32] and
SPGL1 [33,34]. The latter is the one used in this paper.

This regularisation technique can normally provide an estimate of the source strength distribution with-
out computing the ill-conditioned pseudo-inverse of the transfer matrix Gnear. In this paper, the technique
is used to select a small number of equivalent source positions to minimise the measurement complexity130

and instrumentation. Therefore, once the equivalent source positioning is identified at each frequency, the
inverse problem is then solved using the pseudo-inverse formed between the non-zero source components
and the near-field microphones.

2.2. Use of `1 norm regularisation over a range of frequencies

The `1 norm regularisation, as presented in Sec. (2.1), can be used to give the same number of equivalent135

sources at each individual frequency, however it does not guarantee that those sources will be located at
the same positions over a range of frequencies. This is impractical for synthesis since it implies the need
for measurements at all the various positions used over the frequency range of interest and increases the
amount of instrumentation, complexity and post-processing time. Therefore, what is additionally needed
is a method that can predict a fixed equivalent source positioning, that is the same few equivalent source140

positions over the frequency range of interest. If the responses are measured in discrete frequency bins, ωk,
we assume that the frequency range of interest is from k = K1 to K2, which may be the whole frequency
range of interest or just 1/3 octave bands. The constrained minimisation problem of Eq. (3) is thus modified
as below

min
Q

K2∑
k=K1

‖Gnear(ωk)q(ωk)− pnear(ωk)‖22 subject to ‖Q‖1,2 ≤ ε (4)

where the subscript k corresponds to the discrete frequency lines and Q is a NxK matrix whose columns are145

the source strength vectors q(ωk) at each frequency line k. The nth row of Q is then qn=[qn[K1],...,qn[K2]]
and the mixed `1,2 norm of Q is then defined as

‖Q‖1,2 =

N∑
n=1

(‖qn‖2)1 =

N∑
n=1

(

K2∑
k=K1

|qn[k]|2)1/2 (5)

This mixed `1,2 norm is suitable in this application as it promotes a common sparsity profile for the
various frequency lines, that is the non-zero source strength positions are fixed over frequency [34]. The
level of sparsity which translates to the number of non-zero equivalent source positions is controlled by the150

regularisation parameter ε, similarly to the way this is done with δ at each distinct frequency line in Sec. 2.1.
Note that this technique effectively uses the second method of estimating power spectral density described
above, where the mean square value of the Fourier transform is averaged over the bins within the bandwidth
considered. This constrained optimisation can, therefore, yield source strength vectors q which share the
same sparsity pattern with respect to the source positions and minimise the sum of the least-squares linear155
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problem over frequency. This method belongs to the family of the joint sparse recovery problems and can be
solved using different variations of the mixed `p,q norm. The SPGL1 toolbox is again used, as in Sec. (2.1),
to solve the problem, while the use of the mixed norm is more fully explained in [35]. The generalisation of
the single frequency least squares error to the sum of the errors over the frequency range is done by replacing
Gnear with a diagonal block of matrices which contains the various Gnear(ωk) at each frequency line k. The160

formulation solved and used in Eq. (4) is the one of the Lasso technique, which minimises the residual norm
subject to the `1 norm of the coefficients being no greater than a given regularisation parameter. This is
an alternative to the Basis-Pursuit-Denoising formulation, which minimises the `1 norm of the coefficients
subject to the residual norm no greater than a given regularisation parameter [29]. Similar to Sec. (2.1),
once the equivalent source positioning is identified over the frequency range of interest, the inverse problem165

is then solved using the pseudo-inverse G′near
+

formed between the non-zero source components and the
near-field microphones.

2.3. Additional use of `2 norm regularisation

After the use of `1 norm regularisation technique, the problem is reduced to a determined or overdeter-
mined one with q′ the size of Nfx1 and the reduced transfer response function matrix G′near the size of170

MxNf , where M ≥ Nf . However, although the synthesis accuracy is controlled to an extent by the choice
of the source geometry for a specific number of sources, a low frequency correction is often still needed,
especially when an increasing number of equivalent sources is used and the condition number rises at lower
frequencies [18]. Therefore, once the equivalent source distribution is calculated using the `1 norm penalty
terms, a conventional `2 norm regularisation is performed in the inverse problem by additionally minimising175

the `2 norm of the source strengths q′

min
q′
‖G′nearq′ − pnear‖22 + β‖q′‖22 (6)

where β is a positive scalar. The source strengths are then given by

q′ = G′near,β
+
pnear (7)

and the regularised pseudo-inverse matrix then takes the form

G′near,β
+

= [G′near
H
G′near + βI]−1G′near

H
(8)

where H is the Hermitian transpose operator. The parameter β discriminates against small singular values,
reducing the magnitude of their inverse and softening them [18]. This regularisation method is chosen herein180

instead of singular value discarding, which performs a harsh cut-off of the smallest singular values of G′near
and can reduce the spatial resolution at higher frequencies [17]. It should be noted that the power spectral
matrix for the equivalent source strengths

Sqq′ = G′near,β
+
SppnearG

′
near,β

+H
(9)

where Sppnear , the power spectral matrix of the near field pressure, is not necessarily diagonal, demonstrating
that the equivalent sources do not need to be uncorrelated.185

2.4. Far field tyre pressure synthesis

An estimate of the pressures in the linear far field array is then given by

p̃far = G′farq
′ (10)

where G′far is the transfer response matrix connecting the far field microphones and the non-zero equivalent
source positions. In practice, this matrix should also be measured as it may differ in other operational
conditions. This estimate is finally compared to the exact directly radiated field pfar. A diagram illustrating190

the signals and optimisation processes involved in this Section is given in Fig. 1.
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· Measurement of near field pressure pnear 

and direct far field pressure pfar.                             
· Measurement of transfer matrices Gnear and 
Gfar with volume velocity source. 

Frequency dependent source positions                             
Optimisation of source positions at each frequency using 

Fixed source positions over frequency                      
Optimisation of source positions over frequency range using 

Estimation of non-zero equivalent source strength distribution 
with inverse method 

Far field pressure synthesis using reduced transfer matrix G'far  

(If needed) Additional use of l2 norm regularisation 

Comparison between directly measured pfar  and 
synthesised   

Figure 1: Diagram illustrating the signal acquisition and optimisation process described in Section 2.

3. Experiments on a real car tyre rolling at 50 km/h

The methods described above were tested on a real car tyre source on a rolling road at 50 km/h. The
objectives of the experiment were to test the ability of the `1 norm regularisation techniques to deliver
source geometries with respect to the near field inverse problem and investigate the number of sources and195

regularisation needed for an accurate far field spectrum synthesis.
The experiment was split into two measurement sessions which took place in the semi-anechoic chamber

in Applus+ IDIADA [36]. In both campaigns, a SEAT Ibiza was fixed in the designated area so that the
back tyres of type Michelin 175/70R14 (total radius equal to 30 cm) were placed on top of the rolling road,
controlled by two independent motors, one for each tyre. Fig. 2 shows the fixed car above the rolling road200

in the IDIADA semi-anechoic chamber.
For the purposes of the measurements described below, only the motor controlling the right rear tyre

was driven. The pressure signals were all measured simultaneously, using an NI-DAQmx acquisition system.
Each measurement had a duration of 60 s, while the sampling frequency was set to 25,600 Hz.

3.1. Far field array measurements205

In the first measurement session, 14 PCB microphones were placed in a linear array 4.3 m away from the
car. This distance is smaller than the 7.5 m suggested within the ISO guidelines [1], but was the maximum
possible due to the limitations of the room dimensions whilst keeping a distance of 1.2 m between the array
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Figure 2: Fixed car in the IDIADA semi-anechoic chamber.

and the wedges to assume free field conditions. The microphone height was set to 0.85 m, adjusted from
the 1.2 m suggested in [1] to be in line with the smaller distance from the car. The microphone spacing was210

set to 0.9 m, implying a 11.7 m total array length. In Fig. 3, a schematic of the far field array measurement
topology is given, along with a photo from the real measurement topology in the IDIADA semi-anechoic
chamber.

(a) (b)

Figure 3: (a)Schematic of the far field array measurement campaign, (b) Far field measurement campaign in the IDIADA
semi-anechoic chamber.

Before moving the car into the chamber, the background noise spectra pb,far was measured in the far
field array with the right motor running at 50 km/h between 100 and 10000 Hz in order to quantify the215

effect of the motor noise. This was found to be approximately 26 dB less than the noise generated by the
tyre and so could be ignored. The car was then placed in the chamber and the right rear tyre pressure
spectrum pfar was measured at the 14 far field microphones for a speed of 50 km/h.

An omni-directional volume velocity source, covering the range between 100 – 10000 Hz, supplied by
ISVR Consulting [37], was then used to measure the transfer responses between 20 equivalent source positions220

and the far field array. A hose was attached to the source and it was moved to the various candidate source
positions, fixed by a clamp. Fig. 4(a) shows a snapshot of the far field transfer response measurement
with the volume velocity source. The source positions were chosen to be radially distributed along the tyre
circumference starting from the leading edge towards the trailing edge. The sources located close to the
edges were positioned at the centre of the tyre tread, while the rest were located on the side of the tyre due225

to accessibility. The 20 - equivalent source grid is also given in Fig. 4(b).
A fully coupled matrix of Gfar, representing the transfer paths between the 14 microphones and the 20

candidate source positions, was calculated at each frequency line over the range of 100 to 10000 Hz. The
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Figure 4: (a) Measurement of the far field transfer responses between far field microphone array and equivalent source positions
with the volume velocity sources, (b) Equivalent source position grid in cm.

Fourier transform of 60 seconds of data was used to calculate the pnear,m(ω) in Eq. (1) which had 1,536,000
points.230

3.2. Near field array measurements

In the second measurement session, an array of 15 PCB microphones was placed close to the circumference
of the tyre. 14 of those microphones formed a circular array attached on the car chassis 10 - 15 cm away from
the tyre surface and the last microphone was placed on the tyre side at a distance of 55 cm. The number
of microphones was chosen as 15 to be approximately double the maximum number of equivalent sources235

considered within the regularisation techniques (8 equivalent sources) and maintain the best conditioning
possible in the transfer matrix inversion process. Fig. 5 shows the near field array configuration.

Figure 5: Near field microphone array configuration.

The near field right rear tyre pressure spectrum pnear was then measured at the 15 near field microphones
for an equivalent road speed of 50 km/h, with the engine off, over the frequency range of 100 to 10000 Hz.
The volume velocity source was then used to measure the transfer responses between the 20 equally spaced240

equivalent source positions along the tyre circumference and the near field array. A snapshot of the near
field transfer response measurements is given in Fig. 6. A fully coupled matrix of Gnear, representing the
transfer paths between the 15 microphones and the 20 candidate source positions, was therefore calculated
at each frequency line over the frequency range of interest (100 to 10000 Hz).
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Figure 6: Measurement of the near field transfer responses between near field array and source positions with the volume
velocity source.

4. Results245

A detailed analysis is given below for the synthesis of the 50 km/h far field noise spectra highlighting
the effect of the regularisation techniques in the synthesised results.

4.1. Effect of `1 norm regularisation techniques

The first step of the analysis is the use of the `1 norm regularisation techniques to choose the source
distribution for either 1, 2, 4 or 8 equivalent sources, from the grid of the 20 source positions, and utilise250

them to synthesise the far field tyre noise pressure. To accomplish that, a selection of the regularisation
parameters, as defined in Eq. (3, 4), must be done, which, for the case of the `1 norm regularisation at
each frequency, is a frequency dependent scalar, while, for the case of the `1 norm regularisation over the
frequency range, is a single scalar. In Fig. 7, the relationship between regularisation parameters δ, ε and
the number of non - negligible sources is given, where the source strengths were considered negligible if their255

amplitude was 20 dB less than the maximum one.

(a) (b)

Figure 7: Relationship between regularisation parameters (a) at individual frequencies δ, (b) average over all frequencies ε and
number of non-negligible sources.

Fig. 7(a) shows the relationship between the regularisation parameter δ and the number of non-negligible
sources used in the inverse problem of Eq. (3) at frequencies of 300 Hz, 1 kHz and 4 kHz. It is seen that the
use of a smaller regularisation parameter results in the selection of a smaller number of sources as expected.
A few outliers are seen to occur between adjacent numbers of non-negligible sources which is due to the fact260

that the algorithm used converges to solutions with different number of sources for specific values of the
regularisation parameters. It is also shown that an increase in frequency results in a decrease in the value of
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δ required to enforce the same level of sparsity, which suggests a decrease in the source strength amplitudes
with increasing frequency. This is probably related to the fact that the short wavelength components do
not radiate efficiently. Fig. 7(b) shows the relationship between the regularisation parameter ε and the265

number of non-negligible sources used in the frequency - averaged inverse problem of Eq. (4). In this case, ε
represents the sum of the absolute values of the source strength vectors over the frequency range of interest,
therefore it is not frequency dependent. It is again shown that by decreasing ε, a smaller number of non-zero
sources is selected. For both regularisation strategies, the regularisation parameter that minimises the errors
defined in Eq. (3) and (4) is chosen within the range of the parameter which results in the use of a chosen270

number of non-zero sources. This is done for 1, 2, 4 and 8 equivalent sources. Fig. 8 shows the equivalent
source positions using the frequency dependent `1 norm regularisation at 300 Hz, 1 kHz and 4 kHz and the
frequency - averaged `1 norm regularisation for the cases of 1, 2, 4 and 8 sources.

(a) 300 Hz 1 kHz 4 kHz Frequency-averaged

(b) 300 Hz 1 kHz 4 kHz Frequency-averaged

(c) 300 Hz 1 kHz 4 kHz Frequency-averaged

(d) 300 Hz 1 kHz 4 kHz Frequency-averaged

Figure 8: Equivalent source positions using the frequency dependent `1 norm regularisation at 300 Hz, 1 kHz and 4 kHz
respectively (orange stars) and the frequency averaged `1 norm regularisation (green stars) for (a) 1, (b) 2, (c) 4 and (d) 8
equivalent sources
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As expected, it is shown that the `1 norm regularisation at each frequency delivers frequency dependent
source distributions. For a small number of sources, the source positions are generally concentrated towards275

the leading and trailing edge of the tyre, where the tyre noise phenomena are known to be dominant, while
using a higher number of sources spreads their distribution along the tyre circumference. It is also seen that
the distance between the frequency dependent source positions decreases with increasing frequency. This is
expected to render a well-conditioned inverse within the inverse problem, since it has been suggested that the
distance between two equivalent sources d should not be larger than half the wavelength of the maximum280

frequency λmax (d ≤ λmax/2) [18]. The source positions chosen using the frequency-averaged `1 norm
regularisation, on the other hand, are expected to prioritise the reconstruction at frequency lines where the
response is the highest, since the cost function to be minimised is the sum of the least-squares residuals at the
various frequencies. The agreement between the fixed positions and the corresponding frequency dependent
ones at 300 Hz and at 1 kHz and the disagreement at 4 kHz indicates that the source strengths at 300 Hz285

and 1000 Hz are ’predominant’ and take over those at 4 kHz when the frequency-averaged regularisation is
used. In Fig. 9, the condition number of G′near for 4 and 8 equivalent sources is given over the frequency
range of interest using the distributions suggested by the two `1 norm regularisation techniques.
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Figure 9: Condition number of G′near as a function of frequency for (a) 4 and (b) 8 equivalent sources.

The decrease of the distance between the equivalent sources with increasing frequency, using the `1 norm
regularisation at each frequency, results in slightly better condition numbers at low frequencies where the290

source elements are small compared to a wavelength and the condition number normally rises. However,
both techniques deliver source geometries with acceptable conditioning. In Fig. 10, the computed SPL in
1/3 octave bands at far field microphone No. 5 is given over the frequency range of interest for the various
numbers of equivalent sources chosen with the two methods and compared to the SPL measured directly.

The frequency – averaged formulation for the equivalent source positions in Eq. (4) was used even for295

the 1/3 octave results, but in this case with the averaging only over the frequency bins in each 1/3 octave.
The results for microphone No. 5 in Fig. 3(a) is chosen as it is close to the middle of the far field array
and subject to the highest acoustic response, while the SPL is given in 1/3 octave bands in order to avoid
the fluctuations of the broadband tyre noise, especially at higher frequencies, to thus better visualise the
deviation between the various curves. The directly measured spectra show a high response between 100 Hz300

and approximately 2.5 kHz above which the SPL decreases, while the most dominant region is between 450
Hz and 1 kHz. For a small number of sources, the deviations between the directly measured spectra and the
synthesised responses at high frequencies are due to insufficient sources to synthesise the sound field. Using
the inverse method with a single source element, as in Fig. 10(a), is equivalent to focusing a beamformer
on a single monopole source [38]. The result shows that the source distributions acquired by both `1305

norm regularisation techniques give good estimates of the radiated pressure up to 750 Hz, above which the
pressure is underestimated. The use of 2 sources extends the accuracy of the synthesis up to approximately
1.5 kHz above which the number of sources is not sufficient for an accurate reconstruction. By using 4
and 8 equivalent sources, this underestimation at higher frequencies is largely taken care of. However, an
overestimation of the response at low frequencies then becomes apparent. The condition numbers in Fig. 9310

suggest that the errors in the radiated pressure spectra become significant when the condition number of
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Figure 10: SPL in 1/3 octave bands at far field microphone 5 over the frequency range for (a) 1 equivalent source, (b) 2
equivalent sources, (c) 4 equivalent sources and (d) 8 equivalent sources

G′near exceeds about 10 to 15, which implies a relatively high sensitivity of the result to the conditioning. In
Fig. 11, the A-weighted SPL at each microphone in the far field microphone array is shown, for the various
number of equivalent sources selected using the two `1 norm regularisation strategies.
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Figure 11: A- weighted SPL across the far field array for various number of sources using (a) `1 norm regularisation at each
frequency and (b) `1 norm regularisation over the whole frequency range

The use of `1 norm regularisation at each frequency (Fig. 11(a)) shows that acceptable representations of315

the directly measured spectra can be synthesised, especially when using 4 sources with 0.5-1 dB deviations.
This accuracy is partly achieved due to the application of the A-weighting in the overall spectra which
discriminates against the low frequency components where the errors are more important for the 4-element
case. In Fig. 11(b), however, the demand for fixed source positions increases the deviation using 1, 2 or 8
sources to an average of 3-5 dB, but it is shown that in the 4 – element case, a synthesised curve with an320

average deviation of 1.5-2 dB is achieved.
This deviation can be decreased by using a different number of sources within different frequency ranges.

For example, the synthesised spectra shown in Fig. 10 suggest that, for the fixed source position synthesis,
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using a combination of 2 sources up to 1 kHz and 8 sources from 1 kHz upwards should yield best results
over the frequency range of interest. However, improved results can be achieved using the same number325

of fixed sources over the frequency range by applying a conventional `2 norm regularisation at G′near, as
formulated in Eq. (6) to alleviate the effect of the bad conditioning at low frequencies.

4.2. Effect of additional `2 norm regularisation

As stated in Section 2.3, the `2 norm regularisation discriminates against the smallest singular values of
G′near by using a parameter β. The degree to which this regularisation affects the singular values depends330

upon their magnitudes and, in particular, the number of singular values with magnitudes below the threshold
determined by β. Thus, with a carefully chosen parameter only the singular values at frequencies at which
the condition number is high are affected [18]. A number of techniques have been documented for selecting
the optimum value for the regularisation parameter β [17]. Herein, a trial-and-error strategy is first followed
and the selected parameter is the one which gives the minimum least squares error over the frequency range335

of interest, as defined in Eq. (6). The L-curve and the generalised cross-validation methods are then used
to verify the choice of the regularisation parameter. The techniques are used only in the 4 and 8-source
case, where errors occur due to the poor low frequency conditioning. Using the regularisation for a smaller
number of sources has no effect on the result, as the errors in those cases are due to the underestimation of
the tyre sound field at high frequencies which can only be solved by increasing the number of sources. In340

Fig. 12, the sum of the least squares errors over the frequency range is given using different regularisation
parameters β.
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Figure 12: Sum of the least squares error over the whole frequency range for different regularisation parameters β using 4 and
8 fixed sources

For very small values of β, the effect of the regularisation is not adequate and does not manage to
alleviate the effect of the bad conditioning. For higher values, the low frequency conditioning is improved at
the expense of a slight decrease at high frequency spatial resolution which incurs errors in the synthesised345

spectra. For the 4-source case the optimum β is seen to be close to 0.002 while for the 8-source case close to
0.03. The same trends are seen when using the L-curve and generalised cross-validation with the optimum
values found to be almost identical to the ones retrieved by trial-and-error.

The coherence between the equivalent source strengths can be calculated from the cross-spectral density
and power spectral density terms that form the elements of Eq. 9. For the experiments reported here,350

the coherence between the equivalent source strengths varied from 0 to about 0.8, depending on frequency,
with the coherence generally being higher at lower frequencies. The non-zero coherence indicates that the
equivalent source strengths are not entirely uncorrelated, particularly at low frequencies.

Fig. 13 shows the `1 norm regularised synthesised spectra over frequency for 4 and 8 sources before and
after the use of the `2 norm regularisation. It is found that for both cases the low and mid frequency errors355

due to the bad conditioning are lessened without significant decrease of spatial resolution at high frequencies.
Correspondingly, in Fig. 14, the updated A-weighted SPL across the entire microphone array is given, using
4 and 8 fixed equivalent sources after the `2 norm regularisation, while the A-weighted SPL curves using 1
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Figure 13: SPL in 1/3 octave bands at far field microphone 5 over the frequency range before and after the use of `2 norm
regularisation compared to the directly measured spectra for (a) 4 and (b) 8 equivalent sources

and 2 sources are repeated to summarise the final results of the proposed methods. The application of the
`2 norm regularisation is not shown in Fig. 14 as it does not influence the synthesis results.360
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Figure 14: A-weighted SPL across the far field array using 1, 2, 4 and 8 fixed sources over frequency compared to the directly
measured spectra

The synthesised responses are compared to the directly measured SPL. It can be seen that using 4 or
8 sources gives a good representation of the directly measured SPL. The response acquired by using both
`1 norm and `2 norm regularisation for 4 fixed sources is slightly underestimated towards the right end of
the array, while the synthesised response using 8 fixed sources after `1 norm and `2 norm regularisation is
the most accurate, providing an average deviation of 0.3 dB. It is thus seen that the far field spectra can365

be accurately synthesised using fixed source positions over the frequency range of interest by applying an
additional `2 norm regularisation at the 4 and 8-element case to tackle the bad low frequency conditioning.
Therefore, using 4 fixed sources over the frequency range of interest appears to be the optimum strategy
in terms of both minimising the measurement complexity and delivering accurate representations of the
directly measured spectra.370

In other experiments, at higher road speeds and with the engine idling, the 4 fixed source strategy has
also been found to give good representations of the far field pressure with similar source positions. This
indicates that this result is reasonably robust, although further work is required to expore this in more
detail.

5. Conclusions375

In this paper, the application of a number of regularisation techniques associated with the use of the
inverse method to the indoor tyre pass-by noise synthesis is evaluated experimentally. Pressure spectra
measured very close to a car tyre rolling at 50 km/h with the engine off are used, together with measured
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transfer responses between the near field microphone array and a number of candidate equivalent source
positions to obtain an equivalent source distribution. Two different strategies are followed to select a limited380

number of these equivalent source positions. The first one utilises an `1 norm regularisation technique to
optimise the positioning of the equivalent sources at each frequency, which results in frequency dependent
source positions. The second utilises a generalisation of this `1 norm regularisation technique over a range
of frequencies to obtain fixed equivalent source positions that are frequency independent. The source dis-
tributions selected by the two methods are used, together with measured transfer responses between a far385

field microphone array and the source positions, to synthesise the response at the far field and this is then
compared with the directly measured pressures.

Using the `1 norm regularisation at each frequency gives a fairly accurate A-weighted SPL estimate
across the microphone array, with an average deviation of 1 dB, when 4 equivalent sources with frequency
dependent source positions are assumed. However, considering the need for measurements at the various390

positions selected at each frequency bin, the measurement complexity is significantly increased.
On the other hand, the `1 norm regularisation over the frequency range of interest produces fixed source

positions, at the expense of the synthesis accuracy. Using 1 and 2 equivalent sources results in an underesti-
mation of the field at high frequencies which can only be tackled by increasing the number of sources. Using
4 or 8 sources improves the high frequency synthesis, but at the expense of an overestimation of the field395

at low frequencies, which is due to the effect of the poor low frequency conditioning. This is taken care of
by using an additional `2 norm regularisation technique which alleviates the effect of the bad low frequency
conditioning and improves the synthesised responses at low frequencies when 4 and 8 sources are used.

The additional use of the `2 norm regularisation for the 4 and 8 - fixed source case delivers A-weighted SPL
estimates of the pressure of the far field microphones with average deviations of 0.5 and 0.3 respectively.400

Considering the need to minimise the measurement instrumentation and complexity, the 4 fixed source
strategy is thus identified as the best engineering trade-off between complexity and accuracy. It is noted
that these results are valid for 50 km/h rolling speed at which the pressure data and transfer responses were
measured and further work is needed to assess their validity in different operational conditions.
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