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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF PHYSICAL AND APPLIED SCIENCES

Electronics and Computer Science

A thesis submitted for the degree of MPhil

A DUALITY-BASED APPROACH TO IDENTIFICATION
OF LINEAR TIME-VARYING SYSTEMS

by Joe A. Roman-Flores

In this report a novel approach for the identification of linear time-varying systems is
presented. We exploit the fact that external structures at the level of the inputs and
outputs are reflected in the internal ones at the level of the state. Our approach first
computes state trajectories from matrices of input-output data. A novel factorisation
of the state trajectories from the input-output data matrices is developed. Then a
state space representation compatible with the data is computed. We do not impose

conditions in the time variation properties of the to-be-identified system.

A procedure for the identification of self-adjoint systems is developed. We exploit the
fact that linear time-varying systems as well as nonlinear systems are self-adjoint if they

have an internal representation as a linear Hamiltonian.

Finally, we utilise reproducing kernel Hilbert spaces to formalise the building of time

functions for data and embed it into the duality-based approach.
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Chapter 1

Introduction

1.1 System identification

System identification is a field that provides mathematical tools to construct models of
dynamical systems from measurements. These models obtained from data are not the
exact model, rather they are models which are compatible with the given data. Thus,
system identification is meaningful in the industrial field, since models for industrial
processes are often difficult or impossible to obtain from physical principles due to a

high level of complexity.

The need for accurate models of engineering applications is encouraging the development
of new identification methods. In recent decades, system identification has been widely
exploited, particularly for linear time-invariant (LTI) systems. As a result, the collection
of available methods has become vast for LTI systems. However, systems in practice
are often of a nonlinear or linear time-varying (LTV) nature requiring further study of

system identification for such areas.

1.1.1 LTV identification

LTV system identification approaches can be classified as either: using one input-output
trajectory and fitting the data to a structure determined by a priori assumptions on
the system order and the nature (polynomial, periodic, etc.) of its nonstationarity (see
e.g. Liet al. (2011)), or those working on an ensemble of data that is assumed to share
common time-varying features, see e.g. Ba et al. (2016). Such data can be of a special

nature, e.g. impulse-response data or general input-output trajectories.

Methods based on fitting input-output data to a prior determined structure need first to
analyse the data and then select a model class that will best describe the behaviour of

the system. The choice of a particular system structure for the system to be identified
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2 Chapter 1 Introduction

is based on the application and the physical nature of the system. Then time-varying
coefficients are identified turning the procedure to a type of parametric identification.
These methods usually capture the dynamics of the system in predetermined time-

varying functions used as parameters.

For methods based on an ensemble of data, subspace identification provides the attrac-
tive state space model-based approach. It may seem that the class of system is restricted,
however, many physical systems are accurately modelled in the state space approach.
Moreover, tools and methodologies for simulation and control in this class of systems
are well established. Subspace identification methods have become a popular choice for
the identification of LTV models due to the use of state space models which also pro-
vides advantages in multi-input-multi-output system identification. However, for current
methods the extraction of subspaces of data matrices is based on priori knowledge of

time-varying properties.

1.1.2 Duality for system identification

The duality approach for system identification has been developed in recent years under-
lying several previous results in identification and model-order reduction of linear time-
invariant systems, see Rapisarda and Rao (2013); Rapisarda and Antoulas (2015a,b);
Rapisarda and der Schaft (2013); Rapisarda and Trentelman (2011). Duality exploits
the fact that external properties at the level of the inputs and outputs are reflected in
the internal ones at the level of the states. This connection is given by a bilinear form
of the external variables. Thus, the starting point of the identification approach is data

gathered from the unknown system.

Similar to subspace identification, the duality approach exploits the state space model
class. Then, the advantages of this class of systems are also presented in this approach.
Furthermore, no prior knowledge of the to be identified system is required, e.g. the
choice of the system structure. This approach has shown to be a power tool for system

identification for LTV as we will show in this thesis.

1.2 Motivation

LTV models play a significant role in many research areas, such as biology, econometrics,
and engineering. Robotic mechanisms, aerospace structures and bridges are examples
of structures which exhibit time-varying properties due to vibration or physical defor-
mation. Identification methods also become an important requirement for applications

in control and simulation.

On one hand, the complexity of systems in engineering applications is increasing, and the

modelling of such systems is becoming a big challenge. For example, the interconnection



Chapter 1 Introduction 3

of multiple systems, e.g. switched systems in power systems, increase the complexity
of the modelling. On the other hand, system identification provides useful tools to get
accurate models to achieve important goals in application such as simulation, analysis

and control.

Current methods for LTV system identification are based on prior knowledge of the
time-variation properties of the system to be identified. This thesis develops a new
identification approach for LTV systems using duality. We will exploit the connection of
the external variables with the state variables given by duality to compute a state space
representation compatible with the data. The duality-based approach provides useful
conditions and tools to allow the identification of LTV systems without prior assumption

of time-variation properties using multiple system responses.

1.3 Outline of this thesis

This thesis is presented in the following order:

e Chapter 2: An overview of time-varying system identification in the actual litera-
ture is given. We review LTV identification algorithms and their crucial steps for

the identification process.

e Chapter 3: The notion of time-varying systems in the state space approach is intro-
duced. We present the concept of equivalent transformations. Relevant concepts
of controllability and observability are provided. We also introduce reproducing

kernel Hilbert spaces.

e Chapter 4: Duality for linear time-varying system is defined. The self-adjointness

case is introduced.

e Chapter 5: In this chapter we develop the duality-based approach for LTV system

identification. We develop algorithms for the self- and nonself-adjoint case.

e Chapter 6: We implement the framework developed in this thesis to Hamiltonian

systems.

e Chapter 7. We apply the duality based approach to a real-time system. Simulation

and experimental results are provided.

Finally we provide an Appendix A containing definitions needed for this thesis.






Chapter 2

An overview of LTV system

identification

In this chapter, we discuss some identification techniques for linear time-varying systems
available in the literature. We outline and discuss the main steps for existing system

identification algorithms. Finally, a motivation for the proposed framework is given.

2.1 System identification for LTV systems

The general problem of system identification is to determine the most suitable model

for describing the data generated by the to-be-identified system.

In order to obtain a model using system identification theory, we have to consider several
critical stages known as the identification cycle, see Fig. 2.1. These steps are based
on several identification procedures in the literature (see e.g. Verhaegen and Verdult
(2007)), and explained in the following.

Identification cycle

1. Data processmg ]

2. Model structure ’

4. Model identification

[ 3. Identification criteria ]

Figure 2.1: Identification cycle.
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6 Chapter 2 An overview of LTV system identification

1. Data processing: This stage refers to the experimental design that allows gathering
the required data from the to-be-identified system. The nature of these data
will depend on the physical nature of the system, e.g. voltage and current in an

electrical circuit or position and velocity in a mass-spring system.

2. Model structure: One of the most crucial step in the identification cycle is the
choice of a model structure. A model structure is chosen from a set of candidates
models to fit the data. This choice is made considering the type of representation

for the data, e.g. state space representation, input-output representation, etc.

3. Identification methodologies: In this part, the user decides the processes and
methodologies to achieve a correct identification procedure. This can include ex-
traction of a state sequence corresponding to a state space representation from

data, or the computation of parameters in a input-output model.

4. Model identification: The model identification stage is the application of the tools

and methodologies described previously.

In the following we address the current identification methodologies for LTV system
identification and discuss their procedures. We will see later how the different model
structures and identification methodologies influence the results of the identification

procedure.

2.2 LTV input-output model based approach

In the existing literature, several methods have adopted input-output-based model as
a model structure for time-varying system identification. Particularly, a filter-based
approach has been used to provide an algorithm using iterative processes to track time-
varying parameters fitting a chosen model. This approach follows the identification cycle
described in Fig. 2.1 under certain assumptions about the time variation of the system
parameters. The identification procedure is based on the a priori knowledge of the
parameter time variation, e.g. fast or slow time variation. In this section, we introduce
the least-squares problem which is the basis of these approaches. We explain the two

main approaches used for LTV system identification using a filter-based approach.

2.2.1 A least-squares approach

The least-squares is a standard approach in regression methods to solve overdetermined
set of equations, see Verhaegen and Verdult (2007). Least-squares has been widely
exploited in system identification for linear systems and adapted for linear time-varying

systems. In the following we introduced some basis of the general least-squares problem.
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Consider a data matrix X € R™*" whose m, n—th element is the m—th observation of
the n—th independent variable with m > n, , an observation vector y € R™ and a vector
of unknown parameters 6 € R™. The matrix equation in the unknown parameter vector
is given by

y = X0. (2.1)

The above equation can be solved for 6 only if y lies in the column space of X. If this

is not the case, to find a solution we consider the equation
y=X0-+e, (2.2)

where e is called the residual vector (or error). Provided that the matrix X has full
column rank, the ordinary least squares (OLS) approach is used to solve (2.2). The OLS
is then formulated as an optimization problem of finding a vector 6 that minimizes the

norm of the residual vector e s.t. y ~ X0, i.e.
min || X6~y |3 (2.3)
The cost function of the least-squares problem can be expanded as follows

FO) =1 X0yl
=(X60 —y) " (X0 —y)
=X —y")(X0-y)
—0TXTX0—yTX0-0"XTy+y'y.
The solution to the least-squares problem is given by computing the gradient 9f(6)/00
and setting it to zero (see Verhaegen and Verdult (2007)), i.e.

ag(:) =2XTX0-2X"Ty=0. (2.5)

Then the solution for (2.3) can be express as
X'X0-XTy=0. (2.6)

From the assumption that the matrix X has full column rank, we can compute 0 that
minimizes (2.3) by multiplying (2.6) on the left by (X" X)™!, then

f=(X"X)'X"y. (2.7)
If the rank of X is not full column rank, the matrix (X " X) cannot be inverted, therefore

the solution in (2.7) does not exist. In this case, one has to use a rank-deficient least

squares approach, see for example Santos et al. (1998).
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2.2.2 Adaptive filter algorithm for system identification

We now introduce an adaptive filter algorithm based on the least-squares problem for
system identification. Let an input signal be denoted by the sample set u(t),u(t —
1),..,u(t =T+ 1) where u(t) and u(t — 1) denotes the input signal at time ¢ and t — 1,
respectively, and 7" is the number of samples to be considered. This input is applied to
a LTV system (the to-be-identified system), and the corresponding output signal y(-) is

generated. Consider the following single-input-single-output linear relationship

m p

y(t) =D ai®)y(t — i)+ > bi(tult = j) +v(t) (2.8)

i=1 j=1

where y and u are the sampled output and input of the to-be-identified system, v is the
error signal, a; and b; are the time-varying unknown parameters to be determined, m
and p are the maximum number of parameters for y and u, respectively. The value of

m and p is determine by the number of samples considered.

Define -
o) =yt —1) - ylt—m) wt—1) - ult—p)

and

.
0) = [ar1(t) - an(t) bi(t) - by

then, the model in 2.8 can be rewritten as

y(t) = (1) 0(1) + v(t). (2.9)

It has been shown that least squares-based algorithms can be used to compute the time-
varying parameters in (2.9) under the assumption that the time-variation is relatively
slow, see e.g. Isermann and Miinchhof (2014) Sec. 9.6 and Niedzwiecki and Klaput
(2002). This assumption allows to perform the identification procedure in local windows

where the system behaves as time-invariant, see Fig. 2.2.

Time-invariant window

Parameier

I Time .

Figure 2.2: Slow time-varying parameters with time-invariant window.

Particularly, ezponentially weighted least square (EWLS) has been used for LTV sys-
tem identification. Similar to the classical approach of least squares, EWLS estimates

the parameters of the model by minimizing the sum of the squared error between the
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observed responses and the output of the proposed model. However, EWLS includes
exponentially decaying weights to define the influence of the past data in the param-
eters to be estimated, i.e. to compute the parameters one has to solve the following

minimization problem:

t—1

0(t) = arggninZw(i) [y(t —i)—p(t—i)"e ’ (2.10)
i=0

where w(i) = o' is the exponentially decaying weight. The choice of o depends on the
user, and it is based on desired objective, e.g. for suppression of disturbances o has
to be chosen closer to 1 and for better time-varying tracking ¢ < 1. Note that the
parameters computed with EWLS are denoted by @ to emphasize that they correspond

to an approximation of the true parameters.

The solution for (2.10) is given by the following expression

D Sdet—et-9]. @

0(t) = [Sh oot — et — )T
For online identification, a recursive algorithm is adopted. Consider (2.9), then the

recursive estimator takes the form
mw:§@—0+L@)mw—¢aﬁmr—U} (2.12)

where the new estimation 6(t) depends on the previous estimation #(t—1) and a weighted
prediction error with L(¢) being a weighting matrix. The process of how to choose L(t)

as been discussed in Keesman (2011) and it is given by

_ Pt —1)¢(t)
L@y_a+w@WP@—1M@) (2.13)
P(t) = o '[P(t—1) — L(t)p(t) " P(t = 1)]

where P(t) is a covariance matrix. The well-known recursive algorithm for parameter
computation is given in algorithm 1, see Niedzwiecki and Klaput (2002). The recursive

algorithm 1 is also shown in Fig. 2.3.

The assumptions for the the EWLS algorithms are:

1. The behaviour of the time varying properties is known, i.e. slow time varying.

2. The time variations are slow so that the time-varying process is locally time in-

variant.

3. Suitable weight values are known for an efficient identification process.
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Algorithm 1 EWLS algorithm

Input: (yﬁt - Z)7 ’U,(t - jl)i:L..,m 7j=1,..,p
Output: (1) s.t. o(t)"0(t) +e(t) = o(t) 0(t) + v(t)
Assumptions: Slowly time-varying, suitable weights ¢ known.

1. Initialization at t = 0:

0(0) =
P(0) = dlag(al, -y Qmyp) (With o4 being large constants)
p(t)=[y(t=1) - ylt—m) ut=1) - ut—p)]

2. Store new measurements in (y(t),u(t)) then compute

e(t) = y(t) — p(t)"8(t — 1)

and
P(t—1)p(t)
o+ ()T P(t—1)p(t)

L(t) =

3. New parameter estimation

O(t) = 0(t — 1) + L(t)e(t)

4. Compute
P(t) = o '[P(t — 1) — L(t)p(t) P(t — 1)]

5. Set t =t + 1, and start again from step 2.

Adaptive filter-based approach

| Iterative identification
algorithm

U(") — ——D[ LTV system }

Figure 2.3: Adaptive filter-based identification

» 70

A disadvantage of weighted least squared-based algorithms is that, in the choice of the
corresponding weights, one has to choose between an accurate estimation of the time-
varying parameters or a robust identification process. Moreover, the prior knowledge of

the time variation properties becomes cumbersome in system identification if one does
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not have enough information of the system to be identified.

2.2.3 Basis function-based method for system identification

To identify systems of more complexity or fast time-varying processes, it was shown
that the system parameters can be represented using a linear combination of prede-
termined functions, also known as basis functions. These functions are chosen from a
set of candidate basis functions (they can be of different nature, e.g exponential as in
de Almeida Rego et al. (2014) or polynomial as in Huang et al. (2009)) depending on

the signal behaviour.

Consider the system described by eq. (2.8), and let B be a set of k linearly independent

basis functions, i.e.
B = {Cl(')v CQ(')? R Ck(')}v

then the time-varying parameters are approximated by a linear combination of the pre-

selected basis functions, i.e.

k
Z aijcj(t
k

E : ici(t

=1

(2.14)

where k is maximum number of basis functions, «;; and (;; are constant parameters to

be determine. Now we can rewrite (2.8) using (2.14) as

m k
v =YD aue @yt - ) + 33 Byt -9 o), (219)

then (2.15) can be rewritten as

_aljj_
ch [ (t—1) - ylt—m) w(t—1) - u(t—p) Og; +o(t)
[ Bp.j |
or compactly as
k
y(t) =Y ci(t)e(t) 6 +u(t) (2.16)
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where -
et) = [yt —1) -+ ylt—m) wt—1) - u(t—p)

and
.
©; = [al,j ceoamy By 5,,,]-] :

In this approach the preselected basis functions are used to describe the time-varying
behaviour of the parameters. Thus, we can now treat (2.16) as time-invariant, since the
unknown parameters to be computed are those related to the basis functions, i.e. «; and
Bj, which are time-invariant parameters. The procedure to solve eq. (2.16) follows the
classical least-square approach as in Sec. 2.2.2, this is due to the time-invariant form,
see Li et al. (2016).

The critical stage in this approach is the selection of appropriate basis functions that

will lead to an accurate estimation of the time-varying parameters.

The resulting least squares-based approach using basis function assumes:

1. Prior knowledge of the system to be identified for the selection of appropriate basis

functions,

2. A suitable choice of the maximum number of basis functions to be used.

When no prior knowledge of the system is available, a blind choice for the basis functions
is made using ”generic” basis functions. However, this choice is crucial since it has been
shown that these methods suffers from sensitivity to the choice of pre-design parameters,

e.g. weights in WLS approach.

2.3 LTV state space model based approach

State space representation is widely accepted in engineering applications due to its ad-
vantages in analysis and control. An important concept in the state space approach is
the definition of the state.

A state at a time t and given future inputs are the sufficient information needed to
determine the future evolution of the state. In other words, the state at time ¢ has
sufficient information from the past to determine the future evolution, see Dewilde and
der Veen (1998).

From this point of view, several system identification methods based on state space
representation take advantage of this property as we shall see later. In the following,
we provide an overview of identification methods in the literature based on state space

approach.
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2.3.1 The lower triangular matrix case

Several methods use the discrete version of the state space representation. A minimal

representation in a discrete form is given by:

(2.17)

where z is the state variable of dimension n, u the input variable of dimension m, y the

output variable of dimension p, and matrices A, B, C and D of appropriate dimension.

To define the identification problem, first we analyse the equations in (2.17) assuming
that there exists already a given representation for the to-be-identified system. Then
we will find the conditions for identification. Assume that the initial state is zero, i.e.
x(0) = 0, then it follows that for ¢ =0

Assume that the impulse response of (2.17) is known. Now we can express an input-

output map by eliminating the state as above for ¢t =0, .., N as follows:

y(0) D(0) 0 e 0 u(0)
y(1 C(1)B(0) D(1) 0 u(1)
y(2) | = C(2)A(1)B(0) C@)B(1) D) 0 | |u@)
YN [CNAN =1 AQBO) - CN)B(N—1) D(N)| |u(N)]

(2.18)

As it is evident from the above expression, the construction of the central matrix in

(2.18) is given by projecting (2.17) to future inputs. Now we express (2.18) in a simpler
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manner by denoting the central matrix by M and

U :=col(u(0),u(1),..,u(N))
Y :=col(y(0),y(1), ..,y(N)),

then (2.18) in a simpler form becomes Y = MU. Note that M is lower block triangular
and its non-zero blocks are submatrices of dimension pxm. We can compact the notation
of the submatrices of M to simplify their analysis. We then denote T; ; as a submatrix

of dimension p x m defined by

T;j == D(i) fori=j,

Tiy = C()AG — 1)AG —2) -+ AG + )B() fori—1>
T;j:=C(i)B(j) fori—1=j

T;; =0 fori <j,

(2.19)

e.g. Tpo denotes the top-left block submatrix of M in (2.18), i.e. Ty := D(0), and in a
similar way T7 o := C(1)B(0) and Ty := C(2)A(1)B(0). It follows that M in (2.18) is
given by

To.0 0
Tio Tia 0
M= |Tyo 151 Th2

| Ino -+ TInn-1 TNN|
Now consider that M is given without structure, i.e. a constant matrix which maps
u — y. This is equivalent to say that the time-varying impulse response of the system
is known. Thus the identification problem consists in extracting the information of
suitable system matrices A(-), B(-), C(+), D(-) of a state space realization from M. The
identification problem is known as the realization problem (see e.g. Dewilde and der

Veen (1998)), and the conditions for identification are as follows.

Consider again the input-output equation Y = MU. Then define the input sequence as
U :={u(f)}2__,. Considering k a reference index, we can divide this input sequence
into past inputs U, and future inputs Uy, , where U, defines the input up to £ —1, and
Uy, the input from £ up to infinity. i.e.

Up, =col(..,u(k —2),u(k — 1))
Uy, :=col(u(k),u(k +1),..).
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Similarly, for an output sequence Y = {y(¢)}3° __ we define

Y;Dk ::COI("ay(k - 2>7y(k - 1))
Yy, =col(y(k),y(k+1),..).

Then we can rewrite the input-output equation with the past and future data as

Yy, Hy My, | |Up,
with matrices M, , Hy and Mj, of appropriate dimensions.
Now, looking at (2.20) we know that Hj, has the following structure:
Hy, =
C(k)A(k — 1)A(k — 2)B(k — 3) C(k)A(k — 1)B(k — 2) C(k)B(k — 1)

C(k)A(k)A(k — 1)A(k — 2) B(k — 3) C(k + 1)A(k)A(k — 1)B(k — 2) C(k +1)A(k)B(k — 1)
C(k+2)A(k + 1)A(k)A(k — 1)A(k — 2)B(k —3)  C(k+ 2)A(k + 1)A(k)A(k — 1)B(k — 2) C(k+2)A(k + 1)A(k)B(k — 1)

which can be factorized as

C(k)
C(k+1)A(k)
Ck+2)A(k +1)A(k) [

Hy, = Ak = 1)A(k —2)B(k—3) A(k-1)B(E-2) Blk—1)].
(2.21)
Factorizations of Hy can be computed using SVD as in Van Der Veen et al. (1993). In

(2.21), we can identify what is known as the observability operator at index k

C(k)
o C(k+1)A(k)
POk +2) Ak + 1) Ak)
and the controllability operator at index k:
Cpi=|- Ak-1DAKk-2)B(k—3) A(k—1)B(k—2) B(k—-1)|.

Assume that Hy is defined in terms of a minimal realization. From the factorization in
(2.21), it follows that the rank of Hj is less than or equal to the numbers of columns of
Oy, and rows of Cg, e.g. if A is an n by n matrix, then rank(Hy) = n. It is said that the

realization corresponding to Hj is minimal if the rank of Hy is n for all k.



16 Chapter 2 An overview of LTV system identification

To obtain the system matrices we proceed as follows. From (2.19) D(k) = T}, and

C(k) and B(k) can be extracted from a minimal factorization of Hy as from (2.21)

C(k) = | First p rows of O]
B(k) = [ Last m columns of Cg41]

For obtaining A(k), we know that the columns of Oy, are linearly independent for all k if
the realization is minimal. Then O has a left inverse, i.e. there exists Vi s.t. N Op =1

for all k. Then we can compute A(k) as
A(k) - Nk+10k.

Note that the choice of the matrix inverses to compute the system matrices will define

the basis of the state space.

The identification algorithm for the matrix case is then given in algorithm 2.

Algorithm 2 Matrix case algorithm

Input: M lower triangular matrix in terms of data, i.e. time-varying impulse response
Output: A(-),B(-),C(-),D(-), s.t. (2.17) holds

Assumptions: Available impulse response data

1. Set k=0

2. Compute the rank of Hy, i.e. rank(Hy) =n

3. Compute a minimal factorization Hy = O;Cy, as in (2.21)

4. Compute:

o A(k) = Ni110k s.t. NOp =1
(k) =
(k) =

k
o D(k) =Ty

°
Sy

first p rows of O]

°
Q

first m columns of Cgy1]

5. Set k =k + 1, and start from Step 2

The assumption that plays an important role in this identification approach is the ac-
cessibility of the entries of a matrix that produces the map u — y, i.e. the availability of
the impulse responses of the system to be identified. However, in a more general case,
one does not have access to such information. Thus, methods for identification using
observed input-output measurements are more suitable when little prior information of

the system is known. This is discussed in the following subsection.
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2.3.2 Subspace identification

Subspace-based identification methods are similar to the lower triangular matrix case,
in the sense that the state space structure is considered. However, the ideas of subspace
identification lie in the fact subspaces can be extracted from Hankel matrices of input
and output data, and such subspaces are related to the system matrices of a state space
representation for the data. Subspace algorithms use geometric tools and numerical lin-
ear algebra to conduct such procedures, e.g. projection, QR decomposition and singular

value decomposition (SVD).

Several subspaces-based approaches have been developed for the LTV case over the years,
see Verhaegen and Yu (1995), Shi et al. (2007), Ohsumi and Kawano (2002), Jhinaoui
et al. (2012). Particularly in the subspace-based identification approach for LTV system,
Hankel matrices of time-varying processes are used to extract the observability matrix
of a state space model for the data. We can find identification algorithms that use an
ensemble of input-output data of a single response as in Shi et al. (2007). This single
responses matrix are defined in a Hankel form, i.e. the Hankel matrix associated with
an output y(k) k =1,.., N is defined as

y(k) yk+1) - ylk+h2—1)
= | V00 R v (222
ylk+hi—1) ylk+hy) -~ ylk+hi+hy—2)

where the index h; and hs indicate the number of rows and columns, respectively, and
they are appropriately chosen such that the identification procedure is guaranteed. The
index k indicates the time instant of the upper left element of the matrix. In the case
when y(k) € RP, the number of rows and columns is hip and he, respectively. A Hankel

matrix H(u(k))p, n, for the input u(k) k =1,.., N is built in a similar way.

As we can see in (2.22), the number of rows and columns grows as the time interval of
the response increases. This leads to large matrices of data when large time-intervals are
needed for analysis increasing the computational complexity in applications. The choice
of hy and hy are chosen so that they guarantee the observability and controllability of

the system.

Consider the matrix in (2.22). Since the indexes hy and hy are fixed, and do not change
during the identification procedure, we simplify the notation by removing them, i.e. we
now refer to (2.22) as H(y(k)), and H(u(k)) for u(k). From (2.22) and (2.17), it follows
that

H(y(k)) = O(k)Xa(k) + T (k)H (u(k)). (2.23)
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where Xg4(k) := diag(z(k),z(k+1),--- ,z(k+ ho — 1)), and

C(k) o Clk+hy—1)
Ok) = C(k +.1)A(k) . C(k+ ho)A(k + ha — 1)
C(k+h —1)AKk+h1—2)---A(k) -+ Clk+hi+h2—2)---A(k+ha—1)
[ D(k) 0 0 0 0
C(k+1)B(k) D(k+1) 0 0 0
T (k) := : o0 0
: : .o 0
Ok +h — DAk +hy —2)--- A(k+1)B(k) - -+ - D(k+hy—1)]

Since the matrices O(k) and T (k) contains the information of the system matrices for
(2.17), they play an important role in the identification procedure. O(k) is called the
observability matrix and 7 (k) the controllability matrix. The system (2.17) is said to be
observable if O(k) has full column rank. In a like manner, (2.17) is said to be controllable
if 7 (k) has full row rank.

Based on several identification methods for LTV system (see e.g. Shi et al. (2007) and
Liu (1997) ), it has been shown that under the assumption that the system is slowly

time-varying, then the matrix O(k) can be approximated as

C(k)
o) ~ C(k +‘1)A(k)
Ok +hy — 1)A(k.+ hy—2)--- A(k)
Then, considering the above expression for O(k), (2.23) can be written as

H(y(k)) = O(k)X (k) + T (k) H (u(k)) (2.24)
where X (k) := [w(k) 2(k+1) -~ (k+ hy — 1)].

Note that H(y(k)) € RPhixnh2 X (k) € R™2xh2 O(k) € RPM > H(u(k)) € Rmhxnhe
and T (k) € RPh2xmhi Here O(k) is called the observability matrix of (2.17) in terms of
H(y(k)) and H(u(k)). An important stage in the subspace algorithm is the extraction of
the column space of such observability matrix from the input and output data matrices.
This is done with different methodologies. One is by isolating the desired term in (2.24)
by assuming that h; and ho have been properly chosen such that we can define a full
row rank matrix H (u(k))* orthogonal to H (u(k)) s.t. H(u(k))H (u(k))* =0, e.g.
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then post multiplying (2.24) with H(u(k))* we obtain
H(y(k)) H (u(k))™ = O(k)X (k) H (u(k)) " (2.25)

From the above equation, it is evident that we can obtain information of the observability
matrix from matrices of input-output data. This can be done using a classical SVD-
based method as in Shi et al. (2007). This is possible assuming that the system is

observable in the sense that O(k) has full column rank, then it follows that
Column space [H(y(k:))H(u(k))L} = O(k).

Performing SVD we have that

it follows that the first n columns of R(k) provide a set of base vectors for the column
space of O(k), i.e. a observability matrix for the data H(y(k)) and H(u(k)) can be
defined as

O(k) := [ first n columns of R(k)]. (2.26)

Similar procedures are performed for the controllability matrix 7 (k) assuming that the
system is controllable in the sense that 7 (k) has full row rank. It follows that by defining
a matrix O(k)* orthogonal to O(k) such that O(k)-O(k) = 0 the controllability matrix
is obtained pre-multiplying (2.24) by @(k)L, ie.

then, it follows that

Finally, system matrices for the input-output data are extracted from the observability

and controllability matrix. The procedure is summarised in algorithm 3.

Subspace identification methods for LTV systems of a single response need the assump-
tion of slowly time-varying processes. This means that the time-varying properties of
the system have to be known a priori. We are also aware of subspace methods using a
ensemble of input-output data as in Verhaegen and Yu (1995). These approaches follows
the SVD-based method as in the single response, however, their computational complex-

ity increases as several responses are included in the analysis as well as the time-interval,
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Algorithm 3 Subspace Algorithm
Input: (u(k),y(k)) for k=1,..,N
Output: A(k), B(k),C(k), D(k) for k =1,..,N s.t. (2.17) holds
Assumptions: Slowly time-varying, controllable and observable.

1. Set k=1

2. Compute H(u(k)), H(y(k))

3. Compute H(u(k))* s.t. H(u(k))H(u(k))* =0
4. Perform SVD:

5. Define

O(k) := | first n columns of R(k)]
O(k + 1) := [ first n columns of R(k + 1)]

~

6. Compute O(k)L s.t. O(k)LO(k) =0

7. Define
T (k) := [O(k)TO(k)H (y(k)) [H (u(k))]!
Op(k) := [ last m(hy — 1) row blocks of O(k)]
(k +1) := [ first m(hy — 1) row blocks of O(k + 1)]
Ti(k) == [ first m columns of T (k)]
71 (k) := [last p(hy — 1) row blocks of Tp (k)]
8. Define:
o A(k) == [Op(k + D)T[OL(F)]
o B(k) = [OL(k)]'TL(k)
o C(k) := [first p rows of O(k)]
o D(k) := [first p-by-m block of T (k)]

9. Set k =k + 1, and start from Step 2
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Assumptions Input/Output Methodology
Input:
Input-output
eSlowly time-varying | sequences
Parameter- eSingle response Output: Least squares

based technique

available

Constant coefficients
of an input-output
model

Basis function-
based technique

eSuitable basis
functions

eNumber of basis
functions to be used
eSuitable weights
for WLS

eSingle response
available

Input:

Input-output
sequences,

basis function
Output:

Constant parameters
of basis functions

Weighted least
squares

Matrix case

eAccess to impulse
response data
eSingle response
available

Input:

Impulse responses
Output:

System matrices

Rank-revealing
factorization

Subspace
approach

oSlowly time-varying
eMultiple responses
available

Input:

Hankel matrices of
input-output data
Output:

System matrices

Singular value
decomposition,
QR decomposition

Table 2.1: Summary of LTV system identification techniques.

i.e. an ensemble of input responses is given by

y; (k)
Yj+1(k)

yj(k+1)

Yirs-1(k) yjrs-1(k+1)

yjr1(k +1)

yj(k—i-N— 1)
Yi+1(k+ N —1)

yj+J71(k + N — 1)

where k£ and N indicates the first and last time instance, respectively. j and J indicates

the first and last experiment.

2.4 Summary and discussion

Table 2.1 summarises the linear time-varying system identification techniques discussed

in this chapter.

A common assumption for the LTV system identification using LS or subspace methods

is that the system is slowly time-varying. This assumption plays an important role in
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their identification procedure, e.g. they are based in the idea that the time-varying
system can be identified in time-invariant windows, allowing the procedure to track
the time-varying parameters. When the system is fast time-varying, the use of basis
functions is more suitable for accurate time-varying parameter identification, however,
one needs to choose suitable basis function based on prior information of the system to
be identified.

The matrix case in the other hand allows the extraction of system matrices of a state
space representation for the data. However, the main assumption is that the impulse
response is available, weather or not this is realizable. The availability of this information

depends on the application.

In this thesis we present a duality-based approach for LTV system identification. Our
approach is germane to the subspace identification approach. However, our technique
differs essentially in that it does not exploit the structure and factorizations of Hankel
matrices computed from the data. We instead exploit the fact that external properties-
i.e. properties at the level of external variables, in our case duality- are reflected into
internal ones- i.e. at the level of state. This allow us to develop algorithms to identify

systems of fast and slow time-varying processes, as well as time-invariant ones.



Chapter 3
Linear time-varying systems

In this chapter, we introduce basic mathematical concepts of linear time-varying systems
in the state space approach that we will use in the following chapters. This material is

taken from different sources which are referenced through the chapter.

3.1 LTV state space representation

The class of systems considered in this thesis are described by a set of first order differ-

ential equations with time-varying coefficients of the form

d
5 720) = A0)z() + B()u() (3.1)

y(-) = C()z() + D()u()

where x(+) is the state function of dimension n, u(-) is the input function of dimension m,
and y(-) is the output function of dimension p. The matrices A(-) € A™*", B(-) € A™*™,
C(-) € AP*™ and D(-) € AP*™ whose value at ¢t € R is respectively A(t), B(t), C(t) and
D(t), are called the system matrices of ¥4s. To avoid confusion in notation, we consider

f(-) to be a continuous function and f(¢) to be the value of the function f(-) at time t.

Consider the matrices A(-), B(+),C(:) and D(-) satisfying (3.1). Let P(t) € R™*" be a

nonsingular matrix for all ¢ € R satisfying

d
ZP(t) = AB)P(2), (3.2)

then a transition matriz of X, is defined as

o(t,7) := P(t)P(1)"1, (3.3)

23
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where P(t) is called fundamental matriz.

Some properties of the transition matrix are:

1. Lo(t,7) = A(t)g(t, T)

2. $(t,t) =1

3. ¢(t, 1) = o(1,t)

4. ¢(t1,7)o(T,t2) = P(t1,t2).

These properties are a direct consequence of (3.2) and (3.3).

Let x(tp) for some arbitrary time ¢y be given, then the solution of ¥4 for some ¢ > ¢ty is
given by
z(t) = ¢(t, to)z(to) + ¢(t 7)B(7)u(7)dT, (3.4)

see Kailath (1980) pp 601 eq. (21). It was also shown that the solution (3.4) can be
easily verified by differentiating (3.4) with respect to t, i.e.

d

0 =g Gttt + 5 ([ ot Br)

and using (3.2) and (3.3),

t
%x(f) = <ZLP(t)> P(to)_lx(to) + <jtP(t)> \ P(T)_IB(T)U(T)dT

+ P(t)% (/t: P(T)lB(T)u(T)dT>

=A(t)P(t)P(to) *x(to) + A(t)P(t) /t P(1)"'B(7)u(t)dr

to

P(t)P(t)"' B(t)u(t)

<P x(to) + P(t )/t P(T)IB(T)’M(T)dT) + B(t)u(t)
<q§ (t,to)x ¢(t 7)B(T )u(T)dT> + B(t)u(t)

()z(t) + B(t)u(t).

The solution of the output equation of Y at time ¢ is then given by

y(t) = C(@) <¢(t to)x(to) + ¢(t T)B(7 )U(T)d7> + D(t)u(?). (3.5)
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3.1.1 Equivalent transformations

In identification theory, it is often important to consider equivalent transformation of
a system for analysis. This transformation is basically a change of state coordinates in

which the input-output relation is not affected.

Definition 3.1. (Silverman (1966) p. 15) Let T'(¢) € R™*™ be a time-varying matrix,
nonsingular for all ¢ € R, and let A(-), B(:), C(-) and D(-) be the system matrices of
(3.1). Define z(+) := T'(-)z(-) and matrices

A() = TOAOTO)™ = T() T

B() :=T()B() 56)
()= COT()

D() :=D()

satisfying

Then the system (3.7) is said to be equivalent to the system (3.1).

Def. 3.1 is illustrated in the following. Let the state variable transformation of Def. 3.1
be given, i.e.

(1) = T()z(:)- (3.8)

Now we apply the variable transformation to the system (3.1). From (3.8) we have that
x(-) = T(-)7'z(-). Substituting z(-) with 7'(-)~2(-) in (3.1) we have

d _ _
ST () = ACT() () + BOu()

y() = CONT() " 2()) + D(ul).

SN—
I
b
—
~—
—

Differentiating the left hand side of the above equation

(GTO) 20+ T 520 = AT 0) + BOul)

dt
y(-) = CONT ) 2()) + Dul).

From such equality, the transformed system with the new state variable z(-) is repre-

sented by
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Note that the output generated by applying an input to X, is the same as the output
generated by applying the same input to (3.7). However, the state trajectories between

these systems are not the same.

3.1.2 Controllability and observability

In the literature, controllability and observability for LTV systems can be defined par-
tially or totally, i.e. a system may not be controllable (observable) in some interval of
time, but it can be controllable (observable) in some subinterval, see Silverman (1966).
However, in the case when one considers analytic functions of time, the distinction be-
tween partial controllability and total controllability is abandoned. The reason is that
if a matrix with analytic entries has rank n at a finite number of points on an interval,

then it has rank n in every point on that interval, see Chen (1967).

In the following we introduce controllability and observability based on Silverman (1966).

The functions are considered to be analytic.

Definition 3.2. (Silverman (1966)) The system X5 is controllable, if for any state zg
at tg, and any desired final state x; at ¢1, there exist an input u(-) and a trajectory z(-)
such that z(t1) = z;.

Now consider the impulse response of ¥4, as follows. Define

C(t)o(t,7)B(1), t>rT
H(t,7) =< C(t)¢(t,7)B(T) + D(t), t=r7 (3.10)
0, t<T

U(t) == C(t)P(t) (3.11)

O(r) := P(1)"'B(1), (3.12)

such that the impulse response matrix can be written as
H(t,7)=¥(t)O(r) fort> T, (3.13)

with P(t) being a fundamental matrix of Y.

It can be shown that the impulse response is invariant under equivalent transformation.
The reason is that if P(t) is a fundamental matrix of ¥, then T'(¢) P(t) is a fundamental
matrix of Y4 such that ¢(t,7) = T(t)¢(t,7)T (1), see p. 16 of Silverman (1966). Let
P(t) := T(t)P(t) be a fundamental matrix of X, it follows that the impulse response
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for ¥4 can be written as

H(t,7)=C(t)o(t,7)B(T) t>T,

where ¢(t,7) = T(t)¢(t, 7)T(7)~!, then

Let P(-) be a fundamental matrix for X, and consider ©(-) = P(-)"!B(-). The following

theorem is a result of Silverman (1966).

Theorem 3.3. (Silverman (1966)) The system Y5 is controllable if and only if the rows

of ©(-) are linearly independent functions'.

It is important to note that controllability is valid for any equivalent transformation as
follows. Let P be a fundamental matrix for the system (3.7), i.e. P(t) = T(t)P(t). Let

O(t) :== P(t)"'B(¢). (3.14)

From Def. 3.1, B(t) = T(t)B(t). It follows that

which implies that ©(t) = O(t).

The ability to determine the state at particular time from the system outputs is called
observability. Analogous to controllability of LTV systems, we now introduce observ-
ability of LTV systems.

Definition 3.4. (Silverman (1966)) The system X, is observable, if any initial state

at tg can be determined from the system output and input.

Let P(-) be a fundamental matrix of Xss, and ¥(-) = C(-)P(:). Then observability
conditions are given by the following theorem, see Silverman and Meadows (1967) p.
65.

Theorem 3.5. (Silverman and Meadows (1967)) The system Y45 is observable if and

only if the columns of V(-) are linearly independent.

1See Definition A.1 in Appendix A.
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3.1.2.1 Controllability matrix

In the following, a characterization of the controllability matrix is given in terms of the

system matrices based on the results in Silverman and Meadows (1967). Define

Po() == B(-) Pyp1:= —A()P(-) + %Ps(.) s=0,.,0-2,

then the controllability matrix for Y4 is defined by

C()=[B() Bi() - Pial)]. (3.15)

Initially it may not be evident that C, is related to controllability in the sense of Th.
3.3. To see how this is related to controllability we need first to consider the Wronskian

matrix.

Definition 3.6. (Silverman and Meadows (1967)) Let F'(-) be an n-dimensional column

vector of functions which are (n-1) times differentiable, i.e.

W)= [FO) R0 - S50

dtn—1

Proposition 3.7. (Silverman and Meadows (1967)) Let F(-) be defined as in Def. 3.6.
If the Wronskian matriz of F(-) has rank n as a set of functions for some t, then the

rows of F(-) are linearly independent as a set of functions.
Proof. See Lemma 1 p. 67 of Silverman and Meadows (1967). O
Now consider the Wronskian matrix of (3.12) of system X,
Wo(-) = [@ dg ... L], (3.16)
If T(-) is a fundamental matrix of X, it follows that Wg(+) can be written as
We() =T ()7 Cu(),

see Property 3.1 in p. 26 of Silverman (1966).
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Since T'(-) is nonsingular for all ¢ € R, then the rank of Wg(+) is equal to the rank of
Cp(+). Then the following theorem holds.

Theorem 3.8. (Silverman and Meadows (1967) p. 70) The system Y5 is controllable,
iff Cn(+) has rank n.

3.2 From numbers to functions

The data used for system identification is gathered as a sequence of samples taken at
a certain time. Therefore, to develop a system identification algorithm we need to
make the connection between sequences of data and continuous functions of time. In
this section we use Reproducing kernel Hilbert spaces (RKHS) to address this problem.
We will introduce the theory and notation that we will use to embed RKHS into our

identification approach.

Basic knowledge of functional analysis is required for this Chapter which is provided in
appendix A. The theory of RKHS presented in this chapter can be found in Steinwart
and Christmann (2008).

RKHS has shown itself to be a powerful tool for learning algorithms, e.g. finding pre-
dictive functions based on data, see Pillonetto et al. (2014). The advantages of using
RKHS is that we can predefine properties of the function we are going to deal with, e.g.

infinitely differentiability, by choosing appropriate kernels.

3.2.1 Kernels

In this section, we introduce the notion of kernels.

Definition 3.9. (Steinwart and Christmann (2008) p. 112) Let X be a non-empty set.
Then a symmetric form? k: X x X — R is called a kernel on X if there exist a Hilbert
space® H and amap ® : X — H s.t. forall z,2' € X

k(z,2") = (®(x), ®(2")) g (3.17)
holds.

® is called a feature map and H a feature space of k. Moreover, note that because of

symmetry k(z,2’) = k(2/, x).

Given a kernel, the feature map and feature space associated to it is not uniquely deter-
mined. This is illustrated in the following trivial example, see Silverman and Meadows

(1967).

2See Definition A.19 in Appendix A.
3See Definition A.14 in Appendix A.
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Example 3.1. Let X := R and define a linear kernel as k(z,x') = za’ for all z,2’ € X.

Define the map ® : X — R? as ®(x) := [%, %]T for all z € X. Then ® is a feature

map of k since

(®(z),®(2))y = =2’ (3.18)

Sl

Vo

Al

NG

with feature space R2.

From example 3.1 it is evident that feature maps and feature spaces are not unique,
however, kernels are unique. For example, we can define ®(x) := x in example 3.1, and
the resulting kernel will coincide with that in (3.18). Note also that, in this case, the

feature space corresponding to ®(z) = x is now R.

Remark 3.10. In this work we assume that kernels are given. The reader is referred to

Aronszajn (1950) for further details about the construction of kernels.

In order to determine whether or not a function is a kernel, we need to find a corre-
sponding feature space for the kernel. However, this can be difficult in some cases, e.g.
when the feature space is infinite dimensional. Another alternative is to characterize

kernels as follows, see Steinwart and Christmann (2008) page 117.

Definition 3.11. (Steinwart and Christmann (2008) p. 177) A function k : X x X — R
is positive definite if for all n € N and all xy,..,2, € X, a1,..,a, € R, the following

holds Y
ZZaiajk(xi,xj) > 0. (319)
i=1 j=1

The function k is strictly positive definite if, for mutually distinct z1, .., 2, € X, (3.19)

only holds for ay = -+ = a,, = 0.

Remark 3.12. In the literature of learning theory, researchers use the term ”positive
definite” to refer to ”positive semi-definiteness”, and ”strictly positive definite” to refer
to "positive definiteness”, see note after definition 4.15 in Steinwart and Christmann
(2008) page 117.

As we can see in example 3.1, kernels are inner products between feature maps. Since
inner products are positive definite, then the kernel must also be positive definite. If
a kernel is not positive definite, it may not represent an inner product in a Hilbert
space. The following theorem states sufficient conditions for a functional k£ to be a

kernel without explicitly define feature maps.

Theorem 3.13. (Steinwart and Christmann (2008)) A functional k: X x X - R is a

kernel if it is symmetric and positive definite.

Proof. See Theorem 4.16 of Steinwart and Christmann (2008) in page 118. O
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We can also define new kernels using linear combination of given kernels. This is stated

in the following proposition.

Proposition 3.14. (Shawe-Taylor and Cristianini (2004)) Let X be a normed vector
space*. Let k1 and kg be kernels over X x X, a € R. Then for x,y € X the following

functions are kernels:

1. k(z,y) = k1(z,y) + ko(x,y),
2. k(z,y) = aki(z,y),
3. k(x,y) == ki(z,y)ka(z,y),

4- k(x7y) = exp(kl(a?,y)).

Proof. See Shawe-Taylor and Cristianini (2004) pages 75-76. O

Remark 3.15. In the actual literature, there exist a variety of kernels that have been
developed for different applications depending on the field of study. Some examples of
such kernels include: the linear kernel, polynomial kernel and Gaussian kernel. The
kernel can be chosen depending on the application and the nature of the data to be
described.

3.2.2 Reproducing kernel Hilbert spaces

Now we introduce RKHS and show how a reproducing kernel defines a unique RKHS

associated to it based on Steinwart and Christmann (2008).

Definition 3.16. Let H C RX be a Hilbert space (not necessarily RKHS) defined on a
non-empty set X. A form k: X x X — R is called a reproducing kernel of H if for
all z,y € X and all f € H the following conditions are satisfied:

1. k(-,x) e H
2. (f,k(-,2)) = f(x), (reproducing property),

4. k(z,y) = k(y,x) (symmetry).

Moreover, the space H is called a reproducing kernel Hilbert space over X if for all
x € X there exists a unique F, : H — R such that F,.(f) = f(), and it is continuous®.

4See Definition A.9 in Appendix A.
5See Definition A.22 in Appendix A.
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Note that k(-,z) maps x — g where z € X and g € H, and that F,(f) = (f, k(-,z))y =
f(x), the reproducing property. Note also that the adjective reproducing is added to
indicate that the kernel has the reproducing property defined in condition 2 of Def. 3.16.

Consider a given finite set of elements in X, i.e. z; € X for ¢ = 1,..,l. Given a
reproducing kernel k, one can construct the RKHS associated to it as the space of
functions spanned by {k(-,x)|z € X }. Then every function in this space is represented as
a linear combination of k(-,z). This is stated in Schélkopf et al. (2001) as the Representer

theorem.

Theorem 3.17. (Scholkopf et al. (2001) Representer theorem) Every function in the
RKHS can be represented as a linear combination of the kernel of H, i.e. Ja; € R such
that

Z aik xz (320)

where i,l € N, x1,..,21 € X, and o, ..,a; € R.
Proof. See Th. 4 of Schélkopf et al. (2001) page 5. O

Then the Moore-Aronszajn theorem states the following important result.

Theorem 3.18. (Aronszajn (1950)) Let k(-,x) be a given positive definite reproducing
kernel. Let f and g be functions defined as

Z a;k z
) = Zﬁjk( T
j=1
Then k defines a unique RKHS

H={ Zaz L)} (3.21)

equipped with the inner product
l l
=> Z ik (i, ;). (3.22)
=1 :

It follows from Th. 3.18 that given a reproducing kernel we can define a unique RKHS
associated to it. Then from the reproducing property in Def. (3.16) we have that

I
(F Gz = aik(wy, m) = f(x;)
=1
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for given z1,.,,z; € X.

We can see that by the reproducing property, we can evaluate the function f at a point

x; by applying the inner product between f and k.

3.2.2.1 Computation of o's

In this section we will show how the coefficients of the functions in a RKHS are computed.

Let f(z;) € Y and z; € X fori =1,.., N be given. It follows from theorem 3.18 that for
a given kernel k the RKHS is given by

N
Ho={f() | F() =D aik(-,zi)},
i=1
It follows that f(-) € H evaluated at 2’ € X is

N
f@) = aik(a!,2:). (3.23)
=1

Since f(z;) are given, then the constant coefficients o’s are obtained by solving the

following linear equation

N
flz) = aik(zj,z;)  j=1,.,N. (3.24)
=1

We can write (3.24) in matrix form as

f(xq) k(xy1,21)  k(zi,z2) -+ k(xi,zn) o1
I A | ] e
f(:L’N) k(mN,xl) ]ﬁ(.CEN,xQ) k(xN,mN) N

Defining

Y, oy = col(f(z1),.., f(zN))
leJN = [k(a:i,a:j)]m i,j = 1, ..,N

Ay N = col(ai, .., an)

we can write (3.25) compactly as

Y:vlﬂcN = chl,xNAl,N (3.26)



34 Chapter 3 Linear time-varying systems

where Y, 4\ € RY, Ki zn € RN*N and AN € RN, Then we can solve eq. (3.26) for
AN

Note that K, », in (3.26) is symmetric. The solution of eq. (3.26) is guaranteed by

Def. 3.9: since the kernel is positive definite then the matrix K associated to the

z1|zn

kernel is positive definite and consequently nonsingular.

We now introduce the differentiability of the functions in a RKHS. Consider the following

result taken from Steinwart and Christmann (2008).

Theorem 3.19. (Steinwart and Christmann (2008)) Let k be an m-times continuously
differentiable kernel with its associated RKHS H. Then every f € H is m-times contin-

uwously differentiable.

Proof. see proof of Corollary 4.36 p. 131 of Steinwart and Christmann (2008). O

3.3 Summary

In this chapter we discussed some properties of linear time-varying systems in the state
space approach. We covered equivalent transformations. We also defined controllability
and observability for state space LTV representations. The theory of reproducing kernel
Hilbert spaces is also introduced. We outlined the relationship between kernels and
RKHS that are needed for the construction of RKHS.



Chapter 4

External structures and internal

representations

In this chapter duality is introduced. We show how external properties at the level of
inputs and outputs are reflected in the internal ones at the level of the state. We also
define special properties as self-adjointness that can be presented in certain cases. We

discuss the connection between them and their influence in duality.

4.1 The adjoint system

The study of duality of linear time-invariant and time-varying systems has a long history,
see e.g. Kalman (1960). For the time-varying case, a module-theoretic approach to
duality is developed in Rudolph (1996). We introduce the following intrinsic trajectory-
based definition of adjoint system, inspired by Crouch et al. (1995); Van der Schaft
(1991).

Definition 4.1. (Crouch et al. (1995); Van der Schaft (1991))Let X, ¥’ be two LTV
systems with input-state-output variables (u, z,y) and (v, 2, y’), respectively. ¥ and >’
are called adjoint if there exists Q(-) = Q(-)T nonsingular everywhere on R, such that
for all trajectories (z(-),u(:),y(+)) of ¥ and (2/(-),u'(+),y'(-)) of ¥’ it holds that

d
T, T, 7 _ T /
uy+yu——dt(m Qm). (4.1)
If Q(-) = I, in (4.1), we call the i-s-o representations induced by (A(-), B(-),C(-), D(-))

and (A'(-),B'(:),C’'(:),D'(:)) matched. Throughout the thesis we will equivalently use

the term adjoint and dual.

35
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We now introduce the integral of the external structure, i.e. inputs and outputs of the
primal and its adjoint. In order to make sure that such integral exists, we assume that

the trajectories have compact support.

Proposition 4.2. (Van der Schaft (1991)) Let (z,u,y) and (2',u’,y") be compact-
support trajectories' of an i-s-o system ¥ and its adjoint (dual) X', then it holds that

+oo
/ U(T)Ty/(T) + y(T)TU/(T) dr = 0. (4.2)

—00

Proof. Assume that (z,u,y) and (2/,u/,y’) have support in the interval (a,b). From
(4.1), it follows that

b
/ w(T) Ty (1) + y(r) T (1) dr = 2(b) T Q(b)2' (b) — x(a) T Q(a)2' (a).

It follows that z(b) = 2/(b) = z(a) = 2’(a) = 0 and consequently (4.2) holds. This yields
the claim. ]

In order to characterize the relationship between the system matrices of the primal and

its dual, we provide the following definition.

Definition 4.3. Let (A(-), B(:),C(-), D(+)) be an i-s-o representation of a LTV system.
(A(-), B(-),C(-), D(+)) is trim if Yv € R™™ there exists a trajectory col(z(-),u(-)) and
t € R satisfying (3.1) such that col(z(t), u(t)) = v.

The intuition behind trimness is that through every point in R®™™ there is a system

trajectory passing through it.

Let us denote M (-) as the matrix whose (i, j)-th entry is the first derivative of the (i, j)-
th entry of the matrix M(-). The following result shows how the system matrices of the

primal and dual system are related.

Proposition 4.4. Let (A(-),B(:),C(-), D(:)) and (A'(-), B'(:),C'(:),D'(+)) be trim i-s-o
representation of a system and its adjoint. Let Q in (4.1) be such that Q(-) = Q(-)"

nonsingular everywhere on R, then

QUA ) +AOTQRE + Q) = Opxn
QOB'()-COT = Ouxp
BOTQE) - C'() = Omxn

D'()+ D) = Oy - (4.3)

!See Definition A.6 in Appendix A.
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Proof. Write (4.1) using the i-s-o equations for ¥ and >':

u() T (C'()a' () + D' () + (COa() + DYu() " o'(-)
= (AQ)z() +BOu) QM) + ()T Q()a'()
+a()TQ() (A'()2'() + B'()'()) -
Now, factorize z(-)", u(-)T, 2/(-) and «/(-) in the above equation.
u() ' (=C"() + B() QM) () +u(-) (=D'(-) = D(-) ") (-)
+a() (=C()T +Q()B'()u'()
+2()T(A0TQE) + Q1) + QLA ()/() = 0.

It is easy to see that such equality is equivalent in matrix form to

[x(-) [x%-)] o
u ()

)
Now, with Def. 4.3, use trimness of the two i-s-o representations to conclude that for

TTAOTQE) + Q)4

J+Q0) QOB()-C()T
BO)TQ() - C'()

=D'(:) = D(-)T

every pair of vectors v € R"™™ and v’ € R™*P there exist ¢t € R and trajectories col(z, )
and col(z’,u') whose value at ¢ is v, respectively v'. Since for every point in R"* and
R™*P there are trajectories of the primal and dual, respectively, passing through it, then
for the above expression to be true the central matrix must be identically zero. This

concludes the proof. O

Now we introduce the following result that is a consequence of Prop. 4.4.

Corollary 4.5. If the trim i-s-o representations of a system and its adjoint associated

respectively with (A(-), B(+),C(-),D(:)) and (A'(-), B'(-),C'(-), D'(*)) are matched, then

A,() +A()T = Onxn
B/() - C()T = On><p
D'()+ D) = Omxp - (4.4)

Proof. The proof follows from the definition of matched representations and Prop. 4.4.
O

It follows from Cor. 4.5 that a matched representation of the adjoint system is

—al() = AT ()+00) ()
y() = B()'2'()-D()"(). (4.5)
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where 2/ € R, v/ € RP and v/ € R™. Now the corresponding dual state space, dual
input space and dual output space can be identified with X, := R"™, U, := RP and
Y, := R™ respectively. Note that the dimension of the dual input space is p and the
dual output space is m; in contrast to the primal system, where the dimension of the

input space and output space is m and p respectively.

We now consider state transformations in duality in the following result of this section.

Proposition 4.6. Let T'(-),T"(-) be n x n matrices with analytic entries and everywhere
nonsingular. Let col(u,y,z) and col(u',y', x') satisfy matched i-s-o equations of a system
Y and its dual X'. Define z(-) :=T()x(-), 2'(-) :=T'(-)2'(*), and

QM) :=T()""T'()7". (4.6)
Then J
wly +yTu = 7 (ZT@z') . (4.7)

Proof. Since the system is matched we write (4.1) using Q(-) := Ip:

d
u'y +ylu = a(:n—rx’).

Now using equalities z(-) = T(-)"'2(-) and 2/(-) = T'(-)~12/(-) it follows that

d
uTy/ + yTul — a(ZTT_TT/_IZ/).

Now define Q(-) := T(-)~ "T"(-)~. This concludes the proof. O

From Prop. 4.6, if we consider a change of basis in a matched representation, e.g.
2() = T()x(-) and 2/(-) = T'(-)2(-), then the corresponding representations with the
new state variables are not matched. This means that there always exists an i-s-o
representation in another basis in which the system is not matched. Now let us consider
the special case when T7(-) = T(-)~" in eq. (4.6). Then the following result holds.

Proposition 4.7. Let T(-),T'(-) be n X n matrices with analytic entries and every-
where nonsingular. Let (A(-), B(-), C(-), D(-)) and (=A()T, C()", B()T, —=D(-)T),
respectively, induce matched i-s-o representations of a system X and its adjoint X'.

Define z(+) :=T(-)x(-) and 2'(-) :=T'(:)2'(:). Then the i-s-o equations in the new state

variables z, Z are associated with the matrices

VAT +TOT()™
)B(:)
)T~
)

o
e B

(
(
(

o
—~ o~ ~~
i
S Q

(
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and

A = —TOAQTTE T + T ()
BL() = T()C()T

CL() = BO)TT()

D) = —D()T,

respectively. If T'(-) = T(-)~ T, then the new i-s-o representations are also matched.

Define M (-)N(+) := M(-)N(-)+ M (-)N(-) and denote M(-)~! as the matrix whose (i, )-
th entry is the first derivative of the (i, j)-th entry of M(-)~1.

Proof. Applying a variable transformation z(-) = T(-)~!2(-) to the i-s-o representation
of the system 3., it follows that

d

Z(TO)720) WL~ 2() + B(u()

NI 2() + D(Jul-).

<

—

~— ~—
I Il
Q=
—~ —~
~— ~—
— —~

Let T(-)~1 := %(T(-)_l). Performing the derivation of the left hand side of the first

equation and multiplying it on the left by T'(-) it follows that

TOT()2() + —2() = TOACHT )™ 2()) + TOB(ul)
y(-) = CONT()2() + D(Jul-).

Then, rearranging terms, the above equation can be rewritten as

<
—
~—
I
—~
Q
—
~—
N
—~
N
L
~—
I
—~
N
+
S
N
<
—
N

It follows from such equality that the new matrices satisfying an i-s-o representation of

Y. with the new state variable z(-) are

A:() =TOAOTO)™ =T()T() !
B.(-):=T()B()

C:() =C()T()™

D() == D(")
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It follows from similar computations for the adjoint system Y’ with the new dual state
variable 2’(+) := T'(-)2'(-) that

%Z’(-) = (=T'O)AQ) T’ =TT ()™) () + (T ()C) D' ()

y' ()= (BO)T() () = D) ().

Then, the matrices satisfying an i-s-o representation of the adjoint ¥’ with the new dual

state variable 2/(-) are

AL ()= =T'OAO) T () =T'OT() T
Bl ():=T()C()"

CL(:):=B()'T'()

DL(-):=-D()"

To prove the second part of the claim let 7(-) = T'(-)~ ", then the system matrices of
the adjoint are given by

AL() = —(TOANTC) T +TOTO)™T
Bl ()= (CH)T()™)T
CL() = (T()B()"
D) == ~D().
Since T'(-)T(-)~! = I,, then

and consequently

It follows from Cor. 4.5 that the i-s-o representations of the dual and its adjoint with

the new state variables are matched. This concludes the proof. ]

Now based on the above definition of the adjoint we introduce the definition of a self-

adjoint system in the following section.

4.2 Self-adjointness

We define a self-adjoint system as follows.



Chapter 4 External structures and internal representations 41

Definition 4.8. (Crouch et al. (1995); Van der Schaft (1991)) Assume m = p; an LTV
i-s-0 system is self-adjoint if there exists Q(-) = Q(-)" nonsingular everywhere on R,

such that for all pairs (zg, ug, yx), k = 1,2, of i-s-o trajectories it holds that

d
Y1 uz + uf yo = 7 <~’U1TQ332> : (4.8)

The above definition gives rise to self-adjoint systems which are systems whose input-
output trajectories of its primal coincide with that of the dual system. It follows from
Cor. 4.5 that the matrices of a matched i-s-o representation of a self-adjoint system

satisfy the equations

A() + A(')T = Onxn
B() - C(')T = Onxm
D) +DO)T = Opmxn - (4.9)

The following result gives sufficient conditions for the existence of a matched i-s-o rep-

resentation for a self-adjoint system.

Proposition 4.9. Let 3 be a trim self-adjoint system with i-s-o representation induced
by (A(+), B(+),C(:),D(+)). Assume that there exists a matriz F(-) € A"*"™ nonsingular
everywhere on R such that for allt € R F(-)TF(-) = Q(-). Then the i-s-o representation
induced by

A'() = FOAQOFO)™ + FO)F()™

B'() = F()B()

C'() = COHF(O)™

D'() = D(), (4.10)

18 matched.

Proof. Rewrite (4.8) using the i-s-o equations of ¥

(CO)x1() + D(Yur () "ua() +uf (C()za() + D(Juz(-))
= (AC)z1() + B(ur (1)) Q()z2(-) + 21 () T Q()z2()
+a1 () T Q()(A()z2() + B(Juz())-

It is matter of straightforward verification that such equality can also be written as

i e

UQ('

AGTQM) + QA +Q() QC)B()—C()T
B(MTQ() - C() —D() = D()T
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It follows that for every pair of vectors vy, vy € R"™™ there exist t € R and trajectories
col(z1,u1) and col(ze, us) whose value at t is v1, respectively vo. Then it follows that

the central matrix of (4.11) is equal to zero.

Now since Q(-) = F(-)T F(-) it follows that the (1, 1)-block of the central matrix is given
by

AW TFOTF() + F()TFC)AC) + (F()TE()) = Onen.

Since (F(-)TF()) = F(-)TF(-) + F(-)T F(-) and multiplying on the left by F(-)~" and
on the right by F(-)~! in the above equation it follows that

FOAQFC) T+ FOFO)T +FO)TTAQTFO T+ FOTTFO)T = Onxne (412)

Now define

then eq. (4.12) can be written as
A()+ A ()" =0

Following similar computation for the (1, 2)-block of the central matrix in (4.11) it follows
that

F()'F()B()=C()" = Onxm,
and multiplying on the left by F(-)~T we obtain
F()B(-) - F(')_T(j(')—r = Onsxem-

From the above equation, define

then it follows from such equations that
B'() = C'()" = Opxm

Note also that from the (2,2)-block of (4.11) we can define
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We conclude that the conditions for self-adjointness are:

. T
FOAQFO™ + FOFO™ + (FOAOFO T+ FOFO™) = 0
F()B() = (COFO)™) = Onxm
D()+D()" = Opxm
or using A'(+), B'(+), C'(:) and D'(-) as defined previously in this proof:
A()+A() = Onxn
Bl() - C,(')T = Onxm (4.13)
D/() D,(')T = Omxm-

_l’_

It follows from (4.13) and Cor. 4.5 that the i-s-o representation of a self-adjoint system
induced by (A'(+), B'(),C’(:), D'(+)) is matched. This concludes the proof. O

4.3 Summary

In this chapter we introduced a trajectory-based definition of duality. We defined how
external properties at the level of inputs and outputs are reflected in the internal ones
at the level of the state. We also showed how the internal structure is affected when the

basis of the state space changes. Self-adjoint property was introduced.






Chapter 5

Duality approach for system

identification

In this chapter, we introduce the duality-based approach for the identification of LTV
systems. We use the fact that the internal information at the level of the state is related
to the external structures at the level of inputs and output. In this framework, we
present two algorithms. The first one assumes that the dual trajectories are available
for experiments. In the second one, we consider the case when the system is self-adjoint,

and consequently the trajectories of the primal are also trajectories of the dual.

5.1 Duality as a system identification approach

In this section we propose a procedure to identify an LTV system using duality. We state
the problem of this section as follows. Consider the following definition of an unfalsified

model.

Definition 5.1. Let ;s be a LTV system. Assume that from N number of input-
output trajectories of ¥4 (i.e. (ui(-),yi(:))i=1,..N), Wwe compute its corresponding state
trajectories z;(-). Then the matrices A(-), B(-),C(-), D(-) correspond to an unfalsified
model for the trajectories (u;(-),y;(+)) if they satisfy

dp() ao() - jth(.)]

Z/l() y2() yN()

45
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Identification problem.

Given

e a set of IV input-output trajectories of the primal 3,
{(ui(-),wi() | wi(t) € R™, i(t) € R, 24(0) = Onxatimy n>
e and its dual X,
{0 | ult) € B2, yi(t) € R™, 4(0) = i}y
generated by a LTV system.

Compute

e matrices A(-),B(-),C(:),D(-) corresponding to an unfalsified model

(Ui(')» yi(‘))z‘:l,.‘,N

for

In order to solve this problem we use duality to exploit the fact that external properties,
i.e. inputs and outputs, are reflected in the internal ones, i.e. states. In the first stage of
the identification procedure we develop a procedure to obtain state trajectories. Then
system matrices of an unfalsified model for the data are computed. Theses stages will

be explained in more detail in the following sections.

5.2 State construction

In the following we develop a procedure to construct the state trajectories of a state

space representation associated with the data.

Let eq. (4.1), then integrating both sides of (4.1) in [0,¢] we obtain
t
/ u(r) Ty (7) +y(r) T (1) dr = 2(8) T Q)2 (t) — 2(0) T Q(0)' (0).
0
Using the assumption that x;(0) = 2},(0) =0 for k =1,..., N, it follows that

/0 w(P) Ty (F) + () T () dr = 2(t) T Q)T (1). (5.1)
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Now consider N input-output trajectories of the primal, (ug,yr)k=1,. n, and its dual,

ERNXN

(U}, Yp )k=1,.. N Define a matrix E(t) whose (k, ) — th entries are given by

er(t) := /0 uk(T)Tyé(T) —i—yk(T)Tu@(T) dr k,/=1,.,N. (5.2)

Note that (5.2) defines the value of E(-) at ¢, and E(-) is the corresponding function.
Then it follows from such definition and (5.1) that

The following definition is crucial for the main result of this section.

Definition 5.2. (Heij (1989)) Let L C R? be a linear space. Then a set S C L is generic
in L if there exists a proper algebraic variety' V in L such that S D (L\V).

An example of genericity is illustrated in the following. Let A be a real square matrix
of dimension n x n whose (7, j)-th element is denoted by a;;. Then a proper algebraic

variety in R™ is defined by
V = {col(ai1, .., ann) € R™’ | det(A) = 0}. (5.4)

Then the generic set S O (R"*\V) is defined by all possible elements on R™ such that

A is nonsingular, i.e.
S :={col(air,..,ann) € R™ | det(A) # 0}. (5.5)

It follows from the above example and the definition of genericity that a matrix A €

R™* "™ whose entries belong to the generic set, is generically nonsingular.

Equation (5.3) and Def. 5.2 leads us to the first result of this section.

Proposition 5.3. Assume (A(-), B(:)) are controllable in the sense of Theorem 3.5.
Then, generically

Ul(' UN(‘

rank [ ] =n+m (5.6)

Proof. Consider the matrix of functions formed by the state trajectories {xy(-)}r=1,. .~

and input trajectories {ug(-)}r=1, n:

(5.7)

e

1See Definition A.4 in Appendix A.
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First, we use a variable transformation for the state space representation of ¥4 to simplify
the state equations, see Def. 3.1. Every property defined in the transformed system is

valid for the original one.

Consider the matrices A(-), B(-),C(-) and D(-) satisfying ¥, and let a nonsingular
matrix 7'(-) € A™™ be a matrix such that for all £ € R

is satisfied. From Silverman and Meadows (1967), a transition matrix for the system X
is defined as
o(t,7) =TH)T(r)" .

Now let ¢(7,t) := T(1)T(t)~! be the inverse of the transition matrix, then the following

state variable transformation is given

2(t) = (7, t)x(t). (5.8)

Now we apply the variable transformation to the system g using (5.8). From (5.8)
we have that z(t) = ¢(t,7)z(t). Substituting x(t) with ¢(¢,7)z(t) in 3, for a fixed but

otherwise arbitrary 7 we conclude

C0(-m)2()) = AC)(G( 7)=() + BJu()

y() = CC)(@(7)2(-)) + D(-)u(:).

Differentiating the left hand side of the above equation we obtain
(007)) 20+ 6. ((§26)) = A1) + Bl
y() = C()o(, 7)z() + D()ul-),

where %(;5(75,7’) is given by

d d
— = —(TH)T(r)"!
Solt,m) = S (TOT()™)
=T(t)I(r)™"
= A)T(t)T(r)™"
= A)¢(t,7)
Then, it follows that the transformed system with the new state variable z(-) is repre-
sented by
2() = 6(r. ) BOJu()
—2() = ¢(7, ) B()u(-
dt (5.9)

y() = CCo(7)2() + D()ul:).



Chapter 5 Duality approach for system identification 49

Now consider the Wronskian? of the matrix (5.7) with the new state variable z(-). Let

us denote z(-)(™ as the n-th derivative of z(-), then the Wronskian of (5.7) with the new
state variable z(-) is defined by

5l e (D)
Wil) = [m(()) Ui(('))(n+m_1)]. . N' (5.10)
Since
2()1 = ¢(7, ) B(-)u(-)
SN ANCH
20 =6(r,) [B() —AC)B()+ B()] i())]
u(.)(f—l)
u(-)2)
200 =) [Pi() B o RO
u(-)
where

Po() == B(:) Pyp1i= —A()P(-) + Py() s=0,..,0—2,

we can express W;(-) as follows. Let

Ci() :== |z(-) o(r,-) [Pl(') Py() - P”me‘l(')ni:L...,N

and
70 0 U
0 Uz( ) Uz()(l) UZ(.)(YH-m—Q)
0 0 w() wi(-)(rtm=3)
Upi(-) = :
0 O 0
: : u; (+)M)
_0 O 0 st O Uz() -i=1,...,.N
(= [ () e () (Fme1)
u2,z( ) . _Uz( ) UZ( ) L:l,.‘.,N.

Then the Wronskian of F(-) can be written as

0 I

Usi(+)

2See Definition A.5 in Appendix A.
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According to lemma 1 in p.67 of Silverman and Meadows (1967), if rank(W;(-)) = n+m
on [tg,t1], then the rows of F(-) are linearly independent® as a set of functions on the

interval [to, t1].

By contradiction, assume that the rank of W;(-) is not (n + m), then every (n + m)-
dimensional submatrix of Wj;(-) is singular, i.e. every (n + m)-dimensional submatrix
has (n + m)-column/row function vectors that are linearly dependent. Consequently,

there exists a non-all zero vector [a;(-) " as(-)"] such that

[al(')‘r az(')T] [Cz(g) ?

Ui(+)

Usi(+)

then
alTCi(-)LlLi(-) + 04;“2,1'(') =0.
It follows from genericity that a; Uz i(-) = 0 iff ap T = 0. Then

0= OZICZ()ULZ() (5.11)

with a non-all zero vector a; .

Note that the Wronskian of ¢(7,-)B(+) can be defined as

see Section 3.1.2.1. Then C;(-) in (5.11) can be written as
Ci() = [a() W) o) [Pal) Po() - ParmaO)]]-

It follows from Theorem 3.3 and eq. (5.9) that if the system X is controllable, then the
rows of W,(+) are linearly independent. This implies that the rank of C;(-) is at least n,

and consequently full row rank.

Since the main diagonal of U ;(-) is clearly nonzero, it follows that ) ; has full rank.
Consequently rank(C;(-)U1,i(+)) =rank(C;(-)) = n which contradicts (5.11).

It follows that rank(W;(-)) = m + n and consequently the rows of F(-) are linearly
independent. Then

ok () - an() i
is generically true. This concludes the proof. O

3See Definition A.1 in Appendix A,
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From Prop. 5.3, we can conclude that generically the rank of the matrix E(-) whose
entries are defined by (5.3) equals the dimension of the state. Now let n be the state
dimension, and consider the partition

E() = (5.12)

Eoa(r) E22()

)

where El,l(') S Anxn, ELQ(') € .AnX(N_n), EQJ(‘) € A(N—n)xn and E272(') € A(N_H)X(N_n).
Then the following proposition holds.

Proposition 5.4. Let E(-) € ANXN be a matriz of functions whose (k,1) —th entries at
t € R are defined by (5.3). Then the nxn (1,1)—block of E(-) is generically non-singular.

Proof. From Prop. 5.3, generically rank(E(-)) = n. It follows that the number of linearly

independent rows and columns of E(-) is n.

Now let the partition in (5.12) be given. It follows from Def. 5.2 that a proper algebraic
variety V in A" is