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Abstract—In this treatise, we derive tractable closed-form
expressions for the outage probability of the single cell multi-
carrier non-orthogonal multiple access (MC-NOMA) downlink,
where the transmitter side only has statistical CSI knowledge.
In particular, we analyze the outage probability with respect
to the total data rates (summed over all subcarriers), given a
minimum target rate for the individual users. The calculation
of outage probability for the distant user is challenging, since
the total rate expression is given by the sum of logarithmic
functions of the ratio between two shifted exponential random
variables, which are dependent. In order to derive the closed-form
outage probability expressions both for two subcarriers and for a
general case of multiple subcarriers, efficient approximations are
proposed. The probability density function (PDF) of the product
of shifted exponential distributions can be determined for the
near user by the Mellin transform and the generalized upper
incomplete Fox’s H function. Based on this PDF, the correspond-
ing outage probability is presented. Finally, the accuracy of our
outage analysis is verified by simulation results.

Index Terms—QOutage probability, Non-orthogonal multiple
access, MC-NOMA, Channel state information (CSI), Shifted
exponential distribution, Mellin transform, Generalized upper
incomplete Fox’s H function

I. INTRODUCTION

Non-orthogonal multiple access (NOMA) has been recently
introduced as a potential technique of improving the spectral
efficiency for next generation systems beyond that of orthog-
onal multiple access (OMA) [1], [2]. As opposed to OMA
schemes, NOMA is capable of supporting a large number of
users via non-orthogonal resource allocation by the simulta-
neous exploitation of the time, frequency and code domains
as well as multiplexing them at different power levels [3], [4],
[5]. The superposition of signals is performed by ensuring
that the inter-user interference can be successfully removed
by applying successive interference cancellation (SIC) at the
receiver. The authors of [4], [6], [7] introduced the concepts,
challenges, applications and research trends of NOMA sys-
tems. The authors of [4] introduced the basics of NOMA,
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including their power allocation policies, the application of
SIC, and compared NOMA and conventional OMA. This study
also discussed the recent developments in NOMA, such as
the combination of NOMA and MIMO schemes, cooperative
NOMA, and NOMA in cognitive radio networks. Finally,
research challenges and promising future directions were pro-
vided. The authors of [6] provided a comprehensive review
of power-domain NOMA and discussed its performance with
the aid of numerical results. In [7], the authors highlighted
the basic principles, key features, receiver complexity and
engineering feasibility of NOMA systems.

The achievable performance of NOMA systems signifi-
cantly relies on the accuracy of the channel state information
(CSI). Therefore, the outage probability of failing to support
a minimum target rate is a critical performance metric. The
outage analysis of NOMA has received considerable research
attention both under the assumptions of only having statistical
CSI! (e.g., [8]-[12]), imperfect CSI (e.g., [13], [14]), and
also imperfect SIC (e.g., [15], [16]). These studies have been
focused mainly on single-carrier NOMA systems. Hence, to
solve this open problem, we focus on the outage analysis of
the multi-carrier NOMA downlink in the face of only having
statistical knowledge of the CSI available at the transmitter.
Furthermore, having the exact knowledge of the instantaneous
CSI at the transmitter constitutes a strong idealized simplifying
assumption. Hence, the main motivation of this treatise is to
analyze the outage probability w.r.t the data rates, (summed
over all subcarriers) in the multi-carrier NOMA downlink
under a more realistic model. The outage probability of multi-
carrier NOMA systems has been studied by ensuring that the
outage probability associated with a certain minimum data rate
of each user on each subcarrier does not exceed a certain
tolerable maximum value. By contrast, in this work, we define
and analyze the outage probability in terms of the total data
rate of each user under the assumption that channel coding is
employed and thus the decoding is performed after combining
the signals gleaned from all subcarriers. Assuming that the
forward error correction (FEC) codewords extend over a single
block, the outage probability for a given rate is the probability
that the mutual information of these parallel channels falls
(sum rate here) below that rate [17]. In such a case, outage
(or failure in decoding) would occur when the detection errors
over different subcarriers cannot be identified and corrected,
which is the case if the sum rate is lower than the target.

I'Statistical CSI represents the long-term channel state information, which
means that only the distribution of the channel gain (including its type and
its statistical properties) is known, but not the actual realization.



Moreover, we focus our attention on the case when only the
CSI statistics are known at the transmitter and thus an outage
event may happen when user £ is unable to detect either its
own message or the messages of the weaker users for SIC
purposes.

A. Literature review

Previously, to explore the potential gains of applying
NOMA, many contributions on NOMA systems assumed
that perfect CSI knowledge is available at both the receiver
and transmitter sides [3], [18]-[21]. The authors of [18]
conceived resource allocation algorithm for full-duplex mul-
ticarrier NOMA (MC-NOMA) systems. As a further devel-
opment, the authors of [19]-[21] investigated dynamic power
allocation, optimal resource allocation (power allocation and
user pairing) as well as distributed power control in a multi-
cell NOMA system, respectively. However, having the exact
knowledge of instantaneous CSI at the transmitter is an
idealized simplifying assumption, since finite-delay, finite-
accuracy quantized feedback links must be used. Hence, a
more realistic research trend has emerged, focusing on NOMA
when only imperfect knowledge of the CSI is available. For
example, the authors of [22] studied the power allocation
problem of the NOMA downlink in the face of imperfect CSI,
while the authors of [13] improved the energy efficiency of a
downlink NOMA single-cell network by considering imperfect
CSI. They assumed a channel estimation error model where
the BS only knows the estimated channel gain and has a
priori knowledge of the variance of the estimation error. In
these scenarios, the outage probability is an important metric,
which is widely used for performance analyses, especially
when the communication channel is characterized by random
parameters. The existing contributions exploring the outage
analysis of NOMA mainly focus on single-carrier scenarios.

As for the single-carrier NOMA downlink, Ding et al. [23]
first derived the outage probability for the downlink of a
NOMA system in conjunction with the idealized simplifying
assumption of perfect channel state information (CSI), assum-
ing that all mobile users were uniformly distributed within
a cell. This work provided a closed-form expression of the
outage probability, under the limitation of a single-carrier case.
Later Hou et al. [9] characterized the outage performance of
the downlink in a NOMA system with perfect CSI and fixed
power allocation for transmission over Nakagami-m fading
channels. Again, this work is also limited to the perfect CSI
scenario and single-carrier systems. Timotheous and Krikidis
[24] studied the power allocation problem from the viewpoint
of fairness under full CSI and average CSI knowledge by
applying outage probability (OP) constraints. The effect of
imperfect CSI and of second order statistics (SOS)-based CSI
on the performance of the NOMA downlink was studied by
Yang et al. [25]. By contrast, Shi er al. [26] investigated
the outage performance of the downlink in a NOMA system
with only statistical CSI knowledge at the transmitter. They
derived the optimal power allocation factor in closed form
and determined the optimal detection order to avoid excessive
outage probabilities. Then Wang et al. [27] also analyzed the

outage performance of the downlink in a NOMA system with
only statistical CSI knowledge at the transmitter. Yang et al.
[28] derived the outage probability for the paired users of a
dynamic power allocation based hybrid NOMA systems. Yue
et al. [29] also investigated the outage performance of a unified
NOMA framework by invoking stochastic geometry. Finally,
Cui et al. [30] applied multiple input and multiple output
(MIMO) techniques to a NOMA system and analysed the out-
age probability by considering both the channel’s distribution
information (CDI) and the channel estimation uncertainty.

As for the single-carrier NOMA uplink, its outage analysis
was disseminated in [31]—[33] under statistical CSI, but the
analysis was limited to at most three users. In [10], Liu et
al. extended the outage analysis of the single-carrier NOMA
uplink to an arbitrary number of users. Furthermore, Wang
et al. [11] analyzed the outage probability of NOMA for
independent but not identically distributed (i.ni.d) Rayleigh
fading environments. A closed-form outage expression was
derived for both the dynamic and the fixed detection order.
Xia et al. [8] proposed an advanced multiuser SIC detector
for the NOMA uplink and analyzed the outage performance
of this scenario.

The NOMA techniques have evolved from single-carrier
NOMA (SC-NOMA) to multi-carrier NOMA (MC-NOMA)
[34]. In order to fully realize the potential of NOMA, effi-
cient scheduling techniques are also needed. In conventional
multicarrier systems, the total bandwidth is partitioned into
multiple subcarriers and each subcarrier is allocated to a single
user in order to avoid multiuser interference. Sun et al. [35]
have demonstrated that the MC-NOMA provides an excellent
system performance compared to the MC-OMA.

However, as for the multi-carrier NOMA downlink, there
is paucity of research contributions focusing on its outage
analysis. The current approach is to ensure that the outage
probability associated with the given data rate of each user
on each subcarrier does not exceed a certain value. For
instance, Wei et al. [36] proposed a power-efficient resource
allocation scheme for MC-NOMA relying on imperfect CSI,
while Tweed er al. [16] studied outage constrained resource
allocation in conjunction with imperfect SIC, but both used the
outage per subcarrier. However, it is not practically attractive
to have a specific outage probability for the data rate on each
subcarrier, since the ultimate aim of MC-NOMA is to ensure
achieving a specific total rate for each user. Hence, in this
paper, we consider a more realistic MC-NOMA downlink
system where the outage probability is defined in terms of
the total data rate of each user averaged over all subcarriers
being below a certain threshold. We also examine the outage
performance under statistical CSI provision.

B. Contributions

The key novelty in our work is that of deriving closed-form
expressions for the outage probability of multi-carrier NOMA
downlink for an arbitrary number of users and subcarriers.
Indeed, the outage probability relying on statistical properties
has been studied before, but not by unveiling the intricacies of
multi-carrier NOMA. To the best of our knowledge, this work



is the first one to analyze outage in the MC-NOMA downlink,
where the outage probability of decoding the transmission of
user k at any receiver (at user k or other users closer to the
BS) is defined based on the sum rate over all subcarriers
as the probability that the transmission of user k cannot be
decoded with negligible error probability. There are only a
few studies on the OP analysis of MC-NOMA [16], [34],
where the OP was defined as the probability of failing to
satisfy the minimum required data rate of each user on each
subcarrier. By contrast, the OP of each user is defined here
as the probability of failing to detect its own message or
the messages of the weaker users based on the fotal rate of
an individual user over all subcarriers. As NOMA is more
attractive for the case of two users per subcarrier [34], we first
consider the case for two users at each subcarrier and analyse
the outage probability of both the users who share multiple
subcarriers using NOMA. Then, we extend the results to a
more general case of an arbitrary number of users. Our main
contributions are summarized as follows:

1) We analyze the OP of the far user of the multi-carrier
NOMA downlink. The challenge is then to obtain the
statistics required for the OP analysis, where the total rate
expression is given by the sum of logarithmic functions
of the ratio between two shifted exponential random vari-
ables, which are dependent. In order to derive a closed-
form solution, first we transform the sum of logarithmic
functions into the product of the ratio between two shifted
exponential random variables and then approximate the
product by ignoring the high-order terms. The simulation
results show that the approximation is quite tight, hence it
was used for our subsequent derivations. Then, in the case
of two subcarriers, we analytically calculate the PDF and
CDF of the inverse shifted exponential random variables,
and derive the corresponding OP expression. For the
general case of an arbitrary number of subcarriers, the
sum of inverse shifted exponential random variables may
be accurately modelled by a Gamma distribution. Hence
the corresponding closed-form expression is provided for
the OP.

2) We also investigate the OP of the near user. We consider
that an outage event may happen if the near user cannot
detect either its own message or the message of the far
user. Thus, first the probability of successfully detecting
this user and the probability of successfully detecting the
far user are studied. The former is characterized by the
complementary CDF (CCDF) of the product of shifted
exponential random variables in the case of successful
SIC detection. To obtain this CCDF, by applying the
Mellin transform [35], we determine the PDF of the
product of shifted exponential random variables, which
is represented in the form of the generalized upper
incomplete Fox’s H function. Subsequently, to derive the
closed-form OP expression of the near user, we analyze
the integral of the generalized upper incomplete Fox’s
H function. The Mathematica programming code is also
provided for implementing the generalized upper incom-
plete Fox’s H function. Our simulation results confirm

the accuracy of the OP expression derived.

3) We extend the OP analysis to the case of an arbitrary
number of users in each subcarrier and derive the OP
expression of each user.

4) We compare the OP of each user in our MC-NOMA
system to that of an OMA system, which confirmed that
our MC-NOMA indeed outperforms the corresponding
OMA system.

C. Organisation

The remainder of this paper is organized as follows. Section
III presents the system model. In Section 1V, we study the
OP for the minimum rate of two individual users. We extend
the OP for the general case of multiplexing an arbitrary
number of users per subcarrier in Section V. Simulation results
are presented in Section VI, followed by our conclusions in
Section VII.

II. SYSTEM MODEL

Consider a downlink NOMA system supporting K single-
antenna users by a single-antenna base station (BS). The
channel’s power gain between the BS and user £ at subcarrier
n is formulated by hy ,, = Xk,nd,;’\, where X, denotes the
squared magnitude of channel coefficient that is assumed to
undergo small scale fading, dj is the distance between the
kth user and the BS, £k = 1,2,...,K, and X is the path
loss exponent. We assume Rayleigh fading channels and xp,
are i.i.d. exponential random variables with a mean of one,
for every user and subcarrier. Without loss of generality, the
distances are sorted as d; > do > -+ > dp > --- > dg, SO
that user 1 is the farthest user from the BS.

Successive interference cancellation (SIC) is utilized at the
receiver side (users) to separate the signals. Explicitly, the SIC
receiver first decodes the strongest signal by treating all other
signals as interference. After this stage, the strongest signal is
removed from the composite signal, and the second strongest
signal is decoded and canceled and so on, until the weakest
signal is decoded. Generally, the SIC detection order is based
on the ordered channel gain information. Relying on statistical
CSI knowledge, according to [37] and [38], the optimal
detection order is determined based on the average channel
gains of the users. If various users have different outage
probability requirements, detection order should be based on
the weighted channel gains as described in [37]. In our work,
we consider identical requirement for outage probability, hence
SIC detection order can be based on statistical knowledge of
the channels at the transmitter, which in our case is based on
the distances of users.

In this system, user 1 is the farther user from the BS, hence
user 1 attempts coherent detection of its own signal without
performing SIC, because the strongest signal has the lowest
interference. For user k, where k& > 1, at the first step of the
SIC process, the signal of user 1 which is the strongest signal
is detected and removed. After this, the signal of user 2 is
detected and canceled. This iterative process is repeated until
the signal of user k£ — 1 is detected and canceled. At this point



user k detects its own signal without the interference of users
1,2,...,k—1.

Therefore, we can directly formulate the signal-to-
interference-plus-noise ratio (SINR) for user £ at subcarrier
n as

Brynhi,n

—rn——  kel,2,...K
SINRk.JL = hk,r,LjZXk:+lﬂj1n+o2 (1)
BK,Z# k=K

where [, is the transmit power allocation of user k at
subcarrier n and o2 is the additive white Gaussian noise
(AWGN) power. In addition, we assume that the AWGN noise
power is the same for all users assigned to each subcarrier.

III. OUTAGE PROBABILITY ANALYSIS FOR TWO USERS

We derive tractable OP expressions of the multi-carrier
NOMA downlink when only the statistical knowledge of the
CSI is available at the transmitter side. We assume user 1 is
the far user while user 2 is closer to the BS.

Assuming perfect interference cancellation at the receiver
side, based on (1), the data rate of each user in each subcarrier
is expressed as

Bl,nhl,n _
Pt iy Ten T80T
2

Therefore, the total data rate of each user over all the shared
subcarriers is expressed as

N
R = Z log(1 +
Zlog
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A. Outage Probability of User 1

Again we define the OP of user 1 as the probability that the
total rate of this user is less than a threshold. Consequently,
the OP of user 1 over N subcarriers is

Py = Pr(Ry < 1), 4)

where 71 denotes the target data rate of user 1.

Let us now reformulate the data rate of user 1 by introducing
signal power, Rayleigh fading, and path loss coefficients,
yielding:
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Upon defining A,, = (81, + Bon)di
the data rate of user 1 is expressed as
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where X1, follows an exponential distribution with a mean
of one. Again, we aim for calculating the OP of user 1.
Based on (4) and (6), we rewrite the OP of user 1 as

+AnX1n
P — P log [ £ <rml|l. @
pr, r<zog( +Bnm>_ﬁ> ™

Anxinto®
Bnxi,n+0?’
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To calculate (8), we have to find the distribution of ngl Z
i.e. the product of multiple ratios between two shifted expo-
nential random variables, which are dependent. To derive a
tractable expression for the PDF of this product, we propose
a novel approximation method for accurately representing
ngl Z,. First, let us transform Z,, as follows:

Upon defining Z,, = the OP can be expressed as

7 o’my, Unp, o?
= Uy — ———————— =M L —
" " BnXl,n +02 " s BnXl,n + 02
)]
where u,, = % and m,, = B— — 1. Hence, H 1 Zyn can be
written as
N U o
Zn, my, X o ] . (10)
7:1,[;[1 H " 711_[1 |:mn BnXl,n + 02

In (10), Hﬁ;l Z, 1is represented as a product of binomials.
As N increases, the product will resu;t in higher-order terms
related to the product of the m terms. This will
increase the complexity of computations. Therefore, since

W is smaller than one, we approximate ngl Z, by
removing the higher-order terms, yielding
N N N o
T2~ [Tw—=>_ | I] vw 72. (11)
n=1 n=1 n=1 \n'#n B nX1n +to

To confirm the accuracy of this approximation, we have
compared the PDF and CDF of the approximated repre-
sentation of Hﬁ;l Zy, in (11) to the original one in (10)
under different settings?. Figure 1 represents the PDF and
CDF results for the cases of both two subcarriers and four
subcarriers. It is apparent that the shape of histogram PDF
and empirical CDF for the approximation coincides with that
of the original ones. Hence, the new approximation method
of the product of the ratios between two shifted exponential
random variables is considered to be satisfactory for further
analyses. Furthermore, we have investigated the sensitivity of
the approximation to different parameters, such as t = 222,

Ba,n
p = g—;, SNRy ,, = Bandy © for the case of four subcarriers.
Figure 2 demonstrates the CDF results considering different
values of ¢, p, SNRy ,, aiming to evaluate the accuracy of OP
approximation under different cases. It is apparent that the

approximation is accurate enough in all cases.

2Note by means of the properties of downlink NOMA system, the value
of Bn, < Ap — By, thus, 2B, < A, and B, < A,
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Having established accuracy of this approximation, we
analyze the CDF and PDF of the approximated parameters.

2
Let us define Y,, = (Hn,in un/) %. Based on (8)
and (11), the OP of user 1 becomes
N N
Prly = Pr H Uy — > Y, <et (12)
n=1 n=1

N N
=Pr Hunferlﬁzyn .
n=1 n=1

To calculate the OP based on (12), first we derive the proba-
bility distribution of Y;,. Considering that Hf:’zl Uy, has a fixed
value and 1 ,, obeys the exponential distribution, the CDF and
PDF of Y,, can be easily calculated. Introducing a new variable

Sy = Hn,inun/ my, We can write Y, = %.
Therefore, the CDF of Y,, may be expressed as
Fy, (yn) =Pt(Y,, < )—Pr< i ) (13)
Y, (Yn n > Yn BnXl,n + 0_2 S YUn

o2 (sn — yn)>

=1-—"Pr X1 <
( " Buyn

(b) p=15,t=10

X «10*

) p=2,t=10

o2 (yn—sn)
e Bnun 0 < yn < sn,
=140, Yn <0,
1, UYn > Sp.

Consequently, we can calculate the PDF of Y,, as

Uz(yn—sn) 0'28
e Bnyn 7

x 22 0 <y, < Sp,
fro(n) = Bavir =0
0, otherwise.
Next, based on (13) and (14), we will discuss the OP of
different number of subcarriers.

1) The Case of Two Subcarriers: According to (12), for
N = 2, we have

Pr{' =1 —Pr(Y1 + Y2 < O),

(14)

(15)

where C' = ujug — €. To calculate the OP of user 1 for the
case of N = 2 according to (15), we proceed by deriving the
probability of Pr(Y; 4+ Y < C) (based on (13) and (14)) and
proceed by defining:

o2(C—y1—s2)

e (C—v1)B2 C—s53< y1 < C’
Pr(Y> < C —y1) =10, y1>C,
1, y1 < C — so.
(16)



Subsequently, we can represent Pr(Y; + Y> < (') based on
(16) as
C—82

fri (y1)dyr (17)

PI‘(Yl +Y < C) :/

—0Q0

o2(C—yj —s9)

c
—l—/ e (@ vBz fy (y1)dy.
C—so

Thus, the probability of Pr(Y; + Y2 < C) consists of two
integrations. The upper limit of f o2 fvi(y1)dy is C' — sa,

and f0732 em fvy (y1)dyy is defined over a closed
interval [C — s3,C]. In the next step, we determine the prob-
ability of Pr(Y; + Y3 < C) by discussing different ranges of
C' compared to s; and ss.

(a) For C < 0, we have Pr(Y; + Y2 < C) = 0, because
the probability of a positive value being smaller than a
negative value is equal to zero.

(b) For 0 < C < s9, we have Pr(Y; + Y2 < C) =

min(C,s1) M
Jo e (@B fy, (y1)dys
(c) For so < C < 81 + 89, We have Pr(Y; —|— Y, <C) =

C' so 2(C—yy—sy

fyl (yl dyl -+ fmm(C 1) e (C 7/1)1‘32 fY (yl)dyl
(d) For C > 81 + 89, we have Pr(iV14+Y,<C)=1.

Let us now summarize all the conditions as

0, C <0,

min(C,s 2(Cyy—s)

0 (G2 o Foimy fviy)dyr, 0<C < s,

C—s
o 7 M (y)dyi+

min(C, 51) 22(C=uy—sg)

C—ss (C=v1)B3 fy (yl)dyla 9 < C' < 81+ 89,
1, C > 81+ s9.

19)

According to (18), to derive an expression for Pr(Y; +
Yo < () and hence for the OP, we have to calculate

02(C—yq1—s9)
Je e fvi(y1)dy1. Hence, we discuss the derivation
of th1s 1ntegral First, substituting fy, (y1) based on (14) into

2
fe C=vBs fy (y1)dy1 , we have

o2 (C—y1—s2)
e @B fy, (y1)dyr = (20)
22 0?s; 1 =o?s2 1 —o%s1 1
eB1 e B2 —e B2 T-wie Br vidy.
By yi

According to (20), we only have to calculate the integral of
42 —91 2 2 .

fyl_QeC—yl e v dy, where a; = 75 and as = "B—?. Since

the integral cannot be solved analytically, we evaluate it by

numerical integration in Matlab. Therefore, we can express
the OP as

Priy = 1)
1, C<0
1—6516520811(1’11111( s1)), 0<C <s9

o2(C—sy— b1) o2 “—20-2 .
1— i‘B;(C 2 —ePieR o L] (min(C, s1))
og- g 2
—eBreb UBi (C = s39), 859 < C < 81+ 59

0, C>81+82,

where we have I(¢ fo Yy R TP dy1

2) General Case of N Subcarriers: Calculating the OP for
a larger number of subcarriers using the same technique as for
two subcarriers to derive Pr (ngl U, — e’ < Ziv=1 Yn)
would be challenging, due to several numerical integrations
involved. Therefore, for the general case, by using mean-
squared error curve fitting for different numbers of subcarriers,
the Gamma distribution was found to have a good agreement
with our simulation results in the model ZnN:1 Y,.

Figure 3 confirms that although a distribution fitting test
would not provide a high confidence level, Zi:’:l Y, can
be reasonably approximated by a Gamma distributed random
variable, T, (k, 6), whose shape and scale parameters may be
calculated based on the mean value and variance of 25:1 Y,
as follows:

Var [Z,{fﬂ Yn}
B [0l Yl

In order to obtain the required statistics (i.e., x and 6), we
will calculate the mean and variance of 25:1 Y., respectively.
Specifically, the mean can be written as

E[iyn] ZE g :Z< | vt )

0
(23)

B[ v

0= 7

(22)

9 R =

Subsequently, based on (14), we have

N N 025p 22 Sl —o2sy
B[ v =32 (et | e am) e
n=1 n n

n=1 0

N 2 2 2
Z %Sy o o
< n e ! (n)> ’

n=1
where F represents the exponential integral calculation. Sub-
sequently, we can write the variance as

Var{ﬁ: Yn} = ZN:Var[Y ]

= Z:: (/ (yn)dyn — [Yn]2> :

2 L 2
TgreBn By (g—) . Consequently,

(25)

where we have E[Y,] =
based on (14), we have

N
Var[ZYn] = (26)
n=1
N 25 2 B, N
> ((%e) (B

0’2 252 0’2
E —eBn B2 | — )
= 1(Bn) ‘ 1<B)))

By substituting (24) and (26) into (22), the required statistics
of the Gamma distributed random variable are obtained and
the OP can be written as

Pr"ly = Pr <H Uy — €' < Tn(n,9)> 27)

:].*PI'(Tn(K:,e) SON)’
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where we have Cy = [V

n—1 Un — €. Finally, the OP is
calculated as

Pr‘{‘f}v =1-Fy, (Cn) (28)

where 7 (k, &) = fo # t"~le~tdt is the lower incomplete

Gamma functlon

B. Outage Probability of User 2
In this subsection, we analyze the OP of user 2. We define
the outage expression of user 2 as

Pry'y =1 —Pry x Pri, y. (29)

where Pry'yy = Pr(Ry > r3) represents the successful

probablhty of user 2 conditioned on successful SIC of user
s signal and Pr,, v = Pr(R1 2 ny > 1152 n) denotes the
probability of the success event of user 2 detecting the message
of user 1. Therefore, in order to calculate the outage expression
of user 2, we first need to derive Pry'y and Pry’s,, y.

First, to derive Pry'y, we represent it as

nh n
Pry'yy = Pr (Z log(1 + 762’022’ ) > 7"2) (30)

n=1

N Y
nd n
:Pr<||(1+ﬁ2’022><2’)>6r2>_

n=1

where Ry = Y. log(1 4 Z2nhan "h2 ") is the achievable rate of

user 2, conditioned on the successful SIC of user 1’s signal.
-

Let us now define [, — B 32 and W,, = 1+ l,,x2,», then

we have:

N
Pryy = Pr (H W, > e”) . (31)
n=1

In order to calculate Pr3'y;, we first determine the probability

distribution of W = anl W,. Since X2, has an exponential
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distribution and [,, has a fixed value, W, is a shifted exponen-
tial random variable. According to [39], the PDF of a shifted
exponential random variables is defined as f(z) = ye~7(*=)
for « > 0, where « is a rate parameter and « is a shift
parameter.

Since W, is a shifted exponential random variable with
Y = % and a, = 1, the PDF of W,, given by fw, (w,) =

linei(w"_l). The Mellin transform [40] of W, is defined as

My, {fw, (wn)]s} = / Wy (wn)dze (32)
0

= el/lnz;\;lr (5,1/1,),

where T (s,1/1,) = [}, L ~le~tdt is the upper incomplete
Gamma function. Based on the inherent property of the Mellin
transform, namely that the Mellin transform of the product of
independent random variables can be expressed as the product
of the individual Mellin transforms, we arrive at:

My A{fw(w)|s} = H Mw, {fw, (wn)|s}.  (33)

Consequently, based on (32), the Mellin transform of W =
]_[7]:;1 W, will be

N
M {fw(w)lst = [T (/76T /1) 64
n=1
N
= KnCy [ T(s, /1),
n=1
where we have Ky = ngl e/n and Cy = H2r=1 ln.

Therefore, having established the Mellin transform of W,
the corresponding PDF of W is calculated by integrating

Mw{fw (w)]s} as

c+ioco
i/ My {fw(w)|stw™*ds

27 Je—ioo

fw(w) = (35)



where ngl an < w < oo, and H""[r] represents the

generalized upper incomplete Fox’s H function [41] . This
function is defined as
m,n A m,n (as,0i,4i)1,p
Hyg [r] = Hpg [T (bj7ijB')i J (36)

Ay m,n
- Hp,q [

(b131,Bl), -+(bgBq,Bq)

where m,n,p and q are integers such that 0 < m < ¢, 0 <
n < p, a;,b; € C where C is the field of complex number, and
a;, A;, B and B e RT (1 <i<p, 1<j<gq) where R"
is the set of positive real numbers. Fox defined the H-function
in his celebrated studies of symmetrical Fourier kernel as the
Mellin-Barnes type integral [42] as follows

m,n 1 C+Zoo m,n —S
Hy ' [r] = %/Ciioo M [s]r e ds, 37)
where we have:
Myllsl = (38)
sz (b+ﬂjS,B)Hn 1F(1—azfozis,Ai)
HZ_H T(a; + ays, A; )H] el I'(1—0b; —Bjs,B;)’

while C is a suitable contour of Barnes type [42] such that
the poles of I'(b; + B;s, B;),j = 1,...,m lie on the right
hand side of the contour and those of T'(1 — a; — a;s8, A;), i =
1,...,n lie on the left hand side of the contour. Furthermore,
the contour C runs from ¢ — 700 to ¢ + 700, so that we have:
(@ sp=(— k)/B; G=1,...,m; k=0,1,2,...)
®) sa=1—-a;j+k)/a; =1,...,n; k=0,1,2,...).
Therefore, the value of C is chosen between s; and s,. Our
objective is to find the probability of success event for user 2.
According to (31), we have

Pry'y =Pr(W >e™) = fw (w)dw (39)

Subsequently, based on fy (w) in (35), we have
dw.

, Ky /@"'2
Py, =1— —— H
2.N Cy Jo
(40)

The difficulty in calculating this probability is in the inte-
gration of Fox’s H function, which is relegated to Appendix
A. Finally, based on (64), the corresponding probability of
success for user 2 may be expressed as:

N,0
0,N { |(O,1,1/l1) ,(0,1,1/lN):|

(41)

0,N+1 | €7 |(1,1,0)
1=Ky (HN+1,1 |:CN (0,1,0),(1,1,1/11),..‘,(1,1,1/1N)}) ’
In addition, to derive the OP of user 2, it is necessary
to calculate the probability of the success event of user 2
detecting the message of user 1, the corresponding probability
is defined as Pry*, y = Pr(Rj_2 > ri_2), where Ry_,5 =

anl log (1 + %) represents the achievable rate of

detecting user 1’s message at user 2 and r1_,o is the target
rate. By applying the same analysis method for OP of user 1,
the success probability for the case of two subcarriers can
be expressed as (42), where Bl = Pondy A and we have

~ t _o —%2 ;a_l .
I(t) = fo y, “eC-vie 1 dy;. For the case of N subcarriers,

thls success probability will be Pri’,, y = ﬁ’y (fs, %) .

IV. OUTAGE PROBABILITY ANALYSIS FOR AN ARBITRARY
NUMBER OF USERS

In this section, we extend the OP analysis for the general
case of multiplexing an arbitrary number of users per subcar-
rier. Let us assume that we have K users in this system and the
detection order is based on the distance from the base station
to the users, di > do > -+ > dy > -+ > dg. Thus, the total
data rate of each user over all the shared subcarriers can be
expressed as

Ry = (43)
N
Bk,nhk,n —
2 log (1 + 02+ka+1ﬁj,nhkm> . ke{l,2,. K—1}
N
> log (14 2 )
n=1

Each subcarrier can be allocated to K users. When relying on a
fixed power allocation method, the transmit power allocations
of different users will follow 1, > B2, > -+ > Bin.
Hence, the outage probability of user 1 (the farthest user) over
N subcarriers is defined as

Pr{"y = Pr(Ry < 1) (44)

N Bk
=Pr log | 1+ LnTln ) < 7‘1> i
(nz—:l ( 02 + Zj(:Q 6j,nh1,n

Let us now reformulate the data rate of user 1 by introducing
signal power, Rayleigh fading, and path loss coefficients,
yielding:

N
nh n
R12210g<1+ 5 Brnl, )
n=1 +Z 26jﬂh1n

N o? + (Bl,n + Zj:g ﬁj,n) dl_)\Xl,n
- Z lo 2 K Y
n=1 o +Zj:2 5j,nd1 X1,n
Upon deﬁning Al

= (Bin + S iy Bim)dy™ and Bl =

k=K.

(45)

Z =2 PBjndy ", the data rate of user 1 is expressed as
= 3 lon(Ty
o? + anl n ’

n=1

where 1, follows an exponential distribution with a mean of
one. Comparing the expression of the achievable data rate of
user 1 in the case of K users to the case of two users (i.e., (6)),
it is clear that it has a similar form, except that the parameters
of Al and B} hold different values. Therefore, the derivation
of the OP expressions of user 1 over two or N subcarriers for
the case of K users will follow the same steps (i.e., (7)-(20)
& (21)-(27)) as that of the case of two users.

For user k, when 1 < k < K, to analyse the outage
probability, it is necessary to calculate the success probability
of the event of user k detecting both its own message as well
as the message of users who are farther from user k. In other
words, the corresponding outage probability of user £ can be
obtained as

Py = 1 — Pri"y x H P v (46)



0, C <0
a2 o2 B - B
eB1eB2 ”;Sll (min(C’,s})) , 0<C<s
Priso=19 2@¢-n-m o2 .2, . R o ~ (42)
e Bi1(C—s2) _—eBieh2 Ule (I (min(Cﬂs})) -1 (C — S~2)) , S <C <8+ s,
L C > §1 + 8,

where Priy is given as

Pry'y = Pr(Ry > ry,).

N 2, Ak
. A n
The rate of user k can be written as Ry, = 1og(5213%)
n=1 A
k K A k
where A7 = Bk + Y, Bjn|d,” and B; =
=kt
S A
Y. Bjndy,". Moreover, Pri¥, \ represents the success
J=k+1

probability of the event of user k£ detecting the message of
user j < k who is farther away from user k£ as

SUC

Ui Sk,N = Pr(RjH’C > TJ'H’C)7

where the achievable rate of user k detecting the message of
user j is

N
R = Z log [ 1+
n=1 02

5j,nhk n >
K .
+ Zi:j+1 6i,nhk,n

a2 AT RN )

N
This rate can be rewritten as R, = Y log(02+BHkX
n 1,n

n=1

K
where AJ7F = <5j,n+ > 5zn> d;;* and Bj~F

i=j+1
K
Z /B’L n

& (21) (27) can be applied for deriving the closed-form
expressions of Pr’, » since it follows the same form as in
(6).

The outage probability of user K is obtained as

. Therefore, the same approach as in (7)-(20)

Py =1 — Pri¥y x H Pk s (47)
The success probability of user K detectrng the messages of
other users can be derived by adopting the same method as
for the case of user £ when 1 < k < K. What is different

however, is the analysis of Pri{°,;, which is expressed as

Prig‘y = Pr(RK > rg)

n=1
N -
nd n
Pr<H <1+W> >e”<>,
n=1

The achievable rate of user K is given by the sum of the
logarithm of shifted exponential random variables. Hence, we
can apply the generalized upper incomplete Fox’s H function

(48)

to obtain the success event of user K, as seen in steps (29)-

(40). Here, we have In ﬂK ndy” Ry = HTJ:[=1 el/ln and
N

C’N — Hn:l ln

Pri’y = Pr(Ri > rk)

—1-K <H07N+1 {er’“
=17 AN N+1,1 | A
Cn

. Therefore,

(49)

(1,1,0)
(0,1,0),(1,1,1/01),...,(1,1,1/In) :

V. SIMULATION RESULTS

We present several simulation results for the OP for the
case of two users and three users. In the simulation results,
generally, the SNR of User K (the user closest to the BS)

-
is treated as a unified benchmark SNRg , = %Tdf( We
assume that both the distance and power changes follow the
same scale, i.e., the distance ratio variable is defined as p =

L d;(: , and the power ratio coefficient of ¢t =

Bin — ... =8 gKl - . Therefore, the average received SNR of

B2,n
user k can be formulated as
ndy
SNRy,, = b menck (50)
o
=Kk o (oK) T X SNRk, k=1, K —1

For the case of two users, we have provided numerical re-
sults for both users to validate the accuracy of the expressions
derived. The corresponding data rate of user 2 can be written
as Ry = Zi:;l log(1+x2,nSNRy ;). In order to guarantee that
SIC is successful, more transmission power is needed to the
far user that experiences the worst-case channel condition [43].
Hence, we only explore the power ratio coefficients which are
larger than one, i.e., t = Bin > 1.

/8 y
Hence, the data rate for user 1 can be written as

N 2 Y
o° + n + n d n
R zzlog( (B1,n + Ba,n)di "X, )

-1 02 +62 ndli)\XLn
N

where the corresponding average received SNR of user 1 at
nd
ﬁl"dzl

(G

O' + t—|—1)SNR2nap X1,n
02+ SNRy ,02p™ X1,

subcarrier n is defined as SNR; ,, = =tx p*)‘ X
SNR, ,,. As expected, when p increases, the data rate of user
1 decreases and the corresponding OP increases. Without loss
of generality, in our simulations, we assume that each user
has the same power level over the different subcarriers. In the
following, we analyze the OP of user 1 and user 2, respectively.
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A. User 1

Figure 4 depicts the relationship between the target data
rate and the OP for three cases having different numbers
of subcarriers. The value of SNRy,, is fixed to 18dB5. It
is observed that the OP of user 1 increases with the target
rate and decreases with the power ratio coefficient ¢. This
observation implies that NOMA systems achieve a good
performance when the power levels of the two users are rather
different. This is helpful, when determining the optimal power
allocation policy considering a specific user distribution. The
approximation matches closely to the true ones, however, the
gap between the approximated and original OP increases with
t for all three cases, particularly in the lower target rate region.
Likewise, as the number of subcarriers increases, the accuracy
of the approximation decreases. This confirms accuracy of the
OP analysis for the case of two subcarriers. In Figure 5, we
focus our attention on the effects of the distance ratio p on
the OP of two subcarriers. As the target rate and p increase,
the OP of user 1 increases. Obviously, the accuracy of the
approximated OPs is similar for different values of p. As the
value of SNRy ,, increases, the gap between the approximated
and original OPs shrinks. The OP approximation error versus

SNR, ,, is demonstrated in Figure 6. The OP approximation
error is defined as the difference between the original OP based
on numerical results and the approximated OP based on the
analytical results.
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Fig. 6. OP approximation error versus SNRz ,, (r = 0.8)
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Figure 7 and Figure 8 illustrate the effects of SNRs ,, on the
OP of user 1 for different number of subcarriers. As the value
of SNR», increases, the OP decreases. These two figures
analyze the impact of various power ratios ¢ and distance ratios
p on the OP considering different numbers of subcarriers.
The OP decreases with the power ratio and increases with
the distance ratio. These figures highlight the necessity of
carefully choosing ¢ taking into account the SNR (implying
the total available power budget) and p (implying the user
distributions). For instance, at SNRy ,, = 20dB and p = 1.5,
opting for ¢ = 1.6 reduces the OP by a factor of 25 over that
of ¢t = 1.2. Moreover, the difference between the original and
the approximated OP becomes larger for high values of power
ratio and distance ratio. The accuracy of the approximation is
reduced upon increasing the number of subcarriers.

B. User 2

In this subsection, we verify the accuracy of the probability
of success expression derived in (41) for the second user. This
is defined as Pr3* = Pr (25:1 log(1 + P, ”hz ERno2ng >, e,
the probability of satisfying the total rate of an individual
user over all subcarriers, which is calculated by using the
generalized upper incomplete Fox’s H function. It is shown
that the simulation results closely match the analytical results
for all three cases.

Figure 9 shows the relationship between the probability
of success event and the target rate. The value of average
received SNR for user 2 on subcarrier 7 is set to 18 dB. As
the target data rate increases, the probability of success event
decreases. By contrast, the higher the number of subcarriers,
the higher the success rate is. In Figure 10, we observe that
as SNRj, ,, increases, the probability of success also increases.
Additionally, the success rate of a larger number of subcarriers
is higher than that of a lower number of subcarriers N. This
figure demonstrates that the derived probability of success
for user 2 in terms of detecting its own message (i.e. Pry'y)
matches perfectively to the simulation results.

Let us now analyze the OP of user 2 and compare this to that
of user 1. For the sake of simplicity, we assume an identical
number of subcarriers for both users. Observe from Figure

11, that as expected, the OP of both users increases with the
target rate. The OP of user 1 is always higher than that of
user 2 since user 1 suffers from more interference than user
2. The diversity gain of having higher degrees of freedom in
the case of five subcarriers is clear from the lower OP that is
achievable for a fixed target rate. The diversity order will be
further discussed in Figure 13.

C. Comparison with OMA

For an OMA system, each subcarrier is used exclusively
by a single user only. If N} denotes the set of subcarriers
allocated to user k, its rate is given by

OMA __ Bk,nhk,n
RMA = 3" log <1+02>, (52)
neNy
Hence, the corresponding outage probability is
Pr(ROMA < 1p) (53)

Tk

N&,0
0,Npg

K, / €
CN k JO
In the following simulations, we compare the OMA and
NOMA systems for the case of two users and two subcarriers
as well as for the case of three users and three subcarriers.
It is observed that the outage performance for each user of
NOMA system is superior to that of the OMA system for both
cases. This is because the diversity order of the NOMA system
is higher than that of the OMA system. It should be noted
however that the outage performance of NOMA is sensitive
to the values of power ratio ¢ and distance ratio p.
Moreover, we 1nvest1%ate the diversity gain (which is defined
as limgn R o0 lgg(grﬁ}’%), where SNR is the ratio of the total
transmit power and the receiver noise power) of MC-NOMA
for various cases and compare it with that of the OMA scheme.
Fig 13 shows that MC-NOMA having two subcarriers achieves
a diversity order of approximately two while the diversity
order of OMA is one. Furthermore, it can be observed that the
diversity order of MC-NOMA associated with N = 3 is close
to three, even though two users share the three subcarriers.
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D. OP analysis for K =3

subcarrier.

Fig. 14 compares the derived OP against data rate with

simulation results for the case of K
subcarrier. Clearly, the analytical results closely match the
simulation results. Compared to Fig 11 (a), this figure shows

3 users in each

that the OP for the case of three users sharing each subcarrier

is slightly higher than that of two users allocated to each P
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E. Joint Outage Probability

=Pr(Ri+ Ry <7r)=Pr(R; <r— R»)

Based on the separate outage probabilities, the joint outage
probability can be calculated as

(54)
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Fig. 12. Outage probability comparison between OMA and NOMA systems (r =1, t = 1.2, p = 1.5)
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_ / P — Ry) f, (Ra)dRo
0

where fg,(R2) is the corresponding PDF of R, =
22[21 log (1 + %;X“) . There is no simple or direct way
of deriving the PDF of the sum of the logarithm of shifted
exponential random variables, although the pdf of the product
of shifted exponential random variables is known. Thus, we

present Ry as Ry = log [H (1+ M)] Upon

Y
assuming W = anl W, and W, = 1+ Wﬁ% we
have Ry = logW. By changing the variables, we transform
the integral (55) as

r

¢ 1
r]OlIlt 7\/
out e W

W) represents the PDF of W.

P (r —log W) fw (W)dW,  (55)
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Fig. 14. Outage probability of each user versus target rate (SNR2 , =
18dB,t=1.2, p =1.5)

The outage probability of user 1 is obtained as Pr{"y (r —

logW) =1 — ﬁv( C—N) for the case of N subcarriers
according to the steps ranglng from (4) to (27), assum-
ing Cy = [I0,un — 18" Moreover, the PDF of

W is obtained following the steps (29)-(34) as fw (W) =
KN N,O w
Cn {ﬁ (0,1,1/11),...,(0,1,1/In)

Therefore, the joint outage probability will be

T

1 1 ¢
r]omt _/ — (1= YN
out . W F(K/)’y K? 0 X (56)
Ky, no|w |——___
Cxn 0,N {CN (0,1,1/11),...,(0,1,1/11\,)} aw

where we have Ky = [0, eV
I ﬁ2n
n =

,Cy = T2, 1, and

. This integral can be numerically solved. Here,



we provide a set of simulation results to examine the joint OP
performance of MC-NOMA system. Fig 15 depicts the joint
OP for different numbers of users and subcarriers. Apparently,
increasing the number of subcarriers significantly decreases
the outage probability as a benefit of increasing the diversity
gain achieved by a higher number of subcarriers. The diversity
order has already been discussed in Figure 13.
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Fig. 15. Joint outage probability versus target rate (SNR2 ,, = 18dB,t = 1.2,
p=15)

VI. CONCLUSIONS

In this paper, tractable OP expressions have been derived
for the single cell multi-carrier NOMA downlink only relying
on the statistical CSI based on approximation techniques.
The PDF and CDF of the inverse shifted exponential random
variables were formulated for the far user and the OP was
derived for the case of two subcarriers. To obtain the OP
of far user for the general case of an arbitrary number of
subcarriers, the sum of the inverse shifted exponential random
variables was approximated by a Gamma distribution. On the
other hand, the PDF of the product of shifted exponential
random variables was derived for the near user using the
Mellin transform and the generalized upper incomplete Fox’s
H function. Our analysis and simulation results demonstrate a
good accuracy for the approximations.

APPENDIX A
THE INTEGRAL OF FOX’S H FUNCTION

Here, a solution for the integral of Fox’s H function in (40)
is formulated as:

A

(57)
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g o
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The integral of the H function depends on the value of s.

Hence we analyze this for three different cases of s.
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According to the definition and properties of the incomplete

Gamma function, we obtain the recurrence relations through
integration by parts

I'2-s,0)= / e dt
0

:0+Awu—@rs

Hence, we have

(61)

e tdt = (1 — s)I'(1 — s,0);
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By exploiting basic properties of H functions as
Tka’" (ai,oi,A; )1 P _ Hm’n (a +hoi,0q,A; )1 P
P,q (b5,85:Bi); 4 pa |7 |(bj+kAj,0,By), B
the last integral can be written as
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In our case, the value of s is always less than the one based
on the value of b; = 0 and A; = 1. Hence, the integral of the
generalized upper incomplete Fox’s H function becomes:
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APPENDIX B
MATHEMATICA CODE FOR GENERALIZED UPPER
INCOMPLETE FOX’S H FUNCTION

Algorithm 1 Pseudo code of generalized upper incomplete
Fox’s H (GUIFoxH)

Input A, B,z, R, W

> z = €5, and R, W are determined according to the con-
vergence region, so that the contour integration path in the
complex s-plane running from R — IW to R+ IW and W
tends infinity.

Output V = GUIFoxH(A, B, z, R, W)

Function GUIFoxH (A, B,z, R, W)
= Auxiliary function

a. Gamma function
G =T(s,a) = [°t*~Le~'dt (The upper incomplete

Gamma function)

M = MJ0"[s]

b. Mellin moment generating function

(65)
I Ty + Bys, By) T T(1 — ai — ass, Aj)
151 Tlai + ais, A) [T5_,,.1 T(L = bj — B;s, Bj)

return M

[1]

[2]

[3]

[5]

[6]

[7]

[8]

_ ,0N+1 | €7 |(1,1,0)
V= HN-i—l,l [C’ ‘(0,1,0),(1,1,1/[1),...,(1,1,1/11\,) (66)
N
=— MO s|(=—)"%ds
27T R Wi N+1,1[ ](CN)
return V
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