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1 | INTRODUCTION

Summary

In practical survey sampling, missing data are unavoidable due to nonresponse,
rejected observations by editing, disclosure control or outlier suppression. We pro-
pose a calibrated imputation approach so that valid point and variance estimates of
the population (or domain) totals can be computed by the secondary users using
simple complete-sample formulae. This is especially helpful for variance estimation,
which generally require additional information and tools that are unavailable to the
secondary users. Our approach is natural for continuous variables, where the esti-
mation may be either based on reweighting or imputation, including possibly their
outlier-robust extensions. We also propose a multivariate procedure to accommo-
date the estimation of the covariance matrix between estimated population totals,
which facilitates variance estimation of the ratios or differences among the estimated
totals. We illustrate the proposed approach using simulation data in supplementary

materials that are available online.

KEYWORDS:
analysis of incomplete data, item nonresponse, missing data, variance estimation

In the preparation of survey data for use by secondary analysts, some or all of the sample units are usually assigned estimation
weights that can be applied to all the survey variables. In addition to these weights, imputed values may be needed for the units
that are subjected to item missingness. It is often possible to choose the imputed values for each survey variable so that, together

with the observed and retained values of this variable, the corresponding population total can be estimated by weighting as if

0Abbreviations: ANA, anti-nuclear antibodies; APC, antigen-presenting cells; IRF, interferon regulatory factor
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the sample were completely observed. However, applying standard complete-sample variance estimator formulae to the same
imputed sample would generally cause bias (see, e.g., Wolter, 2007} pp. 419, 421).

Variance estimation in the presence of imputed data needs to appropriately account for the underlying data generation mech-
anism. Some common techniques are Fay’s reverse framework (e.g. [Fayl [1991},{1992; Shao & Steel, |1999; Kim & Rao, |[2009),
two-phase sampling (Sarndal, [1992; Deville & Séarndall |1994b) and replication methods (Rao & Shao, |[1992; Rao, [1996; Shao
& Sitter,, 1996} |Chen, Rao, & Sitter}, 2000). To choose and apply any of these methods may be difficult for secondary users who
are non-specialists, even impossible if the relevant information about the sampling design and data processing is lacking.

The needs for easier secondary analyses ensuring that different users of the imputed data could obtain the same results by
simple estimation methods have long been recognized (Kalton & Kasprzykl |1982). Early work under this estimation perspective
for the imputed data was addressed by [Lanke| (1983)), |Sedransk| (1985)) and Kim| (2001a). Some later works considered the
use of constrained or calibrated imputation for point estimation in different situations (Chambers & Ren, 2004; Beaumont,
2005} |Chauvet, Deville, & Haziza, 201 1};|Gelein, Haziza, & Causeur, |2014). Multiple imputation (Rubin} |1978al,[1987b, |1996c]
Rubin & Schenker; |1986) and fractional imputation (Kim & Fuller, 2004} [Fuller & Kim), [2005) are two methods based on
multiply imputed values. For instance, provided the multiple imputation procedure is proper or the congeniality condition (Meng),
1994) holds, one can compute valid point and variance estimates by combining the results obtained from applying standard
complete-sample formulae to each imputed sample.

In this paper, we propose a calibrated imputation approach that allows for valid point and variance estimation of the population
and domain totals (or means), by applying simple complete-sample formulae to the imputed sample. Although this accommo-
dates a more limited scope than multiple or fractional imputation, secondary users can achieve the intended analyses based on
a single imputed dataset using standard software. Moreover, we provide a multivariate procedure for the estimation of a vector
of totals (or means) and the associated covariance matrix, using simple complete-sample formulae. This allows one to estimate
the variance of ratios or differences of the estimated totals. Finally, the proposed approach has also benefits to the data producer,
such as avoiding the dissemination of multiply imputed datasets, the freedom to choose a suitable inference outlook and apply
different missing data treatments from one variable to another.

The rest of the paper is organized as follows. The proposed approach is outlined in Section 2. We explain in Section 3 how

it can be applied in some common situations of reweighting and imputation-based estimation, as well as domain estimation
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and estimation under stratified multistage sampling. The multivariate calibrated imputation procedure is described in Section 4.

Some concluding remarks and future research topics are given in Section 5.

2 | CALIBRATION OF A SINGLE VARIABLE

2.1 | Estimation Setup

Consider a finite population of N units denoted by U = {1,2,..., N} and let Yy = (¥, ..., yy), Where y, is the value of a
survey variable y for the kth unit, k € U. Let A be a sample from U selected by a probability sampling design p({ ), where
Iy = (iy,...,iy)and i, = 1if the kth unit is selected to the sample A and i;, = O otherwise, and let Ry, = (r|, ..., ry), where
r, = 1if y, is observed and r; = O if the y, is unobserved or rejected during data processing (k € U), A, = {k : k€ A,r, =1}
be the set of units for which the observations are to be preserved and A,, = {k : k € A,r, = 0} be the set for which imputation
is needed. We assume the missing information of the variable y for the units in A,, is filled in by imputation and denote the
corresponding imputed values by {y; : k € A, }. We assume, in addition, that the imputed dataset will be accompanied by a
set of survey weights {w, : k € A}, as for instance, the inverse of the inclusion probabilities (Horvitz & Thompson, |1952), or
weights suitably calibrated for auxiliary population totals (Deville & Sarndal, |1992a).

Suppose it is of interest to estimate the population total of the variable y, thatis 7, = > wev Yi- When it comes to complete-
sample estimation of 7, using the imputed data {(w,, y;) : k € A}, where y, is the value for unit k in the imputed full sample

A with y; =y, for k € A,, a natural and simple choice for the imputed estimator is

fy = Z Wiyt (1)

keA

Statistical properties of fy ; are studied by adopting an inference approach for the imputed data, which is usually specified by
postulating explicitly a model for the distribution of the response indicators or a superpopulation model for the values of the
variables of interest in the population (Haziza, 2009, pp. 222-223). The properties of fy ; are then evaluated with respect to the
joint distribution of the sampling design and the assumed model, allowing the unconditional variance of the imputed estimator

to be decomposed into variance components which, when estimated, lead to the estimated variance of fy I
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Here we consider instead the estimation of the variance of the imputed estimator fyI by means of the complete-sample

estimator

0py) = == 3 (up — @Y. @

keA

where u; = w,y; (k € A)anda* = Dea ug/n= fy ; /1, which amounts to the with-replacement pps sampling variance formula
and, hence, may be computed more easily by secondary users using standard software. For example, when w, = N /n then
f,y = Ny, and Var(i,;) = N*s}, /n, where j; and 57, are the sample mean and variance of the imputed variable.

Clearly, naive application of estimators (I)) and (Z)) would lead to incorrect inference generally. In order for these estimators

to yield valid estimates, the imputed values need to be created in a controlled manner, as it will be discussed in the next section.

2.2 | The calibrated imputation approach

The main goal of the following calibration method for the imputed data is to provide imputed values y; so that the complete-
sample estimators (I)) and (@) satisfy

n

N A A 2,
b = Y wey, = hho, 0py) = —= B (g =y /n)” = Dy, 3)
keA keA

where 7 ,0 and 0 are valid rarget estimates for the population total and its corresponding variance estimate. The method requires
the data producer to choose and calculate such targets for the variable specified, as well as to calibrate the imputed values to
attain the conditions in (3). These targets should incorporate all the aspects of the sampling design, response mechanism and
inference approach for the imputed estimator. However, as a benefit of the calibration method, the suitability of these target
estimates is a matter of concern only for the data producer and not for the secondary users, who are no longer exposed to the
theoretical and computational complications involved.

The calibration method can be described by the following two-step algorithm.

Calibration algorithm:

Step 1 (Imputation): Using a standard imputation procedure, obtain a set of initial imputed values {7, : k € A,,}. For each

¥, obtain a corresponding adjusted imputed value y, so that

2 WP =1, — 2 WYy 4)

KEA, k€A,
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Step 2 (Calibration): For each k € A,, set u; = w,y,. For k € A,,, obtain an imputed value u; by a minimal adjustment to

i, = w,y,, where y, is computed in Step 1, so that

Y our=io- Y w 5)

kEA, kEA,

and

p_n—1, 1o 2.2
Zuz == vy0+;tyo—2wkyk, 6)

keA,, keA,

where fyo and 0, are the targets in (3). Take y; = u; /w, for k € A.

The algorithm initiates in Step 1 by choosing an imputation scheme to provide preliminary imputed values y,, for k € A,,,
such that applying () with these values yields fyo. Provided the initial imputed values j, (k € A,,) already yields fyo by (I, one
can simply take y, = y,, for k € A,,. An example is given in Section 3.1. Otherwise, the j, values need to be adjusted. One

simple ratio adjustment of the initial imputed values is

R (fyO - ZKGA, Wf)’f) ~
Ve = = Vi (k€A,), (7
ZfeAm Wele

which is a special case of the reverse calibration approach of (Chambers & Ren| (2004)), originally proposed for the estimation
of 7, in the presence of survey outliers. Then, in Step 2, the calibration of the imputed values is made. Optimal imputed values
that are calibrated to (3 and (6) could be computed in closed-form by applying Theorem 1 below. The proof of this theorem is

shown in the Appendix.

Theorem 1. Consider initial values 4, and d, > 0 for all k in a non-null set D C A. Suppose Y, . d,d, = t, for some fixed
constant 1, and Y, ., d, (@) — 1,/t,)* > 0, where ty = X, ., d; > 0. Lett, > t%/t0 be a fixed constant . Then, the adjusted a,

values that minimize A = Y, _p, d,(a;, — d,)* subjected to the constraints
2
deak=t1, deak:tz, (8)
keD keD

are given by
a, =1t /ty+ PG, — 1, /1), )

where
ty —13/tg\1/2
_ (/)
=17/t

. o
and i, = Y, o d, a7
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The optimal calibrated imputed values y; of Step 2 are obtained as follows. First, we take the values of the calibration

conditions #, and t, of (8) as the right-hand sides of (3 and (6), namely

n=1o— ) wy (10)
keA,

and

ty=(n—10d,/n+ fio/n - Z wryr.
KeA,

Then, weset D = A,,d, = 1and g, = 4, = w,J, forall k € A, where the y, (k € A,,) are obtained in Step 1. Thus, it

follows from (9) that the u; values of Step 2 are
ul =a,=t/m+p@,—t,/m) (k € A,), (1)

where ¢, is defined in (I0) and

i {1 D8,0/n = Fuen, Gt = Fyo/m? = m (fo/n =1,/ m)” )
B Tiea (@ —1/m)? '

The resulting calibrated imputed variable is

Vis ke A,

vi= r (12)
u’,i Jw., ke A,.

Remark 1. The calibrated imputation method in (I2)) does not modify the observed values for units in the respondent set (A4, ).
The values that are actually modified are the calibrated y; = u} /w, values (k € A,,), where the u; values minimize the squared
distance to the imputed values i, = w, J, (k € A,,) obtained in Step 1, thatis, A = Y, A, (uy — d,)*. The resulting uy values
are obtained analytically as the “best” linear predictor of u, based on the 4, (k € A,,), where the slope f of the regression line,
given in (TT)), dictates how the empirical variance of the u; relates to that of the 4, (k € A,,). In practice, unless the y, values are
created to have greater empirical variance over A,, than A,, one may expect § > 1. This is because the formula (@) is ostensibly
aimed at a variance of the order n~!, whereas the target Oy 1s generally aimed at a variance of the order r~!, where r is the size

of A,. Thus, in order for the two to be equal to each other, the imputed y; values will need to have greater variation over A,

than the observed y, over A,.

Remark 2. Given the set of missing units A,,, the application of Theorem I]to obtain the optimal solution (TT)) requires that

Dy > ﬁ{ Z(uk - fyo/n)2 +m (tl/m—fyo/n)2 } (13)

keA,
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and

Z @, —1,/m)* > 0. (14)

kEA,,

Comparing to (@), it is readily seen that, for the solution to the optimization problem in Step 2 to exist, the target estimate
0,0 needs to be larger than the full-sample variance estimate (2)) that would have been obtained had the missing values been
imputed by the common value ¢, /m. The second condition (I4) demands that the sampling weights and the imputation scheme
are such that the &, = w, y, values are different from ¢, /m for at least one k € A,,. This is not the case when mean imputation
is used at Step 1 to fill in the missing values of an equal probability sample. In such a situation, the proposed approach could
still be applied by adding some initial zero-mean noise to each mean imputed value. The calibration constraints ensure that this

added variability will not affect the variance of the imputed estimator.

3 | SOME APPLICATIONS

We explain below how the two-step approach and Theorem [I] proposed in Section 2] can be applied in some general situations,
which comprise reweighting and imputation-based estimation, as well as domain estimation and estimation under stratified

multistage sampling.

3.1 | Ratio imputation

Suppose that, in addition to the survey variable y, there is an auxiliary variable x which is not affected by nonresponse. Assume

a population ratio model & of the pairs {(x,,y,) : k € U}, under which
Eg(yk | xi) = Boxy Va"g(yk | x) = szk’
for some unknown parameters f, and ¢2. By ratio imputation under the model &, the missing y, values are imputed as

Vi = ﬁOrxk (k€ A,),
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where ﬁO, = Dies Wi/ Dren WXy, and wy, = 1/m;, and 7 is the sample inclusion probability, for k € A. The resulting

imputed estimator of the population total 7, is

fo = Z Wiy + Z WGy = ot

keA, kEA,,

where 7, = Y, ., w.x, is the Horvitz-Thompson estimator (Horvitz & Thompson, |1952) of the population total 1, = ¥, ;; X,
Mean imputation is a special case of ratio imputation with x, = 1 for all k € A, by which the imputed estimator tAyo reduces to

1,0 = NJ,. Under the conditions of Theorem 1 of Kim & Rao (2009), a design and model consistent estimator of the variance

of 7, can be expressed as
D0 = 0; + 0y, (15)

where

>

(m,, — 7, 7,) 7 \?
N ke ke . . N 2
Uy = WM Wehy, Uy =\ = wie,,

kA fea ke xr/ ke,

~

~

N t
fix = Boyxi + f—xrkek (k€ A)
Xr

~

o = Xiea, WX and & =y, — Borx-

However, to compute 9, the secondary user needs to have access to the matrix of the second-order inclusion probabilities
{m,, : kZ € A}, which are almost never disseminated together with the imputed sample. The proposed approach avoids this
complication. To calibrate the ratio imputed values 7, = f,x, (k € A,,), we notice that $, = , already satisfies Step 1, since

1) = Po,typ in Theorem For Step 2, by (I2)) and (TT), the calibrated imputed values are
y, =u [wy, (16)
where uy = w;y, (k € A,),and fork € A,,,
% ﬂAOr?xm +ﬁ"ﬂ" fxm (ke A )
—_—— w —_— —
Uy m or \ WXk = 7 m

and

N2 N
DA L a bt -
@D, +0,)— % (wkyk——on ) —mﬂ%r (—— )

" kEA,

S \2
- i
B, ) <wkxk m)

kA,

52
p =
In the case of mean imputation and simple random sampling without replacement, (I3) reduces to

N RS
bo=N <; _ ﬁ>syr, (17
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where sir = Yiea Wk — 5)*/(r = 1) and , is the observed respondent mean.

3.2 | Domain estimation

As a realistic setting for domain total estimation, in addition to the population total, consider a domain population partition

U =U, U - UUy. Let the population total of domain U, be

lay = 2 Vi = Z Ora Vi

keU, keU

where the domain indicator 6,4, 6,, = 1 if k € U, and 6,, = 0 otherwise, is observed for all units in the sample A (d =
1,...,D). Let fdy be the target domain total estimator and ﬁdy its variance estimate. Domain estimation can be handled by
separate calibration for each domain by the producer and application of the domain complete-data formulae by the secondary
users, yielding 7,,; = 7,, and 0 (7,,,) = 4, as explained in Section 2.

However, one is still interested in estimating the population total, in addition to the domain totals. Directly applying the
complete-sample formula (T)) to the domain-calibrated imputed sample would correctly estimate the population total. One can
combine the domain variance estimates, as if the sampling were stratified by the domains. However, the resulting variance

estimate is incorrect even when the domain total estimators are independent of each other, due to the additional term

D

N ~ 2 n2 ~
Uy = I 2 ny(tgyr/ng —10/0)° = —1K1(fdy1/"d),
n=1aa =
where Vn(fdy ;/n,) is the variance of fdy 1 /n, with respect to the empirical sample domain distribution function (n, /n, ... ,np/n),
since
2 n 2 n
2 d s A 2 A A d
V(g /ng) = Z 7(’@1/”11 —t,o/n)° and f,/n=E/(t,,/n;) = 2 I(Idyl/nd)
d=1 d=1

We propose to introduce a domain estimation effect factor, denoted by y, and use

A ~ n £ ~ A
Op(,) = yzm Z(wkyk —1,0/n) = 0. (18)
keA

The factor y can be calculated after domain-calibrated imputation, and disseminated together with imputed sample.
In the separate domain calibration above, O F(fdyl) is built on the squared errors around fdy, /n,. Consider using another

complete-sample formula (7). built around 7,,; /n instead, where

P hg s« 2 2
Op(tgyr) = — Z Ora (Wi Yy — 10/M)"
d keA
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We need to extend the calibration constraints as follows:

.
iyt = Diea SV =14, ford=1,...D

10 Cay) = 745 T Suaryyy = fyo/n? = 0g, ford =1....D (19)

A 2 _ 2 n 2 2~
0p(ty) =17 = pearyy —10/n)° = Dy

L

In other words, we use 6, to identify the relevant observations for domain estimation, including the special case of U, = U
and 6,; = 1, and use fyo /n in all the ultimate variance estimators, including domain variance estimation. We refer to @I) as the
centred domain calibration approach.

Minimum adjustments of {y,;k € A,,} from Step 2 of the proposed approach can be achieved by Theorem [I|as well. To

focus the idea, suppose negligible 1/n and 1/n,. Let {u;; k € A,,;} be the calibrated imputations in domain d, given by

uy =tyg/m+ Byl —t,,/m),

where 1), =1,, — ¥, c 4, Wi Yy is the constrained total of u; = w,y) in A,,,. However, instead of choosing f, such that

2 S (=D 2y (= )y (2 ey
ﬂdkezAmd(uk m) e keArd(uk ”d) md(’ld m)

as under separate domain calibration, we should now choose f, such that

~

S S (=) = Y (= ) o ho _taye
ﬂdkeZAmd(uk m)—Udy keA,d(uk n) md(n m)

This allows us to estimate the domain variance 9, as in (I9). The domain estimation effect factor y can be calculated afterwards
to satisfy (I9). The conditions for the existence of solution are formally the same as discussed in Section 2.2. Provided domain-
specific calibration, it is feasible as long as 7, /n does not differ too much from 7,,/n,, in the different domains.

In practice one may be interested in multiple sets of (overlapping) domains. For example, a user may want to have estimates
by region as well as estimates by industry. Insofar as the need is known in advance, the producer can apply the approach above
to the ‘atomic domains’, which arise from crossing region and industry. In addition to the separate atomic-domain calibrated
sample, one can supply a domain estimation factor for the population total, a set of domain estimation factors for each of the

regions, and another set of factors for each industry.
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3.3 | Stratified Multistage Sampling

Let the population U be partitioned into H strata of n primary sampling units (PSUs), where a sample A, of n;, PSUs is selected
separately within the Ath stratum (h = 1,..., H; n; + -+ + ng = n). From each PSU in A,, additional stages of sampling
are undertaken until the selection of the ultimate sampling units (USUs). Let w;, y; and r; be, respectively, the weight, the y-
value and the response indicator for the ith USU. Let A, be the set of USUs in the kth selected PSU of the Ath stratum, where
Ape=1iti€eA,,ri=1}and A,,, ={i i€ Ay,r; =0}

By setting y = y; if r, = 1 and letting y? be the calibrated imputation value if r; = 0, the imputed estimate of the population
total 7, can be written as 7 ; = > fyrps Where @y, = 3oy up anduy, = Y, wy; = Yic, WY+ Ve, Wy For
calibrated imputation that enables (3)), we can apply Theorem [I]and the 2-step approach directly at the level of USUs, ignoring
the clustering structure of the multistage sampling.

Survey data analysis softwares (such as STATA, R, SAS) commonly use the stratified ultimate variance formula for variance
estimation. It is therefore convenient if the secondary user can simply input the imputed sample, and let the software carry on

as usual. Thus, as another possibility of full-sample variance estimator, we consider

H
A _ ny % —x\2
UF(tyI)_Znh_l Z(”hk_”h)’
h=1 kEA,
where @; = Y, A, W/ = f,rn/ny- This choice fits naturally with the standard approach of ultimate-cluster variance

estimation under stratified multistage sampling (e.g.|Skinner, 1989, Section 2.13).
Given 7, for the population total in the Ath stratum and its associated variances 0, = 0(f ;) (h = 1, ..., H), consider the

problem of finding the values y7 starting with ;, j € Uy 4, Appi» 50 that

fyin = Dikea, Yni = yons
(20)

* —%\2 __ *2 ) — n
Zken, Wy — ) = Dycy Uyl — Lon/ M = (= D)Dyon /1y,

We propose to obtain a solution of this problem in two stages. First, the initial imputed PSU totals are adjusted minimally subject
to the two constraints above, yielding the adjusted PSU total u}, . Second, the initial imputed values y; are adjusted, separately
within each PSU, to agree with the corresponding calibrated PSU total from the first step.

For the first stage, we can apply Theorem|[I| within the Ath stratum similarly as in Section[2] Let A,y = {k € A, : #(A,;.) =

0}, fyy = uyy for k € Ay and iy, = iy (7,0, — Lk, Und! Xgeana,, dne) for k € Ay\Ay. Then, take D = D), = A,\Ay,
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dp = dp = 1,8, =y =l 1o = Ypeana, I = M1y =ty = Top = Dea,, Une and 1, = 1y, = (n, — Diyg,/ny +
~ 2 _ . . P . . _ « A 2 _
on I = Dke A, Uy Foreach h =1,..., H, the optimal solution that minimizes the squared distance A, = Y a, Wy = 0pg)" =

Zoaa, U — fiy,)* subject to (20) are given by u?, = u,, for k € A, and

flh A flh
u, =—+ (ﬁ - —) 21
hk"m, P\ my, @h

for k € A\ Ay, where

~ { (ny — l)ﬁyOh/nh - ZAhO(uhk - fyOh/nh)z - mh(fyOh/nh - t1h/mh)2 }%

Bn= ~
Zreana, @ni = tin/mp)?

*

Having thus obtained Uy,

we adjust the J;’s separately within each PSU so thatuj, = Y., w;y; + X, w;y}, which
is a single constraint. For given 4 and k € A,\A,, the values y; that minimize the distance }}, Amhk(y;k — 7,)?/2 subject to

* —_—

* = =
ZjEAmhk Wiy = Upy ZiEA,,,k W;y; = Upyo are

. w;\ (ko = Ziea,,, WiF:)
=f1+ () € A 22)
i ZIGA,,M w;

4 | CALIBRATION OF MULTIPLE VARIABLES

Lety, = (kg --- ,ykp)T denote a p-dimensional vector of values for the k-th unit and u; = w,y,, where y; = (y;,, ... ,yzp)T
denote the calibrated imputed values having the restriction that y; , = y,, if y,, is observed and fixed (k € Aand £ =1, ..., p).

Following the basic algorithm of Section 2} consider the problem of finding the u; satisfying

_3 n 2 ®2 _ P
> ur =1, n_IZ(uZ—tO/n) =V,

keA keA

where 7, denotes a p-dimensional vector of target estimates for the population total t, = Yiev Vio 170 denotes the target estimated
variance-covariance matrix of #, and a® = aa". To obtain V', in the presence of multivariate missing data is a difficult issue.
See, e.g.,|Skinner & Rao|(2002) and |Chauvet & Haziza(2012)) for a fully efficient approach in the bivariate case, and Im et al.
(2018)) andSang & Kim|(2018]) for two fractional imputation methods in the multivariate setting. Below we propose a two-phase
calibration procedure, where at the first phase the problem is solved for transformed vectors v;’s (k € A), and at the second

phase the results are back-transformed to u;’s as required. Assume without loss of generality the weighted values

- S = (h PN
by, = w Yy = Wy, - )
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satisfy Y, i = 1, preserving all the observed and fixed values. This can be achieved for instance by separate imputation of
Yie-for £ =1, ..., p, up to Step 1 in Section 2.2.

Let D be the subset of units with all items missing and suppose m = |D| > 0. Denote by 170 = PAPT the spectral
decomposition of 170, where P is the p X p orthogonal matrix of the eigenvectors of 170 and A is the diagonal matrix of the

corresponding eigenvalues. Consider the orthogonal principal components
b, =P, —1y/n) (k€ A)
and set

vi=b, (k€ R=A\D). (23)

Now, choose the {vi : k € D} which minimize the squared Frobenius norm

PRCAT DUCHEEN

keD

subject to

* __ N *®2_l’l—1 _ AR2
Yoi=- Yoz Yo =tlao 3 op

keD keER keD keR

The solution to this constrained optimization problem can be obtained by Theorem [2] below. The proof of this theorem is

presented in the Appendix.

Theorem 2. Consider a set of vectors a, (k € D), satisfying ), .pa, =0and C =}, &‘fz being positive definite. Let B

be a pre-specified positive definite matrix. Multivariate calibrated vectors that minimize ) ., (a; — &k)T(az —a, ) subjected to

Zaizo, ZazaszB

keD keD

are a; = pa,, where f = B'2C~/? and B'/? and C~'/? are the square root and inverse square root matrices of B and C,

respectively.

In the first phase of the calibration method, we let a; = v; — v}, and a;, = D, — 0}, in Theorem 2} If the matrices

n—1 R _ o _
B= A - vaz_mv;}@z’ C= z:(vk—vz)‘82
n keR keD

are both positive definite, then the optimal calibrated v} vectors by Theorem@ are

v; =, - P)T;, + po, = U}y + p(¥, — 0}) (k € D), 24
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where I, is the identity matrix of order p. Now, from }}, . ,(D, — 0}) = X4 D, = 0 by @3), it follows that Y, ., v} = mD},

and 3, cp U, B =mi® + BCBT =miy P+ B=(n—-Dn'A-Y, #®2. We thus enter the second phase of imputation,

PeE

where we transform the v} (k € D) given by and back into

a, (k€ R=A\D),
u; = Pvi +1,/n= (25)

which are the final calibrated imputed vectors. The transformation (23)) implies that

Zui=P2v2+fO:fo

keA keA

and

n . n A n—1 A IS
m Z(uk—to/n)®2 = ﬁp{ ZU?Z-FTA— va’z}PT = V(),

ieD keR keR

as intended.

Notice that the vectors u} in (25) can be computed directly from &, by the linear transformation
u, = al(k e D)+ {I,l(k€ A\ D)+ Bl(k € D)}a,, (26)

where B = PBPT, & = —(I, — B)(Xycr iy — 1p)/m and 1(A) is the indicator function of a set .A. All the observed and fixed
data values are associated with the units in R = A\ D, and thus are preserved in the respective u; values. The u; and &, vectors
share the same distance as that of the corresponding v} and the 9, vectors, for k € D.

One of the benefits of the proposed calibrated imputation approach above is to facilitate inferences for a nonlinear function of
population total vector ¢,.. For example, suppose \/ﬁ(fo —1,) has an asymptotic multivariate normal distribution with mean zero
and positive-definite variance-covariance matrix ¥ and that the target variance V, is consistent for the variance of iy. Thus, an

approximate 100(1 — a)% confidence interval for g(¢,), where g : R” — R is smooth and has nonzero gradient Vg(-) at?, is

1/2
g (tyr) £21_ap lVTg (1) { - >y - io/")@} Vg (%I)] ;

n—1%&

where fy = Diea P = 1,, which is Wald-type interval that could alternatively be computed by

g (1) = 20 [06{8 (3,) ]2, @7
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where

{8 (1) ) = 2 S~ ipo/m,
keA

u;‘k =V'g (?y,) u, and ?gO =V'g (fy,) 1, The use of the estimate 0F{g (fy,) } above does not merely simplifies the compu-
tation of the estimated variance of g (iy ,) by a complete sample formula, but it also prevents the secondary users to having to

apply a specific variance estimation method and corresponding software to estimate the variance of g (fy I )

S | CONCLUDING REMARKS

In this paper we propose a calibrated imputation approach to be used routinely in the preparation of imputed sample survey
data, under a stratified multistage sampling design. It allows secondary users to estimate specified population parameters and
associated variances and covariances by simple complete-sample formulae, regardless of how complicatedly it may be when
these are to be derived from the original incomplete data. Domain estimation can be accommodated in addition. The approach
avoids the need to disseminate multiple imputed (or replicated) datasets.

A topic for future research is the imputation of categorical variables. The fractional imputation of Kim & Fuller| (2004))
provides a fully efficient imputation method, where K imputed values are created for a K-category variable. [Favre et al.[(2005))
propose a fully efficient single-sample imputation method, under which a categorical variable is treated as a vector of dummy-
indicators during the imputation. However, variance estimation under these methods may require a different approach than by
using simple complete-sample formulae. It seems possible to adapt the multivariate calibrated imputation approach in this paper,
where the imputed values of the dummy-vector can be continuous instead of just 0 and 1, given the target estimates of the
population totals of each category and the associated variances and covariances.

Another research topic of interest is calibrated imputation for quantile estimation. For instance, given the target quantile
estimate 7, and its variance estimate 0,, for 0 < @ < 1. It may be possible to adapt the proposed algorithm in Section 2.2. as

follows. At Step 1, adjust the initial imputed values {7, : k € A,,} to {J, : k € A,,}, which satisfy

Y wl <P+ Y wlG <i)=a Y w,

kEA, kEA,, keA

Then, at Step 2, adjust the negative and positive deviations $, —7,, for k € A,,, while maintaining their signs to satisfy a suitably

chosen complete-sample variance formula.
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SUPPORTING INFORMATION

The supporting information, available as part of the online article, provides numerical illustrations for the proposed approach to
estimate a population total and to preserve variability. Examples consider element sampling, stratified multistage sampling and

also calibration of imputed multivariate data.

[

APPENDIX

A PROOF OF THEOREM 1

The proof of Theorem|[I]is shown below. In the special case of d;, = 1, the problem addressed by Theorem [T|reduces essentially
to that of the small-area constrained Bayes estimators (Ghoshl (1992, Theorem 1), which minimize an unweighted quadratic
function of the prediction errors. The two constraints in |Ghosh| (1992, Theorem 1), despite being formulated in a small area

estimation setting, are equivalent in form to (8).

Proof. Notice that

Y da—a ) =1,-2) dayay +1,.

keD keD
Since 1, and 7, are positive and fixed, one needs to maximize Y, ., d,a,d, or, equivalently, Y., . g,a,4,, where g, = d, /1, and
Y «ep 4x = 1. Consider then (qy, ..., g,,) as a discrete distribution function, denoted by F,,» which puts probability g, on each pair
of (a;, @), for k € D. We have Y, ., q,a,d, = E,(a,4,), .., the expectation over F,. Notice that E,_(a,) = X,cp qxar = 1,/1
and E,(a,) = t,/t, are both fixed, as well as V,(q,) = 1,/ty — (t;/1)* and V,(4,) = 1,/t, — (t,/1,)*. Thus, the maximum
of E (a,a,) is the same as that of Cov,(ay, d,), which is given when the correlation between a, and 4, is equal to 1 over F,

i.e., a, = a + fa, with probability one, for some constants « and f. Solving («, f) for ields then @« = (1 — p)t,/t, and
k pa, p y g y 1/1o

B = [(t, — 1/15)/(f, — 13 /1()]'/2. This completes the proof. O
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B PROOF OF THEOREM 2

Proof. Let the Lagrangian of this constrained optimisation problem be

1 ~ % ~ % ~ % ~ sk *
L=z Y@ -a)'@ -a)-y" Y & -1"A(} aa - Spit
keD

keD keD

for some vector y and matrix A, where 1 denotes a vector of ones and “o” denotes the Hadamard (element-wise) product of two

matrices. We have

(OL/oa)) =@ —a)—y—A+ADa; =0 = a;=[I,-A+AD)] (@ +y)

provided W = [I » (A +AT)]‘1 exists. Notice that W' is symmetric. Substitution of d,’; = W(a’,; +y)into Y xeD az = 0 yields

w = 0. Next, substitution of & = Wa} into ', ., ata;’ = B yields
BB' =) Waa'/W=WCC'W = W =BC".
D

This completes the proof. O
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