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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND THE ENVIRONMENT
Institute of Sound and Vibration Research

Doctor of Philosophy

High-accuracy methods for frequency-domain flow acoustics

by Alice Lieu

Limited by the current computer memory capacities, it is challenging to solve the con-
vected wave equation in heterogeneous media and at high wave number. This thesis
is concerned with the investigation of efficient discretisation methods and solvers for
frequency-domain flow acoustics. The application of computational modelling to wave
propagation problems is hindered by the dispersion error introduced by the discretisa-
tion. Two common strategies to address this issue are to use high-order polynomial shape
functions, or to use physics-based methods where the shape functions are local solutions
of the problem. Both strategies have been actively developed over the past decades and
have demonstrated their benefits compared to conventional finite-element methods, but
they have yet to be compared. In this work, a high-order polynomial method and the
wave-based discontinuous Galerkin method are compared for two-dimensional Helmholtz
problems. A number of different benchmark cases are used to perform a detailed and sys-
tematic assessment of the relative merits of these two methods. The results indicate that
the differences in performance, accuracy and conditioning are more nuanced than gener-
ally assumed. The performance of a method relies heavily on efficient solving procedures
for the resulting large, sparse, complex linear systems. An alternative to purely iterative
or direct solving procedures is to resort to domain decomposition methods. The Finite
Element Tearing and Interconnecting method (FETI-2LM) employs Lagrange multipli-
ers to recover the connections between the non-overlapping sub-domains. An iterative
solution procedure is formulated in terms of unknowns defined only on the interfaces
between sub-domains. The FETI approaches have been used extensively for Helmholtz
problems and their performance is well documented for conventional finite elements. In
this work, the FETI-2LM formulation is extended to the linearised potential theory for
sound waves propagating in a potential base flow. In each sub-domain, a high-order
finite element method is used to solve the governing equations. The proposed approach
is validated on a number of two-dimensional test cases. In addition to the dependency
on the mesh size, frequency, or number of subdomains, the influence of the interpola-
tion order and Mach number on the scalability of the method is also assessed. The
memory requirements for solving a simple three-dimensional problem is also evaluated
and compared to that of a direct solver. Finally, the proposed method is applied to the
problem of propagation of fan noise from the inlet of an engine, considering a realistic
three-dimensional geometry and flow field.
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Chapter 1

Introduction

Aviation is a vital sector of European society and economy. It brings people together
and connects Europe to the rest of the world. Involving millions of jobs, it is as well an
important generator of prosperity and wealth as it eases the development of new markets
and international trade. However, aviation has significant impacts on the environment:
relying mainly on fossil fuel, it vastly participates to climate change. An even more
perceptible problem is the impact of community and ramp noise caused by aircraft
during landing and take-off on the health of populations living and working close to
airports [9].

In Europe, nowadays, hundreds of millions of people are exposed to noise levels which
can induce serious health problems. Epidemiological studies have shown that frequent
exposure to road and air traffic noises may cause sleeping disturbances, tinnitus, hearing
loss, or cardiovascular diseases [64]. Noise pollution also highly affects wildlife [101, 65,
149, 135].

The environmental impact of aircraft noise occurs mainly during take-off and landing.
Diverse strategies have been put in place to mitigate it. For example, steeper angles of
descent may be used such that the time spent at low altitudes is limited; the lowering
of the landing gears, which increases the airframe noise, may also be delayed. Other
approaches aim at reducing engine noise, which embodies at least four different sources
of disturbance, namely fan noise which propagates through the intake and the bypass
duct; compressor noise which radiates from the intake; turbine and combustor noise
which propagate to the rear of the engine; and jet noise downstream from the engine
[7]. It is generally admitted that fan and jet noise are dominant at take-off, whereas
fan and airframe noise are more dominant at approach. Intake and bypass noise can be
mitigated using acoustic liners or by modifying the design, while jet noise is typically
reduced by using lower jet speeds or more recently, by incorporating chevrons at the
bypass and core duct exhausts [123, 112]. Since the advent of commercial jet aircraft in
the sixties, noise reducing technologies have advanced considerably [91]. Current aircraft
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are significantly quieter than first generation turbofan aircraft. However, air traffic is
expected to increase at a rate of 5% per year. Simultaneously, environmental and noise
regulations are becoming stricter. For instance, the European Union’s objectives for the
aviation sector is to reduce the aircraft noise emission by 65% before 2050 compared
to 2000 [132]. Innovative and disruptive noise reduction techniques therefore need to
be introduced in order to meet these new requirements. The understanding, predicting
and reducing aircraft noise has hence become one of the major challenges faced by the
aviation industry.

Project motivations

One obvious way to develop quieter aircraft engines is through empirical research. How-
ever, this type of investigation is very expensive and inefficient as it requires manu-
facturing, testing, redesigning... Numerical simulations are a recognised alternative to
those costly flight and static tests. They are used to support and optimise the acoustic
designs of aircraft engines. Traditional Computational Fluid Dynamics (CFD) methods
were found inadequate to model sound propagation. The acoustic perturbations and
the flow field have different length scales and amplitudes. Therefore, solving both scales
would be computationally expensive. Hence, at the end of the eighties, for the purpose
of understanding the physics of noise generation and propagation, Computational Aero-
Acoustics (CAA) emerged as a specific research area. Nowadays, most noise prediction
methods uses a two-stage calculation. The sources are first characterised using CFD
methods, then, the propagation of the sound generated by these sources is computed us-
ing CAA. Of these two stages, the present project focuses on the computational methods
for sound propagation.

Generally, three-dimensional simulations are required for multiple frequencies, sources,
operating conditions (take-off, landing ...). But the time and computational resources
needed depend on the problem size and the prescribed accuracy. Even though computa-
tional power has considerably increased during the last decades, performing large-scale
CAA simulations taking into account the full physical and geometrical complexity of
the aircraft remains a challenge. For instance, a full three-dimensional turbofan engine
problem has to be split into sub-systems (inlet/exhaust) to obtain a solution within
reasonable time. Yet, the resolution of these smaller solutions can be computationally
demanding. Hence, novel methods that are faster and relatively inexpensive in terms of
computational resources have to be developed. These are the main goals of the project
Community Ramp Aircraft NoisE (CRANE), which is an European Marie Skłodowska-
Curie action. The project intends to improve the efficiency and reliability of CAA pre-
dictions and involves the Institute of Sound and Vibration Research at the University
of Southampton (United Kingdom) and Siemens Industry Software (Belgium) as main
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partners and the Katholieke Universiteit Leuven (Belgium) and Rolls-Royce Deutsch-
land (Germany) as associated partners. The main applications are sound radiation from
the exhausts and intakes of turbofan engines, usually associated with challenging strong
flow inhomogeneities and complex geometries.

For most aero-acoustic engineering applications, a common mathematical model used is
the linearised Euler equations. This model describes the propagation of linear perturba-
tions on an inviscid mean flow field. As this model admits acoustic, entropy and vortical
disturbances, the refraction of acoustic waves by the rotational mean flow are taken into
account (important for applications such as the mixing layer of a jet). But when solved
in the time domain, the model supports hydrodynamic instabilities such as the Kelvin–
Helmholtz instability: these disturbances grow as they move away from their sources
and may at some point overcome the acoustic perturbations. An alternative is to solve
the equations in the frequency-domain [2]. This relatively general approach is costly
to accurately solve due to the large number of variables involved. In the framework of
the CRANE project, the present study is aimed at improving the description of sound
propagation from the inlet of the engine. Therefore, another more specific model can
be used: the convected Helmholtz equation. The mean flow field and perturbations are
considered irrotational and homentropic and only one variable is involved. This equation
is cheaper to solve and although it does not include the full physics of the problem, it
still captures most of the flow effects of the inlet. It is therefore a relevant prototype
problem to test numerical methods.

Scope of the thesis

High-frequency acoustic problems call for fine meshes which lead to the solutions of large
linear systems. Limited by the current computer memory capacities, the convected wave
equation in heterogeneous media and at high wavenumber is therefore challenging to
solve. To bypass this issue, the discretisation methods and solvers have to be improved.
The aim of this work is to investigate efficient modelling techniques and solvers that
outperform the ones that are currently employed in commercial aero-acoustic predic-
tion codes. Realistic three-dimensional test cases will be solved in addition to more
conventional academic cases.

Most of the computational aero-acoustics tools used in industry still rely on low-order
discretisation methods which suffer from the so-called pollution effect at high frequencies
[42, 14]. This effect is the consequence of the accumulation of dispersion error over the
whole numerical domain. It has been demonstrated that the efficiency with which one
models short wavelength problems can be increased by using higher order methods. For
example, to achieve a solution with a target accuracy, it is well-known that higher-order
approximations allow a reduction of the resolution requirements and therefore the total
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number of degrees of freedom needed. The principle is the use either of higher-order
polynomials [158, 29, 159] or of local solutions of the physical problem [122, 53, 35, 66].
Of the numerous advanced methods developed to prevent high dispersion errors for short
waves problems, we choose to focus on a high-order finite element method using Lobatto
functions and a wave-based method employing a set of plane waves to interpolate the
solution. Previous studies have demonstrated that both methods lead to an effective
control of the pollution effect associated with the classical finite element method at high
frequency. The higher-order finite element method takes advantage of the superior in-
terpolation properties of the Lobatto functions compared to the conventional low-order
Lagrange basis. It is also well established in the numerical acoustic community and has
been recently implemented in a commercial code [21]. The wave-based method is part
of the physics-based methods, in which the idea is to include some a priori knowledge
about the local behaviour of the solution into the numerical model (for instance the
wavenumber). Common belief is that compared to polynomial methods, physics-based
methods can provide a significant improvement in performance, at the expense of a
deterioration of the conditioning [68]. Yet, to our knowledge, no detailed comparison
of a high-order polynomial method and a physics-based method can be found in the
literature. Therefore, in the first part of the present work, the two high-order meth-
ods are benchmarked on four different two-dimensional Helmholtz problems and their
performances are compared. The objective is to identify the ranges of frequency over
which the high-order finite element method outperforms the wave-based method, and
vice-versa.

The performance of a method relies heavily on efficient solving procedures for the re-
sulting large, sparse, complex linear systems. Direct solving procedures are robust and
predictable but do not scale well with respect to the problem size and frequency. This
is an issue as the computational demand for the solution of large-scale problems is al-
ways ahead of computer capabilities. Continued efforts are deployed to develop efficient
iterative solvers. These methods scale well with the problem size, are highly parallelis-
able and generally require a limited amount of computational resources. However, due
to the properties of the underlying operator, the design of robust iterative solvers for
Helmholtz problems remains a challenge. An alternative to purely iterative or direct
solving procedures is to resort to domain decomposition methods. The idea is to split
the numerical domain into smaller sub-domains and to solve the sub-problems sepa-
rately. The sub-domains are related to each other only via the interface variables. So,
if each sub-problem is assigned to one processor, the data to be exchanged is limited to
the interface between the sub-domains. Domain decomposition can therefore ease the
inter-processor communications which are the most penalising steps in parallel comput-
ing. The domain decomposition framework is naturally adapted for building efficient
algorithms running on parallel computers but the methods are still profitable when used
on single processor computers (solution of smaller problems). A non-overlapping domain
decomposition method called the Finite Element Tearing and Interconnecting method
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[60, 58, 55] employs two Lagrange multipliers to recover the connections between the
sub-domains. This method is referred to as the FETI-2LM method [41, 145]. It adopts
an iterative procedure to solve an interface problem whereas a direct solver is used for
the local problems. The performance of this method is well documented for conventional
finite elements. While the FETI approach has been used extensively for Helmholtz prob-
lems, to the author’s knowledge, it has not been used for solving aero-acoustics problems.
Therefore, in this work, we choose to focus on the performance of the FETI-2LM for
aero-acoustic problems combined with a high-order FEM discretisation.

Outline of the thesis

The manuscript is organised as follows.

Chapter 2 introduces the hypothesis and model equations used to describe the propaga-
tion of time-harmonic acoustic waves in moving media. A literature survey of high-order
polynomial and physics-based methods is also presented, justifying the choice of the two
discretisation methods hereafter compared.

Chapter 3 is dedicated to the comparison of the high-order finite element method and the
wave-based discontinuous Galerkin method. Four different two-dimensional Helmholtz
problems including propagating and evanescent waves and smooth and non-smooth so-
lutions are used such that the ability of the methods to tackle a large variety of problem
is assessed. The chapter includes the presentation of the test cases, the assessment
of the interpolation properties of the bases, anisotropy, convergence, conditioning and
performance of the methods. This first part of the study concludes that there is still
a significant benefit in using polynomial methods, both in terms of performance and
robustness, even at high frequency. For the remainder of the work, we therefore choose
to investigate solving procedures using the matrix systems arising from the high-order
finite element discretisation.

Chapter 4 aims at outlining the difficulties inherent to the solving of the discrete
Helmholtz equation with classical direct and iterative solvers. The advantages of the
domain decomposition methods are brought up and a brief review is given.

Chapter 5 is dedicated to the application of the FETI-2LM solver to Helmholtz prob-
lems discretised using the high-order FEM. A two-dimensional scalability analysis is
conducted and the influence of the polynomial order on the convergence of the iterative
technique is examined. The FETI-2LM solver is then benchmarked against a state-of-
the-art parallel direct solver for a simple three-dimensional Helmholtz solution. The
method is finally applied to a large scale acoustics application, representing the scatter-
ing of a plane wave by a submarine.
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Chapter 6 focuses on the generalisation of the FETI-2LM methods to flow acoustics
applications. A new formulation is proposed and verified numerically, and a scalability
study is carried out in order to assess the impact of the Mach number on the convergence.
The proposed method is then demonstrated on a realistic three-dimensional air intake
noise radiation application.

This thesis ends with a conclusion and a presentation of the possible future work.



Chapter 2

Review of High-order Methods

In this chapter, the physical models describing the propagation of sound waves in non-
uniform flows are introduced. The main assumptions leading to the governing equations
for the problems considered in this work are outlined. The limitations of the standard
Finite Element Method are recalled and two advanced numerical methods, namely the
high-order finite element method (p-FEM) and the wave-based Discontinuous Galerkin
Method (DGM) are introduced.

2.1 Physical Models

In this section, the governing equations used to model the convected acoustic waves
are presented [67]. Starting from the conservation equations, the linearised Euler and
linearised potential flow equations are derived. The particular case of uniform flow is
also examined as it gives insights into the physical properties of acoustic waves in moving
media. The boundary conditions used in this work, required to close the problems, are
also given.

2.1.1 Conservation Equations

We consider a volume V of fluid, with an external boundary ∂V, a density ρ̃(x, t), a
pressure ũ(x, t) and a velocity ṽ(x, t). Under classical continuum mechanics assump-
tions, the motion of fluid in any point of the volume is governed by the conservation of
the mass, momentum and energy.

The mass conservation reads:
Dρ̃

Dt
+ ρ̃∇ · ṽ = 0 , (2.1)

where D(.)/Dt = ∂(.)/∂t + ṽ · ∇(.) is the material derivative representing the rate of
change when moving with a fluid element and ∇ · ṽ represents the rate of dilatation.
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The conservation of momentum —equivalent to Newton’s second law applied to a fluid
element— is written:

ρ̃
Dṽ

Dt
= ∇ · σ ,

where Dṽ/Dt is the acceleration of a fluid element and σ is the stress tensor. It can be
decomposed into:

σ = −ũI + T ,

where I is the identity tensor and T is the viscous stress tensor. If the flow is assumed
inviscid, the viscous tensor is zero. The equation for conservation of momentum becomes:

ρ̃
Dṽ

Dt
+∇ũ = 0 . (2.2)

A third equation is retrieved by combining the equation of state and the mass conser-
vation equation. A fluid particle is assumed to be a closed thermodynamic system at
equilibrium meaning that it does not exchange any matter with its surrounding. It has
a density ρ̃ and an entropy s̃. For a fluid element, the pressure is: ũ = ũ(ρ̃, s̃). If the
flow is assumed isentropic, which means that the entropy of a fluid element is constant
in time, it yields:

Dũ

Dt
= c̃2Dρ̃

Dt
. (2.3)

where c̃2 = ∂ũ/∂ρ̃ and c̃ is the speed of sound. For an ideal gas, the homentropy
assumption leads to ũ = Cρ̃γ where C is a constant and γ is the ratio of the specific
heats. Therefore, using the definition of the speed of sound, we have:

c̃2 = γ
ũ

ρ̃
. (2.4)

Combining the mass equation (2.1), (2.3) and (2.4), an energy equation for pressure can
be written:

Dũ

Dt
+ γũ∇ · ṽ = 0 . (2.5)

Under the isentropic and homentropic assumptions, the inviscid motion of a Newtonian
fluid obeying the ideal gas law is therefore governed by (2.1), (2.2) and (2.5).

2.1.2 Linearised Euler Equations

The assumption of small perturbations allows the flow field to be decomposed into a
base flow and perturbations:

ũ(x, t) = u0(x) + u(x, t) , ρ̃(x, t) = ρ0(x) + ρ(x, t) , ṽ(x, t) = v0(x) + v(x, t) .

The mean flow quantities (discernible by the subscript 0) are steady and of arbitrary
amplitude, unlike the perturbations (unscripted variables) which are of small amplitude
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compared to the base flow and unsteady. The decomposition is substituted into the pre-
vious Euler equations. The non-linear terms (products of small terms) can be neglected.
Two sets of equations are obtained.

A first set describing the base flow only:

∇ · (ρ0v0) = 0 ,

ρ0
D0v0
Dt

+∇u0 = 0 ,

D0u0
Dt

+ γu0∇ · v0 = 0 ,

where D0(.)/Dt = ∂(.)/∂t + v0 · ∇(.) is the material derivative in the base flow (time
variation seen by an observer moving with the mean flow). It should be noted that the
perturbations do not appear in this set of equations; the base flow is not affected by
the perturbations. These equations are usually solved using CFD methods and the base
flow solution is used as an input for the second system of equations, solved using CAA
methods.

The second set of equations are called the linearised Euler equations (LEE):

D0ρ

Dt
+∇ · (ρ0v) + ρ∇ · v0 = 0 , (2.6a)

ρ0
D0v

Dt
+ ρ0(v · ∇)v0 + ρ(v0 · ∇)v0 +∇u = 0 , (2.6b)

D0u

Dt
+ v · ∇u0 + γu0∇ · v + γu∇ · v0 = 0 . (2.6c)

The LEEs describe the propagation of small perturbations on an inviscid mean flow.
Heat transfers, viscosity, non-linearity and effect of the perturbations on the mean flow
field have been neglected. This model admits acoustic, entropic and vortical distur-
bances. When solved in the time-domain, the system supports hydrodynamic instabil-
ities which may ruin the solution. One way to alleviate this issue, is to formulate and
solve the equations in the frequency-domain [2]. However, solving the LEEs remains very
computationally intensive because of the large number of unknowns involved [140, 83].

2.1.3 Linearised Potential Flow Theory

In order to further simplify the model, the flow is assumed to be irrotational. In that
particular case, the flow may be non-uniform but the velocity is derived from a potential
φ̃: ṽ = ∇φ̃. For an ideal gas in a compressible, homentropic, inviscid and irrotational
flow, and in the absence of external forces, Bernoulli’s equation reads [141]:

∂φ̃

∂t
+ ṽ · ṽ

2 + c̃2

γ − 1 = constant .



34 Chapter 2 Review of High-order Methods

Applying the linearisation φ̃ = φ0 + φ, one obtains:

∂φ

∂t
+ v0 · ∇φ+ (c2)

γ − 1 = 0 ,

where (c2) = c2
0(γ − 1)ρ/ρ0. Finally, Bernoulli’s equation yields:

ρ = −ρ0
c2

0

D0φ

Dt
. (2.7)

By substituting (2.7) into the linearised mass equation (2.6a), the linearised potential
equation is found:

ρ0
D0
Dt

( 1
c2

0

D0φ

Dt

)
−∇ · (ρ0∇φ) = 0. (2.8)

This equation is less computationally expensive compared to the complete LEE, as it
involves only one variable. However, it is less general because of the absence of vorticity
in the base flow and perturbations. As mentioned in the introduction, the irrotational
assumption is still valid if we are interested in describing the inlet of the engine [7].

2.1.4 Uniform Flow

If the flow is uniform, the linearised Euler equations become:

D0ρ

Dt
+ ρ0∇ · v = 0, (2.9a)

ρ0
D0v

Dt
+∇u = 0, (2.9b)

D0u

Dt
+ γu0∇ · v = 0. (2.9c)

A scalar equation involving only u can be obtained by considering:

1
γu0

D0
Dt

(2.9c)− 1
ρ0
∇ · (2.9b)

The resulting convected wave equation is:

1
c2

0

D2
0u

Dt2
−∇2u = 0. (2.10)

Using (2.8), an alternative equation in terms of velocity potential for uniform flows
can be obtained. The convected wave equation describes the propagation of acoustic
perturbations in a uniform mean flow. This model does not support hydrodynamic or
entropic fluctuations.
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2.1.5 Non-reflecting Boundary Conditions

The previous equations have to be supplemented with boundary conditions to close the
problems. In this work, we mostly consider exterior sound radiation applications in in-
finite domains. These are handled by introducing non-reflecting boundary conditions at
the boundaries of the bounded computational domain Ω. These fictitious boundaries are
designed to absorb the outgoing waves with minimal spurious reflections. In this section,
two non-reflecting boundary conditions are introduced, the characteristics method and
the Perfectly Matched Layer approach.

2.1.5.1 Characteristics Method

The characteristics boundary condition is used when the solution outside the numerical
domain is known. This method was first proposed by Thompson in 1987 for the solution
of hyperbolic systems in the time domain [152]. The idea is to split the wave at the
boundary into an incoming part, which is to be specified, and an outgoing part, which
is determined by the system being solved.

Let us consider the boundary outward normal direction n and the corresponding coor-
dinate n. At the boundary, in the normal direction, the acoustic wave is written as the
sum of an incoming wave and an outgoing wave of angular frequency ω:

u(n) = A e−ik+n + Be−ik−n ,

∇u · n = −A ik+e−ik+n −Bik−e−ik−n ,

where A and B are the wave amplitudes corresponding to the outgoing and incom-
ing waves respectively, and k± = ω/(v0 · n± c0). The incoming wave is isolated by
expressing ∇u · n + ik+u:

∇u · n + ik+u = Bi(k+ − k−)e−ik−n

This is equivalent to a generalised Robin boundary condition which reads:

∇u · n + ik+u = g, (2.11)

where g is a given source term. If the solution outside the numerical domain is uex, the
source term is given by g = ∇uex · n + ik+uex.

2.1.5.2 Perfectly Matched Layer

To avoid spurious reflections when the solution outside the domain is unknown, another
technique is —instead of looking for an absorbing boundary condition— to create a
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boundary layer that absorbs the waves entering it. The Perfectly Matched Layer (PML)
was originally devised by Bérenger for electromagnetic problems [18]. The method has
since been used to solve the Helmholtz equation [16] and the LEE [51].

The principle of the PML lies in the application a complex coordinate stretching. When
a wave leaves the computational domain and enters the absorbing layer, it decays expo-
nentially. Even though a reflected component may be created at the exterior boundary
of the PML, after a trip in the absorbing region, the effect of the reflected wave on
the solution becomes in practice negligible. Let us now illustrate the method on a two
dimensional radiation problem with Cartesian coordinates.

Assuming an implicit time dependence eiωt where ω is the angular frequency and a
quiescent medium, in the absence of volume sources, an exterior Helmholtz problem can
be defined as follows:

k2
0u+∇2u = 0 , in Ω ,

∇u · n + ik0u = g , on Γr ,

limr→∞r
d−1

2 (∇u · n + ik0u) = 0 ,

(2.12)

where k0 = ω/c0, g is a given source term. Γr can be the surface of a object within
the domain. In (2.12), the Robin boundary condition presented above is used on Γr.
The third equation is referred to as the Sommerfeld radiation condition. It ensures the
uniqueness of the exterior Helmholtz problem and expresses that at infinity, the scattered
waves are only outgoing. To ensure that this condition holds, the computational domain
Ω is extended with a PML region ΩPML. The interface between Ω and ΩPML is denoted
Γin whereas the exterior boundary of ΩPML is referred to as Γout.

In order to absorb waves that enter the regions defined by |x| > xin and |y| > yin, the
following complex transformation is applied:

x̂ = x− i
∫ x

xin
σx(s)ds , ŷ = y − i

∫ y

yin
σy(s)ds , (2.13)

where σx(x) and σy(y) are positive absorption functions varying in the x and y direction
respectively.

In ΩPML, the governing equation becomes:

k2
0û+ ∂2û

∂x̂2 + ∂2û

∂ŷ2 = 0 (2.14)

where the derivatives can be written as:

∂(.)
∂x̂

= ∂(.)
∂x

∂x

∂x̂
= 1

1− iσx(x)
∂(.)
∂x

,
∂(.)
∂ŷ

= ∂(.)
∂y

∂y

∂ŷ
= 1

1− iσy(y)
∂(.)
∂y

.
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These new expressions of the derivatives can be substituted in (2.14) and an equation
valid in Ω ∪ ΩPML can be defined:

k2
0u+ 1

γx(x)
∂

∂x

( 1
γx(x)

∂u

∂x

)
+ 1
γy(y)

∂

∂y

(
1

γy(y)
∂u

∂y

)
= 0 , (2.15)

where u now refers to the solution in Ω ∪ ΩPML and

γx(x) =
{

1 for |x| < xin,

1− iσx(x) for |x| ≥ xin ,
, γy(y) =

{
1 for |y| < yin,

1− iσy(y) for |y| ≥ yin .

Some limitations of the PML are discussed in [98]. The continuous PML is reflectionless
when solving the exact wave equation. However, non-physical reflections appear at the
interface between the PML and the computational domain because of the discretisation.
To ensure negligible reflections, a solution is to use slowly varying absorption function.

On the exterior boundary, various conditions can be imposed. Adding a absorbing
boundary condition can significantly reduce the non-physical reflections at Γout [97]. In
practice, a standard homogeneous Dirichlet condition performs rather well, with the
advantage of reducing the computational cost.

A more thorough presentation of the recent PML formulations for time-harmonic acous-
tics is given in [22].

2.2 Classical FEM and its Limitations

The term ’Finite Element method’ was first introduced to the public by R. Williams in
a paper of 1960 but the initial idea to split the numerical domain into “finite elements”
came independently from A. Hrennikoff and R. Courant. In fact, the concept was born
in the forties as a response to elasticity and structure problems in civil engineering
[82]. In the finite element method, the governing equations are first written into a weak
variational formulation to lower the constraints on the regularity of the solution. Then,
the continuous domain is divided into smaller non-overlapping elements. The discrete
variational formulation is constructed. In each element, the solution is to be found in a
particular functional space. For linear problems, the resulting set of equations can be
written in the form of a matrix system which may be solved using a direct, iterative or
hybrid solver.

The method is relied upon because of its robustness. Moreover, it is easy to adapt
to complex geometries and non-uniform media. However, for wave problems, the FEM
suffers from dispersion error (phase shift between the numerical and exact solutions). At
high frequencies, acoustic perturbations can propagate over many wavelengths, which
leads to an accumulation of the dispersion error across the computational domain. This



38 Chapter 2 Review of High-order Methods

phenomenon is called the pollution effect [14]. For instance with linear elements the
numerical error scales like k2h where k refers to the wavenumber and h to the elements
size [13]. As k increases, the number of elements per wavelength must also increase to
maintain the same level of accuracy, which rapidly becomes prohibitively expensive.

To circumvent this issue, a number of different strategies have been explored [153, 7].
They may roughly be classified in two categories: spectral methods and high-order
polynomial FEM on the one hand and physics-based methods on the other hand.

2.3 Spectral and High-order Polynomial Methods

2.3.1 Literature Review

The high-order finite element method and spectral methods are closely related. They
are built on the same idea: considering the solution as a sum of basis functions. The ex-
pansion functions of the FEM are defined locally which makes the method well-suited to
handle complex geometries. This type of discretisation transforms differential equations
into sparse matrix systems as only a few number of basis functions are non-zero in a
given element. On the contrary, the spectral methods exploit basis functions which are
infinitely differentiable global functions giving the methods good convergence properties.
However, the matrices involved are dense and only simple geometries can be handled.
Typically, spectral methods employ Fourier series or Tchebychev polynomials [29].

High-order finite element methods replace the standard, low-order Lagrange polynomi-
als with higher-order functions providing superior interpolation properties. Different
families of polynomials have been considered such as Bernstein, Hermite or Lobatto
polynomials. Bernstein polynomials were introduced around a hundred years ago [62].
Over the years, this family of function has been used amongst others as a finite element
basis to find solutions of the Laplace operator [164] or to model facial surgery using FEM
[143]. Hermite polynomials are of class C1 which means that they are differentiable and
their first derivative is continuous. This makes them well-suited for fourth-order prob-
lems. These polynomials have been used in [6] to solve aero-acoustic problems in the
time-domain. The authors compared a hybrid discontinuous Galerkin–Hermite method
to a finite difference method. They found the former to be more efficient in terms of
CPU time. Lobatto functions are obtained by integrating the Legendre polynomials.
For Helmholtz problems, using the Lobatto shape functions allows a drastic reduction
of the dispersion error [3, 154]. Hence, it is considered a valid approach to address the
pollution effect and tackle large-scale problems [158, 21].

In [137], two high-order polynomial FEM are compared to a hybrid method. The Spec-
tral Element Method (SEM), first proposed by Patera in 1984, was developed to combine
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the advantages of the FEM and of the spectral methods. The authors show that high-
order polynomial shape functions effectively control the pollution and provide more
accurate solutions. SEM is found to be more efficient when regular quadrilateral el-
ements are used but its efficiency decreases drastically when distorted or triangular
elements are used. In [139], several higher-order polynomial bases, namely Bernstein,
Hermite and Lobatto polynomials have been studied. The methods have been compared
to a polynomial Partition of Unity Finite Element Method (PUFEM). The initial idea
of PUFEM was to multiply the standard finite element method with problem depen-
dent functions, called enrichment functions. However, in [139], polynomial enrichment
functions [84, 124] which are independent of the frequency were used. This allows for
faster frequency sweeps: the elementary matrices are only computed once for a given
mesh and can be recalled for every frequencies. The Hermite method is found to be the
most efficient but the variable-order functions are not available. Compared to Bernstein
method, the Lobatto method is better conditioned. Moreover, the hierarchic nature of
the Lobatto shape functions leads to efficient algorithms for solving the same model
over a range of frequencies [21]. The study showed that polynomial PUFEM suffers
from severe ill-conditioning which renders the method ineffective in practice.

The p-FEM approach provides exponential convergence when increasing the polynomial
order p. Furthermore, p-FEM easily allows local order refinement, which makes it suited
for p-adaptive and hp-adaptive strategies. These allow for a given mesh, frequency and
flow properties, to automatically adjust the order of an element based on some a priori
knowledge or a posteriori knowledge of the solution. For example in [139], a higher-
order adaptive scheme has been proposed. The order to be used is determined using an a
priori error estimator, which is based on solutions obtained from a one-dimensional finite
element problem. The optimal order in the higher dimension element is obtained using
the mean element size, the frequency and the properties of the physical medium. The
variable-order p-FEM has been employed to solve a three-dimension industrial problem
and significant improvements in terms of computational efficiency were reported when
compared to the standard quadratic finite element method. Other approaches such as
automated h-adaptivity for which the polynomial degree is kept constant in space but the
local element sizes are varied and hp-adaptivity (combining both p and h refinements)
generally based on a posteriori error estimators are also investigated [12, 131].

Hierarchical p-FEM has recently gained attention in the numerical acoustics community
[21]. Therefore, in this work, the framework of p-FEM is used to construct a continuous,
high-order approximation with Lobatto shape functions for solutions of the convected
Helmholtz equation [159, 99].
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2.3.2 Higher-order FEM

2.3.2.1 Statement of the Problem

We consider the propagation of harmonic, linear sound waves in a uniform medium
within a bounded domain Ω with a boundary ∂Ω. Throughout this report, we assume
an implicit time dependence e+iωt where ω is the angular frequency. In the absence of
volume sources, the complex amplitude u of the acoustic pressure is governed by the
homogeneous convected Helmholtz equation:

1
c2

0

D2
0u

Dt2
−∇2u = 0 , (2.16)

where D0(.)/Dt = +iω(.) + v0 · ∇(.) is the material derivative.

An inhomogeneous Robin condition (2.11) can be applied on Γr to generate a given
solution uex inside the computational domain. In this case, the condition writes:

∇u · n + ik+u = g , (2.17)

where the source term is given by g = ∇uex · n + ik+uex. On the remainder of the
boundary Γd = ∂Ω\Γr, a Dirichlet boundary condition can be imposed:

u = uex . (2.18)

2.3.2.2 Weak Variational Formulation

Using the Galerkin method, the convected Helmholtz equation can be translated into
a weak formulation. The aim is to relax the regularity requirements on the solution.
Equation (2.16) is multiplied by a test function w associated to u. The integration of
the equation over the whole domain Ω gives:

∫
Ω
w

[
1
c2

0

D2
0u

Dt2
−∇2u

]
dΩ = 0 , (2.19)

where (̄.) denotes the complex conjugate.

Using the Green theorem, we find, for u ∈ U :

∀w ∈ V ,
∫

Ω

[
− 1
c2

0

D0w

Dt

D0u

Dt
+∇w · ∇u

]
dΩ =

∫
Γr
w

[
(∇u · n)− 1

c2
0
(v0 · n)D0u

Dt

]
dΩ ,

(2.20)
where U = {u ∈ H1(Ω), u = uex on Γd} and V = {w ∈ H1(Ω), w = 0 on Γd} with

H1(Ω) = {f ∈ L2(Ω), ∂f
∂xi
∈ L2(Ω)} ,
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L2 refers to the square integrable function space. The integral on the domain boundary
is modified according to the type of specified boundary conditions.

2.3.2.3 Discretisation

The continuous domain is partitioned into non-overlapping finite elements with an av-
erage spacing between nodes h. The resulting mesh may be of different nature. It can
be structured or unstructured: structured meshes are characterised by a uniform and
regular grid. They are generally used when simple geometries are involved. Otherwise,
unstructured meshes are preferred as they are more adapted to complex geometries. In
this work, unstructured meshes are considered. If the nodes, edges and faces are perfectly
matched, the mesh is said conformal. Otherwise, the mesh is non-conformal: hanging
nodes or overlapping zones may be present. Only conformal meshes are examined in
this work.

2.3.2.4 High-order Shape Functions

The approximate solution uh and the associated test function wh are constructed using
the classical H1-conforming hierarchical polynomial shape functions. In this section, we
recall the main definitions of these shape functions in two dimensions. A more detailed
discussion can be found in Šolín et al. [159]. The interpolation of the solution is con-
structed on the reference triangular element defined as

{
(ζ, η) ∈ R2;−1 < ζ, η; ζ + η < 0

}
.

This reference element is equipped with the following affine coordinates:

ν1(ζ, η) = η + 1
2 , ν2(ζ, η) = −η + ζ

2 , ν3(ζ, η) = ζ + 1
2 . (2.21)

The construction of the higher order shape functions rely on the Lobatto polynomials
defined as:

lq(x) =
√

2q − 1
2

∫ x

−1
Lq−1(s) ds , for − 1 6 x 6 1 , (2.22)

with Lq the Legendre polynomial of order q. These functions verify the following or-
thogonality property: ∫ 1

−1

∂li
∂ζ

∂lj
∂ζ

dζ = 0 , for i 6= j , (2.23)

which ensures an optimal conditioning of the stiffness matrix for Helmholtz problems
[164]. It is also necessary to introduce the so-called kernel functions:

Ψq(x) = lq+2(x)/[l0(x)l1(x)] .

In each physical triangular element Ωe, the numerical solution uh is sought as a sum of
contributions from nodal, edge and bubble shape functions (see Fig. 2.1). Nodal shape
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Figure 2.1: Example of triangular nodal, edge and bubble Lobatto shape functions.

functions are equal to unity at their node of definition and vanish at all other nodes:

ϕv1 = ν2 , ϕv2 = ν3 , ϕv3 = ν1 . (2.24)

Edge functions are equal to the Lobatto polynomials on the edge they are associated
to, and vanish on the other edges of the element:

ϕe1
q = ν2ν3Ψq−2(ν3−ν2), ϕe2

q = ν3ν1Ψq−2(ν1−ν3), ϕe3
q = ν1ν2Ψq−2(ν2−ν1), (2.25)

with 2 ≤ q ≤ p.

Finally, the bubble shape functions vanish on the boundaries of the element but are
non-zero inside the element:

ϕbq1,q2 = ν1ν2ν3Ψq1−1(ν3 − ν2)Ψq2−1(ν2 − ν1) , (2.26)

with q1, q2 > 1 and q1 + q2 6 p− 1.

On a given triangular element Ωe, the discrete solution of order p is then expressed as:

uh(ζ, η) =
3∑
r=1

ϕvr(ζ, η)uvr +
p∑
q=2

3∑
r=1

ϕerq (ζ, η)uerq +
p∑

q1=2

p−1−q1∑
q2=2

ϕbq1,q2(ζ, η)ubq1,q2 , (2.27)

where uvr , uerq and ubq1,q2 are the degrees of freedom (DOFs) associated to the nodal,
edge and bubble functions respectively. On a given triangular element of order p, there
are therefore 3 nodal functions, 3(p − 1) edge functions and (p − 1)(p − 2)/2 bubble
functions.
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An important property of the family of Lobatto shape functions is their hierarchic struc-
ture. The shape functions for order p are retained to construct the set of shape functions
at order p+ 1. As a consequence, the orders of the elements can easily be varied across
the mesh without requiring any specific treatment which is particularly useful for for
p-adaptive and hp-adaptive finite-element methods.

All surface and line integrals in the p-FEM formulation (2.20) are evaluated using Gauss–
Legendre quadrature [159]. For the quadratures used in the present study, all the quadra-
tures are exact, except for the integrand involving g on Γr which may be non-polynomial.
In this case, the order of the numerical quadrature is fixed to 2p+ 2. A large number of
tests have been performed using quadrature orders up to 2p+ 10, without inducing any
significant change in the results, thereby indicating that the resulting integration error
can be considered negligible.

2.3.2.5 Condensation

The bubble functions defined in (2.26) vanish on the element boundaries and are there-
fore not coupled to the neighbouring elements. These internal degrees of freedom can
be eliminated at the element level prior to assembly and do not appear in the global
system matrix. This condensation procedure does not affect the final solution and is a
very effective technique to reduce the size and improve the conditioning of the global
system matrices [159]. The internal values of the solution are recovered during the
post-processing stage by solving small linear systems for each element. The benefits
of condensation tends to become more significant as the polynomial order p increases
because the number of bubble functions scales like p2 in 2D whereas the number of edge
functions scales like p. In 3D, the benefit still holds as the number of bubble functions
scales like p3. Note however that linear and quadratic triangular elements do not involve
bubble functions and cannot benefit from condensation.

2.3.2.6 Error Estimates

For the hp-version of the finite element method for smooth solutions of the Helmholtz
equation, Ihlenburg and Babuška [94] have obtained upper bounds for the global relative
error in H1 semi-norm

E ≤ C1

(
kh

2p

)p
+ C2k

(
kh

2p

)2p
,

where C1 and C2 are independent of k and h and are weak functions of the order p. The
first term in this expression represents the interpolation error and has a dependency of
order p with kh. This error can be controlled by using a sufficient number of elements
per wavelength, given by 2π/(kh). The second term is associated with the dispersion
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error and the pollution effect. The dispersion error is the difference between the the-
oretical wavenumber and the wavenumber actually observed in the numerical model.
From this error estimate, the advantages of resorting to higher order shape functions
appears clearly for smooth solutions. Exponential convergence rates are obtained with
p-refinement, while convergence with h-refinement is only algebraic.

At high resolution (i.e. at low values of kh), the interpolation error dominates and
the H1-norm error converges asymptotically as O (kh/2p)p. In the L2-norm, the ac-
tual rate of convergence of the interpolation error is increased by one level and follows
O (kh/2p)p+1 [10]. These theoretical error estimates are found to match closely with
numerical experiments, see for instance [20].

2.4 Physics-based Methods

2.4.1 Literature Review

Physics-based methods, also referred to as Trefftz methods, are another category of
method developed to remedy the pollution problem (a detailed review of these methods
can be found in [87]). The idea is to incorporate a priori knowledge about the local
behaviour of the solution into the numerical model. This is generally achieved by using
local canonical solutions of the governing equations to build an approximation basis.

For the Helmholtz equation, the local solutions are generally plane waves, but other
alternatives can be used, such as Bessel functions [110] or Green’s functions [33]. In [110],
the authors compared the accuracy and costs of using plane waves or Bessel functions
in the basis. For the propagating and evanescent plane wave in free field problem, the
results showed that to achieve high accuracy, the Bessel basis is more robust. When
the accuracy needed is around 1%, the use of a plane-wave basis is preferred especially
because of the expensive quadratures in the case of a Bessel basis. For a singular problem,
they found that both bases performed similarly for uniform meshes. To obtain higher
accuracies, the plane waves and Bessel basis can be coupled or the plane wave basis can
be adopted on a non-uniform mesh (refined around the singularity points).

It is generally assumed that a plane-wave basis naturally provides better accuracy com-
pared to polynomials since the latter bear no relation with the governing equations. A
number of wave-based methods rely on discontinuous formulations where the solution is
approximated with plane waves in each elements and the continuity between elements
is imposed weakly. This includes the Ultra Weak Variational Formulation (UWVF)
[34, 93, 35], the least square method [125], and the wave-based discontinuous Galerkin
method [66]. They differ in the way the inter-element continuity is formulated but it is
now recognised that these methods are all variants of the same discontinuous Galerkin
method using different numerical fluxes to ensure continuity between elements [71]. The
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DGM framework is particularly well suited for adaptivity since it is straightforward to
change the number of plane waves in each element. Applied to the Helmholtz equation,
the methods are found to be more efficient than the standard FEM [125, 35].

Another method using discontinuous interpolation is the Discontinuous Enrichment
Method (DEM) where enrichment functions are added to the set of conventional shape
functions to construct the approximate solution in each element [53]. The standard FE
basis represents the coarse scales of the solution whereas the enrichment functions repre-
sent the fine scales. The resulting basis is not continuous across the elements interfaces
and the continuity of the solution is weakly enforced by the mean of Lagrange multipliers
on the edges between elements. The enrichment functions only contribute to the solution
locally and have no connectivity with neighbouring elements. Static condensation can
therefore be applied. This method has been used to solve the Helmholtz equation [54]
and extended to other fields such as fluid-structure interactions [120]. The DEM leads
to a significant reduction of the number of degrees of freedom when compared to linear,
quadratic and quartic Lagrange finite elements for a fixed accuracy in 2D [54, 61] and 3D
[150]. Removing the conventional shape functions from the DEM leads to a wave-based
discontinuous Galerkin method with Lagrange multipliers [54]. It was indeed shown that
the polynomial field is not crucial to efficiently solve the Helmholtz equation.

Other Trefftz methods relying on discontinuous interpolations include the wave-based
method [43] and the variational theory of complex rays (VTCR) [103], but these two
methods cannot be formulated in the DG framework [87]. Results in [90] indicate that
the UWVF tends to outperform the VTCR for simple Helmholtz problems.

The PUFEM constructs an approximation of the solution by multiplying enrichments
functions with the standard FEM shape functions [122]. The benefit of this approach is
that the resulting approximation space is naturally continuous. The downside is the cal-
culation of the element matrices which can be costly because it involves highly-oscillatory
integrals with products of exponentials and polynomials. Astley and Gamallo were the
first to apply the method in the aero-acoustic context [8] to model the propagation of
acoustic waves on potential mean flows. The standard basis functions were enriched
with plane waves solutions of the convected Helmholtz equation. They show that even
though the conditioning of the method deteriorates when the number of wave direc-
tions increases, accurate solutions can be obtained with reasonable condition numbers.
Compared to conventional FEM, PUFEM yields very large improvements. Elements of
comparisons of PUFEM with the UWVF can be found in [92, 160] and the UWVF is
relatively better conditioned and generally more efficient.
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2.4.2 Wave-based Discontinuous Galerkin Method

This section describes the formulation of the wave-based DGM [66] for solving the con-
vected Helmholtz equation.

2.4.2.1 Statement of the Problem

The two dimensional convected Helmholtz equation (2.16) is first reformulated as a set
of linear, first-order equations of the form:

+ iωu+ ∂

∂x
(Au) + ∂

∂y
(Bu) = 0 , (2.28)

by defining

u =


ρ

ρ0vx

ρ0vy

 , A =


0 1 0

c2
0 − v2

x,0 2vx,0 0
−vx,0vy,0 vy,0 vx,0

 , B =


0 0 1

−vx,0vy,0 vy,0 vx,0

c2
0 − v2

x,0 0 2vx,0

 ,

(2.29)
where ρ0 is the mean density of the fluid. The unknowns ρ, ρ0vx and ρ0vy are the linear
perturbations of density, x-momentum and y-momentum respectively. The numerical
method is described here for constant coefficient matrices but it could be extended to
the case where the matrices are functions of x and y [66] by approximating them as
piecewise constant functions.

2.4.2.2 Variational Formulation

As for the p-FEM presented above, the computational domain Ω is divided into a collec-
tion of elements Ωe but unlike p-FEM the solution is allowed to be discontinuous across
the element edges. After integration by parts in each element the variational formulation
for equation (2.28) reads:

∑
e

∫
Ωe

(
iωwTu− ∂wT

∂x
Au− ∂wT

∂y
Bu

)
dΩ +

∑
e

∫
∂Ωe

(
wTAunx +wTBuny

)
dΓ = 0 ,

(2.30)
where T denotes the conjugate transpose, w is the test function associated to the solution
u and ne = (nx, ny) is the outward unit normal to ∂Ωe.
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After introducing the flux matrix F = Anx + Bny and rearranging terms in the first
integral, equation (2.30) becomes:

−
∑
e

∫
Ωe

(
iωw + AT∂w

∂x
+ BT∂w

∂y

)T
udΩ +

∫
∂Ω
wTFu dΓ

+
∑
e

∑
e′<e

∫
Γe,e′

(wTFu)e + (wTFu)e′ dΓ = 0 ,
(2.31)

where Γe,e′ is the edge between the element e and e′. The continuity of the normal flux
across the interface between the two elements is directly enforced by writing:

Feue = −Fe′ue′ = f e,e′(ue,ue′) , (2.32)

where f e,e′ is the so-called numerical flux which is discussed below. In the wave-based
DGM, the solution in each element is taken to be an exact solution of the homogeneous
equation:

iωu + A∂u

∂x
+ B∂u

∂y
= 0 . (2.33)

In addition, the test function w in each element is a solution of the adjoint equation
which can be easily identified from (2.31):

− iωw −AT∂w

∂x
−BT∂w

∂y
= 0 . (2.34)

This particular choice of test function is crucial as it allows to remove the element
integrals from the formulation and the variational formulation finally reads:

∑
e

∑
e′<e

∫
Γe,e′

(we −we′)Tf e,e′(ue,ue′) dΓ +
∫
∂Ω
wTFu dΓ = 0 . (2.35)

2.4.2.3 Numerical Flux

The efficiency of a discontinuous Galerkin method depends to a large extent on the
choice of the numerical flux. In the current formulation, the upwind flux-vector splitting
method is used. The flux on the edge between two elements is expressed in terms
of characteristic waves in the direction normal to the edge [161]. These characteristic
waves can be obtained by diagonalising the flux matrix F = WΛW−1. The matrix
of eigenvalues Λ contains the phase velocity of the characteristic waves and W is the
matrix of eigenvectors. They are used to split the flux matrix F into the incoming and
outgoing flux terms by writing

F = F+ + F− , with F± = WΛ±W−1

where Λ± is the diagonal matrix of the positive or negative eigenvalues. For a given
edge, the incoming flux is calculated using the inner solution while the outgoing flux is
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calculated using the outer solution, resulting in the following expression for the numer-
ical:

f e,e′(ue,ue′) = F+ue + F−ue′ , (2.36)

where the first term correspond to the flux associated to waves travelling from e to e′ and
the second term to the flux associated to waves travelling the other way. The variational
formulation reads:

∑
e

∑
e′<e

∫
Γe,e′

(we −we′)T(F+ue + F−ue′) dΓ +
∫
∂Ω
wTFu dΓ = 0 . (2.37)

In the case of the convected Helmholtz equation formulated with (2.28–2.29) the com-
putation of Λ and W gives:

Λ =


v0 · n 0 0

0 v0 · n− c0 0
0 0 v0 · n + c0

 , (2.38)

W =


0 1 1

−c0ny vx,0 − c0nx vx,0 + c0nx

c0nx vy,0 − c0ny vy,0 + c0ny

 ,W−1 = 1
2c0


2(vx,0ny − vy,0nx) −2ny 2nx

c0 + v0 · n −nx −ny
c0 − v0 · n nx ny

 .

(2.39)

2.4.2.4 Boundary Conditions

A variety of boundary conditions can be formulated within the wave-based DGM and
a systematic approach for this is presented in [70]. In the present work, ghost cells and
Dirichlet boundary conditions are used.

Ghost cells can be used to generate a given solution within the computational domain.
This technique follows naturally from the numerical flux presented above and the idea
is to treat the outer boundary of the computational domain as an internal edge between
two elements. The same flux splitting as in equation (2.36) is used to write

Fu = F+u+ F−u = F+u+ F−gr .

The key difference with an internal edge is that the outer solution is known and will
be denoted gr. The incoming flux is therefore expressed in terms of this prescribed
solution by writing F−u = F−gr. It should be noted that this approach is equivalent to
the Robin boundary condition (2.11) used for the p-FEM. The forcing term gr for the
wave-based DGM can in fact be expressed in terms of the target solution uex for the
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p-FEM:

gr = − 1
iω


−iωuex/c

2
0

∂uex/∂x

∂uex/∂y

 . (2.40)

For the Dirichlet boundary condition (2.18), the method outlined in [70] is used to modify
the variational formulation accordingly. Imposing the pressure on the boundary amounts
to specifying a relation between the outgoing and incoming characteristic waves. The
flux term on the boundary can then be written Fu = Fdu + gd. For conciseness, the
definitions are given in the no flow case [70]:

Fd =


c0 nx ny

0 0 0
0 0 0

 , gd =


−uex/c0

uexnx

uexny

 . (2.41)

The variational formulation finally becomes:

∑
e

∑
e′<e

∫
Γe,e′

(we −we′)T(F+ue + F−ue′) dΓ +
∫

Γr
wTF+udΓ

+
∫

Γd
wTFdudΓ = −

∫
Γr
wTF−gr dΓ−

∫
Γd
wTgddΓ .

(2.42)

2.4.2.5 Interpolation Basis

With Trefftz methods the solution is approximated using local, canonical solutions of
the governing equations. Various choices of approximating functions are available: prop-
agating plane waves [122, 34, 125, 53], evanescent plane waves [120, 151, 111], Bessel
functions [110], Green’s functions [33]. Some elements of comparisons of these methods
can be found in [73, 92, 68, 71, 160].

In the wave-based DGM the approximate solution uhe and test function wh
e in each

element Ωe are constructed as sums of propagating plane waves:

uhe (x) =
Nw∑
n=1

aenrn exp(−iknθn · x) , wh
e (x) =

Nw∑
m=1

bemlm exp(−iknθm · x) . (2.43)

With this approximation the degrees of freedom in each element are the wave amplitudes
aen and bem as all the other quantities in (2.43) are fully defined.

The unit vectors θn represent the directions of the plane waves. In the framework of
the DGM, the number and the orientations of the plane waves can easily be chosen
independently in each element. For simplicity, in this study the same number Nw of
plane waves is used in every element. Unless otherwise stated, the wave directions are
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evenly distributed on the interval [0, 2π[. In the literature, both theoretical results and
numerical evidence indicate that Nw = 2n and Nw = 2n − 1 (where n ∈ N∗) provide
the same order of convergence, see for instance [79, 78]. This implies that using an odd
number of plane waves offers a gain in performance [93, 85]. Therefore, for the sake
of conciseness, only odd numbers of plane waves will be shown in this study, with Nw

varying form 3 to 25. Results for even numbers of plane waves have also been calculated
and the performance and conditioning of the wave-based DGM was indeed found to be
slightly below those obtained with odd values of Nw.

The formulation of the wave-based DGM requires that the solution in each element
is an exact solution of equation (2.33). It follows that the wavenumbers kn and vec-
tor amplitudes rn introduced in (2.43) have to be solution of the following eigenvalue
problem:

(A cos θn + B sin θn)rn = ω

kn
rn . (2.44)

This equation represents the dispersion relation of the waves propagating in the θn
direction.

Similarly, the test function wh has to satisfy the adjoint equation (2.34) and it follows
that the wavenumbers kn and vector amplitudes ln are solution of the adjoint dispersion
relation:

(A cos θn + B sin θn)Tln = ω

kn
ln . (2.45)

In the case of the convected Helmholtz equation formulated with (2.28–2.29), for a given
direction θn, one finds:

kn,1 = ω

v0 · θn
, kn,2 = ω

v0 · θn − c0
, kn,3 = ω

v0 · θn + c0
, (2.46)

and the corresponding wave amplitudes:

r1 =


0

−c0 sin θn
c0 cos θn

 , r2 =


1

vx,0 − c0 cos θn
vy,0 − c0 sin θn

 , r3 =


1

vx,0 + c0 cos θn
vy,0 + c0 sin θn

 , (2.47)

l1 =


vx,0 sin θn − vy,0 cos θn

− sin θn
cos θn

 , l2 =


−c0 − v0 · θn

cos θn
sin θn

 , l3 =


c0 − v0 · θn

cos θn
sin θn

 . (2.48)

The first eigenvectors correspond to vorticity waves convected with the mean flow. They
do not affect the pressure perturbation. The two other vectors correspond to acoustic
waves propagating in opposite directions and produce a potential velocity field. As we
are interested in potential problems only, where no vorticity waves are involved, the
number of vorticity waves in our basis will be zero.
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The wavenumbers kn and the vector amplitudes rn and ln are exact solutions of the dis-
persion relations (2.44–2.45). By construction the numerical model will directly include
these properties.

It can be noted that using this particular wave basis, the variational formulation (2.42)
only involves integrals of exponentials on the edges between elements which are relatively
inexpensive to compute. This is in contrast with the PUFEM, for instance, which
involves costly integrals of polynomial-exponential products [122]. The integrals on the
boundaries Γd and Γr involving the source terms are evaluated in closed form if possible,
or using high-order Gauss-Legendre quadrature.

Figure 2.2: Plane waves discretisation in a triangle.

2.4.2.6 Error Estimates

Theoretical error estimates for the h-version of the UWVF are given in [30], for the
Helmholtz equation. It is shown that for smooth solutions, the global discretization error
measured in the L2-norm behaves asymptotically like h(Nw−1)/2−1. However numerical
tests carried out for different frequencies and number of plane waves indicate that this
expression under estimates the actual convergence rates. The convergence rates obtained
from numerical experiments reported in [30] are found to be close to h[(Nw+1)/2], where
[x] denotes the integer part of x. Similar error estimates are also derived for h-refinement
by Cessenat et al. in [34], although for a slightly different error norm.

In a series of papers, Hiptmair et al. [85, 86, 88] discussed the behavior of the p and
the hp-version of the wave-based DGM. The main result that, for a fixed mesh, the
L2-norm of the discretisation error converges exponentially in the square root of the
number of degrees of freedom, including in the presence of strong mesh refinements [88].
Concerning the dispersion error, likely to dominate in the lower resolution regime, it
is analyzed for both triangular and quadrilateral meshes in 2D in [79]. The relative
dispersion error is shown to behave asymptotically like (kh)(Nw−1) for large values of kh,
hence exhibiting an exponential decrease as the number of plane waves is increased.





Chapter 3

Performance Study of p-FEM and
Wave-Based DGM

In this chapter, the performance of the p-FEM and the wave-based DGM are bench-
marked for the two-dimensional Helmholtz and convected Helmholtz equations. Unless
otherwise stated, the problems considered are no-flow situations. The methodology put
in place for the comparison is first introduced. This includes the definition of the used
cases, as well as the choice of the measures for the relative cost and the accuracy. The
comparison begins by examining the interpolation properties of the two approximation
bases. The convergence, conditioning and computational costs of the two methods are
then investigated in details. The analysis ends with some practical considerations on the
strengths and weaknesses of each approach, and outlines possible improvement paths.

3.1 Description of the Test Cases

The performance of high-order methods is known to be highly problem dependent [87].
Therefore, a total of four cases are introduced, in order to assess the ability of the two
methods to tackle a large variety of problems. In all computations, all quantities are
non-dimensionalised, the speed of sound c0 and the density ρ0 are set to unity. Examples
of solutions for each of the four problems are shown in figure 3.1.

3.1.1 Plane Wave in Free Field Problem

The first test case is a simple plane wave propagating on a square domain (see Fig.
3.1(a)). This rudimentary scenario allows for a detailed analysis of the dispersion prop-
erties of the numerical models such as the anisotropy. It has been used in previous

53
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(a) Propagating plane wave (θ0 = 45◦). (b) Propagating spinning wave (m = 10).

(c) Evanescent spinning wave (m = 19) (d) Corner solution.

Figure 3.1: Examples of analytical solutions of the four benchmark problems (kL =
50).
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(c) Corner problem (h/b = 0.25).

Figure 3.2: Examples of unstructured meshes used for the test cases.
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studies to analyse the performance of the wave-based DGM [66], the Partition of Unity
method [122] and the Discontinuous Galerkin method with Lagrange multipliers [54].

The computational domain is a square of size a and is represented by an unstructured
mesh of triangular elements of typical size h (see Fig.3.2(a)). A single propagating plane
wave with direction θ0 is generated inside the domain:

uex = e−ikθ0·x ,

where θ0 = (cos θ0, sin θ0). For the p-FEM this is achieved using the Robin condition
(2.11) and for the wave-based DGM the ghost cells are used with (2.40).

While providing insight into the accuracy of the numerical schemes, this plane wave
solution is not representative of realistic applications where the sound fields typically
contain a wide range of wave directions. Realistic problems can also involve evanescent
waves in addition to propagating waves, and these can be difficult to capture by some
numerical models [92, 110]. This motivates the introduction of a second and third test
cases.

3.1.2 Spinning Wave Problems

The second and third test cases consist in the simulation of a single cylindrical harmonic
of order m which will be referred to as the spinning wave problems. Examples of such
solutions are shown in figures 3.1(b) and 3.1(c) and it can be seen that all wave directions
are equally represented in these problems. The analytical solution is given in cylindrical
coordinates:

uex(r, θ) = H(2)
m (kr)e−imθ , (3.1)

where H(2)
m is the Hankel function of the second kind of order m which determines the

number of spiral waves around the circumference.

These test cases are solved on an annular computational domain with inner and outer
radii R and 2R, respectively. The exact spinning waves (3.1) are enforced on the inner
and on the outer boundary using the Robin condition (2.20) for p-FEM or the ghost cell
formulation with (2.40) for the wave-based DGM. An example of unstructured triangular
mesh used is shown in figure 3.2(b). In order to avoid introducing any additional source
of error in the model, the circular geometry is represented exactly. For p-FEM, this
is achieved by using a linear coordinate mapping between the reference element and
the cylindrical coordinates r and θ (instead of Cartesian coordinates x and y). For
the wave-based method the edges of the elements on the boundaries are defined as arcs
rather than straight lines. For both methods, this leads to an exact representation of
the cylindrical boundaries of the domain.
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It is worth noting that this situation is closely related to the well-known problem of a
plane wave scattered by a cylinder since the solution for the latter is a sum of cylindrical
harmonics, see for instance [160, 70]. Although this problem has been investigated, it is
preferable to consider different cylindrical harmonics individually (the reader can find
detailed justifications in Annexe A). For m < kR the sound field decays slowly like 1/

√
r

away from the inner boundary. However for m > kR there is a region near the inner
boundary where the sound field decays at a much faster rate 1/rm. These harmonics
represent creeping waves that propagate along smooth convex surfaces (see section 9-5
in [138]). While creeping waves do radiate sound to the far field, they play the same
role as evanescent waves radiating from a flat surface. As will be shown below, the large
gradients present in the solutions for m > kR lead to a change in the performance of
the numerical models. For this reason both propagating (Fig. 3.1(b)) and evanescent
(Fig. 3.1(c)) spinning wave harmonics will be considered.

3.1.3 Corner Problem

All the benchmark problems described above involve smooth solutions, but the perfor-
mance of high-order schemes is known to deteriorate significantly when dealing with
non-smooth solutions, including the p-FEM [11] and the wave-based DGM [92]. There-
fore we also consider the simulation of the corner solution, shown in figure 3.1(d), which
was also used in [92, 158]. The analytical expression for the pressure field is given by

uex(r, θ) = J2/3(kr) sin
(2

3θ
)
, for 0 < θ <

3
2π , (3.2)

where J2/3 is the Bessel function of the first kind. While uex itself remains bounded,
its gradient is singular at the corner. This problem will allow to illustrate how the two
methods cope with non-smooth solutions.

As shown in figure 3.1(d) an L-shaped computational domain is used for this test case.
On the two edges of length b which meet at the origin, an homogeneous Dirichlet condi-
tion is enforced: u = 0. This is done using the Dirichlet boundary condition (2.18) for
p-FEM and the formulation (2.42) with (2.41) for wave-based DGM.

For all the other boundaries the Robin condition (2.11) is used for p-FEM and the ghost
cells (2.40) are used for the wave-based DGM. Unstructured triangular meshes will be
used and an example is shown in figure 3.2(c). For p-FEM it is recommended to use
local h-refinement to improve the accuracy of the model near the singular part of the
solution, so both a uniform and refined grid will be considered here. For the wave-based
DGM incorporating ad-hoc function in the approximation basis is generally required
in such situations. These issues will be addressed in more details when discussing the
results for this test case in sections 3.3 and 3.4.
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3.2 Measures of Accuracy and Costs

For all the test cases described above a number of parameters can be varied: the angular
frequency ω, the element size h and the approximation order (that is the polynomial
order p for the p-FEM and the number of plane waves Nw for the wave-based DGM).
Since the sizes and shapes of the computational domains vary between the different test
cases it is more representative to define the frequency in terms of the Helmholtz number
kL. The length L =

√
area(Ω) is indicative of the size of the domain and different test

cases solved with the same Helmholtz number kL can be expected to be as demanding.

To provide a measure of the numerical resolution, we define the number of degrees of
freedom per wavelength as follows [66]:

Dλ = 2π
kL

(√
NDOF − 1

)
. (3.3)

The number of elements per wavelength could also be used to describe the resulting
problem but when dealing with high-order methods, it is more relevant to use Dλ which
can be understood as the density of information describing one wavelength. Therefore,
unless stated otherwise, the mesh resolution will be measured using Dλ.

The accuracy of the numerical solutions is assessed by calculating the relative L2-error

EL2(Ω) =
‖uh − uex‖L2(Ω)
‖uex‖L2(Ω)

, with ‖ · ‖L2(Ω) =
(∫

Ω
| · |2 dΩ

)1/2
. (3.4)

This integral is evaluated using high-order Gauss-Legendre quadrature rules on each
element with 2p+ 10 points for p-FEM and Nw + 10 for the wave-based DGM.

Once assembled, both p-FEM and wave-based DGM lead to a sparse global system of
equations with complex-valued coefficients of the form:

Ku = b . (3.5)

The latter can be solved either using a direct or an iterative approach.

In this first part of the study, only direct solution procedures are considered. The devel-
opment of robust iterative solvers for Helmholtz problems discretised by the standard
FEM is undergoing active research (for a review see [133]). However, the indefiniteness
of the operator tends to hinder their performance at higher frequencies. Furthermore,
the system matrices arising from a high-order discretisation typically exhibit higher con-
dition numbers than that of the linear FEM ones, which renders the problem even more
challenging. For these reasons, iterative solutions will not be considered here. Instead,
all systems are solved using either the Cholesky (in the no-flow case, when K is sym-
metric) or LU factorisation algorithm of the multi-frontal sparse direct solver MUMPS
(version 4.10.0) [1].
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This operation represents the most expensive part of the solution procedure. The cost
of solving the global system is monitored in a number of ways:

• The total number of degrees of freedom NDOF is a first indicator, but in practice
it does not necessarily correlate directly with the cost of a numerical model, see
for instance [21].
• The number of non-zero entries NNZ in the sparse global matrix K is another

measure of cost. In particular the memory required to store the matrix before the
factorisation is directly proportional to NNZ.
• The factorisation memory, as reported by the solver MUMPS, is a crucial param-
eter because it is generally the bottleneck in solution procedures based on direct
solvers. In real-world applications it is often the amount of memory available that
dictates the size of the problems that can be solved on a given platform.
• Although this is more dependent on the platform used for the calculations, the
time taken by the factorisation will also be reported.
• Finally, it is important to monitor the condition number κ of the system:

κ = ‖K‖1
∥∥∥K−1

∥∥∥
1

where ‖(.)‖1 refers to the 1-norm. The conditioning of a system quantifies the
sensitivity of the solution vector u to small changes in the inputs. In other words,
it is a measure of the effect of a small change in the problem parameters on the
resulting solution. These little changes may correspond for example to roundoff
errors during the numerical process. This quantity is important as the accuracy,
or even success, of the direct solver can be affected by poor conditioning. In
addition it is often reported in the literature that wave-based methods are poorly
conditioned and this aspect will be carefully examined in the next sections.

Note that for p-FEM, when condensation is applied, NDOF and NNZ do not take into
account the degrees of freedom corresponding to the internal bubble functions, which
are eliminated before the global system is assembled. Unless otherwise stated, the cost
of solving the linear system will be reported with condensation. However, its effects on
computational cost and conditioning will also be addressed.

3.3 Comparison of the Interpolation Properties

Before trying to solve the test cases previously defined using the two methods, a first
analysis is performed to assess the interpolation properties of their respective approxi-
mation bases. Independently of the numerical formulations, we compare in this section
the ability of the continuous polynomial basis on the one hand, and the discontinuous
plane-wave basis on the other hand to approximate the solutions of the four different
test cases.
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This is done by computing the best interpolation uh,opt that minimises the L2-error
relative to a known exact solution uex where the best interpolation is given by:

uh,opt =
∑
n

anϕn

where ϕn the nth shape functions. Finding the degrees of freedom an which minimise
the L2 error involves the following cost function J:

J =
∫

Ω |uex − uh,opt|2dΩ
=

∫
Ω(uex −

∑
n anϕn)T (uex −

∑
n anϕn)dΩ

. (3.6)

The expression can be further developed:

J = aTMa + aTy + ayT + z, (3.7)

where
(M)ij =

∫
Ω
ϕiϕjdΩ, yi = −

∫
Ω
ϕiuexdΩ, z =

∫
Ω
|uex|2dΩ,

and where a refers to the vector of DOFs an. Decomposing every terms into their real
and imaginary parts, (.)r and (.)i respectively, leads to:

J = aT
r Mrar − 2arMiai + aT

i Mrai + 2aT
r yr + 2aT

i yi + z . (3.8)

Minimising the cost function J is equivalent to solving the system:{
Mrar −Miai = −yr

Miar + Mrai = −yi
. (3.9)

Finding the optimal interpolation involves a simple least-square problem which amounts
to solving the linear system Ma = −y.

The relative error on the optimal interpolation is denoted by

Eopt
L2(Ω) =

‖uh,opt − uex‖L2(Ω)
‖uex‖L2(Ω)

. (3.10)

It is worth noting that the results for the wave-based DGM presented in this section
also apply to a number of other wave-based methods: UWVF, least-square method and
wave-based DGM with Lagrange multipliers since all of these methods interpolate the
solution with the same plane-wave basis defined in section 2.4.2.5.
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Figure 3.3: Relative L2 error associated with the best interpolation plotted against
the direction of the incident plane wave with h/a = 0.1, kL = 20. Black solid lines:
p-FEM, red dashed lines: wave-based DGM. Numbers indicates the polynomial order

or the number of plane waves.

3.3.1 Anisotropy

The anisotropy of the two different approximating bases is best shown using the test
case of the single plane wave by varying the incident wave direction θ0 from 0 to 2π.
The relative L2-error of the optimal interpolation is plotted against θ0 in Figure 3.3 for
various approximation orders and with element size h/a = 0.1 and Helmholtz number
kL = 20.

As expected, both methods exhibit exponential convergence with respect to the order p
or the number of plane waves Nw. However, the behaviour of the two bases with respect
to the propagation angle θ0 is very different.

The polynomial basis is rather insensitive to the plane wave direction and, for a given
order p, only small variations of accuracy are observed when varying θ0. This is due to
the use of an unstructured mesh (a structured mesh would result in a more pronounced
anisotropy governed by the topology of the mesh [20]).

In contrast, the plane-wave basis is very sensitive to the orientation of the incident plane
wave. When it is aligned with one of the waves in the basis, the error drops to zero since
the exact solution belongs to the interpolation basis. The error reaches its maximum
precisely half-way between two wave directions in the basis [66]. In realistic cases, sound
fields are composed of waves propagating in multiple directions and therefore, the global
error will most likely be driven by the wave direction resulting in the largest error. For
the remainder of the report, for this particular test case, the incident wave direction θ0

will be taken half-way between two plane waves of the basis. This strong anisotropy
of the wave-based DGM also justifies the introduction of the spinning wave test case
(Figure 3.1(a)) where all wave directions are equally represented.
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3.3.2 Convergence Properties
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(a) Plane wave.
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(b) Propagating spinning wave (m = 10).
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(c) Evanescent spinning wave (m = 19).
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(d) Non-smooth solution.

Figure 3.4: Relative best L2 interpolation error (%) against Dλ at kL = 50; red
dashed lines: wave-based method; black solid lines: p-FEM (with static condensation).

We now examine the interpolation properties of the two approximation bases with re-
spect to order and mesh resolution. In Figure 3.4, the relative error of the best interpo-
lation is plotted against the number of degrees of freedom per wavelength Dλ. This is
done for each value of p or Nw by fixing the frequency kL = 50 and varying the mesh
size.

For the single plane wave and the propagating spinning wave test cases, the expected
behaviour is observed, with an algebraic convergence with the mesh size and an expo-
nential convergence with p or Nw. For p-FEM, the L2 error scales asymptotically like
D
−(p+1)
λ as expected [10, 20]. For the wave-based DGM the error scales like D−[(Nw+1)/2]

λ

where [x] denotes the integer part of x which is consistent with previous work [34, 30, 66].
These are rates of h-convergence as they have been identified by varying the element
size while keeping the order or the number of plane waves constant.

For the wave-based method the interpolation error is not able to go beyond 10−5. This
is due to the high-conditioning of the problem: the condition number of the matrix X
reaches 1012 when the relative L2 error is below 10−4.
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The conclusion from Figures 3.4(a) and 3.4(b) is that, for smooth solutions, there is no
significant gap between the two bases in terms of interpolation error. Using reasonably
high polynomial orders or numbers of plane waves, it is possible to achieve similar levels
of accuracy with similar number of degrees of freedom per wavelength. For instance for
the plane wave test case, the polynomial basis with order p = 9 matches closely the
accuracy of the plane wave basis approximation with Nw = 19.

Results for the evanescent spinning wave test case are shown in Figure 3.4(c). For the
p-FEM basis, the same convergence behaviour as in Figure 3.4(b) is observed, with only
a slight increase in interpolation error. However for the wave basis, the interpolation
error does not converge fully at the expected asymptotic rate. Instead, a region of slow
convergence is observed. An inspection of the interpolation error in the domain reveals
that the error is concentrated in the region close to the inner cylinder. As explained
previously, the solution in this region decays very rapidly with r (as r−19 in this case)
and this decay is difficult to represent with a plane-wave basis.

Finally figure 3.4(d) shows the results for the corner solution obtained with a uniform
mesh. The exponential convergence with p and Nw is lost for both methods. The
interpolation error still decreases but at the same slow rate for all orders. This behaviour
is expected when dealing with solutions that are not sufficiently regular (in this case the
derivative of the solution is singular). The use of local h-refinement is a valid option to
improve the FEM solution and will be used in the next section.

For problems with singular solutions or evanescent waves, Trefftz methods can benefit
from the introduction of additional ad hoc functions in their approximation basis. The
use of evanescent plane waves in the basis is for instance examined to represent the
transmission and reflection of sound at an interface between two media in [111] for the
UWVF and in [151, 120] for the DEM. However, this approach obviously requires a
detailed knowledge of the solution behaviour before the numerical model is even formu-
lated. It may hence be difficult to generalise it to all the scenarios, particularly in the
presence of complex geometries. Such practical considerations will be discussed in more
detail in Section 3.6.

3.4 Performance of the Numerical Methods

In this section, the efficiency of the two numerical methods is compared. The conver-
gence with respect to p- and h-refinements is firstly considered, followed by the study of
the conditioning properties of the underlying system of equations. Finally, the compu-
tational cost at fixed accuracy is assessed.
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(a) Plane wave.
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(b) Propagating spinning wave (m = 10).
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(c) Evanescent spinning wave (m = 19).
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(d) Non-smooth solution with uniform mesh.

Figure 3.5: Relative L2-error (%) against Dλ at kL = 50; red dashed lines: wave-
based DGM; black solid lines: p-FEM with condensation.

3.4.1 Convergence

Figure 3.5 shows the relative L2-error defined in (3.4) plotted against the number of
degrees of freedom per wavelength for the four benchmark problems at kL = 50.

For the plane wave and the spinning wave test cases, these convergence results follow, at
least qualitatively, the results in Figure 3.4 for the best interpolation error. The usual
algebraic and exponential convergence rates are also observed for h-refinement and p-
refinement, respectively. For the wave-based method, it is not possible to reach levels of
error below 10−6 due to poor conditioning (this is discussed in Section 3.4.2). Again, the
overall conclusion is that the two methods are able to achieve similar levels of accuracy
with the same number of degrees of freedom per wavelength.

In order to provide a more quantitative comparison with the best interpolation error, it
is useful to calculate the optimality coefficient Copt which is defined as the ratio between
the numerical solution accuracy and the best interpolation:

Copt =
EL2(Ω)

Eopt
L2(Ω)

. (3.11)
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This parameter indicates the efficiency with which the numerical formulation can exploit
the interpolation properties of the underlying approximation basis. An example for the
propagating spinning wave test case is provided in Figure 3.6. A large increase in Copt is
observed for both methods in the pre-asymptotic regime, corresponding to low values of
Dλ. This increase can be attributed to the pollution effect, corresponding to the presence
of large dispersion errors in the model, which typically dominate for poor resolutions.
It is well known that high order methods allow to mitigate efficiently the pollution
effect. This is confirmed by the current analysis. For large values of p or Nw, the
increase in Copt is hardly observed. It can be also mentioned that, overall, the p-FEM
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Figure 3.6: Optimality coefficient against Dλ for the propagating spinning wave
problem at kL = 50; red solid lines: wave-based DGM; black solid lines: p-FEM

with condensation.

formulation exhibits slightly superior optimality properties. In the asymptotic regime
where the interpolation error dominates, the p-FEM has close to optimal coefficients
with Copt varying from 1.2 to 2. By contrast, the range of variation of the wave-based
Copt is between 2 and 10. The difference is particularly visible for low orders: the DGM
formulation is far from optimal. This indicates that there is still room for improvement
in the DGM formulation, even for regular problems.

The results obtained for the evanescent spinning wave and the corner solution, depicted
respectively in Figures 3.5(c) and 3.5(d), follow qualitatively those obtained for the
optimal L2 interpolation error given in Figure 3.4. For the corner solution the loss of
exponential convergence with p or Nw is again clearly visible. An additional observation
is that for a relative error below 1% the same convergence rate is observed for all orders
p. Quantitatively, the coefficient of optimality varies between 5 and 25 for both methods,
which is much higher than for the smooth solution. This indicates that the numerical
schemes do not fully exploit the potentialities of their respective basis. This is an
interesting finding which suggests that, as an alternative or perhaps in complement to the
usual remedies (h-refinement or the introduction of special functions), modifications of
the formulation could also be used to improve the performance for non-smooth solutions.
This indicates that not only is the corner solution an issue in terms of interpolation but
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the expected convergence properties of high-order methods are also lost. A summary of
these aspects can be found in [73].

The same corner solution is examined in [73, 92] for Trefftz methods and in [158] for the
p-FEM. The main outcome of the publications is that h-refinement is required to obtain
accurate solutions. The study presented below aims at comparing the relative impact
of this grid refinement on the accuracy of the two methods. To this end, the following
local grid modification is introduced: adopting a mesh size hmax at the boundaries
{(x, y)\y = ±1} and {(x, y)\x = ±1}, a refinement coefficient Cr is varied from 1 to 400
such that at the origin, the typical mesh size is h = hmax/Cr. Three examples of locally
refined meshes are given in Figure 3.7.
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(c) Cr = 100.

Figure 3.7: Examples of unstructured non-uniform meshes used for the non-smooth
test case with hmax/b = 0.17.

In Figure 3.8, the convergence of the solution is plotted against the value of Cr for a
fixed mesh size hmax/b = 0.17 and a fixed frequency (kL = 50). Two different regimes
can be observed. For moderate refinements (i.e. low values of Cr) the error due to the
singularity dominates the global numerical error. Hence, increasing the refinement allows
an improvement of the relative L2 error. It is worth noting that the Cr-convergence rate
in this regime is nearly independent of the approximation order p and Nw, and is similar
for both methods. For strong refinement (i.e. large values of Cr) a plateau is reached
and the error stagnates as the numerical error is dominated by the approximation of the
solution in the rest of the domain.

Figure. 3.8 shows the impact of the mesh refinement on the condition number. For the
p-FEM, modifying Cr has little effect on the conditioning of the systems. By contrast, it
has a significant impact on the behaviour of the wave-based DGM. The combination of
small elements in the neighbourhood of the singularity and high number of plane waves
in the basis leads to a drastic growth of the condition number. As a consequence, the
number of plane waves cannot be arbitrarily increased and in this example, values above
Nw = 16 could not be considered.
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Figure 3.8: Relative L2-error (left) and condition number (right) against Cr at kL =
50 with hmax/b = 0.17 for the non-smooth problem with locally refined meshes; red

dashed lines: wave-based DGM; black solid lines: p-FEM with condensation.

This analysis reveals that h-refinement has a significantly different impact on the be-
haviour of the two methods. While it consistently enhances p-FEM results when the
singularity error dominates, it should be manipulated cautiously with wave-based DGM,
where it can lead to stability issues. For this method, the introduction of local ad hoc
functions appears more adequate. In particular, an alternative is to couple the plane
wave basis with Bessel functions [110].

3.4.2 Conditioning
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Figure 3.9: Propagating spinning wave case with kL = 50 and m = 10. Left: Condi-
tion number as a function of Dλ. Right: relative L2 error as a function of the condition
number (left). Black solid lines: p-FEM with condensation, blue dotted lines: p-FEM

without condensation, red dashed lines: wave-based DGM.

In this section, the conditioning properties of the two methods for solving smooth prop-
agating problems is further examined. In Figure 3.9 the condition numbers are plotted
against Dλ for the propagating spinning wave test case. The results obtained for the
plane wave test case are very similar and are not repeated here.

For well resolved models (i.e. large values of Dλ), the conditioning of p-FEM tends
to increase slowly with Dλ. In this regime, the polynomial order has a loose effect on
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the conditioning. Conversely, for poorly resolved models (typically Dλ < 10) there is a
visible effect of the order, with a progressive deterioration of the conditioning when p

increases. Also shown in Figure 3.9 is the conditioning of the p-FEM model without con-
densation. In this case, the global system includes the degrees of freedom corresponding
to the bubble shape functions in each elements. The impact of condensation on the
conditioning is very significant. Without condensation, the conditioning of the p-FEM
model deteriorates very rapidly when the polynomial order is increased. For this test
case, each increment of p results in a growth of one order of magnitude for the condition
number. For instance for p = 10, there is a difference of 5 or 6 orders of magnitude be-
tween the models with and without condensation. The effect of the resolution rate Dλ

remains comparatively limited. This explains why the use of condensation is generally
recommended to improve the performance of direct [25] as well as iterative [134] solving
procedures.

In comparison with p-FEM, the conditioning of the wave-based method varies more
significantly with the mesh resolution and the order Nw [34, 104]. In particular, for
a large number of plane waves, the conditioning number grows very steeply with the
mesh resolution. When plotting the relative error against the accuracy (see Figure
3.9), the two appear to be closely related. Independently of Nw, the results collapse
on a single curve indicating that the condition number scales like E−2

L2 . Hence, for
reasonable levels of accuracy, say for instance 1%, the conditioning of the wave-based
method is not problematic, and is in fact equivalent to the p-FEM with condensation.
The conditioning of the wave-based method only becomes an issue when targeting very
high levels of accuracy.

For both methods different techniques can be used to improve the conditioning, in
particular by selecting other approximation bases. For the wave-based method, the use
of Bessel functions improves the conditioning [110], while Bernstein polynomials have a
similar impact on p-FEM [137].

3.4.3 Computational Costs

Given the large number of parameters involved, it is convenient to compare the two
methods for a fixed accuracy and frequency. In this way we can assess the requirements
needed for the two methods to solve a particular problem with a given error threshold.
In a second stage, we will discuss to which extent the conclusions drawn are applicable
to other frequencies and other levels of accuracy. For a given test case and for every
order p or number of plane waves Nw, the mesh size h is varied until the numerical error
reaches the target precision, then the costs and conditioning of this model are recorded.
The test case of the spinning wave is used here but the conclusions are equally applicable
to the plane-wave test case.
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3.4.3.1 Fixed Accuracy and Frequency

The frequency is fixed to kL = 50 and a target accuracy of 1% is considered, which is
regularly suggested as relevant for industrial applications.

Figure 3.10 shows the link between the mesh size and the factorisation time. The timing
was measured on the Iridis4 cluster with Intel Xeon E5-2670 processor using one core
(2.6 GHz, 4 GB of memory). Every data point in Figure 3.10 achieves the same relative
error of 1% but the mesh resolution required to do so varies with p or Nw. As one would
expect, low-order models (e.g. p = 2 or Nw = 5) require very fine meshes to meet the
target accuracy and result in longer factorisation times. When using higher-order models
it is possible to maintain the same error level with larger elements, and the factorisation
time is also reduced significantly. The benefit of increasing the polynomial order or the
number of plane waves tends to level off for large values of p and Nw.

Also shown in Figure 3.10 is the reduction in factorisation time obtained from conden-
sation (the mesh resolution remains the same with and without condensation). This
benefit is however balanced by the fact that, when using static condensation, the de-
grees of freedom associated with the bubble functions have to be calculated after the
factorisation. From experience, the use of static condensation does not significantly re-
duce the overall runtime of the solution procedure unless the recovery of the internal
degree of freedom in each element is parallelized.
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(a) Propagating spinning wave (m = 10).
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(b) Evanescent spinning wave (m = 19).

Figure 3.10: Factorisation time (s) against the element size required to obtain a
numerical error of 1% at kL = 50. Red dashed lines: wave-based DGM; Blue dotted

lines: p-FEM without condensation; Black solid lines: p-FEM with condensation.

Figure 3.11 shows the evolution of the condition number and the factorisation memory
when p and Nw are varied (but the mesh resolution is adjusted to maintain the error at
1%).

For the propagating spinning wave, see Figure 3.11(a), increasing Nw for the wave-based
method leads to a consistent reduction in the memory required to solve the problem but
the conditioning does not vary significantly. This is consistent with the results in Figure
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3.9 showing that for a fixed accuracy the conditioning is only weakly influenced by the
number of plane waves. For p-FEM with condensation, increasing the polynomial order
also reduces the factorisation memory and induces a moderate increase in conditioning,
although the condition number remains comparable to that of the wave-based method.
We can see that the two methods are able to achieve the same level of accuracy with
similar cost and conditioning. Without condensation, the cost of p-FEM does not greatly
decrease with p (except between p = 2 and 3) and the conditioning is significantly higher.

For the evanescent spinning wave, Figure 3.11(b), the results for p-FEM are very similar
to that for the propagating wave. However for the wave-based method, the condition
number and the memory requirements have both increased. The benefit of using more
plane waves therefore tends to level off. Again, this is due to the strong gradient in the
solution close to the inner boundary of the computational domain.
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(a) Propagating spinning wave (m = 10).
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(b) Evanescent spinning wave (m = 19).

Figure 3.11: Factorisation memory against condition number for a numerical error
of 1% at kL = 50. Red dashed lines: wave-based DGM; Blue dotted lines: p-FEM

without condensation; Black solid lines: p-FEM with condensation.

The behaviour of the factorisation memory can be related to the properties of the sparse,
global system matrices generated by the two methods. Figure 3.12 shows the evolution of
the number of non-zero entries (NNZ) against the number of degrees of freedom (NDOF).
Note that the ratio NNZ/NDOF provides an indication of the average number of terms in
each row of the matrix. For p-FEM with condensation, increasing the polynomial order
leads to a rapid reduction in the number of degrees of freedom. The same applies to the
wave-based method when increasing Nw. For both methods the sparsity of the global
matrices is reduced when increasing p or Nw, but the wave-based method generates
denser matrices (i.e. with more non-zero entries). This difference is further accentuated
when considering the evanescent spinning wave.

3.4.3.2 Influence of the Target Accuracy

So far, a fixed accuracy of 1% on the relative L2 error was considered, but it is also
interesting to examine other levels of target accuracy. Figure 3.13 shows the factorisation
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(a) Propagating spinning wave (m = 10).
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(b) Evanescent spinning wave (m = 19).

Figure 3.12: Number of non-zero entries against the number of degrees of freedom for
a numerical error of 1% at kL = 50. Red dashed lines: wave-based DGM; Blue dotted

lines: p-FEM without condensation; Black solid lines: p-FEM with condensation.

memory and the conditioning as a function of the number of degrees of freedom per
wavelength Dλ. The target error is varied from 10% to 10−4%. The test case of the
propagating spinning wave is used, but the results for the plane wave and the evanescent
spinning wave test cases are similar.
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Figure 3.13: Propagating spinning wave test case (kL = 50, m = 10); factorisation
memory (left) and condition number (right) against Dλ to achieve different levels of
accuracy; red dashed lines: wave-based DGM, solid black lines: p-FEM with static

condensation.

For the factorisation memory, the two methods follow the same trends: the memory
increases when the target error level is reduced and when Dλ increases. The fact that
the wave-based method requires slightly more memory than p-FEM is observed at all
error levels, confirming that this observation is not specific to the 1% target accuracy
used above.

The conditioning of the p-FEM model tends to increase slightly when the target error
level is lowered, mostly for lower resolutions (i.e. Dλ < 10). However, for the wave-based
method, the condition number increases very rapidly to reach levels that are problematic.
Again, this is consistent with the results in Figure 3.9 which shows that it is only for
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very accurate solutions that the conditioning of the wave-based method becomes a real
issue.

3.4.3.3 Influence of the Frequency
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Figure 3.14: Propagating spinning wave problem. Factorisation memory (left) and
condition number (right) against Dλ to achieve 1% of accuracy at different frequencies;
red dashed lines: wave-based DGM, solid black lines: p-FEM with static condensation.

Finally, it is important to assess whether the trends described above are also observed
for other frequencies. To this end, Figure 3.14 shows the factorisation memory and the
conditioning for Helmholtz numbers ranging from kL = 25 to 200 for the propagative
spinning wave test case (the azimuthal order m is adjusted at each frequency to ensure
the wave is propagating). A target error level of 1% is used.

As expected, the factorisation memory is found to increase regularly with frequency and
resolution. As the polynomial order or the number of plane waves is increased, the two
methods are able to achieve 1% error with less memory. For every frequency, the wave-
based method requires a larger amount of memory than p-FEM, although the difference
is relatively small for the lowest frequency (kL = 25).

The evolution of the condition number with respect to the frequency is more complex and
does not follow a simple trend. For Dλ > 5, p-FEM appears to be better conditioned,
but the opposite is generally true for Dλ < 5.

3.5 Additional Study Involving Flow

In this section, the performance of the p-FEM and the wave-based DGM is now studied
in the presence of a strong uniform background flow.

For the wave-based DGM, the basis is generally built by evenly spacing the Nw wave
directions in the interval [0, 2π] [66, 92]. However, in the presence of mean flow, a uniform
distribution of the waves directions may become suboptimal. The convective effect leads
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Figure 3.15: Plane wave basis angles θ and α.

to a shortening of the wavelength λ when the wave is propagating against the flow
direction (upstream direction) and it leads to a stretching of the wavelength when the
wave is propagating in the flow direction (downstream direction). When the wavelength
is small, waves can propagate over many wavelength within the computational domain Ω
which allows large accumulations of the error on the phase speed. A way to alleviate this
issue is to adjust the plane waves distribution in order to obtain a better discretisation
in the upstream direction. The plane waves in the basis have a direction θ and a
ray direction α that takes into account the mean flow (see Fig. 3.15). If the flow is
propagating in the +x direction then from trigonometry, the following expression is
derived:

θ = α+ asin(Msin(α)), (3.12)

where M = ‖v0‖/c0 is the flow Mach number. The alternative approach is to evenly
distribute the ray directions and infer the wave directions using Eq. 3.12. An illus-
tration of the two approaches is shown in Fig. 3.16. It can be seen that, on the one
hand, a uniform distribution of the θi results in a clustering of the ray direction in the
downstream direction. On the other hand, the consequence of uniformly distribution
the ray directions is a clustering of the plane waves in the upstream direction.

The two clustering approaches are used to solve a simple test case in the presence of
flow and compared to the high-order polynomial method. The problem of plane wave
propagation in free field exposed in Section 3.1.1 is chosen and a uniform mean flow
aligned with the x axis is introduced.

3.5.1 Anisotropy

The anisotropy of the different bases is shown using the single plane wave propagation
in free field test case. This problem is solved for the case of a Mach number M = 0.5,
Helmholtz number kL = 50 and a typical mesh size h/a = 0.1. The incident wave angle
is varied from 0 to 2π. The relative L2-error is measured and plotted against the plane
wave direction θ0 in Fig. 3.17.
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Figure 3.16: Two approaches for the wave basis distribution with Nw = 9.
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Figure 3.17: Relative L2-error against the wave direction for M = 0.5, h/a = 0.1 and
kL = 50; black lines: p-FEM with condensation, red lines: DGM with uniform wave
distribution, magenta dashed lines: DGM with a non-uniform wave distribution. The

number of plane wave or polynomial order is shown next to each curve.
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The different methods exhibit exponential convergence with respect to the polynomial
order and number of plane waves. However, their behaviour with respect to the propa-
gation angle is again different.

In contrast to the no-flow case, the error obtained with the p-FEM now varies signif-
icantly with the incident wave angle. Due to the shortening of the wavelength in the
upstream direction, the resolution rate Dλ is reduced when θ0 = 180◦ compared to
θ0 = 0◦. Therefore, for a given polynomial order, the relative error reaches its minimum
(resp. maximum) in the downstream (resp. upstream) direction. For angles close to 0◦

—wave propagating in the flow direction—, the errors are decreased by more than four
orders of magnitude when the polynomial degree is increased from p to p+ 4. Close to
the upstream case, the benefit of increasing p is reduced but remains significant: indeed,
the difference is of two orders of magnitude between the relative L2-error for p and p+4.

For the wave-based DGM, on top of the effect of the relative alignment between the plane
wave direction θ0 and the basis wave directions (see Section 3.3.1), the convective effect
is also noticed. Having a non-uniform distribution of the wave directions allows for a
better resolution in the upstream direction. Compared to the uniform basis, the relative
error is therefore increased in the downstream direction but reduced in the upstream
direction. The result is a more uniform distribution of the error over the whole range of
θ0.

3.5.2 Performance of the Numerical Methods

The test case of the single plane wave is also used to assess the performance of the
methods. For each model, the propagating wave direction which is the most penalising
(meaning leading to the largest error) is considered. For the p-FEM, the upstream case
is chosen. For the wave-based DGM, the incident wave direction θ0 is taken:

• half-way between two plane waves of the basis,
• in the upstream (resp. downstream) direction in the case of the uniform (resp.
non-uniform) distribution.

Figure 3.18(a) presents the number of non zeros against the total number of degrees
of freedom used to achieve 1% of relative error. Increasing the order of the methods
leads to a rapid reduction in the number of degrees of freedom and the sparsity of the
global matrices is reduced. Similarly to the no-flow cases, we notice that the wave-based
method generates denser matrices compared to the p-FEM with condensation.

Figure 3.18(b) shows the factorisation memory and condition number to achieve a defined
accuracy. Static condensation for p-FEM reduces drastically not only the conditioning
but also the storage and factorisation memory needed. The same effect is observed for
the wave-based DGM when the basis is adjusted. The conditioning of the systems for
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Figure 3.18: Convected plane wave in free field problem with 1% of accuracy at
kL = 75, M = 0.5; blue lines: p-FEM without condensation, black lines: p-FEM with
condensation, red lines: DGM with uniform wave distribution, magenta dashed lines:
DGM with non-uniform wave distribution. The numbers of plane wave or polynomial

order are shown next to each point.

DGM with an adapted basis is not limiting: the condition numbers are similar to that
of the p-FEM with condensation and they mainly depend on the accuracy, rather than
the number of plane waves in the basis. The conditioning of DGM with a uniform basis
and p-FEM without condensation systems to reach 1% of accuracy significantly increase
with p and Nw. This is an issue if iterative solvers are to be used. For the range of
orders and number of plane waves investigated, wave-based DGM with the non-uniform
basis reaches the lowest demands in terms of memory.

In the presence of uniform mean flow, the malleability of the wave-based basis may be
utilised to improve the method’s performance. It has been observed (see Figure 3.18)
that clustering the plane waves in the upstream direction leads to a drastic reduction in
the computational requirements for the wave-based DGM. As a result, for the range of
p and Nw investigated, to reach 1% of accuracy, the wave-based DGM with the adapted
basis significantly outperforms the p-FEM with condensation. We should point out,
however that, anisotropic-order bases have recently been derived for the p-FEM, and
significant improvements have been reported for convected applications, including for
triangular unstructured meshes [69].

3.6 Practical Considerations

So far, the discussion has focused on the intrinsic computational performance of the
numerical schemes. To offer a broader perspective on the use of these two methods, it
is also useful to consider more practical aspects.
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The performance of the wave-based method, and other Trefftz methods in general, is
obviously directly linked to the selection of canonical solutions used to construct the
basis, and this has a number of practical consequences:

• As already mentioned above, when dealing with evanescent waves, wave-based
methods require the introduction of ad hoc interpolating functions directly associ-
ated with these types of solutions. On the other-hand, the performance of p-FEM
is not significantly altered by the presence of evanescent waves.
• Both methods lose p-convergence when dealing with singular solutions. For p-
FEM, local h-refinement is sufficient to reach a good level of accuracy, but due to
conditioning issues, the use of special functions should be preferred for wave-based
DGM [110].
• For problems involving non-uniform coefficients, which have not been considered
here, individual plane waves are not solutions of the governing equations. Defining
a basis of simple local solutions for this class of problems is not trivial but the recent
work of [95] provides a way forward. On the other hand, p-FEM can accommodate
non-uniform coefficients without additional treatment.
• The presence of source terms in the domain also requires special techniques to
address the fact that the plane waves are solutions of the homogeneous equations.
The p-FEM can tackle such problems ‘out-of-the-box’ and a number of techniques
have been proposed for wave-based methods [34, 4, 66].

It is therefore needed to adjust the Trefftz interpolation basis locally, on a case-by-
case basis, which requires a detailed a priori knowledge of the solution. While this is
acceptable for applications to academic test cases, it is difficult to envisage for real-world
applications where robust, fully-automated solvers are required.

In typical applications, it is often needed to repeat a simulation over a range of frequen-
cies. In such situations, the wave-based method requires calculating and assembling the
element matrices again for each frequency due to the dependence of the shape functions
on frequency, which represents a significant overhead. By contrast, with p-FEM the use
of hierarchic shape functions allows to store and reuse the element matrices for other
frequencies [21].

3.7 Conclusions

A detailed comparison of a high-order polynomial method (p-FEM) and a wave-based
method (DGM) has been presented in terms of interpolation properties, performance
and conditioning. The main objective was to put in perspective the relative merits of
these two categories of discretisations.
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The general argument for the use of wave-based methods is that plane waves are canoni-
cal solutions of the underlying equations and are therefore better suited than polynomials
to construct an approximation basis. They incorporate key properties of the exact solu-
tion such as the wavenumber (and polarisation for electromagnetism for instance) and
the expectation is that they provide a more accurate and efficient family of functions to
interpolate the solution. The results presented here indicate that this intuitive expecta-
tion does not necessarily translate into a clear benefit in terms of interpolation accuracy
(for a fixed resolution Dλ) or performance (for a fixed numerical error). Rather sur-
prisingly, the high-order polynomial method is able to achieve comparable, and in some
cases superior, results compared to a wave-based method. This observation was found
to hold for a range of frequencies and error levels. It should be noted that the use of
static condensation is crucial to obtain good performance and conditioning from p-FEM.
The conditioning of the wave-based method was found to be acceptable and comparable
to that of p-FEM for an error level of 1%. It is only when very high levels of accuracy
are targeted that the conditioning deteriorates significantly.

The general outcome of this comparison is that there is still significant benefits in using
polynomial methods, both in terms of performance and robustness, and that more work
is required on wave-based methods to fully realise their potential.

It should be noted that the present work used the wave-based DGM as an example of
Trefftz method and other wave-based methods should also be considered. The wave-
based DGM is closely related to a number of other methods, in particular the UWVF
[34] and the least-squares method [125]. Both methods can be recovered in the DG
framework by using different numerical fluxes. Existing results indicate that the change
of numerical flux is unlikely to change the performance of the methods sufficiently to
alter the conclusions in this work [71]. But other categories of wave-based methods, such
as DEM and PUFEM remain to be compared systematically with high-order polynomial
methods.

For the remainder of this work, we therefore choose to discretise the problems using the
hierarchical high-order FEM. In the next sections, the solver used for the solution of the
system matrix arising from this discretisation is investigated.





Chapter 4

Review of Domain Decomposition
Methods

In this chapter, we review some methods developed to solve the linear matrix system
arising from the finite element discretisation of the Helmholtz equation:

Kx = b , (4.1)

where K is a large, square, sparse and complex matrix; x is the unknown vector and b
is the right-hand side.

Difficulties are encountered when using classical direct and iterative solvers for the so-
lution of large scale Helmholtz problems. Domain decomposition methods constitute
an alternative approach to purely direct or iterative methods. In this chapter, Schwarz
algorithms, from which the domain decomposition originated, are presented, followed by
a review of more recent methods.

4.1 On the Difficulty to Solve the Helmholtz Equation
with Classical Solvers

There are traditionally two classes of methods to solve a linear system: direct methods
and iterative methods.

Until recently, for real life engineering applications, direct solvers were often preferred
to iterative methods because of their robustness and predictable behaviour. Provided
the matrix K is not singular and in the case of exact arithmetic — meaning no rounding
error — the solution computed is the exact solution of the linear system. The number
of steps required to reach a solution is known beforehand. Most direct methods derive
from Gaussian elimination. They transform matrix K into a product of other matrices
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which are easier to invert for a given right-hand side. For example, the LU factorisation
[155] of K generates lower and upper triangular matrices, L and U respectively, such that
K = LU. For a dense matrix of dimension N , this procedure requires O(N3) arithmetic
operations making the factorisation of very large matrices extremely computationally
intensive. The initial system is then written as LUx = b and is solved in two steps:

Ly = b , Ux = y . (4.2)

These two systems are triangular and can be solved very easily using forward and back-
ward substitutions. These substitutions only require O(N2) arithmetic operations per
right-hand side.

The most resource intensive operation is therefore the matrix factorisation. For a banded
matrix, the number of operations scales like O(b2wN), where bw refers to the bandwidth
(any entry (i, j) of the matrix is zero whenever |i− j| > bw) [80]. The algorithm cannot
however take advantage of the zero entries inside the band, as these typically fill-in with
non-zeros during the factorisation, yielding extra memory requirements. Sparse matrices
arising from a FEM discretisation on an unstructured grid have a non regular non-zero
pattern distribution. For these matrices, the cost of the factorisation depends to a large
extent on the partitioning for distributed memory calculations and on the re-numbering
strategy (which aims at limiting the typical bandwidth bw). A large variety of direct
solvers specialised in sparse matrices are available [47]. An example of sparse method
is the frontal technique due to Irons [96], initially applied to symmetric positive-definite
matrices and then extended to unsymmetric matrices by Hood [89]. The idea is to
consider the sparse matrix as the sum of element matrices. The LU decomposition is
progressively done on a subset of elements (called front) at a time. An improvement of
the frontal solver is the multi-frontal method [48] using multiple fronts at a time. Parallel
multi-frontal solvers like MUMPS [5, 1] used in the previous chapter and PARDISO
[148, 102] stand among the most efficient sparse linear solvers. They proceed in three
steps:

- Analysis: it begins with the fill-in minimisation through the reordering of rows
and columns of the coefficient matrix. A symbolic factorisation is then performed.
It aims at finding the exact positions of the new non-zero entries and allocating
memory. At this stage, the numerical values of the entries of the matrix K are not
required.

- Factorisation: the factors L and U are computed and stored. The numerical values
of the entries of K are hence required, but not yet the values of the component of
the right-hand sides (RHS).

- Solution: the two systems (4.2) are solved for all the RHS using the factors stored
in-core (meaning in the main memory) or out-of-core (meaning in the auxiliary
memory).
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However, direct solving procedures do not scale well with respect to the problem size,
the limitation lying in the storage of the factors. Large system matrices appear in our
case, especially when high-frequency problems have to be tackled. When doubling the
frequency ω, the usual meshing criterion implies to divide the grid length by a factor two.
On a three-dimensional grid the factorisation hence scales roughly with O(ω3) neglecting
the fact that the bandwidth also generally increases with the model size. Doubling the
frequency generally yields a factor ten on the memory requirements. This third order
dependency is also observed on high-order models with p-adaptivity [21]. Hence, for large
scale applications at high frequency, the amount of computational resources available is
in practice often not sufficient.

In contrast with direct solvers, iterative methods approach the solution gradually, rather
than in one large computational step, without modifying the matrix K. As a matter
of fact, most iterative methods do not require the explicit representation of the coeffi-
cient matrix but only the product of the matrix with some vector. An initial guess for
the solution is successively refined by repeating an algorithm in order to (hopefully) ap-
proach the exact solution of the system. The matrix-vector operations on which iterative
methods rely on are relatively cheap processes for large scale sparse matrices. However,
the exact number of steps needed to achieve a solution cannot be predicted. Several
aspects influence the efficiency of the approach: the solution accuracy that is required,
the initial guess which can be close or far from the solution of the given system, and
the properties (clustering of the eigenvalues) of the matrix. In terms of computational
complexity, iterative methods scale much better than direct methods because they only
require the storage of a few additional vectors (there is no fill-in involved). In practice,
the initial matrix equation has to be modified into a system that is easier to solve. This
process is called preconditioning. It usually increases the cost of each iteration, however
a proper choice of preconditioner is expected to improve the efficiency and robustness
of the solver [146, 50].

Even though the early iterative techniques such as Gauss-Seidel method are still used,
the Krylov methods are now considered the methods of choice for solving large sparse
linear systems. From an initial guess x0, an approximate solution xm is sought in a
subspace x0 + Km of dimension m under some optimality conditions (minimising the
2-norm of the mth residual for example). This amounts to imposing the orthogonality
of the residual rm with respect to another subspace Lm [146]. Km is called the Krylov
subspace and:

Km(K, r0) = span{r0, Kr0, K2r0, ... Km−1r0} , (4.3)

where ri = b−Kxi. The efficiency of a Krylov method depends to a large extent on the
choice of the constraints used to build the approximations i.e the choice of the subspace
Lm.



82 Chapter 4 Review of Domain Decomposition Methods

For the solution of complex symmetric, non-Hermitian and indefinite systems, methods
such as the Generalised Minimal Residual (GMRES) [147], BiCGSTAB [157], and Quasi
Minimal Residual [63] can be considered. A review can be found in [146].

In 1986, at a time when the use of iterative solvers was popular mainly for either diago-
nally dominant matrices or positive-definite matrices (Conjugate Gradient for symmetric
matrices), Saad and Schultz proposed the GMRES [147] for general unsymmetric sys-
tems. The principle is to solve a least-squares problem at each iteration: at step m, the
approximate solution is sought in the mth Krylov space such that the L2 norm of the
residual rm is minimised. This is equivalent to choosing Lm = KKm. If we look for an
orthonormal basis for Km formed by the columns of Qm = [q1,q2, ...qm], the solution
xm ∈ Km can be expressed as:

xm = Qmym ,

where ym is a coefficient vector of dimension m. The function to be minimised becomes:

J = ‖Kxm − b‖L2 = ‖Kxm − b‖L2 = ‖KQmym − b‖L2 .

The GMRES method converges in maximum N iterations, where N is the dimension
of the linear system. However, for large systems, the number of iterations required to
converge may be considerable and therefore, the storage may become a problem. To
remedy this problem, a restarted version of GMRES can be used: after m iterations,
the computation is restarted with xm as initial guess [147].

For the solution of large linear systems, iterative techniques have been gaining popular-
ity in many areas of scientific computing. However, for wave problems, the oscillatory
nature of the solution and the indefiniteness of the final matrix lead to severe conver-
gence problems: slow convergence, stagnation or even divergence when one is close to
a resonant frequency of the problem [146]. A comparison of the convergence of the
GMRES algorithm for a Helmholtz and Laplace problem is given in [50]. Unless a
preconditioner is employed, the authors show that the convergence for the Helmholtz
problem stagnates.

4.2 Domain Decomposition Methods for Wave Problems

As mentioned above, the discretisation of wave problems at high-frequency yields very
large sparse linear systems that are often too costly to be solved using a direct procedure.
Besides, due to the indefiniteness of the equation, classical iterative methods do not
converge or converge only slowly without any theoretical promises of convergence [50].

When solving a numerical problem, a division of the initial computational domain into
smaller sub-domains may be natural. It is the case for example when different physics
are encountered in different regions of the domain or in the presence of a strongly
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Ω1
Ω2

Γ12Γ21

Figure 4.1: Original domain used by Schwarz; the complex domain is composed of
two simple overlapping geometries, a disk Ω1 and a rectangle Ω2.

heterogeneous medium. This partition is also a way to reduce the size of the full problem
to a set of smaller local problems that could be solved by a direct procedure. This
principle of divide-and-conquer lies at the heart of the domain decomposition methods.

4.2.1 Original Schwarz Methods

In 1870, to prove the existence and uniqueness of a solution of a Poisson problem on
irregular domains, Schwarz devised the first domain decomposition method [75]. The
problem was the following one: {

∇2u = 0 in Ω ,

u = g on ∂Ω ,

where Ω is a union of simple overlapping geometries as illustrated in Fig. 4.1. Schwarz
proposed an innovative approach to solve this particular problem. Starting from an
initial guess u0

1 on the interface Γ12 = ∂Ω1 ∩ Ω2, the solutions ul+1
i in domains i = 1, 2

are alternatively computed for l = 0, 1, 2, 3..., following:
∇2ul+1

1 = 0 in Ω1 ,

ul+1
1 = g on ∂Ω1 ∩ ∂Ω ,

ul+1
1 = ul2 on Γ12 ,


∇2ul+1

2 = 0 in Ω2 ,

ul+1
2 = g on ∂Ω2 ∩ ∂Ω ,

ul+1
2 = ul+1

1 on Γ21 .

(4.4)

The portion of the boundary of a sub-domain i that intersects another sub-domain j

defines an artificial interface Γi,j . It is used to exchange information at each step by the
means of Dirichlet conditions; the restriction of the solution in the sub-domain i on the
interface Γj,i is used as boundary condition for the sub-problem in the sub-domain j.
The sub-problems are sequentially solved until the solutions in the overlap match within
some prescribed tolerance. The resulting algorithm is nowadays called the alternating
Schwarz method. A slight modification by Lions [108] rendered the algorithm suitable
for parallel computing: starting from initial guesses u0

1 and u0
2, the solutions in the

two sub-domains can be computed simultaneously by changing the iteration index from
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l + 1 to l in the transmission condition of Ω2 in algorithm (4.4): ul+1
2 = ul1. This new

algorithm is referred to as the additive Schwarz method.

The convergence of these algorithms was proved for overlapping sub-domains [108, 121].
They lead to reduced memory requirements due to the smaller size of the systems being
solved, but their convergence is often slow. Besides, when using non-overlapping sub-
domains, the techniques do not converge as the transmission conditions enforce solely the
continuity of the solution and not the continuity of the fluxes. In fact, the convergence
rate is shown to be a continuous function of the size of the overlap: the larger the overlap,
the better it converges [129, 46]. A Fourier analysis [75] also reveals that the overlap
allows a quick damping of the high-frequency components of the error. The low frequency
part needs special treatment in order to increase the convergence rate. Moreover, the
Schwarz methods do not scale with the number of sub-domains: the iteration number
and execution time grow linearly with the number of sub-domains along one direction
[46]. Another drawback of these methods is that for some partial differential equations
such as the Helmholtz equation, convergence is not verified.

4.2.2 Optimised Schwarz Conditions and Schur Methods

Three main reasons motivated the development of new classes of Schwarz methods:
extend the Schwarz methods to non-overlapping sub-domains; extend the domain de-
composition methods to the Helmholtz equation; and accelerate the convergence of the
Schwarz methods. In order to remedy the drawbacks of the original Schwarz methods,
a large variety of methods have been devised. The improvements mainly come from the
introduction of Krylov methods, more general transmission conditions [109] or coarse
spaces allowing a global transfer of information.

Different domain decomposition methods have different ways of treating the variables
at the interfaces between sub-domains. They can essentially be distinguished by:

• the presence of an overlap,
• the processing of the interfaces’ unknowns (choice of the interface variables and
conditions, choice of the algorithm for the solution of the interface problem),
• the choice of the solver for the sub-domain solutions.

Overlapping methods [31, 36] have a simpler algorithmic structure, because there is no
need to solve special interface problems between neighbouring sub-domains. However,
non-overlapping methods are still popular because the notion of interface is physically
more natural to interpret than overlaps. The interface between domains is a concept that
is linked to conservation principles stating the equilibrium of fluxes and mass. Moreover,
in the case where different models are used in different regions of the domain or in the
case of problems with discontinuous properties, it is natural to use a non-overlapping
decomposition with interfaces along the discontinuities. Most importantly, the number
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of unknowns shared between the sub-domains is limited when using non-overlapping
methods. Therefore, in this work, we will focus solely on the class of non-overlapping
methods.

For non-overlapping sub-domains, one has to find a way to match the solution and its
normal derivative at the interfaces between sub-domains such that:
∇2u1 = 0 in Ω1 ,

u1 = g on ∂Ω1 ∩ ∂Ω ,

u1 = u2 on Γ12 ,


∇2u2 = 0 in Ω2 ,

u2 = g on ∂Ω2 ∩ ∂Ω ,

∇u2 · n2 = ∇u1 · n1 on Γ21 .

(4.5)

where Γ12 and Γ21 refer to the same physical space. However, if one follows the example
of the classical Schwarz method and derive an algorithm based on formulation (4.5), the
method would not converge as shown by the Fourier analysis in [74].

The first non-overlapping method was introduced by Lions [109]. Lions extended the
application range of the alternating Schwarz method to non-overlapping sub-domains
by using Robin interface conditions. For example, when the numerical domain is split
into two non-overlapping sub-domains, (4.4) becomes for i = 1:

∇2ul+1
1 = 0 in Ω1 ,

ul+1
1 = g on ∂Ω1 ∩ ∂Ω ,

∇ul+1
1 · n1 + α1u

l+1
1 = ∇ul2 · n1 + α1u

l
2 on Γ12 ,

(4.6)

where α1 is a constant. Lions proved the convergence of his algorithm for an arbitrary
number of non-overlapping sub-domains using energy estimates [109, 74]. This new
Schwarz method is faster than the original method. It inspired the development of a
new class of domain decomposition method called the optimised Schwarz methods and
the first decomposition method for the Helmholtz equation.

Another remedy used to extend the Schwarz methods to non-overlapping sub-domains
is to keep the initial coupled problem (4.5) and introduce a new set of variables at the
interface:
∇2u1 = 0 in Ω1 ,

u1 = g on ∂Ω1 ∩ ∂Ω ,

u1 = u2 = λp on Γ12 ,


∇2u2 = 0 in Ω2 ,

u2 = g on ∂Ω2 ∩ ∂Ω ,

∇u2 · n2 = ∇u1 · n1 = λd on Γ21 .

(4.7)
where λp and λd are the newly introduced variables.

This new class of methods is usually referred to as Schur methods. On the one hand,
primal Schur methods such as the Neumann-Neumann method presented in [28] and
further developed into the Balanced Domain Decomposition (BDD) method [115, 105]
adopt ui (λp) as the main unknown at the interface. Using the relation between the
normal derivatives in (4.7), a linear equation can be retrieved: Fpλp = d. When λp is
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known, solutions in the sub-domains can be computed. On the other hand, dual Schur
methods such as the Finite Element Tearing and Interconnecting (FETI) [60] method
employ the gradient (λd) as interface unknown. They use the continuity of the primal
field at the interface to then build an interface problem. For both primal and dual
approaches, the matrix F has an improved conditioning compared to the original prob-
lem [74]. The interface problems are solved iteratively whereas the solutions in each
sub-domain are recovered using a direct method. These methods therefore combine the
robustness of a direct solver and the advantages in terms of memory requirements of
an iterative solver. The properties of the methods, their robustness compared to tradi-
tional iterative solvers and their low costs (in terms of memory and CPU requirements)
compared to direct solvers are shown in [119, 59]. Further analysis of the connection
between BDD and FETI methods can be found in [107, 117]. An important observation
is that the iteration count increases only weakly with the size of the sub-domains and
global problems. Since their first emergence, a large number of variants of the BDD and
FETI methods were published. For instance, the FETI-DP (dual primal) and BDDC
(by constrains) introduce special treatments at the corners (points shared by more than
two sub-domains). For example, at the sub-domain interfaces, the FETI-DP enforces
equality of the solution by Lagrange multipliers except at sub-domain corners where the
constraints remain in terms of primal variables. The FETI-DP was found to be faster
than, and as numerically scalable as, the original FETI [56, 55]. More complete reviews
can be found in [46, 129]. The convergence theory of the BDDC method was developed
in [116]. The FETI was extended to heterogeneous problems in [142].

The traditional Schwarz methods are successful in the case of Poisson or elasticity prob-
lems because they yield symmetric positive-definite matrices. However, issues arise when
the matrices are indefinite. For example, when applied to the Helmholtz equation, the
Schwarz algorithm may be ill-posed:{
−k2ul+1

1 −∇2ul+1
1 = 0 in Ω1 ,

ul+1
1 = ul2 on Γ12 ,

{
−k2ul+1

2 −∇2ul+1
2 = 0 in Ω2 ,

ul+1
2 = ul1 on Γ21 ,

(4.8)

where we omit from now on that ui has to satisfy the Dirichlet condition on ∂Ω for
simplicity. In this case, if k2 is an eigenvalue of the Laplace operator in a sub-domain i,
a non zero function v exists such that:{

−∇2v = k2v in Ωi ,

v = 0 on ∂Ωi .

The problem (4.8) is therefore ill-posed as either there is no solution to it or if a solution
uei exists, then any function of the form uei + βv where β is a constant is also a solution.
A convergence analysis in the case where the problem is well-posed is derived in [76, 46].
The study shows that without overlap the Schwarz method does not converge and with
overlap, only the vanishing modes in the error are damped, the propagative modes being
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unaffected by the algorithm. An alternative was to add a coarse mesh for the propagative
modes as done in [32], or to change the transmission conditions. Després was the first to
propose a non-overlapping algorithm for the Helmholtz equation (subsequently for the
Maxwell equation) and to prove its convergence using energy estimates [44]. He in fact
extended Lions’ algorithm to the Helmholtz equation:{

−k2ui −∇2ui = 0 in Ωi ,

∇ui · ni + ikui = ∇uj · ni + ikuj on Γi,j , ∀j ∈ Ni ,
(4.9)

where Ni is the set of indices of the sub-domains that share an interface with Ωi (such
that ∂Ωj ∩ ∂Ωi 6= ∅). We now observe that even in the case where k2 is an eigenvalue of
the Laplace operator with a Dirichlet boundary condition in a sub-domain i, the solution
of the problem is unique [46]. Després’ algorithm is therefore always well-posed. This
idea inspired the methods described in [17, 40, 41, 113].

The convergence of the method can be enhanced with a generalisation of the Robin
boundary condition. The general transmission condition can be written as:

µi∇ul+1
i · ni + Bij(ul+1

i ) = µi∇ulj · ni + Bij(ulj) on Γij ,∀j ∈ Ni, (4.10)

where the µi are real-valued functions and Bij are operators acting on the interfaces Γij .
In the case where for all i and j, µi = 0 and Bij = I, (4.10) corresponds to the original
Schwarz method. If for all i and j, µi = 1 and Bij = α (respectively Bij = ik), the
algorithm corresponds to Lions’ (respectively Després’) algorithm. Optimised Schwarz
methods look for µi and Bij such that the fastest convergence is obtained in terms of
iteration counts. The optimal convergence is obtained by replacing the transmission
operator Bij by the non-local Dirichlet to Neumann (DtN) operator [129] with µi = 1.
In the case of a slice-wise decomposition, the resulting methods converge in Ns steps
with Ns the number of sub-domains. Specific studies on the Helmholtz equation can
be found in [39, 38, 76]. However, the use of non-local operators in the transmission
conditions renders the method costly to run and difficult to implement. Besides, in the
general case of variable coefficient operators or complex geometries, the exact form of the
DtN operator is hardly known. A solution is to construct local approximations of this
operator. In the field of artificial boundary conditions, these approximations constitute
a common problem [49]. An approximation using a Taylor expansion for the convection
diffusion problem is given in [130]. Local approximations for the optimal transmission
condition can be found in [76, 38, 44, 26, 27] for Helmholtz problems.

The Schur methods have also been adapted to Helmholtz problems by incorporating ideas
coming from optimized Schwarz methods. In the FETI-H [58], instead of using Neu-
mann transmission conditions at the interface (4.7), Robin conditions are adopted. The
resulting interface problem is symmetric non-Hermitian and solved using the generalized
conjugate residual method. This method is efficient not only in terms of computational
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Figure 4.2: Adjustment of the sign on both sides of the interfaces for a chequerboard
partition.

performance but also from a numerical scalability point of view: the technique is scalable
with respect to the mesh size and sub-domain size when preconditioned. A FETI-DP
formulation also exists for Helmholtz problems [52]. The primal sub-structured methods
have also been extended to the indefinite problem in [106] and named BDDC-H.

The FETI methods are amongst the most efficient domain decomposition method for
large scale systems. In [76], different non-overlapping methods are studied: the FETI-
DPH and the BDDC-H (both using preconditioners) are compared against the FETI-H
and an optimised Schwarz method on a 3D model problem. The author concludes that
in terms of iterations numbers, the FETI-DPH performs the best. However, the FETI
methods impose one Robin condition on an interface. Therefore, one set of interface
unknowns called Lagrange multipliers is shared by two sub-domains. This means that
on either side of the interface, the sign of the interface unknowns has to be changed in
order to have a consistent Robin condition (see Fig. 4.2). Otherwise the sub-problems
may be ill-posed. Colouring techniques are used for this purpose [58].

An alternative would be to introduce independent Lagrange multipliers on either sides
of the interfaces, as initially done in [41]. In [41, 145, 57], a FETI-H approach using two
Lagrange multipliers (FETI-2LM) at the interface between the sub-domains is presented.
The method is in fact an optimised Schwarz method in sub-structured form. It can be
seen as a reformulation of the Després’ algorithm [44] with two Lagrange multipliers.
This approach leaves out the need for the adjustment of the sign on either sides of an
interface and is therefore easier to implement. The resulting interface problem is not
symmetric nor Hermitian. A validation of the FETI-2LM method for solving electro-
magnetic frequency-domain problems can be found in [15]. The FETI-H and FETI-2LM
are applied to an acoustic scattering problem with a submarine shaped obstacle in [57].
It is shown that a characteristic of both methods is that, even in the absence of any
preconditioner, they are scalable with respect to the mesh size. However, the scalability
with respect to the number of sub-domains is obtained only when preconditioned. The
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Figure 4.3: Example of chequerboard splitting with Ns = 4.

preconditioning technique presented in [57] consists in introducing a second level FETI-
H problem by forcing the residual of the Krylov method to be orthogonal to a coarse
interface matrix subspace. The authors found that this preconditioner is more efficient
for the FETI-H than for the FETI-2LM.

In the next section, in order to illustrate how FETI methods work, we present the
FETI-2LM method for the Helmholtz equation.

4.3 The FETI-2LM Method for the Helmholtz Equation

In this section, we present the formulation of the Helmholtz sub-problems and the FETI-
2LM method.

4.3.1 Formulation of the Sub-problems

We consider the propagation of harmonic, linear sound waves in a uniform, quiescent
medium within a domain Ω described by the Helmholtz equation (see section 2.1). Con-
vected propagation problems including mean flows are investigated in the last chapter.
Instead of solving one problem in the whole domain Ω, the domain decomposition meth-
ods define several local problems. The initial numerical domain is decomposed into Ns

non-overlapping smaller sub-domains {Ωi}i=1,...Ns :

Ω =
Ns⋃
i=1

Ωi , ∀j ∈ Ni ,

where Ni is the list of indices j, such that Ωj and Ωi are neighbours, meaning that after
discretisation they share at least a boundary element. We denote the interface between
the sub-domains i and j, Γi,j = Γj,i = ∂Ωi ∩ ∂Ωj .
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The choice of the transmission condition at the interfaces is important to ensure that the
problem is well-posed. The characteristics conditions (Robin conditions) are used. As
detailed in 2.1.5.1, at the interface between two sub-domains, the solution is separated
into incoming and outgoing parts. The idea is then to impose the incoming wave using
the solution in the neighbouring sub-domains. In the sub-domain i, the sub-problem
reads:

−k2ui −∇2ui = 0 in Ωi,

∇ui · ni + ikui = gi on ∂Ωi\{Γi,j}j∈Ni ,
∇ui · ni + ikui = ∇uj · ni + ikuj on Γi,j , ∀j ∈ Ni,

(4.11)

where ui is the unknown in Ωi, ni refers to the unitary outward normal to ∂Ωi and gi
is a given source term. The variational formulation in domain i can be written and the
problem becomes: for gi ∈ L2(∂Ωi), find ui ∈ H1(Ωi) such as

∀wi ∈ H1(Ωi) ,
∫

Ωi
−k2w̄iui +∇w̄i · ∇ui +

∫
∂Ωi

ikw̄iui =
∫
∂Ωi\Γ

w̄igi

+
∫

Γ
w̄i(−∇uj · nj + ikuj) , ∀j ∈ Ni .

(4.12)
This formulation requires the approximation of the normal gradient of the solution at
the interface, which may lead to a deterioration of the solution. This can be avoided by
introducing additional variables at the interfaces between the sub-domains.

4.3.2 Introduction of the Lagrange Multipliers

In the transmission conditions, Lagrange multipliers λi,j can be introduced to avoid the
computation of the RHS normal derivatives along the interface Γi,j :

λi,j = ∇uj · ni + ikuj . (4.13)

The sub-problems (4.11) become:

∀i = 1, ..., Ns ,


−k2ui −∆ui = 0 in Ωi ,

∇ui · ni + ikui = gi on ∂Ωi\{Γi,j}j∈Ni ,
∇ui · ni + ikui = λi,j on Γi,j , ∀j ∈ Ni ,

(4.14)

with: {
λi,j = −λj,i + 2ikuj ,
λj,i = −λi,j + 2ikui ,

on Γi,j , ∀j ∈ Ni . (4.15)

These additional equations are based on (4.13):

λi,j = −∇uj · nj + ikuj = −(∇uj · nj + ikuj) + 2ikuj = −λj,i + 2ikuj .
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They have been determined such that the continuity of the local solutions across the
interface between the sub-domains is satisfied. These continuity equations on Γi,j are:

ui − uj = 0 ,
∇ui · n−∇uj · n = 0 .

They ensure that each solution ui is equal to the restriction on Ωi of the solution of the
global problem [41].

Finally, the problem consists in finding ui ∈ H1(Ωi) and λi,j ∈ H−1/2(Γi,j) such that:∫
Ωi

{
−k2wiui +∇wi · ∇ui

}
dΩ +

∫
∂Ωi

ikwiuids =
∫
∂Ωi\{Γi,j}j∈Ni

wigids

+
∑
j∈Ni

∫
Γi,j

wiλi,jds , ∀wi ∈ H1(Ωi) ,

(4.16)
with: 

∫
Γi,j

ξi,j(λi,j + λj,i − 2ikuj)ds = 0 , ∀ξi,j ∈ H−1/2(Γi,j) ,∫
Γi,j

ξj,i(λi,j + λj,i − 2ikui)ds = 0 , ∀ξj,i ∈ H−1/2(Γi,j) ,
(4.17)

where ξi,j , ξj,i are the test functions associated respectively to λi,j , λj,i. It is worth noting
that the interface Γi,j is described by two Lagrange multipliers and the derivatives of
the solution are not explicitly apparent in the formulation.

4.3.3 Interface Problem and Iterative Solver

The FETI-2LM method [41, 57], which relies on the formulation (4.16) (4.17) is now
introduced.

4.3.3.1 Algebraic Form

After the partitioning of each of the sub-domains into non-overlapping finite elements,
the discretisation of the variational formulation (4.16) detailed in 2.3.2 leads to a matrix
system of the form:

K(i)ui = bi +
∑
j∈Ni

BT
i,jMi,jλ̃i,j (4.18)

where ui and λ̃i,j are the vector of DOFs respectively corresponding to the pressure field
in domain i and to the Lagrange multipliers in domain i on the interface Γi,j , Bi,j is the
restriction operator from Ωi to Γi,j , bi is due to the external source on ∂Ωi and

(K(i))lm =
∫

Ωi

{
−k2

0ϕlϕm +∇ϕl · ∇ϕm
}

dΩ +
∫
∂Ωi

ik0ϕlϕmdΓ ,
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The additional systems read:[
Mi,j Mi,j

Mj,i Mj,i

] [
λ̃i,j

λ̃j,i

]
= −

[
2ik0Mi,jBj,iuj
2ik0Mj,iBi,jui

]
, ∀j ∈ Ni , (4.19)

where (Mi,j)lm =
∫

Γi,j ϕlϕmdΓ. Note that the shape functions are chosen such that:

Mi,j = Mj,i .

In the remainder of this manuscript, the interface problem is simplified by defining:
λi,j = Mi,jλ̃i,j . Eq. (4.19) becomes:

[
I I
I I

] [
λi,j

λj,i

]
= −

[
2ik0Mi,jBj,iuj
2ik0Mj,iBi,jui

]
, ∀j ∈ Ni , (4.20)

where I refers to the identity matrix.

4.3.3.2 Interface Problem

Using (4.18), the unknown ui can be eliminated from the system (4.20), yielding the
following interface problem:

FIλ = d . (4.21)

For conciseness, the expressions of these matrices are given in the case of two sub-
domains only:[

I I− 2ik0M1,2B2,1(K(2))−1BT
2,1

I− 2ik0M2,1B1,2(K(1))−1BT
1,2 I

] [
λ1,2

λ2,1

]
=

−2ik0

[
M1,2B2,1(K(2))−1b2

M2,1B1,2(K(1))−1b1

]
.

(4.22)

The extension to a larger number of sub-domains is straightforward. The matrix FI is
square, complex and contains full blocks. It is of size NI where NI designates the number
of unknowns on the interface. Solving this sub-structured problem by a direct method
would be costly, an iterative method is therefore used. Each iteration of the interface
problem requires a matrix-vector product and the direct solution of a local problem with
a new right-hand side in every sub-domain.

For such a non-symmetric problem, Krylov methods with full orthogonalization like GM-
RES [147] or ORTHODIR [163] should be preferred [57]. The GMRES and ORTHODIR
are mathematically equivalent [146] for arbitrary non-singular matrices (they lead to the
same approximate solutions) but ORTHODIR requires the storage of an additional vec-
tor at each iteration compared to GMRES. However, in the framework of the FETI-2LM,
compared to the size of the factors, the storage of an additional interface vector at each
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iteration is not expensive. The advantage of using ORTHODIR is pointed out in [144]
where the solution of multi-source electromagnetic problems is improved in terms of
iterations by using the FETI-2LM algorithm and ORTHODIR with full recycling of the
search directions.

4.3.3.3 Iterative Algorithm

To iteratively solve the interface problem (4.22), ORTHODIR [163] is used.
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1. Initialisation:
Given an initial solution λ0, compute:
• the residual at the initial step r0 = d− FIλ

0,
• the first basis vector w0 = r0,
• its product by FI: η0 = FIw

0,
• and normalise η0 with α1 = 1/

√
(η0,η0) and{
w0 = α1w

0

η0 = α1η
0

2. Iterations (for k = 0, 1, 2, ... until convergence):
(a) Compute the k + 1 solution:

λk+1 = λk + α2w
k,

where α2 = (rk,ηk).
(b) Compute the corresponding residual:

rk+1 = rk − α2η
k.

(c) Check if rk+1 ≤ ε, stop; otherwise, continue.
(d) Compute matrix-vector product ηk+1 = FIη

k.
(e) Modified Gram–Schmidt (GS) [146]:

Initialisation for summation:

wk+1 = ηk ,

For l = 0, ...k − 1, compute:

βkl = − (ηk+1,ηl)
(ηl,ηl) ,

wk+1 = wk+1 + βklw
l,

ηk+1 = ηk+1 + βklη
l.

(f) Normalise ηk+1 with α1 = 1/
√

(ηk+1,ηk+1) and{
wk+1 = α1w

k+1

ηk+1 = α1η
k+1

(g) Store the product of the basis vector by FI:

ηk+1 = ηk+1 +
k∑
l=0

βklη
l.

Step 2 (f) makes sure that the norm of ηk+1 is equal to 1. Without normalisation, for
large number of iterations, the norm of ηk+1 can exceed machine precision.

Most of the computations in this iterative process consist of scalar products and additions
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except for the matrix-vector product for which a Helmholtz problem has to be solved in
each sub-domain.

4.3.3.4 Computation of the Matrix-Vector Product

In practice, the matrix FI is not explicitly known as its assembly would be computation-
ally inefficient. The product of FI by a vector only needs local data. In each sub-domain,
the matrix-vector product 2 (d) is obtained by solving local Helmholtz problems as fol-
lowed. At each iteration k, in sub-domain i,

1. the solution of a local problem given by:

Kiuki =
∑
j∈Ni

BT
i,jλ

k
i,j

is easily obtained using the LU factors computed prior to the iterative process;
2. the solution is restricted to each interface:

νki,j = Bi,juki ;

3. λki,j is exchanged for λkj,i with all neighbours;
4. the matrix-vector product can be computed:

(FIλ
k)i,j = λki,j + λkj,i − 2ik0Mj,iν

k
i,j .

In other words, the matrix-vector product consists in local forward and backward sub-
stitutions followed by data exchanges between neighbouring processors.

4.3.3.5 Partitioning Algorithm

In order to evenly distribute matrix factorisation cost, the decomposition algorithm has
to split the initial domain such that all sub-domains have similar numbers of DOFs.
Moreover, the communication cost for the iterative solver increases with the number of
interface unknown λ. Therefore, the ideal decomposition would also minimise the size of
the interfaces between sub-domains. The goal is to balance the computation time among
the processors (if each sub-domain is assigned to a processor). For simple problems and
geometries, this decomposition can be done by hand. Realistic cases usually feature
complex geometries and manual load balancing can become difficult. In the general case,
this task can be achieved automatically by using graph partitioning algorithms available
in packages such as METIS [100] and SCOTCH [37]. The idea is to model the mesh by
a connectivity graph. This graph is then partitioned into several sub-graphs so that the
number of unknowns assigned to each sub-domain is similar, and that the number of
interface unknown assigned to each sub-domain is minimised. Optimal partitioning is key
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to efficient simulations on high performance parallel machine and mesh decompositions
are intensively studied using graph theory [100, 127, 45]. However, in this work, we do
not go into the details of graph theory. Unless otherwise stated, the automatic graph
partitioner METIS [100] is used to split the global domain in this work.

4.3.4 Summary

In practice, the solving procedure used is as follow:

1. Decomposition of the global mesh into Ns partitions.
2. Discretisation of the problem and construction of the matrices Ki, Mi,j , bi.
3. Assignation of a processor to each sub-domain.
4. Each sub-domain factorises Ki to obtain L and U and compute its part of d.
5. Initialisation of the solutions.
6. Solution of the interface problem using ORTHODIR involving at each iteration:

− the solution of a local problem using the existing LU factorisation of Ki;
− exchange of information (λ) between neighbouring sub-domains.

7. Solution of the sub-domain problems using the existing LU factorisation of Ki

and the solution of the interface problem.

4.4 Objectives

The objectives pursued in this thesis are twofold.

The first objective is to examine the performance of the FETI-2LM methods for solv-
ing large scale Helmholtz problems discretised using high order FEM methods. In
the literature, domain decomposition methods as preconditioners have been examined
in conjunction with the p-version of the FEM for solving positive-definite systems in
[23, 136, 81, 24]. For wave propagation problems, in [45], a classical and an optimised
Schwarz methods associated with a high-order DGM are investigated. For a 2D prob-
lem, the authors conclude that the efficiency in terms of iteration numbers is increased
by using an optimised Schwarz method compared to the classical method. At the same
time, the performance also improves with the approximation order in the DG method.
In chapter 3, the p-FEM has been shown to yield superior approximation properties
compared to a wave-based method for a range of problems. However, the applicability
range of the method is limited in practice by the inadequacy of direct methods (due
to large memory requirements) and iterative methods (due to erratic convergence) at
high-frequency. Domain decomposition methods appear to be the method of choice to
address this issue and allow solving large problems at high frequencies.

The second objective is to apply the domain decomposition method to large scale con-
vected wave problems. To the best of the author’s knowledge, this type of problem has
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not been tackled before using domain decomposition methods. FETI-2LM appeared to
be the most appropriate choice for flow acoustics, due to the non-symmetric nature of
the transmission conditions.





Chapter 5

FETI-2LM and High-Order FEM

In this chapter, we consider the propagation of harmonic, linear sound waves in a uni-
form, quiescent medium described by the Helmholtz equation (see section 2.1). Con-
vected propagation problems are investigated in the next chapter. The focus of this
chapter is on the behaviour of the FETI-2LM solver combined with a high-order dis-
cretisation.

The structure of this chapter is as follows. In the first section, a 2D scalability analysis
is given. In addition to the dependency on the mesh size, frequency, or number of sub-
domains, the behaviour of the method with respect to the order of approximation is also
assessed. In the second section, the costs associated to the FETI method is compared
to a direct solver for a 3D wave problem. We look in particular at the evolution of the
costs when varying the polynomial order and the number of sub-domains for a constant
accuracy. The third section is dedicated to the extension of the method to the p-FEM
with adaptive order (FEMAO). Finally, in the last section, the FETI-2LM method and
the adaptive p-FEM are used to solve a 3D realistic problem.

5.1 Two-dimensional Scalability Analysis

In this section, we look at the influence of some key parameters such as the number of
sub-domains, the frequency, the mesh size and the polynomial order of the discretisation
on the convergence of the FETI-2LM solver described in the previous chapter, section
4.3.

5.1.1 Description of the Test Case

A 2D guided wave problem is considered. This test case has been used in previous studies
[41, 57] to assess the behaviour of FETI methods with classical FEM. The computational

99
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domain is taken to be a square of size a × a and is represented by a uniform and
unstructured mesh of triangular elements of typical size h. A single plane wave:

uex = e−ikx ,

where x is the direction of propagation, is generated using Robin boundary conditions
(described in section 2.1.5.1) on the left and right boundaries. Hard wall boundary con-
ditions are applied on the top and bottom boundaries such that the normal component
of the acoustic velocity vanishes v · n = 0 and ∇u · n = 0.

The problems are discretised using p-FEM with a constant p throughout the whole
domain. Adaptive orders and non-uniform meshes are considered in section 5.3. The
numerical models are solved using the FETI-2LM method following the procedure de-
scribed in section 4.3.4. A zero vector is chosen as initial solution. The computation
stops when the normalised (using the right-hand-side) residual on the interface problem
is below a fixed value ε = 10−8. At the end of the iterative process, we also ensure that
the normalised residual on the global problem has converged and is below a fixed value
εglob = 10−6. As the analytical solution is known for this simple test case, in addition
to the interface residual and the global residual, the L2 and H1 relative errors on the
solution in the whole numerical domain are also computed at the end of each iteration.

In the remainder of this document, we denote:

- N I
DOF, the size of the interface problem;

- NDOF, the number of DOFs in the whole numerical domain (after condensation
unless stated otherwise);

- Dλ, the number of DOFs per wavelength;
- nc, the number of iterations used to converge with a tolerance ε on the interface
residual;

- rI and rg the normalised interface and global residual respectively;
- L =

√
area(Ω), the length of reference.

The code used has been validated against an existing one using a classical sequential
direct solver in order to ensure that the solutions using both solvers were consistent.

5.1.2 Influence of the Number of Sub-domains

In this section, the behaviour of the method with respect to the number of sub-domains
is studied. For a given Helmholtz number kL and polynomial order, a given mesh is
partitioned into Ns = 2, 4, 8, 16, 32 using the Metis package [100] (see Fig. 5.1).

The results of the computations are given in Fig. 5.2 and Tab. 5.1. As the problems
resolution remain the same, we observe that all four problems converge to the same
solution with the same H1 errors. The observation prevails for the L2 error which
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Figure 5.1: Example of different number of partitions for a given mesh h/L = 1/60.
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Figure 5.2: Influence of the number of sub-domains Ns. The interface residual and
relative H1 error against the iteration numbers. Fixed: h/L = 1/60, kL = 100, p =

6, ε = 10−8.

Ns N I
DOF NDOF Dλ nc rg EL2 it. EH1 it.

2 878 77144 26 135 3.696e-07 5.190e-05 4.006e-04
4 1630 77560 26 190 3.357e-07 5.190e-05 4.006e-04
8 3206 78320 26 267 2.269e-07 5.190e-05 4.006e-04
16 5320 79216 26 372 2.047e-07 5.190e-05 4.006e-04
32 8094 80738 26 518 1.333e-07 5.190e-05 4.006e-04

Table 5.1: Influence of the number of sub-domains Ns. Fixed: h/L = 1/60, kL =
100, p = 6, ε = 10−8.

was not shown here for conciseness. Increasing the number of sub-domains induces a
growing interface size. As the size of the interface grows, the amount of information
being exchanged between neighbouring processors increases leading to larger memory
requirements during the iterative process. This aspect is studied in more detail in the
next section. The slight changes in NDOF seen in Tab. 5.1 come from the duplication of
the nodes at the interfaces. As the number of interfaces grows, the number of DOFs to
be duplicated increases (the sub-domains are all independent and have their own version
of a DOF at an interface). Therefore the global number of DOFs also increases.
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On the convergence plot in Fig. 5.2 (b), for each curve, we can distinguish three different
regimes. They will be denoted A, B and C from left to right.

• Regime A corresponds to the pre-convergence regime, which is characterised by the
absence of, or by a very slow, convergence rate for both the interface residual and
the relative error. The size of this pre-convergence regime is directly correlated
with the number of sub-domains Ns. After one iteration, each sub-domain has
exchanged information with its neighbours. After another iteration, each sub-
domain indirectly communicate with the neighbours of their neighbours... and so
on until the information has been successfully spread over the global domain. More
precisely, the pre-convergence regime is directly linked to the number of layers of
sub-domains between the inlet and outlet of the duct. The higher number of sub-
domains, the longer the time for the information to travel between the sub-domains
that are the furthest apart. A larger number of iterations is indeed observed for
Ns = 32 compared to Ns = 2.
• Regime B corresponds to the convergence regime. In this regime, the convergence
rates are much faster. The interface residual as well as the global error decrease
rapidly with the number of iterations. In fact, within this regime, for each curve,
we can distinguish two distinct convergence slopes. It is worth noting that the
convergence rates of the interface unknown and error varies only slightly with Ns.
• Regime C corresponds to the post-convergence regime. In this regime, the global
errors plateau. The error that dictates the accuracy of the solution is due to the
discretisation of the problem and increasing the number of iterations (although it
allows to improve the interface residual) does not yield any improvement on the
global solution.

The consequence of increasing the number of sub-domains is the increase of the number
of iterations to converge.

5.1.3 Influence of the Mesh Size

For a fixed order, frequency and number of partitions, we now investigate the effect of
the mesh size on the convergence of the iterative method. The normalised residual of
the interface is given in Fig. 5.3 along with the corresponding relative H1 error on the
global problem. The other variables are reported in Tab. 5.2.

h/L N I
DOF NDOF Dλ nc rg EL2 it. EH1 it.

1/10 374 2241 4 131 1.476e-07 77.213 79.327
1/15 566 5143 7 150 1.788e-07 9.412e-01 1.408
1/30 1154 19685 13 193 1.360e-07 6.614e-03 2.532e-02
1/60 2222 77795 26 223 3.456e-07 5.193e-05 4.006e-04
1/80 3110 136659 34 238 3.959e-07 7.846e-06 7.562e-05

Table 5.2: Influence of the mesh size h/L. Fixed: Ns = 5, kL = 100, p = 6, ε = 10−8.
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Figure 5.3: Influence of the mesh size h/L. The residual and relative H1 error against
the iteration numbers. Fixed: Ns = 5, kL = 100, p = 6, ε = 10−8.

For each curve in Fig. 5.3, we observe the three different regimes mentioned above.
Naturally, as the mesh size is decreased, the problem resolution becomes higher and
the converged solution is more accurate. As the problem is better and better resolved,
the number of iterations needed to reach the regime C becomes higher. The L2-error
reached in this plateau is similar to the one achieved using a direct solver; we found
an average relative difference of 10−10. In other words, the solution obtained from the
iterative solver is satisfactory and in this regime, the numerical error is dominated by
the discretisation error.

To reach a given interface residual, the number of iterations varies slightly with the mesh
size, even though no preconditioner is used. A similar conclusion is drawn for classical
h-FEM [57, 41].

5.1.4 Influence of the Wavenumber

In this section, the dependence of the convergence behaviour with respect to the wave
number is assessed. For p = 6, the results are given in Fig. 5.4 and Tab. 5.3.

As the Helmholtz number is increased, the problem resolution is lowered. Therefore, the
L2 and H1 relative errors reached in the convergence regime are increased. We note that
as the frequency is increased, the iteration counts to achieve a given residual increases
slightly. These conclusions on the dependence with the frequency are consistent with
the observations reported in the litterature. However, contrary to the results found in
[41, 57], the number of iterations does not drastically increase with the frequency.
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Figure 5.4: Influence of the wavenumber kL. The residual and relativeH1 error
against the iteration numbers. Fixed: Ns = 5, h/L = 1/30, p = 6, ε = 10−8.

kL N I
DOF NDOF Dλ nc rg EL2 it. EH1 it.

25 1154 19685 53 179 5.981e-07 4.065e-06 2.793e-05
50 1154 19685 26 185 3.691e-07 5.506e-05 4.222e-04
100 1154 19685 13 193 1.486e-07 6.614e-03 2.532e-02
200 1154 19685 7 209 1.194e-07 1.680 2.008

Table 5.3: Influence of the wavenumber kL. Fixed: Ns = 5, h/L = 1/30, p = 6, ε =
10−8.

5.1.5 Influence of the Polynomial Order

In order to understand the behaviour of the domain decomposition method with respect
to the polynomial order, two different investigations are conducted. In the first study,
except for the polynomial order, all the other parameters (Ns, h/L, kL) are kept constant.
In the second study, all the parameters are kept constant except for the polynomial order
and the mesh size which are chosen such that the resolution of the problem is fixed.

5.1.5.1 Varying the Polynomial Order Only

In this section, the triangulation and the frequency are fixed, whereas the polynomial
order is varied. The results are given in Fig. 5.5 and Tab. 5.4.

To reach a given residual, the number of iterations increases with the polynomial or-
der. A remark is that as long as the computation is in regime A and B, all curves
corresponding to different p collapse into one. The curves differentiate only when the
post-convergence plateaus of the global errors Fig. 5.5 (c) are reached i.e. when the
regime C is reached. The main observations in terms of iteration counts are:

• to reach a given interface residual, the number of iterations varies with the polyno-
mial order. This variation is larger for small polynomial order. In other words, as
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we increase the polynomial order used, the difference of iteration counts between
two consecutive order becomes smaller.
• to reach a given H1 (or L2) error – as long as one stays in the regime B – the
number of iterations varies only slightly with the polynomial order.

On the one hand, the problem resolutions and solution accuracies are increased as we
increase the polynomial order. On the other hand, the size of the interface problem
and the local problems are larger for higher orders. Therefore, even though the number
of iterations is only slightly increased, the final costs of the computation is higher for
higher polynomial orders.
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Figure 5.5: Influence of the polynomial order p. The residual and relative H1 error
against the iteration numbers. Fixed: Ns = 5, h/L = 1/60, kL = 100, ε = 10−8.

p N I
DOF NDOF Dλ nc rg EL2 it EH1 it.

1 372 5055 5 103 9.100e-10 129.880 130.1
2 730 19609 9 155 2.310e-09 14.696 15.53
3 1088 34151 12 175 5.536e-09 2.790e-01 6.998e-01
4 1446 48699 18 192 1.420e-08 1.187e-02 6.579e-02
5 1845 63267 22 204 2.249e-08 8.221e-04 5.509e-03
6 2222 77795 26 223 3.456e-07 5.193e-05 4.006e-04
7 2581 92343 31 225 5.487e-08 5.186e-05 4.005e-04
8 2878 106891 35 235 6.993e-08 2.157e-06 1.245e-05
9 3236 121439 39 241 8.339e-08 2.362e-06 1.787e-05
10 3594 135987 44 250 1.468e-07 3.447e-06 2.324e-05

Table 5.4: Influence of the polynomial order p. Fixed: Ns = 5, h/L = 1/60, kL =
100, ε = 10−8.

5.1.5.2 Varying the Polynomial Order for a Fixed Resolution

In this second study, the couple (p, h/L) is chosen such that the resolution Dλ (3.3) of
the problem is fixed and equals to 12. As the polynomial order is increased, the typical
mesh size increases. High orders have a superior ability to control the pollution effect



106 Chapter 5 FETI-2LM and High-Order FEM

when solving wave propagation problems. Therefore, for a fixed Dλ, the higher the
polynomial order used, the more accurate the solution.

The results are reported in Fig. 5.6 and Tab. 5.5. It is observed that increasing the
polynomial order at constant Dλ does not significantly increase the iteration counts
to reach a given interface residual. For a given Dλ and Ns, the size of the interface
problem remains similar for all the polynomial orders investigated. In terms of iteration
counts and number of Lagrange multipliers, there is no advantage in using high-orders.
However, thanks to condensation, the sizes of the local and global problems are reduced
with larger p which indicates that using higher-order FEM leads to improvements in
terms of memory requirements.
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Figure 5.6: Influence of the polynomial order p at Dλ ≈ 12. The residual and relative
H1 error against the iteration numbers. Fixed: Ns = 5, kL = 100, ε = 10−8.

p h/L N I
DOF NDOF nc rg EL2 it EH1 it.

1 1/165 1054 36935 158 1.779e-08 60.780 61.505
2 1/83 1038 37229 180 3.238e-08 4.401 5.187
3 1/55 998 28953 170 6.656e-08 4.482e-01 9.505e-01
4 1/41 968 23079 172 7.423e-08 8.617e-02 3.018e-01
6 1/28 1022 17421 181 1.229e-07 9.574e-03 3.753e-02
8 1/21 974 13207 166 4.182e-07 1.976e-03 7.207e-03
10 1/17 968 11813 171 1.450e-06 2.918e-04 1.055e-03

Table 5.5: Influence of the polynomial order p. Fixed: Ns = 5, Dλ ≈ 12, kL =
100, ε = 10−8.

5.2 Comparison of Computational Costs

The costs associated to the FETI-2LM method for solving a guided wave problem is
assessed in this section. One MPI process of this solver is used for each sub-domain, and
each MPI process is allocated a separate node (64GB, single thread) on an HPC cluster
with InfiniBand interconnect.
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Firstly, the distribution of the computational expense over the sub-domains/processors
is examined. Then, for a given frequency and accuracy, we compare the costs of the
FETI-2LM with a direct solver for increasing polynomial orders and number of sub-
domains.

The test case used for this comparison is similar to the one described in section 5.1.
However, the 3D problem is considered: the numerical domain is a cube of side a. On
the boundaries situated at x = 0 and x = a, characteristics boundary conditions are
used (see section 2.1.5.1) to generate a plane wave travelling along the x-direction. On
the remaining boundaries, hard wall conditions are imposed.

Figure 5.7: Guided wave problem in 3D. Example of solution at kL = 200 (left) and
mesh with h/L = 1/26 and Ns = 8 (right).

5.2.1 Cost Distribution

The aim of this study is to assess the quality of the partition. As mentioned in the
previous chapter, the ideal partition ensures a uniform distribution of the computational
expense across the processes and a minimal amount of information exchanged between
neighbouring sub-domains.

Let us look at the cost distribution for the guided wave problem at kL = 200, p = 8,
Ns = 8 and EL2 ≈ 1% given in Fig. 5.8. The mesh is partitioned into Ns sub-domains
such that the number of DOFs per sub-domain is uniform (as seen on Fig. 5.8(a))
and the global number of interface unknowns is minimised. We note that the number
of Lagrange multipliers is not quite similar for every sub-domain. The reason is that
some sub-domains are only surrounded by other sub-domains. Therefore, these sub-
domains only have boundaries which are interfaces whereas other sub-domains share the
external boundaries. However, as the number of sub-domain is increased this disparity is
attenuated. The size of the vectors stored at each iteration corresponds to the number of
Lagrange multipliers: the lesser interface variables, the lesser the memory requirements.
The number of Lagrange multiplier is also directly linked to the amount of information
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that has to be exchanged at the end of each iteration. In our cases, the number of
Lagrange multipliers is small compared to the local number of DOFs. In the framework
of this study, we have not looked at the strategies and advantages of having a more
uniform distribution of the number of Lagrange multipliers. Fig. 5.8 (c)-(d) represent
the NNZ and factorisation memory needed as a function of the process number. Uniform
local NDOF and NNZ (directly linked to the memory required to store the matrices) are
observed. As a consequence, the requirements in terms of factorisation memory is similar
for all processes (see Fig. 5.8 (d)).
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Figure 5.8: Guided wave problem at kL = 200 and mesh used to obtain EL2 ≈ 1%
at p = 8 with NDOF = 5 million, Ns = 8, ε = 10−8.

5.2.2 Influence of the Polynomial Order

The costs for solving the problem at kL = 100 (corresponding to 15.9 wavelengths along
the edge of the cube) with 8 sub-domains are reported in Fig. 5.9. The problem was
solved using p = 4, 6, 8. The results are compared to the ones given by MUMPS [1] ran
in parallel for the exact same number of processes and configuration (mesh, frequency
and order) and given in Fig. 5.10.
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Figure 5.9: Characteristics of the FETI-2LM computation. Guided wave problem at
kL = 100, Ns = 4, ε = 10−8 with EL2 ≈ 1%; EH1 ≈ 2%.

As suggested by the previous 2D results, Fig. 5.9 (a) shows that to achieve a solution with
a given accuracy, the number of iterations to reach a residual of 10−8 only varies slightly
with the polynomial order. In terms of pure iteration counts, there is no significant gain
in using higher polynomial orders. The convergence rates, in every regime, for all the
studied polynomial orders, are similar.

Fig. 5.9 (b) shows the maximum, mean and minimum of the local NDOF over the sub-
domains, for each polynomial order. For a given polynomial order, a uniform distribution
of the number of DOFs is observed across the processes: all the sub-domains have similar
problem sizes. As pointed out in the first two chapters of this report, at constant error,
increasing the polynomial order leads to a reduction the total number of DOFs needed.
Our results here are consistent with this observation.

In Fig. 5.9 (c), we note that the average number of Lagrange multipliers is also decreased
when using higher polynomial order. Considering that the number of iterations does not
increase with the polynomial order, using higher polynomial order is advantageous as the
memory required to store the vectors for ORTHODIR is reduced and the total amount
of information exchanged between processors is reduced.

The costs related to the direct solver and the hybrid solver are reported in Fig. 5.10. Fig.
5.10 (a-b) compares the maximum of factorisation memory needed by the processes and
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total time for the FETI-2LM method (in different shades of yellow) and for MUMPS (in
red). The total time refers to the factorisation and solving time. The assembly time was
not considered in our study. Firstly, for both solver, keeping Ns constant, an increasing
order lead to a decrease of both maximum of factorisation memory and computation
time. For a given number of processors and polynomial order, FETI-2LM requires less
memory but similar computation time compared to MUMPS.
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Figure 5.10: Comparison of the FETI-2LM with MUMPS. Guided wave problem at
kL = 100, Ns = 4, ε = 10−8 with EL2 ≈ 1%; EH1 ≈ 2%.

5.2.3 Influence of the Number of Processes/Sub-domains

The polynomial order and triangulation are now fixed: p = 8 and h/L = 1/26. We vary
the number of partitions Ns = 8, 16, 32, 64 and give the results in Fig. 5.11 and Fig.
5.12.

Fig. 5.11(a) gives the convergence plots for the FETI-2LM. As observed in the 2D case,
the number of iterations increases with the number of sub-domains. Fig. 5.11(b) shows
the memory required by the most demanding processor for both solvers for each Ns.
The memory includes the factorisation and storage memory required by ORTHODIR.
Limited by the computational memory available, the single domain solution with 8
processors was not achievable using MUMPS. However, an estimation of the memory
requirement indicated by MUMPS is reported in Fig. 5.11(b). The memory demanded
by MUMPS using a single processor was also estimated. The reference in Fig.5.11(b)
correspond to the quotient of this estimated memory and the number of sub-domains.
The factorisation memory required by the most demanding processor decreases as we
increase the number of sub-domains, for both solvers. We observe that in terms of
memory the FETI-2LM performs better than the linear scaling. However, the memory
required by the FETI-2LM for storing the vectors for ORTHODIR increases with the
number of sub-domains. This effect is explained by the larger number of interfaces for
largeNs. For the FETI-2LM we observe that there is a trade-off between the factorisation
memory and the storage memory for ORTHODIR. For example, we notice that for
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Ns = 64, the solver needs three times more storage memory than factorisation memory.
Fig. 5.11(c) gives the factorisation and solution time needed by both solvers for the
different Ns. Using the FETI-2LM as such does not lead to any significant gain in terms
of time compared to MUMPS.
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Figure 5.11: Influence of the number of sub-domains Ns with p = 8. Guided wave
problem at kL = 200, ε = 10−8 with EL2 = 3.05%; EH1 = 4.56%.
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Figure 5.12: Distribution of the memory requirement over the Ns = 16 processes with
p = 8. Guided wave problem at kL = 200, ε = 10−8 with EL2 = 3.05%; EH1 = 4.56%.
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5.3 FETI-2LM and an Adaptive Order FEM

5.3.1 About FEMAO

In this section, the FETI-2LM is used to solve problems discretised by an adaptive
order p-FEM. The ability of adjusting the order of each element separately is profitable
in many situations. For example, in the case of strongly non-uniform flows, in regions
of high velocity, the acoustic wavelength can be significantly reduced by the convective
effect. With a fixed order FEM, the mesh has to be strongly refined in those regions.
If an adaptive order method is used, the mesh can be kept relatively uniform while the
polynomial order is locally changed. The main advantage of adapting the order remains
for frequency sweeps. When solving a problem for a wide range of frequency, the standard
FEM calls for finer meshes at higher frequencies. Indeed, each frequency require different
mesh resolution in order to tackle the dispersion error. However, generating a new mesh
for each frequency is time consuming and keeping the finest mesh for the complete range
of frequency is computationally inefficient. Instead, for the whole frequency range, an
adaptive order method can be used on a unique and carefully chosen mesh (for which
the geometrical error is controlled).

As mentioned previously, one advantage of using hierarchical shape functions is that
the basis can easily be varied across the mesh without requiring any specific treatment.
From the order defined for each element, a unique interpolation order can be assigned
to each edge and to each face of the mesh. In recent works [139, 21, 72], an error
indicator is presented for the Helmholtz equation. The numerical error on a given
element is determined a priori, based on the numerical error measured on a single, one-
dimensional element with equivalent wave number k and length h, and flow properties
if convective phenomena are included. In theory, each element is first assigned an order
p = 1. On the corresponding 1D element, characteristics boundary conditions are used
to generate a propagating plane wave inside this element domain. This problem is then
solved and the numerical error is measured. If the 1D solution accuracy is lower than
the target accuracy, the order p is increased and another 1D problem is solved. This
process is repeated until the numerical error incurred on the element is lower or equal to
the expected error. When the target accuracy is reached, the polynomial order is stored
and used to solve the actual problem. In practice, the 1D problem is not solved for every
element. The order is tabulated as a function of the mesh resolution kh and the target
error. And this table is used to directly determine the order needed based on the local
values of k, h and flow properties [21]. In between two elements, the maximum rule is
applied: the polynomial order assigned to a given face or edge is equal to the maximum
order of all adjacent elements sharing this face or edge. This a priori error indicator
was shown to efficiently control the global numerical error on realistic two-dimensional
and three-dimensional Helmholtz problems.
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5.3.2 Domain Decomposition and Adaptive Order

Compared to the fixed order FEM, solving a problem using FEMAO and the FETI-2LM
require a few additional steps. For the solution of the problems described below, the
global computational mesh is first generated using Gmsh [77]. The polynomial orders
of the elements are then assigned using the a priori error estimator [72]. With METIS
[100], the mesh can be split into Ns sub-domains. As mentioned in section 4.3.3.4, we
aim at minimising the size of the interface problem and balancing the number of DOFs
in each sub-domains. For a three dimensional problem, the number of DOFs in an
element scales roughly with O(p3

e), where pe is the local element order. Consequently,
in order to improve the load balancing, a weight of p3

e is attributed to each element.
After the partitioning, the orders of the edges and faces are carefully assigned using the
maximum rule. The solutions at the interface between two sub-domains is averaged in
order to build the global solution. For simplicity, the solution at the interfaces should be
interpolated using the same basis. Therefore, when assigning the orders, two physically
identical edges or faces belonging to different sub-domains are enforced with the same
order.

After these preliminary steps, the sub-problems can be built and solved following the
steps (2-7) of section 4.3.4. This new solving procedure is summarised below.

1. Construction of the global mesh.
2. Assignation of the order of each element using the a priori error estimator.
3. Decomposition of the mesh into Ns sub-domains, using the element orders to

compute the weight of each element.
4. Discretisation of the problem and construction of the matrices Ki, Mi,j , bi.
5. Assignation of a processor to each sub-domain.
6. Each sub-domain factorise Ki and compute its part of d.
7. Initialisation of the solutions.
8. Solution of the interface problem using ORTHODIR involving at each iteration:

− the solution of a local problem using the existing LU factorisation of Ki;
− exchange of information (λ) between neighbouring sub-domains.

9. Solution of the sub-domain problems using the existing LU factorisation of Ki

and the solution of the interface problem.

5.3.3 Plane Wave Scattered by Sphere

5.3.3.1 Description of the Test Case

The test case used to validate the approach and implementation consists of the scat-
tering of a plane wave by a rigid sphere. All quantities are non-dimensionalised, the
speed of sound c0 and the density ρ0 are set to unity. The reference length L used is
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the cubic root of the domain volume. The numerical domain is a cube of dimension
[−2a; 2a] × [−2a; 2a] × [−2a; 2a] containing a rigid sphere of radius a centered at the
origin. An unstructured mesh of second order tetrahedral elements is used to represent
the computational domain (see Fig. 5.13). The mesh size hmin at the surface of the
sphere is three times smaller than hmax at the external boundary of the domain. hmin is
chosen such that at the surface of the sphere, a wavelength is at least described by six
nodes. An incident plane wave of amplitude 1 is propagating in the +z direction and is

Figure 5.13: Example of an unstructured mesh (left) with a refinement coefficient of
1/3 and a PML (in red) and solution at kL = 200.

scattered by the rigid sphere. The analytical solution is given by [126]:

uex = e−ik0z +
N∑
m=0

AmHm(k0r)Lm cos(θ) , (5.1)

where Hm is the spherical Hankel function of the first kind of orderm, Lm is the Legendre
polynomial of order m and

Am = −(2m+ 1)im mJm−1(k0a)− (m+ 1)Jm+1(k0a)
mHm−1(k0a)− (m+ 1)Hm+1(k0a)

with Jm the spherical Bessel function of order m.

To generate the solution, the normal velocity is imposed on the surface of the rigid sphere
and a PML is used at the external boundary of the numerical domain to completely
absorb the waves that are reflected into the domain (described in section 2.1.5.2). This
test case was chosen as it features a simple geometry, an analytic solution, and a mix of
wave directions.

5.3.3.2 Varying the Number of Sub-domains

For a given mesh (hmax = 1/30) and a Helmholtz number kL = 200, we solve the sphere
problem with a target accuracy ET = 5%. The polynomial orders used vary between
3 and 8. The solution is obtained using different numbers of partitions Ns = 8, 16, 32.
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The mesh decompositions are given in Fig. 5.14. To represent the different partitions,
the mesh at the interfaces between the sub-domains and at the surface of the sphere
are plotted. Each colour corresponds to a different sub-domain. For clarity, a fictional
space has been added in between the sub-domains.

(a) Ns = 8. (b) Ns = 16. (c) Ns = 32.

Figure 5.14: Influence of the number of sub-domains. Decomposition used. Plane
wave scattered by a sphere with hmax/L = 1/30.

The costs associated to the computations are represented in Fig. 5.15. Fig. 5.15 (a)
shows the convergence behaviours of the method using different numbers of partition.
It is observed that varying the number of sub-domains does not significantly change the
number of iterations required to reach a given residual (ε = 10−8). We note in Fig.
5.14 that by increasing Ns, the number of sub-domains between the sphere where the
velocity boundary condition is applied and the PML is not dramatically changed. This
may explain the stagnation of the iteration count. This behaviour is different from the
duct problem studied previously where the number of sub-domains between the inlet
and outlet of the duct was increased with larger Ns.

Over the whole numerical domain, the number of DOFs is 10.9 million before conden-
sation (approximately 8.7 million after condensation). The size of the interface problem
increases with the number of sub-domains (see Fig. 5.15(b)). However, similar to
the fixed order case, we observe that the number of Lagrange multipliers, DOFs (Fig.
5.15(c)) and number of non-zeros (Fig. 5.15(d)) is balanced amongst the sub-domains.
This results in a balanced factorisation time and memory (Fig. 5.15(e-f)) and storage
memory for the matrices and vectors in ORTHODIR.

By increasing the number of sub-domains, the workload (in terms of NDOF or number
of Lagrange multipliers for example) assigned to a process is diminished. Indeed, for a
given problem, increasingNs leads to smaller sub-matrices. These sub-matrices therefore
require less factorisation time and memory. The same can be said about the solution time
and memory. In this case, increasing Ns from 8 to 16 and 32 leads to smaller numbers
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Figure 5.15: Influence of the number of sub-domains. Costs. Plane wave scattered
by a sphere with kL = 200, hmax/L = 1/30, ET = 5%.
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of Lagrange multipliers per sub-domain.Therefore, at each ORTHODIR iteration, each
sub-domain has less information to handle and to exchange.

5.3.3.3 Varying the Frequency at Fixed Accuracy

In this section, we examine the influence of the dimensionless frequency (kL = 50, 100, 200)
for a given mesh (hmax/L = 1/30) and accuracy (ET = 5%.). The number of sub-
domains is fixed: Ns = 8. The mesh is plotted in Fig. 5.16 using the same principle as
in Fig. 5.14. The domain partition and element orders used are also given along with
the solution on the line resulting from the intersection of the plane x = 0 and the sphere.
The angle 0◦ is taken at the point situated at the top of the sphere. For a given mesh,
increasing the Helmholtz number leads to increasing polynomial order used. Indeed each
frequency require different resolution in order to tackle the dispersion error. Looking
at the solution on the sphere, we notice that the error indicator performs well as the
relative L2 error is consistently below 5%.

The behaviour of the method with increasing angular frequency is given in Fig. 5.17(a).
We see that the method scales well for this problem, as the number of iterations needed
to converge does not significantly increase with increasing kL.

The number of unknowns (Fig. 5.17(b-c)) is increased for kL = 200 compared to lower
frequency. This is explained by the necessity of using higher order at higher frequency
(as the mesh is fixed). The increasing number of DOFs has repercussions on the time
and memory required for solving the problems. Doubling the frequency leads indeed to
a factor 8 on the memory and time requirements.

5.3.3.4 Varying the Target Accuracy

We now look at the effect of the target accuracy on the behaviour and costs of the
method (see Fig. 5.18). The Helmholtz number kL = 200, mesh hmax/L = 1/30 and
number of partitions Ns = 16 are kept constant. The target accuracy is varied with
ET = 0.5, 5, 15%.

In Fig. 5.18 (a), we see that increasing levels of accuracy leads to a slight increase of the
number of iterations to reach the target residual. However, this increase is not drastic. In
the same way, increasing the frequency leads to increasing numbers of degrees of freedom,
the number of λ, NDOF and NNZ is increased when the target error is decreased. We
also see that decreasing the error level from 15% to 5% leads to an approximate factor
2 in the memory and time requirements whereas from 5% to 0.5%, this factor is closer
to 3.
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(b) kL = 100 (EL2 = 0.90%).
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(c) kL = 200 (EL2 = 0.96%).

Figure 5.16: Influence of the Helmholtz number. Meshes and element orders (left)
solution on sphere (right). Plane wave scattered by a sphere with Ns = 8, hmax/L =

1/30, ET = 5%.
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Figure 5.17: Influence of the Helmholtz number. Plane wave scattered by a sphere
with Ns = 8, hmax/L = 1/30, ET = 5%.
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Figure 5.18: Influence of the target accuracy. Plane wave scattered by a sphere with
kL = 200, hmax/L = 1/30, Ns = 16.



Chapter 5 FETI-2LM and High-Order FEM 121

5.4 Realistic 3D Application: Plane Wave Scattered by a
Submarine

5.4.1 Description of the Test Case

We consider the three-dimensional solution of an acoustic scattering problem. A plane
wave is propagating in the direction given by [cos(θ0) cos(α0); sin(θ0) cos(α0); sin(α0)]
and is scattered by an obstacle. The shape of the obstacle is inspired by the shark-proof
submarine from the Belgian comic The Adventures of Tintin. The main body has a
length of 5.2 m, a height of 1.25 m, and a maximal diameter of 1 m, see Fig. 5.19.
The surrounding fluid is water which is characterised by a density and a speed of sound
corresponding to ρ0 = 1000 kg/m3 and c0 = 1500 m/s respectively. The reference length
used is the length of the main body: L = 5.2 m.

The computational domain is a 6 m high cylinder with a radius of 1.50 m containing
the submarine. On the surface of the obstacle, the normal velocity is imposed. A PML
(described in section 2.1.5.2) is used to completely absorb the waves that are reflected
into the numerical domain. An unstructured mesh of second order tetrahedral elements
is used to represent the computational domain.

Figure 5.19: Shark-proof submarine, courtesy of Dav-dav
(https://grabcad.com/library/submarine-shark-1).

5.4.2 Results

In this section the problem at kL = 200 with a target accuracy of 5% is solved using
the FETI-2LM approach. The angles of the plane wave were set to θ0 = 60◦, α0 = 45◦.
The mesh and polynomial order used and converged solution are represented on Fig.
5.20. The mesh sizes on the surface of the submarine vary from 10mm to 3mm. The
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Figure 5.20: Mesh and order distribution (left) and solution at kL = 200 (center and
right). The black arrow shows the direction of the incident plane wave.

elements at the external boundary measure approximatively 10cm. The polynomial
orders required to solve the problem with an accuracy of 5% range from 2 to 6. The
total size of the global system including the bubble shape functions amounts to about
4.5 million DOFs. After condensation of the internal degrees of freedom, the global
matrix size is reduced to 4.3 million. The numerical domain was decomposed into 8
sub-domains resulting in local matrix sizes of about 540000 DOFs and in a balanced
partition in terms of NNZ (Fig. 5.21(b-c)) The most demanding processor took 30mins
to factorise the local matrix. The solution time was 27 hrs and 22 mins with an iteration
count of 14053 (Fig. 5.21(a)). For this particular problem where the geometry is more
complex (small elements and details compared to the size of the whole domain) we notice
that the method has difficulty converging. The pre-convergence regime is much longer
compared to the previous test case, even though the size of the problems tackled are
similar. The high number of iterations required leads to demanding computations: for
most of the processes, the memory demanded by ORTHODIR is more than 50% of the
total memory required for solving the problem.

The slow convergence may also come from the choice of splitting and would surely benefit
from more optimal transmission conditions and the use of coarse spaces preconditioners
[46, 76, 118, 40]. In [114], for the Helmholtz equation, the authors investigate algebraic
optimization techniques of the interface operator for the FETI-2LM method using, for
one sub-domain, approximations of the Schur complement of the outer domain. One of
the method was then preconditioned and applied to a submarine problem similar to the
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one described above. They find that in the case of a one-way splitting — meaning that
the sub-domains are created by slicing the initial domain in one direction only — the
model converges with (Ns − 1) iterations at most and they retrieve a scalability with
respect to the number of sub-domains.
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Figure 5.21: Submarine problem at kL = 200 with a target accuracy of 5%.

5.5 Summary

In this chapter, we focused on the convergence behaviour of the FETI-2LM method
when combined with a high-order discretisation method. A fixed order approach was
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first adopted. The scalability analysis on a simple 2D duct problem showed the same
trends that are observed in the literature for low-order FEM. For example, the FETI-
2LM scales with the mesh size but not with the number of sub-domains [57, 41]. A
surprising result is the effect of the Helmholtz number on the convergence of the method
for the plane wave problem. Previous studies for low order FEM indicate that the
method requires a coarse space to retrieve the scalability with respect to the frequency.
In the results presented here, only a slight increase of the iteration counts was reported
for increasing frequency. Different investigations were conducted in order to understand
the behaviour of the domain decomposition method with respect to the polynomial
order:

• keeping kL and h/L fixed, varying p;
• keeping kL and Dλ fixed, varying h/L and p;

For the first study, we find that increasing the order p leads to larger numbers of iterations
required to reach a given residual. On the contrary, when the resolution is kept constant,
the iteration count is not significantly impacted by the variation of approximation order.

When solving a 3D duct problem, the costs associated with the hybrid solver were
compared to the costs induced by MUMPS. We showed the advantages of using the
FETI-2LM method in terms of memory requirements. However, the solution time for
both solver were similar. Resorting to higher-order discretization at fixed accuracy
reduces the overall costs (time and memory) of a simulation. The number of iterations
has been shown not to increase with the approximation order.

The FETI approach was then used in combination with an adaptive order FEM. For the
sphere test case, the scalability of the method with respect to the number of partitions
was retrieved. At fixed accuracy, increasing the frequency does not slow down the
convergence. Varying the accuracy leads to slight changes in the iteration counts. In
both cases, the variation of the frequency at fixed accuracy or the variation of the
accuracy at fixed frequency significantly increase the costs of a single iteration.

Finally, the method was applied to the scattering problem by a 3D complex obstacle. In
that case, we observed a slow convergence of the method that are thought to be induced
by the non-uniformity of the mesh (presence of strong mesh refinements) and/or the
elongated shape of the geometry.



Chapter 6

FETI-2LM for the Linearised
Potential Equation

The behaviour of a domain decomposition method combined with a high-order discreti-
sation is assessed for flow acoustics. The chapter is structured as follows. In a first
part, the propagation model for waves in a potential base flow is introduced, followed
by a description of the FETI framework. In the second part, a scalability analysis is
conducted for a 2D problem. Finally, the method is used to predict the noise radiated
from a generic turbofan intake.

6.1 Introducing the Flow

The prediction of the propagation and radiation of noise from aero-engines is crucial for
the acoustic optimisation of various components of the turbofan engines. One of the
most widespread model for this purpose is the linearised potential equation solved in
the frequency-domain with the standard finite elements. Even though this model does
not include the refraction effect that would be induced by a sheared mean flow, it is well
suited for applications such as the radiation of sound from turbofan intakes [7, 69].

6.1.1 Formulation of the Sub-problems

For an irrotational flow field, the convective acoustic waves can be described using the
linearised potential equation given in section 2.1.3. In each sub-domain Ωi defined by
its boundary ∂Ωi, the sub-problem is:ρ0

D0
Dt

(
1
c2

0

D0φi
Dt

)
−∇ · (ρ0∇φi) = 0 in Ωi,

∇φi · ni + ikiφi = gi on ∂Ωi\{Γi,j}j∈Ni
(6.1)

125
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where φi is the acoustic velocity potential in Ωi. Given the velocity potential, the pres-
sure, velocity and density in the sub-domain are obtained using ui = −ρ0D0φi/Dt , vi =
∇φi , ρi = −(ρ0/c

2
0)D0φi/Dt. Assuming an implicit time dependence eiωt, the material

derivative becomes D0(.)/Dt = iω(.)+v0 ·∇(.). The second equation in (6.1) represents
a Robin condition applied on the external boundary of the domain (see section 2.1.5.1),
where ni refers to the unit outward normal to ∂Ωi. gi is a given source term and the
convected wavenumber:

ki = ω

(v0 · ni + c0) . (6.2)

Ni denotes the set of sub-domain indices that share an interface with Ωi.

At the interface between two sub-domains i and j, transmission conditions have to be
imposed such that Γi,j acts as a non-reflecting boundary. As for the Helmholtz equation,
Robin conditions are used:

∇φi · ni + ikiφi = ∇φj · ni + ikiφj on Γi,j , ∀j ∈ Ni. (6.3)

The use of other transmission conditions is possible and may lead to more efficient
methods (see for example [76]). At the interface Γi,j , Lagrange multipliers λi,j can be
introduced to avoid the computation of the RHS normal derivatives:

λi,j = (1− (Ma · ni)2)(∇φj · ni + ikiφj) , (6.4)

where Ma = v0/c0.

The sub-problem (6.1) becomes:

∀i = 1, ..., Ns ,


ρ0

D0
Dt

(
1
c2

0

D0φi
Dt

)
−∇ · (ρ0∇φi) = 0 in Ωi ,

∇φi · ni + ikiφi = gi on ∂Ωi\{Γi,j}j∈Ni ,
∇φi · ni + ikiφi = 1

1−(Ma·ni)2λi,j on Γi,j , ∀j ∈ Ni ,
(6.5)

with: {
λi,j = −λj,i + 2ik0φj ,

λj,i = −λi,j + 2ik0φi ,
on Γi,j , ∀j ∈ Ni , (6.6)

where k0 = ω/c0. These additional equations are obtained using Eq. (6.4) and the
interface condition in Eq. (6.5).
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Finally, the variational problem consists in finding φi ∈ H1(Ωi) and λi,j ∈ H−1/2(Γi,j)
such that:∫

Ωi

{
− 1
c2

0

D0ψi
Dt

D0φi
Dt

+∇ψi · ∇φi

}
dΩ +

∫
∂Ωi

iψi
{
ki(1−

(
Ma · ni)2

)
+ k0(Ma · ni)

}
φids

+
∫
∂Ωi

ψi(Ma · ni)(Ma · τ i)(∇φi · τ i)ds =
∫
∂Ωi\{Γi,j}j∈Ni

ψi(1− (Ma · ni)2)gids

+
∑
j∈Ni

∫
Γi,j

ψiλi,jds , ∀ψi ∈ H1(Ωi) ,

(6.7)
with: 

∫
Γi,j

ξi,j(λi,j + λj,i − 2ik0φj)ds = 0 , ∀ξi,j ∈ H−1/2(Γi,j) ,∫
Γi,j

ξj,i(λi,j + λj,i − 2ik0φi)ds = 0 , ∀ξj,i ∈ H−1/2(Γi,j) ,
(6.8)

where ξi,j , ξj,i are the test functions associated respectively to λi,j , λj,i.

The additional equations are not explicitly dependent on the base flow, the flow charac-
teristics have in fact been included in the definition of the Lagrange multipliers.

6.1.2 Algebraic Form

Each sub-domain is partitioned into non-overlapping finite elements. The discretisation
of Eq. (6.7) leads to the following matrix system:

K(i)φi = bi +
∑
j∈Ni

BT
i,jMi,jλi,j , (6.9)

which is similar to the system (4.18) obtained in the no flow case. The differences lie in
the construction of the elementary matrices:

(K(i))lm =
∫

Ωi

{
− 1
c2

0

D0ϕl
Dt

D0ϕm
Dt

+∇ϕl · ∇ϕm

}
dΩ

+
∫
∂Ωi

iϕl
{
ki
(
1− (Ma · ni)2

)
+ k0(Ma · ni)

}
ϕmdΓ

+
∫
∂Ωi

ϕl(Ma · ni)(Ma · τ i)(∇ϕm · τ i)dΓ ,

(6.10)

and the external sources on ∂Ωi. The additional systems read:[
Mi,j Mi,j

Mj,i Mj,i

] [
λi,j

λj,i

]
=
[

2ik0Mi,jBj,iφj
2ik0Mj,iBi,jφi

]
, ∀j ∈ Ni , (6.11)

where (Mi,j)lm =
∫

Γi,j ϕlϕmdΓ.
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Thanks to the choice of suitable Lagrange multipliers (6.4), the form of the problem
for the LPE is similar to the one derived for the Helmholtz equation. The systems are
solved using the procedure described in section 5.3.2.

6.2 Two-Dimensional Study

The test case used to validate the approach and implementation consists of the scattering
of a point source by a rigid cylinder.

6.2.1 Description of the Test Case

A cylinder is placed in a steady, two-dimensional, incompressible, inviscid and irrota-
tional flow such that far enough from the cylinder, the velocity vector is aligned with
the x-direction and uniform with a norm ‖V∞‖. The expression of the velocity can be
derived using the Laplace equation for its potential. In cylindrical coordinates, it is
given by:

v0,r(r, θ) = V∞

(
1− R2

r2

)
cos(θ) , v0,θ(r, θ) = −V∞

(
1 + R2

r2

)
sin(θ) , (6.12)

where R is the radius of the cylinder. The flow induces zero velocities at the stagnation
points (r = R and θ = 0, π) and a maximum velocity corresponding to 2 ‖V∞‖ at the
top and bottom parts of the cylinder (r = R and θ = π/2, 3π/2). In the computations
performed here, the potential mean flow is prescribed analytically. The speed of sound
c0 and the density ρ0 are set to unity. We use R = 1, V∞ = −0.4 m/s andM∞ = V∞/c0.
The resulting mean flow direction and magnitude is plotted in Fig. 6.1.

The location and amplitude of the point source are equal respectively to (xs, ys) =
(−R− 0.4, 0) and A = 1. It is imposed at the RHS of Eq. (6.1):

fs(x, y) = Aδ(x− xs, y − ys) ,

where δ is a Dirac delta function.

The test case is solved on a square domain of length 2R containing the cylinder which
is centered at the origin. A hard wall boundary condition is imposed at the surface of
the cylinder (∇φ ·n = 0) and a perfectly matched layer (described in section 2.1.5.2 and
shown in red in Fig. 6.1) is used to completely absorb the waves that may be reflected
back into the numerical domain. An unstructured mesh of quadratic triangular elements
is used to represent the computational domain (see Fig. 6.1). The mesh is refined on
the surface of the cylinder. Compared to the typical mesh size h at the outer boundary,
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Figure 6.1: Mean flow direction and magnitude with M∞ = −0.4 (left); example of
mesh h = 0.125 (right).

the mesh size on the cylinder is close to h/3. A refinement is also used around the point
source where the solution is expected to be irregular: hs = h/3.

6.2.2 Validation on Non-Homogeneous Flow

In the absence of analytical solution, we are comparing the solution obtained with the
FETI method to the solution produced using the same mesh and a direct solver. The
polynomial order distribution used for the hybrid and direct solver are identical for a
given problem.

For a given number of sub-domains, three different frequencies are considered ω =
10, 25, 100 for a target accuracy of ET = 1% and ε = 10−8. Accounting for the convec-
tive effect induced by the mean flow, these frequencies correspond respectively to wave
number magnitudes of approximately 50, 125 and 500 in the regions where the mean
flow magnitude is the largest. For each frequency, the typical mesh size is chosen such
that the shortest wavelength at the surface of the cylinder is described by at least 6
nodes.

The solutions in the domain are given in Fig. 6.2 along with the real part of the solutions
at each frequency on the perimeter of the cylinder (at r = R). While large wavelengths
are found in the region downstream of the source, short creeping waves are observed
along the cylinder curvature. We see that there is an excellent agreement between the
solutions, even at high frequency and in the most oscillatory regions corresponding to
θ = ±π/2.
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(a) ω = 10.

(b) ω = 25.

(c) ω = 100.

Figure 6.2: Solutions in the domain (left) and solutions on the cylinder (right) with
ET = 1%.
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6.2.3 Scalability Analysis

A set of numerical experiments is now presented in order to assess the convergence of
the proposed method for convective problems with increasing number of subdomains,
Mach numbers, frequency or level of accuracy.

In a first experiment, the Mach number, frequency, mesh size and target accuracy are
fixed. Only the number of sub-domains is varied and the results are computed in Fig.
6.3 and Tab. 6.1. The converged solution is represented in Fig 6.2 (b) for Ns = 9. As we
increase the number of sub-domains, the size of the interface problem N I

DOF increases
markedly (by a factor 17 between Ns = 2 and 64), at the same time the number of
iterations nc also increases, but not as drastically (only a factor 2 between Ns = 2 and
64). It is also worth noting that the iterative procedure converges rapidly (i.e. nc is
always smaller than N I

DOF), even in the presence of corners (points shared between three
or more sub-domains).

(a) Mesh and example of partition used
(Ns = 32).
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(b) Interface residual against the number of iterations.

Figure 6.3: Influence of the number of sub-domains Ns with M∞ = −0.4, ω =
25, h/R = 0.06, ET = 0.5% and ε = 10−8.

Ns N I
DOF NDOF nc rg

2 572 93298 127 1.920e-07
4 1042 93533 149 3.657e-07
8 2258 94141 159 2.656e-07
16 4100 95050 184 2.388e-07
32 6566 96263 209 1.837e-07
64 9990 97922 253 1.074e-07

Table 6.1: Influence of the number of sub-domains Ns withM∞ = 0.4, ω = 25, h/R =
0.06, ET = 0.5% and ε = 10−8.

The second experiment consists in keeping all the parameters constant except for the
Mach number M∞. The polynomial basis uses orders ranging from p = 2 to p = 3, 4
(see Fig. 6.4). The proportion of higher order is increased for larger velocities. In fact,
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we note that as the flow velocity is increased, the orders used around the source and the
stagnation regions are constant whereas the orders are increased in the regions where
the flow accelerates. As the flow velocity is increased, the numbers of unknowns in the
global problem and the interface problem also increase, see Tab. 6.5. However, the
iteration counts only slightly increase (see Fig. 6.5).

The results for a third experiment where the frequency is increased while the Mach
number is kept fixed is given in Fig. 6.6. The number of degrees of freedom increases as
ω is increased, both for the global problem and for the interface problem. This is explain
by the fact that in order to maintain the same level of error, the polynomial order in
the elements is increased when the frequency is increased. An interesting observation is
that the number of iterations decreases with the frequency.

(a) M∞ = 0. (b) M∞ = −0.2. (c) M∞ = −0.4.

Figure 6.4: Element orders for different Mach numbers M∞ with Ns = 8, ω = 25, h =
0.06, ET = 0.5% and ε = 10−8.

M∞ N I
DOF NDOF nc rg

0 1722 64759 129 1.109e-07
-0.1 1890 68093 134 3.990e-07
-0.2 1948 73122 132 1.583e-07
-0.3 2036 81591 149 2.419e-07
-0.4 2258 94141 159 2.656e-07
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Figure 6.5: Influence of the Mach number M∞ with Ns = 8, ω = 25, h = 0.06, ET =
0.5% and ε = 10−8.

6.3 Realistic 3D Application

In this section, the methodology is applied to solve the problem of sound radiation from
a generic turbofan engine intake.
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ω N I
DOF NDOF nc rg

5 1606 69504 205 1.7199e-07
25 3586 302493 214 3.6321e-07
50 4858 453272 198 4.5059e-07
75 5910 584880 181 2.6400e-07
100 6712 706783 180 2.4789e-07
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Figure 6.6: Influence of the frequency with M∞ = −0.4, Ns = 8, h = 0.025, ET =
0.5% and ε = 10−8.
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Figure 6.7: Geometry of the engine intake (left) and local Mach numbers for the
sideline case (right); the black dotted lines indicate the start of the PML.

6.3.1 Description of the Test Case

The axisymmetric generic engine intake geometry used in this work is given in Fig. 6.7.
The computational domain consists of a cylinder of length 3.5 m and radius 2.5 m and
a perfectly matched layer. The thicker part of the spinner and the fan have radii of
Rs = 0.36 m and Rf = 1.2 m, respectively. The outer radius of the nacelle is 1.5 m.
For the purpose of the mean flow calculation and the acoustic simulations, a straight,
annular ‘fan duct’ is added downstream of the fan face. The noise source is introduced
through a duct mode boundary condition which is defined on the source plane located
at z = 0 m. A cylindrical PML formulation (presented in section 2.1.5.2) is used to
efficiently absorb the outgoing waves at the outer boundary. More detailed information
concerning this test case are available in [139, 128]. This geometry was previously used
to benchmark the performance of the a priori p-adaptive strategy for flow acoustics in
[69, 19].

For noise certification tests, three standard flight conditions are usually considered:
sideline (at take-off when the engines are at full-power), cutback (at take off, when
the engine power is reduced) and approach (landing). We focus here on the sideline
condition which is a computationally demanding condition to solve as the Mach number
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Figure 6.8: Generic intake at 1BPF, mode (1, 24): polynomial orders used (left); real
part of the velocity potential (right).

at the fan face reaches Mf = 0.55. The flow field is strongly non-uniform within the
domain and the local flow Mach numbers are given in Fig. 6.7. It was computed using
a potential, compressible, inviscid flow model. The conditions at infinity are as follows:
c∞ = 340 m/s, ρ∞ = 1.2 kg/m3 and M∞ = u∞/c∞ = 0.25.

6.3.2 Results

Tonal noise is present at the Blade Passing Frequency (BPF) and its harmonics. We
consider the BPF of the fan f = 1300 Hz. Using the following definition of the Helmholtz
number [156]:

kRf = ωRf
c0(1−Mf ) , (6.13)

we find a Helmholtz number for the present problem of 64. Results are presented here
for the first radial mode with azimuthal order 24 (see Fig. 6.8). The mesh consists of
quadratic tetrahedral elements, with a characteristic length of h = 20 cm in the far field
and h = 0.4 cm close to the walls of the nacelle. Following the procedure detailed in
section 5.3.2, the a priori error indicator is used to assign the order in each element
across the mesh with a target accuracy of 5 %. The orders range from p = 2 close to
the nacelle where the mesh is refined to p = 5 − 6 in the far field and near the throat
of the inlet where the Mach number exceeds 0.8. The mesh is then split into Ns = 6
sub-domains. There is one MPI process of this solver for each subdomain, and each
MPI process is allocated a separate node (64GB, single thread) on an HPC cluster with
InfiniBand interconnect. The total number of primal unknowns (does not include the
number of Lagrange multipliers) is 8.2 million DOFs (7.8 million after condensation),
and the global linear system contains more than 520 million non-zero entries. The total
size of the interface problem is 202188.
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Figure 6.9: Generic intake at 1BPF, mode (1,24): interface residual as a function of
the number of iterations (left); memory requirements for each process (right).

Fig. 6.8 presents the real part of the velocity potential field obtained after recovering
the solution in the Ns = 6 sub-domains. The convergence curve and the memory re-
quirements per process are given in Fig. 6.9. The iterative procedure converged in 866
iterations to a relative residual of 10−8 in two hours and fifty minutes. On the one hand,
the most computationally demanding task involves factorising the linear system for a
sub-domain with 1.3 million DOFs, which was performed with MUMPS using 53.5GB.
The total memory requirements on this process was 54.7GB and the local interface
problem contained 31141 Lagrange multipliers. On the other hand, the least computa-
tionally demanding process required 48.8GB of RAM, which indicates a relatively good
load balancing between the different processes.

6.4 Summary

In this chapter, the FETI-2LM approach has been applied to the propagation of sound
with a background mean flow described by the linearised potential equation. It was
shown that, through the choice of suitable Lagrange multipliers, it is possible to obtain
an algebraic formulation that is similar to the formulation associated with the Helmholtz
equation. The method has been validated and its scalability has been assessed with
respect to the flow velocity, the frequency and the number of sub-domains. Finally,
a 3D generic intake propagation problem was solved using the proposed FETI-2LM
formulation.





Chapter 7

Conclusions

The aim of the Ph.D is to investigate efficient methods for the solution of frequency-
domain aero-acoustics problems. The work is mainly divided into two parts involving:

1. Discretisation methods: comparison of a high-order polynomial method against a
wave-based method in order to find the best performing method over a range of
frequency for the solution of the Helmholtz equation;

2. Solvers: application of a domain decomposition method to the solution of aero-
acoustic problems discretised with a high-order method.

Summary

Relative performance of a polynomial and a physics-based methods

The conventional finite element method is not suited when the problems imply short
waves, due to the presence of cumulative phase errors. To circumvent this issue, vari-
ous methods have been developed: for example, spectral methods, high-order polyno-
mial methods using Bernstein, Lobatto or Hermite functions or physics-based methods.
In this work, we compared a high-order polynomial method (p-FEM) and the wave-
based discontinuous Galerkin method in order to determine the advantages of using
each method over different ranges of frequency. These two methods use different ap-
proaches. The polynomial p-FEM exploits the superior interpolation properties of some
families of polynomials (here, Lobatto functions). It is also well established in the nu-
merical acoustic community and has been recently implemented in a commercial code.
On the contrary, the wave-based DGM includes local solutions (plane waves) in the nu-
merical method: plane waves are canonical solutions of the underlying equations and are
therefore believed to be better suited than polynomials to construct an approximation
basis. Previous studies have shown that both methods may lead to an effective control
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of the pollution effect. However, to our knowledge, no detailed comparison can be found
in the literature. In this work, a detailed comparison of the two method is done in terms
of interpolation properties, convergence behaviour and costs to achieve a solution with
a fixed accuracy. The main observations are:

• For the smooth propagating wave problems, the wave-based DGM and p-FEM have
been able to achieve the same levels of accuracy with similar levels of performance.
To reach the accuracy required for typical engineering problem, contrary to what
is usually said, the wave-based systems are not ill-conditioned. The condition
numbers are in fact comparable to that of the p-FEM with condensation. In the
case where flow is involved, the wave basis can be adjusted such that the short
wavelengths are better described, leading to good performances.
• When dealing with evanescent waves, the wave-based DGM becomes expensive
compared to the p-FEM which performs as well as for the propagating waves
cases.
• The performance of the wave-based method for the singular problem was only
satisfactory: with the given uniform mesh, it was hardly possible to get an L2-
error below 1% by only increasing the number of plane waves in the basis. The
p-FEM is more adapted to represent the non-smooth solution even though the
p-convergence observed for smooth problems is lost. The remedy for the p-FEM
is to refine the mesh around the singularity point. This approach was also applied
to the wave-based DGM but the ill-conditioning of the matrices made it hard to
achieve high accuracy solutions.

For a range of frequency and error levels, the p-FEM is able to achieve comparable,
and in some cases superior, results compared to the wave-based method, thanks to
the application of condensation. The studied physics-based method does not provide
a step change in computational performance, even at high frequency compared to the
polynomial method. More general aspect have also to be considered. For example,
when applied to problems with non-uniform coefficient or involving source terms, the
p-FEM does not require additional treatment contrary to the physics-based method as
in those cases the plane waves are not solutions of the governing equations. In practice,
for industrial applications, the use of the physics-based method is therefore, for the
moment, hard to implement as the basis has to be adjusted according to the type of
problem that has to be tackled. Last but not least, for frequency sweeps i.e. when varying
the frequency of interest solely, the p-FEM does not require a complete calculation of
the element matrices for each frequency, unlike for a wave-based method which basis
is frequency dependent. There is therefore still significant benefits in using p-FEM, in
terms of performance and robustness.

It should be noted that the present work used the wave-based DGM as an example
of Trefftz method. Other wave-based methods should also be considered. The wave-
based DGM is closely related to a number of other methods, in particular the ultra
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weak variational formulation [34, 93] and the least-squares method [125]. Both methods
can be recovered in the discontinuous Galerkin framework by using different numerical
fluxes. Existing results indicate that the change of numerical flux is unlikely to change
the performance of the methods sufficiently to alter our conclusions [71]. Nevertheless,
other categories of wave-based methods remain to be compared systematically with high-
order polynomial methods. The discontinuous enrichment method (DEM), for example,
uses the standard finite element basis together with a set of plane waves defined in each
element. Lagrange multipliers are adopted at the element interfaces to impose continuity
of the solution [53, 120]. Another example is the Partition of Unity Finite Element
Method (PUFEM) [122] using a standard finite element polynomial basis multiplied with
a set of plane waves at each node. Extending these comparisons to three-dimensional
problems would also be useful. Our conclusions hold for the Helmholtz operator but it
would also be interesting to extend the comparison to other wave propagation problems
in order to determine if the advantages of the p-FEM still stand. In particular, one
could look at vector operators induced by the linearised Euler equations or the Maxwell’s
equations for electromagnetism.

A domain decomposition solver combined with a high-order discretisa-
tion for frequency-domain flow acoustics

The performance of a method relies heavily on efficient solving procedures for the re-
sulting large, sparse, complex linear systems. On the one hand, continued efforts are
deployed to develop efficient iterative solvers for this purpose. However, due to the prop-
erties of the underlying operator, the design of robust iterative solvers for Helmholtz
problems remains a challenge. On the other hand, direct solving procedures do not scale
well with respect to problem size and frequency. In practice, the amount of computa-
tional resources available is often not sufficient to tackle the frequency range of interest.
Domain decomposition methods emerged as powerful ways to bypass this issue. In
this work, a Finite Element Tearing and Interconnecting method with two Lagrange
Multipliers (FETI-2LM) is proposed to solve large-scale finite element models for the
propagation of sound with a background mean flow. The idea is to split the computa-
tional domain into a collection of non-overlapping sub-domains. An iterative solution
procedure is formulated in terms of Lagrange multipliers which are unknowns defined
only on the interfaces between sub-domains. In each sub-domain, a high-order finite
element method is used to solve the governing equations, further reducing the computa-
tional costs. This approach allows to solve large-scale problems with only a fraction of
the memory requirements compared to the standard approach which is to use a direct
solver for the complete problem. The FETI approaches have been used extensively for
Helmholtz problems and their performance is well documented for conventional finite
elements. To our knowledge, the behaviour of the FETI-2LM method
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• in conjunction with a high-order FEM;
• for the solution of large scale flow acoustics

is still unclear.

First, the performance of the FETI-2LM method combined with the high order FEM
was examined for the solution of Helmholtz problems. A scalability analysis has been
conducted to verify the behaviour of the solver with respect to the mesh size, the fre-
quency and the number of sub-domains. In particular, the influence of the polynomial
order was assessed. The method was found scalable with respect to the polynomial
order when the mesh size and Helmholtz number are kept fixed. The same conclusion
can be drawn when the Helmholtz number and the number of DOF per wavelength are
kept constant. However, when the target L2 error is fixed for a given frequency, we find
that increasing the polynomial order results in a reduction of the required number of
iterations for convergence of the FETI-2LM algorithm. This shows the superiority of the
higher-order methods. The costs associated with the hybrid solver were also compared
to the costs induced by MUMPS, for a simple 3D wave guide problem. The advantages
of using the FETI-2LM method in terms of memory requirements were clear. However,
solution times were comparable for both solvers. The FETI approach was then used in
combination with an adaptive order FEM. For the sphere test case, the scalability of
the method with respect to the number of partitions was retrieved. At fixed accuracy,
increasing the frequency does not slow down the convergence. Varying the accuracy
leads to slight changes in the iteration counts. However, in both experiments, increasing
the frequency at fixed accuracy or increasing the accuracy at fixed frequency increases
the costs of a single iteration.

The FETI-2LM approach was applied to the propagation of sound with a background
mean flow described by the linearised potential equation. It was shown that, through the
choice of suitable Lagrange multipliers, it is possible to obtain an algebraic formulation
that is similar to the formulation associated with the Helmholtz equation. The method
has been validated and its scalability has been assessed with respect to the flow velocity,
the frequency and the number of sub-domains. We found that keeping the mesh, fre-
quency and target error constant and varying the Mach number leads to a slight increase
of the iterations counts. Finally, a 3D generic intake propagation problem was solved
using the proposed FETI-2LM formulation.

The next investigations should involve preconditioning techniques and new transmission
conditions at the interface between sub-domains. In [76], optimal transmission condi-
tions leading to the convergence of the Schwarz method in a finite number of iterations
are found by Fourier analysis. They show that as these optimal conditions are non-
local, local approximations are necessary in practice. Second order approximations are
derived and used for the solution of a three-dimensional realistic Helmholtz problem.
The results are compared to the zero-th order approximation of the optimal condition
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which is equivalent to a Robin condition. Domain decomposition algorithms are strongly
influenced by the quality of the approximation of the optimal transmission condition.
Using a higher order approximation could therefore accelerate the convergence of the
method. As mentioned previously, the present method does not scale with the number
of sub-domains for most investigated problems: as the number of sub-domains is in-
creased, the number of iterations needed to converge to a solution is increased. In order
to accelerate the convergence and recover a scalability with respect to the number of
sub-domains, coarse spaces can be considered [118]. The coarse space facilitates a global
exchange of information. They can provide a convergence rate that is independent of
the number of sub-domains [162]. In two-level methods, a coarse space correction is
introduced: a small problem of size of the order of the number of sub-domains couples
all sub-domains at each iteration. For example, in [57], the method is equipped with
a coarse problem based on plane waves. The authors prove that the resulting method
called two-level FETI-2LM method is scalable with respect to the wave number and
the number of sub-domains which make it suitable for solving high frequency acoustic
problems.
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Annexe A

Scattering of a Plane Wave by a
Cylinder

An additional test case has been considered to assess the convergence behaviour of the
p-FEM and the wave-based DGM. The problem of the scattering of a plane wave by a
cylinder has an analytic solution and features a mix of solution modes and plane wave
directions. Examples of results for the solution and the numerical error are shown in
Figure A.1 and a convergence graph can be found in Figure A.2.

(a) Analytical solution. (b) Error field for the wave-based
DGM with Nw = 14 (Dλ = 16).

(c) Error field for the p-FEM with
p = 5 (Dλ = 18).

Figure A.1: Scattering of a plane wave by a cylinder at kL = 50 and h/L = 1/20.

We see on the example of solution in Figure A.1(a) that the incident plane wave re-
mains significant. This implies that the results from the wave-based method will depend
strongly on the alignment of the plane-wave basis with this incident plane wave.

Figures A.1(b) and A.1(c) show the magnitude of the difference between exact and nu-
merical solutions. For the wave-based DGM, this error is clearly dominated by the solu-
tion close to the cylinder. This is explained by the results from the individual spinning
waves shown on Figures 3.1(b), 3.1(c): the evanescent part of the solution (localised in
the vicinity of the cylinder) is more difficult to represent accurately with the wave-based
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Figure A.2: Scattering of a plane wave by a cylinder. Relative L2-error (%) against
Dλ at kL = 50; red dashed lines: wave-based DGM; black solid lines: p-FEM with
condensation. For each curve, Dλ is increased by refining the mesh while p or Nw is

fixed.

method. In contrast, the error for the p-FEM is more uniformly distributed over the
computational domain which is also consistent with the results for the spinning waves
since with this method there is little difference in accuracy between the propagating and
evanescent waves.

In figure A.2 the convergence results for the p-FEM are very similar with those for the
spinning waves, which is again consistent with the fact that the polynomial method de-
scribes both the evanescent and propagating waves with a similar level of accuracy. The
relative error for the wave-based method is slightly above the error for the propagating
spinning wave, and below the error for the evanescent wave. This is also expected since
the scattered field from the cylinder is made of spinning waves.

The behaviour of the two numerical methods can be anticipated based on the results al-
ready included for the evanescent and propagating modes considered individually. These
results illustrate that it is preferable to consider the propagating and evanescent spin-
ning waves separately as by considering the propagating and evanescent spinning waves
separately, one is able to gain more detailed insight into the behaviour of the numerical
methods.



Annexe B

Odd and Even Number of Plane
Waves

In the literature, there are both numerical evidences and theoretical results showing that
Nw = 2n and Nw = 2n − 1 provide the same order of convergence. For our study, in
addition to the results for odd numbers of plane waves, even numbers of plane waves have
also been considered. The convergence plots for the problem of the propagating spinning
waves are shown in Fig. B.1. It was indeed observed that Nw = 2n and Nw = 2n − 1
provide the same order of convergence and the performance of the wave-based DGM
with even Nw was found to be slightly below those obtained with odd values of Nw (see
Fig. B.2.). The results are slightly improved in terms of conditioning and efficiency.
However, this improvement is limited and does not alter the discussion of the results nor
the conclusions of the comparison between p-FEM and the wave-based DGM. number
of plane waves offers a gain in performance [95, 87].
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Figure B.1: Spinning wave problem with kL = 50, m = 10. The relative L2 error
against Dλ (left) and against the condition number (right). Black lines: p-FEM with
condensation; blue lines: p-FEM without condensation; red dashed lines: wave-based

DGM with Nw = 2n, magenta dashed lines wave-based DGM with Nw = 2n− 1.
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Figure B.2: Spinning wave problem with kL = 50, m = 10. The relative L2 error
against Dλ (left) and against the condition number (right). Black lines: p-FEM with
condensation; blue lines: p-FEM without condensation; red dashed lines: wave-based

DGM with Nw = 2n, magenta dashed lines wave-based DGM with Nw = 2n− 1.
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