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Abstract

We consider a finite-horizon continuous-time optimal control problem with non-

linear dynamics, an integral cost, control constraints and a time-varying pa-

rameter which represents perturbations or uncertainty. After discretizing the

problem we employ a Model Predictive Control (MPC) approach by first solv-

ing the problem over the entire remaining time horizon and then applying the
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first element of the optimal discrete-time control sequence, as a constant in time

function, to the continuous-time system over the sampling interval. Then the

state at the end of the sampling interval is measured (estimated) with certain

error, and the process is repeated at each step over the remaining horizon. As

a result, we obtain a piecewise constant function of time representing MPC-

generated control signal. Hence MPC turns out to be an approximation to the

optimal feedback control for the continuous-time system. In our main result

we derive an estimate of the difference between the MPC-generated state and

control trajectories and the optimal feedback generated state and control tra-

jectories, both obtained for the same value of the perturbation parameter, in

terms of the step-size of the discretization and the measurement error. Numer-

ical results illustrating our estimate are reported.

Keywords: model predictive control, optimal feedback control, discrete

approximations, parameter uncertainty, error estimate.
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1. Introduction

In this paper we consider an optimal control problem over a fixed finite time

interval, which involves an integral cost functional, a control system described

by a nonlinear ordinary differential equation, and control constraints given by a

closed and convex set. Both the dynamics and the cost depend on a time-varying5

parameter which represents perturbations or uncertainty. We assume that only

a reference trajectory of the time evolution of this parameter is available in

advance, which is interpreted as a reference or a prediction for the true time-

evolution of the parameter.

The optimal feedback synthesis is a basic problem in control theory. It as-10

sumes that the current state can be measured at each instance of time and

consists in finding a device (mathematically, a mapping) to automatically gen-

erate an optimal control, which is then applied to the input of the system. The

advantages of using optimal feedback control, when compared with open-loop
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control, are well known. However, finding an exact optimal feedback law for a15

nonlinear system with control constraints could be quite challenging.

In this paper we consider a Model Predictive Control (MPC) algorithm aim-

ing at generating an approximate optimal feedback. It uses an initial time-

discretization of the optimal control problem over a uniform mesh {ti}N0 , and

assumes that measurements of the state are taken at every ti from the mesh.20

Based on this, a control on the current time interval [ti, ti+1] is computed by

solving the corresponding discretized optimal control problem on the remaining

time horizon [ti, tN ], which is then applied to the system input. Note that we

focus on a specific MPC algorithm applied to a continuous-time problem, which,

however, involves discretization of the problem.25

The main contribution of this paper consists of a quantitative comparison of

the MPC performance in relation to the optimal feedback control. Specifically,

we derive an estimate of the norm of the difference between the MPC-generated

state and control and those obtained by applying the optimal feedback control

law. We note that there are various ways to compare the performance; here30

we focus on evaluating the difference between the respective solutions. To the

best of authors’ knowledge, this problem has not been treated in the literature,

at least in the current, or even in a similar, setting.

The MPC has been extensively explored in the last decades; see, e.g., the

books [9] and [13] for a broad coverage of the basic aspects of it. MPC has35

also found numerous applications in various industries. More common variants

of MPC involve receding or moving horizon implementations, with the goal to

design a time-invariant feedback law for stabilization and tracking. There are

however a number of other problems, where the control is performed over a

finite time interval. Examples of such problems problems involve spacecraft40

landing or docking, aircraft landing on runways, helicopter landing on ships,

missile guidance, way point following, control of chemical batch processes etc..

The application of MPC in this setting leads to shrinking horizon formulations.

Shrinking horizon MPC has been considered, for instance, in [14, 15], but com-

pared to the receding horizon MPC, it has been significantly less studied. As45
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for the receding horizon MPC, the shrinking horizon MPC provides an approx-

imation of the finite horizon optimal feedback control law, that can be used

for instance to handle systems whose dimension is too high for using dynamic

programming. At the same time, since shrinking horizon MPC is a form of

a feedback law, it is expected that it will improve robustness to uncertainty50

when compared with open-loop finite horizon control. The latter expectation

is supported by the results in this paper. Extending the approach presented

in this paper to receding horizon MPC algorithms applied over an infinite time

duration and the study of robust stability and recursive feasibility represent di-

rections for continuing research. However, these issues are beyond the scope of55

the present paper. The effect of discretization has been considered for sampled-

data MPC in a receding horizon setting, e.g. in [7, 8, 12], but in a different

context not involving the optimal feedback control of a finite-horizon optimal

control problem.

To put the stage, in this paper we consider the following optimal control

problem, which we call problem Pp:

min

{
Jp(u) := g(x(T )) +

∫ T

0

ϕ(p(t), x(t), u(t)) dt

}
, (1)

subject to

ẋ(t) = f(p(t), x(t), u(t)), u(t) ∈ U for a.e. t ∈ [0, T ], x(0) = x0, (2)

where the time t ∈ [0, T ], the state x(t) is a vector in Rn, the control u has60

values u(t) that belong to a convex and closed set U in Rm for almost every

(a.e.) t ∈ [0, T ], and p(t) is the value of a parameter p which is a function of

time on [0, T ] representing uncertainty. When we say a “value” of the param-

eter, we mean a specific function of time t ∈ [0, T ] representing the parameter

evolution in time. The initial state x0 and the final time T > 0 are fixed. The65

set of feasible control functions u, denoted in the sequel by U , consists of all

Lebesgue measurable and bounded functions u : [0, T ] → U . The parameter p

is a Lebesgue measurable and bounded function on [0, T ] with values in Rl. A

state trajectory, denoted by x[u, p], is a solution of (2) for a feasible control u
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and a value p of the parameter; accordingly, the state trajectories are Lipschitz70

continuous functions of time t ∈ [0, T ]. For a specific choice of p, the state equa-

tion (2) is thought of as representing the “true” dynamics of a “real” system.

Although the “true” representation of the parameter p is considered unknown,

some reference (prediction) p̄ for it is assumed to be available. In applications,

p̄ represents a preview/forecast of p which could be a disturbance (e.g., wind75

gust for an aircraft or road grade for a car) or a load in an electrical power

system. In this paper we do not assume that the values of the parameter p are

updated throughout the iterations of the MPC algorithm; taking into account

such updates is of considerable interest and will be addressed in further research.

We consider the following MPC algorithm. First, the problem is discretized;

we use for that the simplest Euler scheme over a uniform mesh. Given a natural

number N , let {tk}N0 be a grid on [0, T ] with equally spaced nodes tk and a step-

size h = T/N . To describe the MPC iteration, fix k ∈ {0, 1, . . . , N − 1} and

assume that a control uN with uN (t) ∈ U is already determined on [0, tk). This

control is applied to the real system (that with the value p of the parameter).

Assume that the corresponding state at time tk, x[uN , p](tk), is measured (or

estimated) with an additive error ξk, that is, the vector x0
k := x[uN , p](tk) + ξk

becomes available at time tk. The next step is to solve the discrete-time optimal

control problem

min

{
g(xN ) + h

N−1∑
i=k

ϕ(p̄(ti), xi, ui)

}
,

subject to

xi+1 = xi + hf(p̄(ti), xi, ui), ui ∈ U, i = k, . . . , N − 1, xk := x0
k. (3)

Note that this problem is solved for the reference value p̄ of the parameter. For

k = 0 we have x0
0 = x0 +ξ0. Suppose that a locally optimal discrete-time control

(ũk, . . . , ũN−1) is obtained as a solution of this problem. Define the constant in

time function

uN (t) = ũk for t ∈ [tk, tk+1),

change k to k + 1 and continue the iterations as long as k < N , obtaining at80
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the end a control uN which is a piecewise constant function and which we call

the MPC-generated control. Note that the MPC-generated control uN may not

be uniquely determined, e.g., because the discrete-time optimal control problem

appearing at some stage does not have a unique solution. Also note that we

keep the final time T fixed, so that the time horizon shrinks at each iteration.85

Assume that there exists an (exact) optimal feedback u∗(t, x) for problem

Pp̄ with the reference value p̄ of the parameter, provided that the state x en-

tering the optimal feedback u∗(t, x) is measured exactly. In this paper, we give

an answer to the following question: what is the impact on state and control

trajectories (and consequent loss of performance) if the MPC-generated control

uN (possibly in presence of measurement errors) is used in the system (2) with

the value p of the parameter instead of the exact optimal feedback u∗. Our

quantitative measure of the deviation for the state trajectory is based on an

appropriate norm of the difference between x[uN , p], the solution of (2) gener-

ated by the MPC-generated control, and x[u∗, p], the solution of (2) generated

by the optimal feedback control u∗ for problem Pp̄, both solutions obtained for

the system with value p of the parameter. Let û(t) = u∗(t, x[u∗, p](t)). As a

quantitative measure for the deviation of the control input we use a norm of

the difference between uN and û. The main result of the paper stated in The-

orem 2.3 is that, under certain conditions, there exists a constant c such that,

for all sufficiently large N , for every p sufficiently close to p̄, and for every ξ

sufficiently close to zero, one has

‖uN − û‖1 + ‖x[uN , p]− x[u∗, p]‖W 1,1 ≤ c
(
h+ h

N−1∑
i=1

|ξi|
)
, (4)

where ‖ · ‖1 and ‖ · ‖W 1,1 are the standard norms of, respectively, the space of

Lebesgue integrable functions and the space of absolutely continuous functions

whose first derivatives are Lebesgue integrable.

Clearly, the first term in the parentheses in the right-hand side of (4) comes

from the discretization, while the second term is due to the measurement er-90

rors. Remarkably, the bound (4) does not depend on the difference between

the reference p̄ and the real p; the only condition involved is that p must be
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sufficiently close to p̄ for the estimate to hold. That is, a possible change of

the parameter p affects in the same way (modulo O(h)) both the state-control

pair corresponding to the optimal feedback control and the state-control pair95

obtained by applying the MPC algorithm.

The proof of the error estimate (4) uses results obtained in the recent papers

[4] and [5]. In both papers the optimal control problem (1)–(2) is considered

under basically the same assumptions. In [4] it is shown that the solution

mapping of the discrete-time problem has a Lipschitz continuous single-valued100

localization with respect to the parameter, whose Lipschitz constant and the

sizes of the neighborhoods do not depend on the number N of mesh points, for

all sufficiently large N . In [5] it is proved that there exists an optimal feedback

control which is a Lipschitz continuous function of the state and time. None of

those cited papers considers MPC.105

In this setting, a natural question to ask is whether one can obtain a better

order of approximation than (4) by using higher-order discretization schemes.

The answer is, “yes, but conditionally”. Second-order approximations to control-

constrained optimal control problems in the form of Pp (with p = 0) by Runge-

Kutta discretizations are obtained in [3] under conditions that are similar to110

those in the present paper. Results for even higher order approximations (es-

sentially for problems without control constraints) are presented in [10]. Using

these results, however, would improve only the first term O(h) in the right-hand

side of (4). Utilizing higher order schemes would be justified only if the total

l1-error in the measurements is consistent with the discretization error.115

In the following Section 2 we state the main result of the paper and in

Section 3 we give a proof of this result. In Section 4 we present computational

examples which illustrate the theoretical findings.

2. Main result

In this paper we use fairly standard notations. The euclidean norm and the120

scalar product in Rn (the elements of which are regarded as vector-columns)
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are denoted by | · | and 〈·, ·〉, respectively. The transpose of a matrix (or vector)

E is denoted as E>. For a function ψ : Rp → Rr of the variable z, we denote

by gph (ψ) its graph and by ψz(z) its derivative (Jacobian) at z, represented by

an (r × p)-matrix. If r = 1, ∇zψ(z) = ψz(z)
> denotes its gradient (a vector-125

column of dimension p). Also for r = 1, ψzz(z) denotes the second derivative

(Hessian) at z, represented by a (p × p)-matrix. For a function ψ : Rp×q → R

of the variables (z, v), ψzv(z, v) denotes its mixed second derivative at (z, v),

represented by a (p× q)-matrix. The space Lk, with k = 1, 2 or k =∞, consists

of all (classes of equivalent) Lebesgue measurable vector-functions defined on130

an interval of real numbers, for which the standard norm ‖ · ‖k is finite (the

dimension and the interval will be clear from the context). As usual, W 1,k

denotes the space of absolutely continuous functions on a scalar interval for

which the first derivative belongs to Lk. In any metric space we denote by

IBa(x) the closed ball of radius a centered at x.135

We begin by stating the assumptions under which problem Pp is considered.

Assumption (A1). The set U is closed and convex, the functions f : Rl × Rn ×

Rm → Rn, ϕ : Rl × Rn × Rm → R and g : Rn → R are two times continuously

differentiable in (x, u) and these functions together with their derivatives in

(x, u) up to second order are locally Lipschitz continuous in (p, x, u).140

Assumption (A2). The time-varying parameter p representing uncertainty be-

longs to the following set of functions:

Π = {p : [0, T ]→ Rl : p ∈ L∞(0, T ), ‖p‖∞ ≤ M̄, ‖p− p̄‖1 ≤ δ}, (5)

where M̄ and δ are positive constants. In addition, the reference parameter

p̄ ∈ Π is Lipschitz continuous in [0, T ]. Moreover, problem Pp̄ has a locally

optimal solution (x̄, ū).

The local optimality is understood in the following (weak) sense: there exists

a number e0 > 0 such that for every u ∈ U with ‖u − ū‖∞ ≤ e0, either the145
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differential equation (2) has no solution on [0, T ] for u and p̄, or Jp̄(u) ≥ Jp̄(ū).

Note that from Assumption (A2) we have ‖p̄‖ ≤ M̄ .

In terms of the Hamiltonian

H(t, x, u, λ) = ϕ(p̄(t), x, u) + λ>f(p̄(t), x, u)

for problem Pp̄, the Pontryagin maximum (here minimum) principle claims

that there exists an absolutely continuous (here Lipschitz continuous) function

λ̄ : [0, T ] → Rn such that the triple (x̄, ū, λ̄) satisfies for a.e. t ∈ [0, T ] the150

following optimality system:

0 = −ẋ(t) + f(p̄(t), x(t), u(t)), x(0)− x0 = 0,

0 = λ̇(t) +∇xH(t, x(t), u(t), λ(t)),

0 = λ(T )−∇xg(x(T )),

0 ∈ ∇uH(t, x(t), u(t), λ(t)) +NU (u(t)), (6)

where the normal cone mapping NU to the set U is defined as

Rm 3 u 7→ NU (u) =

 {y ∈ Rn | 〈y, v − u〉 ≤ 0 for all v ∈ U} if u ∈ U,

∅ otherwise.

To shorten the notations we skip arguments with “bar” in functions, shifting

the “bar” to the function; that is, H̄(t) := H(t, x̄(t), ū(t), λ̄(t)), H̄(t, u) :=

H(t, x̄(t), u, λ̄(t)), f̄(t) := f(p̄(t), x̄(t), ū(t)), etc. Define the matrices

A(t) = f̄x(t), B(t) = f̄u(t), F = gxx(x̄(T )), (7)

Q(t) = H̄xx(t), S(t) = H̄xu(t), R(t) = H̄uu(t). (8)

Assumption (A3) – Coercivity. There exists a constant ρ > 0 such that155

y(T )>Fy(T ) +

∫ T

0

(
y(t)>Q(t)y(t) + w(t)>R(t)w(t) + 2y(t)>S(t)w(t)

)
dt

≥ ρ
∫ T

0

|w(t)|2 dt

for all y ∈W 1,2 with y(0) = 0, and w ∈ L2 with w(t) ∈ U −U for a.e. t ∈ [0, T ],

such that ẏ(t) = A(t)y(t) +B(t)w(t).
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Coercivity condition (A3) first appeared in [11] (if not earlier); after the pub-

lication of [2] it has been widely used in studies of regularity and approximations

for problems like Pp̄. In particular, it plays a key role for Lipschitz continuity of160

the open-loop optimal control; also see Theorem 2.2 below. Later in the paper

we show that Assumption (A3) implies a strong form of the Legendre condition

regarding the positive definiteness of R(t).

Next, we describe what we mean by optimal feedback control for problem

Pp̄. For that we use the definition introduced in [5]. For any τ ∈ [0, T ) and

y ∈ Rn consider the following problem, denoted Pp̄(τ, y):

min
Uτ

{
Jp̄(τ, y;u) := g(x(T )) +

∫ T

τ

ϕ(p̄(t), x(t), u(t)) dt

}
,

where x is the solution of the initial-value problem

ẋ(t) = f(p̄(t), x(t), u(t)) for a.e. t ∈ [τ, T ], x(τ) = y, (9)

and Uτ is the set of feasible controls u ∈ U restricted to the interval [τ, T ].

Definition 2.1. A function u∗ : [0, T ]×Rn → U is said to be a locally optimal165

feedback control around a reference optimal solution pair (x̄, ū) of problem Pp̄
if there exist positive numbers η and a, and a set Γ ⊂ [0, T ]× Rn such that

(i) gph (x̄) + {0} × IBη(0) ⊂ Γ;

(ii) for every (τ, y) ∈ Γ the equation

ẋ(t) = f(p̄(t), x(t), u∗(t, x(t))), for a.e. t ∈ [τ, T ], x(τ) = y, (10)

has a unique absolutely continuous solution x̄[τ, y] on [τ, T ] which satisfies

gph (x̄[τ, y]) ⊂ Γ;170

(iii) for every (τ, y) ∈ Γ the function ū[τ, y](·) := u∗(·, x̄[τ, y](·)) is measur-

able, bounded, and satisfies

‖ū[τ, y]− ū‖∞ ≤ a and J(τ, y; ū[τ, y]) ≤ J(τ, y;u),

where u is any admissible control on [τ, T ] with ‖u − ū‖∞ ≤ a, for which a

corresponding solution x of (10) exists on [τ, T ] and is such that gph (x) ⊂ Γ;

(iv) u∗(·, x̄(·)) = ū(·).
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In particular, property (iv) yields that x̄ is a solution of (10) for τ = 0 and

y = x0. Then the uniqueness requirement in (ii) implies that x̄[0, x0] = x̄. In175

the sequel we call the function t 7→ û(t) := u∗(t, x[u∗, p](t)) a realization of the

feedback control u∗ when u∗ is applied to (2) with value p of the parameter

and with exact measurements. As before, here x[u, p] denotes a solution of

equation (2) for control u and parameter p. Note that, under our assumptions

for the system, the solution is unique if u is feedback control which is a Lipschitz180

continuous function.

Recall that the admissible controls are elements of the space L∞, that is,

every admissible u is actually a class of functions u : [0, T ] → U that differ

from each other on a set of zero Lebesgue measure. Any of the members of

this class (call it “representative”) generates the same trajectory of (2) and the

same value of the objective functional (1). Lemma 4.1 in [5] claims that under

(A1)–(A3) there exists a “special” representative of the optimal control ū which

satisfies for all t ∈ [0, T ] the inclusion (6) in the maximum principle (with x̄ and

λ̄ at the place of x and λ) and the pointwise coercivity condition

w>R(t)w ≥ ρ|w|2 for every w ∈ U − U. (11)

The following condition is introduced in [1] and used in [5] to prove existence

of a Lipschitz continuous locally optimal feedback control.

Assumption (A4) – Isolatedness. The representative of the optimal control ū de-

scribed in the preceding lines is an isolated solution of the inclusion ∇uH̄(t, u)+

NU (u) 3 0 for all t ∈ [0, T ], meaning that there exists a (relatively) open set

O ⊂ [0, T ]× Rm such that

{(t, u) ∈ [0, T ]× Rm : ∇uH̄(t, u) +NU (u) 3 0} ∩ O = gph (ū).

For example, the isolatedness assumption holds if for every t ∈ [0, T ] the

inclusion ∇uH̄(t, u) +NU (u) 3 0 has a unique solution (which has to be ū(t)).185

In this case, one can verify the isolatedness condition taking any (relatively)

open set O ⊂ [0, T ]×Rm containing gph (ū). This will happen, for example, in

the case when H̄ is strongly convex in u for each t.
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The main result of the paper is presented in Theorem 2.3, where we use the

following theorem obtained previously:190

Theorem 2.2. ([5, Theorem 5.2]) Under conditions (A1)–(A4) there exists a

locally optimal feedback control u∗ : [0, T ] × Rn → U around (x̄, ū) which is

Lipschitz continuous on a set Γ appearing (together with the positive numbers η

and a) in Definition 2.1.

From Theorem 2.2 it follows that, if ‖p−p̄‖1 is sufficiently small, the feedback195

control u∗ when plugged in (2) generates a unique trajectory on [0, T ], which

we denote in the sequel by x[u∗, p]. For completeness, a proof of this standard

observation is given in the beginning of the proof of Theorem 2.3.

Recall that for any p ∈ Π and measurement errors ξ0, . . . , ξN−1, the MPC

method, as described in the introduction, generates a control uN (possibly not200

uniquely). In order to indicate the dependence of uN on p and ξ we sometimes

use the extended notation uN [p, ξ].

The main result of this paper follows.

Theorem 2.3. Suppose that assumptions (A1)–(A4) hold with constants M̄

and ρ. Then there exist constants N0, c and δ > 0 such that for every N ≥ N0,

for every p ∈ Π, where the set Π defined in (5) depends on M̄ and δ, and for

every ξ = (ξ0, . . . ξN−1) with max k=0,...,N−1 |ξk| ≤ δ there exists a control uN

generated by the MPC algorithm for the system (2) with disturbance parameter

p and measurement error ξ such that,

|uN (ti)− û(ti)| ≤ c
(
h+ |ξi|+ h

N−1∑
k=0

|ξk|
)
, i = 0, . . . , N − 1. (12)

where û(t) := u∗(t, x[u∗, p](t)) is the realization of the feedback control u∗. Fur-

thermore, if x̂ = x[û, p] = x[u∗, p] is the trajectory of (2) for û and p and

xN := x[uN , p] is the trajectory of (2) for uN and p, then

‖uN − û‖1 + ‖xN − x̂‖W 1,1 ≤ c
(
h+ h

N−1∑
k=0

|ξk|
)
. (13)

We complement the statement of the theorem with two remarks.
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Remark 2.4. As mentioned in the introduction, the MPC algorithm considered205

does not necessarily generate a unique control uN , since the optimal control

sequence (ũk, . . . , ũN−1) appearing at each stage k of the MPC does not need

to be unique. Of course, the MPC-solution uN will be uniquely determined if

each of the discrete optimal control problems which is solved at each stage of

the MPC algorithm has a unique solution.210

Remark 2.5. Note that the bound in (13) for the difference between the MPC-

generated control and the realization of the optimal feedback control does not

depend on the uncertainty parameter p and its distance to the reference p̄. In

particular, this applies to the constant c, which however, depends on the “size”

of the uncertainty set Π, characterized by the numbers M̄ and δ. The term215

h in the estimate (13) comes from the discretization and due to the fact that

measurements are taken on the mesh of size h only. The term involving |ξk|

represents the effect of the measurement error.

3. Proof of Theorem 2.3

Before presenting the proof we give some preparatory material and also

explain the main ideas utilized in the proof. Let Γ, η, a, and the optimal

feedback control u∗ be as in Theorem 2.2. Without loss of generality we may

assume that the set Γ is bounded. Indeed, one can redefine Γ as

Γ := {(t, x) ∈ Γ : ∃(τ, y) ∈ Γ such that τ ≤ t, y ∈ IBη(x̄(τ)), and x = x̄[τ, y](t)} .

It is straightforward to show that the requirements of Definition 2.1 are satisfied220

by this new set Γ (which is bounded) and the same constants a and η.

Denote by L̂ a Lipschitz constant of u∗ on Γ. In further lines M and L denote

respectively, a bound on the values and a Lipschitz constant of the functions f ,

fx and ϕx on the following bounded set:{
(s, x, u) ∈ Rl × Rn × Rm : |s| ≤ M̄, x ∈ P (Γ), u ∈ IBa(ū([0, T ]))

}
,

where P (Γ) := {x ∈ Rn : (t, x) ∈ Γ for some t ∈ [0, T ]} is the projection of Γ

on Rn, and we abbreviate IBa(ū([0, T ])) := ∪{IBa(ū(t)) : t ∈ [0, T ]}.
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Let x̄[τ, y] and ū[τ, y](t) := u∗(t, x̄[τ, y](t)) be as in Definition 2.1. Then

ū[τ, y] is a locally optimal solution of problem Pp̄(τ, y). In [5, Remark 5.6] it225

is shown that in fact, ū[τ, y] is the unique locally optimal control in problem

Pp̄(τ, y) in the set IBa(ū) ⊂ L∞(τ, T ) and, moreover, the function t 7→ ū[τ, y](t)

is Lipschitz continuous, uniformly in (τ, y) ∈ Γ. Namely, for any t, s ∈ [0, T ] we

have

|ū[τ, y](t)− ū[τ, y](s)| = |u∗(t, x̄[τ, y](t))− u∗(s, x̄[τ, y](s))|

≤ L̂(|t− s|+ |x̄[τ, y](t)− x̄[τ, y](s)|) ≤ L̂(1 +M)|t− s|. (14)

By applying the Grönwall inequality to (10), for any y1, y2 with (τ, y1), (τ, y2) ∈

Γ and t ∈ [τ, T ] we obtain that

|x̄[τ, y1](t)− x̄[τ, y2](t)| ≤ eL(1+L̂)t|y1 − y2|.

Hence, for any such y1, y2 and t,230

|ū[τ, y1](t)− ū[τ, y2](t)| = |u∗(t, x̄[τ, y1](t))− u∗(t, x̄[τ, y2](t))|

≤ L̂|x̄[τ, y1](t)− x̄[τ, y2](t)| ≤ L̂eL(1+L̂)t|y1 − y2|.

In the proof of Theorem 2.3 we also utilize the following result, which we

state below as Theorem 3.1. It concerns the discrete-time problem

min
{
g(xN ) + h

N−1∑
i=k

ϕ(p̄(ti), xi, ui)
}
, (15)

subject to

xi+1 = xi + hf(p̄(ti), xi, ui), ui ∈ U, i = k, . . . , N − 1, xk = y. (16)

Theorem 3.1. Suppose that assumptions (A1)–(A4) hold. Then there exist

numbers N0 and c0 such that for every N ≥ N0, every k ∈ {0, . . . , N − 1} and

every y ∈ IBη(x̄(tk)), problem (15)–(16) has a locally optimal control ũN [k, y] =

(ũNk [k, y], . . . , ũNN−1[k, y]) that satisfies the bound

max
i=k,...N−1

|ũNi [k, y]− ū[tk, y](ti)| ≤ c0h.
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Theorem 3.1 is similar to [2, Theorem 6], but there are some important dif-

ferences; namely, it is about a time-dependent problem and, more importantly,

it establishes an error estimate which is uniform with respect to the initial state.

Therefore we present a complete proof which details the differences as well as

the similarities.235

Proof of Theorem 3.1. The first step of the proof is to estimate the resid-

ual when the continuous-time solution is plugged into the optimality system of

the discretized problem. Then we apply a version of Robinson’s implicit function

theorem to the resulting variational inequality, which is stated as Theorem 3.2

in the sequel. For that purpose we show that the assumptions of that theorem240

are satisfied in the context considered.

The optimality system representing the first-order necessary optimality con-

ditions for problem (15)–(16) has the form

xi+1 = xi + hf(p̄(ti), xi, ui), xk = y,

λi−1 = λi + h∇xH(ti, xi, ui, λi),

λN−1 = ∇xg(xN ),

0 ∈ ∇uH(ti, xi, ui, λi) +NU (ui),

(17)

where i = k, k+ 1, . . . , N − 1 in the first and in the last relations, i = k+ 1, k+

2, . . . , N − 1 in the second equation. Here λi is the co-state for the discretized

problem and H is, as before, the corresponding Hamiltonian. In the proof

we consider k and y fixed but monitor how the constants involved depend on245

them. For short, denote ūi = ū[tk, y](ti), x̄i = x̄[tk, y](ti), and λ̄i = λ̄[tk, y](ti),

skipping the argument [tk, y].

First, observe that the sequence {(ūi, x̄i, λ̄i)}i satisfies the system

0 = −xi+1 + xi + hf(p̄(ti), xi, ui) + bi, xk = y,

0 = −λi−1 + λi + h∇xH(ti, xi, ui, λi) + di

0 = −λN−1 +∇xg(xN ) + dN ,

0 ∈ ∇uH(ti, xi, ui, λi) + ei +NU (ui),

(18)
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with bi = b̄i(h), di = d̄i(h), ei = ēi(h) = 0, where

b̄i(h) =

∫ ti+1

ti

f(p̄(s), x̄[tk, y](s), ū[tk, y](s)) ds− hf(p̄(ti), x̄i, ūi),

d̄i(h) =

∫ ti

ti−1

∇xH(s, x̄[tk, y](s), ū[tk, y](s), λ̄[tk, y](s)) ds

−h∇xH(ti, x̄i, ūi, λ̄i), i = k + 1, . . . , N − 1,

d̄N (h) = λ̄N−1 − λ̄N =

∫ ti

ti−1

∇xH(t, x̄(t), ū(t), λ̄(t)) dt. (19)

Recall that, according to Assumption (A2), p̄ is Lipschitz continuous on [0, T ].

According to (14), ū[tk, y] is Lipschitz continuous with Lipschitz constant L̂(1+

M). Moreover, (t, x̄[tk, y](t)) ∈ Γ and ū[tk, y](t) ∈ IBa(ū([0, T ])). Hence, x̄[tk, y]

is Lipschitz continuous with Lipschitz constant M . Then λ̄[tk, y] is also Lipschitz

continuous with a Lipschitz constant depending only on M . Hence, there exists

a constant c1, independent of k and y and N , such that

max
k≤i≤N−1

|b̄i(h)|+ max
k+1≤i≤N−1

|d̄i(h)|) ≤ c1h. (20)

In fact, the constant c1, as well as c2 and c3 that appear below, depend on the

numbers M , L, L̂ and the Lipschitz constant of p̄ only. From (19) we get that

|d̄N (h)| ≤ c2h. (21)

Now we consider the right-hand side of (18) as a mapping acting on v =

{(xi, ui, λi)}i ∈ RK , where K = (2n + m)(N − k). For the vector q = (b, d, e)250

we have b ∈ R(N−k)n, d ∈ R(N−k)n, e ∈ R(N−k)m. In both the domain and the

range spaces of the optimality mapping we use the l∞-norm. This means that

in this proof all balls and Lipschitz constants are with respect to the l∞-norm.

This choice of norms is important since the dimension K depends on N .

In the remainder of the proof we show that the solution mapping of the255

system (18) has a Lipschitz continuous localization around v̄ := {(x̄i, ūi, λ̄i)}i for

q̄ = (b̄(h), d̄(h), ē(h)) which is uniform in k, y and N ; that is, there are constants

α, β and γ independent of k, y and N such that for each q := (b, d, e) ∈ IBβ(q̄)
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there exists a unique solution v(q) := {(xi, ui, λi)}i(q) of the system (18) in

IBα(v̄) and the mapping IBβ(0) 3 q 7→ v(q) is a Lipschitz continuous function260

with Lipschitz constant γ.

First, observe that system (18) is a special case of the following variational

inequality

E(v) + q +NC(v) 3 0, (22)

where v ∈ RK , and C = (Rn)N−k × UN−k × (Rn)N−k and UN−k ⊂ (Rm)N−k

is the product of N − k copies of the set U . Here

v = (x, u, λ) = (xk+1, . . . , xN , uk, . . . , uN−1, λk, . . . λN−1)

is considered as a vector (column) of dimension n(N−k)+m(N−k)+n(N−k).

The components of the vector-function E are as follows: First come the N − k

vectors −xi+1 + xi + hf(p̄(ti), xi, ui) each of dimension n. They are followed

by the (N − k− 1) vectors −λi−1 + λi + hHx(ti, xi, ui, λi) each of dimension n.265

Then comes the n-dimensional vector λN−1 − gx(xN ), followed by the N − k

vectors Hu(ti, xi, ui, λi) each of dimension m.

Note that the function E is continuously differentiable and the derivative

Ev(v) has a specific sparse structure. Namely, the rows corresponding to the

first group of variables involved in the equation describing the control system270

contain at most 2n + m non-zero elements, the rows from the second group

of variables involved in the adjoint equation contain at most 3n + m nonzero

elements, the rows from the third group – 2n, and those from the fourth group

– 2n + m. If we consider Ev on the unit ball IB1(v̄) (in the l∞-norm), then

each of the non-zero components of Ev is a Lipschitz function of its variables275

with a Lipschitz constant L1, where L1 depends on the data f , g and ϕ. It is

straightforward to verify that Ev is Lipschitz continuous in IB1(s̄) with respect

the operator norm of Ev : RK 7→ RK and the l∞-norms in the two spaces.

Thanks to the sparseness, the Lipschitz constant, L̄, depends on L1, n and m

only, thus, it is independent of N .280

We employ next the following version of Robinson’s implicit function theo-

rem proved in [4], the the corresponding assumptions for which regarding Ev
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were shown to be satisfied in the preceding lines.

Theorem 3.2. Let v̄ be a solution of (22) for q̄. Suppose that the derivative Ev

exists and is Lipschitz continuous on IB1(v̄) with Lipschitz constant L̄. More-

over, suppose that the following condition holds: for each q ∈ RK there is a

unique solution w(q) ∈ RK of the linear variational inequality

Ev(v̄)w +NC(w) 3 q, (23)

and the solution function q 7→ w(q) is Lipschitz continuous with a Lipschitz

constant `. Then there exist positive numbers α, β and γ which depend on `285

and L̄ only, such that for each q ∈ IBβ(q̄) system (22) has a uniques solution

v ∈ IBα(v̄), and the function q 7→ v(q) is Lipschitz continuous on IBβ(q̄) with

Lipschitz constant γ.

Thus, we have to show that the condition involving (23) holds for the par-

ticular optimality system (18). Let Ai, Bi, Qi, Si, Ri denote the matrices

in (7)–(8) evaluated at t = ti. Also denote H̄i
u = H(ti, x̄i, ūi, λ̄i). Then for

v = {(xi, ui, λi)}i we have

Ev(v̄)(v) =


−xi+1 + xi + hAixi + hBiui

−λi−1 + λi + hATi λi + hQixi + hSiui

−λN−1 + FxN

H̄i
u +Riui + STi xi +BTi λi

 .

The matrices A, B, Q, S, R are continuous in t due to continuity of ū, x̄ and

p̄. Then, from [2, Lemma 11], we have that there is a natural number N1 and

a positive constant ρ1 ≤ ρ such that for all N > N1 the quadratic form

B(y, ν) = yTNFyN +

N−1∑
i=0

(yTi Qiyi + 2yTi Siνi + νTi Riνi) (24)

satisfies the discretized coercivity condition:

B(y, ν) ≥ ρ1

N−1∑
i=k

|νi|2 (25)
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for all (y, ν) from the set

C = {(y, ν) | yi+1 = yi + hAiyi + hBiνi, νi ∈ U −U, i = k, . . . , N − 1, y0 = 0}.

According to (11), for every i = 0, 1, . . . , N − 1 we have

νTRiν ≥ ρ|ν|2 for all ν ∈ U − U. (26)

The remainder of the proof of the Lipschitz continuity of the function IBβ(q̄) 3

q 7→ v(q) ∈ IBα(v̄) is just a repetition of the corresponding part of the proof of290

Theorem 1.2 in [4].

Finally, from (20) and (21) we have that ‖q̄‖∞ ≤ c3h. By taking N suffi-

ciently large we can ensure that c3h ≤ β, thus 0 ∈ IBβ(q̄). Then, the value v(0)

exists and

‖v(0)− v̄‖∞ = ‖v(0)− v(q̄)‖∞ ≤ γ‖q̄‖∞ ≤ γc3h.

This implies the claim of the theorem with c0 := γc3.

To complete the proof it remains to observe that, for the state-control pair

(x̄N , ūN ) obtained from solving the optimality system (17), the coercivity con-

dition (25) is a sufficient condition for a (strict) local minimum, see [2, Ap-295

pendix 1].

Proof of Theorem 2.3. The main steps of the proof are as follows. First

we show the existense of an appropriate solution of the state equation. Then,

by using induction, we show that the MPC algorithm considered generates a

control with the desired properties.300

Choose δ to satisfy

0 < δ <
η

4
e−L(1+L̂)T (27)

and define Π as in (5). We will prove next that for every p ∈ Π a solution

x̂ := x[u∗, p] of (2) for u∗ and p exists on [0, T ] and x̂(t) ∈ IBη/4(x̄(t)), t ∈

[0, T ]. Since x̂(0) = x̄(0), the smoothness of f in assumption (A1) implies that

x̂ exists locally and can be extended to a maximal interval [0, θ] ⊂ [0, T ] in

which x̂(t) ∈ IBη/4(x̄(t)) holds. Note that |x̂(θ) − x̄(θ)| = η/4 if θ < T . Then305

19



∆(t) := |x̂(t)− x̄(t)|, t ∈ [0, θ], satisfies

∆(t) ≤
∫ t

0

|f(p(s), x̂(s), û(s))− f(p̄(s), x̄(s), ū(s))|ds

=

∫ t

0

|f(p(s), x̂(s), u∗(s, x̂(s)))− f(p̄(s), x̄(s), u∗(s, x̄(s)))|ds

≤
∫ t

0

L
[
|p(s)− p̄(s)|+ ∆(s) + L̂∆(s)

]
ds,

where we use the identities ū(s) = u∗(s, x̄(s)) (see property (iv) in Definition

2.1) and û(s) = u∗(s, x[u∗, p](s)) = u∗(s, x[û, p](s)) = u∗(s, x̂(s)). Applying the

Grönwall inequality and taking into account (27), we obtain

|∆(t)| ≤ eL(1+L̂)t‖p− p̄‖1 ≤ eL(1+L̂)tδ < η/4, t ∈ [0, θ]. (28)

Since the last inequality is strict, it follows that θ = T and x[û, p](t) ∈ IBη/4(x̄(t)),

t ∈ [0, T ].

Define recursively the sequence

dk+1 = eL(1+L̂)h
[
dk + L(L̂(1 +M) + c0)h2 + LL̂|ξk|h

]
, (29)

k = 0, . . . , N − 1, starting with d0 = 0. By using induction we obtain

dk =

k−1∑
i=0

eL(1+L̂)(k−i)hL
[
(L̂(1 +M) + c0)h2 + L̂|ξi|h

]
,

which implies the estimation

dk ≤ eL(1+L̂)TL

(
T (L̂(1 +M) + c0)h+ L̂h

N−1∑
i=0

|ξi|

)
(30)

≤ eL(1+L̂)TL
(
T (L̂(1 +M) + c0)h+ L̂T δ

)
=: d̄(δ, h).

Make δ > 0 and h = T/N smaller if necessary so that

d̄(δ, h) <
η

4
(31)

and adjust Π according to (5). We will prove next that the MPC algorithm310

(applied for a parameter p and a vector ξ of measurement errors) generates

a control uN := uN [p, ξ] with the properties claimed in the statement of the

theorem. To do that, we use induction in k.
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For k = 0 we have |xN (0) − x̂(0)| = 0 = d0. Assume that 0 ≤ k < N

and that the MPC-generated control uN and corresponding trajectory xN are

defined on [t0, tk] in such a way that the inequality |xN (t)− x̂(t)| ≤ dk holds for

all t ∈ [0, tk] and, moreover,

|xN (tk)− x̄(tk)| ≤ η/2. (32)

Then, from (27) and (32), the quantity y := xN (tk) + ξk satisfies the inequality

|y − x̄(tk)| ≤ |xN (tk)− x̄(tk)|+ |ξk| ≤
η

2
+ δ <

η

2
+
η

4
< η.

Let ũ := ū[tk, y] be the (unique) locally optimal control in problem Pp̄(tk, y)

in the set IBa(ū) (whose existence follows from Theorem 2.2 and the condition

y ∈ IBη(x̄(τ))). Let x̃ be the corresponding trajectory of (2) for p = p̄ starting

from y at tk. According to Theorem 3.1, there exists a locally optimal control

ũN [k, y] = (ũNk [k, y], . . . , ũNN−1[k, y]) for problem (15)–(16), which satisfies the

inequality

|ũNk [k, y]− ũ(tk)| ≤ c0h. (33)

The constant function uN (t) = ũNk [k, y] for all t ∈ [tk, tk+1) is generated by the

MPC algorithm and satisfies |uN (t)− ũ(tk)| ≤ c0h for t ∈ [tk, tk+1).315

Let s ∈ [tk, tk+1); then, utilizing (33), Theorem 2.2, and the definition of x̂,

we have

|uN (s)− û(s)| ≤ |uN (s)− ũ(tk)|+ |ũ(tk)− û(s)|

≤ |ũNk [k, y]− ũ(tk)|+ |ũ(tk)− û(s)|

≤ c0h+ |u∗(tk, y)− u∗(s, x̂(s)|

= c0h+ L̂ (|tk − s|+ |y − x̂(s)|)

≤ c0h+ L̂
(
h+ |xN (tk)− x̂(s)|+ |ξk|

)
≤ c0h+ L̂

(
|xN (s)− x̂(s)|+ |ξk|+ (1 +M)h

)
. (34)

Using (34) in the state equation, we obtain the following estimate for t ∈
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[tk, tk+1]:

|xN (t)− x̂(t)| ≤ |xN (tk)− x̂(tk)|

+

∫ t

tk

∣∣f(p(s), xN (s), uN (s))− f(p(s), x̂(s), û(s))
∣∣ ds

≤ dk + L

∫ t

tk

(∣∣xN (s)− x̂(s)|+ |uN (s)− û(s)
∣∣) ds

≤ dk + L

∫ t

tk

(
(1 + L̂)|xN (s)− x̂(s)|+ L̂|ξk|+ L̂(1 +M)h+ c0h

)
ds.

The Grönwall inequality yields

|xN (t)− x̂(t)| ≤ eL(1+L̂)h
(
dk + LL̂|ξk|h+ (LL̂(1 +M) + Lc0)h2

)
; (35)

that is,

|xN (t)− x̂(t)| ≤ dk+1.

Using (28) and (31), we get that for all t ∈ [tk, tk+1] one has

|xN (t)− x̄(t)| ≤ |xN (t)− x̂(t)|+ |x̂(t)− x̄(t)| ≤ dk+1 +
η

4
<
η

2
.

The induction step is complete. As a result, from (35) combined with (30),

we conclude that there exists a constant c4 such that the MPC-generated control

uN and the corresponding trajectory xN satisfy

‖xN − x̂‖C[0,T ] ≤ c4
(
h+ h

N−1∑
k=0

|ξk|
)
. (36)

This last estimate, combined with (34), gives us the estimate (12) in the state-320

ment of the theorem with a constant c which depends on L, L̂, M , c0 and c4
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only. By integrating in (34) and utilizing (36), we get

‖uN − û‖1 =

N−1∑
k=0

∫ tk+1

tk

|uN (t)− û(t)|dt

≤
N−1∑
k=0

∫ tk+1

tk

(
c0h+ L̂(|xN (t)− x̂(t)|+ |ξk|+ (1 +M)h

)
dt

≤
N−1∑
k=0

(
c0h

2 + L̂h|ξk|+ L̂(1 +M)h2 + L̂

∫ tk+1

tk

c4

(
h+ h

N−1∑
k=0

|ξk|

)
dt

)

≤ T (c0 + L̂(1 +M))h+ L̂h

N−1∑
k=0

|ξk|+ L̂T c4

(
h+ h

N−1∑
k=0

|ξk|

)

≤ c

(
h+ h

N−1∑
k=0

|ξk|

)
,

where c depends on L, L̂, M , c0 and c4 only. Using this last estimate and the

smoothness of f , and taking the constant c larger if needed, we obtain (13).

This completes the proof.325

4. Numerical examples

In this section we illustrate the result obtained in Theorem 2.3 by considering

a problem of axisymmetric spacecraft spin stabilization (nutation damping) from

[16] (p. 353). The transversal angular velocity components ω1 and ω2 of the

spacecraft satisfy

ω̇1 = λω2 +
Md

Jt
,

ω̇2 = −λω1 +
Mc

Jt
,

where λ = Jt−J3
Jt

n, Jt is the spacecraft transversal moment of inertia, J3 is the

spacecraft moment of inertia about the spin axis, n is the spin rate, Md is the

disturbance torque which can for instance be caused by thruster misalignment,

and Mc is the control moment. Rescaling the time (t→ λt), and letting x1 = ω1,

x2 = ω2, p = Md

Jt
, u = Mc

Jt
, we come to the following optimal control problem:

min

{
|x(T )|2 +

α

2

∫ T

0

|u(t)|2 dt

}
,
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subject to

ẋ1 = x2 + p,

ẋ2 = −x1 + u,

x1(0) = x2(0) = 1, |u| ≤ a,

where p(·) is as before, a time-dependent parameter representing uncertainty.

We consider two examples, in both of which we use the specifications T = 4π,

α = 0.5, a = 0.2 and choose as a reference (predicted) parameter p̄(t) ≡ 0. In330

the simulations, the measurement error ξk is sampled randomly from a uniform

distribution, with |ξk| ≤ 0.01. The difference between the two examples below

is in the choice of p(·).

Example 1. Here p(·) is a piecewise constant function on the uniform mesh

with 2560 points in [0, T ]. The values of p(t) in every subinterval are chosen335

randomly in the interval [−M̄, M̄ ] = [−δ/T, δ/T ] with δ = 0.1. Then any such

p belongs to the set Π defined with the above values of M̄ and δ.

In the notation of Theorem 2.3, the following two quantities,

REx :=

∥∥xN − x̂∥∥
W 1,1

h+ h
∑N−1
k=1 |ξk|

and REux :=

∥∥uN − û∥∥
1

+
∥∥xN − x̂∥∥

W 1,1

h+ h
∑N−1
k=1 |ξk|

,

represent the relative errors with respect to x and with respect to u and x.

According to the estimate (13) in Theorem 2.3 these quantities are bounded.

The numerical results obtained confirm this result. Indeed, Table 4 presents the340

numerically obtained values of these ratios for several values of N . The results

are consistent with the theoretical estimate (13).

Table 1: Relative error for perturbation p generated randomly

N 80 160 240 320 400 480 560 640

REx 5.140 1.484 0.914 0.653 0.575 0.442 0.448 0.354

REux 23.609 40.765 47.809 48.210 47.519 46.353 45.162 43.448

Observe that, despite the presence of perturbations, the performance of the
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open-loop optimal control is not significantly worse than that of the optimal

feedback control law. Indeed, denoting by Ĵol(p, ξ) the value of the objec-

tive functional when the optimal open-loop control (for the reference problem

with p̄ = 0) is implemented, by Ĵ fb(p, ξ) the objective value when the “exact”

feedback u∗ is implemented, and by Ĵmpc
N (p, ξ) the objective value when the

MPC-generated control with mesh size N is implemented, we obtain

Ĵol(p, ξ) ≈ Ĵ fb(p, ξ) = 0.0766, Ĵmpc
160 (p, ξ) = 0.1617, Ĵmpc

640 (p, ξ) = 0.0858,

The reason for this effect is that the high-frequency random (uniformly dis-

tributed around the predicted value) perturbations “neutralize” each other; then

the measurements in the feedback case do not bring a considerable advantage.345

Example 2. Here we assume that p is a “systematic” error caused by a model

imperfection, namely, p(t) = 0.1x2(t).

Table 2: Relative error estimation for perturbation p(t) = 0.1x∗
2(t)

N 80 160 240 320 400 480 560 640

REx 5.667 4.221 4.616 4.995 5.265 5.470 5.624 5.743

REux 23.826 43.325 55.730 61.211 55.996 55.170 54.211 52.822

This time the performance of the optimal open-loop control, on one hand,

and those of the optimal feedback control and the MPC-generated controls, on

the other hand, differ substantially:

Ĵol(p, ξ) = 0.1929, Ĵ fb(p, ξ) = 0.0898, Ĵmpc
160 (p, ξ) = 0.1879, Ĵmpc

640 (p, ξ) = 0.1002.

Figure 1 shows the controls in Example 2 generated by the “true” feedback

control law u∗ and by the MPC algorithm with N = 160 and N = 640. The

controls in Example 1 look similarly.350

Fig. 2 shows the trajectories in Example 2 generated by the feedback control

law u∗ and by the MPC algorithm with N = 160 and N = 640. As seen, the
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Figure 1: Example 2: Control functions generated by the optimal feedback u∗ (red line, with

lowest steepness) and by the MPC algorithm with N = 160 (black line, the steepest one) and

with N = 640 (blue line).

MPC algorithm with N = 640 discretization points steers the system to the

origin almost as well as the optimal feedback control law.
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Figure 2: Example 2: Trajectories generated by the optimal feedback u∗ (red line) and by

the MPC algorithm with N = 160 (black line) and with N = 640 (blue line).
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[14] J. Skaf, S. Boyd, A. Zeevi, Shrinking horizon dynamic programming,390

International Journal of Robust and Nonlinear Control 20(17) (2010) 1993–

2002.

[15] A. Sony, R. Parker, Closed-loop control of fed-batch bioreactors: A

shrinking-horizon approach, Industrial and Engineering Chemistry Re-

search 43(13) (2004) 3381–3393.395

[16] B. Wie, Space vehicle dynamics and control, AIAA, 1998.

28


	Introduction
	Main result
	Proof of Theorem 2.3
	Numerical examples

