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SINGLE MODE FIBRE BASED INTERACTION OF TRAPPED IONS ENHANCED

BY OPTICAL CAVITIES

by Dean T. Clarke

Quantum technology has the potential to change the way we solve many problems in our

daily lives. Perhaps the most ambitious quantum technology in development is quantum

computers. In the past decade significant progress has been made in the number of qubits

within a quantum computer, and this trend seems to be increasing.

In this work we look at one particular architecture for quantum computing; the ion-

trap quantum computer. In this thesis we investigate the integration of this type of

quantum computer with fibre tip optical cavities. We numerically analyse the effect of

misalignment of these cavities and attempt to find the optimal cavity parameters for

integration into the ion-trap quantum computer.

This work should provide a useful framework for optimal integration of cavities, and the

tolerances to misalignment. This should allow for future ion-trap quantum computer

designs to be more efficient and help increase the number of qubits, paving the way to

develop a useful universal quantum computer.
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Chapter 1

Introduction

This chapter will cover a brief history of the subject area, the goals of the project, and

an overall thesis summary.

Section 1.1 briefly goes over the motivation for researching quantum technologies.

Section 1.2 looks at how quantum theory is being used to build quantum computers.

Section 1.3 covers how we can get qubits to communicate to build a quantum network,

and the motivations for doing so.

Section 1.4 looks at the requirements for fault tolerant universal quantum computing,

with special interest on one particular system.

Section 1.5 outlines the goals of this project.

Section 1.6 gives a brief outline of each chapter of the thesis.

1



2 Chapter 1 Introduction

1.1 The Quantum Revolution

In the early 1900s the discovery of the particle nature of light[1] caused a revolution in

physics of new quantum theories. This caused a lot of debate among physicists of the

time about the nature of the universe. Since then, the original quantum theories have

been used to exploit the quantised nature of electronic states perhaps most notably in

semiconductor technology, creating many new technologies such as lasers and the tran-

sistor. These technologies are the backbone of many important aspects of the modern

age such as classical information processing and internet communications.

Due to the success of the first quantum revolution there is now a major worldwide

push for the ’second quantum revolution’ based on exploiting quantum effects such

as superposition and entanglement[2]. The goal of the second quantum revolution is

to create new technology for secure communications, quantum information processing,

quantum simulation, advanced imaging and quantum sensors.

Since the universe is inherently quantum, and numerical research is done on classical

computers many aspects of physics have been extremely hard to simulate and as a result

quantum information processing will be a powerful new tool for solving certain types of

problems. In 1982 on the topic of quantum computers R. Feynman said:

”. . . nature isn’t classical, dammit, and if you want to make a simulation of nature,

you’d better make it quantum mechanical, and by golly it’s a wonderful problem, because

it doesn’t look so easy.”[3]

Since this time a great deal of progress has been made in in individual building blocks of

a quantum computer. However, current quantum computers are still in a very primitive

state.
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1.2 Quantum Computers and Quantum Simulators

Perhaps one of the most convincing arguments that a quantum computer can do some-

thing a classical computer cannot is how difficult it is to simulate a quantum computer

classically. Even the most powerful classical computer of today attempting to simulate

a quantum circuit currently can only simulate a small number of qubits[4]. The current

record found in literature is 45 qubits; this many qubits required 0.5 Petabytes of mem-

ory to simulate[5]. Since classically computing the dynamics of a quantum system is so

hard another approach is needed for such simulations; a quantum approach.

This has naturally led on to the idea of using one quantum system that is easy to

control to simulate another quantum system. Currently various quantum simulators are

being developed using multiple different methods. One method called boson sampling[6]

is considered one of the easiest approaches to creating a working quantum simulator.

Boson sampling uses multiple waveguides all linked together with 50/50 beam splitters.

Photons are then fed into one end of this system and detectors at the other end measure

which waveguide the photons exit from. This builds up a probability distribution for the

system, related to the permanent of a matrix, which classically is exponentially difficult

to calculate.

Another method drawing a lot of attention is called quantum annealing[7]. Quantum

annealing is a method of finding a global minimum energy state of a system. This

method works by setting up a large system of qubits in superposition to represent a

problem and then adiabatically reducing the energy of the system. The result of this

should be a system that is in (or close to) the global minimum energy state. Classically

this is hard due to the abundance of local minima present in complicated systems.

Both of these methods are non-universal quantum computers since they can only simu-

late very specific problems. Such computers are useful tools for developing ideas for what

a universal quantum computer might be capable of and are useful as a proof of concept

that quantum computing itself is possible. However, a non-universal quantum computer

is very limited in terms of what it can simulate. A universal quantum computer should

be as programmable as a classical computer but with the ability to run any quantum

algorithm without the need to build a new computer for every problem. Several design

proposals have been suggested with the goal of realising universal quantum computa-

tion. For example, qubits can be physically implemented as superconducting circuits[8],

nitrogen vacancy (NV) centers in diamond[9] and using trapped ions[10]. One measure-

ment of how well these regimes perform is called the threshold theorem[11]; this theorem

states that error correction can only be achieved if the fidelity of the system is above a

certain threshold. Using surface code quantum computing this threshold currently sits

at around 99% fidelity[12]. So far using NV centres a 2-qubit gate has been created with

a gate fidelity of 88%[13] which puts it below the required fidelity threshold. Whereas,
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both super conducting circuits and ion traps are above the threshold with 2 qubit gate

fidelities of 99.4%[14] and 99.9%[15], respectively.

Due to its high gate fidelity the Networked Quantum Information Technologies (NQIT)

Hub is attempting to build a universal quantum computer using the ion trap technique.

The qubits in such a system are formed by the electronic states of the ion [16]. These

qubits can be prepared in a desired initial state by a series of laser pulses and then,

using photons [10] or phonons [17][18] to enable coherent coupling between qubits, it is

possible to build quantum logic gates [19]. Since ion traps are able to contain the ions

for long periods of time and ions tend to have a long coherence time this method has

been the most successful so far at creating high fidelity logic gates, at 99.9% for a two

qubit gate[15]. This ability to write a state to the qubits and build quantum logic gates

is the basis for universal quantum information processing.

So far Intel, IBM, and Google have managed to build universal quantum computers with

49[20], 50[21] and 72 qubits[22], respectively, all using superconducting qubits. However,

for any useful applications it is estimated that we would need > 150 logical qubits, and

for fault tolerant quantum computation we would require > 107 logical qubits[19]. Due

to the increased fidelity of using ion traps NQIT hopes to build a 250 qubit machine

known as Q5:50, consisting of 50 logical qubits and 4 error correcting qubits per logical

bit, by the end of 2020[23].

1.3 Networking Qubits

Networking spatially separated qubits is necessary at both short distance (∼m length

scale), in quantum computation, and long distance (>km length scale), for quantum

communication. This allows the system to become entangled to perform computing

operations or sending information

An entangled quantum state is a state of multiple quanta or particles where the overall

state cannot be described by the parts individually. An example of an entangled state

would be[24],

|Φ+〉 =
1√
2

[|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉] , (1.1)

this state is now the sum of two tensor products. Notice that here the states of each

qubit are dependent on each other i.e. if I started with the Bell state in eq.(1.1) and

measured one qubit in the state |0〉 then the second qubit would be found in the same

state. This implies that by measuring one qubit I can instantly know the state of the

other qubit no matter how far apart they are. This type of maximally entangled state

is one of four possible Bell pairs[25],
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|Φ±〉 =
1√
2

[|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉] , (1.2)

|Ψ±〉 =
1√
2

[|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉] . (1.3)

Entangled states like this allow for quantum teleportation [26], which is required to

send quantum information, and superdense coding, which is a method of representing 2

classical bits as a single qubit[25].

Entangling two ions works by interfering the emitted photons of two qubits via a 50:50

beam splitter with detectors at the other 2 outputs. By measuring in the Bell basis it

is possible to detect if the two emitted photons had successfully entangled with each

other via a ’double click’ event. This simultaneous destruction leaves the two qubits in

a maximally entangled state [24]. This can be done via free space or an optical fibre.

Since the free space option requires direct line of sight of the pulse it can easily be

affected by distortions in the atmosphere, misalignment, and objects in the way. Using

an optical fibre to guide guide the light should fix most these issues, however extra

losses are introduced since we now need to couple the emitted photon into the fibre.

The single photon detector efficiency is one of the most limiting factors of entanglement

generation. Optical fibre operates at low loss at a wavelength of 1.55µm, and single

photon detectors at this wavelength are efficient up to 70% for avalanche photodiodes

[27] or 90% for superconducting nanowires[28]. 90% is considered very efficient for a

single photon experiment, however when scaling up to a full size quantum computer

the overall efficiency quickly falls as the number of required entangled qubits increases.

With a small number of qubits this efficiency is fine as one can attempt the entanglement

several times. However, as one scales the system up more attempts are needed to prepare

the entire system, which results in slower operations allowing the qubits to decohere.

We can strengthen the interaction between the photon and the ion by introducing cavities

to the system. This works by placing the qubits into cavities and allowing a single

photon pulse to drive interaction between one cavity based qubit through a fibre to the

cavity containing the qubit we want to interact with[29][30][31]. Introducing cavities to

strengthen the ion-photon interaction is the key to achieving fast processor speeds in

the Q5:50 quantum computer [23]. If it is possible to network qubits in this way and

achieve near deterministic entanglement we would be able to scale the system down as

we would require fewer single photon detectors. By reducing the number of components

in a quantum communications channel we would expect to reduce the error simply by

reducing the number of instances in which an error may occur as well as reducing the

complexity of the implementation.
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1.3.1 Long Distance Quantum Communications

One application of long distance quantum networks is Quantum Key Distribution (QKD),

which enables a quantum type of encryption that has potential to be the future of secure

communication. QKD requires the use of two communications channels to work; one

classical and one quantum. The quantum channel is used to transmit quantum states

which are prepared by a sender in either one of two conjugate basis sets at random and

sent to the receiver. The receiver does not know which basis the bit was prepared in

and has to select at random which of the two basis to measure in. The classical com-

munications channel is then used so the sender can tell the receiver what basis the state

was prepared in. If both sender and receiver were preparing and measuring in the same

basis then the bit is kept otherwise it is discarded. Using this it is possible to detect

the presence of a potential eavesdropper by sending a predetermined message: if the

receiver measures errors in the message then it is likely that an eavesdropper was also

measuring the key and thus altering the state of the sent qubit. If this happens then

another key can be generated to attempt the communication again, or they can switch

to another communications channel.

Another way to perform QKD uses entangled pairs of photons, distributed in such a

way that both parties that wish to communicate each receive one of the pairs. In this

regime both parties select which basis to measure in and then communicate what basis

was used over the classical channel. If both measured in the same basis then they know

that their results are both the same and thus keep the bit.

This means that for long distance QKD we want to be able to send a quantum state over

a long distance with minimal decoherence. Currently this has been done over a distance

of 1200km using satellites[32], and over 300km using optical fibre [33] with quantum

repeaters periodically along the fibre [34].

Another reason we might want to transfer a quantum state over a large distance is net-

working quantum computers. Since the power of quantum computers scales exponen-

tially as the number of qubits increases, linking two or more small quantum computers

will give an extremely large performance boost for certain tasks. This means that linking

quantum computers together is an area of great interest[35].

This thesis looks at how fibre-tip optical cavities may be optimally introduced into the

design at NQIT to increase the efficiency of entanglement generation in a stable and

scaleable way.
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1.4 Requirements for Quantum Computing

Building a working universal quantum computer is an extremely difficult task that re-

quires input from many disciplines including Physics, Engineering and Computer Sci-

ence. The requirements of building such a machine vary depending on the type of quan-

tum computer, however any universal quantum computer will need to improve error

correction, gate fidelity, and the number of qubits.

Classical and quantum computers are both susceptible to errors and error correction is

the ability to detect and correct when a qubit has flipped. In classical computing error

correction can be done in many different ways; one simple method is by introducing

an extra parity bit. Assuming we want to send the bits 1001 to another computer we

can introduce either odd or even parity checking for error detection, for even parity we

would send the information as 0|1001, where the leading bit is the parity bit. Since the

number of 1’s in the system is even, now if the reviving party obtains 0|1011 they can

tell that an error has occurred by noticing that there is an odd number of bits. However,

this form of error detection has a set tolerance, if 2 bits had an error then the receiver

would not be able to detect that the information was corrupt. This leads on to another

important factor, the error tolerance.

To perform any error correction enough of the original information must be present to

both detect and correct the error. Using surface code quantum error correction we can

currently allow errors per gate operation of around 1%[12]. By improving error correction

techniques we may be able to further increase the allowed error in the system. Currently,

only ion-traps and superconducting qubits have a high enough fidelity, 99.9%[15] and

99.4%[14] respectively for 2-qubit gates, to allow for error correction. However, NV

centres are getting close to this threshold with 2-qubit gate fidelities of 88%[13].

The largest number of qubits achieved in a universal quantum computer today is 72 in

a superconducting quantum computer built by Google[22]. The number of qubits in a

quantum computer is often cited as a measure of its power. However, in reality the power

of a quantum computer comes from the number of logical qubits. In an ideal system all

qubits would be thought of as logical qubits, however due to errors introduced in the

system, i.e. from decoherence, a number of advanced error correction techniques and

fault tolerant systems need to be in place. Since such techniques require extra qubits

this means that most of the qubits inside a universal quantum computer as understood

today would be used for error correction and fault tolerance[19].

1.4.1 Q5:50 at NQIT

The Networked Quantum Information Technologies (NQIT) hub is part of a large UK

national programme to help develop technologies based on quantum principals. The
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main goal of NQIT is developing the Q5:50 ion-trap based quantum computer[23]. This

machine will be a proof of principle demonstrator showing how we may be able to scale

up this device for fault tolerant quantum computing.

Figure 1.1: NQIT Q20:20 quantum computer was the original NQIT architec-
ture, however since then the design has been altered to the Q5:50 machine[19].

Figure 1.1 shows the old Q20:20 design where the bottom layer contains 20 octagonal

boxes each containing 20 qubits in ion traps. Each of these boxes is then connected to

its neighbours by fibre or waveguides via a 50/50 beam splitter to interfere the emitted

photons. Finally the top layer contains the single photon detectors to both generate

the entanglement between traps and confirm entanglement. Currently, the photons are

coupled into the fibres via a free space lens set up, however to increase the efficiency

of the device it is a good idea to integrate fibre-tip cavities into the design. By doing

this we should be able to strengthen the interaction between the optical fibre and the

ion, allowing for a more efficient transfer of photons. The ultimate goal of this would be

to obtain deterministic transfer which would eliminate the need for the detector layer

entirely. However, even if this cannot be reliably achieved, integrating cavities into the

system would allow for more efficient transfer making the device faster and reducing

errors[23].

Work has already been done looking at the optimal geometry of the ion-trap when a cav-

ity is integrated, including how the cavity length and mirror size affect the system[36][37].

This is important as the dielectric mirror from the cavity can reduce the trapping time

of the ion by affecting the radio-frequency trapping potential.

This thesis will look at how the transverse and rotational alignment tolerances for cavities

with any arbitrary parameters can be calculated. Due to specific interest in mm length

cavities for fibre integrated ion-trap quantum information processing [36] (schematic

shown in Figure 2.4) we will apply our methods to this specific case. With the results

of this analysis we are then able to determine the optimal trade off between cavity
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concentricity and mirror reflectivity for a set cavity length and mirror size to maximise

the efficiency of the device and then assess the performance of the optimal results within

alignment tolerances. This trade off will allow systems to be designed for optimal light-

matter interaction within realistic physical constraints.

Many of the results obtained in this thesis were done in such a way that they could

be applied to a large variety of differing cavity experiments. However, for NQIT we

restricted the cavity length L and the mirror radius Rmir to 1.4mm and 70µm, respec-

tively, as this was consistent with literature [36][37] to avoid disturbance of the trapping

field.
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1.5 Project goals

The NQIT team are hoping to be able to integrate fibre tip cavities into their next design

of a quantum computer. As a result the main goals of this project were to look into the

feasibility of integrating such cavities under imperfect alignment, and to ascertain the

optimal cavity parameters under known constraints. To simplify the problem this thesis

will study the simplest possible network shown in Figure 1.2.

Figure 1.2: Ions in cavities at both ends of a long optical fibre

The device in Figure 1.2 consists of a long optical fibre connecting two distant cavities,

where each cavity will contain an ion based qubit. Whilst this simple network is differ-

ent to the entanglement scheme used by the Q5:50 machine, by optimising this simple

network we should be able to find the optimal cavity parameters for the Q5:50 system.

This work builds on the previous work looking at different trap geometries to avoid

interference between the cavity mirrors and the ion-trapping time[36][37] by looking at

how these constraints affect the ion-cavity system. The constraints required decrease

the size of the cavity mirrors and increase the length of the cavity, thereby increasing

losses and reducing ion-cavity coupling strengths. This work will look at the best cavity

parameters for balancing losses with ion-cavity coupling, the tolerance to fabrication

errors and cavity misalignment, and will also explore the potential of asymmetric cavity

geometry.
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1.6 Thesis summary

This thesis is split up into five main chapters detailing the history, background theory,

main research and conclusions of the project.

Chapter 2 will start off by covering the fundamental theory used to build the simulations.

The research will then be covered in a chapter focusing on the misalignment of optical

cavities, and then a chapter on networking two cavities with an optical fibre.

This thesis covers theory in:-

• Gaussian beam physics

• Quantum Cavity Electrodynamics (QCED)

• Time-reversal symmetry

• Cavity Stability Analysis

Using the above theory the thesis will then split into two distinct chapters ’Misalignment

and Optimisation of Ion-Trap Optical Cavities’ and ’Ion-Ion state transfer’.

Chapter 3 will look at the properties of fibre-tip optical cavities, then look at the align-

ment tolerance for any optical cavity with emphasis on the ion-trap information pro-

cessing. Finally, this chapter will look at the optimal parameters for use in an optical

fibre network and how tolerant these parameters are to fabrication error.

Chapter 4 will look at simulating ion-ion state transfer and how by shaping the photon

wave function we can increase the chance of successful transfer. By taking the results

of chapter 3 we build an atom-cavity-fibre-cavity-atom model of a simple component of

a quantum network. Using this model along with the model of the numerical cavity we

are able to determine the optimal parameters of a cavity for ion-trap based quantum

networks and their robustness to fabrication and experimental errors.

Chapter 5 will go over the thesis conclusions and ideas for how this work can be expanded

upon for a future project.





Chapter 2

Fibre-Tip Cavities for Quantum

Networks

This chapter will cover the fundamental theory which is the basis for the research in the

rest of the thesis. Some of the theory covered here has already been briefly mentioned

in the first chapter. However, this chapter will cover the theory in more technical depth.

Quantum cavity electrodynamics is the quantum description of how electromagnetic

fields behave when confined into a cavity. The first section will cover the general be-

haviour of light in cavities, then the second section will cover the quantum mechanical

theory of light-matter interaction using a cavity and then the final section will cover

how we can shape single photon pulses.

13
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2.1 Cavities

In the context of this thesis a cavity is a structure that is used to confine light. For

the fibre tip cavities this is done via reflections from 2 mirrors forming standing waves.

A common measure of the performance of a cavity is its Q-factor which describes how

’leaky’ a cavity is and can be defined by

Q =
ω0

κ
, (2.1)

where ω0 is the resonant frequency of the cavity and κ is the cavity decay rate. Since

most experiments aim to avoid having a leaky cavity, it is common to desire a high Q-

factor. There are three main different types of cavities: Fabry-Perot (FP), Whispering

gallery, and Photonic crystal[38].

Whispering gallery resonators use total internal reflection to guide light around a ring

structure. This type of cavity has nodes caused by the superposition of forwards and

backwards propagating waves[39]. Using this type of structures it is possible to achieve

ultra high Q factors in excess of 1010 [40]. Whilst these structures can be used to generate

entangled photons[41], they are unsuitable for ion-trap based quantum computer design

at NQIT as they cannot be used to enhance light-matter interaction for a single atomic

qubit.

Photonic crystal cavities usually consist of a large array of periodic holes, with one defect

area left without a hole. By doing this one can trap photons in the defect via reflections

from the holes. This type of cavity is often used for its very low mode volume[40],

with Q factors in excess of 107[42]. These cavities have the same issue as the whispering

gallery resonators that one cannot easily insert an ion into the cavity to obtain enhanced

light-matter interaction.

The main focus of this project is on Fabry-Perot style resonators. This style of cavity is

one of the most simple and consists of two mirrors facing each other such that light is

forced to resonate between them forming a standing wave. This type of resonator is the

most suitable to ion-trap integration as there can be a large gap between the mirrors,

which allows extra space to interact with the ion with external lasers and a further

distance from the ion-trap to reduce trap distortion. The next subsection will cover this

type of cavity in more detail.

2.1.1 Fabry-Perot Cavity

Fabry–Pérot (FP) resonators are basic structures where two mirrors are facing each

other, which causes light to be confined via multiple reflections inside the cavity. FP
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resonators are used in a large variety of different experiments ranging from the gravi-

tational wave detector LIGO [43] to quantum information processing experiments [16]

[44] as a method of increasing the coupling strength [45] of single photon based, ’flying’,

qubits to an ion based, ’stationary’, qubit.

Depending on the application of the cavities they can be used in a variety of different

regimes. For example a neutral atom experiment will often use a concentric cavity, as

seen in the middle of Figure 2.1, to achieve strong light-matter coupling[44]. This works

by focusing the light down to a small point at the center of the cavity. By placing

some matter we would like to interact with, such as an ion, at this point we are able to

increase the overlap of the light and the matter, thus increasing the interaction strength.

Whereas, for applications where we are not aiming to increase the interaction between

light and matter, e.g. interferometers, we are more likely to use planar or confocal

cavities, as seen at the top and bottom of Figure 2.1, this is because the concentric

regime has a higher beam divergence causing the light to spread out much more. This

high divergence can cause an increase in losses where light misses the mirror, known as

clipping losses. By using confocal or planar regimes we can reduce these losses[43][46].

Whilst concentric cavities are useful for focusing the light to a tight spot for light-matter

interaction, they also have one major drawback: stability. Highly concentric cavities are

very sensitive to misalignment. One way of analysing this stability is by cavity stability

analysis as described next.

2.1.2 Stability Analysis

The stability of geometric rays inside perfectly aligned cavities has been extensively

covered in literature [47]. Geometric stability analysis of cavities looks at whether rays

inside said cavity are confined within the cavity such that each ray will eventually re-

trace its initial path. A cavity is considered unstable if the rays diverge such that the

width of the path eventually becomes larger than the mirror. The confinement condition

for a stable resonator is given by

0 ≤
(

1− L

R1

)(
1− L

R2

)
≤ 1, (2.2)

where L is the cavity length and R1,2 is the radius of curvature of mirrors 1 and 2

respectively [47]. Figure 2.2 shows two different types of cavity set up. The left cavity

shows two mirrors placed in a geometrically unstable regime. The right cavity shows

two plane mirrors placed in a regime that is at the limit of geometric stability. However,

it should be noted that since the size of the mirror is not considered in this analysis it

becomes less practical when the size of the mirror is comparable to the beam spot size

at the mirror Wm i.e. when clipping losses play a significant role.
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Figure 2.1: This diagram shows three possible FP cavity configurations. The
top shows a planar cavity, where the mirrors are both flat. The middle shows a
concentric cavity, where the center of curvature of both mirrors is the center of
the cavity. The bottom shows a confocal cavity, where the center of curvature
for both mirrors is the center of the opposing mirror.

Figure 2.2: Here we see two different cavity configurations with arrows repre-
senting rays of light. The left diagram shows a geometrically unstable cavity set
up, whereas the right diagram shows a cavity set up at the limit of geometric
stability.

To model finite size mirrors with misalignment, geometric stability analysis alone is not
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enough, especially when dealing with mirror sizes that are comparable to the beam size

at the mirror. To accurately analyse the performance of such a cavity Gaussian beam

physics must also be considered.

2.1.3 Gaussian Beam Physics

The fundamental TEM00 mode of a cavity with spherical mirrors can be accurately

approximated by Gaussian beam physics. However this approximation does worsen

slightly as the on-mirror beam size, Wm, increases, with a 99% correlation at a beam

size of Wm = 60µm due to deformation of the end mirrors[48], however in this thesis we

will be looking at beam sizes that are well within the high correlation parameters.

The electric field at any given point (x,y,z) of a Gaussian beam can be calculated using

[47][49]

E = E0

(
W0

W (z)

)
e
−i[kz−η(z)]−r2

[
1

W (z)2
+

ik

2R(z)

]
, (2.3)

where r indicates the distance from the cavity axis defined by r2 = x2+y2. The Rayleigh

range (Z0) for the mode in a Fabry–Pérot resonator can be calculated by [47][49]

Z0 =

√
L(−R1 − L)(R2 − L)(R2 −R1 − L)

(R2 −R1 − 2L)2
, (2.4)

where R1 and R2 are the radius of curvature for mirrors 1 and 2, respectively, and L is

the cavity length. The beam waist is given by

W0 =

√
Z0λ

π
, (2.5)

where λ is the wavelength of the light. These parameters now allow us to calculate the

radius of curvature of the beam wave front,

R(z) = z

(
1 +

Z2
0

z2

)
, (2.6)

and the beam size at each point in the cavity

W (z) =

√
W 2

0

(
1 +

z2

Z2
0

)
. (2.7)
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The spot size on a mirror surface, Wm, is found by setting z as the distance from the

beam waist to the mirror surface. For symmetric mirrors this can be simplified to [47]

Wm =

(
λL

2π

)1

2

 2R2

L

(
R− L

2

)


1

4

, (2.8)

where R = R2 = −R1. The Gouy phase, η(z), of the beam can be found by

η(z) = arctan

(
z

Z0

)
. (2.9)

The wave number k is given by

k =
2π

λ
. (2.10)

Figure 2.3 shows a 2D visual representation of a Gaussian beam at x = 0.

Figure 2.3: A visual representation of a Gaussian beam. The axis along the
beam is labelled as the z-axis and a representation of the beam wavefront is
shown by curved lines. Here the Rayleigh range (Z0), beam waist (W0), beam
size at z (W (z)) can be seen.

Using the above we can calculate what Gaussian beam we wish to obtain and the mirror

parameters that are needed to achieve this beam. By placing two mirrors matching

the radius of curvature of the wavefronts of the Gaussian beam and then allowing light

between the mirrors it is possible to create an optical cavity with the desired Gaussian

beam parameters for our system.
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The radius of curvature of the cavity mirrors R1 and R2 have to match the radius of

curvature of the wavefronts at distances from the beam waist, z1,2, thus the radius of

curvature of the mirrors can be found via

R1 = z1 +
Z2

0

z1
, (2.11)

and

R2 = z2 +
Z2

0

z2
. (2.12)

These distances are related to the cavity length by

L = |z1|+ |z2|. (2.13)

We can use eq. (2.11), eq. (2.12), and eq. (2.13) to determine the distance of the mirror

from the beam waist by

z1 =
L(L+ |R2|)

−|R1| − |R2| − 2L
, (2.14)

z2 = z1 + L. (2.15)

When symmetric cavities are used (i.e. R2 = −R1) this distance can be defined by

−z1 = z2 = L/2.

Since our mirrors will be of a finite size but eq.(2.3) decays exponentially, we can already

see that there will be some inherent loss associated with any realistic cavity due to the

light missing the mirror. This loss is known as a clipping loss, κ. These clipping losses

can be calculated via the overlap integral,

ρclip =

∫ ∫
|Em|2dxdy∫ ∫
|Etot|2dxdy

, (2.16)

where Em is the electric field on the mirror surface and Etot is the total electric field.

2.1.4 Fibre-Tip Cavities

Quantum information processing uses cavity lengths ranging from L ∼ 10µm with mirror

diameters of D ∼ 100µm [45] to L ∼ 10mm [44] with mirror diameters of D ∼ 10mm [50]
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for neutral atoms and L ∼mm and mirror diameters of D ∼ 100µm for ion traps[36].

This means that the stability of FP cavities has a large variation for different cavity

parameters and desired performance. Unfortunately, the cavity regimes which focus the

cavity mode to a tight beam waist, W0, are more concentric and thus more unstable

from eq.(2.2) and have a larger beam size at the mirror, Wm, as seen in eq.(2.7).

Due to distortion of the electric field of the ion-trap previous work has found that we

need mm cavity lengths with 10−100µm scale mirror sizes by dielectric mirrors [36][37].

This is why fibre tip cavities are used; the small profile allows them to be integrated

into the trap with as little disturbance to the trapping field as possible, and the fibre

allows us to couple photons in and out of the cavity easily. However, eq.(2.5) shows

that we desire a concentric cavity, but Section 2.1.2 shows that we want to be in the

stable regime and eq.(2.7) shows that we want to have either large cavity mirrors, a

more confocal regime, or a shorter cavity length.

For integration into an ion-trap a FP fibre-tip cavity, as seen in Figure 2.4, will be used.

This type of cavity is fabricated by cleaving a fibre and using a CO2 laser to ablate the

ends of the fibre to the correct radius of curvature [51]. There are now two options to

create high finesse cavity mirrors, firstly we can use a metallic coating such as copper[51]

achieving low scattering and absorption losses of 10PPM and 2PPM respectively[52].

Alternatively, we can fabricate a dielectric stack on the ends of the fibre which create a

highly reflective mirror known as a distributed Bragg reflector (DBR)[53]. DBR mirrors

will be looked at further in Section 2.1.5.

Figure 2.4: Schematic of an ion trapped in a fibre-tip FP cavity.

Unfortunately integrating a cavity into an ion-trap causes the dielectric of the fibres to

interfere with the trapping potential and lead to shorter ion trapping times. This issue

has been addressed in a previous paper [36]. This paper found that with the right trap

geometry and by increasing the cavity length and reducing the amount of dielectric it is

possible to reduce the interference on the trapping potential of the ion. Unfortunately,

by increasing the cavity length and reducing the size of the mirror the beam waist of

the cavity, from eq. (2.5), is reduced and the on-mirror beam size, from eq. (2.7), is

increased. This causes a weaker cavity ion interaction and increases the clipping losses.

However, this type of cavity still increases the device efficiency compared to collecting

the photon using free space optics.
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2.1.5 Bragg Mirror

A Quarter Wavelength DBR is a simple structure consisting of periodic dielectrics with

alternating refractive indices, as seen in Figure 2.5[54]. The thickness of each layer

is chosen to be
λ

4
, where λ is the wavelength of light in the material. This creates

destructive interference on the other side of the mirror causing a large reflectivity. Each

individual layer of the DBR my not be very reflective but the combination of a stack

results in high reflectivity[55]. This method of creating a highly reflective cavity mirror

has been tested in experiments to produce a reflectivity of >99.999%[56][57].

A Bragg mirror can be fabricated within an optical fibre by using a pulsed laser to create

periodic layers of increased refractive index in the silica [58] or by periodic coating

of a curved surface. If these layers are created such that the distance between them

corresponds to a quarter of the wavelength of the light in that medium then a highly

reflective mirror can be fabricated. A boundary between the fibre and cavity constructed

in this way can be seen in Figure 2.5.

Figure 2.5: Bragg mirror in the fibre (note that the number of layers have been
reduced for clarity).

Figure 2.6 shows a zoomed in picture of Figure 2.5 focused at the mirror.

Figure 2.6: A DBR stack with alternating dielectrics of refractive index n1 and
n2.

This DBR was modelled using Matrix Transfer Theory where each layer alternates be-

tween a high and a low refractive index block. The thickness of each block was calculated

by the equation
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di =
π

2kni
, (2.17)

where di is the thickness of material i, ni is the refractive index of material i and k is

the wave number. This calculates the thickness of each material layer in the stack that

corresponds to
λ

4
in the material for optimal reflection.

In the following, some specific examples of Bragg mirrors are simulated numerically.

Since the refractive indices are λ dependent, the simulations done used the Sellmeier

equation for fused silica[59]

n2 = 1 +
0.6961663λ2

λ2 − 0.06840432
+

0.4079426λ2

λ2 − 0.11624142
+

0.8974794λ2

λ2 − 9.8961612
. (2.18)

Figure 2.7: Refractive index of fused silica with frequency.

The equation was looked at in terms of frequency to calculate the frequency dependent

refractive index profile seen in Figure 2.7. This was done in order to calculate the fre-

quency dependent reflectance of a mirror. For the second material a constant refractive

index was used so it may be easily changed for analysis. Two simulations have been

looked at where the refractive indices for the second material were 1 (air) and 1.43 re-

spectively. This was done to see how the system behaves with a large and small change

in refractive index. By taking the resulting transfer matrix, the reflectivity of the mirror

can be determined by

R =

∣∣∣∣m21

m11

∣∣∣∣ (2.19)
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where m21 and m11 are elements in the transfer matrix M [55]. The reflectivity of the

DBR can be seen in Figure 2.8.

Figure 2.8: Figure (a) shows the reflectance of DBR as a function of frequency
where the second material is air with a refractive index of 1. Figure (b) shows
the reflectance of DBR as a function of frequency where the second material
has a refractive index of 1.43.

These graphs were also plotted as a function of wavelength λ in Figure 2.9.

Figure 2.9: Figure (a) shows the reflectance of DBR as a function of wavelength
where the second material is air with a refractive index of 1. Figure (b) shows
the reflectance of DBR as a function of wavelength where the second material
has a refractive index of 1.43.

Here the graphs on the left plot the simulation between air and fused silica and the

ones on the right plot some media with a refractive index of 1.43. These values were

chosen to see how changing ∆n = |n1−n2| from large to small values affects the number

of layers needed for a highly reflective DBR. This was done in order to see how large

the overall length of the DBR would need to be. Note that Figure 2.8 and Figure 2.9

show that the lower the change in refractive index ∆n the more layers needed to make a

highly reflective DBR. This increase in layers also results in a smaller bandwidth of light

being efficiently reflected. The high ∆n device is highly reflective over wavelengths of
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1.3–1.8µm whilst the low ∆n device is only reflective over wavelengths of 1.54–1.56µm

(for the 300 layer stack).

The DBR with a refractive index of 1.0000239 (air) as the 2nd material, shown in

Figure 2.8(a) and Figure 2.9(a) on the left, shows a device where the thickness of each

2 material layer in the stack is 655.8nm with an overall thickness of the DBR shown in

Table 2.1.

Number of Layers Total Thickness (µm)

8 5.25

5 3.28

4 2.62

Table 2.1: The thicknesses of the DBR with air and fused silica.

The DBR with a refractive index of 1.43 as the second material, shown in Figure 2.8(b)

and Figure 2.9(b) on the right, show a device where the thickness of each 2 material

layer in the stack is 539.3nm and an overall thickness shown in Table 2.2.

Number of Layers Total Thickness (µm)

100 53.93

200 107.87

300 161.80

Table 2.2: The thicknesses of the DBR with fused silica and some material with
a refractive index of n=1.43.

As can be seen from Table 2.1 and Table 2.2 the overall thickness of a highly reflective

DBR would need to be on the order of µm for a grating with large ∆n, or on the order of

100µm for a grating with a small ∆n. Since we will be dealing with long single photon

pulses in the order of 100 meters with a bandwidth in the order of pm, both of these

profiles have a bandwidth that is much larger than needed for our system. However the

first method is preferable since it requires fewer layers, this reduces the overall scattering

loss from boundary effects.

Now the mirror has been looked at we need to find a method of efficiently coupling light

from the cavity into the optical fibre; to do this we can use mode matching optics.

2.1.6 Mode Matching

One issue facing this fibre tip design is that we require a small beam waist for strong

coupling. However, without changing the wavelength of light or cavity length the only
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way of obtaining such a waist is by increasing the concentricity, shown in eq. (2.5). This

however, would result in an increased size of the beam spot on the mirror, shown in eq.

(2.7). This now means that we will be attempting to couple a large cavity mode into

a smaller single mode optical fibre and this mismatch of mode size causes a decrease in

coupling efficiency.

One way of addressing this issue is to use a graded index (or GRIN) lens designed such

that the one end is mode matched with the larger cavity mode. The graded index of

the lens then acts as a lens focusing the light to match the smaller fibre mode at the

other other end. This effect works in both directions, with the light being magnified

when travelling through the other way, and should help eliminate inefficiencies due to

mode mismatch[60]. A diagram of the mode with and without this lens can be seen in

the Figure 2.10.

Figure 2.10: The focusing effect of the Graded Index (GRIN) Lens. The top
image shows a a single mode fibre with a large mode cavity without a GRIN
lens and the bottom picture shows how the system behaves with a GRIN lens.
The red dotted lines represent the size of the fundamental mode[60].

In our work we assume that mode matching optics, such as a GRIN lens, are used so

that the fibre is mode matched with the cavity. This means that our results assume that

a perfectly aligned cavity has 100% coupling efficiency with the optical fibre.
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2.2 Cavity-Atom-Photon Interactions

This section we will look at how by using a cavity we can enhance light-matter in-

teractions. We will cover the basic quantum mechanical description of a cavity, the

Jaynes-Cummings model, and different cavity regimes.

2.2.1 Jaynes-Cummings Model

The simplest model of an atom trapped in a cavity with a single photon is known as

the Jaynes-Cummings model[61], which describes the physics of a 2-level atom inside

an optical cavity with a light field. This model is an excellent starting point for our

ion-cavity-photon interactions.

The Hamiltonian for the Jaynes-Cummings model in the rotating wave approximation

is [62]

Ĥ = ~ωcâ†â+
1

2
~ωaσ̂z + ~g

(
â†σ̂− + âσ̂+

)
. (2.20)

Here ωc is the cavity frequency and ωa is the transition frequency of the 2 level atom. σ̂z

is the operator of the population difference between the ground state |g〉 and the excited

state |e〉 of the 2 level atom defined by σ̂z = |e〉 〈e| − |g〉 〈g|. σ̂+ and σ̂− are the raising

and lowering operators of the atom respectively. â† and â are the photon creation and

annihilation operators of the cavity field. g is the coupling strength between the cavity

field and the atom. The Hamiltonian shown in eq. (2.20) describes a closed system. A

method of analysing an open quantum system is to use the Lindblad equation in the

form [63]

ρ̇ = − i

~

[
Ĥ, ρ̂

]
+ L̂ (ρ̂) , (2.21)

where

L̂ =
∑
n

1

2

[
2Ĉnρ̂(t)Ĉ†n − ρ̂(t)Ĉ†nĈn − Ĉ†nĈnρ̂(t)

]
, (2.22)

and the collapse operators Ĉn are given by

Ĉn =
√
γnÔn, (2.23)
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where γn = γ, κ are the rates of collapse for the operators Ôn = σ̂−, â. This system

now describes a 2 level atom inside a leaky cavity and with spontaneous atomic decay.

Figure 2.11 shows a diagram of the basic Jaynes-Cummings system.

Figure 2.11: The Jaynes-Cummings model describes the interaction between
a single atom and a photon inside an optical cavity. Here g is the coupling
strength between the cavity and the atom, κ is the cavity decay rate, and γ is
the atom spontaneous decay rate.

The cavity shown in Figure 2.11 has two main mechanisms for loss, one is the cavity

decay rate, κ, and the other is the spontaneous decay rate of the atom γ.

2.2.2 Cavity Coupling Regimes

The Jaynes-Cummings model as seen in Figure 2.11 is typically operated in three dif-

ferent regimes:

• Strong coupling, where g � κ, γ. Here the atom-cavity coupling is much stronger

than the associated losses. This results in pronounced photon absorption-emission-

reabsorption oscillations known as Rabi oscillations.

• Weak coupling, where g � κ, γ. Here the system is dominated by losses and the

Rabi oscillations are suppressed.

• Bad cavity (or fast cavity), where κ > g > γ. In this regime the atom still

interacts relativity strongly with the cavity, meaning that an atom in the excited

state is more likely to emit into the cavity than free space. However, since κ is

the dominant loss, the photon is likely to be lost through the cavity before it can

be reabsorbed. This regime is known as ’fast’ when the dominant cavity loss is

transmission, or ’bad’ when the dominant cavity losses are the intrinsic losses (i.e.

absorption, scattering, clipping etc)[64].
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In this thesis we are most interested in the strong coupling regime. However, when

looking at devices which yield large light-atom coupling strengths, g, we find that a

small beam waist, W0, is desired from the dipole coupling [45]

g =
λ

πW0

√
3cγ

L
, (2.24)

where c is the speed of light. As can be seen from eq. (2.24), the coupling strength, g, of

the atom-cavity system is dependent on the cavity length, L, the spontaneous decay rate,

γ, the wavelength of light, λ, and the beam waist, W0. Since we are integrating this cavity

into an ion trap this system will have set constraints on all of these variables. Only the

beam waist, and by extension the cavity concentricity, can be adjusted to obtain a large

atom-cavity coupling strength. This results in a desire for highly concentric cavities.

Unfortunately highly concentric cavities have a lower tolerance to misalignment (as will

be discussed in chapter 3) and also a larger on-mirror spot size, Wm.
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2.3 Optical Fibres to Network FP Cavities

This section will cover how we can use an optical fibre to network cavities and thus ions

together to build a quantum network. It will cover how the fibre was modelled for this

project and the motivation behind using a fibre network in both quantum computing

and quantum communications along with the requirements for both systems and then

an in-depth analysis of the constraints set by the NQIT design.

2.3.1 Short Fibre Limit

When networking cavities with optical fibre several papers discuss a simplification known

as the short fibre limit, where the fibre is short enough that it can be treated as if it

were a simple single mode cavity coupled to the cavities eitherside of it. The condition

for a fibre being this small is [65] [31]

lΓ

πc
≤ 1, (2.25)

where l is the length of the fibre and Γ is the cavity line width. Using the mode spacing

∆ω =
cπ

l
, this is equivalent to

Γ
1

∆ω
= Γ

l

cπ
≤ 1. (2.26)

Comparing this to eq. (2.57) we can see that

Γ2

η2
≤ 1, (2.27)

where η is the decay rate into a single fibre mode. This shows that the short fibre limit

holds while the cavity line width is smaller than the decay into a single mode. As a

result in this limit only one resonant mode of the fibre significantly interacts with the

cavities. A 2012 paper by E.Kyoseva et al[29] covers the connectivity of cavity networks

using short fibres such that fibre modes can be eliminated. This paper however looks at

a system that is on the limit of this short fibre condition. Doing so they considered the

fibre as a third cavity containing few modes. Doing this it is possible to study the full

dynamics of the system with the interaction Hamiltonian

Hfib =
∑
k

1

2
~J [a†1ka2k +H.c.], (2.28)
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Hfib−cav =
∑
i=1,2

∑
k

~gikei(ωc−ωk)ta†ikci +H.c. (2.29)

In this model i represents either cavity 1 or 2 respectively, where ci is the cavity anni-

hilation operator. a1k and a2k are the annihilation operators of photons travelling right

and left in the fibre respectively and k indicates a mode of a photon in the fibre. In

the limit where coupling between fibre modes J � g, i.e. where the mirror is highly

reflective, very little of the photon is in the fibre at any given point. This allows for

the adiabatic elimination of fibre modes via the introduction of an effective coupling

strength

Jeff = − 1

J

∑
k

g?1kg2k (2.30)

leading to a simplified effective Hamiltonian[29]

Heff = 2Jeffc
†
1c2 +H.c.. (2.31)

Since this model is right on the edge of the short fibre limit it is a good starting point

for understanding how the length of a fibre affects the dynamics of the system, however

these simplifications are not valid for a long fibre[30].

In 1997 T.Pellizzari analysed a similar atom-cavity-fibre-cavity-atom network to the one

we are considering in this thesis[30]. This paper analysed the probability of successful

state transfer from one atom to another as a function of the fibre length. It concluded

that state transfer is almost perfect at short fibre lengths but as the length increases

and more possible modes are introduced the efficiency of the system deteriorates rapidly.

As a result this paper showed that the simplifications of short fibre limit break down as

longer optical fibres are considered.

2.3.2 Modelling a Long Optical Fibre

In order to model the system shown in Figure 1.2 we can start by looking at the optical

fibre. Since the optical fibre has a highly reflective mirror at each end it can be seen as

a Fabry–Pérot (FP) cavity. The system of interest is one where the fibre is sufficiently

long such that the photon can leak out of cavity A and be completely contained within

the fibre before reaching cavity B. Any photon pulse in the fibre is clearly defined by

standing waves with a node at each of the mirrors. The diagram in Figure 2.12 shows

how the standing wave modes of a long cavity would look.

The electric field of these longitudinal modes can be written as
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Figure 2.12: Longitudinal modes in a fibre

Em = Em0 sin
(πmx

l

)
(2.32)

where the mode number m is an integer and relates to the wavelength λ by

m =
2ln

λ
(2.33)

with l being the length of the fibre and n being the effective index of the fibre. Since

the energy of an electric field can be written as

Ue =

∫ ∞
−∞

1

2
ε0|E|2dV (2.34)

where ε0 is the permittivity of free space and V is volume, and the energy of a photon

can be written as

Up = ~ω (2.35)

where ω = 2πc/λ is the frequency of the photon and ~ is the reduced Planck constant,

we can normalise the electric field amplitude Em0 for a single photon by using eq. (2.34)

and eq. (2.35),

Em0 =

√
2~ω
ε0πr2l

. (2.36)
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Here V has been replaced with πr2l where r is the transverse mode field radius of the

fibre and l is the fibre length.

A pulse in this system can now be written as a superposition of these longitudinal modes,

E(x) =
∑
m

cmEm(x) (2.37)

with cm being a coefficient to show the amplitude of the field in mode m. Assume we

are looking at a wavelength λ of 1.55µm, a refractive index n of 1.5, and a fibre length

of 300m then using eq. (2.33) we can calculate the corresponding mode number m0

to be 5.8 × 108 to 2 significant figures. This mode number corresponds to the central

frequency of the pulse of 1.55µm wavelength light. Taking the Fourier transform of this

pulse we would find a range of frequencies. As a result a detuning is introduced such

that m = m0 +mk where

mk = k − nk
2
, k ∈ Z : 0 ≤ k ≤ nk (2.38)

Here mk is the detuned mode number and nk is the overall number of modes we are

interested in, and is chosen by the number of significantly coupled modes[30]. Since

modes further away from the central mode are less likely to contain significant population

modes further away than nk are ignored to save computing time. Now the light inside

the fibre can be written as a sum of sine waves in the form

E(x) =

nk∑
k=0

ckEk0 sin

(
π(m0 +mk)x

l

)
. (2.39)

By squaring this and substituting into eq. (2.34) we end up with

Ue = ~
∑
k

ωk|ck|2 (2.40)

Here ωk is the frequency of the kth mode and |ck|2 describes its population. In a quantum

system this is replaced with the quantum mechanical number operator,

N̂k = ĉk
†ĉk. (2.41)

This replaces the classical coefficients c∗k and ck with the quantum creation and anni-

hilation operators ĉk
† and ĉk respectively, and we can now describe the energy of the

system by the Hamiltonian
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Ĥ = ~
∑
k

ωk ĉk
†ĉk (2.42)

which is the sum of harmonic oscillators. Here the creation and annihilator operators,

ĉk
† and ĉk, obey the bosonic commutation relations

[ĉa, ĉb
†] = δab, [ĉa, ĉb] = [ĉa

†, ĉb
†] = 0. (2.43)

2.3.3 Connecting the Cavities

Now a Hamiltonian for the fibre has been created we can look at the cavities. If we

assume the cavities to be single mode harmonic oscillators then we can write the Hamil-

tonians as

Ĥi = ~ωiî†î (2.44)

where i = a, b indicate the cavity on the left and the cavity on the right respectively.

The next step is to create the interaction Hamiltonian. Both the electric field of the

cavity Êcav and the electric field of the fibre interact through the dipole d̂ of the mirror

like so:

Ĥint = d̂ · Êcav + d̂ · Êfib. (2.45)

Assuming that this interaction is fast enough that it can be considered instantaneous,

the dipole can be adiabatically eliminated and the interaction can be written as

Ĥint = Êcav · Êfib. (2.46)

Combining the electric field of the cavity and fibre modes in this way leads to an inter-

action Hamiltonian in the form

Ĥint = ~
∑
k

∑
i=a,b

ηi(ĉk + ĉk
†)(̂i+ î†) (2.47)

where η is some coupling strength determined below. Expanding this out gives

Ĥint = ~
∑
k

∑
i=a,b

ηi(ĉk î+ ĉk î
† + ĉk

†î+ ĉk
†î†) (2.48)
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Using the rotating wave approximation (RWA)[66] we can discard the ĉk î and ĉk
†î†

terms. This is because the time evolution operator of this system can be defined by

Û = e
−
iĤt

~ (2.49)

Therefore ĉk î evolves with a frequency

e−i(ωk+ωi)t ≈ e−2iωt (2.50)

and ĉk
†î† evolves with

ei(ωk+ωi)t ≈ e2iωt (2.51)

where as ĉk î
† evolves with

ei(ωi−ωk)t ≈ e−i∆ωt (2.52)

and ĉ†k î, evolves with

ei(ωk−ωi)t ≈ ei∆ωt. (2.53)

Taking ω ≈ ωk ≈ ωi for this example. Since ω is extremely large at the wavelengths

of interest, we can say that terms where we have 2ω will be oscillating extremely fast

compared to the terms dependent on ∆ω as 2ω � ∆ω. Since

∫
eiωtdt =

eiωt

iω
≈ 0 (2.54)

for large values of ω. These fast oscillations will have very little effect on the interaction

of the systems and thus can be ignored. Note that this approximation breaks down if

there is another evolution happening to the system on the time scale associated with

the 2ω terms. This leaves an interaction Hamiltonian in the form

Ĥint = ~
∑
k

∑
i=a,b

ηi(ĉk î
† + ĉk

†î). (2.55)

Since the fibre is calculated via the sum of many discrete modes we can relate the

coupling strength η to the cavity line width Γ using Fermi’s golden rule[67],
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Γi→ck =
2π

~
|〈ck|Ĥint|i〉|2ρ. (2.56)

For our basic model we can assume that η is the same for all fibre modes and we obtain

Γ = 2π~|η|2ρ (2.57)

where ρ is the density of states defined by

ρ =
1

∆E
. (2.58)

In our case the energy spacing ∆E is defined by

∆E = ~∆ω = ~c∆k =
~cπ
l
, (2.59)

therefore

ρ =
l

~cπ
. (2.60)

So now the coupling strength to an individual mode η can be defined by

η =

√
Γc

2l
(2.61)

The Hamiltonian for the basic system can therefore be written as

Ĥ = ~ωaâ†â+ ~ωbb̂†b̂+ ~
∑
k

ωk ĉk
†ĉk + ~ηa

∑
k

(âĉk
† + ĉkâ

†) + ~ηb
∑
k

(b̂ĉk
† + ĉk b̂

†)(−1)k

(2.62)

where the (−1)k term in eq. (2.62) is due to even modes being symmetric and odd modes

being antisymmetric. This means that the fibre couples to the two cavities modes with

different phases. Note that this Hamiltonian can also be found in literature[30].

Since ω is on the order of ∼ 100THz it is convenient to introduce a rotating frame. Since

we know that the operators evolve such that

χ̂(t) = χ̂(0)e−iωt (2.63)
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we can introduce the rotating frame such that the operators are now defined by [68]

χ̂rf := χ̂eiωrf t (2.64)

where ωrf is the rotating frame frequency, and is usually chosen to be the resonant

frequency of the cavity. Doing this we introduce a detuning ∆ = ω − ωrf . This allows

for the system to be simulated in a significantly more efficient way and by dropping the

rf notation the Hamiltonian can be rewritten as

Ĥ = ~∆aâ
†â+~∆bb̂

†b̂+~
∑
k

∆k ĉk
†ĉk +~ηa

∑
k

(âĉk
†+ ĉkâ

†) +~ηb
∑
k

(b̂ĉk
†+ ĉk b̂

†)(−1)k

(2.65)

This covers modelling the basic system of two cavities connected by a long fibre. By also

considering the Jaynes-Cummings model in eq. (2.20) to add atoms into the cavities,

we have obtained the model we will be using as the backbone of the system this thesis

analyses.
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2.4 Pulse Shaping

Since the goal of this project is networking ions it is important to consider the absorption

of the single photon pulse by the second cavity. The motivation to shape a single photon

pulse is to maximise this absorption and by extension the overall efficiency of the transfer.

In this section I will cover some techniques that may be used to shape a single photon

pulse. Extra focus will be given to shaping a photon using a laser to drive the population

of a 3-level atom.

2.4.1 Pulse Shaping Using a Laser

One method of shaping an emitted photon is called Stimulated Raman Adiabatic Pas-

sage (STIRAP) [69] [70]. This method uses a 3-level atom with a Λ structure seen in

Figure 2.13. This atom is placed inside a cavity where it is being driven by a laser.

Figure 2.13: Energy levels for the atom cavity system.

If |g〉 ↔ |e〉 is a forbidden transition and the cavity is tuned to ωcavity, corresponding to

the |g〉 ↔ |x〉 transition, then we can take an atom in the initial state |e〉 and by driving

the |e〉 ↔ |x〉 transition with a laser, with a Rabi frequency Ω(t)laser, it is possible to

shape the photon emission pulse. This works since we are controlling the |x〉 population

thus controlling the emission corresponding to the |x〉 → |g〉 transition. By doing this

with the right Ω(t)laser it is possible to create a single photon pulse in the desired shape

as it is being emitted.

To calculate the laser pulse required to obtain a desired single photon emission pulse

we consider only the states |e, 0〉, |x, 0〉, and |g, 1〉, corresponding to the atomic state

and the cavity population, where the number of photons n = 1, where the probability

amplitude of each state is given by
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c(t) =

ce(t)cx(t)

cg(t)

 . (2.66)

By initialising the atom completely in the excited state |e, 0〉 and considering the decay

rate of the cavity, κ, and spontaneous decay rate of the atom, γ, we can obtain the

dynamics of the system [71]

i~
d

dt
c(t) = −~

2

 0 Ω(t) 0

Ω(t) 2iγ 2g

0 2g 2iκ

 c(t). (2.67)

The probability amplitude of the output pulse, ψ(t) is linked to the probability amplitude

of |g, 1〉 via its decay rate κ. Also, the cavity coupling strength, g, and Rabi frequency

of the driving laser, Ω(t), clearly link the |g, 1〉 ↔ |x, 0〉 and |x, 0〉 ↔ |e, 0〉, respectively.

To solve the system for the desired laser pulse, Ω(t), we can use the equations

cg(t) =
ψ(t)√

2κ
, (2.68)

cx(t) = − i
g

(ċg(t) + κcg(t)) , (2.69)

Ω(t)ce(t) = 2 (iċx(t) + iγcx(t)− gcg(t)) . (2.70)

By also taking into account the conservation of energy in the system with the decay

rates κ and γ we can find the expression[71]

|ce(t)|2 = 1− |cx(t)|2 − |cg(t)|2 −
∫ t

0
dt
(
2γ|cx(t)|2 + 2κ|cg(t)|2

)
. (2.71)

By combining eq. (2.70) and eq. (2.71) we can find a function which calculates the

desired laser pulse, Ω(t), to create any arbitrary photon pulse shape, ψ(t),

Ω(t) =
2 (iċx(t) + iγcx(t)− gcg(t))

1− |cx(t)|2 − |cg(t)|2 −
∫ t

0 dt (2γ|cx(t)|2 + 2κ|cg(t)|2)
.[71] (2.72)
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Shaping a photon waveform via STIRAP has been achieved experimentally with a 40Ca+

ion inside a integrated fibre cavity - RF trap system [72]. This was done with a single-

photon efficiency of (8.0 ± 1.3)% which agrees with the theoretical model for that par-

ticular system [73].

A few different papers have looked at different methods of shaping a single photon pulse.

One such method developed by V. Averchenko, D. Sych, and G. Leuchs[74][75] shows

a method of shaping a photon pulse without interacting with it. This method uses 2

photons that are entangled with each other calling one the signal and the other the idler.

The idler photon is passed through a temporal modulator to shape it into the desired

shape in a probabilistic way in the time domain. The idler is then passed to a detector

measuring in the frequency domain for the conjugate of the desired shape. If the detector

has a ’click’ event then we know that the signal photon has been successfully shaped

without loss.

Now we can shape any arbitrary pulse, we can look at which shapes are the most efficient

for the ion-cavity-fibre-cavity-ion network. A good starting point would be to look at

the efficiency of a shape that is the time reverse of the emitted photon.

2.4.2 Time Reversal

If a single photon is placed into a cavity and allowed to spontaneously decay into a long

fibre such that the entire pulse will be contained in the fibre, the pulse shape looks like

a decaying exponential as can be seen in Figure B.1(a). M. Stobinska et al. [76] argue

that a time reverse pulse should allow for perfect reabsorption.

The time reversal argument follows that most real world systems are in constant contact

with the environment. This allows for information about the system to be lost causing

them to be irreversible. A quantum system where environmental effects are limited or

the system is closed, however, should be able to be traced back to its initial state from

a time evolution of that state by applying the right operator. This means we can find

the time reverse of the emitted pulse by using these arguments from a 2004 paper by S.

Stenholm and M. Jakob [77] and a 2012 paper from G. Leuchs and M. Sondermann [78]

and use this to create perfect absorption. So assuming the time evolution of a system is

given by

A(t) = A(0)e−iθt +A∗(0)eiθt (2.73)

then the time reverse of this is[77]

Aflipped = A(−t) = A(0)eiθt +A∗(0)e−iθt. (2.74)
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Using the time reverse of the emitted pulse as seen in Figure B.1(b) has been shown to

have near 100% absorption[76]. Since the shape of the photon pulse is so important in

this system a paper by Y. Wang in 2011 [79] has discussed the absorption of a photon

into a cavity given a variety of different pulse shapes. This paper has shown 99.5% and

54% absorption for the time reverse and natural pulses respectively. More interestingly

though they have shown high absorption in other shapes such as 80% for a Gaussian.

This shows that it is possible to aid the absorption of a single photon by shaping its

pulse shape, thus aiding in state transfer[80].

2.4.3 Shaping with Time Reversal in Mind

Using the previous two subsections it is possible to also drive the absorption of the

second cavity to allow for almost complete photon absorption[71][81]. This was achieved

experimentally by S. Ritter et al. using rubidium atoms trapped in an optical dipole

trap in the center of a high finesse optical cavity and generating a near time-symmetric

envelope. This paper used 60m of optical fibre to entangle distant atoms with 98%

fidelity and transfer quantum information between the two atoms with 84% fidelity [82].

To achieve as high as possible transfer we require a strong coupling strength, g, and

mirrors with low scattering and absorption losses. Another factor which affects this

transfer is accurately positioning the atom at the beam waist. However, for the purposes

of this thesis we assume that the atom is placed perfectly at the beam waist.

In this thesis rather than calculating the laser pulse required for absorbing any arbitrary

photon, we instead use the time reverse of the laser pulse used to create the initial

photon. This ultimately results in efficient transfer between two distant trapped ions,

as seen in Figure 1.2.



Chapter 3

Misalignment and Optimisation

of Ion-Trap Optical Cavities

This chapter uses ray tracing techniques and Gaussian beam optics to help derive the

geometry of the fundamental cavity mode, and thus its location on the cavity mirrors,

under various misalignments. Using this geometry we will then perform a numerical

analysis of the performance of fibre tip optical cavities, with the parameters shown in

table 3.1, under misalignment. We also look at how two different size cavity mirrors

could provide a useful solution to misalignment sensitivity, the misalignment sensitivity

of neutral atom experiments, and what cavity parameters are optimal for efficient ion-

cavity-fibre-cavity-ion photon transfer.

Parameter Symbol Value

Cavity Length L (mm) 1.4

Mirror Radius Rmir (µm) 70

Concentricity δ 0.0166

Wavelength λ (nm) 866

Table 3.1: Parameters of the the fibre tip cavities used in this chapter.

Section 3.1 starts off looking at perfectly aligned cavities. Here we will look at how these

cavities behave depending on parameters such as mirror size and concentricity, and how

those affect the cavity clipping losses.

Section 3.2 will take the system from section 3.1 and derive the geometry of the system

under misalignment. Using this new geometry we will then analyse the performance of

misaligned cavities.

Section 3.3 looks at how we can use our system to analyse other cavity regimes. In

this section we look at the parameters of a neutral atom experiment and show that we

41
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can predict the sensitivity to misalignment by comparing our model to the results of

previous literature.

Section 3.4 investigates how sensitivity to misalignment might be improved by looking

at a regime where the cavity mirrors have a different size and radius of curvature.

Section 3.5 will use the previous results and constraints to find the optimal cavity pa-

rameters, for ion-cavity-fibre-cavity-ion single photon transfer, and its tolerance to mis-

alignment.

Finally section 3.6 will summarise the key results of this chapter.
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3.1 Perfectly Aligned Cavities

Using Gaussian beam physics, as discussed previously in the theory section, we are able

to calculate the electric field at each point on the mirror surface. This in turn can be

used to calculate both a clipping loss at the mirror surface and a coupling efficiency to

a fibre.

However, before considering misaligned cavities it is useful to test the model in ideal

conditions. A quick test that the model behaves as expected along the cavity axis can

be done by setting y = x = 0 in eq. (2.3).

Using eq. (2.3) we can also calculate the electric field at any point in 3d space. Calcu-

lating the surface of a curved mirror can be done using the radius of curvature, length

and mirror diameter. Since we are assuming spherical mirrors, calculating the location

where each point of the beam hits the mirror can be done by:

z2 = R2
1,2 − (x2 + y2), (3.1)

where x, y, z are the spatial coordinates, R1,2 is the radius of curvature for cavity 1 and

2, and Rmir is the radius of the mirror. When Rmir ≤
√
x2 + y2 the electric field Ex,y,z

is not calculated since the light will miss the mirror surface.

Figure 3.1 shows the electric field of the fundamental cavity mode on the surface of a

fibre tip mirror with a concentricity of δ = 0.017, where δ =

(
|R1,2|
l
− 0.5

)
. Here we

can see the Gaussian profile of the beam with a high intensity in the center falling to

nearly nothing at the edge of the mirror. This plot shows that we would expect low

clipping losses as most of the electric field is visibly within the mirror boundaries.
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Figure 3.1: The intensity profile of |E2| on the surface of a perfectly aligned
cavity mirror. Cavity parameters are given in Table 3.1.

Notice that this system is within the stability criteria of eq.(2.2). However, due to the

finite size of the mirrors there will always be some clipping loss present in the system.

3.1.1 Mirror Size and Losses

Even assuming perfect mode matching, no absorption losses, no scattering losses, perfect

reflectivity, and that the cavity mirrors are perfectly aligned there are still clipping losses

in this system. Using stability analysis for the system in Figure 3.1 shows that the

system is in the stable regime and the beam would remain unchanged. However, this is

not considering clipping losses. To accurately model this system Gaussian beam physics

was introduced. In most cavity experiments these clipping losses are minimal since the

mirror size is much larger than the size of the TEM00 mode on the mirror. However,

since the mirror size is constrained due to the electric field of the RF ion-trap, clipping

losses play a larger role in realistic ion trap configurations. Figure 3.2, calculated using

eq.(2.16), shows how much the clipping loss of a mirror varies when the mirror size,

Rmir, and the size of the mode on the mirror, Wm, are comparable.
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Figure 3.2: The clipping loss of a perfectly aligned mirror is dependent upon
the mirror size, Rmir, and the size of the mode on the mirror, Wm. This graph
was plotted using eq.(2.16). Section 3.2.1.2 later on includes a more complex
analysis of clipping losses, including a simplified equation for the case where the
mirrors are perfectly aligned.

In Figure 3.2 the cavity mirrors are perfectly aligned, yet for a single reflection off one

mirror we see around 300PPM of clipping loss when the cavity mirrors are only twice

as large as the beam size on the mirror, i.e. for a 70µm mirror the beam size on the

mirror is 35µm. This shows that the clipping losses of a system increase exponentially

as the beam size on the mirror is increased such that the size of the on-mirror spot and

mirror are comparable. This ultimately puts restrictions on the minimum achievable

spot size, W0, from eq.(2.7) which reduces the achievable ion-cavity coupling strength,

g, from eq.(2.24).
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3.2 Misalignment

We now need to consider effects where the cavity mirrors may not be perfectly aligned.

First off we consider what would happen if we misalign fibre tips without any reflection

as done in past papers [83] [84]. As seen in Figure 3.3 the beam simply continues to the

second fibre in a straight line, unaffected by the second fibre except for the final clipping

loss.

Figure 3.3: Misalignment of two distant fibres without reflective surfaces. Here
we see 2 dots representing the center of curvature of each fibre, where the dot
on the right is for the radius of curvature for the fibre on the left side and vice
versa. The dotted line represents the centre of a Gaussian beam travelling from
the fibre on the left to the fibre on the right, where the fibre on the right is
misaligned by some distance Max.

Now we want to take into account the effect of multiple reflections on the fundamental

cavity mode. Since cavity misalignment is a geometric issue the first step in understand-

ing the problem was to create a geometric solution. Ray-tracing is a very simple way of

quickly visualising the path light takes through a system of lenses and mirrors. Since

this report focuses on the physics of two mirrors the entire ray-tracing program consists

of only one fundamental equation [85]

~vr = ~vi − 2(~vi • ~n)~n, (3.2)

where ~vr, ~vi and ~n are the reflected light vector, the incident light vector and the normal

vector to the mirror plane, respectively. Figure 3.4 shows how this equation is used to

calculate the reflected ray.
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Figure 3.4: Diagram showing the reflection of a ray of light at a mirror plane
using Equation (3.2). Here the black line shows the normal vector (~n) at the
point of reflection, the red line shows the incident ray (~vi), the blue line shows
the reflected ray (~vr), and the green line shows the vector connecting the normal
at the mirror surface with the incident ray.

Note that since this simulation approximates the mirrors to be a section of a sphere the

~n vector can be found by normalising the vector connecting the center of the sphere and

the surface point of the sphere where the incident ray of light hits.

When applying this model to a FP cavity we find that the difference between ~vi and ~vr

causes the center of the cavity beam to rotate towards the axis connecting the two radius

of curvatures. This rotation causes the misalignment seen in Figure 3.3 to be increased

by some factor relating to the radius of curvatures of both cavity mirrors. This increased

misalignment can be seen in Figure 3.5 for axial misalignment or Figure 3.6 for rotational

misalignment. A animation of the ray tracing for the misalignment in Figure 3.5 can be

found at https://imgur.com/a/ZAYzLdk.

As can be seen in Figure 3.5 and Figure 3.6, due to the multiple reflections within a FP

cavity a small misalignment on one mirror can cause a significant tilt of the fundamental

cavity mode. The magnitude of this tilt is dependent on the concentricity of the cavity,

i.e. a concentric cavity will cause a significant rotation of the mode whereas a confocal

cavity will scale the misalignment 1:1. By taking into account the misalignment scaling,

mirror size, cavity length, wavelength, and concentricity we can define a tolerance to

cavity misalignment for a desired performance. The next section will cover this effect in

detail.

https://imgur.com/a/ZAYzLdk
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Figure 3.5: Axial misalignment of a cavity. This cavity is misaligned by the
same amount as Figure 3.3. Note that the radius of curvature was chosen to
exaggerate and show the effect; due to how extreme this case is all of the light
would be lost before this rotation would actually be achieved.

Figure 3.6: To scale rotational misalignment of a cavity, where θ shows the
degree of rotation by the mirror on the right. Note that the radius of curvature
was chosen to exaggerate and show the effect; due to how extreme this case is
all of the light would be lost before this rotation would actually be achieved.

3.2.1 Axial Misalignment of Cavity Mirrors

Axial misalignment is defined in this thesis to mean the misalignment of the centre of

curvature of the 2 cavity mirrors along a vector perpendicular to the perfectly aligned

cavity axis.
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Figure 3.7: The geometry relating cavity length L, radius of curvature R1,2, and
axial misalignment Max with the on-mirror misalignment Mm. Here the green
solid line represents the new cavity axis, z = 0.

Figure 3.7 shows how the geometry of a cavity that has been axially misaligned by Max

relates to misalignment of the fundamental cavity mode on the mirror Mm. Since the

fundamental cavity axis has to intersect both mirrors perpendicularly to remain stable

we can find that the new cavity axis follows the line connecting the center of curvature

of both mirrors. This was also confirmed using ray tracing techniques. Defining the

misalignment as the displacement perpendicular to the old cavity axis we can derive the

geometry. L
(1,2)
m is the distance of mirror 1 and 2, respectively, from the centre of the

cavity along the cavity axis. This value can be calculated with the cavity length L and

radius of curvature R1,2 of mirrors 1 and 2, respectively, by

L(1)
m =

|R1| − |R2|
2

− L

2
, (3.3)

L(2)
m = L(1)

m + L. (3.4)

Using L
(1,2)
m and the axial misalignment Max, from Figure 3.7, we can calculate the on

mirror misalignment M
(1,2)
m of the cavity axis at each mirror with

M (1,2)
m =

∣∣∣∣L(1,2)
m

Max

|R1|+ |R2| − L

∣∣∣∣+

∣∣∣∣Max

2

∣∣∣∣ . (3.5)

In the case of identical cavity mirrors, R = R2 = −R1, and introducing the term

δ =
R

L
− 0.5 (3.6)

we can reduce eq. (3.5) to
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Mm = Max

(
1

4δ
+

1

2

)
. (3.7)

Note that we can also substitute eq.(3.6) into eq.(2.5) to obtain a beam waist, Wo,

dependent version of the concentricity, δ

δ =
2π2W 4

o

λ2L2
. (3.8)

Figure 3.8: The scaling from axial misalignment, Max, to on-mirror misalign-
ment, Mm, scales inversely proportional to the concentricity, 1/δ, as seen in eq.
(3.7)

Figure 3.8 shows how the concentricity parameter, δ, of a symmetric FP cavity affects the

alignment scaling of the system, where alignment scaling is defined by Mm/Max. Note

that for a confocal system, δ = 0.5, we obtain a 1:1 scaling ratio where Max = Mm.

However, as the alignment scales ∝ 1/δ we see a large misalignment as the concentricity

parameter decreases.

Using the misalignment geometry, as previously derived, we can simulate the electric

field similar to Figure 3.1 with an axial misalignment, Max, of 5µm. The resulting on-

mirror misalignment for this mirror Mm is 76µm, as seen in Figure 3.9. This cavity

shows that there is a need to further analyse the clipping losses, even for systems which

look stable such as Figure 3.1, as the on-mirror spot has been misaligned to the point

were we would expect most of the light in the cavity to be lost due to it missing the

cavity mirror.
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Figure 3.9: This figure shows a visualisation of the same cavity set up as in
Figure 3.1. However, in this figure the mirrors are 5µm misaligned. This axial
misalignment Max corresponds to a on-mirror misalignment Mm of 76µm for
this particular cavity.

3.2.1.1 Mode Matching

For this thesis we also consider the coupling between the fibre and the optical cavity.

To increase the coupling efficiency of a FP resonator to an optical fibre it is necessary

to use mode matching optics. A graded index (GRIN) lens [60] has shown potential to

achieving optimal overlap efficiency between a cavity fundamental TEM00 mode and the

fibre (as discussed in Section 2.1.6). Here it is assumed that the mode matching optics

are set up such that 100% coupling efficiency is achieved when perfectly aligned (i.e.

electric field distribution on the mirror surface is the same as the end of the fibre mode).

The coupling efficiency of the cavity mode with the fibre mode can be expressed by the

overlap integral [36]

η =
|
∫ ∫

EpE
∗
mdxdy|2∫ ∫

|Ep|2dxdy
∫ ∫
|Em|2dxdy

, (3.9)

where the integrals are over the mirror surface, Ep and Em are the electric field at the

mirror of the perfectly aligned beam and the misaligned beam respectively.

Using the analytical expression for the overlap of two misaligned Gaussian beams, for

free space optics, found in literature [83],
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η = e
−
(
Mm

Wm

)2

, (3.10)

we were able to verify the results of our numerical evaluation of eq. (3.9). This was

done by comparing the analytical formula to the results of using a confocal cavity in our

simulation to avoid effects of misalignment scaling. Also, by combining eq. (2.8) with

eq. (3.7) and substituting eq. (3.10) we were able to derive the analytical expression

Mtol =

√
2 ln(
√
η)λL(2δ)3/2

π(1 + 2δ)
, (3.11)

where Mtol defines the axial misalignment, Max, before relative coupling efficiency falls

to η for a mode matched device. Note that this means that assuming δ is kept constant

the tolerance to misalignment actually increases with cavity length, L. This is because

the spot size on the mirror, Wm, also increases with L, as seen in eq. (2.8).

We know from eq.(3.7) that the on-mirror misalignment, Mm, scales with the inverse

concentricity, 1/δ, and that from eq.(3.8) the concentricity is proportional to the beam

waist W 4
0 . Therefore, using the FP cavity shown in Figure 2.4 as an example we can

fix the length at L = 1.4mm, and the wavelength at λ = 866nm and show how Mtol is

affected by W0 in Figure 3.10.

Figure 3.10: Axial alignment tolerance, Mtol, versus the coupling efficiency, η,
when the concentricity of the cavity, δ, is varied to give different spot sizes, W0.
Here the cavity length is 1.4mm and the wavelength is λ = 866nm.
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Figure 3.10 shows that the tolerance to misalignment, Mtol, increases with spot size,

W0, and decreases with larger desired coupling efficiencies η. This shows that the align-

ment accuracy is one limit on the minimum spot size achievable by our cavity whilst

maintaining strong coupling to the fibre. By extension, since a small spot size, W0, is

required to obtain a large ion-cavity coupling strength, g, from eq. (2.24) we can expect

that the alignment tolerance, Mtol, is an important limit on the overall performance of

the device.

3.2.1.2 Clipping Losses

Other than the coupling efficiency, we also need to consider other cavity losses to properly

analyse the behaviour of the system. Since the diameters of mirrors used in Figure 2.4

are ∼ 100µm with cavity lengths that are ∼mm it is worth investigating how much of

the cavity mode is lost because it misses the mirrors. This loss, known as clipping loss,

was introduced at the end of Section 2.1.3.

Since the requirement of a large coupling strength from eq. (2.24) requires a small spot

size, W0, and the presence of an ion trap requires a large cavity length, L [36], we can

see that we will expect the system to have a large on-mirror spot size, Wm, from eq.

(2.8) and a small concentricity, δ, from eq. (3.6). This means that the system will have

a large misalignment scaling, Mm/Max, and since Wm is in the same order of magnitude

as the radius of the mirror, Rmir, we can expect a high clipping loss, ρ, even when the

cavity is perfectly aligned.

By looking at the ratio of on-mirror misalignment, Mm, with the radius of the mirror,

Rmir, we can see in Figure 3.11 how the clipping loss in parts per million (PPM) of

any arbitrary cavity changes with misalignment. This was calculated by numerically

evaluating eq. (2.16) with different cavity parameters and misalignments. By using eq.

(3.7) and substituting a known alignment precision as Max it is possible to calculate

the expected clipping loss from Figure 3.11, or vice versa, it is possible to calculate the

precision needed for a cavity with an arbitrary clipping loss to drop to an undesired level

for any cavity regime. This graph can also be used to show how small the on-mirror

spot size Wm (or how large the cavity mirrors Rmir) would need to be to compensate

for low misalignment tolerance.

Defining the tolerance in a similar way to [83] we can obtain an expression for clipping

loss of perfectly aligned mirrors,

ρ = e
−2

(
Rmir
Wm

)2

. (3.12)
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We can now easily calculate the required mirror size for any required clipping loss, ρ,

when perfectly aligned with

Rmir =

√
− ln(ρ)

2
Wm. (3.13)

Figure 3.11: The ratio of on-mirror misalignment, Mm, with the mirror size,
Rmir, affects the clipping loss of a mirror associated with the ratio of the mirror
size, Rmir, to the spot size at the mirror, Wm. To easily read the data the solid
black lines indicate contours at integer PPM loss values, log10(PPM), from 5
to -9. The dashed black lines show the coupling efficiency η from 0.9 to 0.1 in
intervals of 0.1. The coupling efficiency lines were calculated using eq. (3.10)
and fixing η at the desired value. Note that this graph was calculated per cavity
mirror, not for the overall cavity losses.

Using Figure 3.11 we are able to analyse the coupling efficiency and clipping loss of the

system shown in Figure 2.4. Using a concentricity of δ = 0.0166, chosen to obtain a beam

waist of < 6µm, we can work out the beam size at the cavity mirror, Wm = 32.9µm,

and therefore a mirror/beam ratio of Rmir/Wm = 2.13, or 114PPM loss from eq. (3.12).

From Figure 3.11 we can see that this clipping loss increases by a factor of 10, and the

coupling efficiency, η, falls to 80% at a misalignment of Mm/Rmir = 0.22. Using eq.

(3.7) we can see that this corresponds to an axial misalignment, Max, of 0.99µm. Since

this clipping loss is for a single mirror we can calculate the overall clipping loss by,

ρroundtrip = ρm1 + ρm2(1− ρm1), (3.14)
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where m1 and m2 refer to mirror 1 and 2 respectively. For small clipping losses we can

approximate the round trip loss, ρroundtrip, by adding both clipping losses. This means

that our clipping loss has increased from ∼ 200PPM to ∼ 2000PPM for 0.99µm axial

misalignment.

We are also able to use eq. (2.16) to calculate the misalignment tolerances of the cavity

shown in Figure 2.4 with respect to the beam waist, W0. Figure 3.12 shows the axial

misalignment tolerance for clipping losses of 10, 100, 1000, and 10000 PPM and its

dependence on beam waist. It is worth noting that due to clipping losses when perfectly

aligned, as seen in in eq. (3.12), Figure 3.12 does not start at 0PPM.

Figure 3.12: Axial misalignment tolerance with respect to cavity spot size for a
cavity length L = 1.4mm, mirror sizeRmir = 70µm, and wavelength λ = 866nm.

3.2.2 Rotational Misalignment of Cavity Mirrors

Figure 3.6 shows a diagram of the expected tilt of the cavity mode when one mirror is

rotationally misaligned. For this type of misalignment a resulting geometry shown in

Figure 3.13 was considered. Here, one mirror was rotated around the point where the

perfectly aligned cavity axis intersects with the surface of the mirror by some angle θ.

In the case the magnitude of misalignment is different for each of the cavity mirrors.

This asymmetry means that additional care is needed to calculate the misalignment of

the mode on the tilted mirror as seen in Figure 3.14.

For rotational misalignment we found that, as is the case with the axial misaligned

cavity, the new cavity axis is rotated so that it passes through the centres of curvature

of both mirrors. We can use this geometry, as shown in Figure 3.13, to derive an equation

describing the misalignment on mirror 1, Mm1



56 Chapter 3 Misalignment and Optimisation of Ion-Trap Optical Cavities

Figure 3.13: Tilting mirror 2 by some angle θ around the center of the mirror
affects the alignment of the self consistent cavity mode on mirrors 1 and 2. Here
the red lines indicate the on mirror misalignment, Mm, and the green line shows
the radius of curvature R.

Mm1 = R sin(θ)

[
1

4δ
+ 0.5

]
, (3.15)

however the misalignment on mirror 2, Mm2, is more complex. The equation for Mm2

can be derived using the geometry of the zoomed in diagram in Figure 3.14,

Mm2 =
A

cos(θ)
+MD tan(θ), (3.16)

where MD is the depth of the mirror at the point where the center of the cavity mode

intersects the mirror surface. The distance A represents the perpendicular misalignment

from the perfectly aligned cavity axis and can therefore be obtained via

A = R sin(θ)/left[
1

4δ
− 0.5/right], (3.17)

where the −0.5 indicates a mode shift towards the mirror center rather than away as

seen in eq. (3.15). To calculate Mm2 from A we then need to rotate the vector by the
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Figure 3.14: Zooming in on Figure 3.13 to show misalignment on the tilted
mirror. MD is the mirror depth from the point where the centre of the fun-
damental cavity mode, after tilting, intersects the mirrors surface. A is the on
mirror misalignment of the mode perpendicular to the perfectly aligned cavity
axis.

tilt of the mirror, and then calculate the additional misalignment from the mirror center

caused by the curvature of the mirror at the point where the center of the cavity mode

intersects the mirror surface,

MD = |R| −
√
R2 −M2

m2. (3.18)

MD can be calculated by substituting eq. (3.16) into eq. (3.18) and solving the resulting

quadratic equation. This gives the equation

MD =
−Cb −

√
C2
b − 4CaCc

2Ca
, (3.19)

where Ca, Cb, and Cb are
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Ca = 1 + tan2(θ), (3.20)

Cb =
2A tan(θ)

cos(θ)
− 2R, (3.21)

Cc =

(
A

cos(θ)

)2

, (3.22)

respectively. Substituting eq. (3.19) into eq. (3.16) we can finally calculate the displace-

ment of the cavity mode on a tilted mirror Mm2 in eq. (3.23) as shown in Figure 3.14.

Mm2

tan(θ)
= R

(
1

4δ
− 0.5

)
+

2R

[
1−

(
1

4δ
− 0.5

)
tan2(θ)

]
2 + 2 tan2(θ)

−

√{
2R

[(
1

4δ
− 0.5

)
tan2(θ)− 1

]}2

− 4 [1 + tan2(θ)]

[
R tan(θ)

(
1

4δ
− 0.5

)]2

2 + 2 tan2(θ)

(3.23)

3.2.2.1 Mode Matching

To calculate the fibre-cavity coupling efficiency when a mirror is tilted we use the previ-

ously derived geometry. We also find an expression describing the approximate tolerance

to the mirror tilt. First of all we can simplify the expressions by assuming MD and θ will

be sufficiently small such that the small angle approximation holds and MD does not

add significant misalignment. These assumptions can be further justified since mirror 1

sees the larger misalignment and thus the performance of the system is less affected by

the misalignment on the tilted mirror diminishing the effects of MD even more. We can

now write the simplified equations as

Mm1 ≈ Rθ
(

1

4δ
+ 0.5

)
, (3.24)

and

Mm2 ≈ Rθ
(

1

4δ
− 0.5

)
. (3.25)

Substituting these into eq. (3.10) we obtain
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θtol ≈

√√√√√√√ ln(η)λ

√
2

δ

2πL(δ + 0.5)

(
0.5 +

2

(4δ)2

) . (3.26)

Note that unlike Mtol, in eq. (3.11), when δ is kept constant the angular misalignment

tolerance, θtol, decreases with the cavity length, L.

Focusing on the structure shown in Figure 2.4 we can now compare our approximation

in eq. (3.26) to the full numerical simulation using eq. (3.23). Figure 3.15 shows how

the approximate misalignments from eq. (3.24) and eq. (3.25) compare to the full

derivations in eq. (3.15) and eq. (3.23) when calculating the coupling efficiency.

Figure 3.15: Coupling efficiency η vs angle of misalignment θ. Here the cavity
length was fixed at 1.4mm and the wavelength at 866nm to match the system
shown in Figure 2.4. The solid green line is the numerical simulation of the
exact geometry from eq. (3.23) and the dashed red line is the approximation
using eq.(3.26).

Since Figure 3.15 shows a good agreement between the simplified and full calculation we

can use the approximate solution in eq. (3.26) to calculate a tolerance to rotational mis-

alignment, θtol, for various fibre-cavity coupling efficiencies, η, as shown in Figure 3.16.

Using Figure 3.16 we can see that at smaller spot sizes, W0, and larger required coupling

efficiencies, η, the tolerance to angular misalignment, θtol, goes down from θtol ≈ 10mrad

to θtol < 1mrad.
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Figure 3.16: Tilt alignment tolerance, θtol, versus the coupling efficiency, η,
when the concentricity of the cavity, δ, is varied to give different spot sizes, W0.
Here the cavity length is 1.4mm and the wavelength is λ = 866nm.

3.2.2.2 Clipping Losses

We are able to use Figure 3.11 to analyse the clipping losses of rotational misalignment

as well. This is because the results in Figure 3.11 are calculated for each mirror and not

the cavity as a whole. This is important because unlike axial misalignment, rotational

misalignment does not displace the cavity mode by the same amount on both mirrors

as shown in Figure 3.13 as well as eq.(3.23) and eq.(3.15).
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3.3 Neutral Atom Experiments

Eq. (3.13) tells us that the clipping loss, when the cavity is perfectly aligned, is limited

by the beam size at the mirror and thus the concentricity of the cavity as well as mirror

size. This means that a larger mirror allows us to achieve a smaller spot size, W0, and

concentricity, δ, without increasing clipping loss, ρ.

Neutral atom experiments usually operate in a more concentric regime, to achieve strong

atom-cavity coupling, and Figure 3.8 shows us that as δ → 0 the misalignment scaling

of the cavity increases significantly, Mm/Max → ∞. This shows that although larger

mirrors can allow for larger on-mirror spot sizes and thus smaller beam waists, the

spot displacement on the mirror is more sensitive to axial misalignment. This seems

to indicate that neutral atom cavities are significantly more sensitive to misalignment.

However, the significantly larger spot size and mirror diameter cause a larger tolerance

to on-mirror displacement.

Applying the theory above to a specific example of the highly concentric neutral atom

cavity demonstrated in reference [44] with cavity length L ≈ 11mm, radius of curvature,

R = 5.500(6)mm, and probe wavelength λ = 780nm, we are able to predict the results

of misalignment in their experiment. For the clipping loss calculations it is also assumed

that the mirrors used were the same as the ones used in earlier work by the same

group [50] with a mirror diameter of 2Rmir = 8.39mm. This paper was chosen since the

experiments show an alignment tolerance, Mtol, of 59.(3)nm for a coupling efficiency, η of

50%. This misalignment with these cavity parameters yields an on-mirror misalignment,

Mm, of 198µm. Figure 3.17 shows the results of the coupling efficiency simulation for this

cavity where the dashed black lines meet at the alignment tolerance shown in literature

of Mtol(η = 0.5). This result helps to check the validity of our simulations and shows

that whilst neutral atom experiments may achieve much stronger atom-cavity coupling

strengths their cavity-fibre coupling efficiencies are a lot more sensitive to misalignment

than fibre tip cavities.

Due to the large mirrors, and by extension tiny clipping losses, a full simulation of the

clipping losses in this regime was not possible. Using eq. (3.12) we can see that the

perfectly aligned clipping losses would be ρ = 7.5 × 10−138. Since we are dealing with

clipping losses that are extremely small we cannot simulate the full clipping loss due

to misalignment. However, we can use the mirror spot size, Wm, of 331µm and the

mirror size, Rmir, of 4195µm to calculate the axial misalignment, Max, before the edge

of the spot on the mirror is at the mirrors edge, i.e. Mm = Rmir −Wm. This happens

when Max = 1.2µm which is a factor of 20 more than the alignment tolerance before the

coupling efficiency falls to 0.5. This shows that since neutral atom experiments can have

significantly larger mirrors and by extension be more concentric, than fibre-tip mirrors

in an ion trap, they suffer more from coupling efficiency drops when misaligned than

clipping losses.
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Figure 3.17: Coupling efficiency, η, versus axial misalignment, Max, of the cavity
in reference [44]. Here the dashed lines show a coupling efficiency of η = 0.5
and a misalignment of Max = 59.3nm, as measured in reference [44], and the
green solid line shows the results of our simulation.
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3.4 Asymmetric Mirror Regimes

A potential solution to the problem of alignment tolerance is to use an asymmetric

mirror regime as seen in Figure 3.18. For analysis in this regime we have two systems,

one where we maintain the overall cavity length L of 1.4mm, and another where we

maintain the distance from the ion to the fibre of 0.7mm so that it may be integrated

into an ion-trap based quantum computer. This model assumed that only one end of

the cavity needs to be a fibre mirror, and the large mirror can be considered highly

reflective.

To compare the performance of this geometry to our fibre tip cavity when interacting

with an ion we first calculate the cavity finesse using

F ≈ 2π

εtot
, (3.27)

where εtot is the overall round trip loss. Using eq. (3.27) we are able to calculate the

cavity decay rate,

κ =
cπ

2FL
, (3.28)

where c is the speed of light. Using eq. (2.24) we can calculate the cavity-ion coupling

strength, g. Using 40Ca+ ions [45], with an atomic decay rate of γ = 11.2(2π)MHz, we

are now able to obtain the cooperativity, which is a measure of the ion-cavity coupling

strength compared to the losses of the system, of the system defined by

C =
g2

2κγ
. (3.29)

Using eq. (3.27) and eq. (3.28) we can relate the decay rate of the cavity directly to the

round trip losses,

κ =
cεtot
4L

. (3.30)

Figure 3.19 shows the decay rate of the cavity shown in Figure 3.18 along with black

areas which yield a beam waist W0 of less than 6µm. This figure was created with an

arbitrary axial misalignment Max of 8.64µm and areas with a decay rate κ over 10MHz

are shown as white space. This allows a comparison of different cavity regimes to be

quickly made to identify those with a large coupling strength g and high misalignment

tolerance.
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Figure 3.18: An asymmetric cavity regime with an increased tolerance to mis-
alignment.

Using Figure 3.19 a cavity regime of R1/L ≈ 0.5 for the fibre mirror and R2/L ≈ 1 for

the large mirror was selected.

Two different models of Figure 3.18 were created, the first has a cavity length L of 1.4mm

(Asym 1) to keep the overall cavity distance as fixed, the second had a cavity length L of

1.63mm (Asym 2) to keep the beam waist W0 at a set distance of 1.4/2 = 0.7mm from

the fibre tip. This was done to satisfy the distance requirement for integration into an

ion-trap. A symmetrical cavity where both mirrors are fibre tips and have a cavity length

L = 1.4mm (Sym) was also simulated for comparison with this asymmetric regime. For

this comparison the concentricity δ of all three simulations was adjusted to achieve an

initial decay rate κ of 10MHz due to clipping loss when perfectly aligned. Table 3.2

shows the parameters of the three cavities when perfectly aligned.

Varying the alignment of all three cavities in Figure 3.20, we can see that Sym starts

out with a slightly larger cooperativity than Asym 2 and a significantly lower coopera-

tivity than Asym 1. As we vary the misalignment of all three cavities we see that the

cooperativity of the fibre tip cavity decays to < 1 within 1.67µm, whereas both Asym 1

and 2 reach a cooperativity of < 1 at around 30µm. This indicates that the asymmetric

regime in Figure 3.18 is over 10 times more tolerant to misalignment than the symmetric

fibre regime in Figure 2.4.
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Figure 3.19: Cavity decay rate κ versus design parameters of the asymmetric
cavity of Figure 3.18. Analysis was done by plotting the areas where the beam
waist is < 6µm in black and overlaying it on the cavity decay rate κ. We can
see that the area of a R1/L ≈ 0.5 fibre mirror with a large R2/L ≈ 1 mirror,
i.e. the bottom right corner of this heatmap, yields a < 10MHz decay rate κ
even with a set cavity misalignment Max of 8.64µm.
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Sym Asym 1 Asym 2

L(mm) 1.4 1.4 1.63

R
(1)
mir(µm) 70 70 70

R
(2)
mir(µm) 70 140 140

−R1/L 0.5166 ∼ 0.5 ∼ 0.5

R2/L 0.5166 0.9962 0.9949

W0(µm) 5.87 4.82 5.58

L
(1)
m (mm) 0.7 0.6 0.7

F × 10−3 33.7 33.7 28.9

κ (MHz) 10 10 10

γ (MHz) 11.2(2π) 11.2(2π) 11.2(2π)

g (MHz) 309.8 377.9 302.4

C 68.2 101.4 65.0

Table 3.2: The properties of fibre tip cavities and asymmetric cavities when
perfectly aligned. Note that finesse, cavity decay rate, and cooperativity are
calculated only using the clipping losses.

Figure 3.20: Comparison of the cooperativity of the symmetric fibre tip cavity
with the asymmetric cavities Asym 1 and Asym 2 (parametrised in Table 3.2)
under axial misalignment.
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3.5 Optimal Fibre-tip Parameters

To analyse the overall performance of our cavity in Figure 2.4 we need to consider the

transmission of light between the fibre and the cavity. In order to do this we first need

to set a mirror reflectivity, R, and by extension a transmissivity, T = 1− R, as well as

absorption losses, Ab, and scattering losses, Sc, for the cavity mirrors. Considering all

of these losses will allow us to look for the optimal parameters for our fibre-tip cavity to

be used in ion-trap based quantum information processing. The clipping loss of mirror

1 is,

εcl1 = (1− ρm1), (3.31)

where ρm1 is the fraction of light which hits mirror 1. The loss due to scattering,

absorption, and mode mismatch between the fibre and mirror 1 is

εm1 = ρm1(Tm1(1− ηm1) +Ab + Sc), (3.32)

where ηm1 is the coupling efficiency between mirror 1 and the fibre. Finally the losses

due to coupling with the fibre mode of mirror 1 can be found by

εt1 = ρm1Tm1ηm1. (3.33)

Next the same losses of the second mirror need to be considered. This can be done using

the parameter ζ as the percentage of light not lost at mirror 1,

ζ = 1− (εcl + εm1 + εf1), (3.34)

then going through the same process as mirror 1 to get clipping loss,

εcl2 = (1− ρm2)ζ, (3.35)

absorption, scattering, and losses due to cavity-fibre mode mismatch,

εm2 = (Tm2(1− ηm2) +Ab + Sc)ρm2ζ, (3.36)

and loss due to coupling with the fibre mode at the second mirror,

εt2 = Tm2ηm2ρm2ζ. (3.37)
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We can combine all of the above losses to get the overall loss per round trip,

εtot = εcl1 + εm1 + εt1 + εcl2 + εm2 + εt2, (3.38)

and the round trip cavity losses that successfully couple into a fibre mode,

εin = εt1 + εt2. (3.39)

Using eq. (3.39) and eq. (3.38) we are able to calculate the decay rate into the fibre,

κin, and the overall cavity decay rate, κtot. This allows us to calculate the fraction of

the cavity mode that is not lost.

3.5.1 Misalignment

By introducing scattering and absorption losses, of 10PPM and 2PPM respectively [52],

and fixing the cavity concentricity, δ, we can calculate the optimal reflectivity for efficient

ion-cavity-fibre-cavity-ion transfer. The parameters used for this analysis can be found

in Table 3.3.

Parameter Value

L (mm) 1.4

Rmir (µm) 70

δ 0.0166

λ (nm) 866

Ref (%) 99.82

Sc (PPM) 10

Ab (PPM) 2

Table 3.3: Cavity parameters used for subsections 3.5.1 and 3.5.2.

Figure 3.21 shows how the axial misalignment, Max, of the cavity affects the cooperativ-

ity, C, and overall cavity→fibre mode coupling efficiency, κin/κtot. When Max = 1.5µm

the cooperativity drops from 6.59 to 2.2 and the coupling into the fibre drops from 0.93

to 0.18. As expected as misalignment increases both cooperativity and useful coupling

decreases.

3.5.2 Changing Reflectivity

We can now test how much reflectivity affects cooperativity and amount of loss for the

cavity system.
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Figure 3.21: Axial misalignment affects the cooperativity and coupling efficiency
of the cavity.

Figure 3.22: The cooperativity and the overall cavity→fibre mode coupling
efficiency of the cavity shown in Figure 2.4 with mirror reflectivity around Ref =
99.82%.

Figure 3.22 shows how altering the reflectivity of the mirrors affects the cooperativity,

C, and overall cavity→fibre mode coupling efficiency, κin/κtot. We can see that by

increasing the reflectivity, Ref , from 99.82% → 99.92% of the cavity mirrors we can

increase the cooperativity, C, of the system from 6.59 to 13.37. However, this increase

in reflectivity decreases the overall cavity→fibre mode coupling efficiency, κin/κ, from

0.93 to 0.87. This is because the rate of decay into the fibre mode decreases but the

rate of decay due to the cavity losses remains the same meaning that the losses take up
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a larger fraction of the cavity decay. Therefore, the optimal reflectivity must strike a

balance between cooperativity and cavity→fibre efficiency. The reflectivity R = 99.82%

was chosen for this analysis since it provided the optimal balance between C and κin/κtot,

whilst keeping the concentricity, δ, as discussed in the following section.

3.5.3 Optimal Radius of Curvature

Since the goal of our network is to transfer a photon from one ion to another via the use

of cavities we can find the chance of successful state transfer with

O =

(
2C

1 + 2C

κin
κ

)2

, (3.40)

where 2C/(1 + 2C) is the efficiency of storage or retrieval of a photon from an ion

[86] [87] [71]. This makes O the efficiency of storage, retrieval and mode coupling

which are the processes used in a quantum network which can be most altered by the

cavity parameters. Therefore, by maximising eq. (3.40) we should find optimal cavity

parameters for cavities in a quantum network.

Using eq. (3.40) we are able to numerically evaluate the optimal values for both the

radius of curvature for the mirrors and the reflectivity of the cavity mirrors. Figure 3.23

shows the chance of success, O, heat map of possible combinations of reflectivity, Ref ,

and concentricity, δ, parameters for a cavity-atom system with fixed length L, mirror size

Rmir, wavelength λ, and atom spontaneous decay γ. These parameters were fixed due

to the minimum cavity length before disturbing the ion-trap[36], the size of the single

mode fibre, and the choice of atom. By doing this we can obtain the parameters which

obtain the maximum chance of success of O = 0.893, with the parameters δ = 0.0418

and Ref = 99.95%.

By fixing the concentricity at δ = 0.0418 and changing only the reflectivity, Ref , we

can see in Figure 3.24 how fabrication errors in mirror reflectivity may change the

performance of the system. Starting with a reflectivity of 99.95% we obtain a chance of

success value of O = 0.893. When the reflectivity is 99.91% the chance of success drops

to 0 = 0.874, and when the reflectivity is 99.99 the chance of success drops to 0 = 0.679.

At higher reflectivities this drop in O is due to the light being trapped in the cavity

for too long so the clipping, scattering, and absorption losses become more dominant.

Whereas, having a lower reflectivity allows more light to couple into the right fibre mode

but the light also has a higher chance of leaving the cavity before interacting with the

atom. This is why overall a balance must be made between Ref and δ to obtain the

maximum possible transfer efficiency between networked ions.

Figure 3.25 shows how the cooperativity and mode coupling efficiency of the optimised

cavity behave with errors in reflectivity. Initially under optimal conditions we obtain
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Figure 3.23: The maximum possible theoretical transfer of a cavity-fibre-cavity
system when changing just concentricity and reflectivity of the system. This can
be used to calculate the optimal parameters when the mirror size and cavity
length are fixed. Note that this graph only has one maximum, as such it is
possible to use a gradient accent algorithm to find the best parameters without
worrying about local maxima.

a cooperativity of C = 17.14 and cavity→fibre mode coupling efficiency of κin/κtot =

0.972. However, at reflectivities of Ref = 99.91% and Ref = 99.99%, the cooperativity

is C = 9.24 and C = 106.8 respectively and the overall cavity→fibre mode coupling

efficiency is κin/κtot = 0.985 and κin/κtot = 0.828, respectively.

Figure 3.26 shows how the cavity is affected by misalignment. For the cooperativity

and the overall cavity→fibre mode coupling to fall by 50% the cavity may be axially

misaligned by 3.65µm or 2.75µm respectively. Since we have to look at both values

together we can calculate that this corresponds to a chance of success, O, of 0.232 and

0.038 at 2.75µm at 3.65µm axial misalignment, respectively.
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Figure 3.24: Successful state transfer of O from eq. (3.40) versus mirror reflec-
tivity. Here we have a fixed concentricity parameter of δ = 0.0418 so we can see
how varying just the reflectivity from its optimum affects the system.

Figure 3.25: The cooperativity and the overall cavity→fibre mode coupling
efficiency of the cavity shown in Figure 2.4. The mirror reflectivity at the
optimal value of O is Ref = 99.95% and the concentricity fixed at δ = 0.0418.
These were used to calculate the chance of success in Figure 3.24.
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Figure 3.26: The cooperativity and the overall cavity→fibre mode coupling
efficiency of the cavity shown in Figure 2.4 with axial misalignment including
realistic cavity losses given in Table 3.3.
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3.6 Summary of Section

This section has analysed how FP cavities behave under both axial and rotational mis-

alignment, and analysed the performance of those cavities. By taking into account all

cavity losses and coupling efficiencies and looking at the end use case of networking ions

we were able to find the best parameter set for the cavities that are integrated into ion-

traps. For a fixed cavity length, L, of 1.4mm and mirror size, Rmir, of 70µm we obtain

a maximum transfer chance, O, of 0.893 when operating at a concentricity, δ, of 0.0418

with a mirror reflectivity, Ref , of 99.95%. This assumes the scattering and absorption

losses of the mirror are 12PPM.

However, to get a full understanding of the ion-cavity-fibre-cavity-ion system we cannot

just look at the ion-cavity interactions but also need to consider the details of the

incoming pulse from the fibre to the cavities. The next chapter will look at transferring

a photon from one cavity to another via the use of an optical fibre, how the shape of

the photon pulse affects this transfer, and how the cavity losses discussed above affect

state transfer in this more detailed model.



Chapter 4

Ion-Ion State Transfer

This chapter will look at the networking of cavities with a single mode optical fibre.

Then, we will introduce Ca40 ions into the model to analyse ion-ion state transfer.

Section 4.1 will look at networking cavities with an optical fibre and how time reversal

of a pulse can massively enhance transfer into a second cavity. This is a building block in

our model which helps to show that near deterministic transfer is theoretically possible

for a system without losses. Next, in section 4.2 we will look at how a different shape

of a single photon wavefunction affects its absorption into an empty cavity, which will

show that wavefunctions other than the time reverse can show an improvement in state

transfer over natural emission; however the time reversed wavefunction is still the most

optimal.

In section 4.3 we add an ion into one cavity with its |e〉 ↔ |x〉 transition driven by a

laser. This allows us to model the STIRAP technique for shaping a single photon pulse

so we can add realistic losses to our simulations. Section 4.4 now takes this further

by seeing how we can achieve optimal ion-ion state transfer by using a second laser on

the receiving ion to drive absorption. This section uses the optimised parameters from

Chapter 3 to analyse the system under a full simulation and tests how tolerant these

parameters are to errors. Finally, section 4.5 will conclude the chapter with a summary

of the chapter.

75
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4.1 Networking Cavities

4.1.1 The Basic System

To build our model we start off looking at the system shown in Figure 1.2 without

the ions. This model now consists of two cavities connected by a long optical fibre.

By starting with this system we will be able to add complexity and test the system

at various stages to gain insights about how the network behaves in its simplest form

without losses to a simulations that models how the network should behave in the real

world.

Our initial basic model, as derived in Section 2.3, used a long fibre with hundreds of

longitudinal modes which is necessary for the single photon pulse to be shaped. This

model was created using the Hamiltonian derived in eq. (2.65). Assuming we are dealing

with pure quantum states with a single photon then the system can be written as

|Ψ〉 = a |1, 0, 0...0〉+ b |0, 1, 0...0〉+
∑
k

ck |0, 0..1k..〉 , (4.1)

where |a|2 and |b|2 define the population of the first and second cavities and |ck|2 is the

population of the kth fibre mode. Using the Schrödinger equation [88],

i~
d

dt
|Ψ〉 = Ĥ |Ψ〉 , (4.2)

yields the dynamics of the system:

ȧ = −i∆aa− iηa
∑
k

ck (4.3)

ḃ = −i∆bb− iηb
∑
k

(−1)kck (4.4)

ċk = −i∆kck − i(ηaa+ ηb(−1)kb) (4.5)

This was then solved for 1224 fibre modes with a single photon contained entirely in the

first cavity (a = 1, b = 0,
∑k ck = 0). This used the ODE solver in the python package

scipy.

The next step was to graph the wave function of the single photon pulse in real space.

In eq. (2.39) the electric field inside the fibre as a sum of fibre modes is shown. By
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defining the detuning with respect to the fundamental cavity mode and normalising the

amplitude of the electric field we obtain

ψ(x) =
∑
n

ck(n) sin
(π
l
k(n)x

)
(4.6)

This function is then converted into the pulse shape by

F (x) = |ψ(x)|2 , (4.7)

where F (x) is proportional to the intensity distribution of the pulse. The simulation was

then done with a single photon starting completely in the first cavity and the dynamics

observed resulting in Figure 4.1 below.

Figure 4.1: The evolution of the basic system showing how the distribution of
the single photon evolves over time. The decay from cavity 1 is compared with
the expected exponential decay from a cavity in free space to test consistency.
This was done with a fibre length of 300m, 320 modes, 1.55µm wavelength light,
and a cavity decay rate of 10MHz.

In Figure 4.1 the decay of the cavity photon into the fibre modes is calculated, and

compared with the expected exponential decay, using Fermis golden rule. This decay is

compared to the expected exponential decay to verify that we have calculated the correct

coupling strengths. The population for the cavity a and b was calculated with |a|2 and

|b|2, respectively, the population of the fibre was calculated by
∑

k |ck|2. As can be seen

at roughly 0.5µs the photon is (almost) completely within the fibre. The pulse shape for
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such a decay is a decaying exponential shape which can be seen in Figure B.1(a) of the

appendix. This pulse propagates through the fibre until it reaches the second cavity at

1µs where it is partially absorbed and partially reflected. The absorption of the pulse

in this system is roughly 54% and the rest is reflected back towards the first cavity.

4.1.2 Time Reversal

To test the time reversal argument made by M. Stobinska [76] in our model we flip the

naturally emitted photon pulse in the fibre to produce the time reverse of the emitted

pulse. This was done by waiting until the photon was completely in the fibre and then

applying the following transform[77]

ψ(k)flipped = −(−1)kψ(k)?normal. (4.8)

This allowed for the pulse to be flipped but to continue propagating in the same direc-

tion. This time reverse pulse, which can be seen in Figure B.1(b), evolves according to

Figure 4.2 below.

Figure 4.2: The evolution of this system shows a cavity decaying naturally until
the photon is completely within the fibre, then at 1µs the transform from (4.8)
is applied. The dynamics after 1µs shows how a time reverse pulse can be
completely absorbed by a cavity. This was done with a fibre length of 300m,
320 modes, 1.55µm wavelength light, and a cavity decay rate of 10MHz.

In this model the pulse was flipped after exactly 1µs of time as the front of the pulse

would have been just about to enter the second cavity with our fibre length. This allowed
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as much of the pulse to enter the fibre as possible before flipping it around. This flipped

pulse was absorbed by the cavity 2 with nearly a 100% chance, as was expected from

literature[76] [79].

Thus a basic model of the system shown in Figure 1.2 has been created with the dynamics

shown in Figure 4.1. Here the photon leaks out of cavity 1 with exponential decay, travels

through the fibre to cavity 2 where part of it is absorbed and part of it is reflected. The

argument of time reversing the dynamics for 100% absorption from literature also holds

in this model[76] [79][77] as seen in Figure 4.2 where the photon is completely absorbed

by cavity 2. Next we look at how to shape the photon into any arbitrary shape so that

we can test how the system performs for different pulses and verify our system against

known literature.
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4.2 Single Photon Wavefunction Shapes for Absorption by

an Empty Cavity

In order to test how shaping the wave function of the photon affects its absorption into

a cavity, a simulation was created where a photon with a wave packet of a desired shape

was placed in the fibre and allowed to propagate towards the second cavity. This system

is shown in Figure 4.3.

Figure 4.3: Pulse starting in the fibre moving towards an empty cavity.

To create a pulse with any arbitrary shape first the transformation to switch between

the time domain to the frequency domain must be calculated. Since the pulse shape in

the fibre is given by (4.6),

ψ(x) =
∑
k

ck sin

(
πkx

l

)
, (4.9)

in order to calculate the frequency space coefficients ck, discrete sin transformations

(DST) are used [89].

Once the shape had been generated in order to model a population of a single photon

the shape was normalised with

ψ(k) =
ψ(k)√∑
k |ψ(k)|2

. (4.10)

This was done to make the overall population of the modes equal to 1. Shaping a pulse

in this way allows for studying the absorption of various single photon shapes.

Now the model is able to test how changing the pulse shape affects the dynamics of the

system. Figure 4.4 shows the maximum absorption of a single photon by shape. These

values are consistent with the maximum absorption found in literature showing near

exact replication[79]. The properties of the shapes used can be seen in Table 4.1.
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Figure 4.4: Maximum absorption into a cavity by different pulse shapes. The
full details of these shapes can be found in Table 4.1 and and plotted in appendix
B. These results were calculated with a fibre length of 300m, 320 modes, 1.55µm
wavelength light, and a cavity decay rate of 10Mhz.

Name Formula Validity

(a) Natural decay 5.06e

x

27m −∞ ≤ x < 0

(b) Time reverse 5.06e

−x
27m 0 ≤ x <∞

(c) Growing triangle
x

75m
0 ≤ x ≤ l

2

(d) Decaying triangle
−x
75m

+ 2 0 ≤ x ≤ l

2

(e) Sin sin

(
2πx

l

)
0 ≤ x ≤ l

2

(f) Gaussian e

−

2

(
x− l

4

)2

(
l

4

)2

0 ≤ x ≤ l

2

(g) Square 1 0 ≤ x ≤ l

2

(h) Sech Sech

(
200x

9l
+ 5

)
0 ≤ x ≤ l

2

Table 4.1: This table shows the properties of the pulse shapes used for Fig-
ure 4.4. These pulses can be can be seen in Chapter B.

The shapes were calculated to have a width optimal for absorption by the second cavity.

When testing with other cavity decay rates we found the same maximum absorption
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occurred if the width of the shaped pulse were varied by the same factor as the new nat-

urally decaying pulse FWHM to its old FWHM. Larger and shorter lengths were tested

around this value to test optimisation of the pulse. By comparing these results with the

literature [79] we are able to verify that the model created is working as expected.

In Figure 4.5 the full dynamics of a few time symmetric shapes can be seen. For each

shape the pulse was placed in the fibre between x = 0 and x = l/2, centred around

x = l/4. The pulse then propagated towards cavity 2 where the front of the pulse reaches

the cavity at time 0.5µs. The pulses are absorbed reaching a maximum population in

cavity 2 at about 0.8µs and then begin to decay back into the fibre. Then at 1.5µs the

pulse has been completely emitted by the cavity back into the fibre.

Figure 4.5: The dynamics of a system with a few different pulse shapes, as given
in Table 4.1 and and plotted in appendix B. Red indicates population of cavity
2, thus showing the absorption into the cavity, whilst green is the population
of fibre modes. This was done with a fibre length of 300m, 320 modes, 1.55µm
wavelength light, and a cavity decay rate of 10MHz.

Time symmetric pulses are of extreme interest since they are their own time reverse.

This means that if a cavity can be designed to emit such a pulse then it should be able

to also fully absorb such a pulse; flipping the pulse would not be needed.

With this model we will now analyse the effects of using a 3-level atom and a laser to

shape the single photon pulse in an actual experiment and see how this might affect the

performance of our network.
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4.3 Pulse Shaping using STIRAP

Before we are able to build a full working model of a ion-cavity-fibre-cavity-ion network

we need to introduce ions into the cavities. For this we used the physics discussed in

Section 2.4.1 to add a 3-level Ca40+ ion with the |e〉 ↔ |g〉 transition driven by a Raman

process including one laser and one cavity photon. Once the model was coded we were

able to test the system, using parameters from literature[71], to create shaped pulses in

the fibre from the one photon-ion-cavity-fibre system. Considering all losses Figure 4.6

shows how much of the shaped pulse we can expect to successfully enter the fibre. To

create this figure we used an ion-cavity coupling strength of g = 30πMHz, a spontaneous

decay rate of γ = 6πMHz, and a cavity decay rate of κ = 4πMHz. The single photon

shape is created using a laser pulse driving the ion, the laser pulse is described by

Ω(t) = gt/1µs, notice that Ω(t) increases with time, this is because the ion needs to be

driven harder as its excitation probability decreases to maintain or increase the shape

of the emitted photon.

Figure 4.6: Dynamics of a ion-cavity-fibre system. Using the parameters from
literature, the ion-cavity coupling strength is g = 30πMHz, the spontaneous
decay rate is γ = 6πMHz, and the cavity decay rate is κ = 4πMHz. Along with
a laser pulse of Ω(t) = gt/1µs. Here the green solid line shows the population
of the fibre, the blue solid line represents the population of the |e〉 ion energy
level, the black solid line shows the population of the |x〉 ion energy level, and
the black dashed line shows the population of the cavity.

Figure 4.6 shows a probability of emission in to the fibre of 97% which agrees with

current literature. By comparing the results of our model against [71] we are now able

to implement the full ion-cavity-fibre-cavity-ion system for analysis. However, rather
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than simply analysing current systems the next section will use the restrictions set by

the ion trap to find the optimal cavity parameters for efficient state transfer.
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4.4 Optimal state transfer

Using the optimal cavity parameters calculated in Chapter 3 combined with the pulse

shaping techniques and time reversal argument we are able to calculate the optimal state

transfer for a set cavity length, mirror size, and wavelength as given in Table 4.2.

Parameter Value

L (mm) 1.4

Rmir (µm) 70

Sc (PPM) 10

Ab (PPM) 2

λ (nm) 866

γ (Mhz) 11.2(2π)

l (m) 600

Table 4.2: System parameters used throughout Section 4.4

4.4.1 Driving Single Photon Absorption

Using the time reversal argument and the STIRAP shaping technique, we are able to

drive the absorption of an incoming photon of known shape with the right laser pulse.

In our system this can easily be done by using the time reverse of the shaping laser pulse

on the ion after a delay equivalent to the photon travel time in the fibre,

tD =
nl

c
, (4.11)

where n is the group index of the fibre mode. This results in the incoming photon having

the exact time reversed conditions as when it was emitted from the first cavity which

causes full absorption.

For the simulations we have chosen a Gaussian shape pulse with a Full Width Half

Maximum (FWHM) of 141.3m as seen in Figure 4.7. This pulse is generated using the

laser pulse seen in Figure 4.8 calculated by eq.(2.72).

The Gaussian pulse in Figure 4.7 was chosen due to its symmetry and because it has no

sudden sharp features. This makes the required laser pulse, seen in Figure 4.8, easier

to generate as it has no sudden intensity spikes. This also makes calculating the laser

pulse for the receiving cavity very simple as it is simply the time reverse of the pulse

used to generate the shape. This pulse is used for most of the results in Section 4.4.
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Figure 4.7: A long Gaussian shape with a FWHM of 141.3m was used for
the single photon wavefunction in most of the simulations in Section 4.4. The
parameters used in this pulse can be found in Table 4.2, with the laser pulse
seen in Figure 4.8.

Figure 4.8: Laser pulse shape needed to produce the photon wavefunction in
Figure 4.7. Note that there are no sudden transitions making this easier to
implement.
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4.4.2 Optimal system

Section 3.5 looked at how we can optimise our system under the constraint of set cavity

lengths and mirror sizes. This section found the expected optimal reflectivity, Ref =

99.954, and concentricity, δ = 0.0418, of our system.

Figure 4.9: The maximum chance of success, O, for the cavity shown in Fig-
ure 2.4 with the concentricity of the cavity, δ. Note that the mirror reflectivity
at each point on this graph is varied to give the optimal O value. (See appendix
C, Figure C.1 for O vs Ref )

Figure 4.9 shows the optimal concentricity, for the cavity parameters defined in Fig-

ure 2.4, where Sc and Ab are taken as 10PPM and 2PPM respectively [52], of δ = 0.0418.

At this value the optimal reflectivity is Ref = 99.954% yielding a cooperativity of

C = 17.14, a coupling efficiency of κin/κ = 0.972 , an ion-cavity coupling strength

of g = 248.2MHz. This yields an overall maximum chance of success of 89.3%.

Section 3.5 achieved its results by optimising our cavities for a single parameter related

to the expected transfer efficiency, O. This section will build on this by taking the

parameters from Section 3.5 and looking at the full dynamics of the laser-ion-cavity-

fibre-cavity-ion-lasers system behaves and how sensitive they are to changes in these

optimal parameters. More detail on the steps of this simulation can be found in appendix

A.
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4.4.2.1 Mirror Size

Assuming perfectly aligned mirrors we can see the optimal ion-cavity-fibre-cavity-ion

photon transfer in Figure 4.10. In this graph the parameters have been calculated for

optimal transfer for each mirror size by optimising eq.(3.40), these parameters can be

seen in Figure 4.11(a). In Figure 4.11(a) we see the optimal reflectivity and concentricity

of cavities will different mirror sizes. In general we see that as we use larger cavity

mirrors we are able to use more concentric regimes and higher reflectivity mirrors. All

of this results in the cavity cooperativity and cavity↔fibre coupling efficiency seen in

Figure 4.11(b)

Figure 4.10: Transfer efficiency vs radius of the cavity mirrors. The dotted line
represents the expected maximum transfer as calculated from eq. (3.40) and
the solid green line represents the results of the full simulation.

From Figure 4.10 we see that the efficiency of photon transfer is heavily dependent on

the size of the cavity mirrors, here we see that the larger the mirror the more efficient the

transfer. Figure 4.10 shows that as the mirror size, Rmir, falls to 41µm the maximum

transfer efficiency drops by 50% to 0.445. Given the set wavelength and cavity length we

also see that increasing the cavity mirror larger than 50µm starts to yield diminishing

returns. The reason for this can be seen from Figure 4.11(a) and Figure 4.11(b), where

the clipping losses are becoming less dominant as mirror size increases, therefore the

optimal parameters get more concentric. This leads to a larger coupling efficiency which,

in turn, leads to the need for lower reflectivity mirrors and thus losses such as clipping,

scattering and absorption become less dominant. We can conclude from this that at a

mirror size of Rmir = 50µm the clipping losses are less of a factor than the scattering and

absorption losses, and that the decrease in reflectivity with the increase in concentricity



Chapter 4 Ion-Ion State Transfer 89

is to lower the number of times the light reflects off the mirror, hence also lowering losses

caused by scattering and absorption.

Figure 4.11: In (a) we see the optimal parameters used to calculate the results in
Figure 4.10 and in (b) we see the cavity cooperativity and cavity↔fibre coupling
efficiency in Figure 4.10
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4.4.2.2 Cavity Length

The length of the cavity is very important in determining the optimal mirror parameters.

By combining eq. (2.8) and eq. (2.5) with our definition of δ we can find that the beam

waist size can be expressed as

W 2
0 =

λL
√
δ√

2π
, (4.12)

and the size of the beam on the mirror can be expressed as

W 2
m =

λL

2π

[√
2δ +

1√
2δ

]
. (4.13)

Eq. (4.12) and eq. (2.24) clearly show that the coupling strength is inversely proportional

to the cavity length, g ∝ 1/L. Eq. (4.13) and eq. (3.12) show that an increased cavity

length will also cause an increased clipping loss due to larger beams on the mirror.

Figure 4.12: Transfer efficiency vs cavity length. Here the dotted lines repre-
sent the theoretical maximum transfer, from eq.(3.40), for each mirror size and
the solid line shows the simulated results. The red, green and blue lines are
for mirrors with radius, Rmir, of 90µm, 70µm, and 50µm, respectively. The
parameters for each mirror at each cavity length can be seen in Figure D.1,
Figure D.2, and Figure D.3 of the appendix.

Figure 4.12 shows how the cavity length changes the optimal performance of cavities

with different mirror sizes. The maximum transfer at a cavity length, L, of 1.4mm for

the 90µm, 70µm, and 50µm mirror radius is 0.915, 0.890, and 0.817, respectively, falling

to 0.903, 0.874, and 0.744 at a cavity length of 1.6mm. We can see from Figure 4.12
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that larger cavity mirrors are less affected by increasing cavity lengths. Assuming that

we are still able to effectively couple light from a larger mirror to a single mode fibre,

this subsection shows that increasing the length of the cavity in exchange for a larger

cavity mirror might be a better trade off depending on how much this trade off affects

the RF electromagnetic field, and hence trapping time, of the ion trap.
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4.4.2.3 Wavelength

This section looks at how using light of different wavelengths would affect the perfor-

mance of the system. Figure 4.13 shows that larger wavelengths cause an overall less

efficient system. At our operating wavelength of 866nm we obtain a maximum transfer

of 0.890. However if we increase the operating wavelength to 1550nm then we only

achieve a transfer of 0.875. The transfer drops by 50% at a wavelength of 3027nm. On

the other hand if we reduce the wavelength of the cavity to 522nm we see an increase

in photon transfer to 0.893. However this seems to show diminishing returns as an

operating wavelength of 180nm only achieves a transfer of 0.894.

Figure 4.13: Transfer efficiency vs wavelength of light. The dotted line shows the
theoretical maximum and the green solid line shows the results of the simulation.

Figure 4.14: (a) shows the parameters for Figure 4.13, and (b) shows the cooper-
ativity and coupling efficiency obtained using the parameters in Figure 4.14(a).

Figure 4.14(a) shows that as the wavelength increases to 2390 nm, the optimal param-

eters cavity parameters get more confocal to avoid increasing clipping losses. Then, as
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the wavelength increases further the optimal parameters start to get more concentric

again. This is due to clipping losses having a larger impact on the system, therefore it

becomes more optimal to have a lower reflectivity mirror and a higher coupling strength,

i.e. the photon and atom interact at a faster time-scale and the photon leaks out at a

faster time-scale.

Figure 4.13 was calculated assuming the decay rate of the ion was constant at 11.2(2π)MHz

and a changing coupling strength, because we are varying both the wavelength λ and

spot size W0 from eq. (2.24). If we wanted to consider another ion such as Yb+ using

the 925nm transition, as in [90], then we would have to also consider the spontaneous

decay rate, 2(2π)MHz, of that atom. Comparing different ions and transitions in this

way would be a very useful extension of this research for future projects.

This section also assumes that the the fibre is effectively lossless at any chosen wave-

length. In practice this may mean choosing fibres made from different materials or

hollow-core fibres.
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4.4.2.4 Scattering and Absorption Losses

Two of the major limiting factors in the design of this cavity are the scattering losses and

absorption losses of the cavity mirrors. If these were non-existent then a highly confocal

cavity with a near 100% reflectivity would be optimal, as seen in Figure 4.16(a), because

even with lower coupling strength, g, we would be able to trap the light for a longer

period of time to ensure interaction with the trapped ion causing the large cooperativity

and coupling efficiency seen in Figure 4.16(b). Unfortunately, these losses are intrinsic

to the system and heavily dictate the optimal parameters of the system, as well as its

overall efficiency.

Figure 4.15: Transfer efficiency vs scattering and absorption losses.

Figure 4.16: (a) shows the optimal cavity parameters as we change the scatter-
ing and absorption losses. (b) shows the resulting cooperativity and coupling
efficiency when using the parameters shown in (a). The overall ion-ion transfer
efficiency can be found in Figure 4.15.
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Figure 4.15 shows how altering the scattering and absorption losses of the cavity mirrors

affects the maximum ion-ion transfer. Our default system has mirrors with scattering

and absorption losses of 12ppm and achieves a transfer efficiency of 0.890. If we halve

the losses to 6ppm or double them to 24ppm we achieve a transfer efficiency of 0.917 and

0.855, respectively. This shows that we, obviously, want the lowest possible value for

these losses, however we can compensate for high losses by increasing concentricity and

decreasing the reflectivity of the mirrors as shown in Figure 4.16(a). This compensation

works by speeding up the interaction between the cavity and the ion so that the photon

spends less time in the lossy cavity. Doing this may increase the clipping losses per round

trip, however this is offset by the shorter number of round trips due to the decreased

mirror reflectivity.
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4.4.2.5 Fibre Length

In this section we ignore attenuation losses in the fibre to see how the fibre length might

affect the physics behind our network and see if there is a optimal length for our fibre.

Figure 4.17 shows what happens if we reduce the length of the fibre, including what

happens if we reduce the length of the fibre to shorter than the single photon pulse.

The maximum value in this graph is 0.8923 and the minimum is 0.8879. When the

fibre is over 300m long the maximum transfer settles at 0.8902. All of these values are

slightly lower than the theoretical maximum, O = 0.8928, and the variation in overall

transfer only has a short range of 0.0044 indicating that the optimal transfer efficiency is

independent of fibre length when ignoring attenuation losses. As the frequency spacing,

∆ω, of the fibre gets larger as the fibre length decreases the coupled frequency modes

are less able to properly sample the pulse. At extremely short lengths ∆ω may become

large enough that effectively only one frequency is coupled to the cavity; this case is

known as the short fibre limit.

Figure 4.17: Maximum transfer efficiency for changing the fibre size while keep-
ing the laser pulse the same. The vertical dotted line shows the Full Width Half
Maximum (FWHM) of the pulse. As a result, to the left of this line the pulse
is larger than the fibre transmitting it.

Since we have shown that the length of the fibre does not alter the transfer efficiency of

our system it is still worth noting that repeaters of shorter lengths are more desirable as

a real system will have some degree of attenuation loss. The simulations created have

the option to consider fibre attenuation losses. However including these types of losses

only shows a decrease in transfer efficiency equivalent to what was lost in the fibre. This

straightforward result is shown in appendix E and will not be discussed further here.
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4.4.3 Imperfections

This subsection looks at taking the cavity with the optimal parameters and seeing how

it behaves when various imperfections, such as misalignment, delay in turning on the

second laser and fabrication tolerances in the cavity mirrors, are introduced. For our

system we used the new cavity losses, caused by imperfections, to calculate the laser

pulse for our single photon wavefunction. This will show the optimal results of these

imperfect systems.

4.4.3.1 Misaligned Cavities

Using the geometry derived in Chapter 3.2 with the full simulation we are able to see

how misalignment affects the overall performance of the system.

Figure 4.18: Transfer efficiency vs axial misalignment. The cooperativity and
coupling efficiency of this can be seen in Figure D.4

Figure 4.18 shows that the overall ion-ion transfer efficiency falls by 50% to 0.445 when

the cavity is axially misaligned by Max = 2.11µm. This is caused by a decrease in both

the cooperativity and the cavity↔fibre coupling efficiency as seen in Figure D.4. For

these cavity parameters this level of tolerance to misalignment is perfectly acceptable

as various products on the market allow for nm level precision when aligning fibres [91],

which is achievable in experiments [44]. For integration inside an ion-trap quantum

computer, the use of advanced alignment tables may not be suitable as they would need

to operate within a vacuum chamber, could cause disruption to the trapping potential,

and they would be very expensive to scale. In practice this means a less accurate

alignment methods may be used. One such method would be to fabricate a micro
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structure to keep the fibre aligned. Post experiments with these structures have achieved

a maximum lateral alignment accuracy of 150nm[92].

Figure 4.19: Transfer efficiency vs rotational misalignment. The cooperativity
and coupling efficiency of this can be seen in Figure D.5

Figure 4.19 shows that the overall ion-ion transfer efficiency falls by 50% to 0.445 when

the cavity is rotationally misaligned by θ = 6.18mrad (0.354◦). This is caused by a

decrease in both the cooperativity and the cavity↔fibre coupling efficiency as seen in

Figure D.5. Since alignment tables exist that allow for 2µrad precision[93], a tolerance

in the mrad regime is 3 orders of magnitude larger than the achievable precision. How-

ever, when using micro structures to align the fibres the angular alignment accuracy of

6.3mrad[92] would cause significant loss.

Whilst the tolerances to misalignment in this subsection are very reasonable when using

an alignment table, it is worth bearing in mind that as the mirror size increases and

cavity length decreases, the optimal system will operate at increased concentricity to

improve coupling with the ion. This will affect the tolerance to errors in misalignment

more dramatically than our current system. However, when using micro structures

to align the cavities special attention should be taken to increase the accuracy of the

angular alignment because the method used in some experiments [92] would result in

above 50% losses of ion-ion transfer efficiency.



Chapter 4 Ion-Ion State Transfer 99

4.4.3.2 Fabrication Tolerance

When designing a device such as these fibre tip cavities it is important to know how

tolerant the mirrors are to fabrication errors in the reflectivity and radius of curvature.

Since the cavity length, L, is fixed at 1.4mm we will be looking at radius of curvature

in terms of the concentricity parameter, δ. Figure 4.20 shows that as the error in

concentricity changes from δ = 0.0418, the maximum transfer decreases from 0.89. At

δ = 0.0218 the transfer efficiency falls to 0.787, and at δ = 0.0618 the transfer efficiency

falls to 0.883. Since the mirror curvature can be made to a higher precision than ±0.02

(±28µm for a cavity length of 1.4mm)[94], for a fibre tip mirror created by CO2 laser

ablation, the tolerance in mirror curvature should not be an issue. We can also see

from Figure 4.21 that at a concentricity of δ = 0.0224 the cooperativity peaks and then

starts to decrease; this is due to the trade off between clipping losses and scattering and

absorption losses.

Figure 4.20: Transfer efficiency vs concentricity. Figure 4.21 shows how the
cooperativity and cavity↔fibre coupling efficiency are affected by this error.

Figure 4.22 shows how the reflectivity of the cavity affects its overall performance. If

we increase the reflectivity from the optimal value of 99.954% we see a rapid drop in

maximum transfer. This is due to the light being trapped in the cavity for longer

resulting in the cavity losses playing an increasingly bigger role. Increasing the mirror

reflectivity by +0.02%, to 99.974%, we see a drop in transfer of around 0.02, to 0.87.

However, if we decrease the mirror reflectivity we also notice a drop in maximum transfer

because the photon has less time in the cavity and is less likely to interact with the atom.

A drop in reflectivity of−0.02%, to 99.934%, results in a drop in transfer of about 0.01, to

0.88. This shows that whilst it is important to fabricate a reflectivity that yields a good

balance between interactions with the atom and coupling into the fibre, the tolerance
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Figure 4.21: Cooperativity and cavity-fibre coupling efficiency vs concentricity
for the results shown in Figure 4.20.

on the reflectivity is perfectly reasonable as mirrors with a reflectivity of 99.993% have

been demonstrated with an error of ±0.001%[94], and mirrors with significantly higher

reflectivity have been achievable for decades[95].

Figure 4.22: Transfer efficiency vs reflectivity. As we simulate a cavity with an
error in the reflectivity we see that the performance of the system decreases.
The results of the full simulation here match very well with what we see in
Figure 3.25.

Whilst the parameters in this subsection are very reasonable for our use case, it is worth



Chapter 4 Ion-Ion State Transfer 101

Figure 4.23: Cooperativity and cavity-fibre coupling efficiency vs reflectivity for
the results shown in Figure 4.22

bearing in mind that as the mirror size increases and cavity length decreases, the clipping

loss of the cavity will be reduced which will allow for increased concentricity. This will

affect the tolerance to errors in δ more dramatically than our current system.
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4.4.3.3 Laser Pulse Delay

Another important aspect of this set up is to be able to time the laser pulse of the

second cavity so that it lines up with the expected arrival time of the photon. In the

simulation this is done by calculating the arrival delay with eq. (4.11), and assuming

the laser is activated at exactly the right time. The single photon wavefunctions used

had a Guassian profile with three different FWHM values. Figure 4.24 shows that, as

expected, a delay in activating the laser pulse on the second cavity results in an overall

lower transfer efficiency.

Figure 4.24: Transfer efficiency vs error in second laser activation. All three
single photon pulses used a Guassian profile.

Figure 4.24 shows that in our system the pulse with a FWHM of 141.3m requires a delay

of 400ns for a fall in efficiency of 50%, to 0.445, whereas the pulses with a FWHM of

100m and 200m are tolerant to a delay of 263ns and 588ns, respectively, for the same

fall in transfer efficiency. This shows that the larger the target pulse the more tolerant

the system is to error in laser activation time.
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4.5 Chapter Summary

This chapter looked at using an optical fibre to connect the cavities that were analysed

in the previous chapter. Section 4.1.1 built the initial dynamics of two cavities connected

by a fibre, with the first cavity initially containing a single photon. This section showed

that, under the given parameters, the photon would enter the second cavity with 54%

probability. Section 4.1.2 shows that near deterministic transfer is theoretically possible

by time reversing the emitted pulse. This is consistent with the results expected from

literature[76].

Section 4.2 took the shaping of the pulse even further and looked at how the probability

of the photon entering the cavity is dependent on the shape of the incoming photon

wavefunction. By testing different shapes we were able to compare our results with

expected results from literature to verify that the model was correct[79].

Section 4.3 added laser driven ions into the cavities and considered the losses associated

with the system. This section was the final step in creating an accurate simulation of our

real world system. Using this system we could test the expected loss of ion-cavity-fibre

transfer with literature [71] allowing further confidence in our results.

Section 4.4 finally put together all of the components from Chapter 3 and Chapter 4

to calculate the optimal cavity parameters under the constraints imposed by the fibre

trap. This section looked at how the system is affected by mirror size, cavity length,

wavelength, scattering and absorption losses, and fibre length. Moreover, how the per-

formance of the optimised system is analysed with respect to misalignments, fabrication

errors, and timing delays of the pulse.

The next chapter will look at the conclusions we can draw from the results of this thesis.
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Conclusion

The motivation of this project was to analyse how the addition of cavities and an optical

fibre could improve the performance of ion to ion transfer for the ion trap based quantum

computer proposed at NQIT [23]. For this analysis we took the simplest network of a

ion-cavity-fibre-cavity-ion, as seen in Figure 1.2, which would represent two nodes of

our quantum computer. Using restrictions on cavity length and mirror size, found from

previous research on integrating fibre tip cavities into ion traps [36][37], we were able

to simulate an optimised network of cavities for maximum ion-cavity-fibre-cavity-ion

transfer. In future work this optimised system could be used to generate entanglement

between the two ions without needing to use single photon detectors. Ideally, for this

system we would be able to find a solution that would allow the transfer of this system

to be near deterministic (above an overall efficiency of 99% for a two qubit gate [12])

because without the ’double click’ event of the detectors we would be unable to tell if

the entanglement was unsuccessful.

This thesis has introduced useful insight into the behaviour of cavity system, with Chap-

ter 3 analysing relationships between alignment and cavity performance for use in any

FP cavity regime. Chapter 4 produced an analysis of ion-ion population transfer using

cavities and an optical fibre under constraints where they are integrated with an ion

trap, and produced insights to find the optimal cavity parameters for this use case.

Chapter 3 found that misalignment may play a bigger role in losses of a cavity system

than previously expected[15]. In the case of highly concentric mirrors, the system is

extremely sensitive to misalignment. However, for the fibre tip cavities, due to a combi-

nation of small mirror sizes and long cavity lengths, we operate in a much more stable

regime than systems such as neutral atom experiments. As a result of this the NQIT

system is tolerant to axial misalignments in the order of µm and rotational misalign-

ments in the order of mrad. This is further shown by results from Section 4.4.3.1, which

given current alignment systems is perfectly achievable for high-end alignment tables,

but may require extra care when aligned using fabricated micro-structures.
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Section 3.4 proposed an asymmetric cavity where the mirrors had different size and con-

centricities that is expected to achieve similar transfer efficiencies as the NQIT system,

however this system shows improved tolerance against misalignment. Whilst increased

tolerance to misalignment may not be necessary under current design restrictions, fur-

ther improvement of the ion trap geometry may allow shorter cavity lengths and larger

mirrors. This would result in a desire for more misalignment tolerant designs.

Chapter 4 found a balance between the concentricity of the cavity and the reflectivity of

the mirrors for the optimal ion-cavity-fibre-cavity-ion transfer. However, this balance is

dependent on the exact constraints of the system, i.e. cavity length, wavelength, mirror

size, and scattering and absorption losses. Under the current design restrictions the

tolerance to errors of the system, such as misalignment or fabrication uncertainty, is

reasonable. However, an overall ion-ion transfer efficiency of 89% is well below the near

deterministic value we would need to achieve direct ion to ion entanglement and remove

the detector layer of the NQIT system for scalable quantum computing. As a result

improvements must be made to allow for a shorter cavity length or larger cavity mirrors

to increase this efficiency. If this is not possible then the results in Section 4.4.2.1 and

Section 4.4.2.2 indicate that a longer cavity with larger mirrors in a more concentric

regime would be worth looking into for future NQIT designs. In both these cases the

cavities would be more concentric which would reduce the tolerance to misalignment as

expected from Figure 3.8.
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5.1 Future Work

So far this work has looked at the case of transferring the population of one ion in a

cavity to another connected by an optical fibre, using the STIRAP technique to shape

the pulse. This work has many ways it may be expanded further.

5.1.1 Shaping via Cascaded Cavities

One potential avenue for future research would be to remove the lasers driving the ions

by using cascaded cavities to shape the single photon pulse. A diagram of such a system

can be seen in Figure 5.1

Figure 5.1: Cascaded cavities.

By considering left and right propagating modes separately [96], we can model the system

with the Hamiltonian (dropping ~),

Ĥ = ∆aâ
†â+ ∆bb̂

†b̂+
N∑
i
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†
i Âi +

N∑
i
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†
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where Â and B̂ represent the annihilator operators for N cavities on the left and right

side respectively, â and b̂ are the final end cavities, and ĉk represents the optical fibre

connecting both cavity systems. The interaction term Ĥint is given by
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†) + Jb(b̂B̂
†
0 + B̂0b̂

†) + JA

N−1∑
i

(ÂiÂ
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† + ĉkB̂

†
N )(−1)k

, (5.2)

where Ja,b is the coupling strength between the main cavities and the first cavity of the

cascade. JA,B is the coupling strength between each of the neighbouring cavity layers

on the left and right side of the fibre respectively, and ηA,B is the coupling of the fibre

modes to the ÂN and B̂N cavities either side of it where N number of cavities. A quick

simulation using the parameters seen in Table 5.1 allows us to see how such a system

may act with no atoms and a single photon in the first cavity.
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L N ηA,B JA,B Ja,b ∆A,B

3000m 8 2.24× 106 10ηA,B ηA,B
√

2JA,B

Table 5.1: Parameters used in the many cavity model.

The values chosen in Table 5.1 were done as a proof of concept and may not be represen-

tative of a real world device. The system under these parameters produces the results

shown in Figure 5.2(a) and Figure 5.2(b).

Figure 5.2: Cavity-cascaded cavity-fibre-cascaded cavity-cavity system. Figure
(a) shows the pulse at time 9µs as a result of this many cavity system. Figure
(b) shows the absorption as a result of many cavity system, the pulse reaches
the second cavity at 10µs and is absorbed with a >80% chance.

In Figure 5.2(b) the pulse decays from cavity 1, then propagates in the fibre until 10µs

and is then absorbed with a >80% chance into cavity 2. This model may be expanded

upon with better cavity parameters to enable passive single photon shaping. By aiming

for a time symmetric shape it may be possible to drive absorption without the need for a

laser. However, further issues that would need to be considered are increased scattering

and absorption losses due to the extra surface boundaries and extra fabrication errors

due to the cavities all needing to be the correct length. Assuming it is possible to create

a shape time symmetric enough to obtain (near) full absorption theoretically, one then

needs to investigate how much variation in the receiving cavity array can be tolerated.

This cavity system can be the result of a Bragg grating written at the ends of the fibre,

which may help with some of these tolerances.

5.1.2 Creating Entanglement

In our system we focus on transferring the state |e1, g2〉 → |g1, e2〉. However, for quantum

computing we require the ability to generate an entangled state i.e.
1√
2

[|e1, g2〉+ |g1, e2〉].
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Using, our current simulation we can achieve this by calculating a STIRAP pulse that

would have a 50% chance of actually generating a photon. This can easily be done with

the code already created. However, as can be seen from Figure 5.3 using the time reverse

of the laser pulse used to generate the 50% photon emission does not allow for complete

absorption of the 50% photon pulse (Figure 5.3(a)), instead the time reverse of the laser

pulse that would be used to generate the full photon emission is needed (Figure 5.3(b)).

Figure 5.3: (a) shows the population transfer when the laser pulse is set to
generate a photon with a 50% chance and the second cavity uses the time
reverse laser pulse to absorb the incoming photon. (b) shows the population
transfer when the laser pulse is set to generate a photon with a 50% chance and
the second cavity uses a laser pulse that is the time reverse of one with a 100%
chance of emitting a photon.

Figure 5.3(b) also shows that whilst 50% of the excitation is still in the first ion, the

second ion has received only 44.6%, which is due to the losses analysed in this thesis.

A full analysis of this entanglement generation, including creating other states, would

be a useful continuation of this work.

5.1.3 Networking Multiple Ions

Another way this work can be expanded is by adding multiple cavities to simulate a

network of ions. Whilst a two ion-cavity system is good for studying the individual

components, further insight may be had by creating a more complex network.

In this system it may be worth using a symmetric laser pulse to shape the emitted

photon, which will allow the same laser pulse to be used for both receiving and emitting

ions. Once this is done we could set all fibre lengths in the system as a multiple of the

shortest length, which would allow us to create a system where all of the ions can be

driven periodically. This system would therefore operate at a set clock speed.



110 Chapter 5 Conclusion

5.1.4 Comparing Different Ions

In this work we have focused on using Ca+ ions, however other experiments have used

different ions such as Yb+ and neutral atoms such as Rb [45]. An in depth analysis

of the performance how different systems act under the optimisation in this thesis may

provide a useful insight into which ions are the best under different circumstances.



Appendix A

Numerical Methods

The final simulation, which obtained many of the results in chapter 4 of the thesis, has

four distinct steps, with each step requiring their own numerical methods. The code was

written in the programming language Python using the packages NumPy, SciPy, Math,

and plotted using Matplotlib.

The first step is to take in the fixed cavity parameters (i.e. mirror size, cavity length,

wavelength etc) and guess the near optimal concentricity and reflectivity values. The

second step uses a numerical method known as the Nelder-Mead method [97], a type of

gradient descent algorithm, to find the optimal parameters. The code then checks if the

optimised result is physically possible: if not then it will change the initial guess values

and try to optimise again, if it is possible then it moves on to the next step.

The next step uses the misalignment geometry derived in this thesis, and known Gaus-

sian beam physics to calculate the electric field of the cavity mode on the mirror surface.

Using Simpsons rule[97] for integration we are able to find the losses and coupling effi-

ciencies of the cavity.

The third step is to calculate the laser pulse required to generate the desired cavity→fibre

decay, which results in any arbitrary single photon pulse shape. This step uses the

cavity parameters calculated in step two, with equations found in literature[71], and the

trapezoidal rule[97] for cumulative integration.

The final step is the full network simulation. This simulation starts with the ion in

the first cavity in the excited state and uses the laser pulse calculated in step three to

generate the desired single photon pulse in the fibre. This step also uses the delay of

the pulse arriving at the second cavity and the time symmetry of the problem to drive

maximum absorption into the second cavity. Finally this method takes the highest value

of the excited state in the second ion as the maximum chance of transfer. This step uses

the Runge-Kutta method[97], with the complex values mapped as real values, for solving

the differential equations.
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All of these steps are then looped to find how changing the system affects its performance.



Appendix B

Pulse Shapes

This appendix shows the single-photon pulse shapes used in Section 4.2.

Pulses shown in this appendix were first calculated, then converted to the equivalent

frequency space shape. The pulses were then normalised to correspond to a single

photon. For the pulses used in these simulations the distance x is given in meters and

the height of the shape is arbitrary.
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Figure B.1: Pulse shapes (a)-(h) as defined in Table 4.1

The pulse shown in Figure B.1(a) shows the result of a pulse from the cavity if it is

allowed to decay naturally.



Appendix C

Optimal Transmission

Figure C.1 shows the maximum ion-cavity-fibre-cavity-ion transfer of our system as a

function of mirror transmission with the concentricity being optimised for each point.

This is in addition to Figure 4.9 in Section 4.4.2 which shows the transfer rate versus

concentricity.

Figure C.1: The maximum chance of success, O, for the cavity shown in Fig-
ure 2.4 with the transmissivity of the mirror. Note that the cavity concentricity
at each point on this graph is varied to give the optimal O value as seen in
Figure 4.9.
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Supplementary Figures for

Section 4.4

Figure D.1, Figure D.2, and Figure D.3 below show the parameters of the 90µm, 70µm,

and 50µm mirrors for Figure 4.12. Figure D.3 shows that as the clipping losses increase

that the optimal cavity compensates by having a lower reflectivity, this reduces the

amount of time the photon spends in the cavity and reduces the chance of it being lost.

Figure D.1: Optimal concentricity and transmission vs cavity length for the
90µm mirror in Figure 4.12.

Figure D.4 and Figure D.5 show how the cooperativity and coupling efficiency are af-

fected by both axial and rotational misalignment in Figure 4.18 and Figure 4.19, respec-

tively.
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Figure D.2: Optimal concentricity and transmission vs cavity length for the
70µm mirror in Figure 4.12.

Figure D.3: Optimal concentricity and transmission vs cavity length for the
50µm mirror in Figure 4.12.
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Figure D.4: Cooperativity and coupling efficiency of the optimal cavity vs axial
misalignment as seen in Figure 4.18

Figure D.5: Cooperativity and coupling efficiency of the optimal cavity vs ro-
tational misalignment as seen in Figure 4.19





Appendix E

Fibre Losses

In Section 4.4.2.5 the effects of fibre losses were briefly looked at. However, since they

do not affect the performance of the cavity and only act as a simple additional loss the

results have not been included in the main thesis. Figure E.1 shows how loss within the

fibre affects the overall ion-ion transfer efficiency.

Figure E.1: Maximum transfer efficiency with a 600m fibre versus fibre loss.

121





Publications

1. D. T. Clarke and P. Horak, ”Alignment requirements of Fabry-Perot microresonators

for ion trap quantum information processing (Conference Presentation)”, Proc. SPIE

10674, Quantum Technologies 2018, 106740P (29 May 2018); doi: 10.1117/12.2307152;

https://doi.org/10.1117/12.2307152

2. C. J. Stirling, A. L. Donko, N. Baktash, K. Grabska, A. L. Camacho Rosales, D.

T. Clarke, J. J. Prentice, M. T. Posner, ”Student-led outreach and public engagement

activities at the University of Southampton to celebrate the inaugural International Day

of Light”, Proc. SPIE 10741, Optics Education and Outreach V, 107410B (14 September

2018); doi: 10.1117/12.2320304; https://doi.org/10.1117/12.2320304

123





References

[1] A. Einstein. The Nobel Prize in Physics 1921. Nobel Media AB 2018, 1921.

[2] J. P. Dowling and G. J. Milburn. Quantum Technology: The Second Quantum

Revolution. Philos. Trans. Royal Soc. A, 361, 1655, 2003.

[3] R. P. Feynman. Simulating physics with computers. Int. J. Theor. Phys., 21(6-

7):467–488, 1982.

[4] S. Boixo, S. V. Isakov, V. N. Smelyanskiy, R. Babbush, N. Ding, Z. Jiang, M. J.

Bremner, J. M. Martinis, and H. Neven. Characterizing Quantum Supremacy in

Near-Term Devices. Nat. Phys. 14, 595-600, 2018.
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