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Abstract

Compressible multi-material flows are characterized by complex flow struc-

tures with a broad range of length scales and discontinuities associated with

material interfaces and shock waves. High order and high resolution numeri-

cal methods are required to capture material interface as sharply as possible

and to increase the resolution of complex structures along the material in-

terface. This paper will present the application of the high resolution finite

volume (FV) method based on the minimized dispersion and controllable dis-

sipation (MDCD) reconstruction to compressible multi-material flows. The

MDCD scheme with independent dispersion and dissipation provides a flex-

ible mechanism to control the numerical dissipation. The adjustment of dis-

sipation of the MDCD reconstruction will not affect the consistency, which is

required for interface-diffusion capturing methods to prevent spurious oscilla-

tions. Several one- and two dimensional multi-material numerical simulations

have indicated that the high resolution FV method based on MDCD recon-

struction can capture material interfaces free of spurious oscillations and

provide better resolved small-scale features than other numerical schemes on
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the same grid resolution.

Keywords: Multimaterial, Interface-capturing, High-resolution, Finite

volume method

1. Introduction

Compressible multi-material flows are usually associated with complex

problems, such as inertial confinement fusion, high-speed impact, high-speed

combustion, high-energy physics and supernovae explosions. The evolution of

deformations near a material interface is important for compressible multi-

material problems. However, spurious oscillations are typically generated

at material interfaces in simulations of compressible multi-material flows.

Therefore, one challenge for simulations of compressible multi-material flows

is how to handle material interfaces. There are generally two techniques

used to capture material interfaces, which are sharp and diffusion interface

methods [1]. In the first class, the interface is preserved as a resolved surface

and each material aside from the interface is treated independently [2–10].

In the second class, the diffusion interface methods adopt a single set of

equations to model the multi-material flows at all the computational cells

and implicitly capture the interface separating different materials [11]. With

this advantage, the diffusion-interface models [12–16] gain a great success

for simulations of compressible multi-material flows. Another challenge is

how to accurately simulate the compressible multi-material flows especially

characterized by large interface deformations and mixing process with com-

plex structures at small scales. Accordingly, high order and high resolution

numerical methods are required to capture material interfaces as sharply as
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possible and to increase the resolution of small features along the interfaces

for simulations of multi-material flows.

In this paper, we will propose a high-resolution FV method using MDCD

reconstructions for solving compressible multi-material flows based on the

single pressure and single velocity model. For single material flows, the

MDCD technique proposed in the finite difference framework [17] has been

extended to the FV method [18]. There are two advantages for the MDCD

technique: (1) the dispersion error is minimized and one free parameter is left

to control dissipation; (2) The optimized dispersion property is not affected

by the dissipation adjustment. However, the MDCD technique developed

for single material flows cannot be directly applied to compressible multi-

material flows. The challenges for high-resolution numerical algorithms of

diffusion-interface methods are the consistency and the high resolution is-

sues, which are crucial for the accurate treatment of material interfaces.

For the consistency issue, numerical algorithms are required to be consis-

tent with both diffusion-interface models and interface conditions to prevent

spurious oscillations. Diffusion-interface methods solve a material interface

as a contact discontinuity in the diffused numerical zone which contains the

artificial mixtures produced by numerical diffusion. Absent fulfillment of all

the assumed interface conditions within the artificial mixtures, spurious ve-

locity, pressure and temperature oscillations tend to appear in the diffusion

zones and can propagate and contaminate the solution fields. The spurious

oscillations are carefully analyzed and consistent physical models are pro-

posed to prevent pressure oscillations and temperature spikes [19–27]. In

this paper, we will apply high resolution numerical method to the governing
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model with physical and numerical consistency in mechanical and thermal

equilibrium within artificial mixtures.

For the high-resolution treatment of material interfaces, some shock/interface-

capturing numerical methods tend to be too dissipative and numerically

smear the material interface. Hence, the artificial diffusion introduced by

interface-diffusion capturing methods should be alleviated as much as possi-

ble to sharpen the diffusion zones and to increase the resolution of complex

structures along the material interface. Several numerical approaches have

been developed to minimize the numerical smearing, which attempt to com-

press the interfaces [28–31], to sharpen the interfaces [32–34], as well as to

adopt high-order numerical schemes [21, 26, 35–43]. Most recent develop-

ments tend to apply high-order algorithms to increase the resolution of the

diffusive material interfaces. However, the order of the truncation error of a

numerical scheme only provides information on the asymptotic convergence

rate to the exact solution without enough information on the actual error on a

finite computational grid [44]. Hence, spectral-like high resolution numerical

methods are developed for simulations of flows with a broad range of length

scales [17, 18, 45–48]. In this paper, we will apply high-resolution MDCD

scheme for reconstructions of FV method to capture material interfaces.

There are several characteristics of the high resolution FV method with

the MDCD reconstruction for compressible multi-material flows. Firstly, the

MDCD reconstruction with minimized dispersion and controllable dissipa-

tion can more sharply capture material interfaces and improve the resolution

of finer structures. Secondly, the MDCD reconstruction provides a very flex-

ible mechanism to control the numerical dissipation of the numerical scheme.
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The adjustment of dissipation of the MDCD reconstruction will not affect

the consistency, which is required for interface-diffusion capturing methods.

Moreover, the adjustment of dissipation will not affect the optimized disper-

sion property. Thirdly, the nonlinear adaptation mechanism of the nonlinear

MDCD scheme is optimized to reduce dissipations using the relative smooth-

ness limiter [39]. Finally, the proposed FV method can naturally maintain

discrete conservation of the total mass, momentum, energy and species mass

for the compressible multi-material flows with material interfaces and dis-

continuities.

The remainder of this paper is organized as follows. In Section 2, the

physical model is presented. Section 3 will illustrate the numerical methods.

In Section 4, the numerical examples are provided to demonstrate the per-

formance of the proposed scheme. Finally, the conclusion remarks are given

in Section 5.

2. Physical model

2.1. Governing equations

The conservative equations of total mass, momentum and energy in the

Euler system are given by

∂ρ

∂t
+
∂ρuj
∂xj

= 0, (1)

∂ρuj
∂t

+
∂

∂xk
(ρujuk + pδjk) = 0, (2)

∂E

∂t
+

∂

∂xj
[uj (E + p)] = 0, (3)
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where ρ is density, uj is velocity, p is pressure and E is total energy. The

total energy is

E = ρ
(
e+

ukuk
2

)
in which e is internal energy.

For multi-fluid flows, Eqs.(1)-(3) are supplemented with (N − 1) addi-

tional conservative equations for species

∂ (ρYi)

∂t
+
∂ (ρYiuj)

∂xj
= 0 (4)

where Yi is mass fraction of species i and N is total number of the species.

2.2. Mixing rules

Mixing rules are used to calculate thermal dynamic relations for artificial

mixtures in the diffusion zone. In this paper, the ideal gas law is adapted.

Then the pressure is computed by

p

γ − 1
= ρe, (5)

with the ratio of specific heats γ derived by the following mixing rule

1

γ − 1
=

N∑
i=1

Yi
γi − 1

W

Wi

, (6)

where W is the mixture molecular mass which is computed by

1

W
=

N∑
i=1

Yi
Wi

. (7)

The temperature is computed by

T =
p

ρR
, (8)

where R is the mixture gas constant and is calculated by

R =
N∑
i=1

YiRi. (9)
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2.3. Equilibriums

2.3.1. Equilibriums of velocity and pressure

The transport equations in non-conservative form were proposed to pre-

vent pressure oscillations along material interfaces [23–25]. In this paper, the

transport equation in non-conservative form is adopted as follows:

∂Γ

∂t
+ uj

∂Γ

∂xj
= 0, (10)

where Γ = 1/ (γ − 1). Eqs.(1)-(4) and (10) form a quasi-conservative system

[25]. The value of 1/ (γ − 1) computed from Eq.(10) is only used to calculate

pressure and is different from the value of that computed by mixing rules

[39].

Besides the transport equation, the high-order and high resolution re-

constructions of the primitive variables are required to maintain pressure

equilibrium.

2.3.2. Equilibriums of temperature

High-order diffusion-interface methods generally result in temperature

spikes and the temperature errors will become problematic when temperature-

dependent problems are in considerations [21, 26]. To prevent temperature

spikes, ρ and (ρYi) are required to use the same difference operations in-

cluding reconstruction and upwinding. In this paper, the high resolution

reconstructions of ρ and (ρYi) are conducted using the same weights for the

nonlinear interpolations of ρ.
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3. Numerical methods

In the FV method, the primitive variables U = [ρ, ρYi, u1, u2, u3, p,Γ]T are

required to be reconstructed to maintain velocity and pressure equilibrium.

Moreover, ρ and (ρYi) are reconstructed using the same weights to maintain

temperature equilibrium. The Riemann problem from the reconstruction is

solved by the HLLC Riemann solver [35, 36]. The time marching is handled

by third order total variation diminishing Runge–Kutta scheme (TVD-RK).

3.1. Spatial discretization

In the FV method formulation, the integral form of the quasi-conservative

governing equations for compressible multi-material flows in Euler system is

given by
∂

∂t

∫
Ωj

QdΩ +

∫
∂Ωj

F · ndS =

∫
Ωj

ωdΩ. (11)

The spatially discretized finite volume scheme is

∂

∂t

(
QjΩj

)
+

m∑
f=1

(F · nS)f = ωjΩj (12)

with Q = [ρ, ρYi, ρu1, ρu2, ρu3, E,Γ]T,

(F · nS)f =



ρu · nS

ρYiu · nS

(ρu1u · n + pn1)S

(ρu2u · n + pn2)S

(ρu3u · n + pn3)S

(E + p)u · nS

Γu · nS


f

, ωjΩj =



0

0

0

0

0

0

Γj

m∑
f=1

[
(u · n)HLLC Sf

]


.
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where n = n1i+n2j+n3k is the unit outward normal vector of a cell surface

of the control volume and u = u1i + u2j + u3k is the velocity vector. Qj is

the cell average value of Q in cell Ij. The flux at the cell surface (F · nS)f is

achieved by solving the Riemann problem with left and right states, which

are reconstructed from cell averages. The velocity (u · n)HLLC in the source

term of the transport equation is given in Section 3.3 with details.

3.2. Reconstruction

The high resolution MDCD scheme is used to reconstruct the left and

right states of the Riemann problem. A fully downwind candidate stencil is

added to the classical WENO stencils. Fig. 1 depicts the candidate stencils

arrangements for r = 3 which is symmetric about the cell interface j + 1/2.

Figure 1: Symmetric stencil for r = 3 with 6 candidates.

3.2.1. The linear reconstruction

In recognition that the optimal dispersion should be minimized according

to some chosen criteria while the optimal dissipation is often problem depen-

dent, the MDCD scheme [17, 18] is proposed by minimizing dispersion errors
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and leaving one free parameter for adjusting dissipations. The optimized

dispersion properties are not affected by the dissipation adjustment.

For simplicity, we use the following one-dimensional case to illustrate the

details of the reconstruction procedures. The cell averages q are used to

reconstruct the left and right state at the cell interface. For the r = 3 case,

the left state qL
j+ 1

2

and right state qR
j+ 1

2

are computed by

qL
j+ 1

2
=

r∑
k=0

Ckq
k
j+ 1

2
, qR

j+ 1
2

=
r∑

k=0

Cr−kq
k
j+ 1

2
, (13)

where qk
j+ 1

2

is obtained by a 2nd-degree polynomial reconstructed on stencil

Sk shown in Fig.1. The detailed formulation of qk
j+ 1

2

is given by

q0
j+ 1

2
=

2

6
qj−2 −

7

6
qj−1 +

11

6
qj, (14)

q1
j+ 1

2
= −1

6
qj−1 +

5

6
qj +

2

6
qj+1, (15)

q2
j+ 1

2
=

2

6
qj +

5

6
qj+1 −

1

6
qj+2, (16)

q3
j+ 1

2
=

11

6
qj+1 −

7

6
qj+2 +

2

6
qj+3, (17)

where qj is the cell average

qj =
1

h

∫ x
j+1

2

x
j− 1

2

q (x) dx. (18)

Ck is the linear weight of the candidate stencil Sk which is calculated by

C0 =
3

2
νdisp +

3

2
νdiss, (19)

C1 =
1

2
(1− 3νdisp + 9νdiss) , (20)

C2 =
1

2
(1− 3νdisp − 9νdiss) , (21)

C3 =
3

2
νdisp −

3

2
νdiss, (22)
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where νdisp is the dispersion parameter which is optimized by minimizing

dispersion error and νdiss is the dissipation parameter which is often problem

dependent [17, 18]. Therefore, in this paper, νdisp and νdiss are given as

νdisp = 0.0463783, νdiss ∈ [0, 0.0463783] . (23)

This linear reconstruction will be called the (linear) MDCD scheme.

3.2.2. The nonlinear reconstruction

The linear reconstruction cannot directly be used to compute the flow

fields with discontinuities. Therefore, the nonlinear adaptation mechanism

of WENO is introduced to capture discontinuities.

The left state qL
j+ 1

2

and right state qR
j+ 1

2

are computed by nonlinear recon-

struction

qL
j+ 1

2
=

r∑
k=0

ωkq
k
j+ 1

2
, qR

j+ 1
2

=
r∑

k=0

ωr−kq
k
j+ 1

2
, (24)

where ωk is the nonlinear weight of stencil Sk. According to Jiang and Shu

[49], the nonlinear weight is calculated by

ωk =
αk∑r
k=0 αk

, αk =
Ck

(ε+ βk)p
. (25)

βk is the smoothness measurement which becomes larger when discontinuities

are present within stencil Sk and remains relatively small otherwise. The

definition of βk presented by Jiang and Shu [49] is as follows

β0 =
13

12

(
qj−2 − 2qj−1 + qj

)2
+

1

4

(
qj−2 − 4qj−1 + 3qj

)2
, (26)

β1 =
13

12

(
qj−1 − 2qj + qj+1

)2
+

1

4

(
qj−1 − qj+1

)2
, (27)

β2 =
13

12

(
qj − 2qj+1 + qj+2

)2
+

1

4

(
3qj − 4qj+1 + qj+2

)2
, (28)

β3 =
13

12

(
qj+1 − 2qj+2 + qj+3

)2
+

1

4

(
5qj+1 − 8qj+2 + 3qj+3

)2
. (29)
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The smoothness measurement β3 of fully downwind candidate is required to

satisfy

β3 = max
0≤k≤3

βk (30)

The modified limiting procedure [50] is introduced to discourage unneces-

sary adaptation and to improve dissipation characteristics of the nonlinear

reconstruction.

βk =

 0, R (β) < αAL,

βk, otherwise,
(31)

where

R (β) =
max
0≤k≤3

βk

min
0≤k≤3

βk + ε
. (32)

The nonlinear reconstruction will be called MDCD-WENO scheme. For

simulations in this paper, ε = 1.0× 10−10 and p = 1 are adopted for MDCD-

WENO scheme.

3.3. Riemann solver

The Riemann problem comprised of the left and right state, QL and

QR, is solved by the HLLC Riemann solver [35, 36]. The numerical flux is

obtained as

FHLLC =



FL, if 0 ≤ sL,

FL
∗ , if sL < 0 ≤ s∗,

FR
∗ , if s∗ < 0 ≤ sR,

FR, if sR < 0,

(33)
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where the flux with K=L or R is given by

FK =



ρKuKn

(ρYi)
K uKn

ρKuK1 u
K
n + pKn1

ρKuK2 u
K
n + pKn2

ρKuK3 u
K
n + pKn3(

pK
(
ΓK + 1

)
+

1

2
ρKuKj u

K
j

)
uKn

ΓKuKn


(34)

and

FK
∗ =

sK − uKn
sK − s∗



ρKs∗

(ρYi)
K s∗

ρKuK1 s∗ +
sK − s∗
sK − uKn

pKn1 + sKn1ρ
K
(
s∗ − uKn

)
ρKuK2 s∗ +

sK − s∗
sK − uKn

pKn2 + sKn2ρ
K
(
s∗ − uKn

)
ρKuK3 s∗ +

sK − s∗
sK − uKn

pKn3 + sKn3ρ
K
(
s∗ − uKn

)
(
EK + pK

)
s∗ + sKρK

(
s∗ − uKn

)
s∗

ΓKs∗



. (35)

The wave speeds are calculated as follows

sL = min
(
uROE
n − cROE

n , uL − cL
)
, sR = max

(
uROE
n + cROE

n , uR + cR
)

(36)

where uROE
n and cROE

n are Riemann averages:

uROE
n =

uLn
√
ρL + uRn

√
ρR√

ρL +
√
ρR

, cROE =
cL
√
ρL + cR

√
ρR√

ρL +
√
ρR

and

uKn = uK · n = uKj nj,
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with the velocity vector uK = uK1 i+uK2 j+uK3 k and the unite outward normal

vector n = n1i + n2j + n3k. The wave speed in the star region is computed

according to Batten et al. [51],

s∗ =
pR − pL + ρLuLn

(
sL − uLn

)
− ρRuRn

(
sR − uRn

)
ρL (sL − uLn)− ρR (sR − uRn )

. (37)

The velocity (u · n)HLLC in the source term of the transport equation is

computed by

(u · n)HLLC = uHLLC
n =



uLn , if 0 ≤ sL

uLn + sL
(
sL − uLn
sL − s∗

− 1

)
, if sL < 0 ≤ s∗

uRn + sR
(
sR − uRn
sR − s∗

− 1

)
, if s∗ < 0 ≤ sR

uRn , if sR < 0.

(38)

4. Numerical results

The following one- and two- dimensional test cases are used to validate

and verify the proposed scheme. We compare the MDCD-WENO scheme

with the MUSCL (Monotone Upstream-centered Schemes for Conservation

Law) scheme [52], WENO-JS scheme [49] and WENO-SYMBO scheme [48].

Third order standard Runge-Kutta scheme is used for temporal discretiza-

tion. All test cases are conducted by solving Euler equations.

4.1. Convergence study

The multi-species advection test case similar to Wong and Lele [37] is

used to verify the formal order of accuracy and resolution of the proposed

scheme. The ratios of specific heats are 1.4 and 1.66 for the two gases of
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Table 1: L2 errors and orders of covergence of mass fraction for one-dimensional multi-

material advection problem from different schemes at t = 2.0

Number of cells
MUSCL WENO-JS WENO-SYMBO MDCD-WENO(0.01)

error order error order error order error order

4 7.587e-02 7.012e-02 6.332e-02 3.688e-02

8 6.135e-02 0.307 1.174e-02 2.579 3.489e-03 4.182 1.743e-03 4.403

16 2.657e-02 1.207 7.089e-04 4.049 4.218e-04 3.048 1.614e-04 3.432

32 1.074e-02 1.307 2.644e-05 4.745 1.905e-05 4.468 1.105e-05 3.869

64 3.658e-03 1.553 8.631e-07 4.937 1.121e-06 4.087 6.915e-07 3.998

128 1.153e-03 1.666 3.223e-08 4.743 5.541e-08 4.339 2.814e-08 4.619

nitrogen and helium respectively. The ratio of specific heats is calculated

according the mixing rule of Eqs.(6)-(7). The molecular mass of nitrogen is

28.0 while that of helium is 4.0. The initial conditions are

(ρ1, ρ2, u, p, Y1) = (7.0, 1.0, 1.0, 1/γN2 , 0.5 + 0.25sin [π (x+ 0.5)])

The computational domain x ∈ [−1.0, 1.0] is discretized from N = 4 to

N = 128 cells. Periodic boundary conditions are imposed at locations x =

±1.0. The solution is advanced in time up to t = 2.0. CFL number of

0.1 is chosen to make the error due to spatial discretization dominant. The

numerical errors in terms of L2 norm are shown in Table 1 with different grid

resolutions. The results indicate that all schemes can achieve the expected

rates of convergence in smooth multi-species flows.

To assess the efficiency of the present scheme, the relations between L2

errors, number of cells and the CPU time are shown in Fig. 2 for the present

MDCD scheme and other schemes. In the comparison, the same computa-

tional conditions are used for all the calculations. The limiting procedure of

MUSCL method for comparison is introduced following the one dimensional
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Figure 2: Comparisons of computational effort and accuracy with different numerical

schemes.

case in Section 3.2. The left state qL
j+ 1

2

and right state qR
j− 1

2

are computed by

qL
j+ 1

2
= qj +

δj+ 1
2

2
ϕ (θj) , q

R
j− 1

2
= qj −

δj− 1
2

2
ϕ

(
1

θj

)
, (39)

where δj+ 1
2

= qj+1 − qj, θj = δj− 1
2
/δj+ 1

2
and ϕ (θj) is the limiter:

ϕ (θj) =


θj (θj + 2)

2− θj + 2θ2
j

, if θj > 0

0, otherwise.

(40)

The reconstruction of MUSCL method can achieve second order of accuracy

in smooth region and first order near discontinuities. The results demonstrate

that for the same level of numerical error, the MDCD scheme spends less

CPU time than MUSCL and WENO-SYMBO schemes; and using the same

CPU time, the MDCD scheme predicts the solution with smaller error than

MUSCL and WENO-SYMBO schemes. Because WENO-JS scheme has the

highest order of accuracy (5th order), it will gradually become the most

efficient scheme as increase of the grid resolution. As shown in Fig. 2,
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at least 64 cells are needed to make WENO-JS scheme more efficient than

MDCD scheme. This is corresponding to 64 cells in one wavelength to resolve

the highest wavenumber component of the mixture solution. In practical

applications such as DNS of turbulent flow, one can rarely use such a large

number of cells. If about 10-20 cells in one wavelength are used to compute

the highest wavenumber component, the MDCD scheme will be several times

more efficient than WENO-JS scheme.

As for the nonlinear problems with discontinuities, the high-order meth-

ods are subject to a loss of formal accuracy and may lose the advantage in

the smooth region when the nonlinearity is introduced [53]. Compared to

second-order method, the high-order scheme is more accurate but not accu-

rate enough near the discontinuities to make up the difference in computa-

tional efforts due to the loss of formal accuracy [53]. Therefore, the efficiency

of high-order methods in terms of error vs CPU effort may vary from linear

to nonlinear problems. It is well-known that one of the bottlenecks for high-

order numerical methods is the construction of shock capturing high-order

limiters for nonlinear problems with discontinuities. However, one can expect

that high-order methods will be more efficient for nonlinear problems with

discontinuities when high-order limiters are developed to maintain high-order

accuracy near the discontinuities.

4.2. Advection of an isolated material interface

This is an advection problem of a material interface and the material

interface separates different gases of nitrogen and helium [21]. The values

of velocity, pressure and temperature are constant across the material inter-

face. This problem is used to test the capabilities of numerical schemes in
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maintaining the velocity, pressure and temperature equilibrium. The initial

conditions are

(ρ, u, p, γ,W ) =

 (7.0, 1.0, 1/γN2 , 1.4, 28.0)N2
, −0.5 < x < 0.5

(1.0, 1.0, 1/γN2 , 1.66, 4.0)He , otherwise.

The computational domain x ∈ [−1.0, 1.0] is discretized to equally spacing
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Figure 3: Time history of normalized errors for advection of a helium/nitrogen interface.

100 cells. Periodic boundary conditions are imposed at locations x = ±1.0.

The solution is advanced in time up to t = 2.0.

Fig. 3 shows the numerical errors for the quasi-conservative FV method

based on MDCD-WENO reconstruction with primitive variables (ρ, ρYi, uj, p,Γ)T .
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Figure 4: Density profiles and numerical errors of the advection of a material interface

using different schemes.

As shown in Fig. 3, spurious oscillations for pressure, velocity and tempera-

ture are reduced to the order O (10−13) in round-off error. Furthermore, the

present scheme can conserve the mass of nitrogen to round-off error.

In Fig. 4, the results obtained by MUSCL, WENO-JS, WENO-SYMBO

and MDCD-WENO schemes are compared. The plots of density show that

the present MDCD-WENO scheme improves resolution of the diffusive ma-

terial interface and can capture the material interface more sharply than

MUSCL, WENO-JS and WENO-SYMBO schemes.

The error norms as function of number of cell N and comparison with

other numerical schemes are shown in Fig. 4. The theoretical density profile

is discontinuous across the material interface in this test case. Numerical

errors of all numerical schemes decrease as grid resolution increased. With

the same grid resolution, the MDCD-WENO scheme shows more accurate

results compared to other schemes.
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4.3. Advection of a contact discontinuity

This is an advection problem of a contact discontinuity separating nitro-

gen and helium gases [21][39]. The velocity and pressure are constant while

the temperature jumps across the material interface. The initial conditions

are

(ρ, u, p, γ,W ) =

 (14.0, 1.0, 1/γN2 , 1.4, 28.0)N2
, −0.5 < x < 0.5

(1.0, 1.0, 1/γN2 , 1.66, 4.0)He , otherwise.

The computational domain is −1.0 ≤ x ≤ 1.0 with equal grid spacing

h = 0.02. Periodic boundary conditions are imposed at locations x = ±1.0.

The solution is advanced in time up to t = 2.0.

Fig. 5 shows density and temperature profiles of the advection of a he-

lium/nitrogen contact discontinuity after one period for MUSCL, WENO-

JS, WENO-SYMBO and MDCD-WENO schemes. The plots show that the

present MDCD-WENO scheme with γdiss = 0.01 and γdiss = 0.04 improves

resolution of the diffusive material interface and can capture the material

interface more sharply than other schemes, as expected. Theoretical velocity

and pressure profiles are constant across the material interface in this test

case. The plots of velocity and pressure in Fig. 5 show that the applications

of all schemes to the physical model are free of spurious oscillations.

Furthermore, the numerical errors of field variables of different schemes

with mesh refinement from N = 32 to N = 2048 are shown in Fig. 6. Since

the theoretical density and temperature profiles are discontinuous across the

material interface in this test case, the numerical errors of density and tem-

perature of different numerical schemes are to the order of the grid spacing h.

On the other hand, the numerical errors of velocity and pressure for MDCD-
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Figure 5: Profiles of the advection of a contact discontinuity with different numeri-

calschemes.

WENO scheme are reduced to the order in round-off error with different grid

resolutions due to free of spurious oscillations. In general, the results show

that MDCD-WENO scheme can produce more accurate results compared to

other numerical schemes.

4.4. Shock tube problem

This is a shock tube problem separating nitrogen and helium gases [21][39].

This problem is characterized by a strong shock wave, a rarefaction wave and
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Figure 6: Numerical errors of field variables for different grid resolutions and with different

numerical schemes.

a contact discontinuity. The initial conditions are

(ρ, u, p, γ,W ) =

 (1.0, 0.0, 1/γN2 , 1.4, 28.0)N2
, 0.0 < x < 0.5

(0.125, 0.0, 0.1/γN2 , 1.66, 4.0)He , otherwise.

The computational domain is 0.0 ≤ x ≤ 1.0 with equal grid spacing h =

0.0025. The material interface is at the location of x = 0.65 when the

simulation is at t = 0.2. The maximum dissipation γdiss = 0.046 is adapted

for MDCD-WENO scheme to provide sufficient numerical dissipation for the

rarefaction waves.
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Figure 7: Profiles of a shock tube problem near the material interface with the present

MDCD-WENO schemes and other numerical schemes.

The density, velocity, pressure and temperature profiles with details near

the material interface obtained by MUSCL, WENO-JS, WENO-SYMBO and

MDCD-WENO schemes are shown in Fig. 7 and Fig. 8. The exact results are

calculated by MUSCL scheme with 10240 cells. The present MDCD-WENO

scheme can capture the material interface and the temperature discontinuity

more sharply and maintain the velocity and pressure equilibriums, compared

to other schemes.

The numerical errors of different numerical schemes are shown in Fig. 9
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Figure 8: Local profiles of a shock tube problem near the material interface with different

numerical schemes.

with mesh refinement from N = 32 to N = 2048. Generally, the MDCD-

WENO scheme can produce more accurate results than MUSCL, WENO-JS

and WENO-SYMBO schemes with the same grid resolution.

4.5. Two-dimensional Richtmyer-Meshkov instability

The single-mode Richtmyer-Meshkov instability [39] is considered to il-

lustrate the performance of WENO-JS, WENO-SYMBO and MDCD-WENO

schemes. This problem is often utilized as a validation case for multi-material

flow algorithms [21][39]. The material interface separating air from SF6

is impacted by a Mach 1.24 shock wave. The computational domain is

[0.0, 4.0]× [−0.5, 0.5]. The initial shape of the interface is given by

xs = 2.9 + 0.1sin [2π (y + 0.25)] , −0.5 ≤ y ≤ 0.5.
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Figure 9: Numerical errors of field variables for different grid resolutions and with different

numerical schemes.

The initial conditions are as follows:

(ρ, u, v, p, γ,W ) =


(5.0, 0.0, 0.0, 1/1.4, 1.093, 144.0) , 0.0 ≤ x ≤ xs,

(1.0, 0.0, 0.0, 1/1.4, 1.4, 28.8) , xs < x ≤ 3.2,

(1.4112,−0.3613, 0.0, 1.6272/1.4, 1.4, 28.8) , 3.2 < x ≤ 4.0.

The variables are non-dimensionalized by the air density, acoustic velocity

and temperature. The left moving Mach 1.24 shock wave is initially located

at x = 3.2. The periodic boundary conditions are imposed at the upper

and lower boundaries. Simulations with different reconstruction schemes are
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Figure 10: Comparison of interfaces using normalized density gradient magnitude φ =

exp (|∇ρ|/|∇ρ|max) at t = 7.82. 50 contours are from 1.0 to 1.5 using different schemes on

coarse, intermediate and fine grids. Top row: WENO-JS; second row: WENO-SYMBO;

Bottom row: MDCD-WENO.

carried up on three uniform grids, which are the coarse grid (∆x = ∆y =

1/128), medium grid (∆x = ∆y = 1/256) and fine grid (∆x = ∆y = 1/512).

All runs are conducted with a constant CFL number of 0.32.

Mushroom-shaped structures are developed from the vorticity generated

by the interaction of the pressure gradient in the shock wave with the density

gradient at the material interface. Since the inviscid simulations are con-

ducted without physical dissipation, there is no convergent solutions with

increasing the grid resolution. The instability of the bubble and spike is
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Figure 11: Time history of three characteristic positions and comparison with front-

tracking method (FRT). Left column: Grid refinement test of MDCD-WENO scheme;

Central column: Comparison of MDCD-WENO scheme with other numerical scheme on

fine grid; Right column: Schematic of spike and bubble positions.

similar to the experimental images [54, 55] in the visual appearance. As

the roll-up of vortical structures continues, the secondary instability along

the interface produces local small-scale Kelvin-Helmholtz features. As Eu-

ler equations are solved for the test cases, the secondary instability features

in fact are“numerical” Kelvin-Helmholtz instability. They are not found in

the experiment[54, 55] due to the experimental diffusive nature of the initial

perturbation [56] and that the experimental diffusion can smear small Kelvin-

Helmholtz instabilities with sufficient physical dissipation. The generation of

these numerical artifacts can be controlled by numerical dissipation[57, 58].

Therefore, finer structures are captured as the numerical order and resolu-

tion are increased [59]. As shown in Fig. 10, the MDCD-WENO scheme

with less dissipation is capable to capture the smaller rolled up vortices near

the interface, compared to other schemes.

At the early stage, the evolution for spike, bubble and the mixing layer

(not for the small-scale interface structures) can be considered to be domi-

nated by the primary instability due to large-scale baroclinic effects. Hence,
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they are weakly depending on the numerical methods and grid resolutions

when the primary instability is resolved [56, 59]. Fig. 11 shows the evolution

of the location of the spike, the leading edge of the bubble, the thickness of the

mixing layer and comparison with front-tracking/ghost-fluid method (FRT)

[2]. The total mixing-layer thickness is defined as the distance between the

spike and bubble. The grid refinement test of MDCD-WENO scheme and

the comparison with other numerical schemes on the fine grid present mostly

identical results for the locations of these three characteristic features. The

results are in good agreement with the results of previous studies[2].

4.6. Two-dimensional air-helium shock-cylinder interaction

The two-dimensional shock-cylinder interaction problem [39] is simulated,

which is associated with the interactions of a helium cylindrical bubble in air

with a planar shock wave. This problem has been studied by many researcher

experimentally [60] and computationally [22]. Small-scale vortices near the

interface developed due to baroclinic effects after the shock wave impact on

the helium cylinder. This problem has been widely used to demonstrate

the capabilities of capturing discontinuities and finer structures induced by

instabilities along material interfaces.

The computational domain is x ∈ [−3.5D, 3.0D] and y ∈ [−0.9D, 0.9D],

where D denotes the diameter of the initial helium cylinder. Initially, the

helium cylinder is located at (0.0, 0.0) and the left moving Mach 1.22 shock

wave is placed at the location x = 1.0D. The initial conditions are given as

(ρ, u, v, p, γ,W ) =


(1.3764,−0.3336, 0.0, 1.5698/1.4, 1.4, 28.8) , post-shock,

(0.1819, 0.0, 0.0, 1/1.4, 1.648, 4.0) , bubble,

(1.0, 0.0, 0.0, 1/1.4, 1.4, 28.8) , pre-shock.
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Figure 12: Comparison of the time evolution of the interface using normalized density

gradient magnitude φ = exp (|∇ρ|/|∇ρ|max) with 50 contours from 1.0 to 1.5 for the

two-dimensional shock-cylinder interaction problem of various schemes. Grid resolution

is ∆x = ∆y = 0.01D. Top row: WENO-JS; the second row: WENO-SYMBO; bottom

row: MDCD-WENO. Left column: t = 480µs; central column: t = 720µs; right column:

t = 1020µs.

with the initial diameter D of 50 mm. The pre-shock air quantities are

used as reference. The slip wall boundary conditions are imposed at the

upper and lower boundaries. All simulations are conducted with a constant

CFL number of 0.32. Three levels of grid resolution ∆x = ∆y = D/100,

∆x = ∆y = D/200 and ∆x = ∆y = D/400 with grid cells 650 × 180,

1300 × 360 and 2600 × 720 are employed. The normalized density gradient

magnitude φ = exp (|∇ρ|/|∇ρ|max) of different schemes with the effects of

grid resolution is shown in Fig. 12 to Fig. 14.

There is no convergent solution when increasing grid resolution as this
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Figure 13: Comparison of the time evolution of the interface using normalized density

gradient magnitude φ = exp (|∇ρ|/|∇ρ|max) with 50 contours from 1.0 to 1.5 for the

two-dimensional shock-cylinder interaction problem of various schemes. Grid resolution

is ∆x = ∆y = 0.005D. Top row: WENO-JS; the second row: WENO-SYMBO; bottom

row: MDCD-WENO. Left column: t = 480µs; central column: t = 720µs; right column:

t = 1020µs.

inviscid test case is solved by Euler equations. According to the vorticity

equation, the baroclinically generated vorticity is initially deposited in an

approximately material interface. The spurious numerical oscillations re-

garded as the “baroclinic” source along the interface can induce spurious

eddies[57, 58]. With physically consistent treatment of the reconstruction

process and calculation of numerical flux by Riemann solver, there is no spu-

rious oscillations of pressure arising from the interfaces as shown in Fig. 15

. Therefore, the “baroclinic” source of spurious eddies along the interface is

eliminated.
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Figure 14: Comparison of the time evolution of the interface using normalized density

gradient magnitude φ = exp (|∇ρ|/|∇ρ|max) with 50 contours from 1.0 to 1.5 for the

two-dimensional shock-cylinder interaction problem of various schemes. Grid resolution

is ∆x = ∆y = 0.0025D. Top row: WENO-JS; the second row: WENO-SYMBO; bottom

row: MDCD-WENO. Left column: t = 480µs; central column: t = 720µs; right column:

t = 1020µs.

When the shock wave slides along the interfaces, vortical structures are es-

tablished. As the roll-up continues, secondary instability of Kelvin-Helmonholtz

features starts to manifest which disturb the smooth interfaces and form sev-

eral small-scale vortex coils along the interfaces at the early stage as shown

in Fig. 12 to Fig. 14 at t = 0.000480s. As these small vortex coils grow, the

Kelvin-Helmonholtz features eventually breakdown into turbulently mixing

area. In this inviscid shock-bubble interaction test case, no physical viscos-

ity or diffusion is carried out to diffuse the small-scale Kelvin-Helmonholtz

instabilities. Therefore, the resolution of the small-scale Kelvin-Helmonholtz
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Figure 15: Comparison of the pressure gradient magnitude from 0.0 to 1.5 between the

present method and FC method[39] during the early stage. The whit line shows the initial

bubble surface. Left column: the present method with MDCD-WENO scheme; Right

column: FC method.

features depends on the numerical viscosity introduced by dissipation prop-

erty of the numerical scheme. When the grid resolution is increased, the

small-scale features are produced. The high resolution scheme with low dis-

sipation is capable to capture the smaller scales structures, as expected. As

shown in Fig. 12 to Fig. 14, the MDCD-WENO scheme is less dissipative

and then produces more small scale structures along the material interface

than WENO-JS and WENO-SYMBO schemes.

The small bubbles at the top of the spike are produced. This is due to

how to set the initial perturbation on the Cartesian grid. Hence, compared to
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Figure 16: Space-time diagrams for three characteristic positions and comparison with

front-tracking method (FRT)[2] and earlier studies [22]. Left column: Grid refinement

tests of MDCD-WENO scheme; Central column: Comparison of MDCD-WENO scheme

with other numerical scheme on fine grid; Right column: Schematic of three charateristic

positions on interface.

the smooth initial condition due to experimental diffusion, the initial sharp

discontinuity to the level of the resolution of the grid in simulations will

introduce artificial disturbances and then induce secondary instabilities along

the interface. These small bubbles at the top of the spike are sensitive to the

grid resolution and numerical schemes. However, these instability features

have no profound effects on the formulation of the vortices as shown in Fig.

12 to Fig. 14.

Fig. 16 shows space-time diagrams for three characteristic positions and

comparison with front-tracking/ghost-fluid method (FRT) [2]. The grid re-

finement test of MDCD-WENO scheme and the comparison of the other

schemes on the fine grid show mostly identical results for the locations of

these three characteristic features. The present results are in good agree-

ment with the results reported in earlier studies [2, 22, 39]. This is due to

that the grid resolution and numerical schemes have little impact on the large

scale features which are dominated by inviscid baroclinic effects.
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5. Conclusion

In this paper, the consistent high resolution FV method based on re-

construction with MDCD-WENO scheme is implemented for simulations of

compressible multi-material flows. The proposed FV method discretely con-

serve mass of species, along with the total mass, momentum and energy,

and maintains the velocity, pressure and temperature equilibriums to sup-

press spurious oscillations near material interfaces which may contaminate

small-scale physical phenomena. Compared with MUSCL, WENO-JS and

WENO-SYMBO schemes, the MDCD-WENO scheme can more sharply cap-

ture material interfaces and improve the resolution of finer structures with a

broad range of length scales due to its optimized spectral properties. More-

over, the MDCD-WENO scheme with one more fully downwind stencil in

addition to WENO-JS stencils is no more difficult than the implementations

of WENO scheme for compressible multi-material flows. Several one- and

two-dimensional problems with various discontinuities are used to verify the

consistency and high resolution properties of the present scheme for simula-

tions of compressible multi-material flows.
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