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This thesis presents work extending the precision holography calculations for the D1-D5 CFT.
The context of these calculations is the fuzzball proposal, which is the most widely accepted
string theory answer for black hole microstates. According to this proposal, associated to a
black hole there is an exponentially large number of microstates, called fuzzballs, which are
regular, horizonless stringy solutions. These account for the whole entropy of the black hole,
and solve all the paradoxes arising from the semi-classical study.

The D1-D5 system has an orbifold point in its moduli space, at which it may be described by
an N = (4, 4) supersymmetric sigma model with target spaceMN/S(N), whereM is T4 or K3.
In this thesis correlation functions involving chiral operators constructed from twist fields are
considered, as well as one and n-point functions. Explicit expressions for processes involving a
twist n operator joining n twist operators of arbitrary twist are obtained. One point functions
for chiral primary operators are calculated, extending the known CFT results in the literature.
The suppression of the long string one point functions with respect to the short string ones is
corroborated. Bounds for n-point functions of twist operators are also presented.

On a different direction, work towards the counting of the so-called superstrata subclasses of
black hole microstates is presented. To do so, some integer partition results in the context of
number theory are introduced. The generating functions for the partitions are obtained, as well
as a novel formula to count them exactly. A computer program which implements such formula
is described.





Who controls the past,
commands the future.

Who commands the future,
conquers the past.
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CHAPTER 1

General introduction

In this chapter we give an overview of the background needed, and motivate the study of
the field. After setting up the topic, we briefly review the main issues that led to the study
of quantum black holes. Within the context of string theory we introduce the holographic
principle, and one of its main answers to the quantum structure of black holes: the fuzzball
proposal. At the end we give an outline of the other chapters of this thesis.

1.1 Motivation

The Standard Model of particle physics [3] describes three out of the four fundamental
forces in nature: the electromagnetic, the strong nuclear and the weak nuclear. It leaves
some questions unanswered though, such the nature of dark matter. It is also unable to
describe the fourth fundamental force: gravity. The current theory to describe gravity is
general relativity (GR) [4], but it is classical. This means that it is incomplete, and it will
thus break down at some point. Black holes are of great theoretical interest because they
are systems where, indeed, general relativity seems to be giving the wrong description
when considering quantum effects on top of it.

As reviewed in the next section there are many mysteries regarding black holes. All
these mysteries arise because a quantum theory of gravity is not being used. Therefore,
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4 Chapter 1. General introduction

to answer and solve them there is the need to work towards constructing an extension
of general relativity at the quantum level. String theory [5, 6] is a consistent theory of
quantum gravity, and is the best candidate discovered so far. The work presented in this
thesis uses the fuzzball proposal within string theory to learn new things about quantum
black holes in this context.

Another motivation to pursue the fuzzball proposal is the recent detection of gravi-
tational waves by the Laser Interferometer Gravitational-wave Observatory (LIGO). The
LIGO team has been able to detect gravitational waves from black hole binaries [7–11]
and also from neutron stars [12], along with the electromagnetic counterpart in this second
case. These new detections provide the most concrete evidence there is for the existence of
black holes, and they have opened a new field of research: gravitational wave astronomy.

Gravitational wave astronomy gives observations which are direct experimental data
that can be used to further test general relativity. These measurements can also be
used to test extensions of GR. In the forthcoming years LIGO is predicted to give more
accurate observations, which may be used to eventually see the quantum corrections in the
gravitational wave signals. The Laser Interferometer Space Antenna (LISA) mission [13]
has also been accepted, and is predicted to launch in the 2030s. This new mission will have
increased accuracy with respect to LIGO, and so more and better data will be available
to compare with the theory. See [14] for a recent review.

All these facts make the study of black holes very exciting and with a promising future
as, most likely, there will be many new gravitational wave detections in the upcoming years.
These detections will allow people to check theoretical predictions, and thus confirm or
rule out the proposed extensions of general relativity. As it will be obvious by the end
of this chapter, the study of black holes in this context is also a very important building
block in holography, as the D1-D5 system is one of the prime examples of the duality.
In other words, a better understanding of this system may give insights in understanding
string theory further. In the following sections some more details on the main issues that
have been just mentioned are given, as a warm up and context for the rest of the thesis.

1.2 Black hole puzzles

According to general relativity black holes are predicted to have a singularity. Consider
for instance the Schwarzschild black hole [15],

ds2 = −
(

1− 2GM
rc2

)
c2dt2 + 1(

1− 2GM
rc2

)dr2 + r2dΩ2
2. (1.2.1)
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This is a spherically symmetric solution of the geometry of spacetime. In other words, it
is a spacetime with rotational invariance, where t is time and r is the radial coordinate.
At r = 2M there is the event horizon, which is the boundary of the no return region. At
r = 0 the geometry is singular, and this singularity can be reached in finite proper time
by an observer. This is a problem in the theory, as these objects can be formed from
gravitational collapse of a cloud of dust [16]. As mentioned above, astrophysical black
holes have now been detected in the universe, so this needs to be resolved. Certainly
singularities are hidden behind a horizon [17], but they are still an issue which needs to
be dealt with.

The source of the main problems around black holes are horizons though. When adding
quantum fields to the system, Hawking showed that black holes evaporate emitting thermal
radiation, semi-classically [18] (see, for instance, [19] for a comprehensive explanation). If
Bekenstein’s work is added to this result [20] then the Bekenstein-Hawking relation for
the black hole entropy is found. It is

SBH = Ac3

4G~ . (1.2.2)

This raises a new question: if entropy is an extensive quantity, why is the entropy of a
black hole proportional to its area? This may be taken as a first hint towards holography:
the information of black holes is encoded on their horizon.

Also, if one puts on the statistical mechanics hat, one may realise that this is a macro-
scopic system with an entropy associated to it. Therefore, there should be a description
of this system as an ensemble of microstates. This is the next puzzle: what are these
microstates? Can they be identified?

Hawking radiation also gives rise to one of the most famous problems in theoretical
physics: the black hole information paradox [21]. There are several interpretations of this
paradox, none of them being completely controversy free. The basic idea behind it is the
following. Consider figure 1.2.1. Hawking radiation originates from particle creation close
to the horizon. Imagine that one of the particles falls into the black hole, while the other
radiates away. Both particles are originally entangled, however at some point the black
hole evaporates completely and all that remains is a mixed state which is not entangled
with anything. Therefore, unitarity is lost in the process, as the start point could have
been at Σ1 with a pure state. In other words, from the Hawking radiation resulting from
the black hole evaporation the initial states that fell in cannot be recovered. This is the
usual wording of the black hole information paradox [23–26].

In the next subsection we present what we think is the strongest argument to see the
information paradox in black holes, due to Page [27]. The introduction of that paper is a
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Figure 1.2.1: Penrose diagram of an evaporating black hole. At Σ1 the observables outside
and inside the black hole are entangled, and the infalling state may be pure. At Σ2 the
observables are not entangled with anything, and the state is mixed. Unitarity is lost in
the evolution from Σ1 to Σ2. Figure taken from [22].

very good and concise reference on the information paradox and all the main discussion
around it at the time, 1993. Before we review Page’s argument, let us make a side
comment. We consider quantum effects on black holes as we strongly believe that our
world is very well described by quantum field theory. The Standard Model has given the
most precise measurements that humanity has ever achieved, and physics is no more than
finding the best model which fits observation. Hence, at present there is no logic route
to solve these problems other than quantum gravity. Let us now understand information
loss in black holes.

1.2.1 Information loss

The main point of this argument is that semiclassical physics at the horizon cannot solve
the paradox. In other words, small quantum corrections localised to the neighbourhood
of the black hole are not the answer, as Mathur showed [24]. Consider figure 1.2.2a. It
shows the expected behaviour of the entanglement entropy for a unitary process. This
curve can be understood in the following way: the first radiation that comes out of the
black hole is entangled with the interior, and so the entanglement entropy that is measured
increases. After some point the entanglement entropy has to start decreasing, as all the
interior will be radiated and so the entanglement will all be within the emitted radiation.
Similarly, information is expected to start coming out mainly after the middle point is
crossed. Before that there is radiation coming out, but it is entangled with the inside still,
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Figure 1.2.2: (a) Plot of the average entanglement entropy and information against the
thermodynamic entropy, for an evaporating black hole. Figure taken directly from [27].
(b) The growth of entanglement entropy for the traditional black hole in the leading order
Hawking computation (solid line), and with small corrections allowed (dashed line). Figure
taken directly from [28].

and so information can remain hidden. Once radiation is only entangled with itself or, in
other words, when the interior can no longer hold all the information, it has to be radiated
away.

Consider now figure 1.2.2b. The solid line represents the growth of entanglement en-
tropy for a traditional black hole which emits Hawking radiation. Clearly, its behaviour is
very different from 1.2.2a. One could think that small quantum corrections to Hawking’s
semiclassical calculation could correct the behaviour to the expected one. However, this
is not the case. As mentioned above, Mathur showed [24] that the small quantum correc-
tions are not enough. In the figure, the dotted line represents Hawking’s result with small
quantum corrections. Clearly, the expected behaviour cannot be recovered like this. In
other words, there is a paradox: the entanglement entropy of an evaporating black hole
does not match with the expected behaviour for the entanglement entropy of a unitary
process.

A relevant argument within this story is the firewall discussion [29–31]. The main point
of the discussion is that one of the following three statements must not hold:

1. Hawking radiation is in a pure state.

2. The information carried by the radiation is emitted from the region near the horizon,
with low energy effective field theory valid beyond some microscopic distance from
the horizon.
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3. The infalling observer encounters nothing unusual at the horizon.

The fuzzball proposal, which is introduced in this thesis in section 1.5.1, gives an answer
to this contradiction by proposing that the black hole microstates, the fuzzballs, are pure
states which have no horizon. Related to it there is the fuzzball complementarity discussion
[28,32]. We refer to the given references for the discussion in depth.

After all this, it is now clear that there is the need to go beyond general relativity. A first
attempt would of course be to directly quantise general relativity. However, many issues
arise when trying to do so [19]; the resulting theory is not renormalisable for instance.
Therefore, a new theory is required. The most promising candidate for quantum gravity
that there is so far is string theory, and so it is the one considered in this work.

1.3 String theory

As its name advocates, string theory is based on the idea that the most fundamental
constituents of the universe are one-dimensional bodies called strings. Here we will just
very briefly mention some of the aspects that are used later. We refer to [5, 6] for a
comprehensive introduction to the theory.

One of the predictions or requirements in the best understood version of this theory
is that the universe has ten spacetime dimensions. Obviously people do not see ten di-
mensions in their everyday life, but the compactification of the extra ones on a very small
scale renders them invisible to all measurements that have been performed so far.

Superstring theory assumes that the universe is supersymmetric1, and so attempts to
explain all existing particles. In the spectrum of the theory there are gravitons, which are
the particles associated to the gravitational field. The low energy limit of string theory is
classical supergravity [33], from which Einstein’s equations can be recovered.

Now, the worldsheet theory describes the motion of strings. It is understood by world-
sheet the two-dimensional surface that strings sweep with their motion. Strings can be
open or closed, with the open ones having Dp-branes as their endpoints. D-branes are
p + 1 dimensional (p spatial dimensions plus time) dynamical objects, with their analo-
gous worldvolume. The worldsheet action can be thought of as a two-dimensional field
theory. Let σ1 and σ2 be the coordinates of the worldsheet, and consider the Euclidean

1Supersymmetry [6] is a proposed symmetry which relates bosons and fermions. Supersymmetric string
theory is usually called superstring theory.
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space complex coordinates

w = σ1 + iσ2, w̄ = σ1 − iσ2. (1.3.1)

Holomorphic fields are such that they only depend on w, and antiholomorphic fields only
depend on w̄. In the literature the usual notation is to call left-moving the holomorphic
fields and right-moving the antiholomorphic ones. Consider now the theory on a cylinder,
which is achieved by compactifying the space coordinate. The world-sheet action for a flat
background is then

S = 1
4π

∫
d2w

( 2
α′
∂wX

µ∂w̄Xµ + ψµ∂w̄ψµ + ψ̃µ∂wψ̃µ

)
, (1.3.2)

where α′ is the Regge slope, ψµ, ψ̃µ (with the µ index being a spacetime index) are
fermions and Xµ are the bosons. In order for the fermion action to be invariant under the
periodicity of the cylinder there are two possible choices for the fermions, which separate
the theory in two different sectors. When the fermions are periodic the theory is said to
be in the Ramond (R) sector, and when they are antiperiodic the theory is said to be in
the Neveu-Schwarz (NS) sector. In short,

ψµ(w + 2π) = e2πiνψµ(w), ψ̃µ(w̄ + 2π) = e−2πiν̃ψ̃µ(w̄), (1.3.3)

with ν = ν̃ = 0 being the R sector and ν = ν̃ = 1/2 being the NS sector.

Now, black holes in string theory are solutions of the corresponding supergravity theory.
If one constructs a configuration of intersecting branes wrapped in the compact dimensions,
the dimensional reduction is the black hole geometry. There are simple rules to write some
of the black hole geometries that are obtained from brane configurations [34]. This thesis
focuses on the D1-D5 system, which means type IIB string theory compactified on X4×S1

with D5-branes wrapping the whole compact space and D1-branes wrapping the S1. Here
X4 is a four-dimensional compact space, which can be T4 or K3. This system has a
supergravity black hole solution that has only D1 charge Q1 and D5 charge Q5, with
metric [35]

ds2 = 1√
h1h5

(
−dt2 + dz2

)
+
√
h1h5

(
dr2 + r2dΩ2

3

)
+
√
h1
h5

ds2(X4), (1.3.4)

where r is the radius of the noncompact space, z is the string direction and

hi = 1 + Qi
r2 , (1.3.5)

for the single-centered solution. When adding momentum along the circle we add a third
charge, Qp, and we obtain the three-charge black hole. The metric for this three-charge
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black hole then is, using the same notation as above,

ds2 = 1√
h1h5

(
−(dt2 − dz2) + Qp

r2 (dz − dt)2
)

+

+
√
h1h5

(
dr2 + r2(dθ2 + cos2 θdψ2 + sin2 θdφ2)

)
+

+
2
√
Q1Q5Qp

r2√h1h5
(L1 − L2)(dt− dz)(cos2 θdψ − sin2 θdφ) +

√
h1
h5

ds2(X4), (1.3.6)

where L1 and L2 are related to the parameters of the metric of the corresponding type
IIB solution. See [35] for all the details.

The last thing that needs to be mentioned in this section are orbifolds. Let H be a
group of discrete symmetries of some manifoldM. Then the coset spaceM/H is called
an orbifold. In the case of a string theory, this means that the strings will be propagating
on the coset space M/H. For example, given a space M, if the spacetime is identified
under the reflection of coordinates then the spaceM/Z2 is obtained. This will introduce
twisted sectors in the theory, as is shown in chapter 2 with a torus and the symmetric
group.

String theory has had many successes, like the derivation of the black hole entropy
using a counting of microstates. This is presented in section 1.5, as the calculations of this
thesis follow from these early results. However, string theory’s biggest success is probably
the concrete realisation of the holographic principle [36–38].

1.3.1 Holography and the AdS/CFT correspondence

As mentioned before, the Bekenstein-Hawking black hole entropy formula suggests that
all the information of a black hole is somehow encoded on its horizon, that is, on the area
that “limits” it. This is the main idea of the holographic principle: in a quantum theory
of gravity, the information stored in a volume of spacetime is encoded in the degrees of
freedom living on the boundary of that region. The first realisation of the holographic
principle was the Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [39–
41], and its prime example is N = 4 Supersymmetric Yang-Mills theory (SYM) being
equivalent (dual) to type IIB superstring theory on an AdS5×S5 background. A precise
mapping between the elements in both theories has been well established since its discovery.
This mapping is commonly called the holographic dictionary. See, for instance, [42] for a
review.

A remarkable property of this conjectured duality is that it relates the theories when
one is at weak coupling and the other at strong coupling. By taking appropriate limits, it
can relate a classical string theory to a gauge theory in the ’t Hooft limit, or it can also
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relate a classical supergravity theory to a strongly coupled gauge theory. All this thesis
is focused on a two-dimensional CFT, which is the dual theory of the AdS3 region that is
obtained by taking the near-horizon limit of (1.3.4). The focus in this thesis is put on the
three-charge case, the so-called D1-D5-P system, where momentum charge Qp is added.
The CFT description of this system is explained in detail in chapter 2. As a warm up, a
very brief introduction to CFT is given in the next section. After that section 1.5 explains
how string theory resolves the black hole puzzles.

1.4 Conformal Field Theory essentials

In this section two-dimensional CFTs are introduced. For a comprehensive review see [43]
(which this section mainly follows), or [5] for a shorter one. As it has been said in the
previous section, the worldsheet of the string is described by a conformal field theory,
and so coordinates for a two dimensional CFT have already been introduced in equation
(1.3.1). Taking a step back, the conformal group is defined to be the subgroup of coordinate
transformations that leave the metric invariant up to an overall scale change. In the two-
dimensional case, the CFT is governed by the Virasoro algebra, which is presented in this
section.

A field Φ is said to be a primary field of conformal weight (h, h̃) if under a change of
coordinates w → f(w) it transforms as

Φ(w, w̄)→
(
∂f

∂w

)h( ∂f̄
∂w̄

)h̃
Φ(f(w), f̄(w̄)). (1.4.1)

Let us recall that (w, w̄) are cylinder coordinates. In order to be able to use usual complex
analysis tools for the calculations it is common to consider a conformal map to the complex
plane, defined by

z = ew. (1.4.2)

Now, the standard Noether prescription is used to construct the symmetry generators. The
stress-energy tensor Tµν can be obtained considering translations in the world-sheet. In a
classical theory with conformal invariance, this tensor is traceless. Also, its conservation
implies

∂̄Tzz = ∂Tz̄z̄ = 0 =⇒ T (z) = Tzz(z), T̃ (z̄) = Tz̄z̄(z̄). (1.4.3)

Leaving the radial ordering implicit, it is important to understand the product of two local
operators when they are close together. This is the so-called Operator Product Expansion
(OPE): the product of two operators O1, O2 can be approximated to arbitrary accuracy
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by a sum of local operators Oi,

O1(σ1)O2(σ2) =
∑
i

ci(σ1 − σ2)Oi(σ2), (1.4.4)

where the ci are numerical coefficients. The conformal transformation properties of an
operator Φ can be found by taking the OPE with the stress-energy tensor,

T (z)Φ(w, w̄) = h

(z − w)2 Φ(w, w̄) + 1
z − w

∂wΦ(w, w̄) + ...

T̃ (z̄)Φ(w, w̄) = h̄

(z̄ − w̄)2 Φ(w, w̄) + 1
z̄ − w̄

∂w̄Φ(w, w̄) + ... . (1.4.5)

Taking the OPE of T with itself yields

T (z)T (w) =
c
2

(z − w)4 + 2
(z − w)2T (w) + 1

z − w
∂T (w), (1.4.6)

where c is a constant which is known as the central charge. Its value is theory dependent.

Consider now the Laurent expansion of the stress-energy tensor,

T (z) =
∑
n∈Z

z−n−2Ln, T̃ (z̄) =
∑
n∈Z

z̄−n−2L̃n. (1.4.7)

The exponent −n − 2 is chosen so that the modes have scaling dimension n, i.e. so that
under the scale change z → z/λ the modes transform as L−n → λnL−n. To compute the
commutation relations of the modes first the expansions above need to be inverted,

Ln =
∮ dz

2πiz
n+1T (z), L̃n =

∮ dz̄
2πi z̄

n+1T̄ (z̄). (1.4.8)

Then the OPE needs to be used, and after that the evaluation of the contour integral can
be performed. Doing all this results in the following formulas

[Ln, Lm] = (n−m)Ln+m + c

12(n3 − n)δn+m,0[
L̃n, L̃m

]
= (n−m)L̃n+m + c̃

12(n3 − n)δn+m,0[
Ln, L̃m

]
= 0. (1.4.9)

The generators Ln, L̃n span two copies of an infinite dimensional algebra, which is called
the Virasoro algebra [44]. See appendix A for more details on this.

Now, let O(z, z̄) be an operator of conformal dimension (h, h̃). Its adjoint is

(O(z, z̄))† = O

(1
z̄
,

1
z

) 1
z̄2h

1
z2h̃

. (1.4.10)
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In analogy with usual Euclidean field theory, since the origin of the complex plane corre-
sponds to negative infinite time in the cylinder (which can be read from the coordinate
transformation above, equation (1.4.2)), states are associated with operators as

|O〉 = lim
z,z̄→0

O(z, z̄) |0〉 , (1.4.11)

where |0〉 is the vacuum. Similarly,

〈O| = lim
z,z̄→0

〈0|O(z, z̄)z2hz̄2h̃. (1.4.12)

For the stress-energy tensor modes, for instance, this gives the following relation

L†m = L−m. (1.4.13)

Now, the vacuum |0〉 is called the SL(2,C) invariant vacuum, for the following reason. If
regularity of

T (z) |0〉 =
∑
n∈Z

Lnz
−n−2 |0〉 (1.4.14)

is required, as well as for 〈0| and for the right-moving modes, then the only modes which
annihilate them all are subalgebra {L±1,0, L̃±1,0}.

One can use the modes of the stress-energy tensor to construct the so-called descendant
fields, i.e. the remaining fields in the representation of each primary field. Let Φ be a
primary field, and φ its corresponding state, of weight h. φ is then called a highest weight
state, and is annihilated by all positive modes of the Virasoro algebra. That is, when
considering the state

|h〉 = φ(0) |0〉 , (1.4.15)

it satisfies
L0 |h〉 = h |h〉 , Ln |h〉 = 0, n ∈ Z+. (1.4.16)

Descendant states are thus obtained by acting with the negative modes of the stress-energy
tensor. Notice that if one wishes to compute the correlation function of L0 with this state,
the whole operator can be plugged in: the positive modes will annihilate |0〉 and the
negative terms will annihilate 〈0|.

Consider now the free massless fermion, described by the action

S = 1
8π

∫ (
ψ∂̄ψ + ψ̃∂ψ̃

)
, (1.4.17)

where the normalisation is chosen so that

ψ(z)ψ(w) = − 1
z − w

, ψ̃(z̄)ψ̃(w̄) = − 1
z̄ − w̄

. (1.4.18)
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From the OPE with the stress-energy tensor it is found that ψ is a primary field of
conformal weight (1/2, 0). From what was said above it can be deduced that the zero
mode of the fermion does not change the eigenvalue of L0, and thus it can be used to raise
the spin on a state without modifying its dimension.

In this thesis we work with a SCFT, that is, a supersymmetric CFT. In chapter 2 we
present the CFT at hand, which is an extension of what we described above. In appendix A
we give its algebra, which should look more familiar now. Since we have already reviewed
conformal field theory we can continue with the black hole story.

1.5 Quantum black holes

In the previous sections black holes have been very briefly reviewed, as well as the main
problems that arise around them semi-classically. After seeing that their full quantum
description is needed in order to resolve the problems, string theory, which nowadays is the
most popular candidate for a consistent theory of quantum gravity, has been introduced.
Therefore, string theory should be able to give a quantum description of black holes and
resolve all the issues that have been mentioned.

Historically, the first result was obtained by Strominger and Vafa [45], preceding the
first AdS/CFT results. They were able to reproduce the entropy for the D1-D5-P su-
persymmetric black hole using D-branes. More precisely, they computed the degeneracy
in the brane description, and changing the gravitational strength understood the result
in terms of the corresponding black hole. This calculation is possible because there is
supersymmetry protection when considering BPS states.

Using the holographic principle this process can be generalised to non-supersymmetric
solutions [35]. In the system at hand, since the D1-D5-P black hole has an AdS3 factor in
its near-horizon limit, if one manages to compute the degeneracy in the CFT description
using Cardy’s formula [46], then the result can be translated in the black hole regime. By
doing so an exact match with the Bekenstein-Hawking entropy is found. Namely, by doing
a gravity/CFT calculation the entropy of this black hole can be reproduced. This entropy
is

SBH = 2π
√
N1N5Np, (1.5.1)

where the charges Ni are related to the Qi ones introduced in section 1.3 by [35]

Q1 = N1gsα
′3

V
, Q5 = N5gsα

′, Qp = Npg
2
sα
′2

R2
z

, (1.5.2)

with V being proportional to the volume ofM4, Rz being the radius of the S1, gs the string



1.5. Quantum black holes 15

coupling and α′ the Regge slope. This calculation however does not give any information
about the microstates themselves. As it has been pointed out in section 1.2.1, the quantum
structure of the microstates has to embrace all the black hole, up to the horizon radius.
In general relativity there are the no-hair theorems [47–51], which greatly restrict the
geometries that can be written. In string theory these theorems do not apply, as there are
many extra fields.

Using the AdS/CFT correspondence the microstates can be characterised. Take the
metric (1.3.4) and consider the following limit,

α′ → 0, r

α′
, Rz,

V

α′2
fixed. (1.5.3)

This is the decoupling limit; in this limit the black hole has an AdS3 factor. Similarly, in
the three charge case, equation (1.3.6), we obtain the decoupling limit by focusing on the
region r2 � Q1, Q5. Taking the near extremal limit as well, with large Q1 and Q5 charges,
we find that in this case the metric also has an AdS3 factor (to be more precise, in this
case we find the extremal BTZ black hole; see, for instance, [35] for details). Therefore,
the AdS3/CFT2 correspondence can be used.

Hence, one should be able to find a CFT state corresponding to each microstate of
the black hole. And one should also be able to find the duals of these CFT states, which
can be described by asymptotically AdS regular geometries. All the gravity duals are not
necessarily classical geometries; this will be discussed in more depth later. Since the near
horizon region of the original black hole also has the AdS factor and is asymptotically
flat, the asymptotically flat region can also be attached to these microstate geometries.
Therefore these black hole microstate geometries look like the black hole up to the horizon
scale. Mathur and collaborators found this characterisation of the microstates for eternal,
supersymmetric black holes, and called them fuzzballs [52–56].

1.5.1 The fuzzball proposal

Let S be the entropy of the black hole. As stated in the previous sections, associated to a
black hole there must be eS microstates describing it. The fuzzball proposal says that these
microstates are regular, horizonless solutions, which give the black hole geometry after a
coarse grained average over all of them. So, fuzzballs propose a change at the horizon level,
as was required before. This is depicted as a cartoon in figure 1.5.1. Generically fuzzballs
are string theory states but, as it will be shown in the next section, a fraction of them
can be described in supergravity. The important point here is that only a small fraction
of them is visible within supergravity; not all of them [35, 57]. This thesis deals exactly
with this last observation: to characterise and count what fraction of the microstates is
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Figure 1.5.1: Cartoon representing a fuzzball. Namely, a graphical representation of a
string theory state which is one of the microstates of the black hole.

well described by supergravity, in the three-charge case.

Since the AdS/CFT correspondence is believed to be exact and the dual field theory is
unitary, holography implies that the black hole dynamics are unitary. Therefore, there is
no information loss [24,58]. This proposal for the microstates deals with all the other initial
issues about black holes as well, because the fuzzballs do not have a singularity. They do
not have a horizon either, but they still radiate [59, 60], and this radiation matches the
expected Hawking radiation for fuzzballs. This radiation does carry information, precisely
because there is no horizon [61,62].

Fuzzballs give a complete description of black holes in string theory and holography.
They do not only describe the evaporation process, but also formation and evolution:
Mathur showed that a shell of collapsing matter will tunnel to these microstates [63]. The
probability of tunneling is exponentially small, but this is compensated by the exponen-
tially large number of microstates (fuzzballs) corresponding to that classical black hole.
Also, this collapse and tunneling will happen in a time much shorter than the evaporation
time [64], and so the process of formation and evaporation is well described. There is
also ongoing work on whether fuzzballs can be observed [65,66], including their traces on
gravitational waves as exotic objects [67]. For reviews on the proposal see [23,35,68–70].

This thesis is not centered around the fuzzball proposal itself, but around the study of
the CFT duals of some of the microstates in the D1-D5 system. The next section reviews
the major developments that have been obtained for this proposal in the last few years.

1.5.1.1 Latest results

There is a long running programme to construct putative black hole microstates as su-
pergravity solutions. This began with the construction of two-charge D1-D5 microstates
[52, 56, 71–73]. In this case the corresponding black hole does not have a macroscopic
horizon, but this two-charge case is nonetheless a useful arena to construct microstates
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explicitly and to make sharp identifications between geometries and the dual CFT states
using precision holography [73–75].

For three-charge microstates, the original examples of supergravity solutions were
highly non-generic, with, for example, atypically large angular momentum. Early dis-
cussions of (non-generic) microstates for macroscopic black holes can be found in [59, 60,
76–81]. Recent constructions of microstates illustrate more generic features, using con-
cepts such as superstrata, see for example [82–100]. As already mentioned, one of the
aims of this thesis is to further study what fraction of the black hole microstates such
constructions can represent.

Most progress so far has been focused on finding the aforementioned solutions. However
there are some recent results on possible traces on gravitational waves caused by the
existence of fuzzballs as well [67, 101,102].

We have just given a broad overview of the fuzzball proposal and the constructions
that have been found recently; we leave the more specific context and introduction for the
start of each chapter. Closing this introduction comes the outline for the thesis.

1.6 Outline

This thesis deals with the study of the CFT states which are dual to the fuzzball black
hole microstates in the D1-D5 system. So far we have given context and presented the
proposal, without any explicit technical details. Chapter 2 introduces in full detail the
D1-D5 CFT in which the rest of the thesis is based. It reviews the known properties and
structure of the theory, and introduces some new details and explicit descriptions that
will be used in part II. We also give there some basic notation and results of elementary
additive number theory, as it is used throughout this thesis.

Part II deals with the study of correlation and one point functions in this system. In
chapter 4 we consider correlation functions involving chiral operators constructed from
twist fields. We find explicit expressions for processes involving a twist n operator joining
n twist operators of arbitrary twist. These expressions are universal, in that they are
independent of the choice of M , the total twist, and the final results can be expressed in
a compact form. This result is essential for the calculations of chapter 5. This chapter is
based on the publication [1].

Chapter 5 starts by reviewing the known CFT calculations for the field theory side
superstrata three charge states, mainly based on [88, 89]. Then, the chapter is divided
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in two: in the first part we extend the reviewed calculation, for more generic one point
functions, in the short strand case. In the second part of this chapter we calculate the
same one point functions again, but now in the long strand limit. The results are general
and can be used for a wide range of chiral primaries; we compute explicitly some one point
functions to illustrate the process. From these we recover the expected relation between
long and short strand one point functions.

Motivated by the results in the previous chapters, in chapter 6 we calculate all possible
ways of joining single strands into a state of twist n. Some more results on number theory
are introduced, in particular on integer partitions, as they are needed for the countings
involved to accomplish this. We give bounds for the one point function for multi-particle
states of twist two operators, and compare the result with the twist n one point function.
These results, together with chapter 5 have been submitted to the General Relativity and
Gravitation topical collection on the Fuzzball Paradigm.

In chapter 7 we gather all the results of part II and comment on them.

Part III has one main chapter, chapter 9, where we take a different approach. Rather
than trying to study the microstates themselves, we count directly in the CFT the mi-
crostates that have been already constructed. To do so we use some more number theory:
reviewing more results on integer partitions we reproduce the entropy of the two-charge
case, and count the states that have been found in the three-charge case. We also explain
an algorithm to implement this process in a computer program, and present some numer-
ical results which we ran on IRIDIS4, the University of Southampton supercomputer.

Part IV discusses the results of this thesis and explains some of the future work that
follows naturally from the results of this thesis.

Last, appendix A gives some more notation and background on the D1-D5 system.



CHAPTER 2

The D1-D5 CFT

In this chapter we introduce the D1-D5 CFT, on which the whole thesis is based. A great
and exhaustive review of the D1-D5 system is given in [103,104], where the general picture
and the construction and details of the gravity side can be found. This chapter focuses on
the CFT side, giving insights on the spectral flow operation and also explicit details and
expressions for the operators needed for the calculations.

2.1 Setup

Consider type IIB string theory compactified on X × S1, with X being T4 or K3. Let
N5 D5-branes wrap the five compact dimensions and N1 D1-branes wrap the S1. This
is summarised in the standard way in table 2.1.1. X is taken to be string scale and the
scale of the S1 is assumed to be much larger (so that the circle can effectively be treated
as non-compact). D1-D5 black hole solutions in the supergravity limit are asymptotic to
M4,1 × S1 ×X. The geometry of the decoupled near horizon limit is AdS3 × S3 ×X, and
there is supersymmetry enhancement (see [105] and references therein).

The CFT dual to the decoupling region geometry is a two-dimensional superconformal
field theory (SCFT). In what follows, the focus is put on the theory for X = T4, although
much of the later analysis of this thesis also holds for K3, i.e. it does not rely on features
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0 1 2 3 4 5 6 7 8 9

D1 - · · · · - · · · ·

D5 - · · · · - - - - -

Table 2.1.1: Table showing the brane configuration for the D1-D5 system. The lines indi-
cate that the brane is extended in that direction, dots represent perpendicular directions.
Dimension 0 is time, 1-4 are the noncompact ones, 5 is the S1 and 6-9 are X, which can
be T4 or K3.

specific to T4. For toroidal compactifications, the SCFT is an N = (4, 4) superconformal
sigma model with central charges c = c̃ = 6N1N5; this theory can be viewed as a defor-
mation of a free orbifold CFT with target space (T4)N1N5/S(N1N5), where S(n) is the
symmetric group. Three point functions of (single trace) chiral primaries are protected in
this theory (see [106–109]), and thus agree with the corresponding three point functions
calculated in supergravity.

In chapter 5 we calculate one point functions involving chiral primary operators in the
field theory. The states involved in such computations have a chiral primary operator O
within them. Thus, in general the one point functions can be written as

〈O1|O2(y) |O3〉 . (2.1.1)

Therefore, using the relation between states and operators the one point functions calcu-
lated in chapter 5 can easily be related to three point functions of the form

〈O1(x)O2(y)O3(z)〉 . (2.1.2)

For some of them the dual supergravity one point functions are known, and for the others
the matching is yet to be done. We work in Euclidean signature on a cylinder which is
parametrised as

w = τ + iσ (2.1.3)

where 0 ≤ σ < 2π and −∞ < τ <∞.

For the calculations in part II of the thesis it is crucial to understand the orbifold
description of the theory, so let us review it. The Hilbert space of the orbifold theory
decomposes into twisted sectors, which come from the action of the symmetry group
S(N1N5). They are thus labelled by the conjugacy classes of the group, which consist of
cyclic subgroups of various lengths. See the discussion in [110] for further details. Let
N := N1N5 be the total number of copies of the CFT, mi the lengths of the different
cycles and ni their multiplicity. Then, in order to have full physical states in the theory
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the conjugacy classes must satisfy the constraint

∑
i

nimi = N, (2.1.4)

where the sum is over all the cycles. There is a direct correspondence between the conju-
gacy classes and the long/short string picture of the D1-D5 system [111]. The symmetry
group of the SCFT is SU(1, 1|2)×SU(1, 1|2), which breaks down into the following parts.
The SO(4)E isometry of the S3 in the gravity side is identified with the SO(4) R-symmetry
in the N = (4, 4) superconformal algebra. The other SO(4) symmetry of the field theory
is identified with the SO(4)I of the torus. In subsection 2.1.2 an explicit index description
with free fields is given.

At the orbifold point of the theory chiral primaries can be precisely described, as they
are associated with the cohomology of X. Hence, chiral primaries in the NS sector are
labelled as O(p,q)

m , where m is the twist of that chiral primary and (p, q) refers to its
associated cohomology class. The conformal weights (h, h̃) and the R charges (j3, j̃3) of
these chiral primaries are given by

hNS = jNS
3 = 1

2(p+m− 1), h̃NS = j̃NS
3 = 1

2(q +m− 1). (2.1.5)

Recalling the constraint for the cycles mentioned above, the complete set of chiral primaries
is built from products adding up to the total twist,

∏
l

(O(pl,ql)
ml

)nl ,
∑
l

nlml = N, (2.1.6)

with symmetrisation over N copies of the CFT implicit.

Chiral primaries in the NS sector are mapped to ground states in the R sector via
spectral flow. Spectral flow is a deformation of the algebra, under which the quantum
numbers of the R ground states transform as

hR = hNS − jNS
3 + c

24 , jR
3 = jNS

3 − c

12 , (2.1.7)

where c is the central charge of the CFT. More details on spectral flow are given in section
2.2. For chiral primaries of associated twist m the central charge is c = 6m; the central
charge of the full theory is c = 6N1N5. Analogous expressions hold for the right moving
sector. As we just said, NS chiral primaries are mapped by spectral flow to R ground state
operators, ∏

l

(O(pl,ql)
ml

)nl →
∏
l

(OR(pl,ql)
ml

)nl (2.1.8)
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with R charges
jR
3 = 1

2
∑
l

(pl − 1)nl, j̃R
3 = 1

2
∑
l

(ql − 1)nl. (2.1.9)

Note that the Ramond operators obtained from primaries associated with the (1, 1) coho-
mology have zero R charge.

The microstates of the 2-charge D1-D5 black hole are Ramond ground states. The
entropy associated to the microstates is

S = 2π

√
C(X)N

6 (2.1.10)

where C(X) is determined by the cohomology. C = 24 for K3 and C = 12 for T4.
However, the corresponding black holes do not have macroscopic horizons. The famous
3-charge black holes with macroscopic horizons discussed in [45] are obtained by exciting
the left moving sector with momentum P , and they do have macroscopic horizons. The
entropy is then

S = 2π

√
C(X)NP

6 , (2.1.11)

where implicitly it is assumed that P � N . The generic structure of the 3-charge mi-
crostates is thus

OP
∏
l

(OR(pl,ql)
ml

)nl , (2.1.12)

where OP describes the excitation of momentum P . As discussed in early works such
as [111], most of the 3-charge microstates are associated with excitations over maximal
and near maximal twist ground states (“long strings”) as there are more ways to fractionate
the momentum over such states. This is our motivation to calculate one point functions
of chiral primaries for short and long strings and compare their results in chapter 5, and
also to count sub classes of microstates and see their distribution in short and long strings
in chapter 9.

In chapters 5, 6 and especially in chapter 9 we will be using nomenclature and results
of the theory of integer partitions. We introduce all necessary concepts as they are needed
throughout the thesis. However, we include a short and introductory section on the topic,
with the basic definition and references for further reading. The reader familiar with the
concept can skip the next section.
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2.1.1 Integer partitions

Let n be a positive integer. A partition of n is a finite non-increasing sequence of positive
integers m1, ...,mr such that they add up to n,

r∑
i=1

mi = n. (2.1.13)

The mi are called the parts of the partition. The total number of partitions of n is denoted
by p(n) and is called the partition function. Let us write the partitions for the first six
natural numbers as an example.

p(0) = 1 (the empty sequence)

p(1) = 1; 1

p(2) = 2; 2, 1 + 1;

p(3) = 3; 3, 2 + 1, 1 + 1 + 1;

p(4) = 5; 4, 3 + 1, 2 + 2, 2 + 1 + 1, 1 + 1 + 1 + 1

p(5) = 7; 5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1.
(2.1.14)

For an exhaustive explanation and results on integer partitions see, for instance, [112].
In parts II and III we introduce more definitions and theorems that derive from this
definition. Let us now go back to reviewing the orbifold CFT, by introducing the free field
description.

2.1.2 Free field description

In this thesis we do not use explicitly the free field description of the theory for most
calculations, but it is necessary to introduce part of it to define the chiral primary operators
with which we work. Details of this description and also a complete classification of all
chiral primaries for this theory can be found in [103]. Our notation follows closely that
of [88] and [89].

Let us first define our notation and conventions. Recalling that SO(4) ' SU(2)×SU(2)
we write the SO(4) symmetry associated with the torus as SU(2)C × SU(2)A. We label
the SU(2)C group with Ȧ = 1̇, 2̇, and the SU(2)A with A = 1, 2. The R-symmetry
SO(4) group also splits into two SU(2) subgroups, corresponding to the left and right
R-symmetry. We use the labels α, α̇ to identify them, with α = {+,−} and α̇ = {+̇, −̇}.
To refer to the copies of the torus we use a subindex (r), which runs from 1 to N1N5.
Fields and operators corresponding to the right moving sector are denoted with a tilde.
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At the orbifold point, the CFT has free fields(
XȦA

(r) (w, w̄), ψαȦ(r) (w), ψ̃α̇Ȧ(r) (w̄)
)
, (2.1.15)

that is, four bosons and four doublets of fermions. The mode expansion of the fermions
in the Ramond sector is

ψαȦ(r) (w) =
∑
n∈Z

ψαȦn(r)e
−nw, ψ̃α̇Ȧ(r) (w̄) =

∑
n∈Z

ψ̃α̇Ȧn(r)e
−nw̄, (2.1.16)

and they satisfy the following Hermitian properties,

ψ+1̇†
n(r) = −ψ−2̇

−n(r), ψ+2̇†
n(r) = ψ−1̇

−n(r). (2.1.17)

The right-moving sector is completely analogous. The Ramond vacuum state, which we
denote as |++〉(r), is defined by

ψ+1̇
0(r) |++〉(r) = ψ+2̇

0(r) |++〉(r) = 0, ψ̃+̇1̇
0(r) |++〉(r) = ψ̃+̇2̇

0(r) |++〉(r) = 0. (2.1.18)

The R-symmetry currents in terms of the free fermions read

Jαβ(r) (w) = 1
2ψ

αȦ
(r) (w)εȦḂψ

βḂ
(r) (w), J̃ α̇β̇(r) (w̄) = 1

2 ψ̃
α̇Ȧ
(r) (w̄)εȦḂψ̃

β̇Ḃ
(r) (w̄), (2.1.19)

where the operators are normal-ordered with respect to the |++〉(r) ground state. Another
operator we are interested in is

Oαα̇(r) := − i√
2
ψαȦ(r) εȦḂψ̃

α̇β̇
(r). (2.1.20)

Notice that all these operators have been defined to be unitary. Using its zero mode and
the zero modes of the standard SU(2) generators of the left R-symmetry current, which
are defined as

J3
(r) := −J+−

(r) + 1
2 , J+

(r) := J++
(r) and J−(r) := −J−−(r) (2.1.21)

the other R ground states can be written as

|−+〉(r) := J−0(r) |++〉(r) , |+−〉(r) := J̃−0(r) |++〉(r) (2.1.22)

and
|00〉(r) := lim

z→0
O−−̇00(r) |++〉(r) = 1√

2
ψ−Ȧ0(r)εȦḂψ̃

−̇Ḃ
0(r) |++〉(r) . (2.1.23)

The operator modes change when moving from the NS to the R sector. This change is
determined by the spectral flow operation mentioned above. In section 2.2 we give details
on how this mode change arises.
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Let us turn our attention now to the twisted sector of the theory. The twist (or gluing)
operator, which is denoted by Σαα̇

κ , is an operator which induces a cyclic permutation of
κ ≥ 2 copies of elementary fields. This operator is also a chiral primary, and it generates
the twisted states. That is, it generates the cycles of length κ. In other words, the twist
operator joins κ strings of winding one into a single string of winding κ. The strands of
length κ are defined as

|++〉κ := lim
z→0
|z|κ−1Σ−−̇κ (z, z̄)

κ∏
r=1
|++〉(r) , (2.1.24)

where Σ−−̇κ is the lowest weight state in the Σκ multiplet. This operator has conformal
dimensions (κ−1

2 , κ−1
2 ) and, as can be read from the definition above, the state |++〉κ in

the Ramond sector has spin (1
2 ,

1
2) and winding κ. To write the expression of the twist

operator Σκ in terms of free fields it is necessary to bosonise the fermions. Details on
bosonisation and the expression of the twist operator in terms of free fields are left for
section A.4 of the appendix. The normalisation of the twist operator is dealt with in
section 2.1.7.

Now that the gluing operator has been introduced we can study the twisted sector of
the theory. First of all, in order to facilitate the calculations, the fermion basis needs to
be changed, in order to obtain independent fields for this sector. To do so we consider the
following combinations, which diagonalise the boundary conditions [115]:

ψ+Ȧ
ρ (z) = 1√

κ

κ∑
r=1

e2πi rρ
κ ψ+Ȧ

(r) (z), ψ−Ȧρ (z) = 1√
κ

κ∑
r=1

e−2πi rρ
κ ψ−Ȧ(r) (z), (2.1.25)

ψ̃+̇Ȧ
ρ (z̄) = 1√

κ

κ∑
r=1

e−2πi rρ
κ ψ̃+̇Ȧ

(r) (z̄), ψ̃−̇Ȧρ (z̄) = 1√
κ

κ∑
r=1

e2πi rρ
κ ψ̃−̇Ȧ(r) (z̄), (2.1.26)

where ρ = 0, 1, ..., κ − 1. To obtain the other R ground states in the twisted sector the
zero modes of the fermions are used, just as in the untwisted case,

|−+〉κ = J−0ρ=0 |++〉κ , |+−〉κ = J̃−0ρ=0 |++〉κ . (2.1.27)

Similarly, for the spin zero R ground states we act with the zero mode of
∑κ
r=1O−−̇(r) ,

|00〉κ = − i√
2
ψ−Ȧ0ρ=0εȦḂψ̃

−̇Ḃ
0ρ=0 |++〉κ . (2.1.28)

The relation between ground states and their associated cohomologies is

OR(2,2)
κ ↔ |++〉κ , OR(1,1)

κ ↔ |00〉κ , OR(0,0)
κ ↔ |−−〉κ , (2.1.29)

and
OR(2,0)
κ ↔ |+−〉κ , OR(0,2)

κ ↔ |−+〉κ . (2.1.30)
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In the R sector all these states have h = h̃ = κ/4, while (j, j̃) for these states is 1/2(α, α̇).
For instance, the state |++〉κ has (h, j) = (h̃, j̃) = (κ/4, 1/2), and the |00〉κ has (h, j) =
(h̃, j̃) = (κ/4, 0). In the NS sector all these correspond to chiral primaries, as we explore
in detail in section 2.2 with the spectral flow operation.

In this thesis we only consider ground states associated with even cohomology classes,
even though all classes can be straightforwardly considered in part III. In chapter 4 the
cohomology notation for the chiral primaries is more convenient, and thus it is the one
used. For the calculations in chapter 5, in order to see the effects of the operators more
explicitly, the cohomology notation is dropped.

Now that we have twisted sectors we should also give the definitions of the Ramond
sector and the Neveu-Schwarz sector in the twisted case. Analogous to the definition for
the untwisted case, equation (1.3.3), we now define

R sector: ψ(r) → ψ(r+1), ... , ψ(n) → ψ(1)

NS sector: ψ(r) → ψ(r+1), ... , ψ(n) → −ψ(1). (2.1.31)

So far we have defined the ground states for a single copy, namely, in the untwisted
sector, and we have also seen how to construct the twisted sector ones. We have also
defined all the operators for which we will compute one point functions explicitly, but
only in the untwisted sector. Most of the explicit calculations in chapter 5 will be using
these untwisted operators, but we are also interested in one point functions for twisted
operators. Therefore, we define them in the next section.

2.1.3 Operators in the twisted sector

Let us now focus on the chiral primary operators defined in the twisted sector. All chiral
primaries from single particle states of the SCFT are listed in [103], and we refer there for
the exhaustive list. We calculate one point functions for a subset of them in this paper,
but the methods can be easily extended to the rest.

Keeping in mind that the twist operator Σκ acts on a product of κ copies, the first
twisted operator that would come to mind to extend Oαα̇(r) to κ copies would be to join κ
Oαα̇(r) operators using a twist of length κ. This process creates chiral primary operators,
but not coming from single particle states. We can see this explicitly by looking at the
quantum numbers. Consider for instance the operator

O++̇,∗′
κ := Σκ

κ⊗
r=1
O++̇

(r) . (2.1.32)
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It is important to note here that the twist operator and the O operator act on different
groups of copies It is a chiral primary, as it has

(h, j) =
(
κ− 1

2 ,
κ− 1

2

)
+ κ ·

(1
2 ,

1
2

)
=
(
κ− 1

2 , κ−
1
2

)
(h̃, j̃) =

(
κ− 1

2 ,
κ− 1

2

)
+ κ ·

(1
2 ,

1
2

)
=
(
κ− 1

2 , κ−
1
2

)
. (2.1.33)

Analogous definitions can be done for the rest of the Oαα̇ operators. These are not however
“single particle” operators, as we have the product of many Oαα̇(r) operators. Let us be more
precise on what we mean by single particle states.

Given a fixed gravity background, single particle states can be thought of as excitations
over this background. Thus, if we have two such states, very localised in the gravity
background, we can see this as two particles. However, if the two states are bound to
each other and the particles cannot be separated out, we would view this as a bound,
multi-particle state. As we increase the energy of the state, we can no longer view it in
terms of excitations over a fixed gravity background though. Instead, we need to take
into account the gravitational backreaction and give a description in terms of the curved
geometry. Doing this renders the distinction between a single very heavy particle and
multi-particles less clear.

Now, to connect with the one point functions discussed in this thesis, consider the
operator Om ⊗ 1N−m with twist m. This would be a single particle state, which would
correspond to a single excitation in gravity, that is, some specific fields with specific spheri-
cal harmonics of degree∼ m. On the other hand, consider now the operator

∏k
i=1Omi⊗1Q,

where the twists mi are such that
∑
imi +Q = N to make the operator BPS. In this case

we would think about this in gravity as being effectively k particles, of different spherical
harmonic degrees, all bound together.

The black hole microstates for which we have geometric descriptions are generically
the latter, i.e. large numbers of particles, all bound together to give a state of specific
energy. The energy in this setup is sufficiently high that it cannot be thought in terms of
small excitations over an AdS background; the multi-particle state is so energetic that it
effectively caused the background geometry to change considerably, reflecting the nature
of the bound state of particles.

Coming back to the twisted operators that we are constructing, we can also create
analogous chiral primaries with the J currents. For instance, we can consider the κ-twist
operator

J+,∗′
κ := Σκ

κ⊗
r=1

J+
(r), (2.1.34)
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which has (h, j) = ((3κ − 1)/2, (3κ − 1)/2) and (h̃, j̃) = ((κ − 1)/2, (κ − 1)/2) and so
is also a chiral primary. As in the previous case, it is important to note that the twist
operator and the product of R-symmetry currents act on a different group of copies. We
can analogously construct the rest of the J operators this way, and also without the twist
operator. The methods for computing one point functions showed in this paper extending
the work of [88] can be easily applied to these cases. We will comment on this further
in subsection 5.2.9. Hence, it would be interesting to have a better understanding of the
gravity duals of all these one point functions.

However, in this thesis, and more in particular in chapter 5, we are concerned with
chiral primaries from single particle states. Before we go into details, let us define some
conventions that will simplify the expressions and ease the notation. In what follows we
will define operators like

Σκ

κ∑
r=1

1(1) ⊗ ...⊗ 1(r−1) ⊗Oαα̇(r) ⊗ 1(r+1) ⊗ ...⊗ 1(κ). (2.1.35)

That means, we act trivially on all copies except one, on which we act with the Oαα̇(r)
operator. In order to avoid long expressions, we will leave all the identity operators
implicit, and instead write

Σκ

κ∑
r=1
Oαα̇(r) . (2.1.36)

From now on, and throughout this thesis, every time we write an expression like (2.1.36)
we are leaving all the identity operators implicit. Let us now write the chiral primaries
from single particle states. As we said, they are all listed in [103], and we give only the
subset with which we work.

Chiral primaries from single particle states with h − h̃ = 0: The four chiral
primaries with h− h̃ = 0 corresponding to the (1,1) cohomology are

Σ
κ−1

2
κ

κ∑
r=1

ψ+1̇
(r) ψ̃

+̇1̇
(r) , Σ

κ−1
2

κ

κ∑
r=1

ψ+1̇
(r) ψ̃

+̇2̇
(r) , Σ

κ−1
2

κ

κ∑
r=1

ψ+2̇
(r) ψ̃

+̇1̇
(r) , Σ

κ−1
2

κ

κ∑
r=1

ψ+2̇
(r) ψ̃

+̇2̇
(r) ,

(2.1.37)
where the superindex in the twist operator corresponds to its conformal dimension. These
chiral primaries have conformal dimension (κ/2, κ/2). They have one fermion of the left
sector and one of the right sector, and so they correspond to the Oαα̇n operators. Therefore,
taking combinations1 we see that the twisted sector generalisation of the chiral primary

1Note that the operators given in (2.1.37) correspond only to the case α = +, α̇ = +̇ of the Oαα̇
κ operator.

That is because, as is usual in the literature, in [103] only the bottom component of the multiplet is given
explicitly. We obtain the other Oαα̇

κ operators that we have written above by taking other components of
that same multiplet.
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∑κ
r=1Oαα̇(r) is

Oαα̇κ := Σ
κ−1

2
κ

κ∑
r=1
Oαα̇(r) . (2.1.38)

The other operators with h − h̃ = 0 are obtained with other components of the short
multiplet of the twist operator. There is another chiral primary associated to the (2,2)
cohomology, which is

Σ
κ−2

2

κ∑
r=1

ψ+1̇
(r)ψ

+2̇
(r) ψ̃

+̇1̇
(r) ψ̃

+̇2̇
(r) . (2.1.39)

We do not use this operator in this thesis because we only want to raise the spin on the
left, as we mentioned before. The sixth and last chiral primary with h = h̃ is the twist
operator Σ

κ
2
κ , which also has conformal dimension (κ/2, κ/2).

Chiral primaries from single particle states with h− h̃ = 1: In this case we have

Σ
κ
2
κ

κ∑
r=1

ψ+1̇
(r)ψ

+2̇
(r) , (2.1.40)

of conformal dimensions (κ/2 + 1, κ/2), from which we construct the Jn currents. Notice
that in this case 0 ≤ κ ≤ N − 1. Thus, we define

J iκ := Σ
κ
2
κ

κ∑
r=1

J i(r). (2.1.41)

Notice that J iκ and J i,∗κ have the same transformation under spectral flow, just like Oαα̇κ
and Oαα̇,∗κ do. To finish this section let us connect these operators to other notation found
in the literature (see, for instance, [113]).

Heavy and light operators In the context of one point functions in the D1-D5 system,
and more generally in holographic CFT calculations, it is common in some literature
to define heavy and light operators [113–115]. These are all primaries, with different
conformal weights. Light operators are operators with low conformal dimension relative
to the central charge c, and heavy operators have large conformal dimension (of order c).
With the definitions that we have given above, if we consider the chiral primary operators
alone it is natural to say that heavy operators are the ones we have constructed in the
twisted case, using the gluing operator Σ and combinations of fermions. Light operators
would then correspond to single trace operators in the untwisted sector.

When looking at the one point functions that we compute in section 5.2 we need to take
into account that, in the definition of our states (which we will see in subsection 2.1.5), we
have some operators inside the definition of the strands. As we will see mainly in chapter



30 Chapter 2. The D1-D5 CFT

5, the calculations that we make can be used to calculate both heavy and light one point
functions. Now that we have defined all the strands and operators we will briefly review
how to construct 1/8-BPS strands, that is, strands where we raise the left R symmetry
charge. Further details can be found in [86–90].

2.1.4 Creating 1/8-BPS strands

So far we have only defined the two-charge strands in section 2.1.2. In this section we
define three-charge strands. To construct the most general 1/8-BPS strands considered so
far in the literature first we need to introduce fractional modes. In a sector of twist κ of
our theory one can define [116]

J+
−n
κ

:=
∮ dz

2πi

κ∑
r=1

J+
(r)(z)e

−2πin
κ

(r−1)z−
n
κ , (2.1.42)

where n is an integer. These modes allow us to increase the R charge of a state by one
unit while only raising the conformal dimension by n/κ. Then, given the R ground states
that we defined in section 2.1.2, one can add momentum excitations by acting with these
fractional modes, (

J+
−nκ

κ

)mκ
|00〉κ . (2.1.43)

We will be writing strands generically like this in section 5.2, but it is important to keep
in mind that the total momentum added to the state has to be integral [111]. In chapter
5 the attention is focused on the case when n = κ, even though the calculation can be
easily extended to generic fractional modes. Fractional modes are considered explicitly
in chapter 9. This state also shows us why we expect most of the 3-charge microstates
to be associated with long strings: the greater κ is, the more possibilities we have to
distribute the momentum excitations within the strand. We will see this very clearly
when we consider the norm of the states in the next section. This long and short string
difference is also our motivation to calculate one point functions in the long strand case.

We now have all the definitions for the strands and operators that we need to calculate
all the one point functions that we consider explicitly in this thesis. However, so far we
have only considered building blocks of our states. Recalling equation (2.1.4), we see that
any state of the full theory must have strands adding up to N . We call states which satisfy
this condition physical states, and in the next section we construct all the ones that we
use in chapter 5, and give their norm.
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2.1.5 Physical states

This section is very closely related to section 3 of [88], but we include it here for complete-
ness. Before we start constructing states let us introduce some notation. We denote by N
the total winding number, and |gs〉(r) denotes any of the ground states, i.e., |±,±〉(r) or
|00〉(r), on the copy r of the CFT. When instead of writing a number in parenthesis in the
subindex we write a number κ then it denotes a strand of length κ. We consider several
copies of each strand, in order to satisfy the condition (2.1.4) and be able to have generic
strand lengths. We denote the number of copies of each strand by N (gs)

κ , where κ is the
length of the strand |gs〉κ. To get the 1

8 -BPS states we use the R-symmetry current, as
explained in section 2.1.4. We denote by Nmκ(00)

κ the number of copies of the three-charge
strand, where the new index stands for the number of insertions of the J+ mode.

Now that we have this notation, let us write a full 1/4-BPS state. Keeping in mind
that the total winding number is N we define

ψ({N (gs)
κ }) :=

∏
gs,κ

(|gs〉κ)N
(gs)
κ , with

∑
gs,κ

κN (gs)
κ = N, (2.1.44)

where {N (gs)
κ } denotes the partition that satisfies the condition of the total winding being

N . We denote by N ({N (gs)
κ }) the norm of this state. This norm is taken to be the number

of combinations in which one can produce N (gs)
κ strands |gs〉κ starting from the state

N⊗
r=1
|++〉(r) . (2.1.45)

Recall that the Ramond ground states in a single copy have unit norm. Also, once we
have created the different strands, there is a unique way to transform them to the desired
ground state. We do this by acting with the O and J operators defined in 2.1.2, which
are already normalised. Therefore we only need to consider the creation of the twisted
sectors. Starting from the state (2.1.45) there are N !

(N−κ)!κ possible ways in which we can
choose κ of these copies up to cyclic permutations. Taking this number into account every
time we construct another twisted sector, we produce the following number of terms

N !
(N − κ1)!κ1

(N − κ1)!
(N − κ1 − κ2)!κ2

· ... · (N − κ1 − κ2 − ...− κg−1)!
0!κg

= N !∏
κ,S κ

N
(S)
κ

, (2.1.46)

where g simply denotes the last term. The normalisation of the twist operator is calculated
in this way as well, as we show explicitly in the next section. If we have several strands of
the same type it does not matter in what order we got them, and thus we have to divide
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by an extra N (S)
κ !. So, the norm of the physical state (2.1.44) is

N ({N (gs)
κ }) = N !∏

gs,κN
(gs)
κ !κN(gs)

κ

. (2.1.47)

Notice that the states are orthogonal,(
ψ{N(gs)

κ }, ψ{N
′(gs)
κ }

)
= δ
{N(gs)

κ },{N
′(gs)
κ }

N ({N (gs)
κ }). (2.1.48)

Last, we write a dimensionless coefficient A(gs)
κ in front of each strand, so that our state

describes the CFT dual of a black hole microstate geometry. These coefficients satisfy

∑
gs,κ

|A(gs)
κ |2 = N. (2.1.49)

See section 4.2 and [88] for the formulas connecting these coefficients to the corresponding
supergravity geometry. Including these A(gs)κ Fourier parameters the physical states are
written as

ψ{A(gs)
κ } :=

∑
{N(gs)

κ }

(∏
gs,κ

A(gs)
κ

)N(gs)
κ

ψ{N(gs)
κ } =

∑
{N(gs)

κ }

∏
gs,κ

(A(gs)
κ |gs〉κ)N

(gs)
κ , (2.1.50)

where the sum is restricted as in (2.1.44).

Now that we have described the 1
4 -BPS state, let us excite it to obtain the 1

8 -BPS one.
As we mentioned in (2.1.43), to obtain a three-charge solution we raise the momentum of
the states using modes of the J± operators. In chapter 5 we restrict to the −1 mode, as for
the one point functions involving only this mode, some of the results have been explicitly
matched with its gravity dual [88]. Thus the three-charge states that we consider are
written as

ψ{N(S)
κ,mκ}

=
4∏
s=1

∏
κ

(|s〉κ)N
(s)
κ

∏
κ,mκ

( 1
mκ! (J

+
−1)mκ |00〉κ

)N(00)
κ,mκ

. (2.1.51)

As we said before, in chapter 9 we start investigating a more general case. To do so we
consider more general states with fractional modes for the R-symmetry current. Similar
calculations can be performed in that case for the one point functions, as well. In the
state (2.1.51) mκ is the number of insertions of J+

−1. As it is important for this thesis,
let us explain carefully the notation and normalisation of the excited state. The operator
is acting on a strand of length κ which, with the notation that we introduced above, is
equivalent to writing a sum over the copies. That is, when we write the state above it is
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shorthand notation for

ψ{N(S)
κ,mκ}

=
4∏
s=1

∏
κ

(|s〉κ)N
(s)
κ

∏
κ,mκ

(
1
mκ!

(
κ∑
r=1

J+
−1(r)

)mκ
|00〉κ

)N(00)
κ,mκ

, (2.1.52)

which, as always, the sum for J+ is over any κ copies. Notice thatmκ ≤ κ, as otherwise we
would have two insertions of the mode on a same copy in every term, and so the resulting
term would vanish. Writing the copies out explicitly we have(

J+
−1(1) ⊗ 1(2) ⊗ ...⊗ 1(κ) + ...+ 1(1) ⊗ ...⊗ 1(κ−1) ⊗ J+

−1(κ)

)mκ
. (2.1.53)

We will thus have
( κ
mκ

)
terms, up to cyclic permutations of the R-symmetry modes. We

need to divide by mκ! to get rid of the permutations, as they all correspond to the same
state. Also, let us recall that the sum says is over κ strands, but it does not give any infor-
mation on which κ strands we act on. This will be taken into account by the normalisation
of the state. Keeping all these comments in mind, the norm of this three charge state is
analogous to the previous one, equation (2.1.47), except for an extra factor accounting
for the different combinations in which this operator can act on the strands, as we just
mentioned. Therefore, the norm of (2.1.51) is

N ({N (S)
κ,mκ}) =

 N !∏
s,κN

(s)
κ !κN(s)

κ

 1∏
κ,mκ N

(00)
κ,mκ !κN

(00)
κ,mκ

 ∏
κ,mκ

(
κ

mκ

)N(00)
κ,mκ

. (2.1.54)

As a side comment, let us recall that, as we said above equation (2.1.42), in the twisted
sector we have fractional modes. Therefore, when writing the operator in terms of modes
of the fermions we have the integer modes, but also all the combinations of the fractional
modes that give the desired one.

Let us write now, as in the case of the 1
4 -BPS state, the state dual to the supergravity

geometries. Analogous to the previous case, we define the supergravity dual as

ψ({A(s)
κ , Bκ,mκ}) :=

∑
{N(S)

κ,mκ}

(∏
s,κ

A(s)
κ

)N(s)
κ
( ∏
κ,mκ

Bκ,mκ

)N(00)
κ,mκ

ψ{N(S)
κ,mκ}

=

=
∑

{N(S)
κ,mκ}

∏
s,κ

(A(s)
κ |s〉κ)N

(s)
κ

∏
κ,mκ

(
Bκ,mκ
mκ! (J+

−1)mκ |00〉κ
)N(00)

κ,mκ

 ,
(2.1.55)

where the condition (2.1.49) also holds, adding now the new Bκ,mκ coefficients. That is,
the condition now reads

∑
gs,κ

|A(gs)
κ |2 +

∑
κ,mκ

|Bκ,mκ |2 = N. (2.1.56)
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The norm of the state is

|ψ({A(s)
κ , Bκ,mκ})|2 =

∑
{N(S)

κ,mκ}

N ({N (S)
κ,mκ})

(∏
s,κ

|A(s)
κ |2N

(s)
κ

)( ∏
κ,mκ

|Bκ,mκ |2N
(00)
κ,mκ

)
.

(2.1.57)

We have now defined all ground states and three-charge states that we use throughout
this thesis. However, in chapter 5 when calculating one point functions of twisted chiral
primaries we will end up with other excited states, for which we will need the normalisation.
We dedicate the next section to calculate these normalisations.

2.1.6 Normalisations

Before we calculate the normalisation for the excited states let us review the normalisations
of all the operators and of the one point functions themselves. As we have seen in the
previous sections, the Oαα̇ and the J i operators are all normalised to one by definition.
Also, in the previous section we have normalised the physical states by counting the
number of combinations in which we can create them from the untwisted vacuum. As
usual, we normalise the untwisted vacuum to one, that is,∥∥∥|++〉(r)

∥∥∥2
= 1. (2.1.58)

Therefore, the norm of the physical states is fully determined by the twist operators Σκ.
This means that this norm is not trivial, and so we will need it when computing one
point functions of twist operators. Let us calculate its norm. To calculate the norm of an
operator we need to calculate its vacuum expectation value. To do so we need to calculate
a two-point function; otherwise the result will be zero. First of all let us recall that the
vacuum of the Ramond sector is

N⊗
r=1
|++〉(r) . (2.1.59)

Then, the norm of the twist operator is given by

|Σκ|2 =
(

N⊗
r=1

(r) 〈++|
)

Σ++̇
κ Σ−−̇κ

(
N⊗
r=1
|++〉(r)

)
. (2.1.60)

This two-point function is easily calculated with the combinatorics presented in the previ-
ous section. Namely, the number of ways in which the Σ−−̇κ operator can act is given by the
choices of κ objects among N up to cyclic permutations. Formally, the twist operator can
act in any of this combinations because when we write the operator Σκ this is shorthand
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notation for ∑
{i1,...,iκ}

Σ(i1...iκ), (2.1.61)

where the sum runs over all possible choices of κ copies among the N total ones up to
cyclic permutations. The only non-trivial action its complex conjugate can perform is to
undo that joining, and so the norm of the twist operator is given by

|Σαα̇
κ |2 = N !

(N − κ)!κ. (2.1.62)

This of course coincides with the norm given in equation (2.1.47) when we consider the
state ψ = |++〉κ ⊗ (|++〉1)N−κ. We can also calculate the norm of the operators in the
twisted sector. Consider for instance the chiral primary

Σκ

κ∑
r=1
Oαα̇(r) . (2.1.63)

As we said above, the Oαα̇ operators are normalised to 1, and so only the twist contributes.
Therefore

|Σκ

κ∑
r=1
Oαα̇(r) |

2 = N !
(N − κ)!κ. (2.1.64)

Let us finish this section with a general comment regarding the normalisation that we use
for the one point functions. We will always normalise them by the norm of the in state2.
More concretely, if O is an operator for which we want to calculate the one point function
and |O〉 is the state we are interested in, the results that we will give will be

〈O| O(y) |O〉
〈O|O〉

. (2.1.65)

Now that we have the normalisations of all the operators we can find the norm of other
excited states in which we will be interested on.

2.1.7 Other excited states

As we have said in section 2.1.3, in chapter 5 paper we will be interested in calculating one
point functions for chiral primaries. The untwisted chiral primaries and twist operators
will generate other ground states or three-charge states, and so the same states that we
have described before will give a non-zero answer for the one point functions. However, the
state resulting from acting with a twisted operator on a ground state is not any strand we
have discussed before, and so we need to introduce these other excited strands. Consider
for instance the operator O++̇

κ defined by (2.1.38) acting on a ground state |++〉κ. It will
2By in state we mean the state for which we calculate the one point function. We will call out state to

the state after we act on it with the operator for which we are calculating the one point function
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generate an excited state, which we define as

|++〉∗κ := lim
z→0
|z|κ−1Σ−−̇κ

κ∑
r=1
O++̇

00(r) |++〉κ . (2.1.66)

In the R sector this is a state with h = h̃ = κ
4 + 1

2 , j = j̃ = 1. We do not use its norm in
this thesis though, or the state itself. As we will see in section 5.2.8, we can show how the
calculation would be done for these cases. But we will not give the final result, as there
is more work to be done in the supergravity side necessary to finish the calculation. We
give more details in that section.

Now that we have given a description of the free field theory we focus on the spectral
flow operation in the next section. We leave for appendix A further details on this CFT,
including OPEs, commutators and the bosonisation formulas.

2.2 Spectral flow

Spectral Flow (SF) [104, 117, 118] is an R-symmetry transformation, where a phase is
added to local operators. Namely, it is a continuous deformation of the algebra generators
such that after the deformation the operators still satisfy the algebra. Such deformation
is possible when we consider a transformation by the angle

η(z) = is log z. (2.2.1)

We call a transformation by this angle spectral flow by s units. Under this operation,
fermions transform as

ψ±Ȧ(z) 7→ z∓
s
2ψ±Ȧ(z), (2.2.2)

As we can see, this transformation relates the NS and the R sectors, since odd numbers
change the periodicity of the fermions.

Let Us be the spectral flow operator. States transform as

|ψ′〉 = Us |ψ〉 (2.2.3)

and operators as
O′(z) = UsO(z)U−1

s . (2.2.4)

As shown in [104], the best way to find how operators transform under SF is by using
the bosonised fermions, and writing everything out explicitly. See section A.4 for the
details on how to bosonise the fermions. By doing so the following transformations for the
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currents are obtained

J±n 7→ J±n∓s,

J3
n 7→ J3

n −
cs

12δn,0,

G±An 7→ G±An∓ s2
,

T (z) 7→ T (z)− s

z
J3(z) + cs2

24z2 ,

Ln 7→ Ln − sJ3
n + cs2

24 δn,0. (2.2.5)

Using these transformations the changes in the modes of the operators after the spectral
flow operation are also obtained. In order to see how the quantum numbers of the states
are transformed we use the modes of L0 and J3

0 . Given a state with quantum numbers
(L0, J3) = (h, j), spectral flow generates a new state with

L0 = h+ js+ cs2

24 , J3 = j + cs

12 , s ∈ Z. (2.2.6)

As we mentioned earlier, with the convention we have chosen spectral flow by an odd
amount moves an R state to an NS state. In particular, R ground states map to NS chiral
primaries, as we show in the next section. Now, as explained in [84,89] this transformation
can also be used to find excited states in the same sector within the theory. Or it can also
be used to obtain three-charge states from two-charge ones, when we consider it in a twist
sector. This last case is called Fractional Spectral Flow (FSF) [84,89,119,120].

2.2.1 Fractional spectral flow

We will use fractional spectral flow acting on states only, to obtain three-charge ones.
The FSF transformation is the same as the SF one, but now we transform by s/κ units,
where κ is the length of the strand and s is still an integer. Then, the quantum numbers
transform as

L0 = h+ js

κ
+ cs2

24κ2 , J3 = j + cs

12κ. (2.2.7)

Now that we have all these definitions, let us use the transformations to relate the states
of this system.

2.2.2 R ground states and NS chiral primaries

In this section we show explicitly how spectral flow connects R ground states to NS chiral
primaries, as a warm up for the fractional spectral flow case. We focus on two ground
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states in particular: the highest weight state |++〉 of the spin 1
2 multiplet and the “singlet”

combination of the SU(2)A bispinor, |00〉. We gave their expressions in terms of free fields
in section 2.1.2. We can spectral flow these states to the NS sector, which means spectral
flow by s = 1 units. Any odd integer, positive or negative, would give an NS sector state,
but we are looking for chiral primaries. Higher values of |s| would give us an excited state.
This applies to both untwisted and twisted sector states, with the only difference that for
twisted sector ones the central charge is taken to be c = 6κ, where κ is the cycle length.
Thus, the central charge is dependent of the length of the cycle.

So, let us translate the ground states, that is, the 1/4-BPS states. First,

|00〉κ : h = κ

4 , j = 0 (R) =⇒ L0 = κ

2 , J3 = κ

2 (NS), (2.2.8)

which comes from applying equation (2.2.6) with s = 1. This state is related to the
(1,1) cohomology of T4. Thus, in the notation of [75] this state, which is a NS chiral
primary, is written as O(1,1)4

κ , where the superindex 4 stands for the dimension of the (1,1)
cohomology3. Note also that the spectral flow formula is the same for the left and right
sectors, with tildes on h and j for the right sector, of course. Similarly,

|++〉κ : h = κ

4 , j = 1
2 (R) =⇒ L0 = κ+ 1

2 , J3 = κ+ 1
2 (NS). (2.2.9)

This one is related to the (2,2) cohomology, and thus it can also be written as O(2,2)
κ . Last,

|−−〉κ : h = κ

4 , j = −1
2 (R) =⇒ L0 = κ− 1

2 , J3 = κ− 1
2 (NS), (2.2.10)

which is related to the (0,0) cohomology and thus is written as O(0,0)
κ . All the relations

are summarised in equations (2.1.29) and (2.1.30).

Now, we want to obtain the R sector excited states described in [89], as we will be
using them in parts II and III. In order to do so, we spectral flow the R ground states by
an amount s/κ, s ∈ Z, where κ is the length of the cycle (and again, c = 6κ). This is the
fractional spectral flow operation that we have first introduced in section 2.2.1, and the
resulting states are 1

8−BPS states. Before we go into the details though, let us do some
checks on FSF.

3This dimension is not relevant for this thesis, as it does not play any explicit in the calculations
presented.
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NSCPRGS

R∗ NS∗

FSF
(
n
κ

)
FSF

(
n
κ

)

SF(1)

SF(1)

(a)

R∗ R∗′

FSF
(
n
κ

)
FSF

(
m
κ

)

RGS

FSF
(
m−n
κ

)

(b)

Figure 2.2.1: (Fractional) spectral flow sketch diagrams. RGS stands for Ramond ground
state, NSCP for Neveu-Schwarz chiral primary, (F)SF for (fractional) spectral flow, the
number in parenthesis right after is the amount by which we (fractional) spectral flow, R∗
and NS∗ denote excited states (excited with FSF by an amount n/κ, where n ∈ Z and κ
is the strand length) coming from R ground states and NS chiral primaries respectively,
and ∗′ means that we have excited the state by a different amount (m/κ, with m ∈ Z,
m 6= n).

2.2.3 Comments on fractional spectral flow

As we just said, fractional spectral flow consists in spectral flowing states by fractional
amounts, written as (integer)/(strand length). By doing this we may not change sectors,
but instead get an excited state in the same sector. This is more clearly understood in the
covering space [116,121], as there we are spectral flowing by integer amounts and thus we
do not change sector. In figure 2.2.1 we make some checks on FSF, to see that everything
works as expected. As we can see in the figure and easily prove, FSF is additive, just as
the regular SF is. This means that we need to be careful when considering FSF on a state
though, as there are cases where we do change sectors after this operation. Let us make
more checks to see this explicitly.

Consider figure 2.2.2. As we can see in the subfigure 2.2.2b, starting from an excited
Ramond state we can obtain an excited NS state, if the integer number on the numerator
is taken appropriately. Similarly, starting from a Ramond ground state we can perform a
fractional spectral flow which leads us directly to an excited NS state. For this to happen,
however, we need the numerator s to be greater than κ. That is, we are simply adding
the two operations, SF(1) and FSF(n/κ), and doing them in a simple step. If we separate
the fraction in two we recover the two different steps. Notice also that to go from R∗ to
NS∗′ , the FSF amount needed may be smaller than κ. So, by writing the integer s in the
numerator of FSF in a convenient way, we can effectively do a spectral flow operation which
changes the sector of our state, and then a FSF to excite the state. It is also interesting
to see the (fractional) spectral flow transformations that we need to do to obtain other
states of the same multiplet. For instance, to obtain a state like NS∗′ but with opposite
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κ
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Figure 2.2.2: Same notation as in figure 2.2.1. The diagram on the left holds in general,
except for the dotted line, which only holds for κ even. In this case, the diagram on the
right also holds and we can FSF from a R ground state to an excited NS state.

J3 charge we have to apply the following transformations,

RGS
FSF(−κ+m

κ
)

−−−−−−−−→ NS∗′,−. (2.2.11)

Notice that, again, this is a combination of a regular spectral flow by −1 units followed
by a fractional spectral flow by −m/κ units, or the other way around.

Now that we have a more clear idea of how SF and FSF act, we are ready to explicitly
construct in the CFT three-charge states like the ones we described in equations (2.1.12)
and (2.1.43).

2.2.4 Obtaining the superstrata 1/8-BPS states from FSF

As we mentioned before, in order to obtain three-charge states we have to raise the mo-
mentum of a state on the left or right, in order to create a difference in momentum. As
we have said, in this thesis we only work explicitly with the case where we raise the R-
symmetry current on the left. To do so we act with modes of the R-symmetry current J
and, as we have mentioned, this is equivalent in some cases as doing a FSF transformation
on a state. The states which can be obtained from FSF are called superstrata, and the
relation between both notations is [89].

|gs〉κ,s =
(
J+
− s+2j

κ

)s
|gs〉κ , (2.2.12)

where j denotes the R-symmetry quantum number before FSF. In what follows we use
the same notation as in [89], in order to make the connection more transparent. Thus,
we write the strand length as k2p̂ for the strands |00〉, as k(kn̂ + 1) for the |++〉 and as
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R SECTOR

ground states after FSF

h j h∗ j∗

|00〉k2p̂
k2p̂
4 0 h+ p̂ j + kp̂

|++〉k(kn̂+1)
k(kn̂+1)

4
1
2 h + n̂ j + kn̂

|−−〉k(km̂−1)
k(km̂−1)

4 −1
2 h + m̂ j + km̂

Table 2.2.3: Overview of the R ground states and their quantum numbers. We write the
quantum numbers after FSF in terms of their values before FSF to emphasize how the
fractional modes of the R-symmetry current act. The FSF amounts considered for each
state are, following [89], s = 2kp̂ for the |00〉k2p̂ strand, s = 2kn̂ for |++〉k(kn̂+1) and
s = 2km̂ for |−−〉k(km̂−1).

k(km̂−1) for |−−〉, where p̂, m̂, n̂ are integers. There is another difference in the notation
used in this thesis, and that is the spectral flow convention. As we have said, in this thesis
the s in the numerator is an integer, and spectral flow by an odd amount changes sectors.
With the convention taken in [89] s ∈ 1

2Z, and to move from the R sector to the NS sector
the spectral flow amount needed is 1/2. Therefore, the amounts of (fractional) spectral
flow we write here need an extra factor of two to generate the same result. We summarise
all the superstrata strands considered in [89] in the R sector with this notation before and
after FSF in table 2.2.3.

Let us now check which fractional modes of the R-symmetry current can be obtained
from FSF. In what follows we do the discussion with the |++〉 states; the result for the
other ground states is completely analogous. First we show that J+

− 1
k

cannot be related to

any spectral flow amount. Recall that |++〉k(kn̂+1) has (h, j) =
(
k(kn̂+1)

4 , 1
2

)
. Then,

J+
− 1
k

|++〉k(kn̂+1) has (h, j) =
(
k(kn̂+ 1)

4 + 1
k
,
1
2 + 1

)
, (2.2.13)

but no FSF amount can account for this, because after FSF by an amount 2r̂, where
r̂ := rk(kn̂+ 1) we have

h = k(kn̂+ 1)
4 + r + k(kn̂+ 1)r2, j = 1

2 + k(kn̂+ 1)r, (2.2.14)

and these equations are not consistent with (2.2.13).

We can check which modes do correspond to a FSF. From the calculation above we
can see that, if we have only one insertion of the R-symmetry mode, then there is a single
mode which can be accounted for with FSF, and that is 2

k(kn̂+1) . Let us do now the general
case, i.e. for s insertions of the mode. Applying the s insertions of the fractional mode we
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get h = k(kn̂+1)
4

j = 1
2

(J+
−p)

s

−−−−→

h = k(kn̂+1)
4 + ps

j = 1
2 + s

, (2.2.15)

where s ∈ Z (it will correspond to the integer s in the numerator of the FSF amounts in
the previous sections) and p ∈ Q. From FSF, the quantum numbers change like

h = k(kn̂+1)
4

j = 1
2

FSF (2r̂)−−−−−→

h = k(kn̂+1)
4 + r(1 + k(kn̂+ 1)r)

j = 1
2 + k(kn̂+ 1)r

, (2.2.16)

where r̂ has been defined above. Solving for r with the j we get that we need the following
amount of FSF:

r = s

k(kn̂+ 1) . (2.2.17)

Imposing that both conformal dimensions are the same after the transformation, and
assuming s 6= 0 (otherwise the transformation is trivial), we obtain

p = 1 + s

k(kn̂+ 1)
(
for |++〉k(kn̂+1)

)
. (2.2.18)

This means the following: we can have a FSF corresponding to a mode, for many modes
(in short we will see which ones). However, in order to have a FSF that changes the
quantum numbers in the same way the fractional mode does, we need multiple insertions
of that mode. The relation between the mode and the number of insertions needed in
order to have a related FSF is given by (2.2.18). Now, let us recall the result we checked
and that is mentioned in [88]: if the number of insertions is greater than the strand length,
then the state is annihilated. Therefore, we have a related FSF to the p mode (given by
(2.2.18)) for s insertions of the operator, for 1 ≤ s ≤ k(kn̂ + 1). Thus, the highest mode
that has a related FSF is

pmax = 1 + smax
k(kn̂+ 1) = 1 + k(kn̂+ 1)

k(kn̂+ 1) = 1 + 1
k(kn̂+ 1) . (2.2.19)

We have analogous results for the other two R ground states we considered. The relations
analogous to (2.2.18) for the other two cases are

p = s

k2p̂
, for |00〉k2p̂ , (2.2.20)

and
p = s− 1

k(km̂− 1) , for |−−〉k(km̂−1) . (2.2.21)

Hence, with FSF we can only obtain certain modes of the R-symmetry current and with a
specific number of insertions. All other states obtained by applying other modes, or those
modes with with a different number of insertions cannot be expressed in terms of FSF.
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NS SECTOR

chiral primaries after FSF

h j h∗ j∗

O(1,1)4
k2p̂

k2p̂
2

k2p̂
2 h+ p̂+ kp̂ j + kp̂

O(2,2)
k(kn̂+1)

k(kn̂+1)+1
2

k(kn̂+1)+1
2 h + n̂+ kn̂ j + kn̂

O(0,0)
k(km̂−1)

k(km̂−1)−1
2

k(km̂−1)−1
2 h + m̂+ km̂ j + km̂

Table 2.2.4: Overview of the NS ground states and their quantum numbers. We write the
quantum numbers after FSF in terms of their values before FSF to emphasize how the
fractional modes of the R-symmetry current act. The FSF amounts are the same as the
ones in table 2.2.3, that is, s = 2kp̂ for the |00〉k2p̂ strand, s = 2kn̂ for |++〉k(kn̂+1) and
s = 2km̂ for |−−〉k(km̂−1).

We briefly discuss some precision countings of these states in section 9.4.1.

The superstrata states are obtained in the CFT using FSF [89]. Their expression is

(|++〉k)
n1

∏
m̂,n̂,p̂

(
(J+
−1/k)

kp̂ |00〉k2p̂

)n2,p̂
(
(J+
−1/k)

kn̂ |++〉k(kn̂+1)

)n3,n̂ ⊗

⊗
(
(J+
−1/k)

km̂ |−−〉k(km̂−1)

)n4,m̂
, (2.2.22)

This is the expression we will use in section 9.4.1 to count them. To finish this section
we write these states in the NS sector, taking into account the mode transformations for
the R-symmetry currents (2.2.5). After SF by 1 unit the modes change by the following
amount,

(
J+
− 1
k

)kp̂
|00〉k2p̂ (R) ←→

(
J+
− 1
k

(1+k)

)kp̂
O(1,1)4
k2p̂ (NS),(

J+
− 1
k

)kn̂
|++〉k(kn̂+1) (R) ←→

(
J+
− 1
k

(1+k)

)kn̂
O(2,2)
k(kn̂+1) (NS),(

J+
− 1
k

)km̂
|−−〉k(km̂−1) (R) ←→

(
J+
− 1
k

(1+k)

)km̂
O(0,0)
k(km̂−1) (NS). (2.2.23)

We give in table 2.2.4 a summary of all the NS chiral primaries used and of their conformal
dimension and J3 charge before and after FSF. and so the superstrata states (2.2.22) in
the NS sector read

(
O(2,2)
k

)n1 ∏
m̂,n̂,p̂

((
J+
− 1
k

(1+k)

)kp̂
O(1,1)q
k2p̂

)n2,p̂
((

J+
− 1
k

(1+k)

)kn̂
O(2,2)
k(kn̂+1)

)n3,n̂

⊗

⊗
((

J+
− 1
k

(1+k)

)km̂
O(0,0)
k(km̂−1)

)n4,m̂

. (2.2.24)
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CHAPTER 3

Introduction

As explained in section 1.5.1.1, precision holography calculations in the D1-D5 system
started in [73–75]. Even though the two-charge black hole does not have a macroscopic
horizon, several generic lessons from the two-charge system apply to three-charge black
holes with macroscopic horizons. Firstly, for the supergravity description to be valid, one
needs coherent superpositions of microstates in which (single particle) chiral primaries
acquire expectation values. The reason is that single particle chiral primaries are dual
to supergravity fields; one needs the former to acquire expectation values for the interior
supergravity geometry of the asymptotically AdS region to carry information about the
microstate.

Secondly, suppose that a given geometry is postulated to be dual to a particular su-
perposition of microstates |F ). The expectation values of single particle chiral primaries
O∆, of dimension ∆,

(F |O∆|F ) (3.0.1)

can then be read off from the asymptotics of the AdS3 region using Kaluza-Klein holog-
raphy [122]. The matching of not just conserved charges but of whole towers of operators
provides very strong evidence for the conjectured duality. This matching was carried out
for low dimension operators in the two charge geometries in [73–75] and in three charge
geometries in [88]. Holographic four point functions were discussed in [114, 115]. See
also [122, 123] for an example of matching involving the whole tower of Kaluza-Klein op-
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erators – the detailed matching between distributed D3-brane supergravity solutions and
the Coulomb branch of N = 4 SYM.

The matching of (3.0.1) between the bulk and field theory descriptions relies on being
able to compute these expectation values from the dual field theory side and hence, implic-
itly, uses either non-renormalisation theorems or integrability/bootstrap methods. In the
case of the D1-D5 system, one can explicitly compute correlation functions in the orbifold
limit of the dual CFT. Correlation functions involving chiral primaries are believed to
be non-renormalised as one deforms away from the orbifold point [106–109] although the
matching between CFT and supergravity is subtle. This non-renormalisation implies that
(3.0.1) is non-renormalised away from the orbifold point for two-charge microstates and
it also has implications for expectation values of supergravity operators in three-charge
microstates.

Correlation functions in the orbifold CFT have been analysed for a variety of ap-
plications previously. In what follows here, we will use heavily the pioneering work of
Lunin and Mathur on computing three point functions in (super)conformal orbifold the-
ories [116, 121]. An important part of understanding the D1-D5 system is deforming the
CFT away from the orbifold limit, and the deformation process has been considered in
a number of works [87, 124–140]. The methodology used here is closely related to that
of [88, 131, 132], although our motivations are somewhat different. Efficient methods for
computing certain extremal correlation functions in the orbifold theory and relations with
spin chains were studied in [141–143].

In this part of the thesis we present work which develops the precision holography
programme for black hole microstates in the D1-D5 system further. More precisely, in
chapter 5 we calculate one point functions of the form (3.0.1), from the CFT side. In
order to carry out such calculations, we first need to fill in certain gaps in the previous
literature on correlation functions in the orbifold CFT; to be able to access expectation
values for generic dimension operators, we need as a building block amplitudes involving
twist n operators joining together n other twist operators.

To that end, in chapter 4 we compute them, that is, we compute amplitudes for pro-
cesses in the orbifold CFT involving a twist n operator joining n operators, each of twist
mi. We solve this problem for general n and mi. The general result is summarised in
equation (4.3.102). Last, in chapter 6 we calculate one and n-point functions of twist op-
erators, similar to the calculations performed in chapter 5, in order to start investigating
the relation between them and check the preferred way of creating long strands. Notice
that all these calculations can also be used as building blocks for correlation and one point
functions involving less supersymmetric operators. We finish this part of the thesis with
a summary of all the main results and a discussion, in chapter 7.



CHAPTER 4

Correlation function for a twist n operator

This chapter deals with correlation functions involving chiral operators constructed from
twist fields. We find explicit expressions for processes involving a twist n operator joining
n twist operators of arbitrary twist. These expressions are universal, in that they are
independent of the choice of M , and the final results can be expressed in a compact form.

4.1 Layout

The plan of this chapter is as follows. In section 4.2 we explain why processes involving a
twist n operator joining n other operators are essential to calculating expectation values of
the form (3.0.1) from the field theory side. Section 4.3 contains the technical computation
of the amplitude for such processes.

4.2 Twist operator amplitudes

In this chapter we focus on processes in which a twist operator of twist n joins n operators
of twists (m1,m2, ...,mn), to form a single operator of twistM := (m1+...+mn). Following
the usual correspondence between twist operators and strings, we illustrate these operators
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m
1

m
n

m
1

m
n

O

M=       + ... + 

Figure 4.2.1: Joining of n component strings to form one single string.

via strings with winding equivalent to the twist. The process of interest is illustrated in
figure 4.2.1.

Let us consider the following example of such a process, expressed first in NS sector
language. Let each component string be generated by a chiral primary i.e.

O(pi,qi)
mi |0〉mi . (4.2.1)

Let the operator of twist n joining these component strings be a chiral primary as well,
which we denote as

O(p,q)
n . (4.2.2)

The joining process then acts as

O(p,q)
n |

n∏
i=1
O(pi,qi)
mi 〉 → |χ〉. (4.2.3)

Notice that all operators have maximum J3 eigenvalue, i.e. they are the highest weight
state of the spin multiplet. Here the state |χ〉 by construction has R charges

jNS3 = 1
2

(
p+

n∑
i=1

pi

)
+ 1

2M −
1
2 j̃NS3 = 1

2

(
q +

n∑
i=1

qi

)
+ 1

2M −
1
2 . (4.2.4)

We begin by considering processes in which(
p+

n∑
i=1

pi

)
= P ≤ 2

(
q +

n∑
i=1

qi

)
= Q ≤ 2 (4.2.5)

for which
|χ〉 = eOc |O(P,Q)

M 〉 (4.2.6)
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where eOc describes coherent excitations of zero R charge over the NS chiral primary.

By construction the one point function

〈O(P,Q)
M |O(p,q)

n (1)M−n|
n∏
i=1
O(pi,qi)
mi 〉 (4.2.7)

is thus (generically) non-zero. In this expression we include explicitly the factor of (M−n)
copies of the identity operator, to emphasise that this correlation function is computed in
M copies of the CFT.

The one point function (4.2.7) is not a “physical” one point function in the orbifold
CFT as we have imposed neither M = N nor symmetrisation over copies of the CFT, and
we have not specified the full state. However, (4.2.7) is an important building block for
physical one point functions of interest in the context of D1-D5 holography. For example,
the one point function contribution (4.2.7) is relevant to the computation of one point
functions of single trace chiral primary operators in Ramond ground states. Spectral flow
of (4.2.7) gives

〈OR(P,Q)
M |ONS(p,q)

n |
n∏
i=1
OR(pi,qi)
mi 〉. (4.2.8)

The basis of Ramond ground states in the orbifold CFT was described in chapter 2. Since
each Ramond ground state is an eigenstate of J3 and J̃3, the expectation of a single trace
chiral primary (with non zero R charge) is necessarily zero. However, R ground states that
admit holographic supergravity duals can be expressed in terms of projections of coherent
superpositions [73,75], i.e. as

|ORc 〉 =
∑
A

cA|ORA〉 (4.2.9)

where A labels the complete set of Ramond ground states and the coefficients cA are
inherited from projections of coherent superpositions.

More precisely, there is a direct correspondence between the curves describing the
holographic supergravity solutions and these coherent superpositions, described in detail in
[73,75]. In brief, the curves F(v) describing the supergravity solutions can be decomposed
into Fourier modes

F(v) =
∑
n>0

1√
n

(
αne

−inv + α∗ne
inv
)
. (4.2.10)

Now introduce auxiliary harmonic oscillators as operators, ân, and define coherent states
associated with these operators as

ân |αn) = αn |αn) . (4.2.11)
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There is thus a coherent state associated with the curve

|F) =
∏
n

|αn) (4.2.12)

The coherent states can be expressed in terms of Fock states in the standard way as

|αn) = exp
(
−|αn|

2

2

)∑
k

αkn
k! (â†n)k |0〉 , (4.2.13)

and we can then project from |F) the Fock states that satisfy the constraint

∏
(â†nl)

ml |0〉
∑
l

nlml = N1N5. (4.2.14)

The final step is to retain only these terms from |F) and map the auxiliary harmonic
oscillators to CFT R operators. The Ramond ground state operators are in one-to-one
correspondence with the cohomology of the target space for the orbifold CFT; thus the
number of independent curves defining the supergravity geometries is given by the sum
of the Hodge numbers of this target space. The result indeed gives a linear superposition
of Ramond ground states (4.2.9) with superposition coefficients cA inherited from the
defining curves.

An important feature of the superposition (4.2.9) is that it is not in general an eigenstate
of R symmetry. This implies that charged operators can acquire expectation values in
this state. One can extract these expectation values from the supergravity solutions via
holographic renormalisation. For the D1-D5 ground states, non-renormalisation theorems
are believed to exist, implying that these expectation values match between supergravity
and the CFT in the orbifold limit (although the required matching between supergravity
and CFT operators is subtle [109]).

Hence in a generic superposition the expectation of a single trace operator is

〈Oc|Op,qn |Oc〉 =
∑
A,B

c∗AcB〈ORA|Op,qn |ORB〉. (4.2.15)

It is now apparent that (4.2.8) is a building block for computing such one point functions:
non-vanishing terms in this one point function are associated with the twist n operator
joining component strings.

Computation of (4.2.15) for general twist n operators would allow precision holography
for two charge microstates to be tested further, using the methods of [73–75]. A good
understanding of (4.2.15) is also needed to calculate one point functions of supergravity
operators (single particle chiral primaries) in three charge microstates, as shown in chapter
5. A typical 3-charge microstate is built out of superpositions of Ramond ground states
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excited by left moving momenta as in (2.1.43). The one point functions will then reduce
to sums of amplitudes of the type

〈OPAO
R
A|Op,qn |OPBO

R
B〉, (4.2.16)

where OPA and OPB denote the operators exciting left moving momenta over the ground
states. For excitations such as (2.1.43) one can then use commutation relations to reduce
this calculation to (4.2.15); this will be discussed in future work. Note that it is the one
point functions of single particle chiral primaries (single strings) that are of most interest
in matching holographically with microstate geometries, as it is these values that are
captured by the asymptotics of the interior AdS3 regions.

4.3 Computation of twist operator expectation values

In this section we focus on the computation of

〈OR(P,Q)
M |ONS(p,q)

n |
n∏
i=1
OR(pi,qi)
mi 〉. (4.3.1)

Our methods follow the approach pioneered by [116, 121] and used in the case of a twist
two operator in [131,132].

The one point function is computed on the cylinder, with the operator inserted at the
location w0, i.e. the explicit computation that is required is

〈OR(P,Q)
M |ONS(p,q)

n (w0)|
n∏
i=1
OR(pi,qi)
mi 〉. (4.3.2)

Note that the dependence on w and w0 is fixed by conformal invariance. The Ramond
ground states are eigenstates of L0 and L̃0 and thus one can freely use translations to move
the insertion point around the cylinder. In practice we calculate this one point function
by lifting to a covering space, and computing the appropriate (n+ 2) point function. We
begin by discussing the required maps to covering spaces.

4.3.1 Maps to covering space

We begin by working on a cylinder with coordinate w. The cylinder is mapped to the
complex plane using the standard exponential map z = exp(w). The CFT fields are
however multi-valued on the z plane due to the presence of the twist fields. We thus
map to a covering space with coordinate t where the fields are single valued. The twist
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operators are punctures on the t plane.

We can regulate the single component string insertions using the following map from
the z plane to the t plane, in analogy to the map used in [131,132]:

z = tm1(t− a2)m2(t− a3)m3 · ... · (t− an)mn . (4.3.3)

On the cylinder the initial component strings are at w → −∞, which corresponds to z = 0
on the z plane. On the t plane a string of winding mi is mapped to position ai; we set
a1 = 0 for simplicity, without loss of generality in what follows. The final component
string is at w → ∞ on the cylinder, which maps to t → ∞ on the plane. The twist n
operator is inserted at w0 on the cylinder which corresponds to exp(w0) on the z plane.

A priori the parameters ai are not fixed in terms of the original parameter w0 on the
cylinder. However, the ramification map should be such that dz/dt has a zero of order
(n − 1) at the location of the twist n operator. Let t0 be the location of the twist n
operator; then

dz

dt
= (t− t0)n−1PM−n(t) (4.3.4)

with PM−n(t) a polynomial of order (M − n) with no zero at t0. We can understand this
as follows. The map (4.3.3) is a polynomial of order M with M non-distinct zeros: it has
a zero of order ma at t = 0 and so on. Thus its first derivative is a polynomial of order
(M − 1). Now dz/dt has a total of (M − n) zeros at locations ai: it has a zero of order
(m1 − 1) at t = 0, a zero of order (m2 − 1) at t = a2 etc. By the fundamental theory of
algebra, dz/dt has an additional (n− 1) zeros, and these are located at the position of the
twist n operator.

The original map (4.3.3) has (n − 1) parameters (a2, ..., an). These parameters are
determined by the condition that dz/dt has a zero of order (n−1) at the location t0. Note
that t0 is related to the original insertion point on the cylinder via the map

exp(w0) = tm1
0 (t0 − a2(t0))m2(t0 − a3(t0))m3 · ... · (t0 − an(t0))mn (4.3.5)

where here we indicate that the positions ai can be expressed as functions of t0.

Let us first illustrate these general discussions in the context of n = 3; the case of n = 2
is discussed in detail in [131,132]. For n = 3 the ramification map is

z = tm1(t− a2)m2(t− a3)m3 (4.3.6)



4.3. Computation of twist operator expectation values 55

and thus

dz

dt
= tm1−1(t− a2)m2−1(t− a3)m3−1 (m1(t− a2)(t− a3) +m2t(t− a3) +m3t(t− a2)) .

(4.3.7)
The requirement that this takes the form (4.3.4) imposes

a2 = ā2t0 a3 = ā3t0 (4.3.8)

where (ā2, ā3) satisfy

ā2ā3 = M

m1
; ā2

(
1− m2

M

)
+ ā3

(
1− m3

M

)
= 2. (4.3.9)

These equations can be solved to give

ā2

(
1− m2

M

)
= 1± i

√
m2m3
m1M

ā3

(
1− m3

M

)
= 1∓ i

√
m2m3
m1M

. (4.3.10)

With these solutions we can relate w0 and t0 as

exp(w0) = tM0 (1− ā2)m2(1− ā3)m3 . (4.3.11)

Clearly the relation between t0 and w0 is not unique; we will clarify this issue below in
the case of general n.

We can now immediately generalise to arbitrary n ≥ 2. The ramification map is

z = tm1
n∏
i=2

(t− ai)mi (4.3.12)

and the requirement that t = t0 is a zero of dz/dt of order (n− 1) (4.3.4) imposes (n− 1)
relations on the ai: ai = āit0 with

n∏
i=2

āi = M

m1
n ≥ 2, (4.3.13)

together with (n− 2) further conditions

n∑
i=2

āi

(
1− mi

M

)
= (n− 1) n ≥ 3

n∑
i=1

mi

∑
l 6=n 6=i

ānāl = M
(n− 1)(n− 2)

2 n ≥ 4 (4.3.14)

and so on. For example, for n ≥ 5 we would in addition need the cubic relation between
the āi. Note that for n = 2 we can immediately read off ā2 = M/m1 from the expression
above, which is in agreement with the ramification map used in [131,132].
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In analogy to the n = 3 case, it is natural to write the solutions of these equations as(
1− mi

M

)
āi = (1 + ā exp(iφi)) (4.3.15)

where the phases φi satisfy

n∏
i=2

exp(iφi) = 1 n ≥ 3 (4.3.16)

and
n∑
i=2

exp(iφi) = 0 n ≥ 3

∑
i 6=j

exp(i(φi + φj)) = 0 n ≥ 4

∑
i 6=j 6=k

exp(i(φi + φj + φk)) = 0 n ≥ 5, (4.3.17)

and so on. Solutions for these phases are:

(n− 1) ∈ 2Z : φi = (i− 1)π
n− 1 , φi+1 = −(i− 1)π

n− 1 , i ∈ 2Z, i ≥ 2 (4.3.18)

n ∈ 2Z : φ2 = 0, φi = (i− 1)π
n− 1 , φi+1 = −(i− 1)π

n− 1 , (i− 1) ∈ 2Z, i ≥ 3.

Note that these solutions are not unique, i.e. any permutation of the phases will also
solve the equations. One can also shift all of the phases by an equal amount, that is,
φi → φ̃i = φi + λ, satisfying (4.3.17), but now instead of (4.3.16) one has

n∏
i=2

exp(iφi) = exp(i(n− 1)λ). (4.3.19)

This shift can trivially be absorbed into the parameter ā in (4.3.15) and thus we can
always set λ = 0 without loss of generality.

The parameter ā in (4.3.15) satisfies

1 + ān−1 = M

m1

n∏
i=2

(
1− mi

M

)
. (4.3.20)

We can solve this equation as follows. First note that

m1 = M −
n∑
i=2

mi (4.3.21)
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and introduce the notation νi := mi/M , where clearly 0 < νi < 1. Then

ān−1 =
∏n
i=2 (1− νi)

(1−
∑n
i=2 νi)

− 1. (4.3.22)

Now for n > 2
n∏
i=2

(1− νi) >
(

1−
n∑
i=2

νi

)
. (4.3.23)

This follows from induction: if one assumes that the identity holds for n then for (n+ 1)

n+1∏
i=2

(1− νi) = (1− νn+1)
n∏
i=2

(1− νi)

> (1− νn+1)
(

1−
n∑
i=2

νi

)
>

(
1−

n+1∑
i=2

νi

)
. (4.3.24)

The identity is true for n = 3 as

(1− ν2) (1− ν3) > (1− ν2ν3) (4.3.25)

and therefore by induction (4.3.23) holds for all n ≥ 3.

Hence we may write

ān−1 =: Q = 1
ν1

n∏
i=2

(1− νi)− 1 (4.3.26)

where Q ∈ Q+. The (n− 1) roots of this equation are

ā = Q
1

n−1 exp
( 2πik
n− 1

)
, (4.3.27)

with k = 0, 1, ..., (n − 2). We can however fix k = 0 so that ā is real: other choices of k
are equivalent to rotations of the phases φi.

Thus for general n we have concluded that the map between w0 and t0 (4.3.5) takes
the form

exp(w0) = tM0

n∏
i=2

(1− āi)mi (4.3.28)

where
āi = (1 + ā exp(iφi))

(1− νi)
(4.3.29)

with ā given by (4.3.27) and the phases φi given by (4.3.18). It is useful to illustrate the
structure of this ramification map as follows. If we consider the combinations

Ai = āi(1− νi) (4.3.30)

then the Ai are located at the vertices of a regular n-sided polygon, with centre one, as
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Figure 4.3.1: Illustration of structure of ramification map; the crosses denote Ai.

shown in Figure 4.3.1.

4.3.2 Computation of the one point function

In this section we explain how the required one point function (4.3.2) can be computed in
terms of a correlation function in the t plane. The methodology follows closely [131,132],
which in turn exploited the techniques for computing orbifold CFT correlation functions
developed in [116,121].

The one point function (4.3.2) is calculated by first lifting to the z plane to give

〈OR(P,Q)
M |ONS(p,q)

n (z0)|
n∏
i=1
OR(pi,qi)
mi 〉 = 〈OR(P,Q)

M (∞)ONS(p,q)
n (z0)

n∏
i=1
OR(pi,qi)
mi (0)〉. (4.3.31)

The conformal weight of the twist n operator gives a Jacobian factor under this conformal
map. Let us recall that the weights of the insertion operator are

h = 1
2 (p+ n− 1) h̄ = 1

2 (q + n− 1) (4.3.32)

and thus the Jacobian factor induced is

(
dz

dw

)h
|w0

(
dz̄

dw̄

)h̄
|w̄0

, (4.3.33)

which can immediately be written as

exp(hw0) exp(h̄w̄0). (4.3.34)



4.3. Computation of twist operator expectation values 59

To rewrite this expression in terms of t0, we need to use (4.3.28). Here we will be primarily
interested in calculating correlation functions for which p = q = 0 and thus the Jacobian
factor gives

|t0|M(n−1)
(

n∏
i=2

(1− āi)mi
)n−1

, (4.3.35)

where the āi are defined in (4.3.29).

Next we can express (4.3.31) in terms of a normalised correlation function,

〈OR(P,Q)
M (∞)ONS(p,q)

n (z0)
n∏
i=1
OR(pi,qi)
mi (0)〉 =

= lim
|z|→∞

〈OR(P,Q)
M (z)ONS(p,q)

n (z0)
∏n
i=1O

R(pi,qi)
mi (0)〉

〈OR(P,Q)
M (z)OR(P,Q)†

M (0)〉
. (4.3.36)

Here we use the notation
OR(P,Q)†
M (4.3.37)

to denote the conjugate operator (with conjugate R charges).

Following [116, 121], the key point is then that this normalised correlation function
factorises into a bare twist part (associated with a Liouville action) and a spin field part,
i.e.

lim
|z|→∞

〈OR(P,Q)
M (z)ONS(p,q)

n (z0)
∏n
i=1O

R(pi,qi)
mi (0)〉

〈OR(P,Q)
M (z)OR(P,Q)†

M (0)〉
= lim
|z|→∞

〈Σn+2(z, z0)〉
〈Σ2(z)〉

〈Sn+2(t, t0)〉
〈S2(t)〉 .

(4.3.38)
Here the bare twist part is

〈Σn+2(z, z0)〉 := 〈σM (z)σn(z0)
n∏
i=1

σmi(0)〉 (4.3.39)

with
〈Σ2(z)〉 := 〈σM (z)σM (0)〉. (4.3.40)

The spin field correlators are calculated on the t plane as

〈Sn+2(t, t0)〉 := 〈S(P,Q)
M (t(z))S(p,q)

n (t0(z0))
n∏
i=1

S(pi,qi)
mi (ai)〉 (4.3.41)

and
〈S2(t)〉 := 〈S(P,Q)

M (t(z))S(P,Q)†
M (0)〉. (4.3.42)

We discuss in section 4.3.4 how the operator/state R charges (indicated in the labelling of
these spin fields) relate to the spins of the spin fields. In the rest of this section we collect
all the contributions required to compute the correlation function.
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4.3.3 Twist operator correlator

In this section we calculate the bare twist operator contribution, namely

lim
|z|→∞

〈Σn+2(z, z0)〉
〈Σ2(z)〉 (4.3.43)

where the twist operator correlators are defined in (4.3.39) and (4.3.40).

Following [116, 121] we work in a path integral formulation and regularise each twist
operator inserted at a finite value of z by cutting out a hole of radius ε� 1. The regularised
twist operator σεm is related to the original twist operator as

σm = 1√
σεm(0)σεm(1)

σεm, (4.3.44)

and thus when working with such regularised operators we need to take into account the
appropriate normalisation factors. If a twist operator is inserted at infinity, we need to
cut out a hole at infinity with radius 1/δ � 1; we denote the corresponding regularised
operator as σδM .

Thus we need to calculate

lim
|z|→∞

〈Σn+2(z, z0)〉
〈Σ2(z)〉 = Nε

〈σδM (∞)σεn(z0)
∏n
i=1 σ

ε
mi(0)〉

〈σδM (∞)σεM (0)〉
, (4.3.45)

where the normalisation factor is

Nε =
√

〈σεM (0)σεM (1)〉
〈σεn(0)σεn(1)〉

∏n
i=1〈σεmi(0)σεmi(1)〉 . (4.3.46)

Note that normalisation terms cancel for the operator inserted at infinity.

The two point functions of regularised twist operators at finite separation are given
by [116,121]

〈σεm(0)σεm(y)〉 = y−(m− 1
m

)
(
m2ε−

(m−1)2
m

)
Q1−m (4.3.47)

where Q depends on the regularization. Factors of Q cancel in the normalisation factor
(4.3.46). Thus the overall normalisation factor is

Nε = M

n
∏
imi

ε
− (M−1)2

2M + (n−1)2
2n +

∑
i

(mi−1)2
2mi . (4.3.48)

The correlation functions of the regularised twist operators are calculated using the
Liouville action associated with the conformal map from the z plane to the t plane. This
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conformal map changes the metric by a factor of exp(φ), where

φ = log
∣∣∣∣dzdt

∣∣∣∣2 . (4.3.49)

Under this map the Liouville contribution to the path integral reduces to boundary con-
tributions

SL = c

96π

(
i

∫
∂Σt

φ∂tφ+ c.c.
)
, (4.3.50)

where the boundaries are the images in the t plane of the circular holes cut out in the z
plane to regularise the operators. Here the central charge is c = 6.

Let us now calculate the Liouville contribution associated with the twist mi operator,
for which the insertion point in the t plane is t = ai. In the neighbourhood of t = ai the
ramification map is

z ≈ (t− ai)mi
∏
i 6=j

(ai − aj)mj (4.3.51)

and thus

(t− ai) ≈
(

z∏
i 6=j(ai − aj)mj

) 1
mi

. (4.3.52)

Therefore, the Liouville field in the vicinity of t = ai is given by

φ ≈ 2 log

mi|t− ai|mi−1 ∏
i 6=j
|ai − aj |mj

 (4.3.53)

with
∂tφ ≈

mi − 1
(t− ai)

. (4.3.54)

The contribution to the Liouville action from this point is given by (4.3.50), with the
integral evaluated using

z ≈ εeiθ, (t− ai) ≈
(

ε∏
i 6=j(ai − aj)mj

) 1
mi

eiθ
′
, θ′ = θ

mi
, (4.3.55)

where the range of θ′ is 2π. Thus the contribution from t = ai is

SaiL = −1
2(mi − 1) log

miε
mi−1
mi

∏
i 6=j
|ai − aj |

mj
mi

 . (4.3.56)

We now consider the contribution from the point associated with the twist n operator. In
the neighbourhood of the insertion point

z − z0 ≈ bn(t− t0)n, (4.3.57)
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where the coefficient bn will be calculated in the next section. Following the same logic as
above, we can immediately write down the associated contribution to the Liouville action

St0L = − 1
2n(n− 1) log

(
nn|bn|εn−1

)
. (4.3.58)

For the insertion at infinity
z ≈ tM (4.3.59)

and the Liouville action contribution is

S∞L = 1
2(M − 1) log

(
Mδ−

M−1
M

)
. (4.3.60)

Note that the opposite sign relative to the previous contributions follows from the direction
of the boundary normal.

Collecting together all of these contributions we obtain

S
(4)
L =−

∑
i

1
2(mi − 1) log

miε
mi−1
mi

∏
i 6=j
|ai − aj |

mj
mi

−
− 1

2n(n− 1) log
(
nn|bn|εn−1

)
+ 1

2(M − 1) log
(
Mδ−

M−1
M

)
. (4.3.61)

The regularised four point function is now calculated as

〈σδM (∞)σεn(z0)
n∏
i=1

σεmi(0)〉 = eS
(4)
L . (4.3.62)

The calculation of the regularised two point function

〈σδM (∞)σδM (0)〉 = eS
(2)
L (4.3.63)

is very similar. The Liouville contribution from the insertion at infinity is given by (4.3.60)
and the contribution at zero is

S∞L = −1
2(M − 1) log

(
Mε−

M−1
M

)
. (4.3.64)

Thus the total Liouville action contribution to the two point function is

S
(2)
L = 1

2(M − 1) log
(
Mδ−

M−1
M

)
− 1

2(M − 1) log
(
Mε−

M−1
M

)
. (4.3.65)

Collecting all of the holomorphic and anti-holomorphic contributions together we ulti-
mately obtain

M
1
2 (M+1)n−

1
2 (n+1)|bn|−

(n−1)
2n

n∏
i=1

m
− 1

2 (mi+1)
i

∏
i 6=j
|ai − aj |

−
mj(mi−1)

2mi , (4.3.66)
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where implicitly we set a1 = 0. Note that all contributions depending on the regulators ε
and δ cancel, as required.

4.3.4 Spin field correlator

In this section we calculate

lim
|z|→∞

〈Sn+2(t(z), t0(z0))〉
〈S2(t(z))〉 , (4.3.67)

where the correlators are defined in (4.3.41) and (4.3.42).

The relationship between the R charge assignments of the original operator/states and
the spin field labels is as follows. The operator creating a component string of twist m is
mapped to

ONS(p,q)
m → S(p,q)

m σm (4.3.68)

where σm is the bare twist m operator, and S(p,q)
m has SU(2)L and SU(2)R charges

1
2(p− 1) 1

2(q − 1). (4.3.69)

For the twist n operator, the mapping is

ONS(p,q)
n → S(p,q)

n σn (4.3.70)

with the SU(2)L and SU(2)R charges of S(p,q)
n being

1
2(p+ n− 1) 1

2(q + n− 1). (4.3.71)

Note that the correlation function calculations in [116] are applicable to universal operators
common to both the T 4 and K3 CFTs, i.e. operators associated with the (0, 0) and (2, 2)
cohomology.

As a warm up we will consider an example of twist three operator joining three com-
ponents; the case of a twist two operator joining two components can be found in [132].
We consider R charge assignments such that we need to calculate

〈S5(t, t0)〉 := 〈S( 1
2 ,

1
2 )

M (t(z))S(1,1)
3 (t0(z0))

3∏
i=1

S
(− 1

2 ,−
1
2 )

mi (ai)〉 (4.3.72)

and
〈S2(t)〉 := 〈S( 1

2 ,
1
2 )

M (t(z))S(− 1
2 ,−

1
2 )

M (0)〉. (4.3.73)

Thus, the original one point function involves only operators associated with the (0, 0)
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cohomology.

We begin by collecting the normalisation factors for the spin fields. For a spin field
associated with a twist m operator, the ramification map by construction takes the form

(z − zm) = bm(t− tm)m (4.3.74)

near the insertion point zm (mapped to tm). The corresponding (holomorphic) normali-
sation factor for the spin field insertion is then

b
−
j2
3
m

m , (4.3.75)

where j3 is the SU(2)L charge of the spin field. Here and throughout this section we
explain in detail the holomorphic contributions; we then combine the holomorphic and
anti-holomorphic factors to obtain the full result.

For the component strings this results in normalisation factors

bm1 = (−a2)m2(−a3)m3 b
− 1

4m1
m1 = (−a2)−

m2
4m1 (−a3)−

m3
4m1

bm2 = am1
2 (a2 − a3)m3 b

− 1
4m2

m2 = a
− m1

4m2
2 (a2 − a3)−

m3
4m2

bm3 = am1
3 (a3 − a2)m2 b

− 1
4m3

m3 = a
− m1

4m3
3 (a3 − a2)−

m2
4m3 . (4.3.76)

Taking the product of these factors we obtain

t

3
4−

M
4

(
1
m1

+ 1
m2

+ 1
m3

)
0 (−ā2)−

m2
4m1 (−ā3)−

m3
4m1 ā

− m1
4m2

2 (ā2 − ā3)−
m3

4m2 ā
− m1

4m3
3 (ā3 − ā2)−

m2
4m3 .

(4.3.77)
For the twist three operator joining these component strings we find that

b3 = M

3 tM−3
0 (1− ā2)m2−1(1− ā3)m3−1 (4.3.78)

and thus this spin operator normalisation is

t
1−M3
0

(
M

3 (1− ā2)m2−1(1− ā3)m3−1
) 1

3
. (4.3.79)

The normalisation factors from the twist M operator are trivial in both the five point
function and the two point function since bM = 1. The combination of (4.3.77) and
(4.3.79) results in a term proportional to

t

7
4−M

(
1
3 + 1

4
∑

i
1
mi

)
0 . (4.3.80)
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The complete normalisation factor is obtained by combining both the holomorphic and
anti-holomorphic parts, leading to a term proportional to

|t0|
7
2−M

(
2
3 + 1

2
∑

i
1
mi

)
. (4.3.81)

Having studied the case of three strings being joined, it is straightforward to generalise
to the joining of n strings. The normalisation factors give a contribution of

b
− (n−1)2

4n
n

n∏
i=1

b
− 1

4mi
mi , (4.3.82)

where
bmi =

∏
j 6=i

(ai − aj)mj . (4.3.83)

In (4.3.82) we have used the fact that the R charge of the twist n operator is (n − 1)/2.
Thus the complete normalisation factor from holomorphic and anti-holomorphic parts
gives

|bn|−
(n−1)2

2n

n∏
i=1

∏
j 6=i
|ai − aj |

−
mj
2mi . (4.3.84)

We can calculate bn explicitly as follows. From the definition of bn in (4.3.57) it is clear
that close to t0 (

dz

dt

)
≈ nbn(t− t0)n−1. (4.3.85)

Differentiating the ramification map directly gives(
dz

dt

)
≈
∏
i

(t0 − ai)mi−1
(
Mtn−1 + · · ·

)
. (4.3.86)

Comparing (4.3.85) and (4.3.86) gives

bn = M

n
tM−n0

∏
i

(1− āi)mi−1, (4.3.87)

where we use the dimensionless quantities āi to make the t0 dependence of bn manifest.

Let us now move to the spin field correlators. Each of the spin fields factorises into
holomorphic and antiholomorphic fields i.e. we can write

S(p,q)
m = S(j3)(t)S̄(j̄3)(t̄) (4.3.88)

where the SU(2)L/R charges are given in (4.3.69) and (4.3.71).

As above, let us consider first the case in which three component strings are joined,
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before moving on to the general case. For operators associated with the (0, 0) cohomology
in the holomorphic sector we therefore need to calculate

〈S( 1
2 )(t)S(1)(t0)S(− 1

2 )(0)S(− 1
2 )(a2)S(− 1

2 )(a3)〉
〈S( 1

2 )(t)S(− 1
2 )(0)〉

(4.3.89)

in the limit that t→∞. This correlation function can be computed following the methods
of [116].

Using bosonisation (for simplicity we write this formula with the notation given by
[131]) we can write the spin fields as

S
k
2 (t) = exp

(
ik

2 (φ1(t)− φ2(t))
)
. (4.3.90)

The OPE for these fields is

exp (ik1φ(t)) exp
(
ik2φ(t′)

)
∼ exp

(
ik1φ(t) + ik2φ(t′)

)
(t− t′)k1k2 . (4.3.91)

Using this OPE to complete the two point function and five point function (with appro-
priate ordering) we then obtain

〈S( 1
2 )(t)S(− 1

2 )(0)〉 = 1
t

1
2

(4.3.92)

〈S( 1
2 )(t)S(1)(t0)S(− 1

2 )(0)S(− 1
2 )(a2)S(− 1

2 )(a3)〉= (t− t0)(−a2)
1
2 (−a3)

1
2 (a2 − a3)

1
2

t
1
2 (t− a2)

1
2 (t− a3)

1
2 t0(t0 − a2)(t0 − a3)

.

Thus as t→∞

〈S( 1
2 )(t)S(1)(t0)S(− 1

2 )(0)S(− 1
2 )(a2)S(− 1

2 )(a3)〉
〈S( 1

2 )(t)S(− 1
2 )(0)〉

→ (−ā2)
1
2 (−ā3)

1
2 (ā2 − ā3)

1
2

t
3
2
0 (1− ā2)(1− ā3)

. (4.3.93)

Combining holomorphic and anti-holomorphic contributions we obtain

lim
|z|→∞

〈S5(t(z), t0(z0))〉
〈S2(t(z))〉

〈S̄5(t̄(z̄), t̄0(z̄0))〉
〈S̄2(t̄(z̄))〉

= |ā2||ā3||ā2 − ā3|
|t0|3|1− ā2|2|1− ā3|2

(4.3.94)

as the final result for the spin field correlator contribution.

The generalisation to twist n operators joining n component strings is now immediate.
Following (4.3.72) we choose R charge assignments such that

〈Sn+2(t, t0)〉 := 〈S( 1
2 ,

1
2 )

M (t(z))S( 1
2 (n−1), 1

2 (n−1))
n (t0(z0))

n∏
i=1

S
(− 1

2 ,−
1
2 )

mi (ai)〉 (4.3.95)



4.3. Computation of twist operator expectation values 67

(with a1 = 0). Then

〈Sn+2(t, t0)〉 =
(t− t0)

1
2 (n−1)∏n

i=1
∏
i<j(ai − aj)

1
2∏n

i=1(t− ai)
1
2 (t0 − ai)

1
2 (n−1)

, (4.3.96)

and thus the normalised correlator is

〈Sn+2(t, t0)〉
〈S( 1

2 )(t)S(− 1
2 )(0)〉

=
∏n
i=1

∏
i<j(ai − aj)

1
2∏n

i=1(t0 − ai)
1
2 (n−1)

. (4.3.97)

Combining holomorphic and anti-holomorphic contributions we obtain

lim
|z|→∞

〈Sn+2(t(z), t0(z0))〉
〈S2(t(z))〉

〈S̄n+2(t̄(z̄), t̄0(z̄0))〉
〈S̄2(t̄(z̄))〉

=
∏n
i=1

∏
i<j |āi − āj |

|t0|
1
2n(n−1)∏n

i=2 |1− āi|(n−1)
(4.3.98)

for the spin field correlator associated with the given R charge assignments.

4.3.5 Final answer for the one point function

The final answer for the one point function is obtained by combining (4.3.35), (4.3.66),
(4.3.84) and (4.3.98). First note that combining (4.3.66) and (4.3.84) gives

M
1
2 (M+1)n−

1
2 (n+1)|bn|−

1
2 (n−1)

n∏
i=1

m
− 1

2 (mi+1)
i

∏
i 6=j
|ai − aj |−

mj
2 (4.3.99)

which can be rewritten as

M
1
2 (M+1)n−

1
2 (n+1)|bn|−

1
2 (n−1)|t0|−

1
2M(n−1)

n∏
i=1

m
− 1

2 (mi+1)
i

∏
i 6=j
|āi − āj |−

mj
2 . (4.3.100)

Substituting the expression for bn from (4.3.87), the t0 dependence is

|t0|
1
2n(n−1)−M(n−1). (4.3.101)

Since the t0 dependence of (4.3.35) is |t0|M(n−1) and the t0 dependence of (4.3.98) is
|t0|−

n(n−1)
2 , all factors of t0 cancel from the final result, as expected.

Combining the remaining terms in (4.3.35), (4.3.66), (4.3.84) and (4.3.98) gives

〈OR(0,0))
M |O(0,0)

n |
n∏
i=1
OR(0,0)
mi 〉 =

= M
1
2 (M+2−n)

n

∏
i

|1− āi|
1
2 (mi−1)(n−1)∏

j

m
− 1

2 (mj+1)
j

∏
j 6=k
|āj − āk|

1
2 (1−mk), (4.3.102)
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where

āi = 1 + āeiφi

1− mi
M

, ā =
(
M

m1

n∏
i=2

(
1− mi

M

)
− 1

) 1
n−1

(4.3.103)

and the phases are

(n− 1) ∈ 2Z : φi = (i− 1)π
n− 1 , φi+1 = −(i− 1)π

n− 1 , i ∈ 2Z, i ≥ 2 (4.3.104)

n ∈ 2Z : φ2 = 0, φi = (i− 1)π
n− 1 , φi+1 = −(i− 1)π

n− 1 , (i− 1) ∈ 2Z, i ≥ 3.

4.3.6 Special cases: n = 2 and n = 3

In this section we consider the limit of this correlation function in special cases. We begin
with the case of n = 2, which was already studied in [132]. In this case the correlation
function reduces to the simple expression

〈OR(0,0))
M |O(0,0)

2 (w0)|OR(0,0)
m1 OR(0,0)

m2 〉 = M

2m1m2
, (4.3.105)

in agreement with [132].

Now let us turn to the case of n = 3. The correlator (4.3.102) can in this case be
written as

1
3M

1
2 (M−1)(1− ā2)m2−1(1− ā3)m3−1m

− 1
2 (m1+1)

1 m
− 1

2 (m2+1)
2 m

− 1
2 (m3+1)

3

|ā2|1−
1
2 (m1+m2)|ā3|1−

1
2 (m1+m3)|ā2 − ā3|1−

1
2 (m2+m3). (4.3.106)

Note that this expression appears asymmetric between the twistmi operators only because
we have set ā1 = 0; the expression could trivially be symmetrised by reinstating the ā1

terms.

This expression looks extremely complicated but in fact it simplifies to give a very
concise result. Using

|ā2| =
M

1
2

m
1
2
1 (m1 +m3)

√
m1M +m2m3

|ā3| =
M

1
2

m
1
2
1 (m1 +m2)

√
m1M +m2m3 (4.3.107)
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as well as

|1− ā2| =
m

1
2
2

m
1
2
1 (m1 +m3)

√
m3M +m1m2

|1− ā3| =
m

1
2
3

m
1
2
1 (m1 +m2)

√
m2M +m1m3 (4.3.108)

and

|ā2 − ā3| =
M

1
2

m
1
2
1 (m1 +m2)(m1 +m3)

√
m3M +m1m2

√
m2M +m1m3 (4.3.109)

together with relations such as

(m1M +m2m3) = (m1 +m2)(m1 +m3) (4.3.110)

we can show that the correlator simplifies to

〈OR(0,0))
M |O(0,0)

3 (w0)|OR(0,0)
m1 OR(0,0)

m2 OR(0,0)
m3 〉 = M

3m1m2m3
. (4.3.111)

This expression is manifestly symmetric over the mi; furthermore, all dependence on
factors of the type (mi +mj) cancels out.

Given the special cases considered in this section, it would be natural to conjecture
that the result for the general case is

〈OR(0,0))
M |O(0,0)

n (w0)|
∏
i

OR(0,0)
mi 〉 = M

n
∏
imi

, (4.3.112)

but this is not supported by the results below.

4.3.7 Case of equal mi

In this section we consider the case in which the n strings are of equal length i.e. mi =
M/n. In this case the general expression (4.3.102) simplifies considerably to

M1−nn
1
2M+ 1

2n−1
n∏
i=2
|1− āi|

1
2 (M

n
−1)(n−1)

n∏
j=1

∏
j 6=k
|āj − āk|

1
2 (1−M

n ). (4.3.113)

The zeroes of the ramification map are located at:

āi = n

(n− 1) (1 + ā exp(iφi)) , i ≥ 2 (4.3.114)
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where
ān−1 = n

(
1− 1

n

)n−1
− 1 (4.3.115)

and the phases are given as before by (4.3.18). Using the properties of the phases we can
then immediately show that

n∏
j=2
|āj |

1
2 (1−M

n
) = n

1
2 (1−M

n ), (4.3.116)

and hence we can write (4.3.113) as

M1−nn
1
2M+ 1

2n−
M
n

n∏
i=2
|1− āi|

1
2 (M

n
−1)(n−1)

n∏
j=2

∏
j 6=k
|āj − āk|

1
2 (1−M

n ), (4.3.117)

i.e. we can immediately evaluate the products involving a1 = 0 (note that this evaluation
gives (4.3.116) squared).

To evaluate (4.3.117) we make use of

(1− āi) = − 1
(n− 1) (1 + nā exp(iφi)) (4.3.118)

and
āi − āj = nā

(n− 1) (exp(iφi)− exp(iφj)) . (4.3.119)

Note that the latter expression has a geometric interpretation: the (n − 1) ramification
zeroes {ai} are located at the vertices of a regular (n− 1) polygon in the complex plane.
The expression

vij := (exp(iφi)− exp(iφj)) (4.3.120)

can thus be interpreted vectorially in terms of vectors connecting the vertices of such a
regular (n − 1) polygon, in which the vertices are unit distance from the origin of the
complex plane. We represent this in figure 4.3.2.

The first product of (4.3.117) can be written as

n∏
i=2

(1− āi) = (−1)n−1

(n− 1)(n−1)

(
1 + nā

n∑
i=2

exp(iφi) + · · ·+ (nā)n−1
n∏
i=2

exp(iφi)
)
. (4.3.121)

Using the properties of the phases (4.3.18) we can then show that this reduces to

n∏
i=2

(1− āi) = (−1)n−1

(n− 1)(n−1)

(
1 + nn−1ān−1

)
(4.3.122)
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Figure 4.3.2: Polygon representing the location of the ramification zeroes. We represent
with dotted lines all the diagonals of one vertex, and with thicker lines its two adjacent
sides.

and thus
n∏
i=2
|1− āi| =

1
(n− 1)(n−1)

(
1 + n(n− 1)(n−1) − n(n−1)

)
. (4.3.123)

Hence we can evaluate the following contribution to the one point function,

n∏
i=2
|1− āi|

1
2 (M

n
−1)(n−1) = (n− 1)−

1
2 (M

n
−1)(n−1)2 (1 + n(n− 1)(n−1) − n(n−1)

) 1
2 (M

n
−1)(n−1)

.

(4.3.124)
It is more subtle to find a closed form expression for

n∏
j=2

∏
j 6=k
|āj − āk| =

(
nā

(n− 1)

)(n−1)(n−2) n∏
j=2

∏
j 6=k
| exp(iφj)− exp(iφk)| (4.3.125)

as this requires
n∏
j=2

∏
j 6=k
| exp(iφj)− exp(iφk)|, (4.3.126)

i.e. the square of the product of the side lengths and all the diagonals of the regular
polygon. The polygon side length is given by

2 sin
(

π

(n− 1)

)
(4.3.127)
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while the lengths of the diagonals are given by

2 sin
(

jπ

(n− 1)

)
2 ≤ j ≤ (n− 2). (4.3.128)

Now consider a specific vertex of the regular polygon. For this vertex the total product of
side lengths and diagonals is, using the two previous results

2(n−2)
(n−2)∏
j=1

sin
(

jπ

(n− 1)

)
= (n− 1), (4.3.129)

where in evaluating this expression we use standard trigonometry identities.

The polygon has in total (n− 1) vertices and thus we obtain

n∏
j=2

∏
j 6=k
| exp(iφj)− exp(iφk)| = (n− 1)(n−1). (4.3.130)

Collecting together all the contributions yields

〈OR(0,0))
M |O(0,0)

n |
(
OR(0,0)
M/n

)n
〉 =

M1−nn
M
2 +n

2−
M
n

(
(n− 1)2(nā)(n−2)Λ−1

) 1
2 (n−1)(1−M

n )
(4.3.131)

where we introduced the notation

Λ =
(
1 + n(n− 1)(n−1) − nn−1

)
. (4.3.132)

Note that this does not take the simple form conjectured above (4.3.112), except for n = 2
and n = 3.

It is useful to work out the expressions explicitly for low values of n. For n = 3,

|1− ā2| = |1− ā3| = 1 (4.3.133)

and
|ā2 − ā3| =

√
3. (4.3.134)

Combining the factors, the correlation function thus reduces to

〈OR(0,0))
M |O(0,0)

3 (w0)|OR(0,0)
M
3
OR(0,0)

M
3
OR(0,0)

M
3
〉 =

(
M

3

)−2
, (4.3.135)

in agreement with the direct limit of the expression (4.3.102).

Now let us consider n = 4. The regular polygon used to calculate (4.3.126) is an
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equilateral triangle with circumradii equal to one. Elementary geometry gives the length
of the triangle side as

√
3 and thus (4.3.126) reduces to 33, in agreement with (4.3.130).

In this case
ā3 = 11

16 (4.3.136)

and thus

〈OR(0,0))
M |O(0,0)

4 (w0)|
(
OR(0,0)

M
4

)4
〉 =

( 4
M

)3
5

3M
8 −

3
2 111−M4 . (4.3.137)

The conjecture (4.3.112) would instead give

〈OR(0,0))
M |O(0,0)

4 (w0)|
(
OR(0,0)

M
4

)4
〉 =

( 4
M

)3
(4.3.138)

and therefore this simple form for the one point function cannot be correct for n > 3.

We can also take the large n limit of (4.3.131). In the limit of n� 1

Λ ≈ nn (4.3.139)

while
ān−1 ≈ n

e
. (4.3.140)

The latter follows from the limit (
1− 1

n

)n−1
→ 1

e
(4.3.141)

for large n. Then

〈OR(0,0))
M |O(0,0)

n (w0)|
(
OR(0,0)

M
n

)n
〉 ≈

(
n

M

)n
n−

M
2n e

1
2 (M−n). (4.3.142)

In this expression we do not make any assumptions about the twist of the component
strings, i.e. about the ratio M/n, beyond the fact that it is a positive integer.
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CHAPTER 5

One point functions

In this chapter we calculate one point functions for chiral primary operators. Both long
and short strands are considered for the case of single trace operators. Where relevant,
we indicate how to generalise the results to multi trace operators.

5.1 Layout

In section 5.2 we calculate one point functions for model single trace chiral primary op-
erators in the short strand limit. Namely, in the limit where the strand lengths are of
order one and the number of strands is of order N . We first give an overview of the proce-
dure and then we calculate some examples explicitly for untwisted and twisted operators.
Section 5.3 contains the same one point functions as the previous section but in the long
strand case (strand length of order N). We separate that section into two-charge states
and three-charge states, as for the two-charge case we can give exact results whereas in
the three-charge one we need to approximate it in some cases. In section 5.4 we briefly
discuss the results obtained.

75
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5.2 One point functions: short strand case

In this section we compute one point functions for all the chiral primaries described in
sections 2.1.2 and 2.1.3, for the two and three-charge cases. Some one point functions
have been calculated in [88], where strands of length one and two were considered, and
also strands of arbitrary length for the operator Σ−−̇2 . This section extends the CFT
calculation performed in that paper, by considering arbitrary strand length for all one
point functions. In what follows, first we describe the approximation used in the short
strand case, and then we go case by case calculating the one point functions for all different
chiral primaries.

5.2.1 Approximation used

In this section we are concerned about the case where the strands are short and we have a
large number of them. That is, we consider the case where κ is of order one and N (gs)

κ . N .
This is the case considered in [88]. We take the same approximation, which consists in
finding the saddle point on which the sum over the partitions is peaked. This saddle point
is determined by the numerical coefficients A(gs)

κ and Bκ,mκ accompanying each strand. In
the two-charge case the norm of the state is

|ψ({A(S)
κ })|2 =

∑
{N(S)

κ }

N ({N (S)
κ })

∏
S,κ

|A(S)
κ |2N

(S)
κ . (5.2.1)

Let N (S)
κ be the saddle point on which the sum is peaked. To obtain it we use Stirling’s

approximation in its weakest form,

logn! ≈ n logn− n, n ∈ N, n� 1. (5.2.2)

Taking the logarithm of each term of (5.2.1) and using (5.2.2) we obtain

N logN +
∑
S,κ

(
N (S)
κ log |A(S)

κ |2 −N (S)
κ logN (S)

κ +N (S)
κ −N (S)

κ log κ
)
. (5.2.3)

The stationary point N (S)
κ is then

N
(S)
κ = |A

(S)
κ |2

κ
. (5.2.4)

For the three-charge case we can use an analogous approximation, which results into

N
(s)
κ = |A

(s)
κ |2

κ
, N

(00)
κ,mκ =

(
κ

mκ

)
|Bκ,mκ |2

κ
. (5.2.5)
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We use these relations to approximate the resulting sums after we act on the states with
the chiral primaries.

Now that we have all the ingredients needed we can start calculating the one point
functions in this limit. Notice that for each chiral primary we can use a state which only
has the strands that will come into play. With the approximation taken in this section
the norm of the state will always cancel, and so having extra strands which do not play
a role in the process does not affect the result. To see this clearly and to introduce the
calculation and some simplified notation we start with a review example. Afterwards we
will calculate one point functions in more general cases.

5.2.2 Review example: Σ+−̇
2 operator

In this section we calculate the one point function of Σ+−̇
2 , a chiral primary which joins

two strands into a single one and increases the left R symmetry charge by 1/2 and lowers
the right one by the same amount. This example will be used as an explanation of how to
calculate the one point functions, following closely [88]. In subsequent sections we will use
the notation and methods introduced here directly. Let us start calculating the one point
function. In order to have a non-trivial answer for this operator we consider the following
state,

ψ({A(++)
nl

, B
k(00)
i }) =

N/ml∑
N

1(00)
ml

=0

N−N1(00)
ml

ml

pl∑
N

0(00)
pl

=0

(
A(++)
nl

|++〉nl
)N(++)

nl
(
B0(00)
pl

|00〉pl
)N0(00)

pl ⊗

⊗
(
B1(00)
ml

J+
−1 |00〉ml

)N1(00)
ml , (5.2.6)

where we take ml = nl + pl. Using equation (2.1.44) we obtain the constraint

N (++)
nl

nl +N0(00)
pl

pl +N1(00)
ml

ml = N. (5.2.7)

One of the N (gs) can be related to the others due to equation (2.1.6), but we will not
substitute it during calculations to simplify the notation. From equation (5.2.5) we learn
that the sum is peaked at

nlN
(++)
nl =

∣∣∣A(++)
nl

∣∣∣2 , plN
0(00)
pl =

∣∣∣B0(00)
pl

∣∣∣2 , N
1(00)
ml =

∣∣∣B1(00)
ml

∣∣∣2 . (5.2.8)

Also, using (2.1.54) we find the normalisation factor for the state ψ to be

N
(
N (++)
nl

, N0(00)
pl

)
= N !

N
(++)
nl !N0(00)

pl !N1(00)
ml !nN

(++)
nl

l p
N

0(00)
pl

l

. (5.2.9)
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Recall that using equation (5.2.7) we can write one of the N (gs) in terms of the others,
and so N only depends on two of them. The action of the Σ+−̇

2 operator on these strands
is

Σ+−̇
2

(
|++〉nl ⊗ |00〉pl

)
→ J+

−1 |00〉ml=nl+pl . (5.2.10)

To write the state resulting from the action of the operator exactly we need to calculate
two coefficients in general. The first one, which we will always denote by α, is to ensure
that we have the same number of terms before and after applying the operator, that is,
in the l.h.s. and in the r.h.s. of (5.2.10). The second coefficient will only be needed when
we calculate one point functions of gluing operators. We will call this second coefficient
cn, where the subindex n stands for the number of strands joined together. We give its
expression later, but its general form is the main result of chapter 4.

Let us start by calculating the α coefficient for this case. The twist operator Σ+−̇
2

can act on any of the N (++)
nl strands |++〉nl and on any of the N0(00)

pl strands |00〉pl . So,
we need to multiply the l.h.s. by this two numbers. Also, once the strands are picked,
the operator can act on any of the copies within each strand. Therefore, we also need
to multiply by their lengths, nlpl. Last, we also need to divide by two, for the following
reason: the twist operator acts up to cyclic permutations, and so we need to take the
symmetrisation of the strands over which it acts. More precisely, the one point function
that we consider is

ml 〈00| J−+1Σ+−̇
2

(
|++〉nl ⊗ |00〉pl

)
Symm.

, (5.2.11)

where(
|++〉nl ⊗ |00〉pl

)
Symm.

:= |++〉(1) ⊗ ...⊗ |++〉(nl) ⊗ |00〉(nl+1) ⊗ ...⊗ |00〉(ml) + ...+

+ |00〉(1) ⊗ ...⊗ |00〉(pl) ⊗ |++〉(pl+1) ⊗ ...⊗ |++〉(ml) (5.2.12)

is a symmetrisation over all the copies. Notice that if we pick strands of the same kind we
do not include this factor, as the symmetrisation in that case is already taken into account
by the norm of the whole state. Hence, the α combinatorial factor is obtained by solving

N
(++)
nl nlN

0(00)
pl pl

2 N (N (++)
nl

, N0(00)
pl

, N1(00)
ml

) = αN (N (++)
nl

− 1, N0(00)
pl

− 1, N1(00)
ml

+ 1),
(5.2.13)

which gives

α = N
1(00)
ml + 1

2 . (5.2.14)

If we had included other ground state strands in our state ψ this coefficient would remain
the same, as they would be unaltered after the application of the operator and thus they
would cancel. Now, the c2 coefficient was first computed in [131], and we rederived it in



5.2. One point functions: short strand case 79

chapter 4 from the general formula in equation (4.3.105). It reads

cnl,pl = nl + pl
2nl pl

. (5.2.15)

Last, the commutator of the R-symmetry current with the twist operator is[(
J in

)αβ
,Σβα̇

2 (v, u)
]

= 1
2e

in
√

2v
R

(
σi
)αβ

Σβα̇
2 (v, u), (5.2.16)

and so

ml 〈00| J−+1Σ+−̇
2

(
|++〉nl ⊗ |00〉pl

)
Symm.

=

= ei
√

2v
R ml 〈00|Σ−−̇2

(
|++〉nl ⊗ |00〉pl

)
Symm.

= ml 〈00|00〉ml e
i
√

2v
R . (5.2.17)

Notice that here we are also implicitly using that, when acting on a ground state |++〉n,
the operators Σ−−̇2 and O−−̇(r) commute. Plugging all the expressions together we see that
the action of the twist operator yields

Σ+−̇
2

[(
|++〉nl

)N(++)
nl

(
|00〉nl

)N0(00)
nl

(
J+
−1 |00〉ml

)N1(00)
ml

]
=

= ei
√

2v
R cnl,pl

N
1(00)
ml + 1

2

[(
|++〉nl

)N(++)
nl

−1 (
|00〉nl

)N0(00)
nl

−1 (
J+
−1 |00〉ml

)N1(00)
ml

+1
]
.

(5.2.18)

We are now ready to calculate the one point function. Writing it out explicitly, we get

〈Σ+−̇
2 〉 = |ψ|−2|Σ+−̇

2 |
−1 〈ψ|Σ+−̇

2 |ψ〉 =

= |ψ|−2|Σ+−̇
2 |
−1ψ†

N/ml∑
N

1(00)
ml

=0

N−N1(00)
ml

ml

pl∑
N

0(00)
pl

=0

cnl,pl
N

1(00)
ml + 1

2
(
A(++)
nl

|++〉nl
)N(++)−1

nl ⊗

⊗
(
B0(00)
pl

|00〉pl
)N0(00)

pl
−1 (

B1(00)
ml

J+
−1 |00〉ml

)N1(00)
ml

+1
=

= ei
√

2v
R

4
(nl + pl)
nl pl

A(++)
nl

B0(00)
pl

B
1(00)
nl+pl

( 2
N(N − 1)

) 1
2
, (5.2.19)

where in the last equality we have used the approximation (5.2.5), cancelled the norm of the
out state with the norm of the in state and used equation (2.1.62) for the normalisation
of the twist operator. Notice that our result differs from the one in [88] by a factor
proportional to N−1, the last square root factor in the equation above, which comes from
the normalisation of the twist operator. That normalisation was not considered there,
but for the results in this thesis will play a crucial role. Now that we have reviewed the
calculation and some of its key elements we will calculate more general one point functions.
We will simplify the notation used where possible, to make the equations less cumbersome.
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5.2.3 O−−̇(r) operator

In this section we calculate the one point function for
∑
rO−−̇(r) , which transforms a single

strand by lowering the R-symmetry charge by 1/2 on the left and on the right. Consider
the two-charge state

ψ(A,B) =
N
n∑
p=0

(A |++〉n)p (B |00〉n)
N
n
−p , (5.2.20)

which has norm
N (p) = N !

p!
(
N
n − p

)
!n

N
n

. (5.2.21)

We are assuming that n is an integer, multiple of N . With this simplified notation we
already took into account the constraint (2.1.4) for the lengths and number of strands.
The sum over all the possible strand combinations is peaked in this case at, from equation
(5.2.5),

np̄ = |A|2 , N − np̄ = |B|2 . (5.2.22)

As this is the first one point function that we calculate where our operator is defined as
a sum over copies let us discuss the combinatorics carefully. The α coefficient goes as
follows. We choose one of the p strands to act with the operator. For each strand, we
are acting with n terms, corresponding to the sum over copies. However, only the action
on one copy is non-trivial and so there is no extra combinatorial factor. Another way to
think about this is that once we have picked up the copy, the operator can act on any of
the copies within the strand. Again, though, in this case this action is only non-trivial in
one copy and so there is no extra factor. This will not be the case for more complicated
operators. Therefore, the action of the operator on a ground state is straightforward, as
the resulting combination is just the definition of a |00〉n ground state,

n∑
r=1
O−−̇(r) |++〉n =

=
n∑
r=1

(
|++〉(1) ⊗ ...⊗ |++〉(r−1) ⊗ |00〉(r) ⊗ |++〉(r+1) ⊗ ... |++〉(n)

)
= |00〉n . (5.2.23)

Therefore, the α factor is obtained by solving

pN (p) = αN (p− 1), (5.2.24)

which gives
α = N

n
− p+ 1. (5.2.25)
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In this case there is no c coefficient, as we are not gluing strands. The action of the
operator on the strands is thus

O−−̇
[(
|++〉nl

)p (
|00〉nl

)N
n
−p
]

=

=
(
N

n
− p+ 1

)[(
|++〉nl

)p−1 (
|00〉nl

)N
n
−p+1

]
. (5.2.26)

The calculation of the one point function is now completely analogous to the one in section
5.2.2. The result is 〈

n∑
r=1
O−−̇(r)

〉
= AB̄

n
, (5.2.27)

where we understand this as a building block for more general calculations (notice that
the state is not S(N) invariant).

5.2.4 O+−̇
(r) operator

Consider now the operator
∑
rO+−̇

(r) , which takes a strand and raises its left R charge
by 1/2 and it lowers it by the same amount on the right, creating a three-charge strand
from a two-charge one. This one point function is analogous to the previous one but for
a 1/8-BPS state. To calculate its vacuum expectation value, consider the state

ψ(A,B1) =
N
n∑
p=0

(A |++〉n)p
(
J+
−1B

1 |00〉n
)N
n
−p
, (5.2.28)

which has norm
N (p) = N !

p!
(
N
n − p

)
!np

. (5.2.29)

The process is now (
nl∑
r=1
O+−̇

(r)

)
|++〉nl →

(
J+
−1(r)

)
|00〉nl . (5.2.30)

To find this one point function we need the commutation relation between the R-symmetry
current and the Oαα̇ operator, which is given by[(

J in

)αβ
,Oβα̇(v, u)

]
= 1

2e
in
√

2v
R

(
σi
)αβ
Oβα̇(v, u). (5.2.31)

Then,

n 〈00|
(

n∑
r=1

J−+1(r)

)(
n∑
r=1
O+−̇

(r)

)
|++〉n = ei

√
2v
R n 〈00|

(
n∑
r=1
O−−̇(r)

)
|++〉n =

= ei
√

2v
R n 〈00|00〉n . (5.2.32)
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The combinatorial factor α is analogous to the previous case, as we now have

pN (p) = αN (p− 1) (5.2.33)

which gives
α = 1

n

(
N

n
− p+ 1

)
. (5.2.34)

Recalling that the sum in the definition of the state is peaked at

np̄ = |A2|, N

n
− p̄ = |B1|2 (5.2.35)

we find the answer of the one point function to be〈
n∑
r=1
O+−̇

(r)

〉
= 1
n
AB1ei

√
2v
R . (5.2.36)

Now that we have computed the one point functions for these untwisted chiral primaries
let us go to the one point functions for twist operators.

5.2.5 Σ−−̇n operator

For this first twisted sector one point function consider the operator Σ−−̇n , which joins n
strands into a single one. We consider the case where we join strands of the same length,
as then the formula for the result is much simpler. The generalisation to different strand
lengths does not involve any extra subtleties. So, consider the state

ψ =
nN
M∑
p=0

(
A |++〉M

n

)p
(A2 |++〉M )

N
M
− p
n , (5.2.37)

where M (and thus also n) are small integers. The norm of this state is

|ψ|2 =
nN
M∑
p=0
|A|2p|A2|

N
M
− p
nN (p), (5.2.38)

where
N (p) = N !

p!
(
N
M −

p
n

)
!
(
M
n

)p
M

N
M
− p
n

. (5.2.39)

The sum over strands of the norm peaks at

p̄ = n|A|2

M
= n

M
(N − |A2|2), (5.2.40)
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M

__

M

n

n

Figure 5.2.1: Initial and final states of the twist operator action. We start with n strands
of length M/n and we join them all together in one step, i.e. we act on them with a twist
n operator to join them in a single strand of length M .

like in the previous cases. Now, the action of the operator Σ−−̇n on the strands of the state
ψ is

Σ−−̇n
[(
|++〉M

n

)p
(|++〉M )p2

]
= cnα

[(
|++〉M

n

)p−n
(|++〉M )p2+1

]
, (5.2.41)

where the cn coefficient is the generalisation of the c2 used in section 5.2.2. So, we start
with n strands of length M/n, and at the end we have a single strand of length M . The
coefficient cn is the one obtained in chapter 4, and in the case of joining strands of the
same length its expression is

cn = M1−nn
M
2 +n

2−
M
n

(
(n− 1)2(nā)(n−2)Λ−1

) 1
2 (n−1)(1−M

n )
(5.2.42)

where
Λ =

(
1 + n(n− 1)(n−1) − nn−1

)
(5.2.43)

and
ān−1 = n

(
1− 1

n

)n−1
− 1. (5.2.44)

Let us now compute the α coefficient. As in the previous cases, it is a combinatorial factor
obtained by matching the number of terms (the normalisation of the state) before and
after the application of the gluing operator. Since we join all the strands in a single step,
the only freedom we have is where within each strand we insert the operator. Thus, clearly
the gluing operator can act in

(
M
n

)n
ways. In figure 5.2.1 we present a picture depicting

this process. Therefore, (
p

n

)(
M

n

)n
N (p) = αN (p− n). (5.2.45)

Solving for α we obtain

α =
M
(
N
M −

p
n + 1

)
n! . (5.2.46)

Assuming, as we said before, that the sum is peaked at p̄ we obtain

〈Σ−−n 〉 = |ψ|−2|Σ−−̇n |−1 〈ψ|Σ−−n |ψ〉 =
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= |ψ|−2|Σ−−̇n |−1ψ†
nN
M∑
p=0

ApAp2
2 cn

M
(
N
M −

p
n + 1

)
n!

(
|++〉M

n

)p−n
(|++〉M )p2+1 =

= |Σ−−̇n |−1cn
N − p̄M

n

n! AnA−1
2 = AnĀ2

cn
n!

(
n

N(N − 1) · ... · (N − n+ 1)

) 1
2
,

(5.2.47)

where cn is given by equation (5.2.42). Let us now go to the analogous 1/8-BPS one point
function.

5.2.6 Σ+−̇
n operator

In this section we present some combinatorics needed for the calculation of the Σ+−̇ one
point function. We do not give the final result of this one point function as it involves the
calculation of a new commutator between operators, which is left as future work. Consider
the state

ψ =
∑
{N}

(
A |++〉M

n

)N+ (
B |00〉M

n

)N0 (
C
(
J+
−1

)n−1
|00〉M

)N1

(5.2.48)

which has norm

N (N+, N0) = N !

N+!N0!N1!
(
M
n

)N++N0

MN1

(
M

n− 1

)N1

. (5.2.49)

Let us recall that if we add other strands to consider a more general state the result is
exactly the same using the short strand approximation, and so we only include the ones
involved in the correlation at hand to ease the notation. Thus, in this section we are
interested in the one point function of the twist operator Σ+−̇

n . Namely, we consider the
following process

Σ+−̇
n

((
|++〉M

n

)n−1
⊗ |00〉M

n

)
→
(
J+
−1

)n−1
|00〉M . (5.2.50)

As in the previous section we need the cn coefficient, which is given in equation (5.2.42).
Let us now compute the combinatorial α factor. The twist operator acts on n− 1 |++〉M

n

states, and on one |00〉M
n

state. Within each strand, it can act on any of the M/n copies.
However, there is a further subtlety in this case, as we explained in section 5.2.2. Recalling
that the twist operator acts up to cyclic permutations, we need to take the symmetrisation
of the states over which it acts, as we did in that case. Notice that in the previous section
we did not need to take this into account as all the strands were the same, but now we
have two different kinds of strands and need to take that into account. So, the gluing
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process is
Σ+−̇
n

((
|++〉M

n

)n−1
⊗ |00〉M

n

)
Symm

=
(
J+
−1

)n−1
|00〉M . (5.2.51)

Now, when we take the strands on the left hand side we have already picked the copies on
which the gluing operator acts, but they have all possible orderings within all the strands.
Therefore, we need to divide by the right amount to have only the distinct cycles. The
number of ways in which we can order the M copies in the strands is

M !(
M
n

)
!
(
(n− 1)Mn

)
!
, (5.2.52)

which corresponds just to how many ways we can order the two distinct ground states.
Now, we will need to divide by this number, and multiply by the distinct ways in which they
can be arranged up to cyclic permutations, since we have the twist Σn acting. This second
counting is less direct than the one above, and to obtain the result we need Burnside’s
lemma or, more generally, the Pólya enumeration theorem. Using the theorem, we find
that there are

1
M

∑
d|gcd(M

n
,(n−1)M

n
)

φ(d)
(
M
nd + (n− 1)Mnd

M
nd

)
(5.2.53)

different combinations up to cyclic permutations. There are special cases (when the num-
ber of strands we join are prime numbers for example) where this formula reduces to a
compact expression, however these special cases are not relevant for the calculation at
hand. Therefore, we leave the coefficient as is, defining

S :=
1
M

∑
d|gcd(M

n
,(n−1)M

n
) φ(d)

(M
nd

+(n−1)M
nd

M
nd

)
M !

(Mn )!((n−1)M
n )! ,

(5.2.54)

as a parameter. Thus, the counting of terms before and after the action of the twist is

S

(
N+

n− 1

)
N0

(
M

n

)n
N (ψ) = αN (ψ(N1 + 1)), (5.2.55)

where N (ψ) is the combinatorial factor we wrote above, and the one on the right hand side
is the one after the action of the twist. Plugging in the expressions for N and simplifying
yields

α = S
(
N1 + 1

) (M − n+ 1)!
M ! M. (5.2.56)

With all this, the only remaining thing is to put everything together to obtain the one
point function. However, to do so we need the commutator between Σ+−̇

n and ⊗rJ(r),
which in general will have a more complex expression than (5.2.16). This commutator can
be obtained by bosonising the fermions for example, but this is beyond the scope of this
chapter and is left as future work.
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5.2.7 (J+
−1)m operator

In this section we consider the m-point function〈(
J+
−1

)m〉
. (5.2.57)

To do so we should a priori consider a state with all possible combinations of powers of
the J operator, which is

ψ =
∑
{N}

(B |00〉n)p
⊗
m

(
Bm

(
J+
−1

)m
|00〉n

)pm
, (5.2.58)

This is a complicated state, and the equations involved cannot be written easily. We will
consider such a state in section 5.3.2.5 for the long strand case. However, as we have
seen in the previous sections with the short strand approximation the norm of the state
cancels, and thus the result is the same as in an easier case where we only take the strands
involved in the process. Therefore, for this section we consider instead the state

ψ =
N
n∑
p=0

(B |00〉n)p
(
Bm

(
J+
−1

)m
|00〉n

)N
n
−p
, (5.2.59)

which has norm

|ψ|2 =
N
n∑
p=0
|B|2p|Bm|2(

N
n
−p)N (p) (5.2.60)

with

N (p) = N !
n
N
n

1
p!

1(
N
n − p

)
!

(
n

m

)N
n
−p

. (5.2.61)

This is the basic piece needed to calculate this one point function for more complex states,
where we have products of modes. The α coefficient for this process is

p

(
n

m

)
N (p) = αN (p− 1) =⇒ α = N

n
− p+ 1, (5.2.62)

and the condition for the average number of strands reads(
n

m

)
|Bm|2 = n

(
N

n
− p̄

)
. (5.2.63)

Thus, the result for this m-point function in the short strand case is

〈(
J+
−1

)m〉
= BB̄m

1
n

(
n

m

)
. (5.2.64)

Let us now comment on some other twisted operators.
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5.2.8 Twist sector Oαα̇n operators

Similar to section 5.2.6, we do not give results for the operators considered in this section.
Rather, we explain how the calculation is analogous to the previous ones except for a few
details, which we do not work out in this thesis.

Consider the following twisted sector operator,

Σ−−̇n

(
n∑
r=1
O++̇

(r)

)
. (5.2.65)

The conformal dimensions of this operator are, as we saw in equation (2.1.37), (n/2, n/2).
Therefore, we are raising the left and right R-symmetry charges by the same amount in
both sides using this operator. The calculation of this one point function is completely
analogous to the previous sections, taking into account that we now have a product of two
operators and so in general we need to combine different results from previous sections.

However, the state resulting from the action of this operator is an excited one, which
has not been studied in the supergravity side so far. Thus, the mapping of the supergravity
coefficients of the corresponding geometry has not been given, and it is beyond the scope
of this thesis. More precisely, in order to do this calculation we would need an analogous
equation to the equation (5.2.63) we just used above, but for the states created with
the twisted O operator. With that knowledge, since the combinatorics are analogous to
previous sections the result would be easily obtainable. Let us move on to other cases
now.

5.2.9 Other chiral primaries

Even if the matching with the supergravity side is not clear, in this section we want to point
out that the CFT calculations for other operators are completely analogous. Consider for
instance the chiral primary

n⊗
r=1
Oαα̇(r) . (5.2.66)

Notice that this operator is not symmetric under S(N); in order to get a symmetric state
we should consider all possible combinations, by adding them. The calculations in this
section can be understood as an essential building block towards that goal.

The operator (5.2.66) acting on a |++〉n strand creates again an excited strand, just as
in the previous case. However, we can also consider it acting on n copies of a unit length
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strand. That is, we can now easily calculate the process

n⊗
r=1
Oαα̇(r) (|++〉1)n → (|00〉1)n . (5.2.67)

Thus, consider the state

ψ =
N∑
p=0

(A |++〉1)p (B |00〉1)N−p (5.2.68)

which has norm

|ψ|2 =
N∑
p=0
|A|2p|B|2(N−p) N !

p!(N − p)! . (5.2.69)

The α coefficient in this case is(
p

n

)
N (p) = αN (p− n) =⇒ α = (N − p+ n)!

n!(N − p)! . (5.2.70)

Using the approximation for the short strands we obtain〈
n⊗
r=1
O−−̇(r)

〉
= An

Bn

(N − |A|2)!
n!(N − |A|2 − n)! . (5.2.71)

Notice that for n = 1 we recover the result found in [88].

We can also obtain the exact result using the same method as we will use in section
5.3. We refer to that section for the procedure, and we give the result directly in this
case. Setting |A|2 = αN , |B|2 = (1 − α)N , 0 < α < 1, where this α is unrelated to the
coefficient matching the number of terms calculated above, we find that

〈
n⊗
r=1
O−−̇(r)

〉
= AnB̄n 1

n!

∑N−n
p=0 αp(1− α)−p 1

p!(N−p−n)!∑N
p=0

(
α

1−α

)p 1
p!(N−p)!

= AnB̄nN !
n!

(1− α)n

(N − n)! . (5.2.72)

We present the behaviour of the result in figure 5.2.2a. As we can see, the values it takes
are very big for small n. As we increase n, this answer becomes bigger close to α = 0, and
very close to zero as α approaches one. We present this second case in figure 5.2.2b.

So far, apart from this last example, we have illustrated with some examples how to
obtain the CFT one point functions of chiral primary operators in the short strand case.
The tools that we have shown can be used to calculate more general one point functions as
well, for example for the Oαα̇,∗κ operators defined in equation (2.1.32). We can also obtain
one point functions for heavy and/or twisted J operators. Similarly, we can calculate one
point functions for products of twist operators. The method is exactly the same, but the
combinatorics will be more involved. In chapter 6 we are interested in n-point functions
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Figure 5.2.2: Behaviour of the n-point function in equation (5.2.72). We see that it takes
very big values. In figure 5.2.2a we give the case where n is of order one, by setting n = 5
and N = 100. In figure 5.2.2b we give the case where n is of order N , by setting n = 50
and N = 100. As we can see, in this second case the n-point function is bigger for small
values of α, but very close to zero for α close to one.

for products of twist operators. There we explain the combinatorics involved, reviewing
some integer partition theory, and use the results to give an upper bound and a lower
bound for the 〈(Σ−−̇2 )n〉 n-point function.

In the next section we focus on the same one point functions as the ones we have
explicitly calculated in this section, but in the opposite limit; in the long strand case.
Notice that some of the one point functions that we have calculated in this section, like
the one above, are explicitly only possible in the short strand case. Generalisations of
these can be considered also in the long strand case. We will not calculate all of them, as
the examples provided should be enough to obtain these other cases.

5.3 One point functions: long strand case

In section 5.2 we have calculated one point functions for chiral primaries in the short
strand length case. That is, in the case where we have a large amount of copies of each
strand, with the lengths being of order one. In this section we focus on the opposite limit,
that is, in the limit where the strand length is large and the number of strands is small.
As in the short strand section first we will explain the approximation that we use, and
then we will go case by case calculating the results. As we will see, in this limit the one
point functions give much smaller results than in the opposite one in general.

We consider now the case where the strand lengths are of order N , and the number of
strands is of order one. In this section we separate the results for the two and three-charge
cases, as the method used differs slightly in both. In the two-charge case we will be able
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to obtain exact results, whereas in the three-charge case we will strongly use the large N
limit. We start with the 1/4-BPS states.

5.3.1 Two-charge states

As we just said, in this case we will be able to obtain exact results for the one point
functions. As we introduced in section 2.1.5 and used in section 5.2, we work with the
state given in equation (2.1.50),

ψ{A(gs)
κ } =

∑
{N(gs)

κ }

(∏
gs,κ

A(gs)
κ

)N(gs)
κ

ψ{N(gs)
κ } =

∑
{N(gs)

κ }

∏
gs,κ

(A(gs)
κ |S〉κ)N

(gs)
κ , (5.3.1)

which has norm
|ψ|2 =

∑
{N(gs)

κ }

N !∏
gs,κN

(gs)
κ κN

(gs)
κ

∏
gs,κ

|A(gs)
κ |2N

(gs)
κ . (5.3.2)

Recall also that the sum is constrained by

∑
gs,k

kN
(gs)
k = N, (5.3.3)

and the coefficients A(gs)
k satisfy

∑
k,gs

∣∣∣A(gs)
k

∣∣∣2 = N. (5.3.4)

In what follows, we first give an idea of how we do the calculation in this limit, and then
we work case by case the answers for the one point functions.

5.3.1.1 Method

The final answer of each one point function is determined by the A(gs)
i coefficients, and so

it is natural to set, given the condition that we have written in equation (5.3.4),

|A(gs)
i | = Nα

(gs)
i , with α

(gs)
1 ∈ (0, 1), α(gs)

2 ∈
(
0, 1− α(gs)

1

)
, ... (5.3.5)

where the last α(gs)
i coefficient is given in terms of the previous ones. Since we are in the

long strand case we consider the lengths κ of all the strands to be N/mκ, where mκ is
small compared to N . Likewise, the number of strands N (gs)

κ will also be a number of
order one. Now, the important thing to notice is that the only N -dependence of the norm
of (5.3.1) is an N ! factor which comes out of the sum. To see this, we substitute in the
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norm the parametrisation (5.3.5), which gives

|ψ|2 = N !
∑
{N(gs)

κ }

∏
gs,κ

mN
(gs)
κ

κ

N
(gs)
κ !

αN
(gs)
κ

κ . (5.3.6)

As we have seen from the previous section, this will be the denominator of all the one
point functions. If the numerator has at most an (N − 1)! dependence in N then this
will mean that, up to numbers of order one, the long strand one point functions will be
suppressed by a factor of N with respect to the short strand length ones. The expression
of this numerator depends on the chiral primary we use, and so we will go one by one
in the following sections. As we will see the N dependence will also factor out in all the
numerators, and so we will be able to obtain the exact result up to a polynomial which
depends only on the α(gs)

i . We will give the polynomials for some cases as well, to see what
is their behaviour for all values of the α(gs)

i . Let us start by calculating the numerator for
the Σ−−̇n operator with the most general 1/4-BPS state.

5.3.1.2 Σ−−̇n operator

We can do the first part of this calculation in the most general case. Also, we drop the
(gs) superscript, as it is redundant in this case and will only complicate the notation. We
start with the strands

n⊗
i=1

(
Ai |++〉 N

mi

)pi
⊗
(
A |++〉N

m

)p
,

n∑
i=1

1
mi

= 1
m
. (5.3.7)

After the action of the Σ−−̇n operator we have(
n∏
i=1

Apii

)
Ap

n⊗
i=1

(
|++〉 N

m1

)pi−1
⊗
(
|++〉N

m

)p+1
. (5.3.8)

As we said, we are in the limit where mi, pi,m, p are small numbers. These strands
contribute with the corresponding term in the in state 〈ψ| which has the same strands.
Thus, the contraction gives

(
n∏
i=1

Ai

)
A

(
n∏
i=1
|Ai|2(pi−1)

)
|A|2p

∥∥∥∥∥
n⊗
i=1

(
|++〉 N

m1

)pi−1
⊗
(
|++〉N

m

)p+1
∥∥∥∥∥

2

. (5.3.9)

The norm is given by

N !∏n
i=1

[(
N
mi

)pi−1
(pi − 1)!

] (
N
m

)p+1
(p+ 1)!

∼ N !
Np+

∑n

i=1 pi−n+1
. (5.3.10)
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The product of the moduli of the Ai yields

α1α2 · ... · αn−1(1− α1 − α2 − ...− αn−1)Np+
∑n

i=1 pi−n, (5.3.11)

and thus the N -dependence of the product of the two is (N − 1)!. Now, this is not the
only part of the one point function that can give N dependence. We also have the cn and
α coefficients, so we need to see what their product is. Let us start by calculating α, as
it is straightforward to obtain. Analogous to the previous section, we need to match the
number of terms before and after, taking into account in how many ways can the gluing
operator act. Therefore,

n∏
i=1

pi
N

mi
Ninitial = αNfinal. (5.3.12)

Certainly if we consider a process where we take more than one strand of the same kind the
product of pi factor will be different, and we will have instead some combinatorial number.
However, as we said these are small numbers which do not affect the N behaviour, and so
we give the result only for this case. The combinatorials needed for the exact result are
explained in the previous section. Solving for α we obtain

α = (p+ 1)N
m
∼ N, (5.3.13)

i.e. it scales like N . Let us now consider the cn coefficient. We have written its expression
in equation (5.2.42) for strands of the same length, but let us recall its expression here in
the most general case. It is

c =

(
N
m

) 1
2 (N
m

+2−n)

n

n∏
i=1
|1− āi|

1
2 ( N
mi
−1)(n−1)

n∏
j=1

(
N

mj

)− 1
2

(
N
mj

+1
) ∏
j 6=k
|āj − āk|

1
2

(
1− N

mk

)
,

(5.3.14)
where

āi = 1 + āeiφi

1− m
mi

, ā =
(
m1
m

n∏
i=2

(
1− m

mi

)
− 1

) 1
n−1

(5.3.15)

and the phases are

(n− 1) ∈ 2Z : φi = (i− 1)π
n− 1 , φi+1 = −(i− 1)π

n− 1 , i ∈ 2Z, i ≥ 2 (5.3.16)

n ∈ 2Z : φ2 = 0, φi = (i− 1)π
n− 1 , φi+1 = −(i− 1)π

n− 1 , (i− 1) ∈ 2Z, i ≥ 3.
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Notice that the coefficients ā, āi are independent of N . Keeping only the factors with N
we see that

c ∼ N1−n
( 1
m

) 1
2 (Nm+2−n)

|1− āi|n
1
2
N
m
− 1

2
N
m
−n2 + 1

2
1

∏
jm
− 1

2

(
N
mj

+1
)

j

∏
j 6=k
|āj − āk|

1
2

(
1− N

mk

)
.

(5.3.17)
We need to see that the product of all the factors that have an exponent dependent of
N go to zero in the large N limit. Let us check some simple cases first. As noted in [1]
for n = 2, 3 we have simple expressions for the coefficient cn, and we also have a compact
formula when all the mi are equal. For n = 2 the coefficient reads

c2 = 1
N

m1 +m2
2 . (5.3.18)

For n = 3 we have
c3 = 1

N2
m1m2 +m2m3 +m1m3

3 . (5.3.19)

The case of equal mi requires some more work. Let mi = m for all i ≤ n, so that we join
n strands of length N/m into a single one of length Nn/m. Then the general expression
(5.3.14) reduces in this case to equation (5.2.42), which with the current notation is

cn =
(
nN

m

)1−n
n
Nn
2m+n

2−
N
m

(
(n− 1)2(nā)(n−2)Λ−1

) 1
2 (n−1)(1−N

m)
(5.3.20)

where
Λ =

(
1 + n(n− 1)(n−1) − nn−1

)
(5.3.21)

and

ā =
(
n

(
1− 1

n

)n−1
− 1

) 1
n−1

. (5.3.22)

As we can see the N factor can be read straight away and agrees with (5.3.17). We need
to see what happens with the other factors. Let

Q := (n− 1)2(nā)(n−2)Λ−1. (5.3.23)

Using the large N approximation we can drop some terms in the exponents and rewrite
the coefficient as

cn ≈ N1−n
((

n

Q

)N
2 (n−1) ( 1

n

)N
2
) 1
m

(5.3.24)

Now, the function n/Q is a monotonically decreasing function, which satisfies[
n

Q

]
n=4

= 5
11 < 1, lim

n→+∞

n

Q
= 0. (5.3.25)
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Figure 5.3.1: Behaviour of n/Q, where Q is defined in equation (5.3.23). As we can see,
this function decreases exponentially in n. The cn coefficient will thus vanish exponentially
fast for n ≥ 4, as this function appears to the power of N .

More precisely, it is a exponentially decreasing function in n. We show its behaviour in
figure 5.3.1. Therefore,

lim
N→∞

cn = 0, n ≥ 4. (5.3.26)

If we add the α coefficient we obtain

cαbetween n strands of equal length ∼ N2−n
((

n

Q

)N
2 (n−1) ( 1

n

)N
2
) 1
m

, (5.3.27)

and so the answer for the one point function is, adding the normalisation of the twist,

〈Σ−−̇n 〉long =

=
(

n∏
i=1

Ai

)
ĀN1−n

((
n

Q

)N
2 (n−1) ( 1

n

)N
2
) 1
m ( n

N(N − 1)...(N − n+ 1)

) 1
2
f(α1, ..., αn),

(5.3.28)

where f(α1, ..., αn) is an N -independent polynomial which numerator is given by equations
(5.3.9), (5.3.10) and (5.3.11) and with the denominator given by (5.3.6). Notice that the
one point function decreases exponentially with N for n ≥ 4, as for n = 3 we have
n/Q = 1. If we compare this result to the short strand case, equation (5.2.47), we see
that the only N dependence in the short strand case comes from the normalisation of the
twist. Therefore, we have the following relations for the one point functions,

〈Σ−−̇2 〉long ∼
1
N
〈Σ−−̇2 〉short

〈Σ−−̇3 〉long ∼
1
N2 〈Σ

−−̇
3 〉short

〈Σ−−̇n 〉long ∼ N
1−ne−N logn 〈Σ−−̇n 〉short (same strand length). (5.3.29)
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We will now do this calculation for the single copy O−−̇(r) operator, and afterwards we will
show examples of the f(α1, ..., αn) polynomials in both cases.

5.3.1.3 O−−̇(r) operator

In this case we start with the strands(
A1 |++〉N

m

)p1 (
A2 |00〉N

m

)p2
. (5.3.30)

After the action of the O−−̇(r) operator we have

Ap1
1 A

p2
2

(
|++〉N

m

)p1−1 (
|00〉N

m

)p2+1
. (5.3.31)

The contraction gives

A1Ā2|A1|2p1 |A2|2(p2−1) N !

(p1 − 1)!(p2 + 1)!
(
N
m

)p1−1 (
N
m

)p2+1 . (5.3.32)

The α coefficient in this case is
α = p2 + 1, (5.3.33)

and so the one point function is

〈O−−̇〉long = A1Ā2
1
N
f(α), (5.3.34)

where, again, f(α) is a polynomial which is independent of N . Comparing to the result
of the short strand case we see that

〈O−−̇〉long ∼
1
N
〈O−−̇〉short . (5.3.35)

Let us now write and plot some polynomials for both operators, to see how they behave.

5.3.1.4 Exact answers for the one point functions (examples)

We start with a couple of easy examples, and build up to more general ones. Let us start
with the Σ−−̇2 operator in the easiest case possible.

Simplest non-trivial case Consider the state

ψ =
(
A1 |++〉N

4

)4
+
(
A1 |++〉N

4

)2
A2 |++〉N

2
+
(
A2 |++〉N

2

)2
. (5.3.36)
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We have a non-zero one point function, which corresponds to

〈Σ−−̇2 〉 = |ψ|−2 |Σ−−̇2 |
−1 〈ψ|Σ−−̇2 |ψ〉 . (5.3.37)

Since we have just a few terms, we write them all out explicitly to see exactly how the
calculation works. Using the formulas of the previous sections, we see that the norm of
this state is

|ψ|2 = 32(N − 1)!
3N3 |A1|8 + 16(N − 1)!

N2 |A1|4 |A2|2 + 2(N − 1)!
N

|A2|4 . (5.3.38)

It is useful to write the generic expression for each term, N (p), to make some combinato-
rials easier afterwards. They read

N (p) = N !(
N−pN2

N
4

)
!
(
N
4

)(N−pN2
N
4

)
p!
(
N
2

)p =

= N !

(4− 2p)!
(
N
4

)(4−2p)
p!
(
N
2

)p , p = 0, 1, 2. (5.3.39)

It is also more convenient to write the state (5.3.36) as a sum. We have

ψ =
2∑
p=0

(
A1 |++〉N

4

)4−2p (
A2 |++〉N

2

)p
. (5.3.40)

Now, the action of the gluing operator is

Σ−−̇2

[(
|++〉N

4

)4−2p (
|++〉N

2

)p]
= cN

4 ,
N
4
α

[(
|++〉N

4

)2−2p (
|++〉N

2

)p+1
]
. (5.3.41)

The c2 coefficient is
cN

4 ,
N
4

= 4
N
. (5.3.42)

Now, for the combinatorial factor α, we need to choose two strands of length N/4, and
they each have N/4 positions on which we can insert the gluing operator. Thus,(

4− 2p
2

)(
N

4

)2
N (p) = αN (p+ 1). (5.3.43)

Solving for α we obtain
α = (p+ 1)N4 . (5.3.44)

The one point function then gives

〈Σ−−̇2 〉 = |ψ|−2|Σ−−̇2 |
−1 〈ψ|Σ−−̇2 |ψ〉 =

= |ψ|−2
[
A4

1(Ā1)2Ā2 N
2
〈++|

(
N
4
〈++|

)2 (
|++〉N

4

)2
|++〉N

2
+
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Figure 5.3.2: Behaviour of the coefficient f(α) which controls the relation between the one
point functions for short and long strings.

+A2
1A2(Ā2)22

(
N
2
〈++|

)2 (
|++〉N

2

)2 ]
=

=
A2

1Ā2
(
|A1|4 16N !

N3 + 2|A2|2 2N !
N2

)
32
3
N !
N4 |A1|8 + 16N !

N3 |A1|4|A2|2 + 2N !
N2 |A2|4

( 2
N(N − 1)

) 1
2
. (5.3.45)

We want to relate this result to its analogous in the short strand length, large number
of copies calculated in [88]. Let us recall that the expression we use for the one point
function differs from the one in the paper, as we are including the normalisation for the
twist operator. In this section this normalisation does not play any crucial role, and so for
the rest of the section we will leave it as NΣκ . The result for the analogous short strand
one point function is

〈Σ−−̇2 〉short = A2
1Ā2
2 NΣ2 , (5.3.46)

which we obtained in equation (5.2.47) for general n. Using the substitutions |A1|2 =
N − |A1|2 in (5.3.45), and letting |A2|2 = αN , where α ∈ R, 0 ≤ α ≤ 1, as in equation
(5.3.5), then (5.3.45) simplifies to

〈Σ−−̇2 〉long = NΣ2A
2
1Ā2

6
N

4α2 − 7α+ 4
16α4 − 40α3 + 51α2 − 40α+ 16 . (5.3.47)

If we define f(α) to be the division of the two polynomials in α, we see that f is bounded
by 2.15 for 0 ≤ α ≤ 1, as we can see in figure 5.3.2. Therefore, since f(0) = 3/2, we find
that

A2
1Ā2

3
2N <

〈Σ−−̇2 〉long
NΣ2

< A2
1Ā2

2.15
N

(5.3.48)

for all possible values of |A1|2 and |A2|2. Hence,

〈Σ−−̇2 〉long ∼
〈Σ−−̇2 〉short

N
. (5.3.49)
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Joining strands of different length Let us now do a similar calculation, but joining
two strands of different lengths. The new feature in this example is that in this case we
have two variables in the polynomial f . Consider the state

ψ =
(
A1 |++〉N

2

)2
+A1 |++〉N

2

(
A2 |++〉N

4

)2
+
(
A2 |++〉N

4

)4
+A2 |++〉N

4
A3 |++〉 3N

4
.

(5.3.50)
We do this calculation explicitly term by term as well, to see exactly all terms and how it
works. The norm of this state is

|ψ|2 = N !
N2

(
2|A1|4 + |A1|2|A2|4

16
N

+ |A2|8
32

3N2 + |A2|2|A3|2
16
3

)
. (5.3.51)

Notice that we have two different terms now that are created with the Σ−−̇2 operator,

Σ−−̇2 ψ → A1A
2
2 |++〉N

4
|++〉 3N

4
+A4

2 |++〉N
2

(
|++〉N

4

)2
. (5.3.52)

The first term is the one we are actually interested in, but as we will see the result is
almost the same for both. For the first term we have

cN
4 ,
N
2

= 3
N
, α1 = 3N

4 , (5.3.53)

and for the second one we have

cN
4 ,
N
4

= 1
N
, α2 = N

4 . (5.3.54)

Thus, the one point function is given by, analogous to the previous case,

〈Σ−−̇2 〉 = |ψ|−2|Σ−−̇2 |
−1 〈ψ|

(
A1A

2
2
9
4 |++〉N

4
|++〉 3N

4
+A4

2
1
4 |++〉N

2

(
|++〉N

4

)2
)

=

= NΣ2

A1A2A312|A2|2 +A1A
2
2

4
N |A2|4

2|A1|4 + 16
N |A1|2|A2|4 + 32

3N2 |A2|8 + 16
3 |A2|2|A3|2

. (5.3.55)

Now, we set the modulus of the coefficients Ai to be

|A1|2 = Nα, |A2|2 = Nβ, |A3|2 = N(1− α− β), (5.3.56)

with
0 < α < 1 and 0 < β < 1− α. (5.3.57)

Plugging these expressions in the one point function yields

1
N

A1A2A312β +A1A
2
24β2

2α2 + 16αβ2 + 32
3 β

4 + 16
3 β(1− α− β)

. (5.3.58)

Let f(α, β) be the coefficient without the Ai’s and the N for both terms, just as in the
previous case. As we can see, the polynomials that we obtain agree with the general
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(a) First term (b) Second term

Figure 5.3.3: f coefficient comparing the long and short strand length one point functions
for the Σ−−̇2 operator, in the case where it joins two strands of lengths N/4 and N/2,
as shown in equation (5.3.52). The state that needs to be considered for such one point
function to not vanish also enables the action of the twist on two strands of length N/4.
Subfigure 5.3.3a corresponds to the first term that contributes, the joining of two strands
of different length, which is the process we are interested in. Subfigure 5.3.3b is the
second term, where two strands of the same length are joined. As we can see, the second
contribution does not change the behaviour of the result.

equations (5.3.9) and (5.3.6). Then, as we show in figure 5.3.3 both terms are small in the
range of interest. The point (α, β) = (0, 0) is singular, but let us recall that point is not a
physical state and thus is not under consideration. Let us now study the polynomial that
results from the action of the Σ−−̇2 operator in the case where it joins any two strands of
equal length.

Joining two strands of the same length Consider the state

ψ =
m
2∑

p=0

(
A1 |++〉N

m

)m−2p (
A2 |++〉 2N

m

)p
. (5.3.59)

The polynomial is, in this case,

f(α) = 1
α

∑m
2
p=1

(
αp(1− α)−2p

(
1

2m

)p 1
p!(m−2p)!

)
∑m

2
p=0

(
αp(1− α)−2p

(
1

2m

)p 1
p!(m−2p)!

) . (5.3.60)

If we plug this expression in Mathematica we get

f(α) =

1−
2−

m
2
(
− (α−1)2m

α

)m/2

U

(
−m2 ,

1
2 ,−

(α−1)2m
2α

)
α

, (5.3.61)

where U is a hypergeometric function. This function is of order one for most values of α.
We present in figure 5.3.4 the plot of f(α) for m = 17. We see that we have an asymptote
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Figure 5.3.4: Behaviour of N times the coefficient (5.3.61) relating the one point function
for Σ2 in the long and short strand case. At zero the function is ill-defined. In the plot m
= 17.

at α = 0, as it happens in the other cases. Also, setting m = 4 in (5.3.61) we recover
(5.3.47), as expected. Let us recall, from equation (5.3.28), that this one point functions
also has a 1/N suppression with respect to the analogous short strand one.

Joining any two strands Consider the state

ψ =
m1∑
p1=0

m2

(
1− p1

m1

)
∑
p2=0

(
A1 |++〉 N

m1

)p1 (
A2 |++〉 N

m2

)p2 (
A3 |++〉 N

m3

)p3

, (5.3.62)

where

p3 =
N − N

m1
p1 − N

m2
p2

N
m3

= m3

(
1− p1

m1
− p2
m2

)
(5.3.63)

and
N

m3
= N

m1
+ N

m2
. (5.3.64)

The norm of the state is

|ψ|2 =
m1∑
p1=0

m2(1− p1
m1

)∑
p2=0

|A1|2p1 |A2|2p2 |A3|2p3N (p1, p2), (5.3.65)

where
N (p1, p2) = N !

p1!p2!p3!
(
N
m1

)p1 ( N
m2

)p2 ( N
m3

)p3 . (5.3.66)

The c2 coefficient in this case is

c N
m1

, N
m2

= m1 +m2
2N . (5.3.67)
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The action of the gluing operator is

Σ−−̇2

[(
|++〉 N

m1

)p1 (
|++〉 N

m2

)p2 (
|++〉 N

m3

)p3]
=

= c N
m1

, N
m2
α

[(
|++〉 N

m1

)p1−1 (
|++〉 N

m2

)p2−1 (
|++〉 N

m3

)p3+1
]
. (5.3.68)

In this case the α coefficient is
α = N

p3m3
. (5.3.69)

Mathematica is not able to perform the exact sums with all the coefficients for f(α1, α2)
in this case, and so we need to take approximations. We are in the case where the lengths
of the strands are big, that is, in the limit where pi, mi are small integers. Thus, since

p3 = m3

(
1− p1

m1
− p2
m2

)
, (5.3.70)

and recalling as well that 0 ≤ pi ≤ mi, we see that the factor inside the parenthesis will
be of order 1, and so

p3 . m3 = m1m2
m1 +m2

. (5.3.71)

Then, the total coefficient is approximated by

m1 +m2
2p3m3

&
(m1 +m2)3

2(m1m2)2 . (5.3.72)

The polynomials are too long to write out explicitly in this case, and the formulas do not
give any deeper insights. Also, we need to get rid of the factorials in the denominator so
that Mathematica can perform the sums. Notice that in this case it is not straightforward
to recover the results from the previous sections, as now the combinatorial factors are not
easily reduced to the case of two strands of the same length. We present in figure 5.3.5
a plot of the function for m1 = 6 and m2 = 12. We observe again the asymptotes at the
boundary values of α1 and α2. Let us recall once again that α1 and α2 are defined only in
the open interval (0,1), as otherwise we would not have the strands necessary to have the
process studied. Therefore, the polynomial is of order one in the range of interest, and
so we confirm the behaviour described in the first line of equation (5.3.29). To finish this
section let us study the case of the O−−̇(r) operator.

O−−̇(r) operator For the
∑n
r=1O−−̇(r) operator consider the state

ψ =
m∑
p=0

(
A |++〉N

m

)p (
B |00〉N

m

)m−p
. (5.3.73)
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Figure 5.3.5: Behaviour of the coefficient f(α1, α2) function for the 〈Σ−−̇2 〉 in the long
strand case. We can see that, as in the previous cases, we get asymptotes in the boundary
values. In the plot, m1 = 6 and m2 = 12.
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Figure 5.3.6: Behaviour of the function f(α) for the untwisted 〈O−−̇(r) 〉 one point function
in the long strand case. As we can see we have a maximum of order one. Also, the function
diverges for α = 1 very rapidly, and so the divergence is not seen in this figure. In the
plot m = 12.

Using the result (5.3.6) and section 5.3.1.3 we find that in this case the f(α) function is

f(α) =
α
(
−(m+ 1)

(
1

1−α

)m
(1− α)m + αm+ 1

)
− (α− 1)mαm

α− 1 . (5.3.74)

This function has an asymptote at α = 1, but as always this is outside our range of
interest. Otherwise it is finite, being zero for α = 0 and with a finite maximum (of order
m) close to one. We can see it in figure 5.3.6 for m = 12.
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5.3.2 Three-charge states

Consider now a three-charge state,

ψ{N(S)
κ,mκ}

=
4∏
s=1

∏
κ

(|s〉κ)N
(s)
κ

∏
κ,mκ

( 1
mκ! (J

+
−1)mκ |00〉κ

)N(00)
κ,mκ

. (5.3.75)

Its norm is

|ψ({A(s)
κ , Bκ,mκ})|2 =

∑
{N(S)

κ,mκ}

N ({N (S)
κ,mκ})

(∏
s,κ

|A(s)
κ |2N

(s)
κ

)( ∏
κ,mκ

|Bκ,mκ |2N
(00)
κ,mκ

)
,

(5.3.76)
where

N ({N (S)
κ,mκ}) =

 N !∏
s,κN

(s)
κ !κN(s)

κ

 1∏
κ,mκ N

(00)
κ,mκ !κN

(00)
κ,mκ

 ∏
κ,mκ

(
κ

mκ

)N(00)
κ,mκ

. (5.3.77)

Notice that due to the insertions of the J+
−1 mode the N dependence of the norm is now

more complicated. As in the two-charge case, we will first explain the approximation, and
then we will go case by case giving the answers to the one point functions in this limit.

5.3.2.1 Method

The condition for the coefficients now reads [96]

∑
gs,κ

|A(gs)
κ |2 +

∑
κ,mκ

(
κ

mκ

)
|Bκ,mκ |2 = N, (5.3.78)

and so, in addition to

|A(gs)
i | = Nα

(gs)
i , with α

(gs)
1 ∈ (0, 1), α(gs)

2 ∈
(
0, 1− α(gs)

1

)
, ... (5.3.79)

we need to set a parametrisation for the |Bκ,mκ | coefficients. This parametrisation is more
subtle, as we need to consider things like

|Bκ,mκ |2 = N( κ
mκ

)βκ,mκ , (5.3.80)

with the βκ,mκ parameter running from zero to possibly a number bigger than one. Notice
that, since we are in the long strand case, κ will be of order N , and mκ can take any value
between one and κ. We work this out explicitly for each case in the following sections.

So, if we absorb these extra factors in the βκ,mκ , plug all formulas in the norm of the
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state and write the strands length as N/nκ instead of κ we obtain

|ψ|2 = N !
∑

{N(S)
κ,mκ}

∏
κ,S n

N
(S)
κ

κ

(
α

(S)
κ

)N(S)
κ ∏

κ,mκ n
N

(00)
nκ,mκ

κ β
N

(00)
κ,mκ

nκ,mκ∏
κ,S N

(S)
nκ !

∏
κ,mκ N

(00)
nκ,mκ !

∏
κ,mκ

(
N
nκ

mκ

)N(00)
κ,mκ

. (5.3.81)

As we said above, we have N -dependence inside of the sum in this case. In some cases
we will still be able to obtain an exact result, as we will be able to perform the sums.
However, in other cases we will not be able to do so. Then, since the resulting polynomial
will have now powers of N in the factors, what we will do is keep only the dominant term
in the polynomial and compare the numerator and the denominator one. As shown in the
previous cases, the denominator will always have a higher power of N than the numerator,
and so the f function will be small. We start with a simple example to see explicitly how
it works, and then we will give more general results for the rest of the operators.

5.3.2.2 Elementary example

We start with a simple example, just as in the previous section, and then we build up to
more general ones. For this initial example we consider the untwisted O+−̇

(r) operator.

O+−̇
(r) operator Consider the state

ψ =
2∑
p=0

(
A |++〉N

2

)p (
BJ+
−1 |00〉N

2

)2−p
(5.3.82)

which has norm

|ψ|2 =
2∑
p=0
|A|2p|B|2(2−p)N (p), with N (p) = N !

p!
(
N
2

)p
(2− p)!

. (5.3.83)

We want to find the one point function of
∑
rO+−̇

(r) . This operator transforms a strand
|++〉N

2
into a strand J+

−1 |00〉N
2
, and so we have

N
2
〈00| J+

−1

N
2∑

r=1
O+−̇

(r) |++〉N
2
∼N

2
〈00|

N
2∑

r=1
O−−̇(r) |++〉N

2
= ei

√
2v
R N

2
〈00|00〉N

2
. (5.3.84)

The combinatorial factor α in this case is

α = (3− p)!
(2− p)!

2
N
, (5.3.85)
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and thus we find

〈O+−̇
(r) 〉long

= |ψ|−2AB̄

[
|A|2 2

N
ei
√

2v
R |ψ′|2 + |B|2 4

N
ei
√

2v
R |ψ′′|2

]
, (5.3.86)

where

ψ′ =
(∑

r

J+
−1(r) |00〉N

2

)
|++〉N

2
, ψ′′ =

((∑
r

J+
−1(r)

)
|00〉N

2

)2

(5.3.87)

and so
|ψ′|2 = N !

N
2
, |ψ′′|2 = N !

2 . (5.3.88)

Plugging these expressions in yields

〈O+−̇
(r) 〉long

= 〈O+−̇
(r) 〉short

4
N

(
|A|2
N + |B|2

2

)
|B|4

2 + 2
N |A|2|B|2 + 2

N2 |A|4
, (5.3.89)

where the short one point function is the one we computed before and is given by equation
(5.2.36) for n = 1,

〈O+−̇
(r) 〉short

= AB̄ei
√

2v
R . (5.3.90)

Now, as mentioned above we use the relation

|A|2 + N

2 |B|
2 = N (5.3.91)

and we set
|B|2 = α, α ∈ (0, 2). (5.3.92)

Then we obtain
〈O+−̇〉long = 2

N
〈O+−̇〉short . (5.3.93)

Therefore, we see that in this initial case we obtain exactly the expected relation between
both one point functions. Next we start calculating one point functions for generic cases.

5.3.2.3 Untwisted O−−̇(r) operator

The aim of this section is to check that we recover the result from the two-charge case,
by considering the same process as in the 1/4-BPS section but with a 1/8-BPS state now.
Consider the state

ψ =
n∑

N(++)=0

n−N(++)∑
N0(00)=0

(
A(++) |++〉N

n

)N(++) (
B0(00) |00〉N

n

)N0(00) (
B1(00)J+

−1 |00〉N
n

)N1(00)

(5.3.94)
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Figure 5.3.7: Graphical representation of the numerical coefficient for the O−−̇ one point
function in the long strand case. In the plot, n = 4.

We want to calculate the one point function in the long strand case for the O−−̇ operator.
The only on-trivial action of this operator on the state is when it performs the following
transformation of strands, N/n∑

r=1
O−−̇(r)

 |++〉N
n
→ |00〉N

n
. (5.3.95)

The α coefficient in this case is
α = N0(00) + 1, (5.3.96)

and after setting, as usual,

|A(++)|2 = αN, |A0(00)|2 = βN, |A1(00)|2 = n(1− α− β) (5.3.97)

with
0 < α < 1, 0 < β < 1− α (5.3.98)

we obtain

〈O−−̇〉long = A(++)A0(00)

N
·

·
∑n−1
N(++)=0

∑n−N(++)

N0(00)=1 N
0(00)αN

(++)
βN

0(00)−1(1− α− β)N1(00) nN
1(00)−N(++)−N0(00)

N(++)!N0(00)!N1(00)!∑n
N(++)=0

∑n−N(++)

N0(00)=0 α
N(++)

βN
0(00)(1− α− β)N1(00) nN

1(00)−N(++)−N0(00)

N(++)!N0(00)!N1(00)!
(5.3.99)

Mathematica can perform the sum ratio, giving

〈O−−̇〉long = A(++)A0(00)

N

n

α+ β − n2(α+ β − 1) (5.3.100)

We present in figure 5.3.7 this result for the second factor plotted. We recover the expected
1/N behaviour except in the boundary values, as in the previous cases.
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5.3.2.4 Σ+−̇
2 operator

This is the only twist operator one point function left to calculate in the long strand case,
as we obtained results for the Σ−−̇n in the section 5.3.1.2. Also, let us recall from section
5.2.6 that for the twist n, 1/8-BPS one point function we need an extra commutator to
obtain it, which we are not giving in this thesis. Thus, we calculate the twist two case, as
we did in section 5.2.2 for the short strand case. Consider the state

ψ =
m∑

N1=0

m2

(
1−N

1
m

)
∑
N0=0

(
A |++〉 N

m1

)N+ (
B |00〉 N

m2

)N0 (
B1J+

−1 |00〉N
m

)N1

, (5.3.101)

where, as in the short strand case,

1
m1

+ 1
m2

= 1
m

=⇒ m = m1m2
m1 +m2

(5.3.102)

and
N = N !

N+!N0!N1!
(
N
m1

)N+ (
N
m2

)N0 . (5.3.103)

Analogous to section 5.2.2, we have

α = N1 + 1
2 (5.3.104)

and
c2 = m1 +m2

2N , (5.3.105)

which lead to the result

〈Σ+−̇
2 〉long = NΣ2

ei
√

2v
R

4
ABB̄1

N
·

·
∑m
N1=1

∑m2

(
1−N

1
m

)
−1

N0=0 (m1 +m2)mN1
αN

+
βN

0(1− α− β)N1 mN
+

1 mN
0

2
N+!N0!N1!∑m

N1=0
∑m2

(
1−N1

m

)
N0=0 mN1αN+βN0(1− α− β)N1 mN

+
1 mN

0
2

N+!N0!N1!

(5.3.106)

These sums cannot be obtained with Mathematica, and so we would need to approximate
them. However, we do not need the exact result; the leading behaviour with N is enough.
Since the sums only have factors of order one within them, that is, since they do not have
any N ’s, their ratio will be a number much smaller than N , away from the boundaries of
α and β. Therefore, we can approximate this one point function by

〈Σ+−̇
2 〉long ≈ NΣ2

ei
√

2v
R

4
ABB̄1

N
, (5.3.107)
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i.e. once again we learn that

〈Σ+−̇
2 〉long ≈

1
N
〈Σ+−̇

2 〉short . (5.3.108)

5.3.2.5 Untwisted O+−̇
(r) operator in full generality

In this section we calculate the one point function of
∑n
r=1O+−̇

(r) with the most general
1/8-BPS state. That is, we consider the state

ψ =
∑
{N}

(A |++〉N
κ

)N+
∏
mκ

Bmκ

(
J+
−1

)mκ
mκ! |00〉N

κ

N
0
κ,mκ

 . (5.3.109)

As we will see in a moment, the equations in this case cannot be written out in a closed
form. However, we will still be able to give a result. We will work out the example κ = 4,
and the general result follows easily from induction using the same process. So, let us
consider κ = 4. The state ψ in this case reads

ψ =
(
A |++〉N

4

)4
+

3∑
p=0

(
A |++〉N

4

)p
⊗

⊗


N
4∑

i1=1
...

N
4∑

i4−p=i3−p

Bi1 · ... ·Bi4−p
i1! · ... · i4−p!

(
J+
−1

)i1 |00〉N
4
⊗ ...⊗

(
J+
−1

)i4−p |00〉N
4

 . (5.3.110)

We have not found any easy way to write the norm of this state in a compact form that
is understandable, so we write it all out explicitly. Once that is done, how terms are
constructed in general will be clear from this example. That is why we leave all the
factorials explicit in what follows. We have

N = N !(
N
4

)4

{
1
4! + 1

3!

N
4∑
i=1

(
N
4
i

)
+ 1

2!

 1
2!

N
4∑
i=1

(
N
4
i

)2

+
N
4∑
i=1

N
4∑

j=i+1

(
N
4
i

)(
N
4
j

)+

+

 1
3!

N
4∑
i=1

(
N
4
i

)3

+ 1
2!

N
4∑
i=1

N
4∑

j=i+1

(
N
4
i

)2(N
4
j

)
+

+
N
4∑
i=1

N
4∑

j=i+1

N
4∑

l=j+1

(
N
4
i

)(
N
4
j

)(
N
4
l

)+

+

 1
4!

N
4∑
i=1

(
N
4
i

)4

+ 1
3!

N
4∑
i=1

N
4∑

j=i+1

(
N
4
i

)3(N
4
j

)
+ 1

2!
1
2!

N
4∑
i=1

N
4∑

j=i+1

(
N
4
i

)2(N
4
j

)2

+
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+ 1
2!

N
4∑
i=1

N
4∑

j=i+1

N
4∑

l=j+1

(
N
4
i

)2(N
4
j

)(
N
4
l

)
+

+
N
4∑
i=1

N
4∑

j=i+1

N
4∑

l=j+1

N
4∑

t=l+1

(
N
4
i

)(
N
4
j

)(
N
4
l

)(
N
4
t

)}. (5.3.111)

From this equation we can deduce how the terms look like for general κ. Looking at
the state (5.3.110) it is clear that, in the three-charge strands terms, for each term with
in sums we will have p(n) terms, that is, the number of integer partitions of n terms.
Each term will have as many sums as elements has every partition of n, and the binomial
coefficient’s powers correspond to the numbers in each partition (to its parts). Take the
last parenthesis in (5.3.111) for instance. We have four sums in the state, and so we have
p(4) = 5 terms in the norm. And the exponents of the binomials coefficients are given by
the five possible partitions of four (see equation (2.1.14) or figure 6.4.4 for the partitions).
Let us also recall that the coefficients in the state satisfy

|A|2 +
N
4∑
i=1

(
N
κ

mκ

)
|Bmκ |2 = N. (5.3.112)

In this case we have all the possibilities for the different number of insertions of the J+
−1

mode, and so we need to be more careful with the parametrisation of the equation above.
Expanding the sum and dividing all the equation by N yields

1 =
|A|2 + |BN

4
|2

N
+ |B1|2 + |BN

4 −1|
2 +N

(
|B2|2 + |BN

4 −2|
2
)

+O(N2). (5.3.113)

Recalling that we are in the large N limit, all coefficients except the first ones must be
very small. Therefore, we can work with the parametrisation

|A|2 = αN, |Bi|2 = βN
4
N, |B1|2 = β1, |BN

4 −1|
2 = βN

4 −1, (5.3.114)

and analogous for the rest coefficients. To simplify the expressions later, we will absorb
all the powers of N of these parameters in the βi. The running parameters labelled by the
Greek letters taking values between zero and one, as usual. As in previous cases we use
the commutator (5.2.31) to see that

N
4
〈00| J+

−1

N
4∑

r=1
O+−̇

(r) |++〉N
4

= N
4
〈00|00〉N

4
ei
√

2v
R . (5.3.115)

We are just missing the α coefficient to be able to get the answer for the one point function.
Again, the expressions cannot be written easily in a compact way, so we go term by term
to see the general result. Let αi be the coefficient for the p = i term, where p refers to the
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sum index in equation (5.3.110). Clearly

α4 = 4
N
. (5.3.116)

For the rest of the terms we will need to use the large N limit. We need to keep in mind
that the operator O+−̇

(r) only generates states with one insertion of the J+ mode. For p = 3
we have

3 N !(
N
4

)4
1
3!

N
4∑
i=1

(
N
4
i

)
= α3

1
2

N !(
N
4

)4

N4
N
4∑
i=2

(
N
4
i

)
+ 1

2

(
N

4

)2
 . (5.3.117)

Solving for α3 we obtain

4
N

1 +
N
8∑N

4
i=1

(N
4
i

)
− N

8

 ≈ 4
N
, (5.3.118)

where in the last step we used the large N limit to approximate the second term in the
parenthesis by zero. Similarly, for p = 2 we find

α2 = 4
N

1 +
2
3

(
N
4

)2
+ 1

2
N
4
∑N

4
i=2

(N
4
i

)
1
2!
∑N

4
i=1

(N
4
i

)2
+
∑N

4
i=1

∑N
4
j=i+1

(N
4
i

)(N
4
j

)
 ≈ 4

N
, (5.3.119)

and an analogous expression for p = 1. Therefore the value of α is the same for all terms,

α ≈ 4
N

(5.3.120)

Since in the long strand limit κ (in equation (5.3.109)) is a small number, we thus learn
that in general

α ≈ κ

N
. (5.3.121)

We are now ready to calculate the one point function. Again, the expressions are compli-
cated, so we will be very explicit. As usual, we have

〈O+−̇
(r) 〉 = |ψ|−2 〈ψ|

N
4∑

r=1
O+−̇

(r) |ψ〉 . (5.3.122)

As we mentioned above, we need to keep in mind that the operator only generates strands
with one insertion of the R-symmetry current, and so we need to be careful with the
contractions. This also means that we do not have to worry about the factorials dividing
when taking the modulus of the out state, as all factors that are not repeated in the bra
and the ket and survive will be a one. Keeping all this in mind and using the substitutions
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(5.3.114) we find

〈O+−̇〉 ≈|ψ|−2AB̄1e
i
√

2v
R

45N !
N

α
3

3! + α2
N
4∑
i=1

βi

(
N
4
i

)
+

+ α

1
2

N
4∑
i=1

β2
i

(
N
4
i

)2

+
N
4∑
i=1

N
4∑

j=i+1
βiβj

(
N
4
i

)(
N
4
j

)+

+ 1
3!

N
4∑
i=1

β3
i

(
N
4
i

)3

+ 1
2

N
4∑
i=1

N
4∑

j=i+1
β2
i βj

(
N
4
i

)2(N
4
j

)
+

+
N
4∑
i=1

N
4∑

j=i+1

N
4∑

k=j+1
βiβjβk

(
N
4
i

)(
N
4
j

)(
N
4
k

) =: |ψ|−2AB̄1e
i
√

2v
R

4
N
|ϕ|2.

(5.3.123)

If we now let |ψα|2 be the polynomial resulting from the norm of ψ after substituting with
(5.3.114) without the common factors in front, we obtain

〈O+−̇〉 ≈ 4
N
AB̄1e

i
√

2v
R
|ϕ|2

|ψ|2
. (5.3.124)

And so, with the general observations done throughout this section we learn that, for
general κ, 〈 N

κ∑
r=1
O+−̇

(r)

〉
≈ κ

N
AB̄1e

i
√

2v
R
|ϕ|2

|ψ|2
. (5.3.125)

Comparing this result to its short strand case counterpart, equation (5.2.36) we see that,
up to numbers of order one,

〈O+−̇〉long

〈O+−̇〉short
≈ 1
N
f(N,α, βi), (5.3.126)

where f is the polynomial described above. Notice that, maybe except for boundary values
of the α, βi variables, the polynomial f is a very small number, as the denominator has
terms with higher powers of N than the numerator. Therefore, we see once again that the
long strand one point function is parametrically smaller in N than the short strand one,
i.e. at most

〈O+−̇
(r) 〉long

≈ 1
N
〈O+−̇

(r) 〉short
. (5.3.127)

Let us finish this section with the calculation of the one point function for the modes of
the R-symmetry current.
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5.3.2.6 Untwisted
(
J+
−1

)m
operator

We will now calculate the same one point function as in section 5.2.7. Just as in the
short strand case we also calculate all m−point functions for m ≤ n, as the calculation is
analogous in all cases. Thus, consider the state

ψ =
n∑
p=0

(
B |00〉N

n

)pBm
(
J+
−1

)m
m! |00〉N

n

n−p . (5.3.128)

As before, we have

N (p) = N !(
N
n

)n 1
p!(n− p)!

(
N
n

m

)n−p
(5.3.129)

and
α = n− p+ 1. (5.3.130)

Setting |B|2 = αN as usual (where let us remind that this α is unrelated to the one above),
and recalling that in this case we have

|B|2 +
(
N
n

m

)
|Bm|2 = N, (5.3.131)

we see that we can sum exactly the expressions for the numerator and denominator. Notice
that we can obtain the result for any m, even with the combinatorial factor of the equation
above, as this factor will just increase the power of the corresponding factor in the norm
of the state. The exact result for this one point function is thus

〈(
J+
−1

)m〉
= BB̄m

n
(N
n
m

)3
αN − (α− 1)

(N
n
m

)2 =: BB̄mf(α). (5.3.132)

As we can see in figure 5.3.8 f(0) = n
(N
n
m

)
, and then it rapidly increases until we get to

α = 1, where f(1) = n
N

(N
n
m

)3
. Let us compare this result with the short strand case one,

equation (5.2.64). Since the result for that case was independent of N , we see that in this
case the long strand result is much bigger than the short strand one, for any value of the
parameters.

5.4 Brief discussion of the results

Now that we have calculated some exemplary one point functions for short and long strands
we can compare the results we obtained. We give a summary of the results and of the
relations between them in chapter 7, but let us outline the main highlights here.
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Figure 5.3.8: Behaviour of the function f(α) for the
(
J+
−1

)m
one point function in the

long strand case. There is no N suppression in this case. In the plot, N = 100, n = 9,
m = 4. The function has the same behaviour for all the values of the parameters.

Let O be a chiral primary of the theory. The main result that we have obtained in this
chapter is that

〈O〉long ∼
〈O〉short
N r

, (5.4.1)

where r ≥ 1. This means that 〈O〉long is comparable to the supergravity corrections, that
is, to higher derivative modes. Indeed, one could think of altering the states with which
we calculate the one point functions to get bigger results, but then we are only rephrasing
the issue. In that case we would need to act on the states with operators which are not
in the supergravity theory. Therefore, the conclusion of this chapter is that one point
functions of chiral primary operators in the long strand limit are suppressed by powers of
N with respect to the short strand ones.
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CHAPTER 6

Different ways of joining strands

In the previous chapters we have calculated correlation and one point functions for single
trace chiral primary operators. In this chapter we take a slightly different direction, and
study all the possible ways to join strands. To do so, we compare two values: the one
point function 〈Σ−−̇n 〉 and the one point function of multi-particle states 〈(Σ−−̇2 )n−1〉. The
first one translates in joining n strands (of any length) together at the same time, with
one step. The second one consists in joining the n strands in n− 1 steps, namely, joining
them two by two. Both cases represented in figure 6.0.1.

As is obvious from the figure, in the first case, subfigure 6.0.1a, the number of ways
in which the joining can be done is much smaller, as it only depends where within each
strand the operator is inserted. However, in the other case, subfigure 6.0.1b, there are
many ways to join, as the second application of the gluing operator could have joined
the pair which was joined in the previous step to one of the two strands that was alone
for instance. Hence, when joining the strands two by two the combinatorics are more
complicated and will give a non-trivial contribution. We present work in this chapter
which aims to compare both cases. Normalisations are the key point for this calculation,
and they are related to integer partitions. The different countings are obtained in section
6.4.

115
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Σ
n

(a) All in one step

Σ
2

Σ
2

Σ
2

(b) Two by two

Figure 6.0.1: Joining of strands using different operators. In (a) we join them using a
single operator, Σn, which joins them all in one step. In (b) we join them two by two, in
n− 1 steps.

6.1 Layout

In section 6.2 we present the state with which we calculate all results. Section 6.3 is a
reminder of the one point function result, which we presented in section 5.2.5. In section
6.4 we calculate the n-point function corresponding to the creation of a strand by joining
strands two by two. Both results are compared in section 6.5. At the end of this chapter,
in section 6.6, we also comment on all other possible ways of joining n strands.

6.2 Setting up

The procedure of this chapter is the same as in the previous one. The state that we start
with in both cases is

ψ =
nN
M∑
p=0

(
A |++〉M

n

)p
(B |++〉M )

N
M
− p
n . (6.2.1)

The norm of this state is

|ψ|2 =
nN
M∑
p=0
|A|2p|B|

N
M
− p
nN (p), (6.2.2)

where
N (p) = N !

p!
(
N
M −

p
n

)
!
(
M
n

)p
M

N
M
− p
n

. (6.2.3)

We will be able to give an exact answer for the relation between the one and the n-point
functions, as both describe the same process at the end. Namely, all the calculations will
be exactly the same, except for the α and cn coefficients. Furthermore, the two results will
only differ in factors proportional to n and M , and so all other contributions will cancel.
We give more details and the results at the end of the chapter, after we have done all the
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...

__

M

n

n M

Figure 6.2.1: Initial and final states of the gluing process. The process starts with n
strands of length M/n and finishes with all of them together, i.e. with a single strand of
length M .

combinatorics. In what follow we assume n � 1 but not necessarily comparable to N .
The final result will be valid for any n� 1.

In figure 6.2.1 we present a cartoon to visualise the state and the gluing process.
Drawing only the strands involved in the gluing, we start with n strands of length M/n

and end up with a single strand of length M . In both cases we need the Σ−−̇ operator, so
that the final state has the correct charges. In this chapter we write out the normalisations
of the twist operators explicitly, as they play an important role. Let us now compute the
α coefficient and the c coefficient for both cases, to be able to compare both results.

6.3 〈Σ−−̇n 〉 coefficients

We have done this calculation in section 5.2.5; let us just rewrite the result here to have
it at hand. The α coefficient is

α = M

n!

(
N

M
− p

n
+ 1

)
, (6.3.1)

and the cn coefficient is

cn = M1−nn
M
2 +n

2−
M
n

(
(n− 1)2(nā)(n−2)Λ−1

) 1
2 (n−1)(1−M

n )
(6.3.2)

with
Λ =

(
1 + n(n− 1)(n−1) − nn−1

)
(6.3.3)

and
ān−1 = n

(
1− 1

n

)n−1
− 1. (6.3.4)

Let us now calculate these factors for the (n − 1)-point function, which will have more
complicated combinatorics.
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Σ
2

Σ
2

Σ
2

Figure 6.4.1: Joining the strands two by two. The order in which we do it here is the
opposite from figure 6.0.1b. Here we keep gluing all the strands to one same strand, which
keeps growing while the rest remain untouched.

6.4 Calculation of 〈(Σ−−̇2 )n−1〉

The initial and final states are, of course, the same ones as before, and thus we have

(
Σ−−̇2

)n−1 [(
|++〉M

n

)p
(|++〉M )p2

]
= cn2b2α

[(
|++〉M

n

)p−n
(|++〉M )p2+1

]
. (6.4.1)

We need the coefficients cn2b2 and α. However, looking at the picture 6.0.1b again we
notice that this case is more subtle. In the picture we joined strands two by two, however
we chose a particular ordering. That is, we joined all strands by pairs, to have n/2 strands
of length 2M/n, then we joined these in pairs again to have n/4 strands of length 4M/n,
then to have n/8 strands of length 8M/n, and so on until the end, where we have only one
strand of length M . Clearly, this is only one way of doing the gluing process. Instead, we
could have joined all new strands to the same one, creating an increasingly long strand,
and leaving the rest untouched. We depict this process in figure 6.4.1, again for n = 4.

The final result for the coefficients may depend on the way in which we join the strings.
We calculate the two limit cases, which are the ones depicted in figures 6.0.1b and 6.4.1.
In what follows we find which one gives the leading contribution, we check in how many
ways the gluing can be done for general n and then we approximate the result for the
(n− 1)-point function, obtaining a lower bound and an estimate for the upper bound.

6.4.1 cn2b2 coefficient

We start the calculation by obtaining the c coefficient. First let us recall what the coeffi-
cient for two strands is. As we said in the previous chapters, it was first computed in [131],
and in our case at hand is

c2 =
M
n + M

n

2Mn
M
n

= n

M
. (6.4.2)
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The c coefficient depends on the length of both strands that are being joined together,
and so it might different for each case. Let us do first the case depicted in figure 6.4.1
which we denote by c2b2t. In this case we simply need to apply that coefficient repeatedly,
with one of the strands increasing in length one by one at each step. The product gives

cn2b2t =
M
n + M

n

2Mn
M
n

·
2M
n + M

n

22M
n

M
n

·
3M
n + M

n

23M
n

M
n

· ... ·
(n−1)M

n + M
n

2 (n−1)M
n

M
n

= M

2n−1
(
M
n

)n . (6.4.3)

Let us now compute it for the other case, the one shown in figure 6.0.1b. In this case, we
join all the strands in pairs, then we join all the pairs in pairs again, and so on until we
reach the final state. Therefore, we have the coefficient c2 n/2 times, that same coefficient
for strands of double length n/4 times and so on. More concretely, we have

cn2b2p =
(

1
M
n

)n
2

·
(

1
2Mn

)n
4

·
(

1
4Mn

)n
8

·
(

1
8Mn

) n
16

· ... · 1
n
2
M
n

=

=
log2 n∏
j=1

(
1

2j−1M
n

) n

2j

. (6.4.4)

We can easily calculate this product taking its logarithm and summing the resulting equa-
tion. After doing so we obtain

cn2b2 = n

(
n

2M

)n−1
. (6.4.5)

As we can see, this result is exactly equal to cn2b2t, i.e. the c coefficient is the same for
both joining processes. So, to simplify notation from now on let us define

cn2b2 := cn2b2p(= cn2b2t). (6.4.6)

Since the c coefficients are the same all the difference in the result will come from the
comparison of the number of terms; from the α coefficient. Let us calculate it.

6.4.2 Counting the number of terms

Counting the number of terms is the most involved part of the computation of this n-point
function. We need to take into account all the possibilities for the application of each Σ2

operator, and also the different ways in which we can join the strings. As before, we
calculate the contribution for the two limit cases, figures 6.4.1 and 6.0.1b, and see which
one is dominant. Then we calculate the total number of ways in which we can join the
strands two by two in order to get the final strand of length M , and then we approximate
the result. As is being hinted, all this also involves some integer partition theory.
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Figure 6.4.2: Joining strands accumulating them all in the top one. We include some of
the combinatorial factors here. The gluing operator can be inserted, for each strand, at
any position within it.

Let us first count in how many ways the Σ2 operators can act in the case where we
accumulate all strands in one, that is, in the case of figure 6.4.1. To make things more
visual we include a picture again with some of the factors involved, figure 6.4.2. We start
with p strands of length M/n. In the first step we join two of these, so we need to pick
two of them,

(p
2
)
. Then, each of the two strands hasM/n insertion points for the operator.

Thus, the combinatorial factor for the first step is(
p

2

)(
M

n

)2
. (6.4.7)

Similarly, for the second step we need to pick one of the p− 2 strands of length M/n and
join it to the 2M/n strand, giving

(p− 2)M
n

2M
n
, (6.4.8)

and so on. We notice that all factors after the first one will have (M/n)2 and a product
of the length of the long strand times how many single strands we have left. Therefore,
the total number of ways in which we can do this kind of joining is(

p

2

)(
M

n

)2 n−1∏
i=2

(
M

n

)2
i(p− i) = 1

2

(
M

n

)2n
(n− 1)! p!

(p− n)! . (6.4.9)

Notice that this result is valid for any n. We will now calculate the opposite case, the
one shown in figure 6.0.1b. In this case we will need to assume n to be a power of 2, to
simplify the expressions. As we will comment later in section 6.4.4, nothing qualitatively
new happens when n is not a power of 2.

The counting is completely analogous to the one above, but the product will be harder
to compute this time. Again, to make things visual we include a picture of the gluing
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Figure 6.4.3: Joining strands creating pairs of equal size. We sketch the start of the
procedure only. We include some of the combinatorial factors here. The gluing operator
can be inserted, for each strand, at any position within it.

process with some numbers, figure 6.4.3. The first step is the same one as before. The
second step this time will be to take two of the remaining p − 2 strands of length M/n

and join them in another pair of length 2M/n. We can do this in(
p− 2

2

)(
M

n

)2
(6.4.10)

ways, as we can see in figure 6.4.3. Next, we repeat the process but now we will have two
strands of length M/n less, as we joined two in the previous step. Repeating this process,
we see that the factor that we obtain from creating n/2 strands of length 2M/n isn

2−1∏
i=0

(
p− 2i

2

)(
M

n

)2
 =

(
M

n

)n 1
2
n
2

p!
(p− n)! . (6.4.11)

Now we need to repeat the same process, but we start with n/2 strands of length 2M/n

and join them in pairs to create strands of length 4M/n. We can look for all the coefficients
again and multiply them, or just use the equation above and change it accordingly. In
any case, the result for moving our state from n/2 2M/n strands to n/4 4M/n strands isn

4−1∏
i=0

(
p− n

2 − 2i
2

)(2M
n

)2
 =

(2M
n

)n
2 1

2
n
4

(
p− n

2
)
!

(p− n)! . (6.4.12)

We need to keep repeating this process until we have just two strands of length M/2, and
then the final step is just to join them. We have also included this last coefficient in figure
6.4.3. Let us recall that we are assuming n to be a power of two, and so we end up using
all the initial strands following this process. If we write all the contributions together we
obtain [(

M

n

)n 1
2
n
2

p!
(p− n)!

]
·
[(2M

n

)n
2 1

2
n
4

(
p− n

2
)
!

(p− n)!

]
·
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·
[(4M

n

)n
4 1

2
n
8

(
p− n

2 −
n
4
)
!

(p− n)!

]
· ... ·

[(
p− n+ 2

2

)((n− 2)M
n

)2]
=

=
log2 n∏
j=1




n

2j
−1∏

i=0

(
p−

∑j−1
k=1

n
2k − 2i

2

)(
2j−1M

n

)2

 . (6.4.13)

The product in i is straightforward to compute, but the product in j is more involved.
After doing the i multiplication, we separate the product above in three products, which
we will calculate separately. They arelog2 n∏

j=1
2(2j−3) n

2j

 ·
log2 n∏

j=1

(
M

n

) n

2j−1

 ·
log2 n∏

j=1

(
p− n

2j (2j − 2)
)
!

(p− n)!

 . (6.4.14)

The first two factors are easy to obtain. The first one islog2 n∏
j=1

2(2j−3) n
2j

 = 2
∑log2 n

j=1
nj

2j−1 2−
∑log2 n

j=1
3n
2j = 2n−1

n2 , (6.4.15)

and the second one is log2 n∏
j=1

(
M

n

) n

2j−1

 =
(
M

n

)2(n−1)
. (6.4.16)

We need some more work to obtain the result for the third product. The product as it is
cannot be calculated for generic p as far as we are aware, as there is no formula that gives
its result. We will consider the case p = n, as that one can be summed. Notice that in
this case the product reduces to the product of factorials of all the powers of 2 until n,log2 n∏

j=1

(
n

2j−1

)
!

 . (6.4.17)

As far as we are aware, there is no exact expression for this product either. However it
grows very fast, and so Stirling’s formula, which we gave in equation (5.2.2), will be a
good approximation1. Let us rewrite, for convenience, the product above as

F (k) :=
k−1∏
j=0

(
2k−j

)
!, (6.4.18)

where we are using n = 2k, for some k ∈ N. Then,

lnF (k) =
k−1∑
j=0

ln
[(

2k−j
)
!
]
. (6.4.19)

1Using Stirling’s approximation with the exact product (not setting p = n) also results in a sum which
cannot be performed by any methods we are aware of.
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Using Stirling’s approximation, this can be rewritten for large n as

lnF (k) ≈
k−1∑
j=0

(
2k−j ln

(
2k−j

)
− 2k−j

)
= 2n ln

(
n

2

)
+ 2 ln 2 + 2− 2n, (6.4.20)

where in the second equality we computed the sums and substituted back to n. Then, the
third factor gives

log2 n∏
j=1

(
n

2j−1

)
! ≈ n2n41−ne2−2n. (6.4.21)

We have now calculated the three factors that we needed in equation (6.4.14). Multiplying
them, we see that the total number of ways in which we can do this kind of joining is, for
large n and n being a power of 2, (

M2

2e2

)n−1

. (6.4.22)

We now need to compare both results, (6.4.9) with p = n and (6.4.22). Clearly (6.4.22)
is bigger, as we are in the large n limit. To be more precise, if we take the logarithm of
both expressions and use Stirling’s approximation for (6.4.9) we obtain

2n lnM − n lnn− ln 2− 2n+ 1 + (n− 1) ln(n− 1), (6.4.23)

whereas taking the logarithm of (6.4.22) yields

2n lnM − 2 lnM − (n− 1) ln
(
2e2
)
. (6.4.24)

Since we are taking the large n limit, (6.4.22) is bigger.

This means that there are many more ways to join the strands by creating pairs of equal
size than accumulating them all together in one big strand, which was to be expected.
However, we are not finished with the counting. We just saw that the counting is bigger
when we join them in pairs, and in the previous section we saw that the c coefficient is
the same for both cases. However, these are the two limit cases. There are many ways
in which we can join all the strands. For instance, we could create three pairs of length
2M/n, and then join everything together in one big strand by accumulating them, just
as we did above. That is, we can have a process which is a combination of both limit
processes that we just calculated.

It is important to notice though that we calculated the two limit cases, and any other
case will be a mixture of the two, and so will give a smaller result than (6.4.22) and bigger
than (6.4.9). However, there are a lot of intermediate cases; there are a lot of ways in
which the n strands can be joined. The number of ways may in fact change the scaling
with n of the result, and so we need to calculate it.
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Figure 6.4.4: There are two different ways in which we can go from the partition 1,1,1,1
to the partition 4.

So, the problem at hand now is to find in how many ways we can join all the strands
in one. As it seems natural at this point, this problem is also within the integer partitions
theory. This counting is equivalent to finding in how many ways we can go from the
partition of n 1, ..., 1 to the partition n by adding numbers in pairs. For example, for four
we have only two ways, as we show in figure 6.4.4. Finding this for arbitrary n is again
a very difficult problem in number theory. And again, as far as we are aware there is no
exact formula for this counting. However, the scaling with n is known for the case of large
n. Paul Erdős and collaborators found that, if f(n) is the number we want to find and c1

and c2 are constants, then [144]

cn1n
n
2 < f(n) < cn2n

n
2 . (6.4.25)

They suggest c1 to be 0.75 and find c2 to be 8
√

2. For details on the proof we refer to
that paper. We just want to mention that in the proof Stirling’s formula is also used, and
so our previous assumption of n being large is consistent. We do include a figure inspired
by that paper to illustrate the problem better, and show that f(n) grows very fast by
studying the case n = 7; figure 6.4.5. For our case at hand we will ignore the constants, as
we are only concerned about the scaling with n and the main contribution comes from the
other factor. Therefore, we approximate it by saying that the number of ways in which
we can join n strands two by two to get a single strand is n

n
2 .

We now have all the coefficients that we need to compute the one point function, so
let us put them all together.

6.4.3 Result

In the previous section we learned that the dominant way in which the strings are joined
two by two is the one depicted in figure 6.4.3. However, we were able to calculate the α
coefficient in that case, as we could not do the counting for generic p. Therefore, we will
use the coefficients that we obtained for the other case. Since we know that is the smallest
case, the result that we obtain is a lower bound. First let us find α, which corresponds
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Figure 6.4.5: Number of ways of going from the partition 1,...,1 to 7. The numbers next
to the partitions are the number of distinct paths from the original set. In this case we
have f(7) = 33. Figure taken from [144].

to the matching of number of terms. We calculated the number of ways in which we can
apply the n − 1 Σ2 operators in the case where we keep gluing the single length strands
to the same one in (6.4.9). Therefore, we have

1
2

(
M

n

)2n
(n− 1)! p!

(p− n)!N (p) = αN (p− n). (6.4.26)

Solving for α we obtain

α2b2t = M

(
N

M
− p

n
+ 1

) 1
2

(
M

n

)n
(n− 1)!. (6.4.27)

Before we compare both results we give the result of this (n − 1)-point function in the
short strand case, so that we can already compare its result to the one obtained in section
6.3. It is 〈(

Σ−−̇2

)n−1
〉
t

= (NΣ2)n−1AnB̄cn2b2t

1
2

(
M

n

)n
(n− 1)!, (6.4.28)

where NΣ2 is given in equation (2.1.62) and cn2b2t is given in (6.4.3). Now, this is the one
point function if the only gluing process we consider is the one depicted in figure 6.4.2. As
we have seen, this process is the one that will give the smallest answer to the one point
function. Even if it is the only one that we have calculated exactly, as we have argued
we have nn/2 ways of doing this process, and the α factors for all the other processes will
be bigger. We can check this if we set p = n in (6.4.9) and compare it to (6.4.22). If we
want to obtain an answer for the full one point function we need to consider all joinings.
Clearly, if we multiply the result (6.4.28) by the number of ways we can join, we will
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obtain a lower bound for this (n− 1)-point function. Hence, the answer is

〈(
Σ−−̇2

)n−1
〉
> AnB̄M(n− 1)!

(√
n

2

)n (
n

N(N − 1)

)n−1
2
. (6.4.29)

6.4.4 n not being a power of two

We have now computed both n-point functions. As we saw in section 6.3, the result of
the one point function of Σ−−̇n , equation (5.2.47) is valid for any n. However, as we have
just seen, (6.4.29) is only valid when n is a power of two, because we join the strands in
pairs. This does not mean that we can only calculate this n − 1-point function in that
case, though. If n is not a power of two we simply need to look for the biggest power of
two smaller than n, do the process for that subset, and do the same for the smaller subset
which is not a power of two. Clearly the result will be longer to write, but the calculation
is exactly the same, and we will just end up with a product of results of the form (6.4.29).
For tidiness we keep assuming that n is a power of two.

6.5 Comparison of results

We now have all the results we needed, so the last thing that we have to do is to compare
the result of both calculations, to see which one is bigger. Let us recall again that (6.4.29)
is a lower bound, and so the scaling of n of this one point function is higher than what we
use in this section. Also, notice that to compare both results we do not need to use the
answers we obtained in the short strand limit, nor we need to take the long strand limit or
worry about the f(α) polynomial. The process described by both operators is the same,
and so the calculations are exactly the same except for the α and c coefficients. Since
these are independent of the sum index (except for a term in the α coefficient, which is
the same in both cases), all factors which are different for both calculations come out of
the sums, and thus the sums cancel. Therefore, to compare both answers we only need to
divide the c and α factors and the normalisations of the twists. By doing so we obtain〈(

Σ−−̇2

)n−1
〉

〈
Σ−−̇n

〉 &
n!(n− 1)!Mnn

M
n

(
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2
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2 +n

2 ((n− 1)2(nā)n−2Λ−1)
1
2 (n−1)(1−M

n ) ( n
N(N−1)...(N−n+1)

) 1
2
,

(6.5.1)
where

Λ =
(
1 + n(n− 1)(n−1) − nn−1

)
(6.5.2)
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and
ān−1 = n

(
1− 1

n

)n−1
− 1. (6.5.3)

As we can see, depending on the values of M and n the fraction above will either go to
zero or infinity in the large N limit. Namely, for large values ofM it will go to infinity. To
see this more clearly, let us simplify the result. Let us recall that we are assuming n� 1,
however we can have the case 1 � n � N . Let us assume this is the case. Then, the
equation above simplifies to〈(

Σ−−̇2

)n−1
〉

〈
Σ−−̇n
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n!(n− 1)!Mnn
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2
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2 +n

2 + 1
2 ((n− 1)2(nā)n−2Λ−1)

1
2 (n−1)(1−M

n )N
1−n2 . (6.5.4)

Let us now approximate for large n, just as we did at the end of chapter 4, and assume
M ≈ N . Then, we find 〈(

Σ−−̇2

)n−1
〉

〈
Σ−−̇n

〉 ≈ n!(n− 1)!M1+n
2 n

M
2n

2
n+1

2 nn
, (6.5.5)

which leads to 〈(
Σ−−̇2

)n−1
〉

〈
Σ−−̇n

〉 → +∞ for M ≈ N →∞. (6.5.6)

So, ifM is of order N then 〈(Σ−−̇2 )n−1〉 will be bigger. IfM is orders of magnitude smaller
than N then the one point function 〈Σ−−̇n 〉 has a bigger value. Thus, the joining of strands
with multiple twist operators should also need to be considered, as the expectation values
of both calculations can be of the same order of magnitude depending on the case.

As we have seen there are many contributions that play a role here, but the main
difference comes from combinatorics. There are many ways in which all the Σ2 operators
can be inserted, and that gives a very big contribution, whereas for Σn the process is much
more restricted, the number of ways in which the gluing can be done is much smaller, and
so the coefficients also are. Let us recall that we have done the comparison with a lower
bound of 〈(Σ−−̇2 )n−1〉. By looking at equations (6.4.14) and (6.4.22) we see that its upper
bound will have higher powers of n and M . Therefore, the qualitative comparison done
above holds in the same way for the upper bound as well.

There is an obvious extension to this result to obtain a stronger one, which we consider
in the next section. Up until now we have been concerned about two ways of joining
strands: all at the same time, or by pairs. However, there are many more ways to join
strands. So far we have only used the Σ2 twist and the Σn, but there are also twist
operators Σi, for 2 ≤ i ≤ n. Let us see how this is translated in terms of n-point functions.
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6.6 All possible ways of joining the strands

As we just said, we have computed the n-point function when we join strands two by
two, and when we join them all at the same time. However, we could have also joined
them all three by three, if n was a power of three. Or with any combination of gluing
operators, up to Σn. That is, for every n we have as many possibilities for joining them
as possible combinations of twist operators are there that will join them all together.
Rephrasing this in terms of integer partitions, there are as many ways of joining the n
strands as there are partitions of n that do not contain 1 as a part. This is another hard
problem in number theory related to integer partitions. The sequence that results from
this counting is recorded in the On-Line Encyclopedia of Integer Sequences (OEIS). It is
the sequence A002865 [145]. Again, there is no exact formula for this counting, but it
grows exponentially fast with n. There is an approximate formula for this counting, which
is

πe
√

2n
3 π

12
√

2n
3
2

1−
3
√

3
2

π + 13π
24
√

6√
n

+
217π2

6912 + 9
2π2 + 13

8
n

 . (6.6.1)

So, there are many ways to do the joining, and in the previous sections we have calculated
the two limit cases. Let us recall that the final answer for the one point functions is highly
dependant on the combinatorics of the joining of the strands, that is, in how many ways
we can apply the gluing operators. Clearly joining the strands two by two is the case
where we have the most combinations, and joining them all together in one step is the
case where we have the least. We also need to take into account the normalisations of the
twists, which will give different powers of N . Thus, just as it happened in the previous
case, equation (6.5.1), in all the intermediate cases the corresponding one point function
will have a value comparable to 〈Σn〉 depending on how big M (and n) are.

Calculating the n-point functions in the middle by the same methods we used would
not be straightforward, as we would need to count all the possible ways of joining. For
Σ2 we used the result from Erdős’ paper [144], but that counting has not been studied for
any other integer as far as we are aware. To finish this chapter let us give an example to
illustrate what the counting problem is.

Assume that n is a power of m, where m is a natural number bigger than two. Thus,
let n = mk, for some positive integer k. It is straightforward to see that if we want to
join all the strands using only Σm we will need to do (n− 1)/(m− 1) steps, that is, that
the n-point function that we would want to calculate is 〈(Σm)

n−1
m−1 〉. However, to calculate

it we would need to know in how many ways we can join the n strands by joining m in
each step. As we said above, this has only been studied for m = 2 so far, which is the
calculation we did in the previous section. Just to get an idea, the number of possible
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ways grows very fast for m > 2 as well, but slower than for two, as would be expected. For
example, if m = 3, then we have one combination for k = 1, five combinations for k = 2
and 5,026,161 combinations for k = 3. Also, we would need to consider all combinations
of twist operators that add up to n, which again results in problems within the theory of
integer partitions that have not been solved, as far as we are aware.

These countings need to be studied carefully in all their limits, as they might point
towards other relevant subclasses of microstates. The bounds given for the results might
also help in the holographic calculations, as some of these multi-particle one point functions
are also relevant in supergravity.
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CHAPTER 7

Review of results and conclusions

In this section we collect all the main results obtained in this part of the thesis.

7.1 Correlation function for a twist n operator

The main result of chapter 4 is the correlation function (4.3.102), which is

〈OR(0,0))
M |O(0,0)

n |
n∏
i=1
OR(0,0)
mi 〉 =

= M
1
2 (M+2−n)

n

∏
i

|1− āi|
1
2 (mi−1)(n−1)∏

j

m
− 1

2 (mj+1)
j

∏
j 6=k
|āj − āk|

1
2 (1−mk), (7.1.1)

where

āi = 1 + āeiφi

1− mi
M

, ā =
(
M

m1

n∏
i=2

(
1− mi

M

)
− 1

) 1
n−1

(7.1.2)

and the phases are

(n− 1) ∈ 2Z : φi = (i− 1)π
n− 1 , φi+1 = −(i− 1)π

n− 1 , i ∈ 2Z, i ≥ 2
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n ∈ 2Z : φ2 = 0, φi = (i− 1)π
n− 1 , φi+1 = −(i− 1)π

n− 1 , (i− 1) ∈ 2Z, i ≥ 3.

(7.1.3)

For n = 2, 3 this expression greatly simplifies. Plugging n = 2 yields

〈OR(0,0))
M |O(0,0)

2 (w0)|OR(0,0)
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2m1m2
, (7.1.4)

and with n = 3 the result is
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The other explicit result we have given is for the case of equal mi,
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)
. (7.1.7)

For large n this simplifies to
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7.2 One point functions

This is not meant to be a list of all one point functions, but a summary of the results of
the exemplary cases solved in chapter 5. We start by listing the results in the short strand
case.

7.2.1 Short strand one point functions

In the short strand case we have obtained the following results:
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〈Σ−−̇n 〉short = |Σ−−̇n |−1cn
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= AnĀ2
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These results are equations (5.2.19), (5.2.27), (5.2.36), (5.2.47), (5.2.64) and (5.2.72) re-
spectively. We have also given some combinatorics to calculate the 〈Σ+−̇

n 〉 one point func-
tion for 1/8-BPS states. However we have not given the final answer for that correlator,
as to do that we need the commutator [Σ+−̇

n ,⊗rJ(r)].

7.2.2 Long strand one point functions

In the two-charge case we have obtained general results for the Σ−−̇n and for the O−−̇(r)
operators. They are
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which are equations (5.3.28) and (5.3.34). f(α1, ..., αn) are polynomials independent of N ,
with the αi parameters taking values in the (0, 1) interval. The polynomials are of order
one for all values of the αi, and they diverge at the (excluded) boundary values. We have
given explicit examples of the polynomials in section 5.3.1.4.

In the three-charge case we have obtained the following results,
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which are equations (5.3.89), (5.3.99), (5.3.107), (5.3.125) and (5.3.132).

7.2.3 Comparison between short and long strand results

Comparing the results we have seen that
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which are equations (5.3.29), (5.3.35), (5.3.127) and (5.3.108). As we can see, all the long
strand ones are suppressed by at least 1/N with respect to the short ones, except for the
R-symmetry current mode. As we said, this indicates that one point functions for long
strand states are comparable to supergravity corrections.

7.3 Different ways of joining strands

In section 6.4 we have been concerned about the n-point function for the Σ−−̇2 twist
operator. We have obtained a lower bound for it, equation (6.4.29), which is
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We have also estimated the upper bound, counted all other n-point functions of products
of twist operators and commented the result. In the last section we have found the exact
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result, using the lower bound for 〈(Σ−−̇2 )n−1〉,〈(
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and we have also seen that the number of combinations of twist operators that study the
same process scales like
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and so we have a large number of n-point functions which, depending in the lengths of the
strands we join, will have values comparable (or bigger) to 〈Σ−−̇n 〉.

7.4 Conclusions

The main result of chapter 4 is a general expression for the amplitude for joining n strings
using a twist operator, equation (4.3.102). As discussed in section 4.2, this amplitude
can be used to compute one point functions for supergravity operators in 2-charge and
3-charge black hole microstates, as shown in chapter 5. While the black hole microstate
programme was the main motivation for the current work, correlation functions in the
orbifold SCFT are interesting in a number of other contexts.

In the early days of AdS/CFT, the spectrum and cubic couplings for six-dimensional
N = 4b supergravity were calculated [146, 147]; these allowed the spectrum of chiral
primary operators and three point functions of chiral primaries to be calculated. The
correlation functions discussed here could be matched with higher point functions from
the supergravity side, although this would require higher point supergravity interactions
to be computed.

The holographic duality for AdS3× S3× S3× S1 was for a long time mysterious, with
conjectures for the corresponding SCFT with large N = 4 supersymmetry discussed in
[148, 149]. There has recently been considerable progress on this subject, see [150–153],
with the holographic duals being conjectured to be symmetric orbifolds of minimal models.
The supergravity spectrum was computed in detail in [151], to match with the dual SCFT.
Integrability was also used to study the spectrum in [154]. The techniques of chapter 4
would be relevant to computing correlation functions in the orbifold CFT to match the
holographic correlation functions.
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Chapters 5 and 6 further expand the precision holography calculations of the D1-D5
system, in particular by showing explicitly that one point functions in the long string are
suppressed parametrically with N with respect to the short string ones. This relation was
already discussed in the early works of Lunin and Mathur [116, 121], where they argued
this suppression in the presence of long twists. These results and the techniques for the
combinatorial factors would be relevant for the matching with the supergravity side, as
well as for corroborating the expected behaviours of the different n-point functions. See
chapter 11 for the outlook of this work.
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CHAPTER 8

Introduction

As mentioned in the general introduction, section 1.5, Strominger and Vafa were the firsts
to reproduce the entropy of a black hole by counting microstates in string theory [45].
That, combined with the advent of the holographic principle led to the study of black
hole microstates and the most widely accepted explanation to date: the fuzzball proposal
[155]. As seen in the previous parts, the most studied system is the D1-D5, where many
microstates have been explicitly constructed. In particular we have studied the so-called
superstrata solutions. We have used them in chapters 5 and 6, where we have performed
precision holography calculations.

To reproduce the entropy of the black hole the microstates do not need to be charac-
terised though, as mentioned earlier. They only need to be counted. Therefore, a natural
question that comes to mind is: what fraction of the total number of microstates are
superstrata solutions? The most direct way to work towards answering this question is to
count them in the CFT: since there is a CFT description of the microstates, if one is able
to count how many have the superstrata structure then the desired ratio would be found.

It is known that, in the D1-D5-P system, the total number of microstates is obtained
by counting in how many ways we can add the momentum P to the strings [35, 69].
There is also ongoing effort to refine this calculation, and match the counting of black
hole microstates to black hole entropy at sub-leading orders. This is achieved by using
mock modular forms and supersymmetric indices, among other advanced mathematical
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methods. See [156, 157] for reviews and [158] for recent results in black hole microstate
counting in higher dimensions.

Our aim in this part is different, in the sense that we want to count directly and exactly
a subclass of microstates. Therefore we will not be using supersymmetric indices nor any
dualities. Our only tools will be some basic definitions and theorems on integer partitions.
At the end of chapter 9 we also present a computer program written in C which performs
the counting in a very efficient way, but has some limitations that we will discuss later.



CHAPTER 9

Direct counting of states

In this chapter we tackle a similar problem as in part II but from a different perspective.
Using the CFT description we present preliminary results on the counting of how many
microstates have been understood so far. To do so we translate this counting problem to
a number theory problem within the theory of integer partitions.

9.1 Layout

The plan of this chapter is to recall the CFT structure of superstrata microstates and
realise that counting them can be understood as a simple number theory problem. This
is done in section 9.2 for integer modes of the R-symmetry current. In section 9.3 we
present the C code which implements this counting and comment it. Last, we present
some preliminary results on the counting for fractional modes in section 9.4.

9.2 Counting of CFT states: integer modes

The main goal in this section is to count what fraction of the total number of microstates
are superstrata solutions with integer modes for the R-symmetry current. In other words,
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we want to count how many terms does

∑
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∏
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 . (9.2.1)

have. The Fourier coefficients and numerical factors are irrelevant for our counting, so we
will be dropping them from now on. The constraints on the indices are essential for this
counting however, so let us recall them here. The total winding for a physical states is N ,
and so the strands must satisfy

∑
S,κ

|S〉N
S
κ,mκ

κ = N. (9.2.2)

Also, the power mκ must be smaller or equal than κ, as otherwise the state vanishes. See
chapter 5 for some explicit examples.

Counting how many states of the form (9.2.1) satisfy the constraints above is not
straightforward. Thus we start by considering simpler states, and formulating and solving
the counting for those cases. After that we will build up to the general case we just
described.

9.2.1 Counting the simplest 1/4-BPS states

As a first approximation we will count the number of states under the assumption that
we have only one kind of strand, say, |++〉n. So, in the constraint (9.2.2) this translates
to setting S = ++. Then, we can have terms like

|++〉N , |++〉N−1 |++〉1 , ... ,
N∏
i=1
|++〉1 (9.2.3)

and all other possible combinations of products of strands that add up to N . Clearly,
finding the number of terms is equivalent to finding the number of ways the positive
integer N can be written as a sum of positive integers. This is known as finding the
partitions of N , which is a classic problem in number theory [159]. See section 2.1.1 for
the definition of this problem.

The answer is given in terms of unrestricted partitions, which are counted by a number
that is usually denoted p(N) and is exactly what we are looking for. It can be computed
using Euler’s recursion formula [159], but we would like to find an exact, non-recursive
answer. There is a closed expression for p(N) [112], which may not be directly relevant
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for us but is useful to keep in mind. It is
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with ωh,k the following 24kth root of unity,
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s(h, k) =
k−1∑
µ=1

(
µ

k
−
[
µ

k

]
− 1

2

)(
hµ

k
−
[
hµ

k

]
− 1

2

)
. (9.2.7)

This closed expression is not very manageable, however we are interested in the value for
N →∞. The asymptotic expression for p(N) when N is large is [159]
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3
, N →∞. (9.2.8)

Notice that this already gives us an important result. This means that the number of
states which consist only of products of |++〉n strands, namely
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is already

p(N) ∼ eπ
√

2
3
√
N

4N
√

3
(9.2.10)

for N →∞. Thus this counting is already recovering the expected exponential growth for
the total number d(N) of microstates of the system, as expected. Let us recall that d(N)
at leading order is [35]

d(N) ≈ e2π
√

C
6 N , (9.2.11)

where C = 12 for T4 and C = 24 for K3. This counting with one colour is counting
the ground states corresponding to only one cohomology. When taking all of them into
account, equation (9.2.11) is recovered.

As we have just seen for this warm-up example there is an exact formula which gives
the counting, equation (9.2.4). However this will not be the case for more complicated
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countings. In the more complicated cases it will be very useful to write a generating
function for the problem. Namely, a function which after we expand as a polynomial gives
us p(n) as the numerical factor for the n-th power term.

9.2.1.1 Generating function

The generating function for this problem is well known. However, let us give some intu-
ition to see where this function comes from, as it will make the following sections more
transparent. We want to find all possible ways to write a given integer N as a sum of
positive integers. N itself is a way of writing it, and then we have to start considering all
combinations of smaller numbers, until we have N 1’s. As a start, consider the sum

q0 + q + q2 + q3 + ... . (9.2.12)

Each term can be thought of as having as many 1’s as the power of q. That is, q would
represent 1, q2 would represent 1 + 1 and so on. Consider the same for the 2’s,

q0 + q2 + q4 + q6 + ... , (9.2.13)

where in this case q2 would be 2, q4 would be 2 + 2 and in general the nth term would
correspond to having n 2’s (which is the term q2n). Now consider the multiplication of
these two sums,

(1 + q + q2 + q3 + ...)(1 + q2 + q4 + q6 + ...). (9.2.14)

After we multiply them we obtain the following sum,

(1 + q + q2 + q3 + ...)(1 + q2 + q4 + q6 + ...) = 1 + q + 2q2 + 2q3 + ... =

= 1 + a1q + a2q2 + ... (9.2.15)

If we think of each term before multiplying as the number of 1’s or 2’s, it is clear that the
number an in the final sum is the number of ways of writing n as a sum of 1’s and/or 2’s.
For instance, a3 = 2 because we have 1 + 1 + 1 and 2 + 1 (2 + 1 and 1 + 2 are the same
partition of 3). These two come from multiplying q3 in the first parenthesis with 1 in the
second parenthesis and q in the first parenthesis with q2 in the second parenthesis.

Hence, we have just found the generating function for all partitions of N where the
biggest number possible in any partition is 2. We will denote this restricted partition by
p2(N). Notice also that the sum for each number, each parenthesis in equation (9.2.15),
is a geometric series, which we know how to sum for q < 1. To be more precise, let q ∈ R,
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|q| < 1. Then
∞∑
n=0

qn = 1
1− qn . (9.2.16)

Clearly, if we consider j ∈ N \ {0} we then have

1 +
∞∑
n=1

pj(n)qn =
j∏

n=1

1
1− qn (9.2.17)

which is the generating function for the integer partitions that we were looking for. Notice
that

lim
j→∞

pj(n) = p(n). (9.2.18)

and, in particular, the equality above holds for all j ≥ n without the limit.

In the following sections we will be interested in other restrictions for the integer
partitions. In particular, we will be interested in finding partitions of N in which the
largest part has size j, and j is present in the partition. In other words, partitions where
j is the biggest number that appears. We will denote them by p(N, j). This turns out
to be equal to the number partitions of N into j parts, as can be seen representing the
partitions graphically. Notice also that

p(n) =
n∑
j=1

p(n, j), (9.2.19)

and that all partitions counted by p(N, j) are also counted by pj(N).

We will also be interested in the generating function for this restricted partition. From
our discussion above, it is clear that a generating function for p(N, j) is

j∏
n=1

1
1− qn −

j−1∏
n=1

1
1− qn . (9.2.20)

Another generating function for this restricted partition is

qj
j∏

n=1

1
1− qn . (9.2.21)

Coming back to unrestricted partitions, we would like to obtain the asymptotic ex-
pression (9.2.8) from the generating function (9.2.17). This is achieved using Meinardus’
theorem. We leave the discussion of this theorem for the next section, as its result is more
general.
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9.2.2 Counting 1/4-BPS states: adding colours

In the last section we did the counting using only |++〉κ ground states. The objective
is now to repeat this counting but in a more general way; we want to solve the same
counting problem but using all five ground states. Hence we are now counting general
1/4-BPS states, which with out notation read

∑∑
κ,S

κN
(S)
κ =N

1≤κ≤N

(∏
κ

(A(S)
κ |S〉κ)N

(S)
κ

)
, (9.2.22)

where now S = ++,+−,−+,−−, 00. As before, we keep the Fourier coefficients A(S)
κ for

completeness, but they do not play any role in the counting. Just as in the previous case,
we would like to formulate this problem in a more manageable way, that is, in terms of
integer partitions. We are now counting the same as we were doing before, but we have
more possibilities for each strand. Namely, for a single strand of length N we will have
five possibilities, and many in the other cases as each strand can now have five different
appearances. This is the same as having coloured strands of the same kind or, equivalently,
as counting partitions of N but now using five colours to write each part in the partition.
Then, we have to count again the number of ways of writing N as a sum of positive
integers, and now we have to consider all possible colour combinations for each partition.
For example, for N = 3 with three colours, blue, red and yellow, three different terms can
be

1blue + 1blue + 1blue, 1blue + 1blue + 1red, 1yellow + 1yellow + 1yellow. (9.2.23)

In this case in total we have ten possibilities, which comes from the combinatorial number(
number of colours + number of parts - 1

number of parts

)
, (9.2.24)

where number of parts corresponds to the number of parts (numbers) in the partition under
consideration. We explain these combinatorics in section 9.3. In our case S represents 5
different strands, so that is equivalent to having 5 colours in this formulation. With our
description of the generating function for one colour (for one ground state) in the previous
section, it is now straightforward to obtain it for this case.

9.2.2.1 Generating function

Recalling our previous discussion on how to obtain the generating function for p(N) it
is clear that we only need to consider the same product many times. Therefore, the
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generating function for p5(N), the number of integer partitions of N with five colours is

p5(N) =
∞∏
n=1

1
(1− qn)5 (9.2.25)

or, in general, to the power of c ∈ N when considering c colours.

As we mentioned earlier, the asymptotic expression for p5(N) is given by Meinardus’
theorem ( [112] chapter 6). As we will sketch the start of its proof as a guidance for future
work in subsection 9.2.3.2, let us state the theorem with the corresponding definitions [112].

Consider the function

f(τ) =
∞∏
n=1

(1− qn)−an = 1 +
∞∑
n=1

r(n)qn, (9.2.26)

where q = e−τ , Re τ > 0 and an ∈ R+ ∪ {0}. Consider also the Dirichlet series

D(s) =
∞∑
n=1

an
ns
, (s = σ + it) (9.2.27)

which is assumed to converge for σ > α ∈ R+. So, D(s) possesses an analytic continuation
in the region σ ≥ −C0, with 0 < C0 < 1, and in this region D(s) is analytic except for a
pole of order 1 at s = α with residue A. Further assumptions are

D(s) = O(|t|C1) (9.2.28)

uniformly in σ ≥ −C0 as |t| → ∞, where C1 is a fixed positive real number, and also, if
we set

g(τ) =
∞∑
n=1

anq
n, q = e−τ , (9.2.29)

with τ = y + 2πix, x, y ∈ R, then we also assume that for |arg τ |> π/4, |x| ≤ 1/2,

Re(g(τ))− g(y) ≤ −C2y
−ε (9.2.30)

for sufficiently small y, where ε is an arbitrary fixed positive number and C2 is a suitably
chosen positive real number depending on ε. We are now ready to state Meinardus’
theorem.
Theorem 9.2.1. As n→∞,

r(n) = Cnκen
α
α+1 (1+ 1

α)[AΓ(α+1)ζ(α+1)]
1

α+1 (1 +O(n−κ1)),
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where ζ(s) is the Riemann zeta function, and

C = eD
′(0)[2π(1 + α)]−

1
2 [AΓ(α+ 1)ζ(α+ 1)]

1−2D(0)
2+2α ,

κ =
D(0)− 1− α

2
1 + α

,

κ1 = α

α+ 1 min
(
C0
α
− δ

4 ,
1
2 − δ

)
, (9.2.31)

with δ an arbitrary real number.

Let us now get the asymptotic expansion for (9.2.25). We have an = 5 for all n. Then,
the Dirichlet series is just five times the Riemann zeta function,

D(s) = 5ζ(s). (9.2.32)

Therefore, we have
D(0) = −5

2 , D′(0) = −5
2 log(2π), (9.2.33)

and also α = 1 and A = 5. Using as well that

ζ(2) = π2

6 , (9.2.34)

and noticing that (9.2.28) and (9.2.30) are satisfied because

g(τ) = 5
1− e−τ , (9.2.35)

then we find that the asymptotic formula for the partition function with 5 colours p5(n)
is

lim
n→∞

p5(n) =
√

5
3

5
96

1
n2 e

√
10
3 π
√
n. (9.2.36)

Again we find an exponential of
√
n. Let us recall that the total number of microstates in

the D1D5 system is, at leading order in T4, e2
√

2π
√
n. For five colours the numerical factor

in front of the exponential is √
10
3 = 1.82574, (9.2.37)

which is consistent with the total counting and with the fraction of ground states taken [35].
For c ∈ Z+ colours the asymptotic expression is, analogously,

pc(n) ≈ c
1
4 (1+c)

2 · 2
1
4 (1+3c)3

1
4 (1+c)

n−
α+c+2

4 e2π
√

c
6
√
n. (9.2.38)

We have now seen how the exact counting is obtained for two-charge microstates. Let
us recall that the aim of this section is to count a subclass of three-charge microstates
though, the superstrata, given in the CFT by equation (9.2.1). The next subsection
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presents progress towards obtaining this counting.

9.2.3 Counting the simplest 1/8-BPS state: adding a special colour

Let us recall equation (9.2.1), which are the states that we now want to count,

∑
{N(S)

κ,mκ}

∏
s,κ

(A(s)
κ |s〉κ)N

(s)
κ

∏
κ,mκ

(
Bκ,mκ
mκ! (J+

−1)mκ |00〉κ
)N(00)

κ,mκ

 . (9.2.39)

Again, the Fourier parameters A(s)
κ , Bκ,mκ are irrelevant for our counting at hand. Notice

that the three-charge strands have a more complicated structure, and when translated
to the integer partition language they do not correspond to just adding another colour.
These 1/8-BPS strands look like (

J+
−1

)mκ
|00〉κ , (9.2.40)

where mκ ≤ κ. That is, for a given κ, mκ is an integer that goes from 1 to κ. Certainly
if we want to consider fixed momentum P , a fixed third charge then mκ will not have
this freedom1. However it is also useful to consider the case where mκ can take any of its
values, as it gives insightful information as we show below.

So, let us consider the case where 1 ≤ mκ ≤ κ. In this case the three-charge strands
add many more terms to the counting than a colour does in the two-charge case. Namely,
every time we have a strand of length κ that is 1/8-BPS, we need to consider κ times that
state, because we will have the κ possible powers for the J+

−1 operator. In terms of the
colours terminology, we can think about this as a special colour. Imagine a colour, say,
purple, which every time that paints a number n it makes that partition count n times.
Let us give an example to clarify what we just said. Let N = 3, and consider the partition
2purple + 1red. It needs to be considered twice, as 2purple can correspond to

J+
−1 |00〉2 or

(
J+
−1

)2
|00〉2 . (9.2.41)

Let us recall once more that, as we said above, counting in this way we are not fixing P ,
the momentum added to the black hole. This means that, in particular, this counting will
give an upper bound for the total number of this kind of states. However there are other
interesting results that can be obtained by studying this case. Keeping this in mind, let us
find the generating function for the partitions with 5 colours plus the special one, p∗6(N).

1In this case mκ is fixed, but we need to consider products of the R-symmetry current which in total
add up to the desired charge. We do not consider this case in this thesis.
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9.2.3.1 Generating function

After our discussions on generating functions in previous subsections, obtaining the gen-
erating function for this case is easy2. If we want the generating function for the counting
with five colours plus the special one, then the product has two different factors: one
corresponding to the five normal colours, and another factor corresponding to the special.
To obtain the factor for the special colour, we can write once again the power series in q.
Then, we need to multiply each term by the number we are considering, as many times as
it appears. For instance, for the 1s we do not have to add any extra factors. For the 2s
we would have

1 + 2q2 + 22q4 + 23q6 + ..., (9.2.42)

and analogous for all other numbers. Thus, the generating function is

∞∏
N=1

1
(1− qN )5 (1 +NqN +N2q2N +N3q3N + ...) =

=
∞∏
N=1

1
(1− qN )5

1
(1−NqN ) . (9.2.43)

There is an important caveat here. The generating function that we have just written
does not include the S(N) symmetry, as can be first seen at N = 43. In order to take into
account the S(N) symmetry we should consider instead

∞∏
N=1

( 1
1− qN

)N
. (9.2.44)

While the results obtained with (9.2.43) are still an interesting initial case, it would be
very interesting to study the generating function we have just written in detail, to see how
the S(N) symmetry affects the result. We leave that as future work.

The objective now is to obtain the asymptotic expression for p∗6(n). In the previous
cases we have used Meinardus’ theorem, which gives us the large n behaviour. This
theorem cannot be directly used though, as the generating function has a different form;
the theorem does not apply with the new factor we have. We then have three ways to
continue this problem. One option is to expand Meinardus’ theorem and find the proof
for the case we need. In the next section we present the start of the proof for Meinadurs’
theorem and show where it stops working, leading the path to future work. Another option
would be to obtain the asymptotic expression using modular forms, in the spirit of [156].
We do not pursue this approach in this thesis. Last, we can do numerics to obtain the
result using brute force and computers. This is the approach we follow in section 9.3.

2We thank Professor George E. Andrews for this generation function and his explanations on the topic,
via private communication.

3We thank Rodolfo Russo for pointing this out.
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9.2.3.2 Asymptotics for the special colour

The aim of this section is to show the difficulties involved in extending Meinardus’ theorem
to the case with the special colour. This subsection follows from theorem 9.2.1 and the
definitions above, and we will be using the same notation, definitions and statements
without writing them again.

The proof of Meinardus’ theorem uses the saddle point method, and to apply it we
need to know how f(τ) behaves in the half-plane Re(τ) > 0, specially near τ = 0. In order
to figure this out, the first step in the proof is the following lemma.
Lemma 9.2.2. Under the assumptions on f(τ), D(s) and g(τ) given above 9.2.1, with
τ = y + 2πix,

f(τ) = exp
(
AΓ(α)ζ(α+ 1)τ−α −D(0) log τ +D′(0) +O(yC0)

)
(9.2.45)

uniformly in x as y → 0, provided | arg τ | ≤ π/4, |x| ≤ 1/2. Also, there exists a positive
ε1 such that

f(y + 2πix) = O
(
exp

[
AΓ(α)ζ(α+ 1)y−α − C3y

−ε1]) (9.2.46)

uniformly in x with yβ ≤ |x| ≤ 1/2, as y → 0, where

β = 1 + α

2

(
1− δ

2

)
, with 0 < δ <

2
3 , (9.2.47)

and C3 a fixed real number.

The proof starts as follows. First we write

log f(τ) = −
∞∑
ν=1

aν log(1− e−ντ ) =
∞∑
k=1

1
k

∞∑
ν=1

aνe
−νkτ . (9.2.48)

Now, recall that e−τ is the Mellin transform of Γ(s), i.e.,

e−τ = 1
2πi

∫ σ0+i∞

σ0−i∞
τ−sΓ(s)ds (for Re(τ) > 0, σ0 > 0). (9.2.49)

If we apply it to the exponential we get

log f(τ) = 1
2πi

∫ 1+α+i∞

1+α−i∞

( ∞∑
k=1

1
k
k−s

)( ∞∑
ν=1

aνν
−s
)
τ−sΓ(s)ds =

= 1
2πi

∫ 1+α+i∞

1+α−i∞
ζ(s+ 1)D(s)τ−sΓ(s)ds, (9.2.50)

where the interchange of summation and integration is permissible due to the absolute
convergence of the resulting integrated series. Then the proof follows by changing the line
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of integration, taking into account the poles of the integral, and using known properties
about the Riemann zeta function.

For our case at hand we have

f(τ) =
∞∏
N=1

(1− qN )−aN (1−NqN )−1, (9.2.51)

from where
log f(τ) =

∞∑
k=1

∞∑
ν=1

(aν + νk)e−νkτ , (9.2.52)

that is, we have one term that is the same as before and another term which is new. This
new term is more complicated, as it has the indices of the two sums. After plugging the
Mellin transform this leads to

log f(τ) = 1
2πi

∫ 1+α+i∞

1+α−i∞

∞∑
k=1

∞∑
ν=1

1
k

(aν + νk)ν−sτ−sk−sΓ(s)ds, (9.2.53)

assuming we can still move the sums inside the integral. After we perform one sum we
end up in one of the two following cases. If we sum first over ν we end up with

∞∑
k=1

k−s−1ζ(s− k). (9.2.54)

If we sum first over k we end up with

∞∑
ν=1

ν−sPloylog(1 + s, ν). (9.2.55)

To have a similar proof as the one presented in [112] we need to either write the sum above
in a known form, or to know its properties. There is no obvious easy form for these sums,
and we have not studied their properties any further. Let us turn our attention now to a
numerical study of the problem.

9.3 Numerical implementation

In this section we tackle the problem with a completely different method: we try to count
the partitions numerically. We do this following two different strategies. First, since we
have the generating functions for all the cases we can just expand them out up to very
high order and study the coefficients. This is easily done with Mathematica [161].

A second way to do this counting numerically is by brute force. So, counting all
partitions directly. In this section we present a program written in C which implements this
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counting in a very efficient way. The downside of this software we created is computation
time. For all these counting problems the computation time grows exponentially, and so
we can only obtain relatively low numbers with them. However, it is a very useful tool to
gain some insight on the problem and how the partitions are distributed in a first instance,
and since it constructs all partitions it also gives us more information than the one that
can be obtained from the partition function. Another advantage of this code is that it can
be easily adapted to other countings. If we want to count another subclass of microstates
for which we do not know the generating function, we can still just add the combinatorics
to this code and gain some insight for the initial hundred numbers or so. Let us now
describe how the program counts.

As we mentioned, computationally this is a very hard problem. So we need a good
strategy in order to solve it in the most efficient way. Constructing and writing out all
partitions is a possibility, but not the best one. A lot of memory is used to save them,
as it also grows exponentially. Writing them in a disk is also not an option, for the same
reason.

The best plan would be to find a closed formula for the counting, but that is a very
hard problem in number theory. However, what we can do is obtain a formula which,
even if it looks complicated, can be easily calculated by a computer. And this is what we
present here, for all three cases of the previous section. We have obtained a constructive,
non-recursive formula for p(N), pn(N) and p∗n(N), which is crucial for implementing this
problem numerically. For the first case, where we want to count the partitions of N with
only one colour, the formula is

p(N) = 1 +
N∑
A=2

bNA c∑
iA−0=1

⌊
N−iA−0(A−0)

A−1

⌋
∑

iA−1=0
· · ·

⌊
N−
∑A−3

j=0 iA−j(A−j)

2

⌋
∑
i2=0

1, (9.3.1)

where ik, 2 ≤ k ≤ A, k ∈ N is the number of k’s in the sequence (parts of the sequence
which are equal to k) and the number of 1’s is what remains until N , i.e. i1 = N −∑A
k=2 ikk. To give an idea of what the formula does, each sum in ik corresponds to a

number which forms that partition. We start considering the partition where (if allowed
for that partition) there is a number two, then two number twos, and so on. After that
we add one number three and consider all possibilities with the one’s and the two’s, then
we do the same with two number three’s and so on for all numbers, until we arrive to the
partition N .

Notice that each sum over A is independent, and so this computation can be easily
parallelised. In other words, we can run each sum in A (9.3.1) independently, which
in particular means that we can obtain any pn(N) without having to compute all other
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partitions. Note also that this formula does not only give p(N), but it also tells us
explicitly all sequences of numbers that sum N . This is essential when we want to paint
the partitions with colours. Last, when running this program all different numbers and
their multiplicity are saved in just two vectors, of length N , as we only need to keep track
and update the summation indices. Therefore, the memory usage is very small, and allows
us to compute fairly big numbers (much bigger than computation time allows).

Since computation time is a problem and doing some parallelisation is straightforward,
we made use of the University’s supercomputing facilities, IRIDIS 4. Thanks to it more
results were obtained, but the problem is so computationally complex that obtaining the
partitions for 250 gets close to the default computation time limit. In figure 9.3.1 we
present some of the results for this case obtained with IRIDIS, which we explain later
in subsection 9.3.1. Since results for bigger numbers cannot be obtained in this way, it
is hard to reproduce the known asymptotic expression for p(N), in anticipation for the
special colour case, where we do not know it.

Using the data gathered from the supercomputer there are other approaches that we
can take to try to recover the asymptotic expression. However, we expect them all to fail,
as if we can find an easy way to estimate the value of p(N + 1) from the previous ones
graphically, we would be solving in polynomial time a problem which takes exponential
time to solve. Consider for instance a plot where in the x axis we have the partitions
where the biggest part is x, and in the y axis the number of partitions that satisfy this.
This is figure 9.3.1 for the case with one colour. Then, we can try to obtain a curve which
reproduces the behaviour of some known p(N), and try to obtain the curve for the next
values of N . However, as far as we are aware this curve for p(N) is not easily approximated
by any simple function, and thus this option is a dead end. Instead, we can think of taking
the logarithm on the values of the x axis. Then the resulting function looks very much
like e−x2 , but not exactly. Again, though, we hit a dead end, as the approximation is only
good close to the numbers used as data, and quickly diverges for greater ones. And the
errors cannot be controlled, so the graphic method is not an option.

Let us now consider the coloured cases. Equation (9.3.1) can easily be changed so that
it counts with colours. As we said, the equation that the program calculates goes through
all partitions, constructing them. In the case with one colour, there is only one partition
with the same parts, and that is why the sum indices account for all partitions. In the
coloured case though we may have many partitions with the same parts, as the parts can
be painted with different colours. So we need to find a combinatorial factor which accounts
for these extra partitions.

In order to find it, we group the sequences in subsets of equal numbers. Consider the
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sequence
a0a0...a0a1...a1...an...an, (9.3.2)

which, if we consider the sum of all ai’s, gives N (so, (9.3.2) is a partition of N), and
where the part ai appears ni times. Let

I := {ai ∈ Z+ : ni > 1} (9.3.3)

be the set of all different numbers which appear more than once in the sequence, and

It := {ai ∈ Z+ : 0 ≤ i ≤ n} (9.3.4)

be the set of all different numbers in the sequence. Then, if we have c colours, the total
number of terms that we have when we add colours to the partition of N (9.3.2) is∏

ai∈I

(
c+ ni − 1

ni

) ∏
ai∈It\I

c

 . (9.3.5)

The first factor corresponds to the numbers which appear more than once in the partition.
The number of possibilities is the number of combinations with repetition: we have c
colours of the same number, and we count all possible ways of choosing ni of them. Order
does not matter and we can repeat colours. The second factor corresponds to parts which
appear only once in the partition, and so we just have to multiply by the number of colours
to count them all. Equation (9.3.5) can be rewritten as

∏
ai∈It

(
c+ ni − 1

ni

)
. (9.3.6)

This is the number of different possible partitions with the same numbers but different
colours. Therefore, if we want pc(N) we just need to plug this in equation (9.3.1) to obtain
the formula we want,

1 +
N∑
A=2

bNA c∑
iA−0=1

⌊
N−iA−0(A−0)

A−1

⌋
∑

iA−1=0
· · ·

⌊
N−
∑A−3

j=0 iA−j(A−j)

2

⌋
∑
i2=0

A−2∏
k=0

(
c+ iA−k − 1

iA−k

)
. (9.3.7)

Computation time is of course worse with the coloured case with respect to the non-
coloured one, as at each step we now need to calculate a combinatorial number in addition
to updating the limits. We present some results obtained with this code in the next
subsection, 9.3.1.

Last, we need to deal with the special colour case. So, we have to find an expression
analogous to equation (9.3.5), but for the special colour. To count the combinations with
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the special colour, we first count all possible combinations of that partition without the
numbers painted by the special colour, and then we add them back. Recalling that the
appearance of the special colour means that we count that partition as many times as
the product of numbers painted by that colour, we just need to consider one more colour
and multiply by the corresponding numbers. So, we need to count all combinations that
involve the special colour and know what that colour is painting in order to multiply for
the correct amount.

Consider again the generic partition given in equation (9.3.2), to see how this works.
We now have c+ 1 colours, where the extra one is the special one, purple. As an example,
let us assume n0 > 1, n1 > 2, and consider the counting for the partition where the only
parts painted in purple are the three numbers

a0purplea0purplea1purple . (9.3.8)

When counting these partitions, we have a factor coming from all parts of the partition
which are not a0 nor a1. In other words, we have a first factor which is the same as in the
previous section and corresponds to the partition a2...a2...an...an. We also have a factor
analogous to this one for all a0’s and a1’s which are not painted for the special colour.
And then we need to to multiply by a0a1a1, as this is what the special colour accounts
for. Therefore, the counting for this example sequence is

a0a1a1

 ∏
ai∈I
i 6=0,1

(
c+ ni − 1

ni

)
 ∏
ai∈It\I

c

(c+ (n0 − 1)− 1
n0 − 1

)(
c+ (n1 − 2)− 1

n1 − 2

)
. (9.3.9)

We need to do an analogous counting for all possible sequences where there is purple.
Adding for all of them gives the contribution of the special colour. Notice that, as expected,
in this case the number of partitions grows in a much faster way. To see this with a couple
of numbers, consider for instance the following sequence for 32,

5 4 4 4 3 3 3 3 2 1. (9.3.10)

With one colour, 32 has 8349 partitions. With 5 colours, this combination only already
has 306250 terms. With 6 colours, one of them being purple, some of the first paintings
give

5purple 306250 terms

4purple 525000 terms

4purple4purple 700000 terms

4purple4purple4purple 560000 terms
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5purple4purple3purple 787500 terms, (9.3.11)

and so on.

We can make the above counting for the special colour more systematically. Given
a subset of equal numbers, for instance n0, a0, we can count the colours and the special
colour by summing over all possibilities of painting with the special colour and multiplying
by the corresponding number. That means, computing

iA−k∑
m=0

(
iA−k −m+ c− 2

iA−k −m

)
(A− k)m. (9.3.12)

If we do this for every subset of equal numbers in a given partition, and multiply all the
results we obtain the total counting that we want. Therefore, the formula to count all
colours (including the special) for the partitions is

1 +
N∑
A=2

bNA c∑
iA−0=1

⌊
N−iA−0(A−0)

A−1

⌋
∑

iA−1=0
· · ·

⌊
N−
∑A−3

j=0 iA−j(A−j)

2

⌋
∑
i2=0

A−2∏
k=0

iA−k∑
m=0

(
iA−k −m+ c− 2

iA−k −m

)
(A− k)m.

(9.3.13)
This is the formula implemented in our program to count all partitions with c colours plus
the special one. Now that we have presented the method, we turn to the analysis of the
data.

9.3.1 Distribution of the number of states according to their length

As we mentioned earlier, graphical methods are not able to solve this problem. However
there are some interesting insights that can be obtained from the data of our program and
from the expansion of the generating function with Mathematica. As we have reviewed in
parts I and II, for the three-charge black hole we expect most of the microstates to be in
the long string sector. In terms of partitions, this translates in having the distribution of
partitions peak at higher and higher numbers as we increase N . To be more precise, for
each N we want to plot p(N, j) for 1 ≤ j ≤ N . Let us recall that p(N, j) gives partitions
of N in which the largest part has size j, and j is present in the partition. In figure 9.3.1
we present this plot for the case with one colour. Figure 9.3.2 has the plot for the case
with five colours, and figure 9.3.3 presents it for the case of five colours plus the special
one. Each coloured curve represents one number, N , as the legend shows. Then the
curves give, for each value j in the x axis, the value of p(N, j). As we can see for the
monocromatic case, figure 9.3.1 the distributions are peaked at a relatively low number.
Also, this peak in j moves to the right, to bigger numbers as we increase N , as we would
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Figure 9.3.1: Curves N , p(N, j) for the first 164 N ’s in the monocrom case, to see the
peaks plotted in 9.3.4

Figure 9.3.2: Curves N , p(N, j) for the first 158 N ’s in the colour case, to see the peaks
plotted in 9.3.5
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Figure 9.3.3: Curves N , p(N, j) for the first 148 N ’s in the special case, to see the peaks
plotted in 9.3.6

expect. The same happens for the case with five colours, figure 9.3.2, even though in this
case the peak is narrower and starts at lower numbers. If we add more colours this change
accentuates more, and for a large number of colours the peak stays at one.

The situation seems to be different for the case with the special colour, though, figure
9.3.3. In this case we are considering states with maximum charge j, and as we can see
the peaks are even narrower and they seem to stop moving to the right. In order to see
if this is true, we can obtain results for much higher numbers using Mathematica and the
generating function, as we mentioned earlier.

So, consider now the plots where in the x axis we represent N , and in the y axis we
represent the maximum of the previous curves, that is, maxj p(N, j). For example, if
N = 132 has a y value of 9 it means that for the number 132, most of the partitions
have 9 as the biggest number. The monocromatic case corresponds to figure 9.3.4. As we
can see, the intuition we got from the curves seems to be right, as this plot is still clearly
growing for N = 5000, and it does not seem to stabilise.

max
j∈{1,...,N}

p(N, j) (9.3.14)

for each N . The same happens in the coloured case, figure 9.3.5. For N = 5000 it is
growing as well, in a very similar way to the previous case. The opposite happens when
we add the special colour, though. As we can see in figure 9.3.6, the maximum grows very
quickly to eleven, and then it stabilises there. Notice that in this case we ran the code
for many more numbers, up to N = 10, 000. So, this plot seems to indicate that for the
special colour, for the superstrata microstates of momentum at most j, the distribution
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Figure 9.3.4: For each N we plot maxj p(N, j), that is, if p(N, j) gives the number of
partitions of N where the largest term is j, the plot shows for each N where most of the
states are. For the case with just one colour, we see that as N →∞ the peak also goes to
infinity.
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Figure 9.3.5: For each N we plot maxj p(N, j), that is, if p(N, j) gives the number of
partitions of N where the largest term is j, the plot shows for each N where most of the
states are. For the case with five colours, we see that as N → ∞ the peak also goes to
infinity.
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Figure 9.3.6: For each N we plot maxj p(N, j), that is, if p(N, j) gives the number of
partitions of N where the largest term is j, the plot shows for each N where most of the
states are. For the case with five colours plus the special one, we see that as N →∞ the
peak stabilises at 11.

of states seems to be highly peaked at a very low number, j = 11.

As we have mentioned earlier, these are preliminary results which should be supported
by analytic statements, but they seem to indicate that the superstrata microstates of
the form (9.4.3)are not mostly distributed in the large P charge sector, as would be
expected. Thus, the next natural step is to count and do this same analysis for more
general superstrata states, with fractional modes. We do that in the next section.

9.4 Counting of CFT states: fractional modes

As we have mentioned in the introduction 8, most of the 1/8-BPS states are expected
to be represented by fractional modes of the R-symmetry current. In this section we try
to do the counting for these states. As always, the first step is to understand how the
counting works and look for the generating function.

9.4.1 Counting special classes of microstates

Let us start by counting special classes of superstrata microstates. As an example, consider
the counting for the following states obtained from FSF (2.2.7) [89]

(|++〉k)
n1

∏
m̂,n̂,p̂

(
(J+
−1/k)

kp̂ |00〉k2p̂

)n2,p̂
(
(J+
−1/k)

kn̂ |++〉k(kn̂+1)

)n3,n̂ ⊗
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⊗
(
(J+
−1/k)

km̂ |−−〉k(km̂−1)

)n4,m̂
. (9.4.1)

In this case an exact counting is not needed. After considering the constraints in the
different parameters, the N → ∞ behaviour of the total counting is polynomial, not
exponential. Let us see this.

As mentioned in [89], to obtain three-charge solutions using FSF all strands need to
have windings which have a common divisor greater than one. In the case above, this
common divisor is k. Since the sum of the lengths of all strands must be N , k has to be
a divisor of N , condition that we easily find from the previous one. The m̂ and n̂ can be
written in terms of p̂, and once this number is fixed the number of strands of each kind
will also be determined. To show that this counting grows polynomially, we do it for the
case where we have four different strands, for any k. If we have one, two or three the
result will also be polynomial, and since the total number of microstates is exponential we
do not need to worry about the exact number.

Therefore, assume we have four different strands, with k being the common factor. As
we said, we have one degree of freedom, p̂, which will give us four different numbers (the
product of a length of a kind of strand times the number of insertions of that strand).
Hence, this counting is equivalent to finding four natural numbers n1, n2, n3 and n4 which
add up to N/k, where the order of the factors matters. To find how many integers satisfy
this, we can think about it in the following way. Let N/k = 6. We have to find in how
many ways we can separate six dots using three bars, understanding that two bars in the
same place means that one of the four numbers is zero. Let us give a visual example; the
solution 6 = 2 + 0 + 1 + 3 would correspond to

2 + 0 + 1 + 3 ←→ · · || · | · ·· (9.4.2)

Now, overcounting, we can do this in (N/k − 1)3 ways. This is overcounting as the order
in which we put the bars is counted by that, but it does not matter. Correcting this means
subtracting a term with a lower power of N , and thus is irrelevant. Now, this counting is
for fixed k. We have to repeat it for all positive integers k which are multiple of N . The
number of divisors of N is given by σ0(N), the number-of-divisors function of N . This
number is of order one for large integers, as we show in figure 9.4.1. Thus, adding for all
divisors of N will still give a polynomial in N , and adding to that all possible combinations
of strands will also be polynomial. The key point here is that all strands in the state come
from the same FSF operation, and thus there is a common factor k which greatly restricts
the number of possibilities. To finish this chapter we present work in progress for a more
general counting of fractional modes.
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Figure 9.4.1: Number of divisors of N , up to 50,000. This number does not go above 35
for the first 50,000 integers.

9.4.2 Towards a more general counting of fractional modes

In this subsection we start investigating a more general case for counting fractional modes
of the R-symmetry current. As we mentioned earlier, in this case it is expected that the
microstate distribution should peak at short two-charge states, long three-charge ones.
The state that we are concerned with now is

∑
{N(S)

κ,mκ}

∏
s,κ

(A(s)
κ |s〉κ)N

(s)
κ

∏
κ,mκ

(
Bκ,mκ
mκ! (J+

−a
b
)mκ |00〉κ

)N(00)
κ,mκ

 . (9.4.3)

Notice that we are taking both strands in the state to be of the same length. In this
case we do consider NP fixed, and count the partitions of P (of NP ) into fractions where
the biggest denominator possible is N . As a first approximation we over count, to get a
flavour of how this case works.

We want to find all rational numbers between 0 and N which denominator is at most
N . We assume that all of them are acceptable fractions to get NP momentum charge, as
we assume that the exponent of this fractional mode is such that the product of the mode
times the exponent can always be NP . In other words, given a strand like(

J+
−a
b

)c
|00〉N , a, b, c ∈ Z+ (9.4.4)

we are setting 1 ≤ b ≤ N , a to take all possible values such that a/b can be all rational
numbers from 1/N to NP , and we assume that there always exists a c such that the total
momentum added is NP . This is why we are over counting.

Let us give an example of what we are counting exactly. Let N = 4, NP = 3. In this
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case, we have 18 rational numbers, which are

1
4 ,

1
3 ,

1
2 ,

2
3 ,

3
4 , 1, 5

4 ,
4
3 ,

3
2 ,

5
3 ,

7
4 , 2, 9

4 ,
7
3 ,

5
2 ,

8
3 ,

11
4 , 3. (9.4.5)

Finding all different rational numbers between 1/N and NP means that we need to know
how many integers are there relatively prime to n, with 1 ≤ n ≤ N ·NP , n ∈ N. Euler’s
phi function ϕ(n) ( [159] chapter 2) counts all positive integers up to a given integer n
that are relatively prime to n. Hence, the sum

N∑
i=2

ϕ(i) (9.4.6)

gives us all our rational numbers between two consecutive integers. If we include φ(1) in
the sum we also get the integer number. Hence, if we want this integer to be at most
NP , we need to consider those fractions NP times. Thus, the number of rational numbers
between 1/N and NP that we want is

NP

N∑
i=1

ϕ(i). (9.4.7)

Let us go back to the example (9.4.5) to see an example of the formula. We have

ϕ(1) = 1, ϕ(1) = 1, ϕ(1) = 2, ϕ(1) = 2,
N∑
i=1

ϕ(i) = 6. (9.4.8)

As we said, this 6 is the number of our rational numbers between 0 and 1, 1 included.
And we have this as many times as integer we need until we reach NP , thus we multiply
the sum by NP , obtaining (9.4.7).

Now, (9.4.7) by itself is a very small number. However, we have to count this in
combination with all other strands, and with any lengths. In other words, we want to
count how many terms does

∑
{N(S)

κ,mκ}

∏
s,κ

(A(s)
κ |s〉κ)N

(s)
κ

∏
κ,mκ

(
Bκ,mκ
mκ! (J+

−a
b
)mκ |00〉κ

)N(00)
κ,mκ

 (9.4.9)

have, where a, b ∈ Z+, b ≤ κ, a/b ≤ NP and mκ is such that amκ/b = NP . Therefore,
we can think of the counting of this new state as having 5 colours plus a different special
colour, which could be, say, cyan.

Following the argument of the previous generating function sections, we see that the
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generating function in this case is

∞∏
N=1

1
(1− qN )5

1(
1−NP

(∑N
i=1 ϕ(i)

)
qN
) . (9.4.10)

It would be interesting to study in depth the asymptotics of this generating function. If
we check the distribution of the number of states according to their length, in this case it
seems to be peaked at an even shorter length than in subsection 9.3.1. The exact number
at which it peaks depends on NP . The higher NP , the shorter the length of the strand
where it peaks. For NP = 2 it seems to stabilise at 7. For NP = 3, at 3. For NP = 4, 5,
at 2. After that, at 1.
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CHAPTER 10

Review of results and conclusions

10.1 Direct counting of states

The main results of chapter 9 are the generating functions which count the superstrata
microstates, and the results that come out of their study. They are equation (9.2.43),
which is ∞∏

N=1

1
(1− qN )5

1
(1−NqN ) , (10.1.1)

and equation (9.4.10), which is

∞∏
N=1

1
(1− qN )5

1(
1−NP

(∑N
i=1 ϕ(i)

)
qN
) . (10.1.2)

Associated with the first one we have the distribution in lengths of a subclass of superstrata
geometries, the ones which read

∑
{N(S)

κ,mκ}

∏
s,κ

(A(s)
κ |s〉κ)N

(s)
κ

∏
κ,mκ

(
Bκ,mκ
mκ! (J+

−1)mκ |00〉κ
)N(00)

κ,mκ

 . (10.1.3)

Another important result are the equations (9.3.1), (9.3.7) and (9.3.13), which allowed
us to implement this counting in a very efficient C code. The last of these formulas, which
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is the most general one out of the three, is

1 +
N∑
A=2

bNA c∑
iA−0=1

⌊
N−iA−0(A−0)

A−1

⌋
∑

iA−1=0
· · ·

⌊
N−
∑A−3

j=0 iA−j(A−j)

2

⌋
∑
i2=0

A−2∏
k=0

iA−k∑
m=0

(
iA−k −m+ c− 2

iA−k −m

)
(A− k)m.

(10.1.4)

10.2 Conclusions

There is ongoing work in the literature, in order to obtain sub-leading corrections to the
exact counting of microstates [156, 157]. However, we have followed a different approach
here, and started to count exactly certain classes of microstates which have been explicitly
constructed. We have given preliminary work, which seems to indicate that the subclasses
of microstates constructed so far are highly non-generic. As we mentioned in the introduc-
tion of this part, chapter 8, most of the states are expected to be in the long string sector,
since one can distribute the momentum in more ways there. However, the superstrata
geometries that we have considered seem to be peaked at a very short string length.

The superstrata states for which we have presented most of the work are one of the
few ones so far which have been explicitly constructed in the CFT, and which one point
functions have been showed to agree with the supergravity ones [88]. The fact that these
states peak at short strings is consistent with the two-charge case, as for that case it has
been shown that supergravity cannot account for the majority of the microstates of the
corresponding black hole [35].
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CHAPTER 11

Conclusions and future work

As we have seen, in this thesis we have presented work extending the precision holography
calculations for the D1-D5 system, in the field theory side. As we have already discussed,
in part II we have calculated correlation functions for twist n operators joining n twist
operators of arbitrary twist, which was a necessary building block to develop the precision
holography calculations further. We have used that result to calculate one point functions
both in the long and short string sectors, and we have checked the expected suppression
of the long one point functions with respect to the short ones. We have also presented
bounds on one point functions of multi-particle twist operators, in order to compare the
result with the associated one point function with higher twist. We have obtained a bound
for their relation, which could be further used to study different ways of joining n strands
of any twist. The expected behaviour [35] for them all is recovered, even though certain
limits need to be taken carefully.

In part III we have shown results on the distribution of a subclass of superstrata states
in the long and short string spectrum. Interestingly, most of the states seem to be peaked
at the short string, whereas in general we would expect them to be peaked in the long
string, as they are three-charge states. This result may be consistent with our expectation
arising from the two-charge case. Due to large supersymmetry, many microstates have
extrapolations to supergravity, i.e. one can write supergravity solutions. However, their
curvature is comparable to corrections in the interior. Therefore, effectively supergravity
solutions do not account for most of the microstates of that system.
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11.1 Future work

There are many interesting directions in which the work presented in this thesis can
be extended. In chapter 5 we have given some examples of calculations of one point
functions, and the methods used can be easily extended to more cases. However, we have
also mentioned cases where there is further work required in order to obtain results. For
instance, in section 5.2.6 we were able to do some combinatorics, but we were not able to
give the final result. That was because the commutator between Σ+−̇

n and ⊗rJ(r) is not
known. So, a natural extension to that section is to obtain that commutator, probably
using the bosonisation formulas presented in section A.4, and then calculate more general
classes of one point functions.

Other natural extensions of that chapter involve the holographic matching. More con-
cretely, it would be interesting to calculate the same one point functions from the gravity
side, in order to match the results. It would also be interesting to find the gravity duals
of the multi-trace operators that we have considered.

It would also be interesting to refine the counting done in chapter 6 for the multi-particle
one point function, in order to obtain exact results rather than bounds. Finding a formula
to obtain the exact result for the multi-particle one point functions of any combination of
twists would also be possible future work, especially if the same calculation is also done in
the gravity side and the results matched. Also, since we saw that cn2b2t = cn2b2p it would
be interesting to see if the cn2b2 coefficient is always the same when joining strands in
pairs, for all possible combinations. Last, the limit of equation (6.5.1) should be studied
more carefully, in order to see what is that ratio in different limits.

Part III can be extended in many ways. First of all, in section 9.2.3.2 we have showed
where the proof for Meinardus’ theorem stops working for our case, but we have not
gone beyond that. It would be very interesting to expand the proof in order to find the
asymptotics for the special colour. In that way we would be able to compare the total
number of states in the system with the growth of this class of superstrata, which would
be very interesting. It would also be very interesting to expand the proof so that it also
includes the case with the other special colour mentioned in section 9.4.2. In that case we
are fixing the momentum, so the direct comparison of that growth with the total number
of states would be very relevant.

In order to do all this there may be the need to work with modular forms. That would
also connect better with the current literature and ongoing work on finding the subleading
corrections to the total counting. With the results obtained with our computer program it
would also be interesting to obtain bounds for the number of states of the cases counted.
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This could be obtained graphically or from the generating function, taking appropriate
combinations.

In the wider black hole microstates programme, one would like to know how typical
microstates look like. Generic fuzzballs are expected to have a very stringy interior, and
string theory in curved backgrounds is a topic which is still very poorly understood. The
results of this thesis extend the understanding of some of the microstate solutions that
have been obtained so far.

This thesis has focused on the D1-D5 system, but there is ongoing work to understand
black hole microstates in other systems. In particular, there are current efforts in trying
to understand features of typical non-extremal black hole microstates in the Sachdev-Ye-
Kitaev (SYK) model [162, 163]. This may be thought of as a toy model, which insights
could be extrapolated to other models. Since the microstate study in SYK is very different
from the D1-D5 picture it would be good to explore the connections between them.

It is also crucial to investigate the possible detections of the microstates. As mentioned
in the introduction, physics is no more than finding the best model which fits observa-
tion. Therefore, that connection should be made as soon as possible, and the black hole
microstate story is at a point where this needs to be considered.

Since gravitational waves can now be detected and a field has started around them
with a very promising future, it seems natural to ask whether the quantum structure of
black holes would affect the emission of such waves. It has been recently argued that
fuzzballs may cause late-time echoes in the gravitational waves emitted from black hole
mergers [101,164]. While the statistical significance of such studies is not clear [102,165],
this is an argument which deserves to be pushed further, especially with the increased
sensitivity detectors that are planned for the future.

There are other approaches on the possible detection of signals on gravitational waves
caused by fuzzballs. Recent work [67] suggests that, if one is able to calculate the multipole
moments of the fuzzballs, then near future detectors should be able to detect the quantum
structure.
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APPENDIX A

N = 4 algebra

In this appendix we give further notation and background on the CFT this thesis is based,
and we also review the basic definitions to have all conventions together. Our notation for
this appendix follows closely that of [104].

The symmetries of the system are the SO(4) of the R-symmetry, corresponding to
the isometry of the S3, and another SO(4), which corresponds to the rotations of the
torus. We write these two SO(4) symmetries as SU(2) × SU(2). Namely, we write the
R-symmetry SO(4) as SU(2)L×SU(2)R, where the subindices L and R correspond to left
and right. We use Greek letters α for the left SU(2)L indices and dotted Greek letters
α̇ for the right SU(2)R ones. Similarly, we use capital Latin letters A and dotted capital
Latin letters Ȧ to represent the two SU(2) coming from the SO(4)I of the torus. We use
a, b, c for any SU(2) triplet, and i for SO(4) vector indices.

For each copy of the CFT we have four bosons Xi(z, z̄), which we usually denote by
[X]ȦA, where

[X]ȦA = 1√
2
Xi
(
σi
)ȦA

. (A.0.1)

We also have four doublets of fermions for each copy,

ψαȦ(z), ψ̃α̇Ȧ(z̄). (A.0.2)

There are two complex fermions (and the hermitean conjugates) in the left sector, and
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the same in the right sector. We have thus four real degrees of freedom in each sector,
because the hermitean conjugation of the fermions is(

ψαȦ
)†

(z) = −εαβεȦḂψ
βḂ(z) = −ψαȦ(z). (A.0.3)

The sign convention we use is
ε12 = −ε12 = 1. (A.0.4)

Before we give the OPEs and commutators of the currents let us remind the notation
for the sigma matrices. We use ladder operators, and so we choose the {+,−, 3} base for
the triplet of SU(2). The Pauli matrices in this base read

σ+ = 2
(

0 1
0 0

)
, σ− = 2

(
0 0
1 0

)
, σ3 =

(
1 0
0 −1

)
. (A.0.5)

Also, as we have said the D1-D5 system has N = (4, 4) supersymmetry, so we have
thirty-two supercharges, which we denote by GαA(r) . Let us briefly discuss them.

A.1 Supercharges

As we just said, the system we study has thirty-two supercharges. From the left SU(1, 1|2)
supergroup generators we have eight supercharges, as each mode has four components (see
table A.1.1 for the list). We have eight more which are the analogous ones in the right
sector. All these add up to sixteen. The other sixteen come from applying the currents
to a product of a left and right ground states (one for the state, four for applying one
supersymmetry charge to the state, four from applying two, four from applying three, one
acting with them all and the two remaining are obtained acting with the J).

Throughout this thesis we work with two and three-charge states, which are 1
4 and

1
8 -BPS respectively. However this requires some clarification. Since we are working in the
field theory dual to the AdS3 factor in the near horizon of the black hole, we have the
conformal enhancement [105]. And this means that our states will be, from this point of
view, 1

2 -BPS and 1
4 -BPS, instead of 1

4 and 1
8 . Therefore, the states that we have been

calling 1
4 -BPS (following the notation of [89] and [88]) will be annihilated by half of the

supercharges (by half of the G’s). The 1
8 -BPS states will be annihilated by a quarter.

To not mix any notations and not cause confusions we will keep calling the states 1
4 -BPS

and 1
8 -BPS, but the counting of supercharges will agree with the statements above. Also,

since the 1
8 -BPS states are added by adding momentum on the left sector, the supercharges

that will change how they act from the 1
4 to the 1

8 -BPS states will be all in the left sector.
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NS sector R sector

G+1
1
2

G+1
1

G+2
1
2

G+2
0

G+1
− 1

2
G+1

0

G+2
− 1

2
G+2
−1

G−1
1
2

G−1
0

G−2
1
2

G−2
1

G−1
− 1

2
G−1
−1

G−2
− 1

2
G−2

0

Table A.1.1: Correspondence between the modes of the supercharges in the NS sector and
in the R sector

To finish this section let us give the relation of the supercharges in the NS and R
sectors. The correspondence of the modes of the supercharges in both sectors is obtained
from the following expansion [166]

G+1(z) =
∑
m∈Z

G+1
m+ η

2 + 1
2
z−m−

η
2−2

G+2(z) =
∑
m∈Z

G+2
m− η2 + 1

2
z−m+ η

2−2

G−1(z) =
∑
m∈Z

G−1
m− η2 + 1

2
z−m+ η

2−2

G−2(z) =
∑
m∈Z

G−2
m+ η

2 + 1
2
z−m−

η
2−2. (A.1.1)

The NS sector corresponds to η = 0 and the R sector corresponds to η = 1. With this
we can give now the correspondence in both sectors of the eight relevant modes of the
supercharges. We present this relation in table A.1.1.

A.2 Currents and OPEs

We give the expressions for a single copy of the N = 4 CFT (so, we only have left
sector). Therefore, we have the R-symmetry current Ja(z), the supercharges GαA(z) and
the stress-energy tensor T (z). Their expressions in terms of free fields are

Ja(z) = 1
4εȦḂψ

αȦεαβ(σ∗a)βγψ
γḂ,
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GαA(z) = ψαȦ [∂X]ḂA εȦḂ,

T (z) = 1
2εȦḂεAB [∂X]ȦA [∂X]ḂB + 1

2εαβεȦḂψ
αȦ∂ψβḂ. (A.2.1)

Before we proceed, let us give the relations between this notation and the one used in [103].
First, the relation between the fermions is

ψ+1̇ = Ψ1, ψ−1̇ = −Ψ2, ψ+2̇ = Ψ2†, ψ−2̇ = Ψ1†. (A.2.2)

Similarly, for the bosons we have

[X]1̇1 = X1, [X]1̇2 = −X2†, [X]2̇1 = X2, [X]2̇2 = X1†. (A.2.3)

With these we can find the relation between the supercharges in both notations,

G11 = G1, G21 = −G2, G12 =
(
G2
)†
, G22 =

(
G1
)†
. (A.2.4)

Now, we choose the normalisations of the fields such that

〈ψαȦ(z)ψβḂ(w)〉 = −ε
αβεȦḂ

z − w
,

〈[X]ȦA (z) [X]ḂB (w)〉 = 2εȦḂεAB log |z − w|. (A.2.5)

The OPEs between the currents are

Ja(z)Jb(w) ∼ c

12
δab

(z − w)2 + iεabc
Jc(w)
z − w

Ja(z)GαA(w) ∼ 1
2(σ∗a)αβ

GβA(w)
z − w

GαA(z)GβB(w) ∼ − c3
εABεαβ

(z − w)3 +

+ εABεβγ(σ∗a)αγ
[
2 Ja(w)

(z − w)2 + ∂Ja(w)
z − w

]
− εABεαβ T (w)

z − w

T (z)Ja(w) ∼ Ja(w)
(z − w)2 + ∂Ja(w)

z − w

T (z)GαA(w) ∼ 3
2
GαA(w)
(z − w)2 + ∂GαA(w)

z − w

T (z)T (w) ∼ c

2
1

(z − w)4 + 2 T (w)
(z − w)2 + ∂T (w)

z − w
. (A.2.6)

The OPEs of the currents with the free fields are

Ja(z)ψαȦ(w) ∼ 1
2(σ∗a)αβ

ψβȦ(w)
z − w

GαA(z)[∂X(w)]ḂB ∼ εAB
(
ψαḂ(w)
(z − w)2 + ∂ψαḂ(w)

z − w

)
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GαA(z)ψβȦ(w) ∼ εαβ [∂X(w)]ȦA

z − w

T (z)[∂X(w)]ȦA ∼ [∂X(w)]ȦA

(z − w)2 + [∂2X(w)]ȦA

z − w

T (z)ψαȦ(w) ∼ 1
2
ψαȦ(w)
(z − w)2 + ∂ψαȦ(w)

z − w
. (A.2.7)

Notice that the supercharges GαA mix the Poincaré supercharges and the superconfor-
mal ones, as we can see from the OPEs above and which will be made explicit in the
commutators below.

A.3 Commutators

Here we give the commutators between the modes of the currents, so first we recall the
mode definition. Let A be an operator of dimension ∆. The modes of A are defined by

An =
∮ dz

2πiA(z)z∆+n−1, A(z) =
∑
n

Anz−(∆+n). (A.3.1)

Notice that the R-symmetry current J has weight 1 (this weight can be read from the OPE
between the current and the stress-energy tensor – it is the coefficient of the (z − w)−2

term), and so the modes match with the power of z. With the supercharges GαA this will
not be the case, as their weight is 3/2. Also, in the NS sector the supercharges will have
half-integer modes, whereas in the R sector they will have integer modes, as we have just
discussed in the previous section. The fractional modes are given by [116]

A n
m

=
∮ dz

2πi

m∑
r=1
A(r)(z)e2πi n

m
(r−1)z∆+ n

m
−1. (A.3.2)

The mode algebra is[
Jam, J

b
n

]
= c

12mδ
abδm+n,0 + iεabcJ

c
m+n[

Jam, G
αA
n

]
= 1

2(σ∗a)αβG
βA
m+n{

GαAm , GβBn

}
= − c6(m2 − 1

4)εABεαβδm+n,0+

+ (m− n)εABεβγ(σ∗a)αγJ
a
m+n − εABεαβLm+n

[Lm, Jan] = −nJam+n[
Lm, G

αA
n

]
= (m2 − n)GαAm+n

[Lm, Ln] = c
m3 −m

12 δm+n,0 + (m− n)Lm+n. (A.3.3)
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Now, let αn be the modes of the ∂X modes. Then the commutation between the current
modes and the fields modes are[

αȦAm , αḂBn

]
= mεȦḂεABδn+m,0{

ψαȦm , ψβḂn

}
= −εαβεȦḂδm+n,0[

Jam, ψ
αȦ
n

]
= 1

2(σ∗a)αβψ
βȦ
m+n[

GαAm , αḂBn

]
= −nεABψαḂm+n{

GαAm , ψβȦn

}
= εαβαȦAm+n[

Lm, α
ȦA
n

]
= −nαȦAm+n[

Lm, ψ
αȦ
n

]
= −(m2 + n)ψαȦm+n. (A.3.4)

Also, let us recall here that the global part of the N = 4 superconformal algebra forms
the supergroup SU(1, 1|2). This group is generated by {Ja0 , GαA± 1

2
, L0, L±1}.

A.3.1 Commutators with fractional modes

The commutator with fractional modes is obtained in the exact same way as the one
above, with the exception that we only have non-trivial commutation in the copies where
our operator is different from the identity. Namely, consider the commutator[(

Ja− 1
k

)αβ
, Oβα̇

]
. (A.3.5)

As we see in (A.3.2), now we only sum over some of the copies of the four-torus. Let us
show all steps explicitly;[(

Ja− 1
k

)αβ
, Oβα̇

]
=
[∮ dz

2πi

k∑
r=1

(
Ja(r)

)αβ
e−

2πi(r−1)
k z−

1
k , Oβα̇

]
=

=
k∑
r=1

[∮ dz
2πi

(
Ja(r)

)αβ
e−

2πi(r−1)
k z−

1
k , Oβα̇

]
=

=
k∑
r=1

∮ dz
2πie

− 2πi(r−1)
k z−

1
k

1
2

(
σa(r)

)αβ
Oβα̇

z − w
. (A.3.6)

We do not need to worry about the negative power of z (just as before we had z ∈ Z),
because we are computing the commutator with the OPE, and thus we have a limit when
the two operators approach (i.e., we have z → w and so the only poles come from the
negative powers of (z − w)). Therefore, the result is completely analogous to the integer
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case,

k∑
r=1

∮ dz
2πie

− 2πi(r−1)
k z−

1
k

1
2

(
σa(r)

)αβ
Oβα̇

z − w
=

=1
2

k∑
r=1

e−
2πi(r−1)

k e−i
1
k
v
√

2
R

(
σa(r)

)αβ
Oβα̇. (A.3.7)

Thus, we see that the commutators are analogous, just changing the integer value n by a
fraction and, more importantly, summing only over some of the copies of the four-torus.

A.4 Bosonisation

As we have mentioned in section 2.1.2, in order to write the expression of the twist op-
erator in terms of free fields we need to bosonise the fermions. Bosonisation is an exact
equivalence between a theory of fermionic fields and a theory of bosonic fields, which is
particular of two-dimensional theories. This equivalence can easily be seen by comparing
the OPE expansions of fermions and exponentials of bosons.

Bosonisation in the D1-D5 system has been widely used [88, 103, 129]. However, the
bosonisation formulas for the fermions have to be written carefully, so that the bosonised
fields still commute between them, as fermions do. In order to accomplish this cocycles
need to be introduced; namely, extra exponential factors which ensure that all commu-
tation and anticommutation properties are conserved. However, in the literature these
factors are not always included, as they are not always essential for all calculations. Fol-
lowing [129] we give the bosonisation formulas for our system with cocycles. We bosonise
the fermions in the basis which diagonalises the action of the twists, that is, the fermions
we defined in equation (2.1.26). Let

ψ+1̇
ρ = eiπcρe−iH

1
ρ , ψ+2̇

ρ = eiπcρeiH
2
ρ ,

ψ−2̇
ρ = −eiH1

ρe−iπcρ , ψ−1̇
ρ = e−iH

2
ρe−iπcρ , (A.4.1)

where
cρ = 1

2
(
p1
ρ + p2

ρ + p̃1
ρ − p̃2

ρ

)
, (A.4.2)

with piρ being the momentum of the scalar field H i
ρ, i = 1, 2. For the antiholomorphic side

we consider analogous relations,

ψ̃+̇1̇
ρ = eiπc̃ρe−iH̃

1
ρ , ψ̃+̇2̇

ρ = eiπc̃ρeiH̃
2
ρ ,

ψ̃−̇2̇
ρ = −eiH̃1

ρe−iπc̃ρ , ψ̃−̇1̇
ρ = e−iH̃

2
ρe−iπc̃ρ , (A.4.3)
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with
c̃ρ = 1

2
(
p2
ρ − p1

ρ − p̃2
ρ − p̃1

ρ

)
. (A.4.4)

The commutation relations between them are[
H i
ρ, p

j
ρ′

]
= iδijδρρ′ ,

[
H̃ i
ρ, p̃

j
ρ′

]
= iδijδρρ′ . (A.4.5)

All the others commute. Using the bosonised fermions we can now write an expression for
the twist operator in terms of free fields. We have, for instance,

Σ−−̇k =
k−1∏
ρ=1

(
σXρ σ̃

X
ρ e

iπ ρ
k
cρe−i

ρ
k
H1
ρe−i

ρ
k
H2
ρe−iπ

ρ
k
cρeiπ

ρ
k
c̃ρe−i

ρ
k
H̃1
ρe−i

ρ
k
H̃2
ρe−iπ

ρ
k
c̃ρ
)
. (A.4.6)
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