
Cooling of a Mesoscopic Single-Particle Harmonic Oscillator

using Real-time Digital Control Systems

Ashley Setter

January 24, 2020



Declaration of Authorship

I, Ashley Setter, declare that the thesis entitled Cooling of a Mesoscopic Single-Particle

Harmonic Oscillator using Real-time Digital Control Systems and the work presented

in the thesis are both my own, and have been generated by me as the result of my own

original research. I confirm that:

• this work was done wholly or mainly while in candidature for a research degree at

this University;

• where any part of this thesis has previously been submitted for a degree or any

other qualification at this University or any other institution, this has been clearly

stated;

• where I have consulted the published work of others, this is always clearly at-

tributed;

• where I have quoted from the work of others, the source is always given. With the

exception of such quotations, this thesis is entirely my own work;

• I have acknowledged all main sources of help;

• where the thesis is based on work done by myself jointly with others, I have made

clear exactly what was done by others and what I have contributed myself;

• none of this work has been published before submission

Signed:.......................................................................................................................

Date:..........................................................................................................................

ii



UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND THE ENVIRONMENT

Physics and Astronomy Dept.

Doctor of Philosophy

COOLING OF A MESOSCOPIC SINGLE-PARTICLE HARMONIC OSCILLATOR

USING REAL-TIME DIGITAL CONTROL SYSTEMS

by Ashley Setter

Optically levitated systems provide an ideal environment for isolating objects extremely

well from the environment such that their behaviour can be more easily studied without

external influences. Moreover, using optical detection, very high levels of sensitivity to

that behaviour can be achieved, allowing precise detection of their motion and measure-

ment of forces upon such a system.

In the experiment we describe in this thesis, one can construct an optical gradient

force trap by simply directing a collimated light beam onto a parabolic mirror with

a sufficiently high numerical aperture. The resulting focusing not only generates the

optical trapping potential but also allows detection as a particle trapped at the focal

spot of the mirror has the light it scatters onto the mirror collimated and sent back

in the direction of the incident trapping light beam. The trap described here allows

levitation of dielectric nanoparticles with radii from 10 nm to 300 nm at pressures from

103 − 10−8 mbar.

In this thesis I describe the experimental setup and the theory describing a particle

levitated in this setup, detailing how, from the detected light intensity on a photo-

detector, we can extract the properties describing the physical system, including the

frequency of motion, the damping upon the motion, the temperature associated with

the motion, the radius of the trapped nanoparticle and the conversion factor which

allows us to convert from the photo-current measured by the detector to the physical

displacement of the particle
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Cooling of the translational motion to the ground state is a much targeted goal in the

field of levitated optomechanics as it has applications in producing quantum states,

performing matter-wave interferometry, testing collapse models and as a very precise

force sensor. In this thesis I demonstrate and investigate a number of different cooling

methods applied to the translational motion. First, I describe how one can utilise an

FIR (Finite Impulse Response) band-pass filter to isolate the signal due to the motion

of a single translational degree of freedom and utilise this to perform active feedback

cooling upon this degree of freedom. I demonstrate this by implementing an FIR filter

on a FPGA (Field Programmable Gate Array) and utilising it in real-time to cool the

motion to 2.5 K± 0.4 K.

Secondly I utilise a tracking algorithm called a Kalman filter, I describe how this al-

gorithm functions to track the state of objects from noisy partial measurements of the

state and how this can be applied to track levitated nanoparticles. I then detail how

this was implemented in an FPGA so that the Kalman filter could be used in real-time

to estimate the position of a levitated nanoparticle. We demonstrate cooling of the

translation centre-of-mass motion along the optical axis by 3 orders of magnitude to a

temperature of 162 mK± 15 mK.

Next I describe a classical model of the motion of a levitated nanoparticle and describe

how this model can be simulated numerically to produce simulated time traces of the

motion. I then demonstrate how this simulation can be used to reproduce several the-

oretical relations as well as reproduce experimental results and be utilised to simulate

and test the performance of cooling algorithms without requiring experimental imple-

mentation. Next I use this simulation to model the effect of a Duffing non-linearity

in the trapping potential. I match the behaviour of the simulation when exposed to a

a pulsed reduction of the laser power with the behaviour of the experimental system

when exposed to the same stimulus and in doing so extract the Duffing non-linearity in

the optical trapping potential generated by the parabolic mirror, which takes a value of

ξ = −0.100µm−2.

Finally I describe a quantum model of the motion of a levitated nanosphere, which

takes into account the various decoherence sources in the experimental system, namely

the interaction with the background gas, the laser photons and decoherence due to the

measurement. Using this I investigate several different forms of active feedback cooling,

including the “optimal” cooling as determined from the tools of control theory, which

takes the form of a square wave, and the more traditional sinusoidal feedback signal. In

addition I compare both linear cooling by applying a force directly to the nanoparticle

and quadratic cooling by modulating the power of the trapping laser. I determine that

cooling to mean phonon numbers of less than 10 with the current experimental setup

is achievable utilising any of the feedback schemes described here when they are tuned

appropriately.
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Chapter 1

Introduction

1.1 Motivation

Quantum physics is colloquially described as the physics of small things; molecules,

atoms and particles which are smaller still. One may well ask then, why do only small

things behave this way, why not large macroscopic objects such as tennis balls? The

laws describing quantum physics place no theoretical limit on the size or mass of an

object which can experience quantum mechanical behaviour and macroscopic effects

such as magnetism result from quantum mechanical behaviour, so one might ask why

can we not observe this kind of behaviour directly in everyday life? Where does the

quantum-to-classical transition occur and why?

Although these questions haven’t yet been fully answered, a proposed reason for why we

don’t see quantum behaviour in everyday life, first introduced in the 1970s, is quantum

decoherence. This is a process which occurs when a system in a quantum mechanical

state, for example a quantum superposition, interacts, or couples to, a classical system.

In this case the coherence of the quantum system is said to decay with time and this

mechanism causes the wavefunction of a quantum system to collapse when it interacts

with classical system. If one can sufficiently reduce the interaction strength of a sys-

tem with this ’classical’ environment that quantum states of larger macroscopic objects

may be maintained for a short period of time. This process of decoherence is still ill-

understood although much discussion on the matter has been had and continues to occur

[4].

There is much interest in producing quantum states and observing quantum behaviour

of larger, more macroscopic objects [5]. The first problem in attempting to observe

coherent quantum behaviour in a macroscopic system is isolating your system from any

and all classical systems, such that one can minimise decoherence. The foremost cause

of decoherence is the environment in which the system resides, any sort of contact with

1



2 Chapter 1 Introduction

this environment, through a solid surface, liquid, gas or light will cause decoherence.

Any classical system that interacts or couples with a system in a quantum state will

cause decoherence at some rate related to the amount of coupling between the classical

and quantum system.

Optically levitated systems offer an ideal solution to this problem as it removes any

need for solid clamping devices and can be isolated from the air by levitation inside a

sufficiently depressurised environment. This minimises the coupling of the particle to

the environment and reduces the environmental effects of decoherence. However, there

is still coupling between the particle and the light and the detector, which is necessary

such that the state of the system can be measured and controlled. Very good isolation

could however be briefly attained by turning off the trapping laser for a short period

of time, allowing the particle to freely evolve with very low interaction strength with

it’s environment for that brief time, with the gravitational acceleration due to the earth

being the limiting factor on the time here (It would take the particle ∼ 250µs to fall

300nm out of the trap). This system also benefits from a high thermal decoupling,

allowing heating and cooling of the particle’s centre of mass motion irrespective of the

environmental temperature.

A much targeted goal in the field of levitated optomechanics [6] is cooling and sta-

bilisation of the centre of mass motion of an optically levitated nanosphere in a target

phonon number state [7–17]. Nanospheres cooled to low temperature thermal states and

stabilised in phonon number states have applications such as performing matter-wave

interferometry [18–20], allowing investigation of quantum phenomena which cannot be

accessed with atoms [18], and tests of collapse models which cannot be performed at

smaller mass scales [21–23]; as well as providing the possibility of much higher force

sensitivity than can be achieved in levitated atom systems [14, 24–26]. Optically levi-

tated nanoparticles have also been used as a model system to simulate and investigate

non-equilibrium dynamics [27] and stochastic dynamics [28] and show promise for use

in investigating quantum gravity [29–31].

Proposed methods of investigating quantum-to-classical transitions and collapse models

with a large-mass matter-wave interferometer [18] requires cooling to low translational

centre of mass temperatures in order to tightly localise the nanoparticle’s spatial dis-

tribution so that it can be used as a point-like-source. Also, if one cools the particle

to near the quantum ground state of its translational motion one should also observe

quantised energy levels, or Fock states, in the allowed motion of the particle. Many

quantum devices require a system’s quantum nature to be apparent in order to be ex-

ploited and having access to Fock states of the centre of mass motion of a nanoparticle

would allow us to perform various experiments investigating quantum behaviour, such

as utilising proposed schemes to generate superpositions of Fock states of the centre of

mass motion and using these superpositions to investigate decoherence mechanisms [32].



Chapter 1 Introduction 3

There is therefore much motivation to improve the method of cooling optically trapped

nanoparticles.

Optically levitated nanoparticles have also been proposed and used as a method of

measuring weak forces, and force sensitivities as low as 20 zNHz−1/2 have been reached

with levitated nanoparticles at room temperature [24].

Some force sensing applications are of such a system are:

• Direct measurement of photon recoil [14]

• Frictional torque from vacuum [33]

• Measurement of the Coulomb force on a charged nanoparticle due to charged needle

[26]

• Measurement of surface forces [34, 35]

• Lateral Casimir force from a nanoparticle rotating near a surface [36]

• Gravity, acceleration and tidal forces [25]

• Detection and verification of collapse models [23]

In addition, optical trapping and manipulation of individual atoms is currently being

used for quantum simulations [37–39] quantum computing [40–42] and quantum en-

crypted communication [43–45]. Performing similar manipulations of much more mas-

sive nanoparticles may open up similar applications [8].

1.2 Current State of the Field

The first demonstration of optical trapping and manipulation of micron-sized particles

with laser light was performed by Ashkin et al. in the 1970s; first achieving stable

trapping in air in 1970 [46], and later, in 1976, in vacuum [47], he also performed the

first demonstration of cooling of an optically levitated particle in vacuum [48]. Arthur

Ashkin was recently (in 2018) awarded with a nobel prize for this work; specifically “for

the optical tweezers and their application to biological systems”. The first cooling of an

optically levitated particle in vacuum was demonstrated by Li et al. in 2011 using linear

feedback cooling applied to glass micro-spheres, they were able to reach centre of mass

temperatures of just 1.5 mK [49]. The first demonstration of trapping of a nano-scale

particle using the optical gradient force was performed by Gieseler et al. in 2012 [11].

Ground state cooling was first achieved in optically levitated optomechanics with levi-

tated atoms in 2012 where they were able to prepare a single neutral atom with a ground

state occupation of 90% [50, 51].
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Jain et al. have been able to produce a thermal state with a mean phonon number

of 62.5± 5 using parametric feedback cooling with a Phase Lock Loop (PLL) which is

equivalent to a temperature of 450.5±33.1µK and, at these low temperatures, were able

to directly measure the re-heating effect of photon recoil on the trapped nanoparticles

centre of mass motion [14]. They have more recently utilised linear cold damping to cool

to 100µK [52] and even more recently to a mean phonon number of n̄ = 4 and begin

to see a signature of the quantum ground state arising in the limit of such low phonon

occupation numbers [53].

Cavity cooling, where a nanoparticle is levitated within an optical cavity, relies on the

dipole interaction between a levitated nanosphere and the optical field, by removing

energy from the cavity with red-detuned light one can cool the motion of the nanopar-

ticle. Cooling to temperatures of 64± 5K has been reported at mbar pressures [10] and

more recently cavity cooling to 1K [54] and milli-kelvin temperatures [55]. Cooling to

milli-kelvin temperatures has also been achieved using cavity cooling in a hybrid trap

consisting of an optical cavity combined with a Paul trap [16].

Cooling to temperatures of 30K [13] at pressure of 10−5mbar have been achieved in

an optical fibre trap using a relatively simple feedback scheme where when the particle

signal gets too large the laser power and thereby trap stiffness is increased to force the

particle back toward the equilibrium position.

Optically levitated nanoparticles have been applied to sense photon recoil [14], Coulomb

forces [26], surface forces [34, 35] and gravity [25]. Optically levitated nanoparticle

have also been proposed as a system to sense the decoherence effects of collapse models

[56, 57, 23, 58], study quantum gravity [59, 29, 30], sense friction from vacuum on

rotational motion [33] and sense the lateral Casimir force experienced by a rotating

particle nearby a planar surface. In addition optically levitated nanoparticles have been

applied as a model system to study other phenomena such as thermal non-linearities

[24], stochastic bi-stable systems [28] and Kramers turnover in meta-stable states [60].

Quantum feedback has been used by Haroche et al. in their Nobel prize winning work

where they prepare photon number states (Fock states of light) of a microwave field in a

superconducting cavity [61]. They implement this closed-loop quantum feedback using

a real-time Quantum filter for state estimation [62, 63].

Quantum Kalman filtering has been utilised in the field of optomechanics where it has

been demonstrated to produce a minimal least-squares estimation of the mechanical state

of an optical cavity [64]. This Quantum Kalman filter was operated in post-processing by

using the measurement record from a homodyne detection. The Quantum Kalman filter

considered in their work implemented an accurate state-space model which carefully

took into account nontrivial experimental noise sources. In this work they suggest that

ground state cooling of the mechanical motion of an optical cavity should be readily

achievable by utilising a real-time Quantum Kalman filter of sufficiently high spatial
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resolution, dynamic range and latency in the detection and processing of the signals.

Kalman filtering has been applied in various areas within the physical sciences such

as atomic magnetometry [65], tracking dusty plasmas [66] and noise cancellation in

gravitational wave detection [67].

1.3 Thesis Structure

This thesis is split into chapters which discuss particular topics. Chapter 2 covers de-

tails of the experimental setup used, chapter 3 then covers the theory behind optical

trapping with lasers. Chapter 4 then investigates the theoretical relations between the

damping experienced by the particle, the particle’s radius and the pressure of the en-

vironment which we use to extract the radius and knowing this how we can extract

the conversion factor from volts measured on the photodiode detector to nanometers

of motion by the particle. Chapter 5 discusses work done in using an FIR bandpass

filter to perform parametric feedback cooling, chapter 6 discusses work done in using

FPGA based Kalman filters to perform real-time state estimation and using this signal

to perform parametric feedback cooling, chapter 7 discusses how to model the dynamics

of the particle’s motion and simulate this numerically, chapter 8 discusses how one can

compare the results of simulation with the classical model to the experimental results to

extract the non-linearity in the optical trap. Chapter 9 introduces a quantum model of

the motion for emulation of the experimental system and tracking of the experimental

system and discusses the results found by simulating this model.





Chapter 2

Experimental Setup

2.1 The Optical Trap

In order to produce the high intensity light to trap a particle with the gradient force

(overcoming the scattering force) we use an aluminium parabolic mirror to focus the laser

light to a diffraction limited spot, as opposed to a microscope objective as is commonly

used in optical tweezers.

The basic experimental setup consists of a 1550nm stabilised fibre laser with 40mW

output power (NKT Koheras Basik CI5). This laser seeds an Erbium Doped Fibre

Amplifier (EDFA) to a maximum power of 1W. This light is then passed through some

optical components, the function of which will be explained later in this section, before

being focused by an high NA (Numerical Aperture) aluminium parabolic mirror mounted

inside the vacuum chamber, a diagram of the setup may be seen in figure 2.1. Several

parabolic mirrors have been used to trap particles in this configuration with NAs from

0.8 to 0.997. A plot of the power spectral density as it changes with pressure can be seen

in figure 2.2. One can see that as the pressure decreases the peaks become more narrow

and distinct, this is because there is less collisional broadening, i.e. the damping term

Γ0, which determines the peak width, decreases. Due to the peaks increased amplitude

and narrowing their second harmonics and cross terms between the peaks of motion also

appear.

The
λ

2
wave-plate is used to control the ratio between amount of light going to the

trapping beam-path and exiting the beam-splitting opposite to the detector beam-path,

a photo-detector is often put here in order to detect the light without a particle signal

present, it can also be used to decrease the trapping power. The
λ

4
wave-plate controls

the polarisation of the light entering the trap and therefore the shape of the beam profile

in the x and y dimension, this is important because if the beam profile was symmetric

in x and y, which it is before this wave-plate (as the EDFA provides a Gaussian beam

7
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Vacuum Chamber

Parabolic
mirror

Oscilloscope

Photodetector

EDFA 1550nm
laser

λ/2 waveplate

λ/4 waveplate

Trapping
beam

Trapping
beam

Ediv + Escat

Ediv + Escat

Figure 2.1: Diagram of the basic experimental setup. The 1550nm seed laser
emits 40mW of power which is fed into the EDFA (Erbium-doped fibre amplifier)
which amplifies the laser light to 1W, this is then fed through optics into the
vacuum chamber and reflected and focused by the parabolic mirror such that a
particle may be trapped just in front of it. The diverging light interferes with
the scattered light which is focused by the parabolic mirror and sent back out
of the chamber aligned such that it goes back down the beam path and is sent
to the photo-detector which detects the position of the particle due to the phase
shift of the diverging field relative to the scattered field.

profile), the x and y frequencies would be the same, as can be seen from the combination

of equation 3.18 with 3.20. This would mean we could not discriminate between the x

and y motion and so would be unable to cool the motion in x and y. A plot of the x and

y motional peaks with varying angle of rotation of the wave-plate is shown if figure 2.3.

The vacuum chamber is connected to a roughing pump (Oerlikon Leybold vacuum pump

140125T) which is capable of reducing the pressure in the chamber down to pressures of

the order of 10−3mbar and a turbo pump (Pfeiffer PM Z01300) which can further reduce

the pressure down to the range of 10−9mbar. The pressure is read from a (Oerlikon

Leybold Vacuum, D-50968 Koln, Type: ITR 90 No: 12094, F-No:1669/2012) pressure

sensor.
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Figure 2.2: Plot of the power spectral density of the signal recorded by the
photo-detector while a particle is trapped at the focus of the laser light at a
variety of pressures. fz, fx and fy are the frequency components due to particle
oscillation, one can see that the 2nd harmonics are also visible at much lower
amplitudes and various cross terms are also discernible at even lower amplitudes.
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Figure 2.3: Control of the split in frequency between the X and Y peaks by
rotation of the quarter wave-plate.
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2.2 Particle Source

The current method for introducing particles to the trap is via a nebuliser, of the same

kind used to treat asthma patients. A solution of deionised water and silica nanoparti-

cles, with a concentration of 0.5% is prepared and sonicated, to prevent clumping of the

particles. This sonicated solution is then pipetted into the nebuliser and sprayed into

the top of the open chamber at atmospheric pressure.

This method of sourcing nanoparticles is used by a number of groups in optically lev-

itated nanoparticles and provides a reliable source of particles. However it has the

downside that it must be performed at atmospheric pressure and thus one must always

pump down to the pressure range of interest after trapping. It also has the downside that

the chamber will spend a significant amount of time at atmospheric pressure, this ex-

poses the chamber to dirt and dust and results in a worse lower limit of pressure one can

reach in the chamber. A thorough discussion of different methods of sourcing/loading

particles into the trap is presented in the PhD thesis by Jan Gieseler [68].

2.3 Detection

The light scattered back toward the parabolic mirror off the particle is focused into a

collimated beam (since the particle is at the focal point of the mirror, light coming from

the particle is focused to infinity). This scattered light interferes with the diverging light

which has not interacted with the particle and the phase difference between these 2 light

beams (due to the scattered lights interaction with the trapped nanoparticle) results in

a resulting light beam whose intensity is proportional to the phase difference between

the 2 waves, this is shown in figure 2.4. The phase difference of the scattered light (from

the reference - unscattered light) is proportional to the position of the nanoparticle

in the trap and therefore measuring the intensity of the resulting light beam, using

a photo-detector, allows us to infer the phase difference and thus the position of the

nanoparticle.

The spectra obtained for the voltage data collected from the photo-detector can be seen

in figure 2.2 where one can observe large peaks to due to the z, x and y motion and

peaks due to the second harmonics and cross terms, these peaks are caused by optical

interference and do not correspond to the physical motion of the nanoparticle. This

process for measuring small motions from the phase difference of 2 light beams is a very

widely used technique called optical interferometry, when it is performed as we describe

here it is called continuous homodyne detection[69]. The theory behind detection is

discussed in more depth in the literature [69–71].
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Figure 2.4: Shows the light entering and leaving the trapping site and parabolic
mirror, taken from reference [15].

2.4 Parametric Feedback Cooling With A Lock-In Ampli-

fier

With the addition to the above setup of an Acousto Optic Modulator (AOM) one may

control the power of the transmitted laser light and therefore the power at the trapping

site. This, as shown in equations 3.18 and 3.19, is proportional to the trap stiffness and

therefore allows direct control of the optical trap’s stiffness via a voltage signal. This

device facilitates performing parametric cooing via the method described in section 3.1

using any device or method via a voltage modulation, the setup for cooling is shown in

figure 2.5.

One method used by our group to implement this voltage modulation to cool the particle

in each degree of freedom is via a lock-in amplifier (ZI HF2LI Lock-in Amplifier).

The basic working principle of a lock-in amplifier is that it takes an input signal, con-

taining a frequency signal that is to be tracked at fsignal, it then mixes this signal with a

reference signal, typically at the same frequency as the signal to be tracked. This results

in 2 peaks in the frequency domain, one at fsignal + fref and one at fsignal− fref . If the

frequencies are the same then one produces a signal with a peak at 2fsignal and one at

the DC (0 Hz).

A low-pass filter is then applied to remove the 2f component, the properties of this filter

are important and need to be tuned for the frequency to be tracked. By changing the
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Figure 2.5: The setup used for cooling with a fibre AOM included in the setup
along with the lock-in amplifier used to lock to the Z, X and Y motion for
cooling.

reference frequency such that the 0Hz component stays precisely at 0Hz one can track

the frequency of the incoming signal being locked to.

By transforming the reference signal such that is out of phase from the reference by 90◦

we get a second reference. If one looks at the output of the signal mixed with reference

1 and low-pass filtered, often labelled the in phase component which takes the form

Rcos(
f0

2π
t+θ), and the output of the signal mixed with reference 2 and low-pass filtered,

often labelled the quadrature component which takes the form Rsin(
f0

2π
t+ θ), one can

determine the phase of the input signal θ along with the amplitude R by transformation

to a polar coordinate system [72].

Using the lock-in amplifier one can select the frequency of a peak (in frequency space) to

track and optimise the lock-in’s low pass filter for that frequency, the lock-in amplifier

then tracks the frequency and phase of this signal and allows you to generate a signal

with a phase shift at double the frequency being tracked. A plot of the temperature of

the centre of mass motion in Z of a nanoparticle as the phase of the feedback signal is

varied is shown in figure 2.6. Using this method our group has cooled to temperatures

of a few mK in all 3 translational degrees of freedom [73].

The limitation of this technique is it expects a purely sinuosoidal signal. In the case

where the signal to be tracked deviates from this the lock-in amplifier will fail to cor-

rectly track the system. More sophisticated tracking algorithms such as Kalman filters

may be implemented with a much broader range of models for the motion, including

nonlinearities for example. A hardware platform which can be used for such a tracking

algorithm is the Field Programmable Gate Array (FPGA).
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Figure 2.6: The temperature of the centre of mass motion in Z of a nanoparticle
as the phase of the feedback signal is varied. It should be noted that this
response is not the same for every experiment, the optimum phase varies with
the setup and optics, as well as occasionally a with different particles. This plot
is taken from [74].

2.5 FPGA Setup

Field Programmable Gate Arrays (FPGAs) are re-configurable integrated circuits which

can be configured using code written in a Hardware Description Language (HDL),

similar to that used to design Application Specific Integrated Circuits (ASICs). FPGAs

contain many programmable logic blocks and reconfigurable interconnects which allow

simple or complex combinational logic, most present day FPGAs also have some kind

of memory (single registers or complete blocks) contained within the logic blocks.

The reason for using an FPGA to implement this cooling is that ordinary computers

(with full operating systems) are not fast enough to perform the computation required

for the filters implemented here and output the resulting value at speeds of the order of

1MHz (µs) or more, also they do not perform operations at precise and constant intervals

as is required for the filters considered here. A minimum practical sample frequency of

1MHz is necessary so that the Nyquist frequency of the feedback system is 500KHz

which is above the range of frequencies we wish to filter for feedback cooling, this is

necessary allow us to perceive this signal correctly and to avoid aliasing of the signal of

interest. In general the higher the sample rate we can achieve the more information we

can collect about the systems motion and the better we can estimate the motion of the

system.

Alternative solutions to FPGAs for the hardware implementation include devices such as

computers using a real-time operating system (RTOS), microcontrollers, microprocessors
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and digital signal processors (DSP). A computer using a real-time operating system is

capable of measuring inputs, processing data and sending outputs in a deterministic

way, with fixed time constraints, but typically is not fast enough for our purposes due

to the larger overhead.

Microcontrollers, microprocessors and DSPs these are faster than computers as they

do not require an operating system, they are lower level devices. Microcontrollers are

typically used in embedded software applications, they are compact chips containing

all the components to perform computation whereas microprocessors contain only a

CPU and the peripherals to communicate with it. Microcontrollers processing speed is

typically in the 10s of MHZ, whereas microprocessors are typically in the GHz range

and are therefore much faster. A DSP is a specialised kind of microprocessor with it’s

architecture optimised for the needs of digital signal processing.

However all of these devices usually operate serially, processing one instruction at a

time, the advantage of FPGAs over these devices is that they can perform parallel

computation very fast. FPGAs can perform many independent calculations in parallel

and they afford direct access to the hardware in addition to having operating speeds

of 10s to 100s of MHz. When writing a program to be synthesised on an FPGA the

user is essentially writing code which will be converted into a circuit built of wires,

registers, look-up tables and logic gates together with a number of other elements, as

compared to when writing some code to be run on a CPU, where you are writing a list

of instructions to be sequentially carried out. It is this hardware implementation and

inherent parallelisation that provides the speed of operation of an FPGA.



Chapter 3

Optical Trapping and Parametric

Feedback Cooling

3.1 Introduction to Optical Trapping

The forces experienced by a particle which has laser light incident upon it can be broken

up into two forces, the scattering force, due to radiation pressure, and the gradient

force, due to the electromagnetic interaction between the light field and the particle.

The former, caused by photons colliding and reflecting off the surface of the particle,

points in the direction of beam propagation. The latter points toward the region of

highest electric field intensity, i.e. the region of highest laser intensity.

If one can cancel out the scattering force with an equal and opposite force, and no other

forces are present on the particle, one can trap an object in space. Alternatively, if

one can reduce the scattering force’s magnitude such that the gradient force dominates

one can also trap the object in space. In practise experiments have been done where

a counter propagating beam of light was used to balance the scattering force [46] as

well as using back reflection from a mirror to form a standing wave trap [75] and using

gravity to counteract the scattering force [76]. However all of these methods suffer from

requiring precise alignment in order to produce a stable trap. The later method of using

a single tightly focused laser beam focused on a dielectric particle such that the gradient

force dominates over the scattering force was first developed by Ashkin in 1986 [77] and

is a widely used technique known as optical tweezers for which he has recently been

awarded the 2018 Nobel Prize in Physics.

15
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3.2 Forces Experienced by an Optically Trapped Particle

The forces that a particle in a light field experiences depends upon the size of the object.

We are interested in levitating nanoscale particles with diameters of below 200nm in

laser light with a wavelength of 1550nm, therefore for all particles used in this report

the particle’s size is much smaller than the wavelength of the light, a << λ where a is the

radius of a spherical particle, in which case we are in the Rayleigh limit and the particle

may be approximated as a point dipole charge in a inhomogeneous electromagnetic field

[74].

Using this we can derive the force on the particle starting from the equation for the

Lorentz force:

~F = q ~E + q~̇x× ~B (3.1)

where q is the charge of the dipole, ~E and ~B is the electric and magnetic field respectively

and ~̇x is the velocity of the particle. If we now treat the dipole particle as two point

charges, one at a location ~x1 with an electric field ~E1 and the other at a location ~x2 with

an electric field ~E2 and taking into account that the two charges must have opposite

signs we get the following form for the force on the dipole particle:

~F = q ~E1 − q ~E2 + q
d( ~x1 − ~x2)

dt
× ~B (3.2)

Noting that ~E2 = ~E1 − ~∆E, the ~E1 terms cancel out and this equation becomes:

~F = q ~∆E + q
d( ~x1 − ~x2)

dt
× ~B (3.3)

If we now assume that the particle is in an electromagnetic field and is polarised such

that the polarisation of the point dipole is ~p = q~d where ~d is the vector distance between

the two charges (i.e. d( ~x1 − ~x2)) we get the following:

~F = q ~∆E +
d~p

dt
× ~B (3.4)

If we now note that the gradient of the electric field can be related to the electric field

as ~∆E = (~d · ~∇) ~E we get:

~F = q(~d · ~∇) ~E +
d~p

dt
× ~B (3.5)

and noting that ~p = q~d we get:
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~F = (~p · ~∇) ~E +
d~p

dt
× ~B (3.6)

If we assume that the dielectric particle is linear, i.e. ~p = α~E where α is the electric

polarisibility of the particle, we get:

~F = α
(

( ~E · ~∇) ~E +
d ~E

dt
× ~B

)
(3.7)

If we now use the vector identity ( ~E · ~∇)) ~E = ~∇(
1

2
E2) − ~E × ( ~∇ × ~E) we get the

following:

~F = α
(1

2
~∇(E2)− ~E × ( ~∇× ~E) +

d ~E

dt
× ~B

)
(3.8)

Now using the Maxwell Faraday equation ~∇× ~E = −∂
~B

∂t
we get:

~F = α
(1

2
~∇(E2)− ~E × (−∂

~B

∂t
) +

d ~E

dt
× ~B

)
(3.9)

The last two terms combine to finally give us the force on the dipole particle due to the

EM field:

~F = α
(1

2
~∇(E2) +

d

dt
( ~E × ~B)

)
(3.10)

The second term is linearly proportional to the time derivative of of the Poynting vector,

which describes the power per unit area passing through a surface. Since the power of

the laser is constant when averaging over timescales much longer than the period of the

laser light (which is ∼ 194 THz for 1550 nm laser light) the time derivative of this term

averages to zero and the force due to the EM field can be written as [78, 11]:

~Fgrad =
1

2
α~∇(E2) =

α

cn0ε0
~∇(I(~r) =

4πa3

cn0

(εp − 1

εp + 2

)
~∇I(~r) (3.11)

Where we have used the relationship
cnε0

2
E2 = I(~r) for the intensity of the beam as a

function of position and have replaced the electric polarisibility α with the polarisibility

of the induced dipole of a spherical dielectric particle α = 4πε0a
3
(εp − 1

εp + 2

)
where a is

the particle radius, n0 is the refractive index of the medium, and εp =
ε

ε0
is the relative

perimitivity (dielectric constant) of the particle. We shall henceforth call Fgrad the
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gradient force. This is the force that acts towards the point of maximum intensity and

keeps the particle trapped.

The particle also feels the scattering force due to radiation pressure in the direction of

beam propagation which takes the form [79]:

~Fscat =
n0σs
c
〈~S〉 (3.12)

Where n0 is the refractive index of the surrounding medium, ~S is the Poynting vector

and σs is the Rayleigh scatter cross section given by [80]:

σs =
2π5

3

d6

λ4

n2 − 1

n2 + 2
(3.13)

Where d is the diameter of the particle (
a

2
), λ is the wavelength of the laser light and n

is the refractive index of the particle to a beam of unpolarised light of wavelength λ. If

we also assume that the time averaged Poynting vector can be written in the form:

〈~S〉 =
E2

2η0c
(3.14)

then the scattering force can be written as:

~Fscat =
128π5n0

3c

n2 − 1

n2 + 2

a6

λ4
I(~r, ~z)~̂z (3.15)

Where z is labelled as the direction of propagation. The important thing to notice when

looking at the equation for the gradient force and scattering force is that the former

scales with a3 and the later with a6 such that as one decreases the radius of the particle,

a, the gradient force decreases at a slower rate than the scattering force. It is also of

note that the scattering force increases the shorter the laser wavelength used to trap.

3.3 Simple Harmonic Motion

Due to the gradient force towards the point of strongest intensity a trapped particle

will constantly feel a force to a single central point, as it moves about this point it

will always feel a restorative force back to this central point. This behaviour is much

the same as one would get from a spring or pendulum, it describes the situation of a

harmonic oscillator in a harmonic potential well.
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It will therefore feel an effective trap stiffness in each translational degree of freedom

and each translational degree of freedom will act as a separate, decoupled, harmonic

oscillator [11]. The particle will feel a trap stiffness in the x-y plane and z axis of:

k0x,0y =
(∂F
∂r

)
z=0

(3.16)

k0z =
(∂F
∂z

)
r=0

(3.17)

Where z is taken to be the direction of propagation of the laser, r is the radial distance

from the centre of the trap, perpendicular to ~z. x and y are two arbitrary perpendicular

dimensions which are perpendicular to ~z and each other, by convention y is taken to

be the dimension of motion with higher frequency than x. By assuming the paraxial

approximation and Taylor expanding the terms for the trap stiffness to first order one

obtains the following expression [11]:

k0x,0y =
4α(NA)4π

cηλ4
P0 (3.18)

k0z =
2α(NA)6π

cηλ4
P0 (3.19)

Where α is the polarisibility of the particle, (NA) is the numerical aperture of the

focusing lens / parabolic mirror and P0 is the peak power of the laser beam. One

therefore can calculate that the trapping frequency in each degree of freedom may be

calculated as:

ω0i =

√
k0i

m
(3.20)

Where m is the mass of the trapped particle and k0i is the trap stiffness in dimension i

where i can be x, y or z. The frequency of the particle’s motion is therefore proportional

to the square root of the power of the trapping laser, since the trapping stiffness is

proportional to the power of the trapping laser.

3.4 Parametric Feedback Cooling

There are three primarily used methods to cool the centre of mass motion of a levi-

tated nanoparticle, these are cavity cooling[10], which is a passive cooling method which

utilises the dipole interaction between a levitated nanoparticle and the optical field in a
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cavity, cold damping [81], where a force is applied directly to the oscillator to oppose it’s

momentum, and parametric feedback cooling [49], which is an active feedback method

where the stiffness of the potential is modulated at twice the frequency with a phase

such that the particle loses energy as it oscillates, which is the method we primarily

discuss here.

The motion of the particle may be controlled by parametric feedback to the trap stiffness

which is achieved via modulation of the laser power, similar to parametric amplification

of laser yields [82], and can be utilised to cool or heat the motion of optically levitated

nanoparticles [11, 24, 13–15]. The optical spring constant in any particular degree of

freedom k0i is proportional to the laser power, therefore, by modulating the laser power

in response to the motion of the particle, we can modulate the trap stiffness. Parametric

feedback, first demonstrated in a Cavity mirror set-up [83], takes advantage of parametric

excitation to control the motion of the nanoparticle in the optical harmonic potential.

Figure 3.1 shows how this scheme may be used to induce cooling of a translational degree

of freedom.

By modulating the laser power, and therefore the trap stiffness, such that it oscillates at

twice the natural frequency of a particular degree of motion and applying a phase shift

such that the trap stiffness is high when the particle is moving away from the centre of

the trap and low when the particle is returning to the centre of the trap means that the

particle loses more energy as it travels up the potential well (away from the centre of the

trap) than it does as it travels back down the sides of the potential well (back toward the

centre of the trap). By performing this operation repeatedly over multiple trap cycles

it is possible to cool the motion of the optically trapped nanoparticle, reducing the

amplitude of its displacement. After many oscillations the cooling rate due to feedback

cooling balances with the heating rate due to gas collisions, photon recoil and other

effects, resulting in a stable equilibrium temperature which the particle stochastically

varies about.

The temperature of a degree of freedom can be related to the mean of the square of its

translational position relative to the centre of the trap in that degree of freedom by the

equipartition theorem like so:

T =
mω2

0

kB
〈x2〉 (3.21)

Where m is the mass of the particle, ω0 is the frequency of oscillation in that degree of

freedom and x is the position of the particle.
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Figure 3.1: Shows the parametric feedback cooling scheme. Position 1 corre-
sponds to the particle being towards the physical edges of the trapping region,
near the top of the trapping potential well, at this point it is in a shallow po-
tential (with low trap stiffness), as it falls it gains energy (although less than
it would gain if it were in the steeper potential). At position two it is at the
centre of the trap and the trap stiffness is increased such that when the particle
rises up the potential well it loses more energy as it climbs the potential well
than if it were in the shallower potential. At position 3 it is at the top of the
potential well again (although on the other side). The trap stiffness is then
reduced again, resulting in the particle falling to position two, where the trap
stiffness is increased as it rises up to position 5, losing energy. Through this
method it loses more energy as it rises up the steeper potential than it gains by
falling down in the shallower potential and therefore, over a full oscillation, the
particle loses energy and is cooled.

3.5 Derivation of the Form of the Power Spectral Density

3.5.1 Power Spectral Density: Part 1

For a particle in a harmonic potential with a damping rate due to the environment Γ,

a natural frequency ω0 and a corresponding trap stiffness k0 = mω2
0 with a mass m and

an external force acting upon it Fth the equation of motion for 1 degree of freedom is:

mẍ(t) +mΓẋ(t) + k0x(t) = Fth(t) (3.22)

replacing k0 with mω2 we get

ẍ(t) + Γẋ(t) + ω2
0x(t) =

Fth(t)

m
(3.23)
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If we then use the Fourier relationship

dnf(t)

dtn
= (iω)nf̃(ω) (3.24)

Then the Fourier transform of the equation of motion is:

(iω)2x̃(ω) + Γ0(iω)x̃(ω) + ω2
0x̃(ω) =

F̃th(ω)

m
(3.25)

which is equal to:

− ω2x̃(ω) + Γ0(iω)x̃(ω) + ω2
0x̃(ω) =

F̃th(ω)

m
(3.26)

Rearranging this for x̃(ω) we get:

x̃(ω) =
1

m

F̃th(ω)

ω2
0 − ω2 + i(Γ0ω)

(3.27)

The formula for the power spectral density (the Fourier transform of the auto-correlation

function) is [6]:

Sxx(ω) =

∫ +∞

−∞
〈x(t)x(t+ τ)∗〉e−iωτdτ (3.28)

and the formula for the reverse Fourier transform is

x(t) =
1√
2π

∫ +∞

−∞
x̃(ω)e+iωtdω (3.29)

Plugging equation (3.29) into equation (3.28) one gets

Sxx(ω) =

∫ ∞
−∞

dτe−iωτ 〈 1√
2π

∫ ∞
−∞

dω1x̃(ω1)e+iω1t 1√
2π

∫ ∞
−∞

dω2x̃(ω2)∗e+iω2(t+τ)〉

(3.30)

Now plugging equation (3.27) into equation (3.30) gives us
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Sxx(ω) =
1

2π

∫ ∞
−∞

dτe−iωτ 〈
∫ ∞
−∞

dω1
1

m

F̃th(ω1)

ω2
0 − ω2

1 + i(Γ0ω1)
e+iω1t

∫ ∞
−∞

dω2
1

m

F̃th(ω2)

ω2
0 − ω2

2 − i(Γ0ω2)
e+iω2(t+τ)〉 (3.31)

Collecting terms this gives us

Sxx(ω) =
1

2πm2

∫ ∞
−∞

dτ

∫ ∞
−∞

dω1

∫ ∞
−∞

dω2e
−iωτe+iω2te+iω2τe+iω1t

〈F̃th(ω1)F̃th(ω2)〉
(ω2

0 − ω2
1 + i(Γ0ω1)) · (ω2

0 − ω2
2 − i(Γ0ω2))

(3.32)

Now using

1

2π

∫ ∞
−∞

e−iωτeiω2τdτ =
1

2π

∫ ∞
−∞

ei(ω2−ω)τdτ = δ(ω2 − ω) (3.33)

from the definition of the delta function we get

Sxx(ω) =
1

m2

∫ ∞
−∞

dω1

∫ ∞
−∞

dω2e
+iω2te+iω1t

〈F̃th(ω1)F̃th(ω2)〉
(ω2

0 − ω2
1 + i(Γ0ω1)) · (ω2

0 − ω2
2 − i(Γ0ω2))

δ(ω2 − ω) (3.34)

Using the following property of delta functions inside of integrals

∫ ∞
−∞

F (x)δ(x0 − x)dx = F (x0) (3.35)

we get

Sxx(ω) =
1

m2

∫ ∞
−∞

dω1e
+iωte+iω1t 〈F̃th(ω1)F̃th(ω)〉

(ω2
0 − ω2

1 + i(Γ0ω1)) · (ω2
0 − ω2 − i(Γ0ω))

(3.36)

3.5.2 Power Spectral Density: Aside 1 - Inner Product of Thermal

Noise

We now derive the following result
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〈F̃th(ω1)F̃th(ω)〉 =
√

2πδ(ω1 + ω)f̃(
ω1 − ω

2
) (3.37)

Where f̃ is the Fourier transform of the two point correlation function of the thermal

noise Fth.

Using the formula for the Fourier transform g̃(ω) =
1√
2π

∫∞
−∞ g(t)e−iωtdt we get

〈F̃th(ω1)F̃th(ω2)〉 =
1

2π

∫ ∞
−∞

∫ ∞
−∞

dt1dt2〈Fth(t1)Fth(t2)〉e−iω1t1e−iω2t2 (3.38)

Defining 〈Fth(t1)Fth(t2)〉 = f(t1 − t2) which is the two-point correlation function of the

thermal noise Fth.

we get

=
1

2π

∫ ∞
−∞

∫ ∞
−∞

dt1dt2f(t1 − t2)e−iω1t1e−iω2t2 (3.39)

Now defining t+ = t1 + t2 and t− = t1 − t2 and replacing t1 with
1

2
(t+ + t−) and t2

with
1

2
(t+− t−) in the integral, and using integration by substitution, we can recast this

equation like so:

=
1

2π

∫ ∞
−∞

∫ ∞
−∞

dt+dt−f(t−)e−
1
2
iω1(t++t−)e−

1
2
iω2(t+−t−) (3.40)

Collecting the t+ and t− terms together we get

=
1

2π

∫ ∞
−∞

dt+e
it+(−ω1+ω2

2
)

∫ ∞
−∞

dt−f(t−)e−it−(
ω1−ω2

2
) (3.41)

By noticing that the first term is exactly the delta function:
1

2π

∫∞
−∞ dt+e

it+(−ω1+ω2
2

) = δ(−ω1 + ω2

2
) = δ(ω1 + ω2) from the definition of the delta

function

And noticing that the second term is of the same form as the Fourier transform∫∞
−∞ dt−f(t−)e−it−(

ω1−ω2
2

) =
√

2πf̃(
ω1 − ω2

2
) from the definition of the Fourier trans-

form.

We then get the result that:

〈F̃th(ω1)F̃th(ω2)〉 = δ(ω1 + ω2)
√

2πf̃(
ω1 − ω2

2
) (3.42)
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3.5.3 Power Spectral Density: Part 2

If we use the result we have just derived, given in equation (3.37), along with equation

(3.36) we get

Sxx(ω) =
1

m2

∫ ∞
−∞

dω1e
+i(ω+ω1)t δ(ω1 + ω)

√
2πf̃(ω1−ω

2 )

(ω2
0 − ω2

1 + i(Γ0ω1)) · (ω2
0 − ω2 − i(Γ0ω))

(3.43)

Using this result along with the property of delta functions described in equation (3.35)

we get the following

Sxx(ω) =
1

m2

√
2πf̃(−ω)

(ω2
0 − ω2 − i(Γ0ω)) · (ω2

0 − ω2 + i(Γ0ω))
(3.44)

When the brackets in the denominator are expanded we obtain

Sxx(ω) =
√

2π
1

m2

f̃(−ω)

ω4
0 − 2ω2

0ω
2 + ω4 + Γ2

0ω
2

=
√

2π
1

m2

f̃(−ω)

(ω2
0 − ω2)2 + (Γ0ω)2

(3.45)

where f̃ , as mentioned earlier, is the Fourier transform of the two point correlation

function of the thermal noise Fth. Taking this to be constant is equivalent to assuming

that the noise is Markovian i.e. that it is uncorrelated from time t to time t+ τ .

This is the case because the reverse Fourier transform of constant f̃ results in f(s) =
1√
2π

∫
f̃ e−iωsdω = f̃ δ(s) which is the two-point correlation function in time for Marko-

vian noise. That is to say, it is uncorrelated in time.

Therefore we get the result that the equation for the form of the peak in the power

spectral density of the time trace of the particle motion takes the following form

Sxx(ω) =
√

2π
1

m2

f̃

(ω2
0 − ω2)2 + (Γ0ω)2

(3.46)

3.5.4 Power Spectral Density: Aside 2 - Derivation of f̃

The form of the constant f̃ can be derived readily by realising that the integral of a

power spectral density yields the positional variance of the oscillator, namely 〈x2〉 [6].

Therefore
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〈x2〉 =
1

2π

∫ ∞
−∞

Sxx(ω)dω (3.47)

Plugging in equation 3.46 for Sxx we get:

=
1√
2π

f̃

m2

∫ ∞
0

1

(ω2
0 − ω2)2 + (Γ0ω)2

dω (3.48)

Using the relationship a2 + b2 = (a+ ib)(a− ib) we get

(
ω2

0 − ω2
)2

+ (Γ0ω)2 =
(
ω2 + iΓ0ω − ω2

0

) (
ω2 − iΓ0ω − ω2

0

)
(3.49)

The roots for the two quadratics are

ω =
±iΓ0 ±

√
4ω2

0 − Γ2
0

2
(3.50)

Thus, re-pairing the roots gives

(
ω2

0 − ω2
)2

+ (Γ0ω)2 (3.51)

=

(
ω2 + ω

√
4ω2

0 − Γ2
0 + ω2

0

)(
ω2 − ω

√
4ω2

0 − Γ2
0 + ω2

0

)
(3.52)

=

[(
ω +

√
ω2

0 − 1
4Γ2

0

)2

+ 1
4Γ2

0

][(
ω −

√
ω2

0 − 1
4Γ2

0

)2

+ 1
4Γ2

0

]
(3.53)

Then using partial fractions this gives us
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1(
ω2

0 − ω2
)2

+ (Γ0ω)2
=

1

2ω2
0

 1 + ω√
4ω2

0−Γ2
0(

ω +
√
ω2

0 − 1
4Γ2

0

)2

+ 1
4Γ2

0

+
1− ω√

4ω2
0−Γ2

0(
ω −

√
ω2

0 − 1
4Γ2

0

)2

+ 1
4Γ2

0


(3.54)

=
1

2ω2
0

∫ ∞
−∞

 1 + ω√
4ω2

0−Γ2
0(

ω +
√
ω2

0 − 1
4Γ2

0

)2

+ 1
4Γ2

0

+
1− ω√

4ω2
0−Γ2

0(
ω −

√
ω2

0 − 1
4Γ2

0

)2

+ 1
4Γ2

0

 dω (3.55)

=
1

2ω2
0

∫ ∞
−∞

 1
2 + ω√

4ω2
0−Γ2

0

ω2 + 1
4Γ2

0

+

1
2 −

ω√
4ω2

0−Γ2
0

ω2 + 1
4Γ2

0

 dω (3.56)

=
1

2ω2
0

∫ ∞
−∞

dω

ω2 + 1
4Γ2

0

(3.57)

∫ ∞
0

1(
ω2

0 − ω2
)2

+ (Γ0ω)2
dω =

π

ω2
0Γ0

(3.58)

Therefore combining this result with equation (3.48) we obtain the following result

〈x2〉 =

√
π

2

f̃

m2ω2
0Γ0

(3.59)

Assuming that the system is in thermal equilibrium and the equipartition theorem ap-

plies to this system.

From the equipartition theorem
1

2
kBT =

1

2
mω2

0〈x2〉 we get:

1

2
kBT =

1

2
mω2

0

√
π

2

f̃

m2ω2
0Γ0

=
1

2

√
π

2

f̃

mΓ0
(3.60)

Therefore

f̃ =

√
2

π
mkBTΓ0 (3.61)

3.5.5 Power Spectral Density: Part 3

Plugging equation (3.61) into equation (3.46) we finally get
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Sxx(ω) =
2kBT

m

Γ0

(ω2
0 − ω2)2 + (Γ0ω)2

(3.62)

Where we have started from the differential equation for a damped harmonic oscillator

with an applied external force and assumed the system is in thermal equilibrium and

obeys the equipartition theorem. This equation is the expression for the shape of the

peak formed in the power spectral density and is used to characterise trapped particles,

from it we extract the frequency, the damping on the system, the mass and the temper-

ature of a trapped particle. We use the result in the data analysis in section 4.3, 5.4,

6.5 and 8.3.

3.6 Fitting and Parameter Extraction

The signal recorded from the photodiode we use to detect and measure the motion of

a levitated nanoparticle, see the experimental setup in section 2.1, is in units of Volts;

if one assumes that the voltage recorded V is linearly proportional to the intensity of

light I and one assumes that the intensity fluctuation in the light due to the particle’s

motion is linearly proportional to the displacement of the particle from the equilibrium

position then one can state that the voltage recorded V = γq [11, 15, 84], where q is the

displacement in some degree of freedom, this gives us the following form of the peak in

the power spectral density of the voltage signal recorded from the photodiode

Sxx(ω) = γ2 2kBT

m

Γ0

(ω2
0 − ω2)2 + (Γ0ω)2

(3.63)

Where γ is the conversion factor between volts and nanometres, T is the temperature

associated with the centre of mass motion the particle from the equipartition theorem, m

is the mass of the particle, Γ0 is the damping due to the environment ω0 is the frequency

at which the particle oscillates in the trap (for the particular degree of freedom being

fitted to). From this voltage signal one can extract the displacement of the particle from

equilibrium in nm, along with the radius and mass of the particle and the temperature

of each degree of freedom.

If one makes the assignment

A = γ2 2kBT

m
Γ0. (3.64)

This leaves us with the following equation with 3 free parameters to fit to the PSD of 1

degree of freedom of a particle’s motion.
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Sxx(ω) =
A

(ω2
0 − ω2)2 + ω2Γ2

(3.65)

We fit this to the power spectral density data calculated from the time-voltage data

using an implementation of Welch’s method provided by the scipy python package. This

function returns the estimate of the power spectral density in V 2/Hz, Sxx and the

corresponding frequency data in Hz, f . The angular frequency data used for fitting is

calculated by multiplying the frequency data, f , by 2π so we have ω = 2πf . Equation

3.65 is fitted to this ω and Sxx data, the resulting fitted line when this method is applied

to simulated data is shown in figure 3.2, along with the fitted values of Γ and
A

Γ
.

0 50 100 150 200 250 300 350 400
f (kHz)

10 25

10 23

10 21

10 19

10 17

S x
x (

V
2 /H

z)

= 4033.054 + 264.065

A/ = 0.03365 + 0.00220

PSD data
fitted expression

Figure 3.2: Fitting to the power spectral density of simulated data with ex-
pression 3.65

One can also use the following expression, where we have not absorbed Γ into the factor

on top of the expression.

Sxx(ω) =
A′Γ

(ω2
0 − ω2)2 + ω2Γ2

(3.66)

The resulting fitted line when this method is applied to the same simulated data is

shown in figure 3.3, along with the fitted values of Γ and A′. The extracted parameters

and uncertainty from both methods come out almost exactly the same.

If one wants to extract the temperature associated with the displacement of the particle

for a particular time trace one must have performed an uncooled reference measurement

of the system at a known temperature T0. In practise we do this by taking data of
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'

Figure 3.3: Fitting to the power spectral density of simulated data with ex-
pression 3.66

a particle levitated at a pressure of 3-10mbar and assuming thermal equilibrium such

that the particle is at the same temperature as the environment. If one fits to the

PSD produced by this reference time trace, and then to the second measurement where

one wishes to extract the temperature, then one may extract the temperature of the

translational motion in a degree of freedom like so:

TP2 = T0

AP2Γ0P1

AP1ΓP2

(3.67)

Where one obtains Γ0P1
and AP1 by fitting to the uncooled reference save assumed to

be at T0 = 300K, the temperature of the environment, and at a pressure P1, and where

we obtain ΓP2 and AP2 by fitting to the data, taken at P2, for the data for which you

want to find the temperature of translational motion in a dimension of the particle. P1

is the pressure at which the reference save was taken and P2 is the pressure of the save of

interest, this distinction is important as Γ0, the environmental damping, changes with

pressure. Expanding equation 3.67 and replacing the fitting terms with the physical

ones (and cancelling out the constant γ2 2kBT

πm
terms) we obtain:

TP2 = T0

Γ0P2
Γ0P1

Γ0P1
ΓP2

(3.68)

Cancelling out the Γ0P1
terms we obtain the following:
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TP2 = T0

Γ0P2

ΓP2

= T0
Γ0

Γ
= T0

Γ0

Γ0 + δΓ0
(3.69)

Where we have made the replacement Γ = Γ0 + δΓ0 where δΓ0 is the effective additional

damping due to parametric cooling, the Γ0 factor on top remains the same as it is

derived from equipartition and is due to the effect of the environment only. Using the

equipartition theorem we can show that this is the form of the equation for temperature

like so [73]:

From the equipartition theorem we know that:

1

2
kBT =

1

2
mω2

0〈x2〉 (3.70)

We can calculate 〈x2〉 like so:

〈x2〉 =

∫ ∞
0

Sxx(ω)dω (3.71)

=
Γ0kbT0

2πm

∫ ∞
−∞

1

([ω0]2 − ω2)2 + ω2[Γ0 + δΓ0]
dω (3.72)

=
Γ0kbT0

m

1

ω2
0[Γ0 + δΓ0]

(3.73)

Therefore we get that:

1

2
kBT =

1

2
mω2

0

Γ0kbT0

m

1

ω2
0[Γ0 + δΓ0]

(3.74)

and therefore, after cancelling out terms, that the equation for temperature takes the

form:

T = T0
Γ0

Γ0 + δΓ0
(3.75)

Which is what we have in equation 3.69.

From the temperature one can also calculate the mean thermal occupancy (or mean

phonon number) in a particular degree of freedom as [68]:

〈n〉 =
kBT0

~ω0
− 0.5 (3.76)





Chapter 4

Radius and Conversion Factor

Extraction

4.1 Introduction

By fitting equation 3.65 to the Lorentzian peak formed in the power spectral density of

the recorded data due to the motion in z, x or y one can extract the frequency of the

motion, ω, the damping felt by the motion, Γ0, and the A parameter from equation 3.64,

which contains the conversion factor γ, the damping Γ0, the temperature of the centre

of mass motion Tc.m. and the mass of the nanoparticle m. By taking a measurement

record at a pressure where the particle’s motion is in equilibrium with the background

gas environment we can know the temperature.

This leaves the conversion factor and mass as our unknown parameters. However, for a

nanosphere with a radius r in a gas at a known pressure, P , there are several theoretical

expressions in the literature for the damping Γ0 one expects on the system due to the

gas. Since we have measured the pressure P and can extract the damping Γ0 from the

data we can then use these expressions to calculate the radius r and therefore the mass

m. This allows us to use the A parameter to calculate the conversion factor γ as this is

the only remaining unknown parameter.

In order to calculate the radius and therefore the mass of a trapped nanoparticle we need

to have a data-set where the particle is at a known pressure and temperature. For this we

typically take a reference data-set at a high pressure (typically around 3mbar) where we

assume the levitated nanoparticle is in equilibrium with the air in the vacuum chamber,

which is at room temperature (∼ 300 K). Using this assumption of the temperature

being 300 K along with a relation to relating the damping on the particle, calculated by

fitting to the PSD with equation 3.65, to the measured environmental gas pressure inside

the vacuum chamber and the radius of the nanoparticle one can calculate the radius,

33
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and therefore the mass of the particle (as the density is well known). This method is

widely used in the literature [11, 68, 15, 26].

This chapter describes the various relations found in the literature which relate damp-

ing, radius/mass and pressure and then discusses how they disagree with experimental

measurements of the damping and lead to incorrect radius measurements. A correc-

tion factor to these equations is proposed which results in a radius distribution which

matches that observed through TEM imaging and the manufacturer’s information. We

then describe how, with this radius (and therefore mass) estimate, we can calculate the

conversion factor from volts measured by the photodetector to nanometers moved by

the particle.

4.2 Theory

In the literature there are several relations used which relate the damping felt by a spher-

ical nanosphere with a particular radius at a particular pressure. We will now outline

the theoretical relations used in the literature and demonstrate their disagreement with

each other.

4.2.1 Relation 1

The first expression used in the literature [49, 68, 74] for the damping on a nanosphere

in a low pressure gas that we will consider is as follows;

Γ0 =
6πηairr

m

0.619

0.619 +Kn
(1 + ck) rad/s (4.1)

Where ηair is the viscosity of air, r is the radius of the silica nanosphere, m is the mass

of the silica nanosphere, Kn is the Knudsen number
s

r
, a dimensionless number which

is the ratio between the molecular mean free path length s of the air particles and the

radius of the trapped nanosphere. ck is a small positive function of Kn which takes the

form (0.31Kn)/(0.785 + 1.152Kn +K2
n).

The mean free path is dependant upon the pressure of the system. The mathematical

form the mean free path, is dependant upon whether the particles under study are

considered to be hard like spheres colliding or as soft spheres following Lennard-Jones

Potential. In this case assuming the gas particles to be hard spheres yields the following

form [74]:

s =
kBT0√

2πd2
gasPgas

(4.2)
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Where dgas is the diameter of the gas particles, T0 is the temperature of the gas and

Pgas is the pressure of the gas.

Equivalently one can use the following form:

s =
ηair
Pgas

√
πkBT0

2mgas
(4.3)

Where mgas is the molecular mass of air and the other parameters are as defined above.

The molecular mass of air is 28.97g/mol and the number of molecules in a mole is

Avogadro’s Number 6.0221409 × 1023 therefore we get the molecular mass of air to be

4.81× 10−26Kg.

This can be simplified to the following form which is used in [68, 74, 15]:

Γ0 ' 0.619
9π√

2

ηaird
2
gas

ρkBT0

Pgas
r

rad/s (4.4)

Where ρ is the density of the silica nanospheres, which is quoted by the manafacturer

(microspheres-nanospheres) to be 1800kg/m3.

This is also approximately equal to the following, used in [85].

Γ0 ' 15.8r2Pgas/mv̄gasRMS rad/s (4.5)

Where v̄gasRMS is the root mean square of the thermal velocity of the background gas

v̄gasRMS =

√
3kBT

mgas
. These 3 relations are plotted in figure 4.1 and from this we can

see that they all agree very well and produce the same result for the damping in the

pressure range of interest.



36 Chapter 4 Radius and Conversion Factor Extraction

10 2 10 1 100 101 102 103

P (mbar)

102

103

104

105

106

107
 (r

ad
ia

ns
/s

)
Damping vs Pressure for 50nm radius

eq 4.1
eq 4.4
eq 4.5

101 102 103

r (nm)

103

104

105

 (r
ad

ia
ns

/s
)

Damping vs Radius for 3mbar pressure
eq 4.1
eq 4.4
eq 4.5

Figure 4.1: Plot of the 3 semi-equivalent damping relations given in equations
4.1, 4.4 and 4.5 between pressure and radius showing they are approximately
equivalent

4.2.2 Relation 2

Another relation used in the literature [7] takes the following form

Γ0 =
8

π

Pgas
v̄gasrρ

rad/s (4.6)

Where v̄gasRMS is the mean of the magnitude of the thermal velocity of the background

gas vgasRMS =

√
8kBT

πmgas
. This relation disagrees with the previously given expressions

as can be seen in figure 4.2.
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Figure 4.2: Plot of the 2 damping relations given in equation 4.1 and 4.6
between pressure and radius showing they disagree.

4.2.3 Relation 3

Another relation in the literature [86] is as follows

Γm =
8

3
π
mgas

m
r2ngasv̄gas rad/s (4.7)

Where ngas is the gas number density. It turns out that this expression is exactly double

the expression in equation 4.6.

If we use m = ρ4
3πr

3 along with the ideal gas law ngas =
P

kBT0
we get

Γm = 2
P

rρ
v̄gas

mgas

kBT0

Then using the relation vgasRMS =

√
8kBT

πmgas
we get

Γm =
16

π

P

rρ
v̄gas

πmgas

8kBT0
=

16

π

P

rρ

v̄gas
v̄2
gas

=
16

π

P

v̄gasrρ

Which is exactly double equation 4.6.

Another exactly equivalent form to equation 4.7 is given in [24]

Γ0 =
64r2

3mv̄gas
P rad/s (4.8)
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Plugging m = ρ4
3πr

3 into this we recover equation 4.7.

These relations (equations 4.7 and 4.8 agree exactly with each other but also disagree

with the previously given relations used in the literature as is shown in figure 4.3.
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Figure 4.3: Plot of the 2 exactly equivalent damping relations 4.7 and 4.8
between pressure and radius showing their equivalency and that the form given
in equation 4.6 and also equation 4.1 (which is itself approximately equivalent
to equations 4.4 and 4.5 disagree by a constant multiplication factor with the
aforementioned relations.

4.2.4 Relation 4

Finally in another article in the literature [87] they give a more sophisticated model for

the damping experienced by a trapped nanoparticle by modelling the gas as two indepen-

dent baths which contribute two different damping components, one due to impinging

gas particles and one due to emerging gas particles such that they have

Γ0 = Γimp + Γem (4.9)

They find that

Γem =
π

8

√
T em

T imp
Γimp (4.10)

where

Γimp =
4

3
π
mgas

m
r2ngasv̄gas (4.11)
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Which is the same as that given in equation 4.6 and half that in equation 4.7 and 4.8

which means total environmental damping becomes

Γ0 =

(
1 +

π

8

√
T em

T imp

)
4

3
π
mg

ms
r2ngasv̄g rad/s (4.12)

In the case where we assume the emerging gas is the same temperature as the impinging

gas, which we assume to be 300K, we get a result slightly higher than that which we get

from equation 4.1, this can be seen in figure 4.4. Higher values of T em, which would be

expected as the particle is heated by the laser and is therefore likely to impart energy

on the emerging gas, lead to higher damping values as more energy from the particle is

transmitted into the gas.
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Figure 4.4: Plot of all 5 of the disagreeing damping relations with the damping
relation given in equation 4.12 where we have assumed the emerging gas is the
same temperature as the impinging gas, which we assume to be 300K.

4.3 Experimental Results

If we now take these damping pressure relations for a 50nm particle and add the data for

a particle which has a radius of around 50nm (the particle was typical of that trapped

from a solution with a radius distribution of N (µ = 50nm, σ = 30nm)), which is shown

in figure 4.5. We then find that the theoretical values are too high compared to exper-

imental observation, in order for the data to match the theoretical relations the radius

for the particle which produced the experimental data would have to have a radius of

around ∼ 200 nm, which is far outside the distribution. Although the gradient of the

theoretical relations and experimental data all agree, there is disagreement by a constant
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multiplication factor with each other and with the experimental data, in addition this

cannot be explained by heating of the emerging gas as described in equation 4.12 as this

causes an increase in the damping, not a decrease.
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Figure 4.5: Plot of 4 of the disagreeing damping relations given in equations
4.1, 4.6 and 4.7 with the damping relation given in equation 4.12 where we
have assumed the emerging gas is the same temperature as the impinging gas,
which we assume to be 300K along with experimentally collected data. Here
we have also plotted the experimental damping observed for a single particle,
trapped from a solution with a radius distribution of N (µ = 50, σ2 = 921) in
nanometres, at a range of different pressures without feedback.

f(t) = Ae
−Γt

2 (4.13)

An alternative method to extract the damping upon the system is a ringdown measure-

ment, this is where one excites or heats the system to a higher energy than equilibrium
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and then allows the system to relax back to equilibrium under the effect of the system’s

damping. One can then fit the exponential expression shown in equation 4.13 to the

decaying amplitude of oscillation to extract the damping upon the system. In figure 4.6

we have applied a parametric heating for a period of time in order to excite the motion

of the nanoparticle and then stopped it abruptly in order to fit to the relaxation of the

motion and extract the damping Γ, as shown in c. We also fit to the power spectral

density without any feedback being applied to extract the damping, Γ in subfigure b.

One finds good agreement between these 2 methods.

4 2 0 2 4
time (s)

0.10

0.11

0.12

0.13

0.14

0.15

0.16

0.17

m
ea

su
re

d 
sig

na
l (

V)

a

86 88 90 92 94
f (kHz)

10 12

10 11

10 10

10 9

10 8

S x
x(V

2 /H
z)

= 1707

b

0 500 1000 1500 2000
t( s)

0.02

0.01

0.00

0.01

0.02

fil
te

re
d 

z s
ig

na
l (

V)

= 1677

c

Figure 4.6: a) An experimental time trace with parametric heating applied
from ∼ 1.5s to ∼ 3.2s. The data in the green region (−5s to −2s) is used to
generate the PSD which we fit to extract Γ, the data in the red region is filtered
using a bandpass filter to extract the z motion, we then fit to this ringdown
data to extract Γ b) Fitting to the experimental power spectral density with
expression 3.65 c) Fitting to experimental ringdown data with expression 4.13

The manufacturer of the nanoparticles, microspheres-nanospheres, state that the nanopar-

ticles have a polydispersity index (PDI) of > 0.95 with a mean radius of 50nm. The PDI
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is related to the mass distribution through the following relation
σ2
m

m2
= PDI−1 [88]. Us-

ing the fact that m ∝ r3 we get that
σ6
r

r6
= PDI− 1 which means that σr = (PDI− 1)

1
6 r.

If we then use this standard deviation and assume a Gaussian distribution about a ra-

dius of 50nm this gives the distribution seen in figure 4.7. It’s important to note that

since the PDI is greater than 0.95 the distribution may be less broad than that shown.
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Figure 4.7: Visualisation of the histogram of the distribution quoted by the
provider.

To confirm that the bottle distribution given by the manufacturer was indeed accurate

and wasn’t affected by our particle delivery mechanism we prepared a particle solution

in the nebulizer and sprayed it onto a tunnelling electron microscope (TEM) grid and

took pictures of the particles on the grid with a TEM, an example TEM image can be

seen in figure 4.8. We then used the particle and pore analysis module in a commercial

software package, SPIP [89], to extract the radii of the particles imaged with the TEM

and obtained the distribution seen in figure 4.9.

If we then apply equation 4.6 to calculate the radius of nanoparticles as r =
16

π

Pgas
v̄gasρΓ0

by fitting to the z peak in the PSD from a large number of data sets of different particles

at pressures between 2 and 4 mbar we get the distribution of radii seen in figure 4.10. We

use this pressure range as it is where we expect the particle’s motion to be in equilibrium

with the environment and the harmonic potential to dominate over any non-linearities

and stochastic driving by gas collisions.

This shows clearly that they do not agree. Since the gradient of the line matches well to

that extracted from experiments, one can attempt to find the multiplicative correction

factor to add to one of the relations in order to find by what factor they disagree. If we

arbitrarily pick equation 4.6 and add a multiplicative correction factor of
1

4
we find that

the distributions match pretty well as can be seen in figure 4.11.
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Figure 4.8: TEM image of a slide sprayed with a silica nanoparticle solution
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Figure 4.9: Visualisation of the histogram of the distribution quoted by the
provider and the histogram obtained from the TEM image taken of a slide
covered in silica nanoparticles.

With this alteration we now have the following ad-hoc relation for the damping due to

gas on a nanosphere;

Γ0 =
4

π

Pgas
v̄gasrρ

. (4.14)

If we then add this to the plot with all the other relations in the literature and the

experimental data one can see we get much better agreement, as seen in figure 4.12.

The reason for this disagreement with the theoretical relations in current unknown, other
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Figure 4.10: Visualisation of the histogram of the distribution quoted by the
provider and the histogram obtained from the TEM image taken of a slide
covered in silica nanoparticles with the addition of a histogram of the radii
obtained from the data using equation 4.6.

work in the literature shows good agreement between these relations and experimental

data, although, as shown here, the relations do not agree perfectly with each other.
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Figure 4.11: Visualisation of the histogram of the distribution quoted by the
provider and the histogram obtained from the TEM image taken of a slide
covered in silica nanoparticles with the addition of a histogram of the radii
obtained from the data using equation 4.6 with a corrective multiplication factor

of
1

4
applied.



46 Chapter 4 Radius and Conversion Factor Extraction

10 2 10 1 100 101 102 103

P (mbar)

101

102

103

104

105

106

107

 (r
ad

ia
ns

/s
)

Damping vs Pressure for 50nm radius
eq 4.1
eq 4.6
eq 4.7
eq 4.13
eq 4.14
Experiment

Figure 4.12: Plot of 5 of the disagreeing damping relations given in equations
4.1, 4.6, 4.7 and equation 4.12 [where we have assumed the emerging gas is the
same temperature as the impinging gas, which we assume to be 300K]. Here we
have also plotted the experimental damping observed for a single particle and
our altered relation which gives good agreement with the data.
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4.4 Conversion Factor Extraction

Using this expression for the radius, in equation 4.14, we can calculate the conversion

factor γ which linearly relates the recorded voltage signal to the displacement of the

nanoparticle as Vq = γq, where q is the displacement in some degree of freedom and Vq

is the corresponding voltage change in the detected signal. One can calculate the value

of γ using the relation given in eq 3.64 which can be rearranged to the form

γ =

√
A

m

2kBT0Γ0
, (4.15)

along with the assumption that the environment is at 300 K and the mass, which can

be calculated from the measured pressure and damping using equation 4.14, where A is

a parameter extracted from the fit to the power spectral density data.

One also has the following relation, from equipartition, kBT = mω2
0〈q2〉, if one replaces

q with
Vq
γ

and rearranges for γ then one gets:

γ =

√
mω2

0〈V 2
q 〉

kBT
, (4.16)

These two methods were applied to compute the conversion factor for the Z motion of

261 different particles at 2-4mbar and it was found that the conversion factors calculated

with these two methods show good agreement. A histogram of the ratio between γfit,

calculated using eq. 4.15, and γeq, calculated using eq. 4.16, is shown in figure 4.13.

From this figure one can observe there are two Gaussian peaks, one about ∼ 0.75 and

one about ∼ 1, the Gaussian about the lower value turns out to be a consequence of

under-sampling of the experimental data.

If one plots the number of samples per period of motion in z, calculated as the sample

frequency Fs divided by the frequency of motion fz, against the ratio of the conver-

sion factors one obtains the plot show in figure 4.14. Also shown in this figure is the

same method of calculating the conversion factor applied to the one single time trace of

simulated data sampled at different sample frequencies, in this case the true conversion

factor is known to be 1 (as we are simulating the motion and know the displacement in

nanometres) but the γfit disagrees by the same amount as with the experimental data.

We also, for the simulated data, can verify that the motion is indeed in equilibrium with

the environment at 300 K by calculating T via T =
mω2

0〈z2〉
kB

.

From the data in figure 4.14 one can see a trend present on both the simulated and

experimental data of an a curve up to an asymptote from a level around ∼ 0.75 up to a
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Figure 4.13: Histogram of the ratio of the conversion factor calculated with eq.
4.15 to the conversion factor calculated with eq. 4.16.

asymptote around ∼ 1.0. It therefore appears that in order to get an accurate value for

γ from the fitted parameters you require at least 100 points per period of motion.
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Figure 4.14: Scatter plot of the ratio of the conversion factor calculated with
eq. 4.15 to the conversion factor calculated with eq. 4.16 against the number
of points per period for the data analysed.

4.5 Conclusions

A number of expressions for the damping experienced by a levitating particle in terms of

the pressure of the environment and the radius of the particle are given in the literature.

Many of these relations disagree with each other, with largest disagreement being a

factor of 2, in addition we observe a larger disagreement with experimental data. One

might expect a small variation in these different theoretical expressions for the damping

as they are either defined for overdamped dynamics and extrapolated to low pressures

or calculated numerically for gas dynamics at low pressures. Here we find that the

disagreement between one of the relations, equation 4.6, which was picked arbitrarily,

and the experimentally extracted values is a factor of
1

4
.

Γ0 =
4

π

Pgas
v̄gasrρ

. (4.17)

As demonstrated by the number of disagreeing theoretical expressions used in the lit-

erature, the relation between pressure, radius and the damping felt by the particle is

not an precise relation or method to extract the mass, many assumptions are made by



50 Chapter 4 Radius and Conversion Factor Extraction

each model which may not be strictly satisfied by the experimental conditions. However,

other work in the literature extracts experimental values which find agreement with the

relations considered here. The reason for this disagreement is unknown and provides an

interesting avenue for furthur investigation.

Some possible reasons for the disagreement with the theoretical equations for damping

could be because the nanoparticles being trapped could be significantly non-spherical as

this would result in a different effective damping upon translation due to the different

geometry. In addition once the nanoparticles are trapped they may undergo some phys-

ical or state change that renders them with different physical properties, such as radius

and density changing due to contraction or some other unknown mechanism. It could

also be that some of the assumptions made in the derivation are invalid in this system

or need a slight modification, for example the particle is likely hotter than 300K due to

laser heating, this possibility could be investigated by performing experiments at higher

pressures or lower laser powers.

Another issue with this method for mass extraction is that the error in the pressure

measurement is 15% and as such the error on any radius calculated in this way is at least

15% if not larger due to errors in the fitting of the damping factor and temperature, this

also leads to a 45% error in the mass. Better mass determination methods for optically

trapped nanoparticles have recently been developed which can give estimates of the

mass with errors as low as 3% [90]. Where the mass is an important parameter which

needs to be accurately known, for example for force sensing applications, one should

apply the much more accurate method developed in the cited paper or another similarly

accurate method. In addition if one can perform this procedure for many particles to

more accurately determine the mass then it may be possible to better calibrate this

method of calculating the mass from the damping felt at a known pressure if the error in

this method is systematic and if one can use a pressure sensor with a lower error. This

would be desirable as the mass calibration method described in the cited paper is not a

simple or quick procedure to perform.



Chapter 5

Real time FIR filters for

Parametric Feedback Cooling

5.1 Introduction

One way to implement parametric feedback cooling is to use a bandpass filter to filter

out everything except the signal due to the particle’s motion in a particular degree of

freedom, its centre of mass motion in the z direction for example, and then remove any

remaining offset on the resulting sinusoid so that its centred on 0, then square this wave

to produce a wave with twice the frequency and apply a phase shift such that the phase

difference between the motion (in the dimension to be cooled) and the modulation is

such that the particle is cooled as described in section 3.1. This phase difference can be

applied as a time-delay.

It is desirable to implement this as an FIR filter rather than an Infinite Impulse Response

(IIR) filter because Finite Impulse Response (FIR) filters can be easily constructed to

have a linear phase response which means the phase of the feedback signal is less sensitive

to small changes in the frequency of the motion. FIR filters are also guaranteed to be

stable whereas IIR filters can be unstable due to their dependence on past outputs of

the filter.

In order to program an FPGA one must write or generate code in a Hardware De-

scription Language (HDL). Currently there exists no free, open-source, solution for

implementing Finite Impulse Response (FIR) filters in a HDL without knowing how to

program in a HDL or using a package such as the MyHDL package for python to make

creating the HDL code more user friendly, both of these options requires a large time

investment. Writing code in a HDL such as VHDL or Verilog requires an understanding

of the languages syntax and the how to structure the code in order to get the correct

51
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behaviour when synthesised on the FPGA, as this is quite different to the usual line-by-

line processing of code to be run on a computer, MyHDL does not solve this problem,

although if one already understands how to structure HDL code already it can make

implementing the FPGA code simpler.

Alternative methods include schematic capture design methods such as Altium Designer

and LabVIEW FPGA which allow the user to graphically design the circuit they want

to implement on the FPGA, this is then analysed and converted to HDL code which

is synthesised onto the FPGA. These methods have the advantage of being easier to

capture and quicker to design for small programs but comes with the caveat of not

being as easy to generalise or use common code structures such as for loops, it also

introduces another level of abstraction from the code and due to the fact these tools are

less used there is less help available from the online community.

Another potential solution is purchasing a closed source solution such as Matlab’s HDL

Coder Toolkit which requires a very considerable monetary investment but allows the

user to focus on designing a filter for their application and not have to think too much

about the implementation. I have created an open-source python alternative to this

which also allows the user to focus on filter design for their application and removes the

need to think about the implementation and requires little to no prior expertise with

FPGA programming. This python interface allows the user to specify the properties

of their FIR filter and simulate them in python before creating the VHDL code for

the desired FIR filter. Tools are provided for the design of filter coefficients, although

users may use alternative methods if preferred; these coefficients can then be passed

to a function along with the number of bits of the input Analogue to Digital Converter

(ADC) and output Digital to Analogue Converter (DAC) along with a file-name for the

created VHDL file. This method allows someone inexperienced with HDLs to generate

HDL code to implement any required FIR filter.

There are many applications of digital filters including digital communications [91, 92],

radar systems [93] and bio-medical imaging [94].

5.2 Theory Describing Filter Behaviour

Here we will briefly introduce some of mathematics and terminology used to describe

and analyse digital filters.

Digital filters are described as Linear Time Invariant (LTI) processors, often shortened

to processors, because they process an input signal such that the output is linearly

related to the input signal and the process itself does not change with time. In general

a processor can be described by its difference equation like so:
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y[n] =
M∑
i=0

b[i].x[n− i] +
N∑
i=1

a[i].y[n− i] (5.1)

Where y[i] is the value of the output of the processor at a time step i, x[i] is the value

of the input to the processor at a time step i, a[i] is the ith coefficient multiplying the

output and b[i] is the ith coefficient multiplying the input.

The block diagram corresponding to this is shown in figure 5.1.

Figure 5.1: Block diagram representing a general IIR filter, sourced from [95]

Processors are split into 2 different kinds, infinite impulse response (IIR) and finite

impulse response (FIR), the former has a difference equation as shown above where the

output of the filter at time tn is dependant upon the last M+1 inputs and the last N

outputs. The latter is dependant only on the last M+1 inputs and has a difference

equation like so (and changing notation from b[i] to h[i] multiplying the inputs - this is

because for an FIR filter the impulse response h[i] is equal to the coefficients b[i]):

y[n] =

M∑
i=0

h[i].x[n− i] (5.2)

The block diagram corresponding to this is shown in figure 5.2.

For an FIR processor M is called the order of the processor and it has M+1 coefficients

(also described as taps).

Some common properties of both FIR and IIR processor are:

• time-invariance - meaning the processor’s characteristics are the same regardless of

the time origin. They are dependant only on the past M+1 inputs and N outputs.

• causality - meaning the output signal depends only on the past inputs and current

input and past outputs of the processor. This must be true for real-time filters
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Figure 5.2: Block Diagram representing a general FIR filter, sourced from [95]

(since they can’t predict the future), however it does not have to be true when

applying a filter to pre-recorded data.

• stability - meaning the processor produces a finite output in response to a finite

input. If the processor is disturbed from rest by a finite input signal (for example

a unit impulse) then its output must invariably settle to 0 after a finite time.

A real-time FIR filter will, by definition, demonstrate all of the above properties, since

the output is dependant only on the past M+1 inputs. A real-time IIR will fulfil the

first 2, however it is easy to devise an IIR filter which is unstable, for example an IIR

like so: y[n] = 1.1.y[n − 1] would never fall to 0 and would blow up very quickly to a

large output. IIR filters also generally have a non-linear phase response, meaning the

phase difference between an input sinusoid and an output sinusoid will not necessarily

be linearly related to the frequency of the sinusoid. IIR filters with a linear phase re-

sponse can be constructed, however FIR filters with a linear phase response can be easily

constructed by simply having the coefficients be symmetric about the centre coefficient.

A processor’s frequency response can be calculated from the coefficients by finding the

poles and zeros of the transfer function, which is [96]:

H(Ω) =
Y (Ω)

X(Ω)
=

∑M
k=0 b[k]e(−ikΩ)∑N
k=0 a[k]e(−ikΩ)

(5.3)

Where Ω is the normalised frequency, which ranges from 0 to 2π where 2π is the sample

frequency of the digital processor and π is the Nyquist frequency of the processor. By

imagining this as the angle around a circle it is more intuitive why the frequency response

from 0 to π is a mirror of the frequency response from π to 2π and why frequency response

from 0 to 2π repeats every 2π interval. Typically, for this reason and the fact that any
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frequencies above Nyquist cannot be properly resolved and will suffer from aliasing, the

frequency response is only plotted up to π, i.e. the Nyquist frequency.

The frequency response is the dependence of the ratio of the amplitude of an output

sinusoid to the amplitude of an input sinusoid with the frequency of the input sinusoid.

The frequency response of a processor is equal to the magnitude of the transfer function,

| H(Ω) | which can be calculated from the positions of the poles and zeros relative to

position of the normalised frequency in the complex plane, eiΩ, like so.

| H(Ω) |=
∏Nz
i=1 | ~zi(Ω) |∏Np

i=1 | ~pi(Ω) |
(5.4)

Where:

• Np is the number of poles

• Nz is the number of zeros

• ~zi is the vector joining the point in the complex plane corresponding to the ith

zero and the point corresponding to normalised frequency Ω

• ~pi is the vector joining the point in the complex plane corresponding to the ith

pole and the point corresponding to normalised frequency Ω

It is possible to, from just the difference equation of a processor, (i.e. the coefficients

defining a filter) determine if the processor is stable and what the frequency and phase

response of the particular filter are. Since these properties are of key interest when

designing a filter for a particular purpose it is very useful to be able to calculate these

from the difference equation, rather than simulating the processor on generated data,

which would be much more costly in computation time. This is used inside of SciPy’s

freqz function to calculate the frequency and phase response.

5.3 Application to live data

Having demonstrated in appendix [A.1] that the package can generate the VHDL code

for arbitrary FIR filters, an FIR filter was generated and applied to the signal from

an optically-levitated silica nanoparticle trapped at a pressure of 4.7 × 10−2mbar and

a temperature of approximately 200K to filter about the z peak, which was at about

34KHz. The filter was generated to have 30dB of attenuation outside the pass-band and

to have a bandwidth of about 7.5KHz.

The Pulse Spectral Density (PSD) from 0 to 200kHz of the signal from a trapped

nanoparticle may be seen in figure 5.3 along with the PSD of the filtered signal produced
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from passing the signal from the trapped nanoparticle through the bandpass filter and

the PSD of the output noise produced by the FPGA. The z peak can be seen at abut

34KHz, the x peak at about 85KHz and the y peak at about 96KHz.

Only 20dB of attenuation is required to filter the noise level of the photo-detector down

to the apparent noise level of the FPGA. The peaks, however, are still present in the

filtered signal, although reduced by 30dB (3 orders of magnitude - i.e. 103 V 2

Hz ). This

suggests 30dB of attenuation should be sufficient to cool the particle without resulting

in significant heating of the x and y motion.
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Figure 5.3: PSD (from 0 to 200kHz) of the signal from a trapped nanoparticle
shown in blue, along with the PSD of the filtered signal shown in red and the
PSD of the noise produced by the FPGA filter when it is operating but not
receiving any input is shown in semi-transparent green. The darker red area is
where the noise and the filtered signal overlap.

5.4 Cooling with FIR filters

Now that it has been demonstrated that an FIR filter can be used to isolate the signal

from a particular degree of freedom one can apply the procedure of doubling the fre-

quency and applying a phase shift in order to cool the motion of the particle in 1 degree

of translation centre of mass motion.

This procedure was performed by simply applying an offset such that the filter output

is centred about 0 and squaring the signal. The resulting signal is then truncated to

16 bits and an array of First In First Out (FIFO) buffers was used to apply a time
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delay. The location at which the truncation was performed was made controllable while

in operation from the LabVIEW interface, along with the time delay. A multiplication

and division operation was also performed before output of the cooling signal such that

one could control the gain used to cool the particle. The multiplication amount and

division power were also controllable while in operation from the LabVIEW interface.

The division was performed by bit-shifting the output right by N bits, such that only

division by powers of 2 could be performed, this was sufficient to vary the gain on this

signal.

A particle was trapped at atmospheric pressure (103 mbar) and the pressure was de-

creased down to the 10−2 mbar range by the Roughing Pump such that the translation

peaks became prominent and the particle could be cooled without too much collisional

heating. Its z frequency was identified to be about 61.66KHz and an FIR filter was then

generated which had a sample frequency of 1.6̇MHz (40
24) and an attenuation outside the

bandpass of 30dB. This resulted in a bandpass with bandwidth of around 12.5KHz. The

frequency response of this filter is shown in figure 5.4.
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Figure 5.4: The frequency response of the FIR filter used to cool the particle.

This filter was then applied along with the frequency doubling protocol and the amount

of bit-shift was varied along with the offset before the squaring operation, such as to

maximise the peak in the PSD at double the frequency and minimise the peak in the

PSD at the z frequency.
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The optimal time delay, (i.e. phase difference) for cooling was determined by setting the

overall multiplication value on the output of the filter to a low value, of around 10−3,

and varying the time delay and observing the height of the z peak, with a lower z peak in

the PSD meaning a lower temperature particle and therefore stronger cooling, it varies

in a similar manner to that shown previously in figure 2.6 for the lock-in feedback. The

time delay was varied such as to minimise the height of the z peak and a time delay of

10 clock cycles (i.e. 6µs at 1.6̇MHz) which is equivalent to a phase shift of 133◦ was

selected as the optimum for cooling.

After this was determined and set, the value multiplying the filter output was increased

such as to increase the gain on the cooling signal. The results of this can be seen in

figure 5.5. One can see that as the multiplication is increased the particle’s temper-

ature decreases approximately linearly in log-space after the multiplication value rises

above 10−2. Although it appears to reach a limit at around 4K where it begins to stop

decreasing linearly.
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Figure 5.5: The temperature of the translational centre of mass motion in z is
here shown plotted against the multiplication applied to the output of the FIR
filter before the signal is sent to modulate the laser power via the AOM.

It is important to note that as the cooling signal increases in strength and the tempera-

ture of the particle’s motion in z decreases and therefore the output of the FIR filtered

signal will decrease, this is the signal being multiplied to produce the cooling and there-

fore the amplitude of the cooling signal does not increase linearly with multiplication,
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this is shown in figure 5.6. This is unlike the lock-in method of cooling described in

section 2.4, where the gain setting results in a constant amplitude at a set value.
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Figure 5.6: The multiplication applied to the signal is here shown plotted
against the height of the peak in the PSD of the cooling signal applied to the
AOM.

If this gain value (the height of the peak in the PSD of the cooling signal applied to

the AOM) is then plotted against temperature one obtains an almost linear relationship

between gain and temperature in log-log space.
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Figure 5.7: The height of the peak in the PSD of the cooling signal applied to
the AOM is shown plotted against the temperature of the translational centre
of mass motion in z.

The lowest temperature reached was 2.55 ± 0.37K. The PSD of this cooled particle’s

signal and the signal of an uncooled particle is shown in figure 5.8 for comparison, the

PSD of the z peak alone is shown in figure 5.9. From this one can observe that the x

and y peaks at around 150KHz and 170KHz are around the same height, however the

z peak, about 62KHz is much lower. The cooling peak can be seen at around 124KHz,

this is the peak caused by the modulation of the laser power by the AOM due to the

cooling signal from the FPGA. All 3 peaks have shifted in frequency slightly, this is due

to the change in pressure from 5.8× 10−2mbar to 2.3× 10−2mbar. This also caused the

bandpass filter to be slightly off-centre which is what caused the asymmetric shape of

the cooling signal at around 124KHz, one can clearly observe the shift in the frequency

of the z peak from figure 5.9.
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Figure 5.8: PSD of a particle in which z is cooled to 2.55±0.37K and in which
all degrees of freedom are uncooled and therefore assumed to be in thermal
equilibrium with the environment and therefore to be at around 300K.
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Figure 5.9: PSD of a cooled and uncooled z peak.

In another experiment an FIR filter was applied to weakly cool the z motion of a particle

along with lock-in cooling applied to cool the x and y motion, as cooling of the 3

translational degrees of freedom is generally necessary in our setup to below 10−3mbar.
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The pressure in the chamber was then slowly reduced by pulsed application of the turbo

pump. The temperature of the z translational motion is shown plotted against pressure

for this experiment in figure 5.10. The figure also shows 2 data-sets in which all 3

translational degrees of freedom were cooled with the lock-in.

The bump in the temperature from 10−4mbar down to 10−5mbar appears to have been

due to a resonance between the pump and the chamber. At these pressures the frequency

of the pump’s rotation caused the vacuum chamber to audibly resonate and therefore

vibrate the parabolic mirror mounted inside the chamber and it is believed this caused

the heating of the particle at these pressures. The reason the black and blue data-sets

stop at around this pressure is because the particle was lost here, it heated up so much

that it escaped the trap.

From this figure it can be seen that the FIR filter cooling performed similarly to the lock-

in cooling at pressures above 5×10−3 mbar, however below that the FIR filter performed

worse at cooling than the lock-in method. In figure 5.11 the FIR filter cooling data is

plotted on its own along with the gain, the height of the cooling peak in the PSD.

From this one can see that the gain varies strongly with the temperature of the degree

of freedom being cooled and by comparison with the same kind of plot for the lock-in

cooled data shown in figure 5.12 one can see that the strength of the cooling is a lot less

with the FIR cooling than with the lock-in cooling, which stays approximately constant.
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Figure 5.10: The temperature of the translational centre of mass motion in z
is here shown plotted against the pressure inside the vacuum chamber.
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Figure 5.11: The temperature of the translational centre of mass motion in z
and the gain, the height of the cooling peak in the PSD, is here shown plotted
against the pressure inside the vacuum chamber for a particle cooled in z with
an FIR filter.
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Figure 5.12: The temperature of the translational centre of mass motion in z
and the gain, the height of the cooling peak in the PSD, is here shown plotted
against the pressure inside the vacuum chamber for a particle cooled in z with
a lock-in amplifier.
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5.5 Conclusions

We have created a python package that allows the user to easily implement FIR filters

in VHDL for implementation on an FPGA by specifying the coefficients of the filter and

the number of bits for the input and output. We have also created some simple tools for

filter design, in order to calculate the coefficients for a particular filter, although other

filter design tools may be used. We have then verified that the FPGA implementation

of these filters behaves as expected and designed.

We have then used this package to design and implement bandpass filters to be used

in order to implement parametric feedback cooling of an optically levitated nanoparti-

cle. Cooling using this technique performs slightly worse than the lock-in amplifier, the

reason for this is because the amplitude of the feedback signal is proportional to the de-

tected signal, therefore as the particle is cooled the feedback signal reduces in amplitude

and so the cooling strength gets weaker as the particle is cooled. The performance can

be improved by implementing a method to keep the amplitude of the feedback signal

constant, by multiplying by a variable scaling factor to maintain the amplitude at a

constant value for example, in the following chapter I use just this technique to stabilise

the feedback signal amplitude and cooling rate achieved.



Chapter 6

Real time Kalman filters for

Parametric Feedback Cooling

6.1 Introduction

Stochastic filtering is a process which uses a series of measurements of a system along

with a dynamical model to estimate unknown variables based on a combination of the

model with the measurements [97–101]. Examples of stochastic filters include Kalman fil-

ters, particle filters and quantum filters. Quantum estimation theory has been discussed

in the context of optomechanics to investigate wavefunction collapse models [102, 103],

to detect and measure gravity [104, 59] and the Fisher information for parameter es-

timation in linear Gaussian quantum systems under continuous measurement has been

considered [105].

Of particular interest in this report are quantum filters and Kalman filters. Quantum

filtering is a type of stochastic filtering where the estimate of the state is in the form

of the conditional density operator of the system and is updated continuously by the

measurement record [106–109]. A quantum filter models a quantum system using the

stochastic master equation (SME) which describes the time evolution of the density

matrix for the state of a quantum system under the action of continuous measurements

[110, 17].

Quantum filtering is a more general approach to modelling the system than a Kalman-

Bucy filter (The Kalman-Bucy filter is the continous time version of the discrete time

Kalman filter) as it includes the effect of measurement backaction on a quantum system

under continuous weak measurement. However the quantum filter reduces to the optimal

Quantum Kalman-Bucy filter in the case where the system is linear and the noise is

approximately white and Gaussian [106, 111–113]. Moreover, as discussed in [114],

65
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one can formally map the Quantum Kalman-Bucy filter to a classical Kalman-Bucy

filter [115, 116].

This is especially advantageous as performing the quantum filter is very computationally

expensive as one has to compute the conditional density matrix from the SME for the

measured quantum system for each iteration of the filter, this makes it ill-suited to being

solved in real-time as is required to perform closed-loop feedback. Effectively when one

performs the quantum Kalman filter to estimate an observable of the system, position

for example, one is calculating the trace of the operator over the conditional density

matrix at that time-step, estimating the most probable value of the operator, the peak

of the probability density.

Kalman-Bucy filters are a kind of recursive Bayesian filter, a general probabilistic ap-

proach for estimating an unknown probability density function recursively over time

using incoming measurements and a mathematical process model. The Kalman filter,

the discrete-time form of Kalman-Bucy filters, is an algorithm that takes a time series of

measurement containing Gaussian statistical noise and other inaccuracies, due to error

in measurement equipment for example, and produces estimates of unknown variables

that can be more accurate than those gained from measurement alone. It does this by

using Bayesian inference and estimating a joint probability distribution over the vari-

ables for each step in time. Kalman filters are also sometimes known as linear quadratic

estimators.

Kalman filters have been used extensively in many aerospace and defence applica-

tions [117, 118], including navigation systems for the Apollo Project and the well-known

Global Positioning System (GPS) [119]. In 2008 Rudolf Kálmán was awarded the Draper

Prize “for the development and dissemination of the optimal digital technique (known

as the Kalman filter) that is pervasively used to control a vast array of consumer, health,

commercial, and defence products.”.

Kalman filtering has been applied in various areas within the physical sciences such

as atomic magnetometry [65], tracking dusty plasmas [66] and noise cancellation in

gravitational wave detection [67]. Kalman filtering has also recently been applied to the

field of optomechanics and demonstrated to produce a minimal least-squares estimation

of the mechanical state of an optical cavity [64]. This was done by implementing a

Kalman filter with an accurate state-space model of the specific experiment and carefully

taking into account nontrivial experimental noise sources. They suggest that ground

state cooling should be readily achievable by utilising a real-time Quantum Kalman

filter of sufficiently high spatial resolution, dynamic range and latency in the detection

and processing of the signals.

In this chapter we demonstrate that a real-time FPGA based Quantum Kalman filter

with a sampling period of 2.275µs is sufficient to estimate the state such that one can per-

form closed-loop parametric feedback cooling of the translational motion of an optically
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levitated nanoparticle to sub-Kelvin temperatures. FPGA based Kalman filters have

also recently been developed for applications including antilock braking systems [120],

radar tracking systems [121] and displacement measuring interferometry [122].

In addition to developing a Kalman filter for our particular optomechanical system we

have developed a general framework, within python, for generating the VHDL code

implementing any user-defined Kalman filter such that the filter can be operated in

real-time.

6.2 Introduction to Kalman filters

The discrete-time Kalman filter algorithm assumes that the state of the system at a

time t take the form:

~xt = Ft ~xt−1 +Bt ~ut + ~wt (6.1)

Where

• ~xt is the state vector containing the variables that one wishes to estimate (e.g.

position, velocity)

• ~ut is the control vector vector containing any control inputs due to outside forces

acting on your system (e.g. gravity, braking force)

• Ft is the state transition matrix which describes how the state vector at time

step t − 1 evolves / transitions to the state vector at time step t. It is some-

times called the fundamental matrix and the symbol Φ is used to refer to it,

particularly in control theory.

• Bt is the control input matrix which describes how each term in the control

input vector maps to the state vector

• ~wt is the vector containing the process noise terms for each parameter in the state

vector. The process noise is assumed to be drawn from a zero mean multivariate

normal distribution with covariance matrix Qt i.e. ~vt = N (0,Qt)

Measurements of the system are assumed to take the form:

~zt = Ht ~xt + ~vt (6.2)

where:
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• ~zt is the vector of measurements

• Ht is the measurement transformation matrix which maps the state vector

domain to the measurement domain

• ~vt is the vector containing the measurement noise terms for each observation

in the measurement vector. The measurement noise, similar to the process noise,

is assumed to be drawn from a zero mean normal distribution with covariance Rt,

i.e. ~vt = N (0, Rt)

Using this model of the system the Kalman filter algorithm involves 2 steps:

• The prediction step, where we predict the current state of the system conditioned

on the last measurement.

• The measurement step, where we take a measurement of our system and use this

along with our prediction and knowledge of the covariance of the noise (uncer-

tainty) on our prediction and measurement to construct an improved estimate of

the system’s current state and the uncertainty in that estimate.

Prediction Step

~xk|k−1 = F ~xk−1|k−1 + B ~uk (6.3)

Pk|k−1 = FPk−1|k−1F
T + Q (6.4)

Measurement Step

~yk = ~zk −H ~xk|k−1 (6.5)

~Kk =
Pk|k−1H

T

HPk|k−1HT +R
(6.6)

~xk|k = ~xk|k−1 + ~Kk · ~yk (6.7)

Pk|k = (I− ~KkH)Pk|k−1 (6.8)



Chapter 6 Real time Kalman filters for Parametric Feedback Cooling 69

Where the parameters not already mentioned above are as follows:

Parameters

Initial conditions

~x0|0 - your guess of the systems initial state vector - Which is a vector containing the

values you are attempting to predict (and intermediate values which you must estimate

to estimate another parameter e.g. velocity is needed to estimate the position of a

moving object).

P0|0 - Uncertainty in the initial state - It is sensible to set P0|0 to have large values on

the diagonals as your initial guess is (for the most part) likely to be incorrect and you

don’t want your initial guess of the systems state to heavily effect the Kalman filter’s

future predictions.

Constants

R is the Sensor Noise Covariance value - it parameterises the uncertainty in your

measurements - it is the covariance of the white noise (the process noise) observed in

measurements and the behaviour of your system

Q is the process noise matrix - It essentially parameterises the uncertainty in your

model of the process and the noise in that process. It is important to have this term in

as it means the Process convariance matrix never drops too low, meaning it always keeps

the uncertainty from dropping too low and the Kalman filter becoming ’overconfident’

in its model and trusting it too much over measurements.

Iteratively Calculated Parameters

~xk|k−1 is the predicted state vector at step k based on the prediction from step k-1

Pk|k−1 is the process covariance matrix at step k based on the prediction from step

k-1 - it parameterises the uncertainty in the predicted state vector

~Kk is the Kalman Gain - it parameterises how much you want to change your estimate

by given a measurement. When R (the uncertainty in your measurements) is small the
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Kalman gain is large meaning the calculated estimates are very responsive to changes in

your measured observable. If R is large the Kalman gain will be small and therefore the

system will be less responsive to changes in the measured observable (as it could be noise

rather than a physical change in the observable. If the state is known accurately then

Pk|k−1 will be low and therefore the Kalman gain will be low, leading to it being less

responsive to changes in the measured observable. The constants Q (which comprises

part of Pk|k−1) andR have a major influence on the value of the Kalman Gain. In practise

one often finds that the Kalman gain starts off high (due to the typically large initial

value of P0|0) and asymptotically approaches a constant (which is essentially set by the

parameters Q and R - defining the confidence in your model and in your measurements).

~xk|k is the predicted state vector at step k based on the measurement AND prediction

at step k

Pk|k−1 is the process covariance matrix at step k based on the measurement AND

prediction at step k - it parameterises the uncertainty in the predicted state vector

~yk is the innovation or measurement residual - it is the difference between the predic-

tion of the observable (or observables) based on the previous step and the measurement

taken during the current step.

6.3 The Quantum Kalman Filter Model

6.3.1 The Quantum Kalman-Bucy Filter

The following derivation of the Quantum Kalman-Bucy filter for an optically levitated

nanoparticle is taken from our paper “Real-Time Kalman Filter: Cooling of an Optically

Levitated Nanoparticle” and is primarily the work of Marko Toroš.

We consider an optically levitated nanoparticle in free space subject to continuous weak

measurements of its position. Specifically, we consider the experimental setup described

in [69]: an incoming beam is focused by a paraboloidal mirror to the focal point, where it

creates a harmonic trap. The particle, which is trapped in this potential scatters photons

in the Rayleigh regime: these are collected by the detector to obtain the z position with

efficiency η. We model the particle dynamics along the optical axis, namely the z-axis,

using the following SME:

dρ̂c =
i

~
[Ĥ + βĤfb, ρ̂c]dt

+ (n̄+ 1)ΓD[â]ρ̂cdt+ n̄ΓD[â†]ρ̂cdt

+ 2kD[ẑ]ρ̂cdt+
√

2ηkH[ẑ]ρ̂cdW,

(6.9)
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where ρ̂c is the conditioned state at time t. On the first line we have Hamiltonian and

feedback terms:

Ĥ =
p̂2

2m
+
mω2

2
ẑ2, (6.10)

Ĥfb =

(
mω3

2

〈p̂〉〈ẑ〉
〈Ĥ〉

)
ẑ2, (6.11)

respectively, where β is an adimensional parameter quantifying the strength of the feed-

back, 〈 · 〉 = tr[ · ρc], ẑ and p̂ denote the particle position and momentum operators,

respectively, ω is the trap frequency and m is the mass of the particle (see appendix 1

in reference [1] for more details on the feedback term). The second line of Eq. (6.9) de-

scribes the interaction with a gas of particles at temperature T , where n̄ = ( ~ω
kBT
− 1)−1,

kB is Boltzmann’s constant, â† =
√

mω
2~ (ẑ + i

mω p̂), D[L] · = L · L† − 1
2{L

†L, · } where

{a, b} denotes the anti-commutator of a and b [123], L denotes an operator and Γ is the

damping rate [124]. The effect of weak continuous z-position measurements is described

by the third line of Eq. (6.9), where H[ẑ] · = {ẑ, · } − 2Tr[ẑ · ] · , W is a real Wiener

process, k = 12π2µ
5λ2 , λ is the wavelength of the laser light, µ = σ

πw2
0

P
~ωL

is the scattering

rate, σ is the Rayleigh cross section, w0 is the beam waist, P is the laser power, ωL = 2πc
λ

and c is the speed of light. In addition, we assume that the measurement record is given

by [69]:

dQ = 4ηk〈ẑ〉dt+
√

2ηkdW. (6.12)

We suppose that the initial state ρc is thermal, when the feedback term starts to cool

the system, and thus the state ρc remains Gaussian under the evolution of the SME

given in Eq. (6.9). This simplifies the problem to the analysis of the mean values [111]:

d〈ẑ〉 =
〈p̂〉
m
dt− Γ〈ẑ〉dt+

√
8ηkVzdW, (6.13)

d〈p̂〉 =−mω2〈ẑ〉

(
1 + β

ω〈p̂〉〈ẑ〉
〈Ĥ〉

)
dt

− Γ〈p̂〉dt+
√

8ηkCdW, (6.14)
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and of the covariances:

dVz =
2

m
C

(
1 + β

ω〈p̂〉〈ẑ〉
〈Ĥ〉

)
dt− 8ηkV 2

z dt

− ΓVzdt+ Γ(2n̄+ 1)
~

2mω
dt− 3Γ〈z〉2dt, (6.15)

dVp =− 2mω2C

(
1 + β

ω〈p̂〉〈ẑ〉
〈Ĥ〉

)
dt− 8ηkC2dt+ 2k~2dt

− ΓVpdt+ Γ(2n̄+ 1)
mω~

2
dt− 3Γ〈p̂〉2dt, (6.16)

dC =

(
Vp
m
−mω2Vz

)(
1 + β

ω〈p̂〉〈ẑ〉
〈Ĥ〉

)
dt− 8ηkCVzdt

− ΓCdt− 3Γ〈p̂〉〈ẑ〉dt, (6.17)

where Vz = 〈(ẑ − 〈ẑ〉)2〉, Vp = 〈(p̂− 〈p̂〉)2〉 and C = 1
2〈{ẑ, p̂}〉 − 〈ẑ〉〈p̂〉.

We can further simplify the filter by neglecting the small feedback term, i.e. we set

β = 0 in Eqs. (6.13)-(6.17). The equations for the variances then form a closed set of

coupled Riccati equations [125–128] and we can also formally rewrite Eqs. (6.13) - (6.17)

as a classical Kalman-Bucy filter [114]:

dxc = Axcdt+
√

2ηkdξ +
√

2ΓkbTdV , (6.18)

where xc = (zc, pc)
>, A =

[
0 1/m

−mω2 −Γ

]
, dξ = (0, dξ)>, ξ is a real Wiener process,

dV = (0, dV )> and V is a real Wiener process uncorrelated with ξ. In place of Eq. (6.12)

we consider the classical measurement record:

dQc = 4ηkzcdt+
√

2ηkdζ, (6.19)

where dζ is a third real Wiener process uncorrelated with ξ and V . Moreover, we suppose

the following relation:

dW =
√

8ηk(zc − E[zc])dt+ dζ, (6.20)

where E[ · ] =
∫
·Pc(zc, pc)dzcdpc and Pc is the (classical) conditioned state obtained

from the Kushner-Stratonovich equation corresponding to Eq. (6.18) [129]. We can

then formally identify E[O ] with 〈Ô〉, where O and Ô denote the classical and its

corresponding quantum observable, and Qc with Q. 1

This classical Kalman-Bucy filter is very similar to the classical SDE for the system,

which takes the form

1In the classical Kalman-Bucy filter we have neglected the position damping term −Γxc. The noise
ξ models the environment at temperature T , which damps only the momentum pc.
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[
dq

dp

]
=

[
0 1/m

−mω2
0 −Γ0

][
q

p

]
dt+

[
0

√
2Γ0kbT0

]
dW , (6.21)

with the only difference being the additional stochastic term
√

2ηkdζ term which stems

from continuous weak measurement of the quantum system. At the pressures explored

here the gas damping term dominates.

6.3.2 Discrete-time Kalman Filter

If one considers the Kalman-Bucy filter given in Eq. (6.18) with the state vector Xt =

(zt, vt)
T at time step t, where zt is the position of the particle in the z direction and

vt = pt/m is the velocity of the particle in the z direction, one has the following equation

for the system dynamics,

Ẋt = AXt + ω, (6.22)

where

A =

[
0 1

−ω2 −Γ

]
, ω =

√
2ΓkBT0

m

dξ(t)

dt
+

√
2ηk

m

dV(t)

dt
, (6.23)

dξ = (0, dξ)> and dV = (0, dV )>.

The stochastic terms can be modelled as process noise ω. The damping is time variant

as it varies with pressure, however for the range of pressures explored experimentally

Γ << ω2 and therefore the damping value can be approximated as 0. In this case the

dynamics model simplifies to a simple sinusoidal model of the motion ẍ = −ω2x with

the stochastic noise modelled in the process noise. This simple model also allows us to

keep the hardware implementation simple to allow the design to fit inside the FPGA.

As described in references [130–132] we can use the following transformation from linear

time invariant system theory (LTI System theory) in order to calculate the continuous-

time state transition matrix F(t) for a time-invariant systems dynamics matrix A,

F(t) = L−1([sI−A]−1), (6.24)

where F(t) is the continuous-time form of the Ft matrix in Eq. (6.1), L−1 is the inverse

Laplace transform in terms of the complex frequency variable s and I is the identity

matrix. Performing this transformation and taking continuous time t to be in discrete

steps ∆t, gives us the discrete time state-space model
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[
zt

vt

]
=

[
cos (ω∆t) 1

ω sin (ω∆t)

−ω sin (ω∆t) cos (ω∆t)

][
zt−1

vt−1

]
, (6.25)

where ∆t = tn − tn−1.

We must also design a process noise covariance matrix Q for this system.

Since the noise is continuous we need to integrate the continuous noise over the time

discretisation to get the discrete noise our Kalman filter will observe, this takes the form

[131]:

Q =

∫ ∆t

0
F(t)QcF

T (t)dt (6.26)

Where Qc is the continuous noise. We define the continuous noise as:

Qc = σ2
Q

[
0 0

0 1

]
(6.27)

Where σ2
Q is the spectral density of the white noise, although it can be derived for certain

stochastic processes, in practise this is often not known and so becomes a tweakable

“engineering factor“ which must be appropriately configured for the system of interest.

Taking the model to be of Newtonian kinematic system, which, in the classical regime,

is correct for a trapped nanoparticle, and using that we are modelling the position and

velocity we can use a state transfer matrix of

F =

[
1 ∆t

0 1

]
, (6.28)

as is used in reference [132] for a sinusoidal Kalman filter. To make calculating the

process noise covariance matrix easier. We then perform the integral end up with a

matrix of the form:

Q = σ2
Q.

∆t3

3

∆t2

2
∆t2

2
∆t

 (6.29)

For which we can use the sample time Ts as the ∆t.

The values of the factor multiplying the process noise covariance matrix σQ and the

measurement noise covariance value R were tuned such that when the HDL (Hardware
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Description Language) implementation of the Kalman filter was run on noisy data pro-

duced by a simulated signal it produced an accurate estimate of the true signal. This

simulated signal was produced by adding Gaussian noise to the simulated position mea-

surements found by solving the classical stochastic differential equation modelling our

system under free evolution using the open source optosim package we have developed

[133].

6.4 Experimental Method

The Kalman filter described in Eq. (6.25) was implemented in VHDL (Very High Speed

Hardware Description Language) using the package detailed in appendix (A.2) and syn-

thesised onto a XilinX Virtex-5 SX50T Field Programmable Gate Array (FPGA) pro-

vided in a National Instruments (NI) PXIe-7961 and connected to the ADCs and DACs

in a NI 5781 baseband transceiver. The fastest sample rate achievable for a Kalman filter

with this package and FPGA was 439.56kHz, this was because the fastest synthesisable

clock rate for the design was 3.07MHz and each Kalman filter iteration takes 7 clock

cycles, this is equivalent to a sample period of 2.275µs.

Cooling was performed by taking the estimated signal for the z position from the Kalman

filter and using a leaky integrator to calculate the DC component of the signal. The DC

component was then removed from the measured signal in order to provide only the AC

component of the signal. A leaky integrator works by having an offset which is corrected

at each time-step. The current offset is minused from the input signal and if this offset

signal is greater than 0 then the offset is incremented up, if the offset signal is less than

0 the offset is decremented down. This dynamically converges to the current DC level,

a smaller increment makes it less reactive but more precise, since the DC level changes

very little and slowly the smallest increment of 1 was used here.

This AC signal containing the estimate of the particle position was squared in order

to produce a signal at double the frequency of the motion of the particle. The signal

then had a constant phase offset applied to it by introducing a time delay, in order to

compensate for experimental latency, which was optimised such that maximal cooling

was observed experimentally.

In addition, the amplitude of the output cooling signal was controlled such that it

maintained a set average amplitude in order to keep the cooling rate approximately

constant regardless of fluctuations in the amplitude of the motion of the particle. This

worked by defining a window and finding the maximum value for voltage in that window,

this is taken to be the amplitude of the current signal. One could then define the

amplitude you desired for the signal, this value was then divided by the maximum in

the window to get the rescaling factor. The input signal is then multiplied by this

scaling factor to rescale it to have the desired amplitude. This is only approximate as
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Figure 6.1: The 3D position of the particle is detected by interference of the
scattered and divergent field by the photo-detector. This signal is then passed
into an FPGA which is implementing the Kalman filter that estimates the z
position and amplifies the estimate. This estimated signal is then sent into a
second FPGA which DC shifts it, frequency doubles it, applies a time delay and
multiplies it such as to keep the amplitude approximately constant. This signal
is then fed to a AOM to modulate the power of the trapping lasers.

the particle’s motion fluctuates in amplitude and having too short of a window would

result in a great deal of fluctuation in the amplitude of the cooling signal, this method

succeeds in keeping an approximately constant amplitude of the cooling signal. This

method was also beneficial to stop runaway feedback heating, without this amplitude

control if the signals phase is incorrect and causes the particle to be heated then the

feedback signal causing the heating would grow in strength proportionally causing more

heating and resulting in the loss of the particle from the trap.

This cooling signal was then applied to modulate the power of the trapping laser in

order to parametrically cool the translational z motion. A particle was trapped and the

power of the trap was lowered such as to reduce the frequency of oscillation in the z

direction while not being lowered too much such as to maintain a large signal to noise

ratio, a frequency of 38kHz was obtained for the z motion. A low frequency was desired

such as to increase the number of samples per oscillation, as the higher the sampling

frequency is relative to the frequency of the dynamics the more accurate the estimate of

the motional state is [134].

The VHDL code for a Kalman filter modelling a simple harmonic oscillator, the model

shown in equation 6.25, with a frequency of 38kHz was generated, the Q matrix and

R value were tuned by application to simulated data 2 and then synthesised onto an

FPGA. The frequency doubling, time delay and amplitude control code was synthesised

onto another FPGA. The experimental setup is shown in figure 8.1.

2Simulated data was generated by solving the classical stochastic differential equation modelling a
levitated nanosphere using the optosim package [133]
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A lock-in amplifier was used to cool the other two directions of motion as described in

reference [15]. The power of the trapping laser was adjusted slightly as the pressure

in the vacuum chamber was lowered so that the z motion, the motion parallel to the

propagation direction of the laser, continued to oscillate at a frequency of 38kHz, this was

so that the Kalman filter model remained correct and the Kalman filter could continue

to optimally track the particle’s z motion.

6.5 Closed-Loop Feedback Cooling Results

The Kalman filter was applied to cool the z motion of a levitated nanoparticle as dis-

cussed above. Plots showing the measured, bandpass filtered and real-time Kalman

estimated z motion signal are shown in figure 6.2. The Kalman estimate has been

shifted forward in time by one filter cycle (time for one time-step / iteration of the

Kalman filter algorithm which is 2.275µs) to account for the latency in the estimation.

As described in the Experimental Methods section this estimated signal was then am-

plified up inside the FPGA to around half a volt peak-to-peak amplitude and then

passed to a second FPGA so that the signal could be squared, a time delay applied

and a modulation applied to the amplification of the signal so as to keep the amplitude

approximately constant. The amplification inside the first FPGA was performed such

that the full voltage range of the ADC of the second FPGA could be used to get a high

resolution signal for feedback cooling. This signal was then used to modulate the power

of the laser via an Acousto-Optic Modulator (AOM) as shown in figure 8.1. Through

this technique cooling of the translational motion in the propagation direction of the

laser (labelled the z direction) from 300K to 162 ± 15mK was achieved, see figure 6.3

for the PSD (power spectral density) of the uncooled and cooled signal.
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Figure 6.2: (A) Time trace of unfiltered measured signal from particle and
filtered z signal over 0.5ms. (B) Time trace of filtered z signal and Kalman
filter estimated z signal over 0.5ms. (C) Power spectral density of measured
signal from particle and the Kalman filtered estimate. (D) Same as C but over
a smaller frequency range centred on the z frequency of 38kHz.
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Figure 6.3: The PSD of the uncooled particle in equilibrium with the environ-
ment at 300K (at a pressure of 3mbar) and the cooled particle at a pressure of
5.7×10−5 mbar. The lines represent the Lorentzian functions fitted to the PSD
data to calculate the temperature of the cooled state.
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6.6 Discussion and Conclusions

The main limitations on the temperature reached with this cooling scheme are discreti-

sation noise from the ADC, stochastic noise on the particle motion from gas collisions

and the sample period with which one can perform an iteration of the Kalman filter

state estimation.

The discretisation noise is caused because the voltage signal from the photodetector is

read into the FPGA as a digital value from an ADC. For the ADC used here the voltage

difference between the discrete observable levels is 122µV, this means that for the signal

shown in figure 6.2 the FPGA only observed ∼ 5 discrete levels. The feedback cooling

is operating very near the limit of what motion it can discern and estimate, and this is

likely the predominant limiting factor on the cooling achievable. Using an ADC with

higher voltage resolution or amplifying the signal into the ADC with a sufficiently low

noise amplifier will improve this limit.

The stochastic noise on the motion of the particle from gas collisions is the other primary

limitation on the temperature reached; performing this cooling at lower pressures will

further reduce the temperature that can be reached as the stochastic driving of the

particle motion by gas collisions will be further reduced.

At present the hardware implementation can run at a fastest sample period of 2.275µs,

this means that for a particle oscillating with a frequency of 38kHz one only estimates

the motion ∼ 11.6 times in one period and results in a higher signal to noise ratio being

necessary for accurate state estimation. Increasing the sample frequency would mean

that the accuracy of the state estimation at lower signal to noise ratios will improve

and therefore that cooling to lower temperatures should be achieved. A high sample

frequency also means that higher frequency motion can be estimated and cooled in

this way, leading to a lower mean phonon number for the same temperature of motion

[11, 15].

We have demonstrated that, for an optically levitated nanoparticle, a Kalman filter us-

ing a very simple harmonic-oscillator model of the dynamics of the system and which

operates with a relatively high sample period is sufficient to achieve cooling of transla-

tional motion to sub-Kelvin temperatures of 162± 15mK. Improvements in the speed of

the hardware implementation such that a lower sample period can be achieved, a more

sophisticated model of the dynamics including the effect of feedback and extending the

modelling to all 3 translational degrees of freedom, as well as performing the cooling

at a lower pressure, will increase the performance of the cooling performed using this

method and result in cooling to lower temperatures.

The advantage in using this form of state estimation in real-time over a lock-in amplifier

is that it also opens the way to implementing more complex feedback schemes [129, 135–

137], such as combination with a Proportional Integral Differential (PID) controller [138]
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or a linear quadratic regulator (LQR) [114, 129]. Combining the Kalman filter, which is

a linear quadratic estimator (LQE), with an LQR constitutes linear quadratic Gaussian

(LQG) feedback control. Coherent-feedback cooling by LQG Control has been discussed

in depth in [139] and [140] and could be used to significantly improve the level of control

over the motional state of the system as well as improving the minimum temperature

reachable in this system.

In addition to this, with a Kalman filter one can use a more complicated model than

the sinusoidal model that is used in a lock-in amplifier, for example by including non-

linearities in the motion one could track a particle exposed to a non-linear potential, such

as that which is experienced in the presence of a nearby surface. With a lock-in amplifier

the tracking will fail in any situation where the motion is significantly perturbed from

harmonic behaviour.

A python package has been created which allows generation of VHDL code which imple-

ments any specified linear Kalman filter and may be operated in real-time at a sample

rate of a few hundred KHz or below, although numerical issues appear to be present in

the implementation. A sinusoidal Kalman filter has been generated and used to cool

the motion of an optically levitated nanoparticle although work remains to be done in

optimising this filter for cooling and implementation of other Kalman filters for cooling

are of much interest.





Chapter 7

Classical Dynamics Modelling

and Simulation

7.1 Introduction

The levitated nanoparticle can be modelled using a quantum stochastic master equation

(SME) or a classical stochastic differential equation (SDE). In this chapter we discuss

the modelling of the system using classical stochastic differential equations and use this

model in simulation to reproduce theoretical values and compare with experimentally

produced results.

7.2 Modelling

Starting from the form of the SDE describing a single degree of motion of a levitated

nanoparticle under free evolution [68]:

q̈(t) = −Γ0q̇(t)− ω2
0q(t) +

√
2Γ0kBT0

m

dW (t)

dt
(7.1)

where Γ0 is the damping on the system, ω0 is the natural frequency of oscillation due

to the laser, T0 is the temperature of the environmental gas, m is the mass of the

nanoparticle and W (t) is a Wiener process.

The −Γ0q̇(t) term describes the effect of the environmental damping due to gas collisions

on the system. The −ω2
0q(t) describes harmonic oscillation and the

√
2Γ0kBT0

m

dW (t)

dt
describes the Stochastic disturbance of the particles motion by collisions.

83
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Modulation of the laser power can be added as modulation of the ω2
0 term as it is

proportional to the power of the laser, which can be seen from equations 3.20, 3.18 and

3.19.

Therefore parametric feedback can be modelled like so:

The phase of the oscillating particle at time-step n can be calculated as

φ(t) = tan−1

(
v(t)

ω0q(t)

)
(7.2)

where v(t) and q(t) are the velocity and position of the particle respectively at time t,

the phase angle φ is visualised in figure 7.1.
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Figure 7.1: Visualisation of the phase space angle φ, the angle between the
position axis, q, and the line joining the origin and the current phase space
state.

The time varying laser power at time t under a modulation at twice the frequency of

the oscillator can then be modelled as

P (t) = [1 +Aparasin(2φ(t) + θpara)]P0 (7.3)
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where Apara is the modulation amplitude, i.e. the fraction of the laser power that is

modulated, θpara is the phase offset of the parametric feedback signal compared to the

tracked oscillator and P0 is the laser power with no modulation applied.

The SDE including parametric feedback then takes the form

aq̈(t) =− Γ0q̇(t) + [1 +Aparasin(2φ(t) + θpara)](−ω2
0q(t))

+

√
2Γ0kBT0

m

dW (t)

dt

(7.4)

The pulsed squeezing operation utilised in references ([74]) and ([141]) can be modelled

as a pulsed drop in the laser power, this can be contained in a multiplication factor Sq

like so:

q̈(t) =− Γ0q̇(t) + [Sq +Aparasin(2φ(t) + θpara)](−ω2
0q(t))

+

√
2Γ0kBT0

m

dW (t)

dt

(7.5)

where Sq = 1 except during the squeezing pulse, where it is equal to the ratio of the

laser power during the pulse to the laser power before the pulse, or, equivalently, one

minus the modulation depth of the squeezing pulse, for example for a 60% drop in laser

power Sq = 0.4 during the pulse.

Finally one can add the non-linearities in the harmonic potential created by the Guassian

laser light, for example the 2nd term in the Taylor expansion of the potential due to a

Guassian beam profile is the q4 term, which becomes an α3q(t)3 term, which is commonly

referred to as a Duffing non-linearity. in the SDE like so;

q̈(t) =− Γ0q̇(t) + [Sq +Aparasin(2φ(t) + θpara)](−ω2
0q(t)− α3q(t)3)

+

√
2Γ0kBT0

m

dW (t)

dt

(7.6)

7.3 Simulation

Computer simulation of these models of the dynamics were performed using a derivative-

free 2-stage Runge-Kutta variant of Milsteins method described in reference ([142]) to

solve for the position and velocity along a realisation of the Wiener process. We briefly

outline the method here: Consider an N th order SDE in Itô form
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d ~X = ~a(t, ~X)dt+~b(t, ~X)dW (7.7)

where ~X is the vector of stochastic processes, ~a is the drift term and ~b is the diffusion

term and dW which denotes infinitesimal increments of the random walk of a Wiener

process W (t).

Given a time step ∆t, and given ~X(tk) = ~Xk one calculates ~Xk+1 at time tk+1 = tk +∆t

like so:

~K1 = ~a(tk, ~Xk)∆t+~b(tk, ~Xk)(∆Wk − Sk
√

∆t) (7.8)

~K2 = ~a(tk+1, ~Xk + ~K1)∆t+~b(tk+1, ~Xk + ~K1)(∆Wk + Sk
√

∆t) (7.9)

~Xk+1 = ~Xk +
1

2
( ~K1 + ~K2) (7.10)

where ∆Wk = Zk
√

∆t for Zk chosen from a normal random distribution Zk ∼ N (0, 1)

and where Sk = ±1 is chosen at each time step, with each alternative randomly chosen

with probability 1
2 .

Equation 7.5, with v = q̇, in Itô form becomes

[
dq

dv

]
=

[
v

−Γ0v(t) + [Sq +Aparasin(2φ(t) + θpara)](−ω2
0q(t) + α3q(t)3)

]
dt

+

 0√
2Γ0kBT0

m

 dW

(7.11)

The code implementation of this RK2 method of simulating the SDE was written in

python using cython to generate compiled C code that could be run from python for

speed purposes. The code is openly available as the optosim library [133].

7.4 Results

The simulation’s accuracy was checked by comparing it to known theoretical relations.

7.4.1 Parametric Cooling and Heating

As a first test, free evolution, cooling and heating were simulated for 0.5 s, with a time

step length of dt = 20ns at a pressure of 1mbar in a 300K environment for a 50nm
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(a) Phase space histogram of the trajec-
tory of a particle which is allowed to freely
evolve, at a temperature of 316K
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(b) Phase space histogram of the trajectory
of a particle with feedback cooling applied,
at a temperature of 186K
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(c) Phase space histogram of the trajectory
of a particle with feedback heating applied,
at a temperature of 436K

Figure 7.2: Three phase space histograms of the trajectories of a particle which
is freely evolving (a), cooled (b) and heated (c).

nanosphere. In figure 7.2a the phase space of a freely evolving particle is plotted, in

figure 7.2b the phase space of a particle trajectory is plotted when cooling feedback is

applied (θpara = 0) with a modulation depth of 1% and in figure 7.2c the phase space

of a particle trajectory is plotted when heating feedback is applied (θpara = π/2) with a

modulation depth of 0.5%.

The theoretical expression for the expected temperature achieved by cooling is shown

in [15]. If we use this and assume maximal cooling one gets the expression
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Tcm =
T0

1 +
ηω0

2Γ0

(7.12)

If we then perform simulations of length 0.5 s for different damping values and modu-

lation depths of cooling and plot it alongside this theoretical temperature achieved by

cooling very good agreement between the two is demonstrated as can be seen on the

plot shown in figure 7.3.
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Figure 7.3: The temperature reached in simulations with cooling at 2 different
values of Γ0 for various cooling modulations along with the temperature that
should be achieved according to the theoretical expression in equation 7.12.

7.4.2 Kalman Filter Cooling

We can also apply the Kalman filter algorithm we discuss in chapter 6 to estimate the

position and velocity of the simulated particle from an artificially noisy measurement of

the simulated position. We do this by adding a random Guassian noise term to the po-

sition calculated by simulation with the variance on the noise matched to that measured

in the cooling experiments in chapter 6. We extract the variance of the approximately

white noise on the measured signal and using the conversion factor calculated for this

data we converted the variance from volts to metres for the motion in the optical (z)
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axis, we find an approximate value of the variance of the white noise process to be

σ2
n = 50nm2.

The Kalman filter operates as it does in the experiments in chapter 6, with a sample

frequency of 1 MS/s, the Kalman filter receives a noisy simulated position measurment

every 1µs and performs an update step estimating the position and velocity using a

combination of the noisy measured value and the model prediction conditioned on the

previous estimate. One can then vary the tunable σQ parameter, the term determining

the magnitude of the process noise to find the optimal value for cooling to the lowest

temperature. We have done this for 3 different pressures with a frequency of motion

of 38 KHz, the same used in the experiments in chapter 6, for a 50 nm particle and the

simulations were performed for 200 ms, the results are shown in figure 7.4.

The error metric used here is defined as

√
(
∑
| q − q∗ |)2 + (

∑
| v
ω
− v∗

ω
|)2, where q/v

is the simulated position/velcity and q∗/v∗ the estimation position/velocity and the

sums were made over the last 100 ms of data, for which the mean temperature was also

calcualted. For higher pressures a higher value of σQ is best as it indicates more noise in

the model, the noise in the Kalman filter model makes up all terms not included in the

model, due to the stochastic nature of gas collisions they cannot be included and this is

the reason that a larger value of σQ performs better in this regime, although too large

and it will begin to include too much noise and begin to degrade the cooling performance.

For lower pressure the gas collisions begin to become more negligable and a larger value

is better as the model better describes the behaviour of the real experimental system.

However a value of around ∼ 1 can be identified as the optimal choice for working in

both high and low pressure regimes.

We then varied the modulation depth of the feedback cooling signal at 3 different pres-

sures, the plot of temperature and phonon number against modulation depth for the 3

pressure can be seen in figure 7.5. As the pressure is decreased the temperature reached

decreases due to the lower heating rate due to gas collisions. For the lowest pressure,

10−8 we experimentally expect photon recoil to become important, as this is not in-

cluded in the classical model we consider here, the simulation results begin to become

unreliable, but for a modulation depth of 2% we get a minimum mean temperature

of 311µK, which is a phonon number of ∼ 170 and places a reasonable bound on the

optimal temperature we can expect to reach with the current experimental noise on

the measured photo-current with motion, with a frequency around 38 KHz and a well

tuned Kalman filter operating at 1 MHz, which is fastest our current implementation

can operate at.
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(a) Plot of temperature and the error metric
against σQ for P = 5× 10−3 mbar
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(b) Plot of temperature and the error met-
ric against σQ for P = 1× 10−4 mbar
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(c) Plot of temperature and the error met-
ric against σQ for P = 5.7 × 10−5 mbar,
the same pressure for which the cooling
performed with the Kalman filter achives
162 mK in chapter 6.

Figure 7.4: Plot of temperature and the error metric against σQ for three dif-
ferent values of pressure.
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(a) plot of temperature and phonon num-
ber against modulation depth for P =
10−3 mbar.
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(b) plot of temperature and phonon num-
ber against modulation depth for P =
10−5 mbar.
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(c) plot of temperature and phonon num-
ber against modulation depth for P =
10−8 mbar.

Figure 7.5: plot of temperature and phonon number against modulation depth
for three different pressures.

7.4.3 Squeezing

Classical squeezing, which we shall henceforth refer to simply as squeezing, is the pro-

cess of reducing the variance of one quadrature with respect to the initial state while

simultaneously increasing the variance in the other quadrature such that an ellipse is

formed in the phase space distribution. For a harmonic oscillator this can be achieved by

reducing the natural frequency of that oscillator and allowing it to evolve for a quarter

of a oscillation period at this frequency before returning the natural frequency to it’s

previous value. The larger the change in frequency the larger the ratio between the



92 Chapter 7 Classical Dynamics Modelling and Simulation

initial and final variance of the compressed quadrature. Experimentally, in our setup,

we can perform squeezing by reducing the laser power, which determines the natural

trapping frequency, for a short period of time.

We can use the model we have contructed to simulate squeezing of the oscillator, by

performing squeezing pulses on 2000 separate random trajectories and looking at the

data after the pulse for these 2000 runs we can calculate the amount of squeezing, the

squeezing factor and compare it to the theoretically expected squeezing factor.

The squeezing factor can be calculated by generating a histogram of the position data

before the squeezing pulse, in a thermal state, and after the squeezing pulse, when the

squeezed state’s semi-major axis aligns horizontally. A fit of a normal distribution to

this histogram is then made and the standard deviation σ extracted from the fit. The

squeezing factor is then calculated as λ = 10log10(
σsqueezed
σthermal

), there σsqueezed is found

just after the squeezing pulse and σthermal before, this procedure is illustrated in figure

7.6.

The theoretical prediction for the expected squeezing factor value can be calculated

using the following expression, taken from [85];

λ = −5log10

(
µmin(τ)

2N1 + 1

)
(7.13)

where µmin(τ) is the smallest eigenvalue of the matrix σa(τ) which takes the form

(2N1 + 1)

[
1 + c(τ)

2
+
ω2

0

ω2
1

1− c(τ)

2

]
(2N1 + 1)s(τ)

ω2
0 − ω2

1

2ω0ω1

(2N1 + 1)s(τ)
ω2

0 − ω2
1

2ω0ω1
(2N1 + 1)

[
1 + c(τ)

2
+
ω2

1

ω2
0

1− c(τ)

2

]


where N1 =
1

e

~ω0

kBT − 1

, s(τ) = sin(2ω1τ) and c(τ) = cos(2ω1τ).

By calculating the theoretical squeezing value in this way and analysing the simulated

results for a number of different pulse depths we get the plot shown in figure 7.7, which

demonstrates the simulated values show good agreement with the theoretically calculated

values.



Chapter 7 Classical Dynamics Modelling and Simulation 93

1500 1000 500 0 500 1000 1500
q (nm)

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035

co
u
n
ts

fit before
fit after
before
after

1000 500 0 500 1000
q (nm)

1000

500

0

500

1000

q̇/
ω

0
 (

n
m

)

λ = 3.447 +- 0.108 dB 

before
after

Figure 7.6: The top plot is a histogram of the position data, q for a time slice
before and after the squeezing pulse, along with the fitted normal distributions.
The bottom plot shows the phase space distribution the time slices before and
after the squeezing pulse.
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Figure 7.7: This plot shows the squeezing factor achieved in simulation for
different modulation depths of the squeezing pulse, along with the theoretical
value of the squeezing factor calculated with the expression in equation 7.13.
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7.5 Discussion and Conclusions

We have verified that using this simulation method we can accurately model and simulate

the system, reproducing expected theoretical values which have been verified to match

experimentally observed results in the literature [15, 85]. With this we can use the

simulation along with experimental data to calculate properties of the system. This

simulation is a useful tool for simulating how the real experimental system will react

to different stimuli without having to perform the experiments. For example one can

simulate very high modulation depth squeezing pulses without risk of losing the trapped

particle as you would have in the experimental system.

In addition it allows us to apply tracking schemes, such as the Kalman filter, in order

to tune them for optimal tracking and cooling performance as well as test the limits of

these feedback cooling schemes without performing experiments to give us an idea of

where the limits of such schemes are and why they may break down. Application of such

tracking schemes allows insight into how and under what conditions the performance of

the tracking begins to decline. This also allows for testing of other tracking algorithms

and feedback schemes without requiring experimental implementation, which can be

costly and time intensive.

This simulation also provides a quick and easy way to test experimental ideas before

performing the experiment and provides simulated data to develop the data analysis

techniques one will have to use on the experimental data to extract properties of interest.

One can also use this model to tune and test tracking tracking algorithms such as the

the FIR and Kalman filters, by applying them to the simualted system one can tune the

behaviour to get the most accurate tracking and the highest cooling rates.

In the next chapter we demonstrate how by matching the simulated behaviour with the

experimental results we can estimate the amount of Duffing Non-linearity in the system.





Chapter 8

Experimental Extraction of

Non-linearity

8.1 Introduction

In the previous chapter we have established that the classical equations are satisfactory

to correctly simulate the behaviour of the experimental system and also agrees well with

the theoretical predictions made in the literature. In this chapter we will describe how

we can use the simulation to understand more about the physical system by reproduc-

ing behaviour exhibited in the physical system and matching the two, experiment and

simulation. Specifically we will demonstrate how we have matched the simulated results

to the experimental data in order to extract the Duffing non-linearity in the optical

potential.

When squeezing is performed in a perfectly harmonic system one obtains the squeezed

states shown in the previous chapter, however if one performs squeezing on a system

which exhibits non-negligable non-linearities then other non-Gaussian states can be pro-

duced. In particular if the non-linearity alters the frequency, as any higher order xn term

in the dynamics (where n > 1) does, then the points which are more displaced from the

centre will see a shift in their frequency and therefore distort the shape formed in phase

space, with the outer points advancing ahead or lagging behind the others depending

on if the frequency shift is positive or negative respectively. One can use this effect to

characterise and quantify the non-linearity if one can tune the non-linearity in simu-

lation such as to match the experimental behaviour. In particular in this chapter we

demonstrate characterisation of the inherent Duffing non-linearity present in the optical

trapping potential, but this technique could be applied in general to characterise any

non-linearity with respect to position, whether intrinsic to the system or caused by an

external effect you wish to measure or characterise.

97
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Non-linearities have been proposed to be used in optomechanical systems for induc-

ing steady-state mechanical squeezing [143], ground state cooling [144], achieving sub-

Poissonian statistics [145] and generating non-Gaussian states [146]. It has been demon-

strated that mechanical non-linearities can be mapped into the microwave domain by

coupling with a Microwave superconducting coplanar waveguide (CPW) resonator [147]

and have been exploited to improve the figures of merit for nanotube and graphene

resonators [148].

For cantilever systems it has been proposed that one could use a Duffing non-linearity to

observe classical to quantum transitions utilising the bistable regime of such an oscillator

[149]. Non-linearities have been utilised alongside frequency stabilisation to achieve large

amplitude and therefore large signal-to-noise ratio in MEMS (Microelectromechanical

systems) devices [150], to realise mechanical bit operations [151, 152] and to induce

stochastic switching to boost detected signals [153].

Non-linearities can also be exploited to differentiate between classical and quantum

dynamics; as in a harmonic potential such behaviour is difficult to distinguish [149, 154].

Precise control of the non-linear and stochastic bistable dynamics has been achieved for

optically levitated nanoparticles within a Duffing potential and used to demonstrate

stochastic resonance in good agreement with analytical models and utilised to amplify

forces on the system [28].

The method we describe here can be used to determine non-linearities which are inherent

to the system [24], as well as those introduced by external forces [35, 34] which perturb

the potential. Estimating non-linearities of optomechanical systems is an area of interest

and several methods have been proposed and utilised to probe non-linearities [24, 155,

28].

8.2 Experimental Methodology

Figure 8.1 shows the experimental setup used to perform the experiments. To perform a

squeezing operation we use the same process described in section 7.2. To recap, we first

rapidly change the natural oscillation frequency from ω0 to ω1 then we let the system

evolve for time τPulse =
π

2ω1
before rapidly switching back to ω0 [85]. Such a frequency

modulation is achieved using an acousto-optic modulator (AOM) to rapidly reduce the

trapping laser power from P0 to P1 and, after a short delay, raise the power back to P0.

For the experiments discussed here we used the translation motion parallel to the di-

rection of laser propagation, the z motion, as we are most sensitive to this degree of

freedom. The natural frequency of this motion was 64.9 ± 0.3 kHz and the power was

decreased by 78.4 ± 1.5 % as this was the largest modulation depth we could achieve

while retaining a relatively square pulse shape. This corresponds to a pulse duration of
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Figure 8.1: The 3D position of the particle is detected by interference of the
scattered and divergent field by the photo-detector. The squeezing pulse op-
eration is fed to an AOM to rapidly switch the power of the seed laser. The
Erbium Doped Fibre Amplifier (EDFA) then amplifies this modulated light to
the power required to trap the nanoparticle. Figure taken from [2].

τPulse = 8.29µs at the lower laser power (for the pulse time to be a quarter of a period

at
ω1

2π
= 30.16± 0.45 kH).

The way each experimental run was performed is that a squeezing pulse was applied at a

random time in the particle’s oscillation, then the particle was allowed to relax for ∼ 10s

while being measured such that the time evolution could be captured and the system

allowed to relax back to an equilibrium state. Then another pulse was applied and the

process repeated 500 times to build up the phase space distribution of the particle as

it evolves from many random initial states. We then plot the points in phase space,

accrued over the 500 operations at a pressure of 0.164 ± 0.025 mbar, 83µs after the

pulse, in figure 8.2.

The spiral shape we observe in the phase space in figure 8.2 can be explained by the non-

linearity in the optical potential taking the form of a softening symmetric non-linearity,

such as a Duffing non-linearity. The points where the particle is displaced further from

the centre of the potential well experience a softer potential well with a lower frequency.

Therefore, points further from the origin in phase space lag behind the more central

points with a lag proportional to their displacement, resulting in the spiral pattern we

experimentally observe in phase space.

8.2.1 The Model and Simulations

The second order correction to a harmonic potential for a focused Gaussian beam is a

Duffing non-linearity. The potential in this case takes the form V (q) = ω2
0q

2 + ω2
0ξq

4 =

ω2
0(1 + ξq2)q2, where ω0 is the frequency of the harmonic component of the potential, ξ

is the Duffing non-linearity and q is the displacement.

The motion of the nanoparticle in this potential is well described by the following classical

stochastic differential equation [24],
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Figure 8.2: The extracted points in phase space, accumulated over 500 ex-
perimental runs, 83µs after the squeezing pulse is applied. Figure taken from
[2].

q̈ = −Γ0q̇ − ω2
0[1 + Sq](1 +

∑
j=x,y,z

ξjq
2
j )q +

√
2Γ0kBT0

m

dW

dt
(8.1)

where Γ0 is the damping on the system due to gas collisions, W is a real, zero-mean,

Wiener process, T0 is the temperature of the surrounding gas environment and m is the

mass of the nanoparticle. Sq is a term parameterising the squeezing pulse and takes the

following form:

Sq =

0.784, if 0 ≤ t ≤ Tpulse,

0, otherwise
(8.2)

This equation neglects the effects of photon recoil because the effect is negligable at the

pressure range considered here [14]. If we now consider specifically the z motion (q = z)

we can neglected non-linear terms from the x and y motion, namely the following 2

terms [1 + Sq](ξxω
2
0x

2)z and [1 + Sq](ξyω
2
0y

2)z). We can do this because z2 >> x2 and

z2 >> y2 due to the lower frequency of z and the additional larger displacement of z

in the non-linear regime due to the squeezing operation. We confirmed this effect is

negligable by repeating the experiment while performing feedback cooling on the x and

y motion, where we found we obtained the same phase space distribution in both cases.

We now therefore have the following equation for the motion in z, where ξ = ξz.

z̈ = −Γ0ż + [1 + Sq](−ω2
0z − ξω2

0z
3) +

√
2Γ0kBT0

m

dW

dt
(8.3)

From the experimental data we can extract the values of ω0 = 408× 103± 4× 103 rad/s

and Γ0 = 619±93 Hz by simply fitting to the Lorentzian peak as described in section 3.6
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and we experimentally control the values of Sq which are applied to the system. We also

assume T0 to be at room temperature, 300K, as the gas inside the vacuum chamber

is assumed to be in equilibrium with the environment. The range of m allowed was

narrowed down using equation 4.17 and then estimated more precisely to have a value

of m = 4.8× 10−19 kg by matching the behaviour of the simulation to the experimental

data. This can be done because the extent to which the phase space distribution is

squeezed is affected by the mass, but the shape of the spiral is not, so with a higher

mass one gets the same shape in phase space but the arms of the spiral are less densely

populated and more clumped in the centre.

This leaves ξ as the only free parameter to vary in order to match the simulated phase

space with the experimental phase space. The tightness of winding of the arms in the

phase space distribution is determined by the effective frequency shift in the motion due

to the strength of the Duffing term in the potential. As such the spiral shape in phase

space is determined entirely by the magnitude of the Duffing term.

400 trajectories were simulated for four values of ξ and the resulting phase space dis-

tributions are shown in figure 8.3, along with the shape of the potential for the four ξ

values, demonstrating the relationship between ξ and the tightness of the spiral. As the

non-linearity strength, ξ, increases so does the gradient with which the frequency of the

motion changes with position.
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Figure 8.3: plots of phase space distributions 77.5µs after the squeezing pulse
generated by simulations with four different ξ values as well the potentials.
Figure taken from [2].

8.3 Results

In order to match the experimental and simulated distributions in phase space we se-

lect a time point after the pulse has finished and compare their distributions using a

Kolmogorov-Smirnov statistical test. This test returns a P-value on the null hypothesis

that the two sets of points are drawn from the same distribution. This P value takes a

maximum when the two distributions match well.

In order to find the Duffing parameter ξ for which the simulated phase space distribution

best matches the experimental distribution we generated 400 simulated trajectories for

each of the 300 different values of ξ we wanted to test and extracted the P-value for each,

as can see seen in figure 8.4. We then applied smoothing, using a Savitzky-Golay filter, to

smooth out the fluctuations and fitted a Guassian to the resulting smoothed histogram

in order to extract the statistical mean and standard deviation of the distribution, which

was ξ = −0.100µm−2 with a standard deviation of ξ = 0.054µm−2.

The experimental and simulated phase space distributions are plotted for a number

of time instances in figure 8.5 with the simulated data generated using the statistical

mean value of ξ = −0.100µm−2 for the Duffing non-linearity. One can see from these
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Figure 8.4: Plot of the P-values extracted by performing a Kolmogorov-Smirnov
statistical test on 500 experimental data points and 400 simulated data points
77.5µs after the squeezing pulse for a range of 300 values of ξ along with the
same data with a smoothing Savitzky-Golay filter applied and the Guassian one
obtains when fitting to this data to extract the statistical mean and standard
deviation. Figure taken from [2].

plots that there is a good qualitative agreement between the shapes of the distribution

as they evolve through time. The meaning of the negative sign on this value is that

as displacement from the centre of the trap gets larger the natural frequency of the

motion gets lower, this is because of the Gaussian profile of the laser beam, as you get

further from the centre of the trap the gradient of the electric field decreases non-linearly.

However, for a Gaussian field distribution ξz = − 2

z2
R

, where zR =
πw2

0

λ
is the Rayleigh

range, and w0 =
2λ

πNA
is the beam waist, this gives an expected value of ξz ' 0.5µm−2.

This disagrees with the value I extract by a factor of 5, one possible reason is that the

beam at the focus was not well approximated by a Gaussian beam.

The Gaussian beam model is only accurate under the paraxial approximation for beams

with waists larger than
2λ

π
, our beam is has exactly this value for the beam waist

and so the approximation doesn’t hold. In addition, if the alignment to the parabolic

mirror was not centred for example, or if the mirror surface was dirty or featured defects

then the beam may be further from a Guassian. Further investigation by repeating the

experiment using different parabolic mirrors for the focusing and differing alignments

could be performed to ascertain the origin of the Duffing non-linearity and how the

shape of the potential at the focus is effected by different conditions.
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Figure 8.5: The extracted points in phase space, accumulated over 500 ex-
perimental runs, in red, and 400 simulated trajectories, in blue, at a number
of sequential time instances, t, after the squeezing pulse operation is applied.
Figure taken from [2].

For the Duffing non-linearity to dominate over the harmonic component of the potential

at a particular displacement q one requires that ξ > 1
q2 . If one takes for example a

displacement of 500 nm; one calculates that ξ = 4µm−2 is the critical value above which

the non-linearity would dominate the potential. We remark that the ξ value we extract

is much lower than this but we can see a visible effect on the phase space distribution

at 500 nm, meaning a dominant non-linear effect is not necessary for the non-linearity

to have a significant effect on the dynamics of the phase space distribution’s evolution

and for the method we have described here to be applicable.

For a chosen ξ value the P value can be plotted over time after the pulse, for the ξ we

find to be the best fit, ξ = −0.100µm−2, we obtain the plot of the P-value over time

shown in figure 8.6. From this figure one can observe that the P-value is distributed

mainly above the 5% significance level. It can also be observed that the P-value grows

over time after the pulse. The reason for this is that the experimental phase space

distribution is extracted by performing a band-pass filter upon the photo-current data

and this processing distorts the initial position and velocity data due to edge effects

from the filter.
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Figure 8.6: A plot of the P values with time for the null hypothesis that the
two sets of points, the experimental phase space points and the numerically
simulated phase space points, are drawn from the same distribution. The green
region is where P-values are above the significance level α = 0.05 and red region
is where the P-values are below this significance level. These P values are calcu-
lated using the Kolmogorov-Smirnov test applied to the collated experimental
and simulated phase space data. Figure taken from [2].

8.4 Conclusions

In conclusion we have utilised pulsed reduction in the laser intensity to squeeze the phase

space distribution of levitated nanoparticles. We have then analysed the resultant data

and found the phase space to display a spiral shape instead of a squeezed shape due to

non-linearities in the optical trapping potential. We have then simulated the trajectories

of the particle from many random initial states when exposed to the squeezing pulse with

different values of the strength of the Duffing non-linearity, ξ. We then analysed how well

the simulated and experimental distributions match for each value of ξ and by fitting to

the resultant histogram identified the statistical average and standard deviation for ξ.

The advantages of this method are that it is repeatable and can be performed on com-

mand and it does not rely on stochastic excitations in order to explore the non-linear

regime. It can also be performed at pressures from 10−1 − 10−9 mbar as it does not

rely on gas collisions to drive the system into the non-linear regime and only requires Q

factors high enough to observe the time evolution of the spiral shape for several oscilla-

tions. If performed at low pressures the high Q factor of the oscillator could in fact allow

for more precise estimation of the non-linearity, since the spiral pattern will persist in

the phase space for a longer time. In addition, feedback cooling can be applied while
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performing this procedure if the effect of the non-linearities are discernible at smaller

displacements to reduce the risk of the particle escaping the trap[156].

This method to estimate non-linearities is also broadly applicable to a large range of

physical systems such as levitated systems [157, 24], optomechanical systems[155], can-

tilever systems[149–151, 153] and Bose-Einstein condensates[158, 159]. This method can

be used to estimate the magnitude of any non-linearity with respect to displacement be-

cause these nonlinearities affect the shape of the distribution in phase space distribution

and its evolution after a squeezing pulse is applied. In this way the method we describe

here could be utilised to sense and quantify forces on the system which would change

the shape of the distribution in phase space and the distributions evolution with time.

A similar, more sophisticated, method to match these two would be to use Sequential

Monte Carlo (SMC) methods to estimate the non-linearity as it can optimise the value

of the non-linearity ξ as it simulates the system to best match the measurement record,

however, this is much more computationally intensive.



Chapter 9

Quantum Dynamics Simulation

9.1 Introduction

While the classical model we use to simulate the system in previous chapters reproduces

theoretical and experimental results, this model will not be sufficient when the system

is cooled to near the quantum ground state of its motion. With this in mind, in this

chapter we introduce a quantum model to describe the motion of a levitated nanoparticle

and consider if there is a more optimal form of feedback cooling one can apply to the

quantum system taking into account all contributions to the particle dynamics, including

decoherence and photon recoil. In addition we describe a tracking model to be used to

track this quantum system. Here we use the tracking model to track the simulated

model system and generate the feedback cooling signal to apply to the simulated model

system, this could be applied in the same way to the experimental system.

9.2 The Model

The model we describe in this section was derived by Luca Ferialdi and Marko Toroš

and is described in [3]. We consider the situation where the translational and rotational

degrees of freedom are decoupled and we can model the translation in each dimension

as a single isolated translational degree of freedom. We consider 2 models, an emulation

model, which models the evolution of the physical quantum system in the experiment,

and a tracking model, which, similar to a Kalman filter, takes input measurements from

the simulation of the emulation model and simulates our estimate of the system’s state.

The emulation model simulates the full state of the system and, as is the case in the

experimental system, the tracking model only receives information about the position of

the emulation model. Indeed the tracking model could be applied to experimental data

to estimate the state in the same way.
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We will now outline the 2 models

9.2.1 The Emulation Model

To emulate the system we consider the following dynamical stochastic master equation

describing the evolution of the density operator ρ̂E, which describes the state of the

emulated system[84, 137, 160]:

dρ̂E =− i

~
[Ĥ, ρ̂E] dt+ ΓD[L̂]ρ̂E dt+ 2kD[ẑ]ρ̂E dt+

√
2ηkH[ẑ]ρ̂E dW

+
√

2(1− η)kH[ẑ]ρ̂E dV +
√

ΓH[L̂]ρ̂E dZ, (9.1)

where D[L̂]ρ̂ = L̂ρ̂L̂† − 1
2{L̂

†L̂, ρ̂} and H[ẑ] = {ẑ − 〈ẑ〉, ρ̂}. The Hamiltonian Ĥ consists

of two contributions Ĥ = Ĥ0 + Ĥfb, with

H0 =
p̂2

2m
+
mω2

2
ẑ2 , Hfb = βu(t)ẑ2 + δv(t)ẑ , (9.2)

The first Hamiltonian term Ĥ0 is the contribution from the harmonic trap produced by

the laser, with ẑ and p̂ being the position and momentum operators respectively, the

second Hamiltonian term Ĥfb is the contribution from the feedback signals u(t) and v(t)

which are the quadratic feedback and linear feedback terms respectively, these terms will

be described in more detail further on. β and δ are the strengths of the quadratic and

linear feedback respectively, with the quadratic strength β being the relative modulation

of the laser power and δ being the magnitude of the linear force in Newtons applied to

the nanoparticle.

The six terms in equation (9.1) are, in order;

• the unitary time evolution of the system due to the Hamiltonian (this contains the

terms due to the optical trapping potential and the applied feedback)

• the decoherence term due to gas particle scattering

• the decoherence term due to photon scattering

• the stochastic back-action term due to the detected photons

• the stochastic recoil due to undetected photons

• the stochastic recoil due to gas particle collisions

Where the symbols used in the model are as follows; Γ = 4mkBTγc
~2 and L̂ = ẑ+i γc~Γ p̂ [161–

163], γc is the damping on the motion (which we have called Γ in previous chapters), Γ is
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the decoherance rate due to collisions, k is the laser monitoring strength, η the detection

efficiency and dW , dV and dZ are independent Wiener processes with zero mean and

correlations E[dWdW ] = E[dV dV ] = E[dZdZ] = dt.

The homodyne current that we can then measure from our detector is given by;

Jdt = 〈ẑ〉Edt+
dW√
8ηk

, (9.3)

Since the dynamics described by equation (9.1) are quadratic and we assume the particle

is initially in a Gaussian state, the system remains in a Gaussian state during it’s

evolution and can therefore be fully described by the mean values and variances of

the position and momentum operators, i.e. the following 5 variables, which we label for

convenience as yi;

y1 = 〈ẑ〉E,

y2 = 〈p̂〉E,

y3 = V E
z = 〈ẑ2〉E − 〈ẑ〉2E,

y4 = V E
p = 〈p̂2〉E − 〈p̂〉2E,

y5 = CE =
1

2
〈{ẑ, p̂}〉E − 〈ẑ〉E〈p̂〉E,

(9.4)

When described in terms of these operators equation (9.1) becomes the following 5

coupled stochastic differential equations:

ẏ1 =
1

m
y2 − γc y1 +

√
8ηk y3 dW +

√
8(1− η)k y3 dV

+
√

Γ
(

2 y3 −
γc
Γ

)
dZ , (9.5)

ẏ2 = −mω2(1 + βu(t)) y1 − γc y2 + δv(t) +
√

8ηk y5 dW

+
√

8(1− η)k y5 dV + 2
√

Γ y5 dZ , (9.6)

ẏ3 =
2

m
y5 + 2γc y3 − (8k + 4Γ) y2

3 , (9.7)

ẏ4 = −2mω2(1 + βu(t)) y5 − 2γc y4 + ~2(2k + Γ)− (8k + 4Γ) y2
5 , (9.8)

ẏ5 =
1

m
y4 −mω2(1 + βu(t))y3 − (8k + 4Γ)y3y5 . (9.9)
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9.2.2 The Tracking Model

The dynamics of a trapped particle under continuous monitoring can be described by

the following similar stochastic master equation [137] for the state of the tracked system,

described by the density operator ρ̂T , which we label as the tracking model:

dρ̂T = − i
~

[Ĥ, ρ̂T ]dt+
(

ΓD[L̂] + 2kD[ẑ] + 4ηk(J − 〈ẑ〉)H[ẑ]
)
ρ̂T dt . (9.10)

The four terms in equation (9.10) are, in order;

• the unitary time evolution of the system due to the Hamiltonian (this contains the

terms due to the optical trapping potential and the applied feedback)

• the decoherence term due to gas particle scattering

• the decoherence term due to photon scattering

• the monitoring term provided by scattered photons

Where the symbols used are the same as in equation (9.1). If we again limit our dis-

cussion to the evolution of Guassian states and label the means and variances of the

position and momentum operators as we did in equations 9.4, but for the tracked state,

then the master equation becomes:

ẋ1 =
1

m
x2 − γc x1 − 8ηα(1 + βu(t)) (x1 − J)x3 , (9.11)

ẋ2 = −mω2(1 + βu(t))x1 − γc x2 − 8ηα(1 + βu(t)) (x1 − J)x5

+δv(t) , (9.12)

ẋ3 =
2

m
x5 − 2γc x3 +

γ2
c

Γ
− 8ηα(1 + βu(t))x2

3 , (9.13)

ẋ4 = −2mω2(1 + βu(t))x5 − 2γc x4 + ~2Γ− 8ηα(1 + βu(t))x2
5

+2~2α(1 + βu(t)) , (9.14)

ẋ5 =
1

m
x4 −mω2(1 + βu(t))x3 − 2γc x5 − 8ηα(1 + βu(t))x3x5 . (9.15)

where we have accounted for the fact that the laser monitoring strength k varies with

the laser power which is modulated by the feedback signal like so; k = α(1 + βu(t)),

where α = 12π2

5λ2
σP

πω2
0ωL

is the coupling strength, P is the laser power [1], λ is the laser

wavelength, σ is the Rayleigh cross section, ω0 is the frequency of motion, ωL is the laser

frequency.
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dtf  = dtm/N

dtm= Mdtf

dtEmulation

Tracking/Feedback

Measurement

x1,x2,x3,x4,x5, u(t), v(t)

y1,y2,y3,y4,y5

 J

updated on this times

Figure 9.1: The timescales used in simulations, the emulation model is simu-
lated on the fastest timescale, with the state being updated with time-step dt.
Every M emulation timesteps the state of the emulated system is measured and
the photo-current J is updated from 〈z〉 (i.e. y1) along with the stochastic com-
ponent as in equation 9.3. The tracking model and feedback signals is updated
N times in every measurement time-step (with time step dtf .

9.2.3 Optimal Feedback

There exists optimal controls u∗(t) and v∗(t) which minimise a particular cost function.

In our case we set the cost function to be the mean energy of the particle. Such optimal

feedback signals will provide optimal cooling, and therefore the maximal reduction in

the mean energy of the particle. By minimising this cost function as described in [3]

we find that the optimal feedback takes the form of a sign function for both quadratic

cooling (u∗(t)) and linear cooling (v∗(t)a). While the term inside this sign function is

rather complicated to calculate the resulting values can only be +1 or −1. With this

in mind we can avoid having to solve for the term inside this sign function, as we will

describe in the next section.

9.3 Numerical Simulation

In order to simulate these 2 models we need to discretise the equations and update

them on discrete timescales and with discrete Wiener increments ∆W , ∆V , ∆Z. The

emulation model is updated on the shortest time scale with time step dt, every M

emulation time steps the measurement step occurs, where state of the emulated system

is used to calculate the photo-current J as prescribed in equation 9.3 from y1 = 〈z〉.
The tracking model and feedback signals are updated N times every measurement time

step. These timescales are illustrated in figure 9.1.

As there are two possible values the feedback signal can take and there are N time-steps

in each measurement time-step then there are 2N possible combinations of feedback

that can be applied during a measurement time step, therefore instead of solving the

term inside the sign function one can simulate all possible feedback combinations and

select the combination which results in the minimum energy at the next measurement

time-step. When the measurement occurs the photo-current is updated and the tracking

model is then propagated through the N time-steps of length dtf for the 2N possible
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feedback combinations. We solve the 5 coupled SDEs as we did in chapter 7 with a two

stage Runge-Kutta method.

Here we have used dt = 0.5ns, M = 2000 (dtm = 1µs) and N = 5 (dtf = 0.2µs).

In addition, T is the temperature of the gas particles and kB is Boltzmann’s constant.

Specifically, we set T = 300K, i.e. we assume that the gas of particles is at room

temperature. We set ω = 2π × 70kHz, and m = 9.42 × 10−19kg, which are typical

values of trapped dielectric silica particles of radius ∼ 50nm. We also set η = 0.003 and

α = 4.04× 1025kgm2 which are typical values for our optical trap [15]. We initialise the

state of the system as a thermal Gaussian state at the same temperature as that of the

environmental gas particles like so:

y1 = −1

2

√
kBT0

mω2

y2 = −mω
2

√
kBT0

mω2

y3 =
~

2mω
coth

(
~ω

2kBT

)
y4 =

~mω
2

coth

(
~ω

2kBT

)
y5 = 0

(9.16)

We initialise the state of the tracking model in the same way except we set x1 = x2 = 0.

We then allow the simulation to run for tprep = 5ms with the feedback signals u(t) =

v(t) = 0 in order to allow the state of the system to evolve to a realistic state for the

conditions. In addition we simulate the usual sinusoidal quadratic feedback used in

chapter 7 (u(t) = sin(φ(t))) where φ is defined in equation 7.2 which we label as double

phase cooling. We also use a commonly used linear feedback scheme called cold damping

where v(t) =
y2

m
.

9.4 Simulation Results

9.4.1 Quadratic Feedback

Simulations were performed of both optimal and double phase quadratic feedback, re-

alised experimentally by modulation the power of the laser light, at a number of different

pressures P and modulation depths β, the results are shown in figure 9.2. From these one

can observe that the cooling performance of optimal and double phase feedback are very

similar, with both reaching similar phonon numbers for all pressures and modulation

depths.
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Figure 9.2: Quadratic feedback: shows the dependency of the average phonon
number reached once the energy has converged with the modulation depth of
feedback cooling for optimal and double phase quadratic feedback at different
pressures. Figure taken from [3].

If we then look at how the energy responds in time to the two cooling methods, as

shown in figure 9.3, we can see that for both feedback methods the energy decreases at

a similar rate once the feedback cooling is turned on. From this we can also see that the

tracking model in both cases struggles to follow the sharp dips and rises in the energy of

the emulated system but matches relatively well to the time-averaged behaviour, this is

unsurprising as the time-steps used for updating the tracking model are so much longer

than those used for the emulation model. In addition in this plot the inset displays what

the cooling signals in both cases look like.

Of particular interest is the behaviour of the optimal cooling, as this is decided based

on what minimises the energy. It turns out that the optimal cooling signal looks like a

square wave at double the frequency of the motion which stiffens when the particle is

moving away from the centre position and softens when the particle is moving towards

the central position. This is the kind of behaviour we would expect to be optimal, as it is

exactly how we design the double phase cooling, and it is perhaps unsurprising that the

performance of the two feedback methods is similar given the similarity in the shapes of

the two feedback signals.

In addition to this quadratic double phase feedback cooling was simulated with the

tracking model not including the modulation of the laser power by the feedback such

that the model sees a fixed frequency. The results from this can be seen plotted along-

side the regular modulated tracking model used above in figure 9.4. From this one

can see that the cooling performance is similar for low modulation depths, where the

frequency variation due to laser modulation is low, but as the modulation depth is

increased above 1% the performance stagnates and as it is increased further above 1.5%

the feedback begins to reach higher and higher temperatures, eventually as you get
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Figure 9.3: Quadratic feedback: simulated time trace of the phonon number
associated with the translational motion in the emulation and tracking equa-
tions. For the first 5ms the system evolves freely in the harmonic trap before
optimal or double phase quadratic feedback cooling is applied. The insets show
a small slice of the simulated position in the emulation and tracking equations
along with the corresponding feedback signal applied to cool the translational
motion for optimal and double phase quadratic feedback cooling. For these two
simulations β = 0.01. Figure taken from [3].

towards 2% modulation and above the particle is actually heated instead of cooled.

This matches behaviour that was seen in a previous paper produced by our group [15]

when using a lock-in amplifier to cool the motion but which was supposed to be a

consequence of noise in the feedback loop. Using the tracking model that we discuss

here, or a similar model that can account for the modulation of the laser light, therefore

gives us access to quadratic feedback cooling with modulation depths higher than 1%,

which were previously un-attainable and therefore the possibility of cooling to much

lower temperatures.

For high pressures and modulation depths higher than ∼ 0.005 as we reduce the pressure

of the surrounding gas, as shown in figure 9.5 the phonon number reduces in a linearly

proportional manner but as we approach ∼ 10−8 mbar the phonon number begins

to level out, this is because we are entering the photon-recoil regime [14] where the

dominant heating rate is no longer gas collisions, but instead recoil from the photons in

the trapping laser. In addition a more detailed plot of how the phonon number relates

to the modulation depth of cooling is shown in figure 9.6 for the 2 feedback schemes,



Chapter 9 Quantum Dynamics Simulation 115

Figure 9.4: Quadratic feedback: dependency of the average phonon number
reached once the energy has converged with the modulation depth of feedback
cooling for double phase quadratic feedback for modulated and unmodulated
tracking. Figure taken from [3].

Figure 9.5: Shows the dependency of the average phonon number reached
once the energy has converged with the pressure at which the simulation is
performed for optimal and double phase quadratic feedback at three different
feedback modulation depths. At about ∼ 10−8 mbar we reach the photon-recoil
regime [14]. Figure taken from [3].

showing by increasing feedback beyond 1% (β = 10−2) one can achieve cooling to lower

phonon numbers.
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Figure 9.6: Quadratic feedback: Shows the dependency of the average phonon
number reached once the energy has converged on the modulation depth of
feedback cooling for the 2 different quadratic cooling schemes at 1e−7mbar.

9.4.2 Linear Feedback

When optimal linear feedback is applied it results in a feedback signal which opposes the

momentum of the particle, as one would intuitively expect. This can be seen in figure

9.7 which shows the form of the optimal and cold damping feedback. For a pressure

of 10−7mbar, in figure 9.8, we have plotted the phonon number reached against the

amplitude of the linear cooling β for the 2 feedback cooling schemes. One can see from

the figure that the performance is very similar but they are shifted from each other

due to the magnitude of the force produced for the same β value differing between the

two, and optimal cooling, unlike cold damping, starts to under-perform and even begins

heating the system as δ in increased.

When the linear cooling feedback amplitude δ is too large as the displacement gets

smaller there becomes a point where an entire period of linear feedback cooling at the

frequency of the motion would not just cool the motion but would change the momentum

such as to reverse the direction of motion of the particle, effectively increasing the

energy, instead of cooling. For this reason the optimal cooling chooses to instead begin

performing shorter time pulses as seen in figure 9.9. The cooling with this form of

feedback does not perform as well and as such we get worse cooling performance for

larger values of δ as seen from the increasing equilibrium phonon number in figure 9.10.
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Figure 9.7: Linear feedback: Show a small slice of the simulated position in the
emulation and tracking equations along with the corresponding feedback signal
applied to cool the translational motion for optimal and cold damping linear
feedback cooling. Figure taken from [3].
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Figure 9.8: Linear feedback: Shows the dependency of the average phonon
number reached once the energy has converged on the feedback amplitude of the
linear feedback cooling for the 2 different linear cooling schemes at 1e−7mbar.
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Figure 9.9: A plot of the optimal Linear cooling signal as it reaches a point
where the displacement is so small that an entire period of square wave cooling
would reverse the direction and heat the motion and so the feedback begins
rapidly swapping between high and low.
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Figure 9.10: Shows the dependency of the phonon number reached on the
strength of the feedback applied for optimal linear ( δ ) and optimal quadratic
(β ) feedback where the measurement time-step ∆t is 1µs. Figure taken from
[3].

9.5 Discussion and Conclusions

In figure 9.10 we have plotted the response of both linear and quadratic optimal cooling

to their respective cooling strength parameters (δ and β) at 10−7mbar. One can see

that with either high modulation depth quadratic cooling or linear cooling with the δ

well chosen are able to cool to phonon numbers less than 10 for pressures of 10−7mbar

which are readily reachable experimentally. Quadratic cooling to these phonon numbers

requires a model that is able to account for the change in the dynamics due to the act

of the feedback cooling process such as the one we discuss here. Linear feedback cooling

to these phonon numbers requires picking a feedback amplitude in the correct range to

get maximal cooling.

We have considered both optimal quadratic feedback, sinusoidal quadratic feedack, op-

timal linear feedback and cold damping linear feedback, we find that there is little

difference in the performance of optimal vs sinusoidal and optimal vs cold damping

feedback. However, for the case of optimal linear cooling scaling down the strength of

the feedback with the amplitude of motion is nessesary for good cooling performance

and for quadratic cooling at high modulation depths to perform well a model which
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is able to account for the change in frequency due to modulation of the laser light is

required.

In addition, the tracking scheme developed here allows us to go beyond the performance

of the Kalman filter considered in chapter 6, the FIR filters considered in chapter 5 and

conventionally used lock-in amplifier cooling as higher moduation depths of quadratic

cooling can be considered. Experimentally implementing such a tracking algorithm, on

an FPGA for example, should lead to far increased tracking performance and allow the

possbility of reaching low phonon numbers.
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Summary and Outlook

To summarise my work, I have discovered an unexplained systematic disagreement be-

tween the damping observed in experimental results and that predicted by the theoretical

expressions in the literature. I have designed and implemented FIR bandpass filters on

an FPGA to isolate the motion in one degree of freedom, and by time delaying and fre-

quency doubling the filtered signal performed parametric feedback cooling, through this,

the necessity to keep the amplitude of the feedback signal stable in order to produce

a stable cooling rate, and therefore a stable equilibrium temperature under feedback

cooling became apparent.

I have implemented the Kalman filter algorithm on an FPGA such that it can operate

in real-time with a harmonic model of the motion to track the motion of a levitated

nanoparticle. By applying a time-delay and frequency doubling, then controlling the

amplitude of the feedback signal such as to stabilise it at a constant value I have achieved

cooling to sub-Kelvin temperatures. The performance of cooling with the Kalman filter

using the harmonic model is similar to the performance of a lock-in amplifier, however

the advantage of the Kalman filter is that more complex models of the motion can be

used, such that tracking can be performed in potentials which are an-harmonic, which

is not possible with a lock-in amplifier.

I have also described a classical model for the motion of a levitated nanoparticle and

implemented a numerical simulation to solve this stochastic differential equation. I’ve

used this simulated model to reproduce the results of theoretical expressions in the

literature for temperatures reached under feedback cooling as well as the expression for

the degree of squeezing achieved with squeezing pulse depth. This simulation provides

an ideal test bed to test protocols one wishes to apply to the levitated nanoparticle.

I have then used this simulation to develop a technique to estimate the strength of the

non-linearity in an optical trap. By applying a squeezing operation multiple times to

sample and observe the phase space distribution one squeezes the state such that at

121
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the extremities of the distribution, at large displacements, the particle experiences the

non-linear region of the potential. This causes a frequency shift which results in the

phase space distribution being deformed from an ellipse into a spiral shape, with the

tightness of the winding of the arms being determined solely by the strength of the

non-linearity. By performing simulations of the motion under the squeezing operation

and varying the strength of the simulated non-linearity one can match the phase space

distribution of the simulation to the experiment to estimate the non-linearity present in

the experiment. This technique could be applied to estimate any non-linearity in the

potential, for example one could induce a non-linearity by bringing a surface close to

the levitation site and probe the non-linearity induced by the surface.

Finally I have described a quantum model for the motional state of a optically levitated

nanoparticle and how one can numerically simulate this model as well as described a

tracking scheme one can implement to track the state of such a system. I utilise this

model and tracking scheme to perform simulations of both quadratic feedback (tradi-

tionally called parametric feedback in the literature) and linear feedback. Using this

model and tracking we evaluated the cooling performance with sinusoidal and optimal

pulsed feedback schemes and determined that with the current experimental setup and

detection efficiency (η = 0.003) cooling to ∼ 10 phonon numbers is reachable with both

feedback schemes, with higher detection efficiency cooling to lower phonon numbers is

achievable [52]. For quadratic feedback to perform optimally high modulation depths

of 10-50% are required. Cooling with these large depths of modulation cannot be per-

formed without a tracking scheme which accounts for the effects of feedback cooling on

the natural frequency of the particle.

Quantum ground state cooling of a levitated nanoparticle consisting of ∼ 108 atoms

in a room temperature environment has recently been achieved for the first time [164],

with a phonon number of n = 0.43 ± 0.03 phonons, corresponding to a temperature of

12µK using a technique called cavity cooling by coherent scattering. This achievement

paves the way for generating and controlling quantum states at larger mass scales than

have thus-far been explored in the literature [165, 166] and opens up application such as

nanoparticle matter-wave interferometry [18–20], investigations of quantum phenomena

at larger mass scales [18], and tests of collapse models which require large masses [21–23].

Levitated optomechanics has thus-far proved to be a field which is rich in applications,

with many precise forces sensing applications [14, 33, 26, 34–36, 25, 23] as well as in-

vestigations of nano-scale thermodynamics [167, 168]. More recently other levitation

mechanisms have been exploited to overcome the limitations of trapping with laser

light, including magnetic levitation [169–174] and electrical levitation [175–178]. All of

the state estimation, feedback and simulation techniques I describe in this thesis are

simple to translate and apply to these systems as well as optically levitated systems.
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A.1 FIR Package

A.1.1 Specification

The package had to be able to generate the VHDL code to implement bandpass filters

which could be synthesised onto an FPGA to work in real-time with an arbitrary number

of filter coefficients, to work at any realisable sample rate. My additional goals were to

make it such that it could be used for an FPGA with any size ADC or DAC attached

and such that someone unfamiliar with filter design could use it easily without training.

A.1.2 Design

A.1.2.1 The VHDL Template

The package was structured such that there is a VHDL template packaged with the

module which can be used implement any arbitrary FIR filter and the python code

calculates the parameters to be set in the code to realise the filter designed or specified

in the python module. The user can design their filter either using the package or using

any other filter design tools, the user then provides the filter coefficients to the python

code which then generates the VHDL code for that FIR filter.

The first problem encountered in attempting to realise an FIR filter in VHDL is that

the coefficients of FIR filters are almost always decimal values. FPGAs are inefficient

at performing floating point arithmetic. All numbers stored on the FPGA are stored

as arrays of bits representing signed or unsigned integers where each bit is stored in

a register (e.g. a D-type flip-flop) on the FPGA. The VHDL language can implement

addition, multiplication and subtraction of signed or unsigned integers however generic

123



124 Appendix A Appendix

integer division is not supported in VHDL, however it is possible to achieve division by

a power of 2 by performing a bit-shift to the right. Arrays of bits are typically talked

about going from left [the most significant bit - largest power of 2] to the right [the

least significant bit - smallest power of 2], when performing a single bit-shift the least

significant bit is removed and every bit in the array moves one place to the right, the most

significant bit is then replaced with a 0. If the array represents a signed number then

the most significant bit should be left unchanged, as it is the signing bit and represents

if the number is positive (0) or negative (1).

The way to store decimal values on the FPGA is therefore to use a fixed point represen-

tation, this means multiplying the decimal values you want to represent by a power of 2

and then truncate the resulting coefficients to integers before storing them on the FPGA

along with the power of 2 they were multiplied before truncation to integers. In the case

of FIR filter we need to store many decimal values, the coefficients of which we say there

are N, and then multiply these values by the last N inputs and then sum the resulting

array of numbers to get the result of filtering. Because the coefficients multiplying the

last N inputs were each multiplied by a power of 2 we must then divide the resulting

value by the same power of 2 to get the same result as if we had stored the decimal

values and multiplied them by the last N inputs. The operation which calculates the

filter output is shown in equation A.1 for a fixed point shift of M where h[i] is the ith

coefficient in decimal format, x[i] is the ith input and the truncate function truncates

the value to an integer, rounding to the nearest integer. i = 0 corresponds to the most

recent sample (at time t0 for example) and i = N − 1 corresponds to the oldest sample

at time t−(N−1).

N−1∑
i=0

h[i].x[i] ≈
∑N−1

i=0 truncate(2M .h[i]).x[i]

2M
(A.1)

The resulting coefficients will not be equal to the original coefficients but will be trun-

cated fixed point numbers which should be approximately equal to the original coeffi-

cients, they will take the form shown in equation A.2. How well they approximate the

floating point number depends upon the number of digits allowed after the fixed point,

i.e the amount of the fixed point shift before storing the values.

hfixedPoint[i] =
truncate(2M .h[i])

2M
(A.2)

In VHDL when specifying a signed or unsigned number one must also specify how many

bits that number is, if a number larger than that which can fit in the binary array is

entered into it then value in the array will wrap around, i.e. an unsigned 8 bit number

and incremented by 1 from its maximum value of 255 will result in 0. An addition of 5

to 255 would result in 4. For this reason, when designing a binary array which will store



Appendix A Appendix 125

a number, it is important to consider the values that will be stored there and to make

sure that they can be fully represented with the number of bits present in that array.

For example, the array that stores the result of the summation should be long enough

to contain the maximum result possible, whether intermediate or final.

A flow diagram showing the behaviour of the VHDL code for a FIR filter with a 14 bit

input and 16 bit output can be seen in figure A.1.

The resulting code has 3 inputs and 1 output, the inputs are the clock, the input signal

to be filtered and the reset signal, the output is the filtered signal.
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recorded inputs by 1 and 

store new input
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of the array of inputs
with the array of FIR

coefficients 

Output the result

Reset values
 to 0

Figure A.1: Flow diagram showing behaviour of VHDL FIR filter code.
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A.1.2.2 The Python Interface

Python code is used to calculate the necessary parameters to be used in the VHDL code

and then the code populates the VHDL template file in the package with the calculated

values in order to create a new VHDL file in the directory in which the code is run which

implements the specified filter.

The parameters to be set in the VHDL template are as follows:

• Number of bits of input

• Number of bits of output

• The coefficients

• The number of bits needed to store the coefficients

• Number of bits the coefficients are shifted by, i.e the location of the fixed point

• Number of bits for storing the summation result

The user must specify the number of input and output bits and the filter coefficients,

the remaining parameters are calculated by the package.

The number of bits necessary to store the fixed point, truncated, coefficients are cal-

culated by taking the log2 of the largest coefficient and then rounding the resulting

value up. This ensures all the coefficients can be fully represented on the FPGA. I.e.

ciel(log2(max(Coef Array)))

The number of bits necessary to store the summation result is calculated by multiplying

the number of coefficients by 2 to the power of summation of the number of bits used

to store the coefficients with the number of bits used to store the output. I.e. Ncoefs ∗
2Nbitscoefs+Nbitsoutputs .

The fixed point location, and therefore the amount to shift the coefficients by before

truncating them to integers, is calculated by the following procedure. First the minimum

amount of shift required such that all the coefficients remain non-zero when truncated

is calculated as a start point. Then the frequency response of the supplied decimal filter

coefficients is calculated, then the location of the fixed point is incrementally increased

from its initial value and at each iteration the frequency response of the truncated

coefficients is calculated and compared to the decimal coefficient’s frequency response.

When the mean difference between the gain of the 2 filters at each frequency value is less

than a certain threshold (by default it uses 0.1dB) the fixed point location is accepted

as sufficient.
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A.1.3 Implementation

Here I will discuss the implementation of the above design.

A.1.3.1 VHDL

The following block of code is the main process which implements the FIR filtering and

occurs on each clock cycle. Lines 1 through 3 shift all the elements along by 1, throwing

away the oldest input measurement. Line 4 & 5 takes the input vector of bits, converts

it to a signed value, re-sizes this value to have the same number of bits as the output

and then shifts it left by the difference in the number of bits between the input and the

output and stores it in the array of inputs. For example for a 14 bit input and 16 bit

output, as we have, this converts the 14 bit input to a signed value, re sizes it to be 16

bits, then shifts the values along by 2 (multiplying by 4) and then stores it as the most

recent input in the input array.

1 for i in NoOfCoefs 1 downto 1 loop

2 InputArray ( i ) <= InputArray ( i −1) ;

3 end loop ;

4 InputArray (0) <= s h i f t l e f t ( r e s i z e ( s igned ( InputS igna l ) , NoOfOutputBits ) ,

5 InputOuputBitDi f ference ) ;

6 F i l t e r R e s u l t <= dotProduct ( Coe f f i c i en tArray , InputArray ) ;

7 Sh i f tedDownFi l te rResu l t <= s h i f t r i g h t ( F i l t e rRe su l t , NoOfBitsToShift ) ;

8 OutputSignal <= s t d l o g i c v e c t o r ( r e s i z e ( Shi f tedDownFi l terResult , NoOfOutputBits ) ) ;

Line 6 uses a function which is defined in the code (and shown below) to take the

dot-product of the array of coefficients and array of inputs and stores the result in the

variable with a larger number of bits. Line 7 takes the result of this and bit shifts it left

by the fixed point location so that the multiplication originally done to the coefficients

before storing them in the VHDL code is undone. Line 8 takes this value and re-sizes it

to be 16 bits and converts to an array of bits to be output.

The dot product function definition is shown below:

1 function dotProduct ( a : SignedArrayCoefBits ; b : SignedArrayOutputBits ) return s igned i s

2 variable dotProductResult : s igned ( NoOfBitsForSumRegister−1 downto 0) := ( others => ’ 0 ’ ) ;

3 begin

4 for index in a ’ range loop

5 dotProductResult := dotProductResult + a ( index ) ∗ b( index ) ;

6 end loop ;

7 return dotProductResult ;

8 end function ;

This function simply iterates through the 2 arrays multiplying the elements by each

other and adding them to the dot product result, which is initialised to zero at the start

of the function, and returns the result at the end.
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A.1.3.2 Python

The functions which are displayed here all have documentation which follows the NumPy

and SciPy standard [179], it has been removed from the displayed code for briefness.

The function which a user may use to generate the VHDL code for a filter is shown

below:

1 def c o n s t r u c t v h d l f i l t e r (

2 F i l t e rDe s i r ed coe fAr ray , NumOfBitsOfInput , NumOfBitsOfOutput ,

3 f i l ename , ShowFig=True , AllowedErrorParameter =0.1 ,

4 LimitOnBitshiftAmount=50) :

5

6 NumOfBitsToShift = a p p r o x s h i f t r e q u i r e d ( F i l t e rDe s i r ed coe fAr ray ,

7 NumOfBitsOfOutput , ShowFig ,

8 AllowedErrorParameter , LimitOnBitshiftAmount )

9 TruncatedFi l te rValues = c h a r a c t e r i s e t r u n c a t e d f i l t e r (

10 F i l t e rDe s i r ed coe fAr ray , NumOfBitsOfOutput ,

11 NumOfBitsToShift , ShowFig=False )

12

13 ( coe fAr ray t runced in t s , NumOfTruncedCoefs , NumOfBitsForCoefs ,

14 NumBitsForSumRegister , f r e qL i s t ,

15 GainArray , GainArrayTrunc ) = TruncatedFi l te rValues

16

17 m a k e v h d l f i l t e r ( NumOfBitsOfInput , NumOfBitsOfOutput , NumOfBitsToShift ,

18 NumOfTruncedCoefs , c o e fAr ray t runced in t s ,

19 NumOfBitsForCoefs , NumBitsForSumRegister , f i l ename )

20 return None

This function has the following input parameters:

• FilterDesired CoefArray - The array of filter coefficients specifying the filter the

user wants to implement

• NumOfBitsOfInput - The number of bits of the input ADC used with the FGPA

• NumOfBitsOfOutput - The number of bits of the output DAC used with the FGPA

• filename - The filename to give the generated VHDL file

• ShowFig - Whether to show the figure displaying the frequency response of the

specified and truncated filter

• AllowedErrorParameter - The allowed mean difference between the gain in fre-

quency response of the specified and truncated filter coefficients

• LimitOnBitShiftAmount - The maximum allowed bit shift of the coefficients i.e.

the largest allowed location of the fixed point

The function approx shift required, used on line 6, calculates the minimum shift re-

quired to retain the frequency response within the allowed variation. The function

characterise truncated filter, used on line 9, calculates the truncated filter coefficients,

the number of bits needed to store them, the number of bits needed for the dot product

and the frequency response of the truncated filter. The function make vhdl filter, used
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on line 17, populates the VHDL template file with the appropriate values and writes the

VHDL file implementing the filter with the specified filename.

The first function mentioned, approx shift required, uses a while loop to iteratively

increase the location of the fixed point and calculate the frequency response of the

truncated filter coefficients. The difference between the frequency response (in dB) of

the 2 filters (specified and truncated) is then calculated and if the mean difference in the

values is lower than the threshold set the value is returned. If the number of iterations

goes over the threshold set in the input arguments it raises a value error and exits the

while loop.

The second function, characterise truncated filter, truncates the coefficients by multi-

plying them by 2N where N is the amount of bit-shift, truncated the coefficients to

integers, and then converts them back to floating point values and divides them by 2N .

It then uses the freqz function contained in the signal sub-package of SciPy to calculate

the frequency response of the truncated filter. It also uses the methods specified in

section A.1.2.2 to calculate the number of bits to store the result of the dot-product and

the number of bits to store the coefficients.

The last function used, make vhdl filter, reads the template file from the package’s install

directory into a list of strings and then iterates through the lines in list writing each

line from the template into the target file. The template parameters which need to be

replaced in the string are in a dictionary with the variable name as the key and the value

as a string containing the value to be put into the template. Another dictionary contains

the same keys but has the pattern to replace with the value in it as the value. If the

line contains one of the key values then the template pattern is replaced the appropriate

value. A header is also written into the file containing the date and time of the filter’s

generation.

A cut-down example of the code for implementing this is shown below with comments

documenting how it works:

1 def f i nd c o n ta i n e d k e y ( inputStr ing , inputMap ) :

2 ”””

3 Looks in the input s t r i n g to f i nd a sub−s t r i n g which i s a key in the

4 inputMap d ic t i onary , i t then re tu rns the f i r s t key i t f i n d s in the input

5 s t r i n g

6

7 Parameters

8 −−−−−−−−−−
9 inputSt r ing : s t r i n g

10 St r ing to be searched f o r keys to the inputMap d i c t i ona ry

11 inputMap : d i c t

12 Dict ionary conta in ing key ’ s which are s t r i n g s

13

14 Returns

15 −−−−−−−
16 ContainsKey : bool

17 True i f s t r i n g conta ins a sub−s t r i n g which i s i t s e l f a key to the

18 d i c t i ona ry passed as a parameter

19 False i f s t r i n g does not conta in a sub−s t r i n g which i s i t s e l f a key

20 to the d i c t i ona ry passed as a parameter

21 key : s t r i n g

22 The s t r ing , which i s i t s e l f a key to the d i c t i ona ry passed as a

23 parameter , which was found to be in the inputSt r ing parameter .
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24 Equal to None i f no keys found .

25 ”””

26 for key in inputMap . keys ( ) :

27 i f key in i nputSt r ing :

28 ContainedKey = key

29 return True , key

30 return False , None

31

32 InputsAndValues = {
33 ’ NoOfRawInputBits : ’ : str ( NumOfBitsOfRawInput ) ,

34 ’ NoOfOutputBits : ’ : str ( NumOfBitsOfOutput ) ,

35 ’ NoOfCoefBits : ’ : str ( NumOfBitsForCoefs ) ,

36 ’ NoOfBitsToShift : ’ : str ( NumOfBitsToShift ) ,

37 ’ NoOfCoefs 1 : ’ : str (NumOfCoefs−1) ,

38 ’ NoOfBitsForSumRegister : ’ : str ( NumBitsForSumRegister ) ,

39 ’ Coe f f i c i en tAr ray : ’ : str ( tuple ( c o e fAr r ay t runc ed in t s ) ) ,

40 } # Dictionary containing key variable names and values of the values to be set in the template

41

42 InputsAndTemplateVals = {
43 ’ NoOfRawInputBits : ’ : ’N0 ’ ,

44 ’ NoOfOutputBits : ’ : ’N1 ’ ,

45 ’ NoOfCoefBits : ’ : ’N2 ’ ,

46 ’ NoOfBitsToShift : ’ : ’N3 ’ ,

47 ’ NoOfCoefs 1 : ’ : ’N4 ’ ,

48 ’ NoOfBitsForSumRegister : ’ : ’N5 ’ ,

49 ’ Coe f f i c i en tAr ray : ’ : ’N6 ’ ,

50 } # Dictionary containing key variable names and values of the template pattern to replace with values

51

52 re source package = name # Gets the module/package name.

53

54 rawtemplate = pkg r e s ou r c e s . r e s o u r c e s t r i n g (

55 resource package , ” FIRFilterTemplate .VHD” )

56 # reads in the template file as a bytes object from the package directory

57 template = rawtemplate . decode ( encoding=’UTF−8 ’ )

58 # decocdes the bytes object into a string object

59

60 outputFi l e = open( f i l ename , ”w” ) # opens a file in the current run-time directory in write mode

61

62 print ( ”−− <header text>” , f i l e=outputFi l e ) # writes some header text to the open file

63

64 for i , l i n e in enumerate ( template . s p l i t l i n e s ( ) ) :

65 # splits the string into lines

66 i f l i n e == ”” :

67 l i n e = ” ” # sets an empty line into a string containing a

68 # single white-space rather than a string with zero length

69 i f l i n e [−1] == ”\n” :

70 l i n e = l i n e [ : −1 ] # removes newline characters if they are present

71 ContainsSubString , SubString = f i nd c o n t a i n ed k e y ( l i n e ,

72 InputsAndValues )

73 # finds if the current line contains a key sub-string

74 i f ContainsSubStr ing :

75 l i n e = l i n e . r ep l a c e ( InputsAndTemplateVals [ SubString ] ,

76 InputsAndValues [ SubString ] )

77 # if the current line does contain a key substring it replaces the

78 # template pattern with the correct value calculated by the python

79 # package

80 print ( l i n e , f i l e=outputFi l e ) # writes the processed line to the file with any

81 # template patterns replaced

82

83 outputFi l e . c l o s e ( ) # closes the written file

I have also implemented a function which uses SciPy’s implementation of the Remez

algorithm to calculate the coefficients of a filter given a sample frequency, bandpass,

number of coefficients and a transition width between the pass-band and stop-band.

Using this as a base a very simple GUI was designed using matplotlib’s slider func-

tionality, it was chosen to use this over something like TKinter due to compatibility

considerations. By calling the gui filter design function with appropriate arguments for

the desired pass-band, range of sample frequencies, range of transition widths and range

of number of coefficients the window shown in figure A.2 is opened up and moving the



132 Appendix A Appendix

sliders will display the realised frequency response of the coefficients calculated by the

Remez algorithm.

Figure A.2: The window that is opened up when using the gui filter design
tool.

A.1.4 Testing

In this section I will demonstrate that the package has been tested and works correctly.

Several bandpass filters about 40KHz have been designed and implemented in python

for post-processing and VHDL for synthesis.

I designed 3 bandpass filters about 40KHz with sample frequencies of 2.5MHz with

288 filter coefficients that have bandwidths such that their attenuation in the band-

stop regions is 30dB, 40dB and 50dB. As the attenuation in the band-stop increases so

does the bandwidth need to get wider such that the filter may be specified with 288

coefficients. The filters have been applied to white noise generated with a TTi TG5011

LXI signal generator with an amplitude of 100mV and recorded with a Teledyne LeCroy

HDO6104 oscilloscope with a sample frequency of 2.5MHz.

A 2.5MHz sample frequency was used as the FPGA could comfortably run the FIR filter

code at this clock rate and the oscilloscope could record at this clock rate. This means

the the exact same filters could compared in post-processing and real-time with the same

sampling frequency. The resulting frequency responses are plotted in figure A.3. As the

attenuation in the band-stop decreases the bandwidth also decreases, allowing a thinner

bandpass region at the cost of less attenuation outside the bandpass.
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Figure A.3: The frequency response of the 3 filters applied to white noise data
in post-processing from python.

The VHDL code for these filters was then generated by the package I have written and

synthesised onto the FPGA. These filters were then applied to the same white noise

signal produced by the same signal generator in real time and the PSD of the resulting

measured output for the 3 filters is shown in figure A.4. The output of these FPGA

implemented filters matches the output of the post-processed python filters very well

with the exception that the output noise of the FPGA occludes attenuation down below

about 10−14V 2/Hz.
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(b) 40dB Filter

0 100 200 300 400 500
Frequency (Hz)

10 19

10 17

10 15

10 13

10 11

10 9

P
S

D
 (v

2 /H
z)

50db Filter

White noise input
Output of FPGA Filter
Post-Processed Filter

(c) 50dB Filter
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Figure A.4: The frequency response of the real-time FPGA implementations of the 3
filters plotted with the PSD of the input white noise signal and the PSD of the python
implementation of the filter (in post-processing) is shown in A.4a, A.4b and A.4c. A.4d
shows the frequency response of the 3 FPGA implemented filters along with the output
noise floor of the FPGA measured when it was outputting 0.

A.2 Kalman Filter Package

A.2.1 Specification

This package should be able to generate the VHDL code to implement any specified linear

Kalman filter, the user should provide the following matrices and values describing the

Kalman filter they want to implement:

• The state transition matrix F

• The process noise engineering factor σQ

• The process noise covariance matrix Q excepting the σQ factor

• The measurement noise covariance value R

• The measurement transformation matrix H which should also contains the infor-

mation on which state vector components should be measured and therefore should

be inputs to the VHDL code.
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• The initial value of the state vector ~x0|0

• The initial value of the process covariance matrix P0|0

• The number of bits used to store all of the variables

• How much the F matrix elements (and most of the parameters calculated in the

Kalman filter) should be left of 0, therefore the location of the fixed point for these

parameters, the number of bits after the decimal point.

• How much the Q matrix elements should be left of 0, therefore the location of the

fixed point for these parameters, the number of bits after the decimal point.

The function should then generate the VHDL code implementing this filter with the

specified values. Currently the Kalman filter is only designed to accept 1 input as it is

still in development and this has been the use case we have been interested in.

A.2.2 Design

A.2.2.1 VHDL

The package was structured in a very similar way to the FIR package, such that there is

a VHDL template packaged with the module which can be used implement any arbitrary

Kalman filter and the python code calculates the parameters to be set in the code to

realise the filter specified in the python module.

The challenges here were the fixed point representation necessary to implement the

Kalman filter in VHDL and the matrix and vector operations, for which there is no

in-built implementation in VHDL.

The decision was made to use multiple fixed point locations in the code such that integer

variables had no bits after the decimal points (e.g. the state vector), the F matrix and P

matrix had N bits after the decimal point, and the Q matrix had M bits after the decimal

points, this was because the Q matrix can contain values which are much smaller (by

orders of magnitude) than the values in the F matrix. Functions for matrix and vector

operations were coded such that they could be used within 1 clock cycle, this may impact

the fastest clock rates that can be achieved with this design but should minimise the

number of clock cycles that the algorithm takes.

A.2.2.2 Python

The python interface is currently quite primitive, it merely takes the values supplied,

does a small amount of manipulation and enters them into the VHDL template. I intend
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to develop this interface further so that, like for the FIR package above, it calculates

the necessary number of bits, shift to F, shift to Q etc... in order to get the same

approximate behaviour as the floating point implementation of the filter such that users

do not need to spend large amounts of time simulating filters and working out how much

precision they need to get the desired behaviour.

A.2.3 Implementation

A.2.3.1 VHDL

The number of steps in the calculation has been reduced such that the number of clock

cycles taken to perform the Kalman filter algorithm has been reduced to 7, this leads

to some lines of code that do many operations simultaneously. Whenever a signal is

assigned inside the VHDL code it takes 1 clock cycle to write the value in, so the

number of signals used has been minimised. This leads to some lines of code which

are very long and visually unappealing, this could be improved by implementation of

functions which perform these operations, this will be implemented in a future update.

The steps of the algorithm are broken up with case statements so that unnecessary

calculation is not performed on every clock cycle, which would lead to lower synthesisable

clock rates, at each step we increment a counter to put the algorithm into the next step

on the following clock cycle, resetting the counter to 0 on the last step. The 7 steps

taken in the VHDL implementation shall now be described (where N is assumed to be

greater than M) - there is a small difference in 1 or 2 of the bit-shift directions when the

reverse is true - both are implemented in VHDL templates and the appropriate template

is used depending on the values of M and N specified in calling the function:

Step 1

1 −−———– PREDICTION STEP ——————————————

2 Pred ic tedStateVector <= MatrixTimesColVector (F , CurrentStateVector ) ;

3 −− N bits high

4 PredictedProcessCovar ianceMatr ix <= B i t S h i f t M a t r i x l e f t ( MatrixPlusMatrix (

↪→ B i t S h i f t M a t r i x r i g h t ( MatrixTimesMatrix ( B i t S h i f t M a t r i x r i g h t ( MatrixTimesMatrix (F ,

↪→ CurrentProcessCovarianceMatr ix ) , NumOfBitsFIsShiftedBy ) , F Transpose ) ,

↪→ ShiftAmount 2N M ) , Q) , D i f f e r encebe tweenaandqsh i f t ) ;

5 −− N bits high

6 −−———– MEASUREMENT STEP —————————————–

7 Measurement <= r e s i z e ( s igned ( InputS igna l ) , Measurement ’ l ength ) ;

8 −− 0 bits high

In this first step the predicted state vector ~xk|k−1 is calculated from the state transition

matrix F and the current state vector from the last iteration of the Kalman filter ~xk−1|k−1

like so ~xk|k−1 = F ~xk−1|k−1. The state transition matrix F is left of 0 by N bits so the

resulting predicted state vector is left of 0 by N bits.
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The predicted process covariance matrix Pk|k−1 is also calculated from the state transi-

tion matrix F,the current process covariance matrix Pk−1|k−1 and the Q from the last

iteration of the Kalman filter like so: Pk|k−1 = FPk−1|k−1F
T + Q.

For this calculation one must be particularly careful, first F is matrix multiplied by

Pk−1|k−1, both of these are left of 0 by N bits, so the product will be left of 0 by 2N

bits, to correct for this one must then shift the result right by N bits. Now this result

is matrix multiplied by FT and again it is left of 0 by 2N bits, however we next want

to add this resulting matrix to Q and so we must shift the resulting matrix right by

2N −M so that it is left of 0 by M bits, this matrix is then added to Q and the result

is shifted left by N −M such that the resulting predicted process covariance matrix is

left of 0 by N bits overall, the same as the F matrix.

In this step the measurement is also taken from the input signal and stored.

Step 2

1 HtimesXpk <= RowVectorTimesColumnVector (H, Pred ic tedStateVector ) ;

2 −− N bits high

3 KalmanGain Denominator <= RowVectorTimesColumnVector ( RowVectorTimesMatrix (H,

↪→ PredictedProcessCovar ianceMatr ix ) , H) + R;

4 −− N bits high

This step calculates H ~xk|k−1 which is needed for calculating the innovation (or mea-

surement prediction residual) ~yk. H is not left of 0 and the predicted process covariance

matrix is left of 0 by N bits so this results in the innovation being left of 0 by N bits.

It also calculates the denominator in the Kalman gain calculation HPk|k−1H
T + R.

Again, in H is not left of 0 and the predicted process covariance matrix is left of 0 by N

bits, as is R, so the resulting number is left of 0 by N bits.

Step 3

1 MeasurementPredict ionResidual <= s h i f t l e f t ( Measurement , NumOfBitsFIsShiftedBy ) − HtimesXpk

↪→ ;

2 −− N bits high

3 KalmanGain Numerator 2NBitsHigh <= B i t S h i f t V e c t o r l e f t ( MatrixTimesColVector (

↪→ PredictedProcessCovar ianceMatr ix , H) , NumOfBitsFIsShiftedBy ) ;

4 −− 2N bits high

This step first calculates the innovation ~yk by performing the calculation ~zk−H ~xk|k−1. It

is necessary to the shift the measurement left by N bits first such that the 2 parameters

being subtracted are left of 0 by N bits.

The numerator in the Kalman gain calculation is also calculated in this step by the

following calculation Pk|k−1H. The predicted process covariance matrix is left of 0 by
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N bits so the result is left of 0 by N, we then apply an additional shift left by N so that

the Kalman gain numerator is left of 0 by 2N ready for the next step of the calculation.

Step 4

1 −−———– UPDATE STEP ——————————————

2 KalmanGain <= VectorDivideByNumber ( KalmanGain Numerator 2NBitsHigh , KalmanGain Denominator )

↪→ ;

3 −− N bits high

In this step the Kalman gain, ~Kk, is calculated by dividing the numerator Pk|k−1H by

the denominator HPk|k−1H
T + R. The former is left of 0 by 2N bits and the later by

N bits so the resulting value is left of 0 by N bits.

Step 5

1 CurrentStateVector Temp1 <= B i t S h i f t V e c t o r r i g h t ( VectorTimesByNumber (KalmanGain ,

↪→ MeasurementPredict ionResidual ) , NumOfBitsFIsShiftedBy ) ;

2 −− N bits high

3 KalmanGainTimesH <= ColumnVectorTimesRowVector (KalmanGain , H) ;

4 −− N bits high

In this step the value Kk · ~yk is calculated, which will be used in the calculation of the

current state vector. The Kalman gain and innovation are both left of 0 by N bits,

therefore the result is left of 0 by 2N bits, we shift the resulting vector by N to the right

such that it is left of 0 by N bits.

This step also calculates the value of KkH, to be used in the next step for the calculation

of the current process covariance matrix. H is not left by any bits from 0 and the Kalman

gain is left of 0 by N bits so the resulting value is left of 0 by N bits.

Step 6

1 CurrentStateVector <= B i t S h i f t V e c t o r r i g h t ( VectorPlusVector ( PredictedStateVector ,

↪→ CurrentStateVector Temp1 ) , NumOfBitsFIsShiftedBy ) ;

2 −− 0 bits high

3 CurrentProcessCovarianceMatrix temp1 <= MatrixMinusMatrix ( Ident i tyMatr ix , KalmanGainTimesH)

↪→ ;

4 −− N bits high

In this step the current state vector ~xk|k is finally calculated by performing the calcula-

tion ~xk|k−1 + Kk · ~yk. Both the predicted state vector ~xk|k−1 and Kk · ~yk are left of 0 by

N bits so in order to have the current state vector not shifted at all we shift the current

state vector right by N .

We also calculate the matrix I−KkH which we need on the next step to calculate the

current process covariance matrix. Since the identity matrix I and KkH are both left

of 0 by N bits the resulting matrix will be left of 0 by N bits.
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Step 7

1 OutputSignal <= s t d l o g i c v e c t o r ( s igned ( r e s i z e ( CurrentStateVector (0 ) , 16) ) ) ;

2 CurrentProcessCovarianceMatr ix <= B i t S h i f t M a t r i x r i g h t ( MatrixTimesMatrix (

↪→ CurrentProcessCovarianceMatrix temp1 , PredictedProcessCovar ianceMatr ix ) ,

↪→ NumOfBitsFIsShiftedBy ) ;

3 −− N bits high

4 StateCounter <= 0;

Finally in step 7 we convert the 1st element of the current state vector to a 16 bit

std logic vector and output assign it to the output.

The current process covariance matrix Pk|k is also calculated here by performing the

calculation
(
I−KkH

)
Pk|k−1. The matrices

(
I−KkH

)
and Pk|k−1 are both left of 0 by

N bits and as so the result is bit shifted right by N bits such that the resulting current

process covariance matrix is left of 0 by N bits.

The state counter variable is then reset to 0 so the next iteration of the Kalman filter

can start.

A.2.4 Testing

The implementation was first tested by implementing a sinusoidal Kalman filter as de-

scribed in section 6.3.

It was found that the highest clock rate that could be used with this design was 40
13MHz

and since the code samples the input once every 7 clock cycles this means a practical

sample rate of 40
13×7MHz which is ∼ 440KHz. The reason for this is the time taken for

the electricity to flow through the components from one clock cycle to the next.

VHDL Kalman filters with varying values for the numbers of bits, N and M were sim-

ulated with ghdl and applied to a test signal of a noisy sine wave experiencing an

instantaneous phase change in order to determine appropriate values for these parame-

ters. The resulting plots may be seen in figure A.5. From these plots we can determine

that we need more than 52 bits, a value of N greater than 18 and value of M of 0 or

larger.

A variety of σQ values were then simulated, as shown in figure A.6, it can be observed

that as the values in the Q matrix is made larger, by increasing the value of σQ, it filters

out more of the noise, however it also results in it being slower to react to legitimate

changes in the signal. A value of 3e9 was selected for σQ due to its quick response to the

phase change but relatively sinusoidal response. This Kalman filter was then synthesised

on the FPGA and applied to various signals as shown in figure A.7. From these one can

observe that the frequency of interest is being tracked, and most other frequencies are

attenuated, apart from some unexpected effects.
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(a) Kalman Filter with 52 bits and N=22
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(b) Kalman Filter with 64 bits and N=18
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(c) Kalman Filter with 64 bits and N=22
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(d) Kalman Filter with 64 bits and N=22
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(e) Kalman Filter with 128 bits and N=22
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(f) Kalman Filter with 64 bits and N=26

Figure A.5: The time traces of Kalman filters with various parameters applied to a
noisy sine wave with an instantaneous phase change applied at 0.875ms

However there does appear to be some peaks in the frequency response from white noise,

as can be observed in sub-figures B, E and F of figure A.7 in particular. In sub-figures

C-F of figure A.7 one can observe several peaks that appear to only occur when the filter

is exposed to a signal at the central frequency of the filter. This is not present in the

python implementation of the filter (which was also performed with a sample frequency

of around 400KHz) and as such I believe it is not an effect of a low sample rate but is

introduced due to the fixed point implementation. It may be that the values of N and

M are not high enough as the required N and M were only chosen from looking at the

time domain data, the frequency peaks are much lower in amplitude than the 40KHz

primary peak and therefore this would be hard to observe in the time data.
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(a) Kalman Filter with σQ = 1e9
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(b) Kalman Filter with σQ = 3e9
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(c) Kalman Filter with σQ = 5e9

Figure A.6: The time traces of Kalman filters with various values of σQ applied to a
noisy sine wave with an instantaneous phase change applied at 0.875ms.
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nal with 100mV of White Noise

0 25 50 75 100 125 150 175 200
Frequency (Hz)

10 15

10 13

10 11

10 9

10 7

P
S

D
 (v

2 /H
z)

signal=10mV, Noise=600mV

Input
FPGA Kalman
Python Kalman

(f) Kalman Filter Applied to 10mV 40KHz sig-
nal with 600mV of White Noise

Figure A.7: The responses of the specified Kalman filter to a variety of signals, from
white noise, to a pure sine wave, to a noisy sine wave.
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Markus Aspelmeyer. Cavity cooling of an optically levitated submicron particle.

Proc. Natl. Acad. Sci. U.S.A., 110(35):14180–14185, 2013. doi: 10.1073/pnas.

1309167110. URL http://www.pnas.org/content/110/35/14180.abstract.

[11] Jan Gieseler, Bradley Deutsch, Romain Quidant, and Lukas Novotny. Subkelvin

parametric feedback cooling of a laser-trapped nanoparticle. Phys. Rev. Lett., 109

(10):1–5, 2012. ISSN 00319007. doi: 10.1103/PhysRevLett.109.103603.

[12] Marco G Genoni, Jinglei Zhang, James Millen, Peter F Barker, and Alessio

Serafini. Quantum cooling and squeezing of a levitating nanosphere via time-

continuous measurements. New J. Phys., 17(7):73019, jul 2015. ISSN 1367-

2630. doi: 10.1088/1367-2630/17/7/073019. URL http://iopscience.iop.org/

article/10.1088/1367-2630/17/7/073019/meta.

[13] Pau Mestres, Johann Berthelot, Marko Spasenovi, Jan Gieseler, Lukas Novotny,

and Romain Quidant. Cooling and manipulation of a levitated nanoparticle with

an optical fiber trap. Appl. Phys. Lett., 107(15):151102, 2015. doi: 10.1063/1.

4933180. URL https://doi.org/10.1063/1.4933180.

[14] Vijay Jain, Jan Gieseler, Clemens Moritz, Christoph Dellago, Romain Quidant,

and Lukas Novotny. Direct measurement of photon recoil from a levitated nanopar-

ticle. Phys. Rev. Lett., 116:243601, Jun 2016. doi: 10.1103/PhysRevLett.116.

243601. URL https://link.aps.org/doi/10.1103/PhysRevLett.116.243601.

[15] Jamie Vovrosh, Muddassar Rashid, David Hempston, James Bateman, Mauro Pa-

ternostro, and Hendrik Ulbricht. Parametric feedback cooling of levitated optome-

chanics in a parabolic mirror trap. J. Opt. Soc. Am. B, 34(7):1421, jul 2017. ISSN

0740-3224. doi: 10.1364/JOSAB.34.001421. URL https://www.osapublishing.

org/abstract.cfm?URI=josab-34-7-1421.

[16] Nathanal P. Bullier, Antonio Pontin, and Peter F. Barker. Millikelvin cooling of

the center-of-mass motion of a levitated nanoparticle. Proc.SPIE, 10347:10347 –

10347 – 8, 2017. doi: 10.1117/12.2275678. URL http://dx.doi.org/10.1117/

12.2275678.
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states superposition from circular states, in a trapped ion. 2002. URL https:

//cds.cern.ch/record/588762/files/0210177.pdf.
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[154] Jason F. Ralph, Marko Toroš, Simon Maskell, Kurt Jacobs, Muddassar Rashid,

Ashley J. Setter, and Hendrik Ulbricht. Dynamical model selection near the

quantum-classical boundary. Physical Review A, 98(1):010102, jul 2018. ISSN

2469-9926. doi: 10.1103/PhysRevA.98.010102. URL https://link.aps.org/

doi/10.1103/PhysRevA.98.010102.

[155] Ludovico Latmiral, Federico Armata, Marco G Genoni, Igor Pikovski, and M S

Kim. Probing anharmonicity of a quantum oscillator in an optomechanical cav-

ity. PHYSICAL REVIEW A, 93:52306, 2016. doi: 10.1103/PhysRevA.93.052306.

URL https://journals.aps.org/pra/pdf/10.1103/PhysRevA.93.052306.

[156] Jamie Vovrosh. Parametric feedback cooling and squeezing of optically levitated

particles. PhD thesis, University of Southampton, 2018. URL https://eprints.

soton.ac.uk/423479/1/Final{_}thesis.pdf.

[157] J Pedregosa-Gutierrez, C Champenois, Marie Houssin, Martina Knoop, J Pe-

dregosa, M Houssin, and M Knoop. Anharmonic contributions in real RF lin-

ear quadrupole traps. International Journal of Mass Spectrometry, 293:57, 2010.

doi: 10.1016/j.ijms.2009.12.009. URL https://hal.archives-ouvertes.fr/

hal-00444728.

[158] Andrea Bertoldi, L Ricci, and Leonardo Ricci. Dynamics of a cold atom cloud in

an anharmonic trap. Physical Review A, 81:63415, 2010. doi: 10.1103/PhysRevA.

81.063415. URL https://hal-iogs.archives-ouvertes.fr/hal-00628524.

www.nature.com/naturecommunications
www.nature.com/naturecommunications
http://aip.scitation.org/doi/10.1063/1.1808507
http://aip.scitation.org/doi/10.1063/1.1808507
https://www.nature.com/articles/nnano.2008.84
https://www.nature.com/articles/nnano.2008.84
http://www.nature.com/articles/ncomms3624
http://www.nature.com/articles/ncomms3624
https://link.aps.org/doi/10.1103/PhysRevA.98.010102
https://link.aps.org/doi/10.1103/PhysRevA.98.010102
https://journals.aps.org/pra/pdf/10.1103/PhysRevA.93.052306
https://eprints.soton.ac.uk/423479/1/Final{_}thesis.pdf
https://eprints.soton.ac.uk/423479/1/Final{_}thesis.pdf
https://hal.archives-ouvertes.fr/hal-00444728
https://hal.archives-ouvertes.fr/hal-00444728
https://hal-iogs.archives-ouvertes.fr/hal-00628524


BIBLIOGRAPHY 159

[159] Vasiliy Makhalov, Kirill Martiyanov, Tatiana Barmashova, and Andrey Turlapov.

Precision measurement of a trapping potential for an ultracold gas. Physics Let-

ters A, 379(4):327–332, feb 2015. ISSN 0375-9601. doi: 10.1016/J.PHYSLETA.

2014.10.049. URL https://www.sciencedirect.com/science/article/pii/

S0375960114012055.
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