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Abstract: Structural vibrations usually exist in the form of low-frequency and broadband elastic waves, so
cantilever-like harvesters are not appropriate due to space limitations and high quality factor. Piezoelectric metamaterial
plate with local resonators (PMP-LR) has been explored to overcome it. However, how to model and analyze the whole
energy harvesting system is still a challenge. In this paper, a self-powered synchronized charge extraction circuit is
presented and connected to the PMP-LP as the interface circuit. An elastic-electro-mechanical model is built based on
the Kirchhoff plate theory and equivalent impedance method, where equivalent impedance of the self-powered
synchronized charge extraction circuit is first derived. Then the elastic-electro-mechanical model is numerically solved
by using the Bloch theorem and wave finite element method. By numerical simulations, it is found that the

synchronized charge extraction circuit has few effects on vibration bandgaps of the PMP-LR. While by inserting an

inductor (L,) parallel with the clamped capacitor (C,) of the piezoelectric patch, we can see that a new dispersion

curve is induced by the L, —C, electrical resonance and the inductor is beneficial for low-frequency and broadband
vibration energy harvesting. In particular, the inductor can greatly improve the harvesting performance when the
resonant frequency is equal to the excitation frequency. In the end, experiments are done and the results are consistent
with the numerical ones. Excitingly, the output voltage amplitude of the piezoelectric patch is enlarged about 200%
after using the resonant inductor.

Key words: Vibration energy harvesting; piezoelectric metamaterial plate; local resonators; elastic-electro-mechanical

model; self-powered synchronized charge extraction circuit with a resonant inductor

Nomenclature

I, The length of the base structure m(x, y) The equivalent mass density

Iy The width of the base structure S(x,y) The indicator function

I The side length of the unit cell H(*)  The Heaviside function

I, The side length of the piezoelectric patch Xi1:Yis  The (x, y) coordinates of the left-bottom

h, The thickness of the base structure corner of the i'" cell unit

h, The thickness of the piezoelectric patch X2 Yi2  The (X, y) coordinates of the right-top corner

oy The stress in the x direction of the base of the i" cell unit

Ps The mass densities of the base structure ay The stress in the y direction of the base

Pp The mass densities of the piezoelectric patch Ty The stress in the x-y direction of the base
w(x,y,t)  Transverse vibration displacement e The strain in the x direction of the base

Oy The stress in the x direction of the PZT g, The strain in the y direction of the base
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oy The stress in the y direction of the PZT Vay The strain in the x-y direction of the base

Ty The stress in the x-y direction of the PZT & The strain in the x direction of the PZT
v, (t) The piezoelectric voltage &y The strain in the y direction of the PZT
o The variational operation Yy The strain in the x-y direction of the PZT
op The Dirac delta function m, The density of the square mass
E, The Young's modulus of the base M, The Poisson's ratio of the PZT
S The compliance coefficient at constant My The Poisson's ratio of the base
electric field intensity dy, The 3-1 piezoelectric constant
k The wave vector Zy The dielectric permittivity at constant strain
D, The electric displacement E, The electric field
@ The angular frequency 0 The angle between the wave direction and the x axis
(0] Second-order derivative vector of w(x,y,t) [N The stress vector of the base
G, The stress vector of the PZT g The strain vector of the base
g, The strain vector of the PZT c; The elastic coefficients vector of the PZT
ct The elastic coefficients vector of the base d, The displacement vector of the i"" node
d The displacement vector of four-node unit a The vector of polynomial coefficients
N The shape function matrix m,, The mass matrix of four-node unit
K., The x-stiffness matrix of four-node unit Ky The coupled stiffness matrix of four-node unit
Ky The y-stiffness matrix of four-node unit M., The mass matrix of cell unit
K The x-stiffness matrix of cell unit Ky The y-stiffness matrix of cell unit
Ky The coupled stiffness matrix of cell unit u The unit displacement vector
F The force vector of the cell unit | The unit matrix

1. Introduction

As one of promising energy harvesting technologies, piezoelectric vibration energy harvesting can harvest electrical
energy from mechanical vibrations based on the direct piezoelectric effect [1-4]. Piezoelectric energy harvesting is
superior to other vibration-to-electricity conversion mechanisms due to large energy density and ease of implementation.
Thus piezoelectric vibration energy harvesting (PVEH) has been widely studied to realize self-powered WSNs [5]. Most
PVEH devices take a form of cantilever, which has some drawbacks from the viewpoints of SHM systems. Firstly, it
requires an extra space to hold a bulky proof mass and clamping part. Secondly, it is difficult to effectively harvest
low-frequency vibrations due to the length limitation. For SHM, the disadvantages of the cantilever motivated the study
of piezoelectric patch-based energy harvesters integrated to the structures to convert vibration energy of their host
structure into electrical energy. Piezoelectric patches can be feasible especially for thin structures used in the fields of
aerospace, automotive and marine applications. Lee and Youn presented a design and experimental verification

methodology for piezoelectric energy harvesting skin, which was optimized by two steps [6]. Later Yoon et al
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developed an electromechanically-coupled analytical model of PEH skin considering the inertia and stiffness effects of

a piezoelectric patch[7]. Erturk presented analytical formulation for energy harvesting with piezoelectric patches from

surface fluctuations of large and high impedance structures [8]. Aridogan et al [9] derived analytical closed-form

expressions of piezoelectric patch-based energy harvesters structurally integrated to fully clamped plates. However,

those works mostly focus on a single piezoelectric patch and vibration propagations on the thin plate are often less

considered. Structural vibrations are usually variable and exist in the form of elastic waves. Therefore, there is a need to

control the propagation of elastic waves, so that vibrations can be concentrated in a local area to be captured effectively.

Otherwise, compact and broadband vibration energy harvesting in structures cannot be achieved. The way out of this

problem is to develop innovative energy harvesting structures.

In recent years, artificial materials and structures with periodic modulations in their physical properties have

attracted significant attention due to their unusual acoustic and elastic properties. Due to material and geometrical

discontinuities in the individual cells of periodic structures, waves only propagate along the periodic cells within

specific frequency bands. While these waves are completely blocked within other frequency bands called “bandgaps”.

That is to say, vibration energy within bandgaps can be localized in the cells, which is beneficial for energy harvesting.

Thus, we can optimize bandgaps to meet the challenges of low-frequency and broadband PVEH in engineering

applications [10]. Periodic structural configurations can help to design both phononic crystals and metamaterials.

Gonella et al [11] discussed the interplay between phononic bandgaps and piezoelectric microstructures for energy

harvesting. Chen et al [12] explored one-dimension phononic piezoelectric cantilever beams to widen the resonant

bandwidth of a harvester. Chen et al first used a phononic crystal to harvest acoustic energy [13]. But for phononic

crystal, the lattice constant is required to be on the order of the wavelength, so that its length scale is often large. Liu et

al [14] firstly proposed the concept of acoustic metamaterial which provided a promising solution for the length-scale

problem of band-gap materials. Structural unit sizes of acoustic metamaterials are much smaller than the acoustic

wavelength and each unit cell has its own mechanical oscillator. Due to the local resonant behaviors of these auxiliary
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oscillators, bandgaps can be created in the low frequency regime. Therefore, locally resonant metamaterials will provide

an effective way for harvesting structural vibrations. Sugino et al presented analytical and numerical investigations on a

one-dimensional locally resonant piezoelectric metastructure with segmented electrodes under transverse vibrations [15].

Hu et al studied a mathematical model of an acoustic-elastic metamaterial embedded with a piezoelectric transducer,

which was used for simultaneous vibration suppression and energy harvesting [16]. Chen et al investigated one kind of

2D piezoelectric metamaterial plates with local resonators (PMP-LR) for structural vibration energy harvesting and

pointed out that the location of bandgaps could be designed by adjusting local resonators [17].

For any PVEH system, it is usually composed of two parts. The first part is the harvesting structure which captures

vibration energy to electrical energy. The other part is the interface circuit which rectifies and manages the electrical

energy for the load. In particular, the harvesting structure and the interface circuit are often coupled due to inverse

piezoelectric effect. That is to say, dynamic behaviors of the harvesting structure may be affected by the interface circuit.

Conversely, the output voltage of the harvesting structure will affect the performance of the interface circuit. Thus it is

much necessary to build its system-level coupling model and perform coupling analysis. Basic function of an interface

circuit in PVEH is to realize AC-DC transformation and the simplest interface circuit is a standard full-wave bridge

rectifying circuit. However, its transformation efficiency is always low due to the difficulty of impedance matching. To

overcome this drawback, switching-based rectifying circuits have been proposed in recent years [18, 19], which can be

classified into several groups. The first one is synchronized switching harvesting on an inductor (SSHI) circuits

including parallel SSHI (P-SSHI) [20] and series SSHI (S-SSHI) [21], where the switch is placed before the full-wave

rectifier. The second one is synchronized charge extraction circuit (SCEC) [22], where the switch is placed after the

full-wave rectifier. The third one is called as synchronized switching harvesting on capacitors (SSHC) circuits by using

capacitors instead of inductors to flip the voltage. The key of the self-powered circuit is to generate a synchronous

switching signal only using ultra-low power consumption. Nowadays, many researchers are studying to make the

switching circuit self-powered without external electricity [23, 24].
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In the previous work [17], the authors have proposed the PMP-LR for vibration energy harvesting and an analytical

model was developed based on the Kirchhoff plate theory. However, no interface circuit is considered. Therefore, this

paper will advance the above work to study the PMP-LR with an interface circuit and perform coupling analysis.

Compared with P-SSHI and S-SSHI circuits, the most advantage of a SCEC is that its power output is independent of

the electric load, eliminating the requirement of impedance matching [25-27]. Equivalent impedances of practical loads

vary with excitation frequencies and the PMP-LR is mainly used for broadband vibration energy harvesting, so perfect

impedance matching is impossible to be achieved. In this case, a self-powered SCEC is selected as the interface circuit

in this paper, also decreasing the difficulty of designing the PMP-LR. The remainder of this paper is organized as

follows. In Section 2, an elastic-electro-mechanical model is built based on the Kirchhoff plate theory and equivalent

impedance method. At the same time, equivalent impedance of the self-powered SCEC is first derived. Next the

elastic-electro-mechanical model is numerically solved by using the Bloch theorem and wave finite element method and

in Section 3. In Section 4, numerical simulations are done to analyze effects of the SCEC on the PMP-LR. Experiments

are carried out in Section 5 to validate numerical results. Finally, the conclusions of this work are summarized in

Section 6.

2. Elastic-electro-mechanical modeling of PMP-LR with a self-powered SCEC

Basic configuration of the PMP-LR with an interface circuit is shown in Fig.1. A thin rectangular plate is used as the

base structure and identical square holes are cut off periodically. Then each square hole is covered by a piezoelectric

patch that supports a small square mass. The top and bottom electrodes of the piezoelectric patch are connected to the

interface circuit. The piezoelectric patch and the mass form a local resonator. Furthermore, each unit cell consists of a

base plate-like structure with a square hole, the piezoelectric patch, the small square mass and the interface circuit,

which is different from that in [17]. Next we will focus on the elastic-electro-mechanical model of the PMP-LR with the

interface circuit.
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Fig. 1. Basic configuration of a PMP-LR and its interface circuit
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Fig.2. Geometrical dimensions of the PMP-LR

2.1 Dynamic modeling of the PMP-LR

Dynamic modeling of the PMP-LR is outlined here and the details can refer to the work [17].The PMP-LR is
assumed to be fixed at the left and its geometrical dimensions are shown in Fig.2. The length and width of the
aluminum base structure are denoted as |, and |, respectively. The side lengths of the unit cell and the piezoelectric
patch are denoted as 1., !, , respectively. Thickness of the base structure and the piezoelectric patch are h, and h,,
respectively. The plane of the PMP-LR corresponds to the x-y plane and the z axis is perpendicular to the x-y plane
which is not displayed in Fig.2. A vibration excitation (F,) perpendicular to the PMP-LR is assumed to act at the
location of (X, Y,), then transverse vibration displacements will be generated and denote as W(X,Y,t). The
piezoelectric voltage is denoted as V, (t). The PMP-LR is modeled as a 2-D Kirchhoff plate, so it will satisfy classical

Kirchhoff plate assumptions [7].



Then the Hamilton’s principle as Eq.(1) is used to characterize the dynamic equation of the PMP-LR

)

5]11 (KE-PE)dt=0 @
where o denotes the variational operation, KE and PE are the kinetic and potential energy of the PMP-LR,
respectively.

Furthermore, KE is the sum of the kinetic energies of the base structure ( KE, ), piezoelectric patches ( KE, ) and the

mass (KE,,), i.e.,

KE = KE; +KE, + KE,

LiLen o) 220 o
E e

Ezﬂm X, Y)W (X, y,t)dxdy

where &, (*)is the Dirac delta functions, p;, £, are the mass densities of the base structure and the piezoelectric patch,
respectively, X;..Y;.are coordinates of the left-bottom corner of the i cell unit, X;,.Y;.are coordinates of the right-top

corner of the i"" cell unit, m(x, y) denotes the equivalent density of the PMP-LR which is defined as Eq.(3).

X, +% Yia tYi
m(x,y):pshs+(Pphp—Pshs)S(XaY)+mo5D[X— ,12 ,ZJ(‘)“D[V—_JZ ,zj (3)

where, M is the density of the square mass, S (X, y) is the indicator function of N piezoelectric patches as follows,

N

- Z;[(H (x=%1)=H (x=%)) [ (H (y=via)-H (y=¥2)) ] )

where H (*) is the Heaviside unit step function.
Likewise, PE is the sum of potential energies of the base structure (PE,), piezoelectric patches (PE,) and the
excitation force (PE; ), i.e.,
PE = PE, + PE, + PE, ®)
Furthermore, we will have,

PE, + PE, = %ﬂj[(l— S(x.y))ore, +S(x, y)cgsp}dxdydz
= lma[ 1-S(x,y)) 2’0" cOW (X, y,t)+S (X, y)(zz(i)Tci(i)w2 (X, y,t)+zeE;@ w(x, y,t))}dxdydz (6)

_U[ (1 S(xy) )cf+S(x,y)c§)®w2(x,y,t)]dxd
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E=-V,(1)/h, ,@=[a*1°x &*1d%y 20*Ioxdy] .o,=[03,00.7, ] o, =[cl 0l el ] e =[e &

1 1 g, 0 E 1 u 0 g

T E E S _

O R AN s LR F i o L LA By ey
H P10 0 (Q-pg,)l2 10 0 (1-4)/2 n P

1
1
0

T,

d., is the piezoelectric constant in the 3-1 direction, s;; is the compliance coefficient at constant electric field intensity,

oy,0,,7, are the stresses in the x, y and x-y directions of the base respectively, oy ,o;,7; are the stresses in the X, y

and x-y directions of the piezoelectric patch respectively, &; &, 7, are the strains in the X, y and x-y directions of

the base respectively, &/ & 7, are the strains in the x, y and x-y directions of the piezoelectric patch respectively,

U , 1, are Poisson's ratios of the base structure and the piezoelectric patch respectively, E,is the Young's modulus of

the base, E; is the electric field along the z-axis.
PEF=—U Fo (X0, Yo, t)W(X, y,t)dxdy
Finally, each term in the left side of Eq.(1) can be calculated as Eq.(8)~Eq.(11).

J:z 5KEdt=I: 5{% H m(X, Y)W& (X, y,t) dxdy}dtz - _[: ﬂ m(x, y)¥&x, y,t) Swadxdydt
j:z 5{2—51“[@ ((1— S(x.y))eE +S(x y)ch )®W2 (x, y,t)]dxdy}dt:jtt2 H@TC@W(X, y,t) Swdxdydt

h3
where, C = ﬁ[(l—s (xy))cs +S(x.y)c; |-

hp

J-: 5|:_ ;hs ,”S (X' y)(evp (t)OTW(X, y,t))dxdy}dt:%ﬁz J'J'S (X, y)e@TVp (t)5dedydt
5]5 PE_dt =—5 j[‘ [[F (%, Yo t)W(x,y,t) dxclydt = —j: [ (%, Yo t) Swelxclyct

Substituting Eq.(8)~Eq.(11) into Eq.(1), we can obtain the dynamic model of the PMP-LR as follows.

i, ”WW h@w(x, O+ (1), (t)}:Fo(xo,yo,t)

U]

®)

)

(10)

(11)

12)

It can be easily seen that V, (t) establishes a connection between the harvesting structure and the interface circuit.

For the sake of clarity, the abbreviations of all variables will be used in the following work, i.e., W=w(X,y,t),



V=V (t), m=m(xy), S=S(xy) and F,=F (X, Yot).
2.2 Elastic-electro-mechanical model by using equivalent impedance
According to Fig.1, V is the output voltage of the piezoelectric patch. Each piezoelectric patch in the PMP-LR
works under 3-1 mode, so the electric displacement in z direction can be reduced to Eq. (13).
D, =e'e, +E3E, (13)
where, z,,is the dielectric permittivity at constant strain, D, is the electric displacement along the z-axis.
Based on Egs.(4) and (13), we will have

o, _ofh-h
oz oaz| 2

Se” (Ow)—-Sz, :]/— =0 (14)

p

On the other hand, V is the voltage across two terminals of the electric load. Generally speaking, V can be
represented as the product of the resistance and the current. While here the electric load is the interface circuit, instead
of a pure resistance. Then the voltage V can be written as Eq. (15), where Z (w)denotes the impedance of the interface
circuit.

V(@)FjwZ (0)Q(w) (15)
where Q is the charge generated by the piezoelectric patch.

By combining Egs. (12), (14) and (15), the elastic-electro-mechanical model can be represented as,

o*w

m
ot?

h,—h
+®T{C(®w)+ 54 pSev}:F0

0 hs B hp T Y
—| —Se' (Ow)-Se,,— |=0
62{ > ( ) €33 h, (16)

V(w)zjoZ(0)Q(w)

Then it can be seen that derivation of Z () is the most important task to build the elastic-electro- mechanical
model.
2.3 Equivalent impedance of a self-powered SCEC

By now, equivalent impedances of standard rectifying and P-SSHI circuits have been derived. To our best knowledge,
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however, no counterpart is available for a self-powered SCEC in the literature. In order to derive the equivalent
impedance of a self-powered SCEC, firstly it needs to analyze its operation procedure. A typical self-powered SCEC is
shown as Fig.3, where a switch is connected after a standard full-wave rectifying circuit. Furthermore, here a
self-powered electronic switch circuit similar to that in [24] is adopted, which is composed of three parts: an envelope
detector formed by C, and D, a comparator formed by a PNP transistor T,, and a switch formed by a NPN
transistor T,. The piezoelectric patch is modeled as a current source i, (t) parallel with its clamped capacitor C,. Its
principles can be summarized as follows. During each work cycle, the switch remains open in most time except for the
two instances when the deflection of the piezoelectric patch reaches the maximum. Once the switch turns on, an
L, —C, oscillating loop will be formed and generated charges will be transferred from the piezoelectric patch to the
inductor. By this way, vibration energy can be harvested efficiently. In this paper, voltage drops of all diodes are not

considered.

Piezoelectric equivalent Self-powered switch

3 4

Fig.3. The structure of a self-powered SCEC
In the positive half-period (0~7/@): the two capacitors C,and C, are charged by the current source and the
piezoelectric voltage V, increases until the peak V... C, is parallel with C,, so we will have

C dv_(t
- ieq (t)ch p( )
C,+C, dt

a7

When the piezoelectric patch is subjected to a sinusoidal excitation, the current source i, (t) can be represented as

iog (t) = lgSin(apt), where o, is the amplitude and @, is the angular frequency. By performing integration from 0 to
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7/@ on both sides of Eq.(17), we will have,

Cc

t A , ,
jo c +pC1 | Sin (@t ot = CVyeee () (18)

where Vg (t) is the input voltage of the SCEC and Vi (t) =V, (t). Vseee (t) can be obtained from Eq. (18) as

follows.

lg B
Veeee (1) = m(l cos(apt)) (19)

Similarly, when the time t varies between 7/® and 27/@, Vi (t) can be derived as follows.

leq
VSCEC (t) = —m(l"r COS(a)Ot)) (20)

Then, Vseec (t) can be written as a piecewise function as Eq. (21)

|eq )
M(l—cos(%t)), OStSZO
e (t) ) | T 2 (21)
_ eq B 2
@, (Cp +Cl)(1+005(a)ot))' o <t< o

Next the piecewise function as Eq.(21) can be approximated as Eq. (22) by using the first-order Fourier series

expansion.

l, (4.
Vo, (t)= m[;sm(%t)—cos(%t)j (22)

Fourier transforms of i, (t) and VA, (t) can be calculated as follows.

Fieq(t)(a))zzit}(aD (0-ay)=5 (a)+a)0)) (23)
|
Fas. o (@)= mt—%(% (0-ay)=d, (a)+a)o))—%(§D (0=a@y)+6, (0+a, ))} (24)

On the other hand, the relationship of equivalent impedances in Fig. 3 can be plotted as Fig.4 and we will have,

1 1
7 (25)

total ZSCEC ZC

1
z

P

where Z, , Zseec and Zcp are equivalent impedances of the total circuit, the SCEC circuit and C, respectively. Here the
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total equivalent impedance can be calculated as,

(26)

ieq Y Vscee |:| Zcp |:| Zscec

Fig.4. The relationship of three equivalent impedances

By combing EQs.(23)~(26), we can obtain the equivalent impedance of the self-powered SCEC at w=a®, as

follows.

Zeee () A, [4

_ 4, (16 _
_a)o(1+16/7z2)ﬁf—2ﬂ1ﬂ2+/322 ﬂﬁz J[ﬂz B+PB ﬁz):| 27)
where, ﬂ1=]/(Cl+Cp)and B, =1C, .

Furthermore, when C,is much larger than C,, Eq. (27) can be reduced to Eq.(28).

Zscee (wo) ~ L(Ci_ J i} (28)

4oy | C, ~7C,
3. Numerical solution of the proposed model based on the Bloch theorem and wave finite element method
In order to solve Eq. (16), similar ideas in [28] are referred here. Based on wave propagation characteristics in the

PMP-LR, firstly the following field divisions can be carried out based on the Bloch theorem.

|:W(X’ y’t)i| — |:Wk (X' y):|ekcosax+ksin8yja)t

VY.t ] [ Vi(xy) (29)

where, 6 is the angle between the wave direction and the x axis, k is the wave vector in the first Brillouin zone. For

the sake of simplicity, we set

cos® 6 cos6 0 12

H=| sin’6 |, T'=| 0 sing aax (30)
2cossin @ sin@ cosé || —
oy
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Then the first two equations of Eq. (16) can be represented as,
2 1o
MW, + AW, +§ Szv, =0 (31)
0 V,
—| SEw, —S =0 2
62{ ‘ 833hp} (32)
where, A=07CO+2k(®'CI'+I"CO)+k’(©'CH+H'CO+4I"CI)+2k*(I"CH+H'CI')+k*H"CH and
h—h
E=(0" +2kI" +Kk*H' )[TPJSe _

Moreover, for any admissible virtual vibration and voltage displacements (6w, , 6V, ), we will have,

J' SW, (—ma)zwk + AW, +% SEV, JdA =0 (33)
Q
0 V,
oV, —| SEw, —S¢, A=0 34
Z[ k azl:  — Sy hp}j (34)

Based on the divergence theorem, Egs.(33) and (34) can be calculated as follows.
2 1.z
I5Wk —Mo* W, +Aw, +ES:Vk A
Q
= [-me’ow,w,dA+[ 50" w, )(CO+2kCT+k*CH w, dA
Q

Q

+[5(T7w, )(2kCO + 4k*CT + 2k*CH ) w, dA
Q

+[ 5w, (K’HCO + 2K°CT + k*H CH ) w, dA (35)
Q
h,—h h,—h
+£5(®ka) 2 pSeVdA+£5(FTWk)k - P SeVdA
+j5wkk2HT hhy seVdA+j SW, T, +50,M, +56, M, )ds
jav G{S_wk SZ, }/asz
, (36)

h,—h
=£5Ek (O +2kr +k2HT)[ 2P ]SedA—iéE Sz, h—dA+jav sq,dA

Next it needs to derive numerical solution due to the difficulty of analytical method. According to finite element
theories, the PMP-LR can be discretized by four-node rectangular units whose length and width are denoted as

a, brespectively. Each node has three degrees of freedom (W, 6, ,6,) and then generalized displacement of the i""

node can be written as,

13



wl | ™

d, =6, |= ‘3"%/ L (i=1K 4) (37)

0, —ow
X

Displacement vector of each four-node unit can be written as,

d:[dl L d4]T :|:W1 6)(1 eyl L W4 9)(4 €y4:|T (38)

Furthermore, the displacement W can be approximated as the following polynomial of XY with twelve unknown

coefficients.
W(X,Y) =+ X+ Y +a, X +agXy + gy + X + X7y + aXy” + oy’ + o, XY + o, Xy (39)

Eg.(39) can be rewritten as the following matrix form
w=Pa (40)

— 2 2 3 2 2 3 3 3 T
where, P—[LX, Yo X XY, Y5 X, XY XYL YL XY, XY ],a=[al,az,aB,a4,a5,a6,a7,a8,a9,a10,all,alz] ,

Then we will have,

0,=[0,0,1,0,x,2y,0,%*,2xy,3y*, X, 3xy” |a (41a)
0,=[0,-1,0,0,-2x,-y,0,-3x*,~2xy,~y,0,-3xy’.- y° |a (41b)

Eq.(40) can be rewritten as,
w=Nd (42)

where N=PAis the shape function matrix and,

[1 -a -b a®> ab b -a® -a’h -ap® -b* adb ab® |
00 1 0 -a -2b 0 a> 2ab 3p* -a’ -3ap’
0 -1 0 2a b 0 -3* -2ab -b* 0 3%b b
1 b a® -ab b* a -a’h ab® -b* -ah -ab’
0 1 0 a -2 0 a® -2ab 3> & 3ab’
0 -1 0 2a b 0 -3% 2ab -b* 0 3 b
A b a® ab b & ab ab® b ab ab’ (43)
0 1 0 a 2 0 a> 2ab 3 &  3ab?
0 -1 0 2a -b 0 -3a° -2ab -b* 0 -3a% -b’
1 -a b a -a b* -a% ah -ab® b -ab -ab’
00 1 0 -a 2 0 a> -2ab 3p* -a® -3ap’
0 -1 0 2a -b 0 -3* 2ab -b° 0 -3a’h - |
By using the shape function, we will have
2 2 2 "
S p o~
o°x 0%y oxoy
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coséd 0 E
IT'w=| O sin@ %XNdzLd (44b)
sin@ cosé || —
2 2 %
, , , T coséd 0 aﬁ
where, B= 6— 8— —26 N, L=| O sin@ X N .
o°x 0’y oxoy . 0
sin@ cosé oy
2 2

Based on Egs.(42)~(44), the mass, stiffness and coupled stiffness matrixes of each four-node unit can be calculated

as,

N"m(x, y)Ndxdy

Q
X Ly (45)
=[N pshs+(pphp—pshs)s(x,y)+m05D(X—LZX”JSD(V—%HNWW
Q

k,,=[BCBdxdy + 2k [(B"CL —L"CB ) dxdy +k’ [ (B'CH+H'CB - 4LCL ) dxdy

Q Q Q

+2k* [ (H"CL ~ L' CH ) dxdy +k* [ H CHdxdy (46)

Q Q

h.-h h.-h h.-h
k =|B" =2 Sedxdy — 2k | L' — Sedxdy + k? | H" =L Sedxd 47
= BT =5 ety —2K[ LT =2 Sety -+ ¢ [ " =2 Sy (47
ko=~ ['S <= dxdly (48)
Q hp

By assembling all four-node units, we can obtain the mass matrix(M,, ), stiffness matrix(K,, ,K,;) and coupled
stiffness matrix (K, ) of the cell unit.

Muu&Kuuu_’_%KuyﬁVk = F (49)

K UutK,V, =Q (50)
where F is the force vector. By denoting Y (@) =1/(joZ (@)), Eq.(50) can be rewritten as Eq.(51) based on Eq.(15).
K u+(K,, =Y (@))V, =0 (51)

Then Eqgs.(49) and (51) can be represented as the following matrix form.

~o*M, +K_, EKM ul [F
2 v I7lo (52)
K Ky =Y (@) |-
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Furthermore, Eq.(52) can be arranged as a polynomial form of wave vector k .

K! 1 K!
4 k uu 2 ug

(Ky) Ky-Y@| |(Ky) o

2 1 2
+k2 Kuu EKW +k3 Kiu 0 +k4 Kju O
0 O 0 O

D(w,k,0) =

(83)

where K, K. , K2 6 K3 and K are the absolute, monomial, quadratic, cubic and quartic terms of kin K,
Ko, « Ko, F1KE, are the absolute, monomial and quadratic terms of k in K, .

Based on the Bloch theorem, periodic boundary conditions of the unit cell can be written as,

u T_Cl 54
= a
v, v, (54a)
T I:_—o (54b)
0_
I 00000O0O0GOGO O
A Ol5l I 00 0O0OOUOO
where, 0=[u, uz u_ Uug],T=/0 0 0O I I 0 0 O O O} and I isthe unit matrix.
ooo0O0OOCTml Il 11O
0O 0OO0OO0OOOOUOG L1
Substituting Eq.(54) into Eq.(52), we will have,
. G
T'D(.k,0)T| , |=0 (55)
k

The non-zero solution condition of Eq.(55) is that the determinant of T' D(,k, &) T is equal to zero. In this case, we

will have,
(D, + kD, +k’D, +k°D, +k*D,)X =0 (56)
—’M,, +K° Lk Kt 1
where, X=[0 Vk]T, D,=T" ] 2 " T, D,=T" ] 2 T,
(tha) Ky =Y () (Kt¢) 0
1
Kﬁu _Ki 3 4
T S E T
T
(Ki) o
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Then Eq.(56) can be transformed to a standard eigenvalue equation as Eq.(57).

(G—kl)X=0 (57)
0 | 0 0 X
here Go| ° 0 | 0 5| KX
Where, == g 0 0 Lo T kex
-D;'D, -D;'D, -D;'D, -D;'D, k3X

By solving Eq.(57), we can obtain k, Xand 0. Furthermore, we can calculate U,V, by combing Eq.(54a) with
Eq.(49). Next, we can obtain dfromU, which can be used to calculate W based on Eq.(42). Therefore, numerical
solution of the elastic-electro-mechanical model is achieved.

4. Simulations on coupling analysis

In order to verify the above theoretical results, numerical simulations are done in this section. Firstly, geometric and
material parameters of the PMP-LR are listed in Table 1 and Table 2. Effects of geometric parameters have been studied

in the previous paper [17], so this paper mainly focuses on key electric parameters.

Table 1. Geometric parameters of the PMP-LR in simulations

PZT patch PZT base Mass Plate
Length 90mm 90mm 30mm 100mm
Width 90mm 90mm 30mm 100mm
Height 0.2mm 0.5mm 15mm 3mm

Table 2. Material parameters of the PMP-LR in simulations

Material ~ Young’s modulus(Gpa) Possion's ratio Density(kg/m?)
PZT base Al 70 0.33 2700
PZT patch PZT-5H 31 0.29 7500
Mass Steel 200 0.30 7870

4.1 Feasibility of the equivalent impedance of the self-powered SCEC

According to basic principle of the self-powered SCEC, its harvested energy can be looked as the accumulated

energy inC,. The excitation source is assumed as i, (t) =1, Sin(yt), then the harvested energy in half cycle can be

calculated as,

1
W = Ecpv;CEC (7/w,) (58)

By using the approximation value of Vg (t) in Eq.(22), we will have

17



21,
V2. (7] e,) = C.+Ca, (59)

Thus theoretic value of the harvested power in half cycle is calculated as,
212C

Pt= eq —p 61
" 7m)0(Cp+C1)2 (61)

On the other hand, the self-powered SCEC is simulated in the Multisim12.0 software. Firstly, the circuit in Fig.3 is

built and the piezoelectric patch is replaced by ieq and Cp. In each simulation, different groups of component
parameters listed in Table 3 are selected. Then the simulated voltage Vseec (t) is measured and its peak value can be
obtained. Furthermore, the harvested power in half cycle (P, ) is calculated by Eq.(58). At the same time, \?{gEC (t) and

P! can be calculated by Eq.(22) and Eq.(61). Finally, simulated and approximated Vscec (t) are compared in Fig.5 and

P, and P; are compared in Table 3 (AP = ‘( P -P )/F’hS x100%).

Approximation values under C, =68nF

Simulated values under C, =66nF

Approximation values under C‘ =32nF
Simulated values under C, =32nF
Approximation values under [‘4' =6.8nF
Simulated values under C‘ =6.8nF
Approximation values under C| =3.2nF
Simulated values under C, =3.2nF

Voltage VSCEC IV

0.09

Timet/s

Fig.5. Comparisons of simulated and approximatedVgcec () under @, = 2007

Table 3. Comparisons of P, and P’

e w, C C, C L R, P! Ry AP

0.000lA 200z 68nF 68nF 20MF 2nH 100KQ 3.7mW  3.6mW 2.78
0.000lA 200z 68nF 32nF 20MF 2nH 100KQ 6.8mW  6.9mW  1.45
0.000A 2007 ggnF 6.8nF 20MF 2nH 100KQ 12.3mW 12.1mW 1.65
0.000A 2007 ggnF 3.2nF 20MF 2nH 100KQ 13.6mW 13.5mW 0.74
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From Fig.5 and Table 3, we can see that: i) \?{%EC (t) is close to the simulated results and AP is very small (less than

3%); ii) The reasons of derivations may include neglecting both voltage drops of all diodes and the time delay of the

electronic switch in theoretical calculations [24], the series expansion approximation bias in Eq. (22), simulation bias,

estimation bias of C,, etc;. Therefore, the equivalent impedance of the self-powered SCEC is feasible.

4.2 Effects of the self-powered SCEC with a resonant inductor on vibration bandgaps

In the numerical simulations, it is found that the self-powered SCEC has few effects on vibration bandgaps of the
PMP-LR. In order to explain this phenomenon, we relook at the working process of the self-powered SCEC. The
self-powered switch remains open in most time. In this case, we can find that electronic load of each unit cell is just

composed of D,~D;andC,. Furthermore, the equivalent impedance of the self-powered SCEC as Eq.(28) is almost
independent of C,when C_is much larger than C,. Next, vibration bandgaps before and after inserting C, are

simulated and shown in Fig.6. It can be seen that vibration bandgaps hardly change. Based on these simulated and

theoretical results, it is feasible to understand that the coupled influence of the SCEC is very small.

The first order

@
The second order Bive: NoC,
The third order o
The fourth order Red: C =4.7nF

The fifth order

XA+ % -

Frequency Hz

Wave vector k
Fig.6. Comparison of dispersion curves before and after inserting C,

Surprisingly, however, we find that an inductor load has obvious effects on vibration responses of the PMP-LR by

simulations. Therefore, we insert an inductor L, parallel with C, in Fig.3. For example, we set L, =1H here.

Dispersion curves before/after inserting the inductor are calculated by using the numerical solution and then shown in

Fig. 7 respectively. We can see from Fig.7 that a new dispersion curve is generated due to inserting the inductor L, and

its mean value is about 190Hz. In order to explain it, we calculate the L, —C, resonant frequency as follows.

1
f o IL.c,

Obviously, f.is very close to the frequency corresponding to the new dispersion curve. Therefore, we can conclude

~197.4Hz (62)

that the new dispersion curve is induced by the L, —C, electrical resonance. Similar phenomenon has been reported in
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[29]. At the same time, there is a little difference between the two frequencies and the reasons may include simulation
bias, estimation bias of C,, etc. In addition, it can be found from Fig.7 that the first-order dispersion curve shifts to

low-frequency regions, while the second-order, third-order and fourth-order ones shifts to high-frequency regions.
Excitingly, the results demonstrate that inserting an inductor can enlarge the first-order bandgap and benefit for

low-frequency and broadband PVEH.

1000 T T T T

T
«  The first order &
900 |- #  The second order Blue: No inductor -
O, +  The third order © Red: L =1H
boe) < The fourth order
800 - Q % The fifth order o b -1
<
9
700 - 5 i

Frequency Hz
o
S
T

Wave vector k

Fig.7. Comparison of dispersion curves before and after inserting an inductor

4.3 Effects of L, on output voltage of the piezoelectric patch

Besides of the above advantage of L., we also strongly focus on its effects on output voltage of the unit cell. Firstly,

an excitation force is applied on the free end of the PMP-LR and the amplitude and frequency are 10N, 197Hz

respectively. Each simulation time is 0.1s and the convergence time is at about 0.04s. During the simulation, different

values of L, and excitation frequencies are used and then output voltages of the unit cell are calculated respectively.
Firstly, the results in three cases of L, =0.1H, L, =1H, L =10Hare plotted in Fig.8. According to the simulation
results, we can find that the amplitude of output voltage will reach the maximum only when L, =1H. Based on Eq.(62),

we can see that the L, —C, resonant frequency approximates the excitation frequency when L, =1H.

30 T T I T T I
L=0.1H

20+ |——- L=tH A
—_—L =1 pord

Voltage V

-40 I 1 1 | 1 I | | 1
0 o.01 002 0.03 0.04 005 0.06 007 008 009 01

Time s

Fig.8. Output voltages of the piezoelectric patch using different inductors
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Secondly, the results in three cases of 100Hz, 197Hz, 300Hz with L, =1Hare plotted in Fig.9 and the similar
conclusion can be achieved. Therefore, we can believe the value of L, also has strong effects on harvesting
performance of the PMP-LR. In practice, we should choose L, so that the L, —C, resonant frequency is equal to the

excitation frequency. In the case of broadband excitations, the L, —C, resonant frequency may be selected to be the

central frequency of the bandgap.

30

T T T T T T T
=100Hz fi

i
1=300Hz ]

Voltage V

-40 1 L 1 L L L | I 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Time s

Fig.9. Output voltages of the piezoelectric patch using different excitation frequencies
4.4 Frequency response of a finite-period PMP-LR
In order to testify the first-order bandgap, a finite-period PMP-LP with 10x10 cell units is built by finite element
modeling. The excitation is located at the center of the PMP-LR and the response is located at the boundary of the
PMP-LR. The excitation frequency is swept from OHz to 500Hz. Then frequency responses are calculated and

shown in Fig.10. We can see that vibrations falling among 224Hz~305Hz are prohibited, which just approximates

the first-order bandgap.

20 T

Frequency response \dB
ra
==
1

_ED 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500
Frequency \Hz

Fig.10. Frequency response of the PMP-LR with 10x10 cell units

5. Experimental tests

An experimental set-up is built as shown in Fig.11, which is composed of a PMP-LR, a power amplifier, a vibration

shaker, a Polytec vibration scanner and an oscilloscope. Then a PMP-LR composed of 4x4 unit cells is fabricated and
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its geometric and material parameters are listed in Table 1 and Table 2. The PCB of the self-powered SCEC is designed

and made for experimental testing.

The PMP-LR

The self-powered SCEC
Vibration shaker Power amplifier

Fig.11. Experimental set-up

In the experiments, the component parameters of the self-powered SCEC is chosen as C,=4.7nF L. =1H ,
L,=0.22mH, C,=47uFand R _=10Q according to optimized results. A harmonic excitation force with the frequency
of 189.3Hz (close to the optimal value of numerical results) is generated by the shaker and the excitation location is at

the center of the free end of the PMP-LR. Then output voltages of both piezoelectric patches and the SCEC are recorded

and analyzed.

Voltage Vp / V

o 0.005 (] 0.015 0.02

0.025 003 0.035 0.04
Time t/s

Fig.12. Open-circuit voltage of the piezoelectric patch
Firstly, the self-powered SCEC is not connected and the open-circuit voltage waveform of the piezoelectric patch is
shown in Fig.12. We can see that the open-circuit voltage is also harmonic with the same frequency as the excitation

frequency.
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Experimental results

_____ MNumerical results

Voltage Vp /V

o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Time t/s

(b) —6— Experimental results
—+— Numerical results

Voltage Vp / V

o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Time t/s

Fig.13. Output voltages of the piezoelectric patch (a) without and (b) with L,

Next, the self-powered SCEC without and with L, are connected respectively and the corresponding output voltages
of the piezoelectric patch are recorded and plotted in Fig.13. In the case of no L,, we can see that the self-powered
SCEC doesn’t work well due to low piezoelectric voltage. In this case, the intrinsic drawback of the full-bridge
rectifying circuit is prominent and the voltage amplitude is clamped due to the conduction of rectifying diodes. Thus
harvested energy from the piezoelectric patch is low. While L, is used, we can see that the voltage inversion
phenomenon is obvious and the voltage amplitude is enlarged about 200%. Therefore it is validated that inserting an
inductor can greatly improve the harvesting performance of the PMP-LR, which is consistent to the numerical results.

6. Conclusions

In this paper, a self-powered SCEC as the interface circuit is connected to the PMP-LP for harvesting structural
vibration energy. Elastic-electro-mechanical model of the whole PVEH system is built and solved numerically. Finally,
numerical simulations and experiments were done to validate the model. Main highlights of this paper may include: i)
An elastic-electro-mechanical model is built based on the Kirchhoff plate theory and equivalent impedance method.
Equivalent impedance of the self-powered SCEC is first derived; ii) The elastic-electro-mechanical model is

numerically solved by using the Bloch theorem and wave finite element method,; iii) It is discovered that the SCEC has
23



few effects on vibration bandgaps of the PMP-LR in most time. While inserting an inductor parallel with the clamped

capacitor of the piezoelectric patch can generate a new dispersion curve, enlarge the first-order bandgap and decrease

the frequency band region, which is much beneficial for low-frequency and broadband PVEH; iv) Inserting the inductor

can greatly improve the harvesting performance once the inductor-capacitor resonant frequency is equal to the

excitation frequency. In the future, it needs to study how to select the optimal inductor for given broadband vibrations

and topology optimization methods can be further used to optimize the whole system [30].
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