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ABSTRACT: We study generating functions of moduli-space integrals at genus one that are ex-
pected to form a basis for massless n-point one-loop amplitudes of open superstrings and open
bosonic strings. These integrals are shown to satisfy the same type of linear and homogeneous
first-order differential equation w.r.t. the modular parameter = which is known from the A-
elliptic Knizhnik—Zamolodchikov—Bernard associator. The expressions for their 7-derivatives
take a universal form for the integration cycles in planar and non-planar one-loop open-string
amplitudes. These differential equations manifest the uniformly transcendental appearance
of iterated integrals over holomorphic Eisenstein series in the low-energy expansion w.r.t. the
inverse string tension . In fact, we are led to conjectural matrix representations of certain
derivations dual to Eisenstein series. Like this, also the o/-expansion of non-planar integrals
is manifestly expressible in terms of iterated Eisenstein integrals without referring to twisted
elliptic multiple zeta values. The degeneration of the moduli-space integrals at 7 — 700 is
expressed in terms of their genus-zero analogues — (n+2)-point Parke-Taylor integrals over
disk boundaries. Our results yield a compact formula for o/-expansions of n-point integrals
over boundaries of cylinder- or Mobius-strip worldsheets, where any desired order is accessible
from elementary operations.
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1 Introduction

Recent studies of scattering amplitudes in string theories have extended our computational
reach into several directions and led to a variety of structural insights. Most of these devel-
opments were driven by a separation of string amplitudes into kinematic factors and moduli-
space integrals. While kinematic factors carry the entire dependence on the external polar-
izations, the accompanying integrals over moduli spaces of punctured worldsheets depend on
dimensionless combinations of the inverse string tension o’ and external momenta.

In this work, we describe a new method to integrate over open-string punctures in gen-
erating functions of genus-one integrals in one-loop amplitudes of bosonic strings and su-
perstrings. These integrations will be performed in a Laurent expansion w.r.t. o — for any
number of open-string punctures in both planar and non-planar one-loop amplitudes. A brief
introduction of the method in a letter format has been given in [1].



In general, o/-expansions of string amplitudes have been identified as rewarding labora-
tory to encounter the periods of the underlying moduli spaces in a simple context, leading to
fruitful crosstalk between string theory, particle phenomenology and number theory. Open-
and closed-string tree amplitudes for instance are governed by disk and sphere worldsheets,
and the associated periods are multiple zeta values (MZVs) [2-5] and their single-valued!
analogues [4, 8-13], respectively?.

One-loop open-string amplitudes in turn were shown [20, 21] to yield elliptic multiple
zeta values (eMZVs) defined by Enriquez [22] upon integration over punctures on a cylinder
or Mobius-strip worldsheet. Both of these worldsheet topologies are captured by more general
integrals over A-cycles of a torus by different specializations of its complex modular parameter
7. The main target of this work is the o/-expansion of such A-cycle integrals, and we will
unravel the patterns of eMZVs therein for any number of punctures.

The techniques in this work are driven by first-order differential equations for generating
functions of A-cycle integrals w.r.t. the modular parameter 7 of the torus. Moreover, the
degeneration of the n-point genus-one integrals at the cusp 7 — ioco is expressed in terms
of (n+2)-point genus-zero integrals whose o’-expansions can be imported from [4, 5, 23, 24].
The desired o/-expansions at genus one are generated by solving the differential equations
(along with an initial value at 7 — ioo) via standard Picard iteration. Accordingly, the
accompanying eMZVs will appear as iterated integrals over holomorphic Eisenstein series of
SLa(Z) (22, 25, 26], “iterated Eisenstein integrals” for short. In this way, all relations among
eMZVs are automatically built in?, and the o/-expansions of A-cycle integrals are available
in a maximally simplified form.

One can view this work as a one-loop generalization of the following structural results on
tree-level o’-expansions:

e First, the coefficients of Riemann zeta values (,, in the o/-expansion of disk integrals
are related to those of products or higher-depth MZVs [4]. These relations are most
succinct in the f-alphabet description of (motivic) MZVs [28, 29] and imply [30] that
disk integrals are stable under the motivic coaction [28, 29, 31, 32]. Based on the differ-
ential equations at genus one, we will identify similar patterns among the coefficients of
different eMZVs or iterated Eisenstein integrals in the o/-expansion. Accordingly, the
A-cycle integrals under investigation are preserved by the coaction of iterated Eisenstein
integrals [33, 34] once we take a suitable quotient by their degeneration at 7 — iocc.

e Second, o’-expansions of n-point disk integrals can be recursively generated from ma-
trix representations of the Drinfeld associator [5]. The specific representations follow
from Knizhnik—Zamolodchikov (KZ) equations of higher-multiplicity disk integrals with
an additional puncture and line up with the construction of more general braid ma-

'The notion of single-valued MZVs was introduced in [6, 7].

2See for instance [14-17] for earlier work on tree-level o’-expansions at n < 7 points, in particular [15, 16,
18, 19] for synergies with hypergeometric-function representations.

3This relies on the linear-independence result of [27] on iterated Eisenstein integrals.



trices in [35]. As a genus-one generalization, the A-cycle integrals under investigation
are shown to obey the same type of differential equation in 7 as the elliptic Knizhnik—
Zamolodchikov-Bernard (KZB) associator [36-38]. In particular, n-point A-cycle inte-
grals induce (n—1)! x (n—1)! matrix representations of certain derivations dual to Eisen-
stein series [39] which accompany the iterated Eisenstein integrals in the o/-expansions.

e Third, only (n—3)! choices for n-point disk integrands are inequivalent under integration
by parts, i.e. the so-called twisted cohomology at genus zero has dimension (n—3)!. This
counting follows from the work of Aomoto in the mathematics literature [40] and has
been independently conjectured and applied in the context of string tree amplitudes [41—
44]. As a tentative one-loop analogue, the A-cycle integrands of this work are proposed
to furnish representatives of an (n—1)!-dimensional twisted cohomology at genus one®.
Our (n—1)!-family of A-cycle integrals is stable under T-derivatives and should capture

massless n-point one-loop amplitudes of both superstrings and open bosonic strings.

The differential-equation setup outlined above will be used to manifest the following properties
of open-string o/-expansions at genus one:

e Uniform transcendentality: In conventional basis choices for disk integrals [4, 41,
42], the order in the o’-expansion is correlated with the transcendental weight of the
accompanying MZVs, as can for instance be seen from [5]. The same kind of “uniform
transcendentality”® becomes manifest for the A-cycle integrals in this work when gen-
erating their o/-expansions from the differential equations: Among other things, we will
exploit that the (n—1)! x (n—1)! matrix representations of the derivations are linear in
o, and that the initial value at 7 — ¢oo is built from uniformly transcendental genus-
zero integrals. Our open-string results are complemented by recent investigations of
transcendentality properties of one-loop amplitudes of heterotic strings [50] and type-II
superstrings [51].

e No twisted eMZVs in non-planar amplitudes: The earlier expansion method
for non-planar open-string amplitudes [21, 26] introduces twisted eMZVs or cyclotomic
analogues of eMZVs in intermediate steps. To the o/-orders considered, however, the
end results were found to be expressible in terms of conventional (i.e. untwisted) eMZVs.
The dropout of twisted eMZVs was not at all obvious from the techniques of [21, 26],
and only some of the cases admitted an explanation by factorization on closed-string
poles. The differential equations in this work will expose the absence of twisted eMZVs
for any partition of n punctures on the two cylinder boundaries. The appearance of
holomorphic Eisenstein series of SLa(Z) in 7-derivatives turns out to be universal for
A-cycle integrals referring to planar and non-planar cylinders, respectively.

“We are grateful to Albert Schwarz for discussions on twisted cohomologies at genus one. In collaboration
with Dmitry Fuchs he calculated and analyzed the twisted homology of configuration spaces for surfaces of
arbitrary genus.

®See [45-49] for a discussion of uniform transcendentality in the context of Feynman integrals in dimensional
regularization, where the regularization parameter ¢ takes the role of .
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Figure 1: The cylinder worldsheet for one-loop open-string amplitudes seen in the left panel
18 parameterized by the gray rectangle in the right panel, where the periodic direction is re-
flected by the identification of horizontal lines. The cylinder boundaries drawn in red are the
integration domain C(x) of the integrals in (1.1) where a cyclic ordering of the punctures is
prescribed within both boundaries. The asterisk is a placeholder for various distributions of
the punctures, say z1, 22, ..., 2z, on the lower boundary and 2,41, ..., 2, on the upper one for
some 0 <r <n.

1.1 Summary of the main results

We will now give a more detailed summary of the main results and display the key equations.
First of all, the (n—1)!-family of A-cycle integrals to be investigated in this work is given by
the generating functions

Zz(|1,2,...,n) = /( )d22 dzs ... dz, exp (Zsijg(zij,T)) (1.1)
C(x

i<j
X Q(z12, m2+n3+ ... 00, T)Q223, M3+ ... +10, T) oo QZn—1,m, My T)

and their permutations in the external-state labels 2,3, ... ,n. The integration domain C(x)
may refer to any planar or non-planar arrangement of open-string punctures z; on the two
boundaries of the cylinder depicted in figure 1. The two cylinder boundaries are parameterized
by the unit interval z; € (0,1) and its translate by 7/2, i.e. parallel to the A-cycle of an
auxiliary torus. While the cylinder in figure 1 is obtained from a rectangular torus with a
purely imaginary modular parameter 7 € iR, our results for A-cycle integrals (1.1) will hold
for general tori with Re7 # 0. In particular, integrals over the boundary of a Mdbius strip
can be obtained by specializing the A-cycle integrals in a planar ordering to 7 € % +1R4 [52].

The one-loop Green function G(z, 7) and the doubly-periodic Kronecker—Eisenstein series
Q(z,m,7) in (1.1) with first arguments z;; = z;—z; and formal expansion variables 7; will be
introduced below. The Mandelstam variables are taken to be dimensionless,

sij = —2a'k; - kj l<i<j<mn, (1.2)



i.e. the o/-expansions refer to simultaneous Laurent expansion w.r.t. all of (1.2).

Their dependence on n—1 bookkeeping variables 12, 13, . . ., n, promotes the Zzin (1.1) to
generating series of the A-cycle integrals that enter specific one-loop string amplitudes. Open-
superstring amplitudes with maximal supersymmetry give rise to component integrals at
homogeneity degree —3 in the 7;, and also at degrees —7, =9, ... in case of n > 8 external legs
[20, 53]. Similarly, one-loop superstring amplitudes with reduced supersymmetry additionally
involve degree-n~! and =5 parts of (1.1) [54, 55], while degree-n™! parts only enter bosonic-
string amplitudes or chiral halves of the heterotic string [56]. Higher orders in the n; are
likely to be relevant for one-loop amplitudes involving massive states.

The A-cycle integrals in (1.1) can be viewed as the one-loop generalization of the Parke—
Taylor integrals over disk boundaries at genus zero [42]

t
Z7%(ay, ag, ..

dz1dzs ... dzy, i<y 12| 7%
Lan|l,2,...,n) = / ade . dz i 7l . (L3)

N vol SLo(R) 212293 ... 2Zp—1n2n,1
—00<2Zaq <Zag <-..<Zay <OO
The labelling of both Z%¢(.|-) and Z5(-[-) by two slots “” emphasizes that moduli-space
integrals in open-string amplitudes are pairings of integration cycles and differential forms.
In the tree-level case (1.3), the cycle is labelled by a permutation aq,ag,...,a, € S, of the
external legs 1,2, ..., n in the first slot which does not need to correlate with the arrangements
of the factors z;; in the Parke-Taylor denominator z12223...2,,1. The product of Kronecker—
Eisenstein series €(...) in (1.1) takes the role of the Parke-Taylor forms, though the second
slot of Z%(-\l, 2,...,n) is not cyclically identified with 2, ..., n, 1 by the absence of Q(z, 1,7, 7)
in the integrand.

The permutation symmetric products of |z;;|~%9 and exp(s;;G(zij,7)) in (1.3) and (1.1)
are referred to as the Koba—Nielsen factors at genus zero and one, respectively. They intro-
duce the o/-dependence into the moduli-space integrals and suppress boundary terms when
integrating total derivatives w.r.t. the punctures. The resulting integration-by-parts rela-
tions define twisted cohomologies at the respective genus [57]. At genus zero, the twisted
cohomology entering the second slot of Z%®(-|-) in (1.3) is known to be spanned by (n—3)!
Parke-Taylor factors [40].

At genus one, we propose that (n—1)! permutations of 2,3,...,n in the second slot of
(1.1) yield valid representatives of the twisted cohomology. A piece of evidence stems from
the fact that these (n—1)! permutations are closed under 7-derivatives,

2mi0, Z7 (|1, ag, a3, ... ,an) = DZ(A|B)Z5(¥[1,ba,bs, ..., by). (1.4)
BEeS, 1

The matrix D%(A\B) is indexed by permutations A = as,as,...,a, and B = by, b3, ..., b, in
Sn—1 that act on the labels 2,3,...,n of both the n; and s;; in (1.1). As we will see, each
entry of D%(A[B) is linear in s;; which will be used to demonstrate uniform transcendentality
of the o/-expansion of Z. Moreover, D%(A|B) is composed of second derivatives d;,0,, and
Weierstrass functions evaluated at sums of 7;. Given that the Weierstrass function is the



generating series of holomorphic Eisenstein series Goy, including Gg = —1,
_ Go - 2m—2
P(U:T) - _? + Z(Qm_l)n G2m(T) ) (15)
m=2

the (n—1)! x (n—1)! matrix D7 in (1.4) can be expanded as follows

o0
T=> (1-2m)Gom(T)ri(e2m) - (1.6)
m=0

The notation and normalization for the coefficients of the Eisenstein series is motivated by
the expectation that rz(ezn,) are (n—1)! x (n—1)! matrix representations of the derivations
€0, €2, €4, . .. firstly studied by Tsunogai [39]. Each entry of rj(e2;m0) is of homogeneity
degree ™2, and 7i7(€0) contains derivatives 9y, d;, on top of degree-n—2 and degree-n° terms.
The dependence of rj(€z,) on n; and 9, should preserve the commutation relations of the
derivations [25, 58, 59], that is why they are referred to as a conjectural representation.

Note that differential equations of the form in (1.4) have also been found for Feynman
integrals that evaluate to elliptic polylogarithms, see e.g. [34, 48, 60-74] and references therein.
In particular, since the differential operator DL(A|B) is linear in o/, (1.4) can be viewed as
the string-theory analogue of the e-form of the differential equations for Feynman integrals
in the elliptic case [48]. At genus zero, the KZ equations of higher-multiplicity disk integrals
studied in [5] exhibit the same linearity of the right-hand side in o/ and thereby furnish
the string-theory analogue of the e-form for Feynman integrals that evaluate to multiple
polylogarithms [47].

Once we solve the differential equation (1.4) via Picard iteration, the expansion (1.6)
of the differential operator D% naturally leads to iterated Eisenstein integrals v(ki,...,kr|T)
to be reviewed below. Since the initial values Z;*(x|1, B) = limric Z (|1, B) will be
assembled from known functions of 7; and genus-zero integrals (1.3), we can extract the
o’-expansion of the A-cycle integrals from

(|1, 4) = Z Z H (ki ko, ... ky|T) (1.7)

X Z Ti7(€ky €lpy - - - ekQEkl)ABZ%OO(*H, B).
BGSnfl

In an expansion w.r.t. n; and ', each order can be assembled from a finite number of terms
in the sum over {ki,ks,...,k-} on the right-hand side. Hence, the o/-expansion of A-cycle
integrals in open-string amplitudes that occur at specific orders of Z %(* |1, A) in n; follows from
(1.7) via elementary operations — matrix multiplication and differentiation w.r.t. n;. Since
the eMZVs are represented via iterated Eisenstein integrals (.. .), the o/-expansions in (1.7)
are available in their minimal form, i.e. all relations among eMZVs are already incorporated.
This is analogous to expressing (motivic) MZVs in the f-alphabet [25], so one can think of
(1.7) as generalizing the structure of the tree-level o/-expansion unraveled in [4] to genus one.



On top of the structural insights provided by (1.7), it has practical advantages in the
explicit evaluation of o/-expansions. In contrast to earlier expansion methods for A-cycle inte-
grals [20, 21], there is no need to rearrange elliptic iterated integrals via so-called “z-removal”
techniques® when integrating over one puncture after the other. Moreover, all the kinematic
poles of the A-cycle integrals such as sy, are determined by the initial value Z%OO(*H, B) and
do not require any subtraction scheme [26] when integrating over the punctures.

It will turn out to be convenient in this work to consider all the §(n—1) Mandelstam
invariants in an n-point integral (1.1) as independent. This may appear surprising since the
primary application of the o'-expansion of this work are massless string amplitudes with
phase-space constraints Z’Z:; s Vi=1,2,...,n and Z?;ilq si; = 0. As a practical benefit
of an enlarged momentum ;Jhase space’, one can already define non-trivial two- and three-
point building blocks which can be recycled to simplify non-planar four and five-point string
amplitudes. Moreover, having non-vanishing sums like s19+ 5134 so3 at four points regularizes
0

o indeterminates which would otherwise arise from the method of this work.

1.2 Outline

The main body of this paper is organized as follows: After a review of basic material on
eMZVs and iterated Eisenstein integrals in section 2, we illustrate the main results and
techniques of this work by means of two-point examples in section 3. Section 4 is dedicated
to the differential equation (1.4), with rigorous derivations up to five points and an n-point
conjecture for the explicit form of the differential operator D%. The associated initial values
for planar and non-planar A-cycle integrals at 7 — ioco are expressed via linear combinations
of disk integrals in section 5 and 6, respectively. In section 7, the results of this work are
shown to imply that A-cycle integrals (1.1) exhibit uniformly transcendental o’-expansions
and are preserved under the coaction.

The key equations of this work include the n-point proposal for D% in (4.35) as well as the
relations (6.7), (5.29) and (5.12) between their initial values and (n+2)-point disk integrals.

2 Basics of eMZVs and iterated Eisenstein integrals

This section aims to review various properties of elliptic analogues of MZVs and iterated
integrals over holomorphic Eisenstein series. Our conventions for MZVs are fixed by (n; € N)

_ —ni.—n —n,
G =D KTk R ny > 2, (2.1)
O<ki<ko<.. <k,

where 7 and ni+ngo+...+n, are referred to as their depth and transcendental weight, re-
spectively. The customary terminology “transcendental weight” used throughout this work is
highly abusive since none of the (, with odd n have been proven to be transcendental so far.

5The “z-removal” techniques of [20] have been recently described from the perspective of elliptic symbol
calculus [34].

"The idea of relaxing momentum conservation goes back to Minahan [75] and was instrumental to describe
the structure of one-loop string- and field-theory integrands with half-maximal supersymmetry [55, 76, 77].
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Figure 2: The torus will be parameterized through a complex coordinate z, where the A-cycle
and B-cycle translate into periodicities z = z+1 and z =2 z+7, respectively.

2.1 Kronecker—Eisenstein series

The integrands under investigation in (1.1) are built from a non-holomorphic version of the
Kronecker—Eisenstein series [78, 79],

/
, Imz>01(0,7)91 z4+n,T) (2.2)

(
Q = 2
(2 7) = exp (2ming ) 2

where Im7 > 0, and the tick of 6](0,7) denotes a derivative w.r.t. the first argument. Our

conventions for the modular parameter and the odd Jacobi theta function are ¢ = €*™7 and
o0 . .
01(z,7) = 2¢"/8sin(nz H (1—q¢") (1 —e™2g") (1 — e 2™=g). (2.3)
The double periodicity of the Kronecker—Eisenstein series (2.2)
Qz,n,7) = Qz+1,n,7) = Qz+7,7,7) (2.4)

qualifies the first argument z to live on a torus ZL%, see figure 2 for the parameterization
used in this work.

Upon Laurent expansion in the second argument 7 € C, the expression for Q(z,n,7) in
(2.2) defines an infinite family of doubly-periodic functions f*) with k € N,

Qz,m,7) =Y W 1) = fPe+1,7) = (B etrr),  (25)
k=0

starting with f©(z,7) = 1 and f()(z,7) = 9,logby(z,7) + QTriﬁj. While fM(z,7) has
simple poles on the lattice z € Z + 7Z, the remaining f*#1)(z, ) are regular for any z € C.

It is worthwhile to highlight two properties of the doubly-periodic Kronecker—Eisenstein
series (2.2) that will be used extensively in this work: Its bilinears obey Fay identities [79, 80]

Q(Zl, m, T)Q(227 n2, T) = Q(Zla 771+7727 T)Q(ZQ_ZD n2, T) + 9(227 771'“72; T)Q(Zl—ZQ, m, T) )
(2.6)



and its derivatives are related through the mixed heat equation
210 Q(ur+v, 1, T7) = 0,0,Qur+v, 1, T), u,v € R. (2.7)

The 7-derivative in (2.7) is taken at a fixed value of the real coordinates u,v € R of the first
argument z = ur + v in (2.2) which will be shown to be a natural choice in the context of
one-loop open-string amplitudes.

2.2 eMZVs and twisted eMZVs

Enriquez defined eMZVs as the iterated integrals of the above Kronecker—Eisenstein coef-
ficients f*)(z,7) over the homology cycles of a torus [22]. We will only consider A-cycle
eMZVs due to integration over z € (0,1) in this work and refer the reader to [22, 81-83]
for discussions of B-cycle eMZVs (with 2 € (0,1) as an integration path). Based on the
recursively defined elliptic iterated integrals [20, 79]
4
(ks brizlr) =/ dt fO) (t—ar, )T (k2w kstlr) . 2€R, a;€C (28)
0
with T' (%;zh) = 1, Enriquez’ A-cycle eMZVs can be obtained by evaluation at z = 1 and
specialization to a; = 0,

w(ky,ko,... ke|7) =T ("g kr()*l %2 ]Bl i17) (2.9)

While the elliptic iterated integrals (2.8) are not homotopy invariant by themselves, it is
known how to generate homotopy invariant uplifts by adding similar iterated integrals with
simpler integration kernels [79]. Following the demands of the integrals over A-cycles in figure
1, we will always take the interval (0, z) with z € R as the integration path for (2.8).

The integers r and ki+ko+...+k, characterizing the eMZV (2.9) are referred to as
its length and (transcendental) weight. By the simple pole of f()(z,7) at lattice points z €
Z+717Z, bothof w(l,...|r)and w(. .., 1|7) generically diverge. We will follow the regularization
prescription in section 2.2.1 of [20] which assigns lim; oo w(0,1|7) = & and preserves the
reflection and shuffle identities.

When the shifts a; of the elliptic iterated integrals (2.8) are taken to be rational points
on the torus, evaluation at z = 1 gives rise to twisted eMZVs [21]

ki, ka2, ..., kr
w(bh b2, ..., by

kr kr—1 ... k2 k
A=r(hioRiin) . b eQ+rQ (2.10)

of length r and weight ki+ko+ . .. +k,. Again, integration over f*=1) may cause divergences
if some of the twists b; are real, see section 2.1 of [21] for a possible regularization. The only
twists we encounter in this work are b; = 0 and b; = 7/2, where the latter only occur in
intermediate steps and do not cause any divergence when integrating f (1)(2—T/2, 7) over the
A-cycle z € (0,1). Note that double periodicity implies that f*)(z—7/2,7) = ) (247/2,7)
V k € Ny, so one cannot distinguish shifts a; = +7/2 in (2.8) or b; = £7/2 in (2.10).



The functional dependence of twisted eMZVs on 7 can be inferred by solving first-order
differential equations along with a known initial value at 7 — ioo [21]: By the mixed heat
equation (2.7), the 7-derivatives of twisted eMZVs of length r are expressible via those of
length (r—1) multiplied by holomorphic Eisenstein series of congruence subgroups of SLo(Z).
At the cusp 7 — ioco, twisted eMZVs with Reb; = 0 degenerate to Q[(27i)!]-linear combi-
nations of MZVs. For untwisted eMZVs, the 7-derivative solely introduces Eisenstein series
of SLa(Z) [22, 25]. This leads to an expansion around the cusp of the form

wky ko, kelT) = enlkr ko, k)", (2.11)
n=0

where the Fourier coefficients c,(...) are Q[(27i)!]-linear combinations of MZVs [22, 25].
Twisted eMZVs with b; € {0,7/2} allow for a similar expansion,

oo
T) = Zd"<b1l, b br)qn/z, (2.12)
n=0

where the powers of ¢ include half-odd integers, and d,(...) are again Q[(274)~!]-linear com-
binations of MZVs [21].
As a main result of this work, we will derive and solve differential equations for eMZVs

ki, ko, ..., kr
w(bh bz, ..., br

at the level of the A-cycle integrals (1.1). Hence, we provide a unified all-order treatment
of the o/-dependence introduced by the Koba-Nielsen factor ~ e®i9(%i:7) Even for the
integration cycles of non-planar open-string amplitudes, the 7-derivatives will be shown to
solely introduce Eisenstein series of SLa(Z), manifesting the dropout of twisted eMZVs at
all orders in . The 7 — ico degenerations of the A-cycle integrals yield series in s;; with
Q[(27i)~1]-linear combinations MZVs as coefficients. These series in s;; and MZVs will be
inferred from disk integrals with known o/-expansion [4, 5, 23, 24] which elegantly resums the
degeneration of all the eMZVs in the o'-expansion of the A-cycle integrals (see [22, 25] for a
method to determine the individual w(ky, ..., k|7 — i00)).

2.3 Open-string Green functions

We will now review the connection between elliptic iterated integrals and the open-string
Green function G(z, 7) that enters the A-cycle integrals (1.1) through the Koba—Nielsen factor

n

KN, ,, =exp <Z 5i;G(zi—2j, T)) . (2.13)

1<j
According to the parameterization of the cylinder in figure 1, placing the punctures z;=u;7+v;
on the cylinder boundaries amounts to fixing the first real coordinate to u; = 0 or u; = %
The integrations in (1.1) along the boundaries — i.e. along A-cycles of a torus — only concern

the second coordinate v; € (0,1) with dz; = dvy.
When the Green function connects punctures on the same boundary, the first coordinate

of z;; = z; — zj = w7 + v;; is set to u;; = 0, whereas z; and z; on different boundaries give
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rise to u;; = % In both cases, the dependence on v;; € (—1,1) can be expressed via elliptic
iterated integrals (2.8) [20, 21] (with additional simplifications due to our choice v; = 0):

e both punctures on the same boundary (“planar Green function”)

G(vij,7) = w(1,07) =T (};05]7) (2.14)
G(vij,7) =w(1,0l7) =T (1,1] ;”UZ“T) =T (§;v5]7)

e punctures on different boundaries (“non-planar Green function”)
1, 0 1 inT
G(v1j+7/2,7) = w(f/% 0 ‘ T> -T (T/Q : vj‘ 7') + = (2.15)
1, 0 1 1 ITT
G(vij+7/2,7) = w(T/Q’ ol T> -T <Uj+7/2;vi‘ 7') -T <T/2;vj| 7') t
When restricted to the on-shell kinematics Z?Sz <;Sij =0 of massless n-point string ampli-
tudes, the Koba—Nielsen factor (2.13) is invariant under shifts G(z;;,7) = G(z;5, 7)+F (1) of
the Green function, where F(7) does not depend on the punctures. In this work, the A-cycle
integrals (1.1) will be studied in the enlarged phase space with unconstrained Z?gz <j Sij» SO
we committed to a choice of F(7) in specifying the Green functions in (2.14) and (2.15).

As firstly noticed in [81], the benefit of the additive term w(1,0|7) in (2.14) is that the
planar Green function integrates to zero along the A-cycle fol dv; G(vij,7) = 0. Since the
planar and non-planar Green functions have to descend from the same Koba—Nielsen factor
(2.13), this leaves no further freedom in the non-planar Green function (2.15) which integrates
to fol dvj G(vij+7/2,7) = . The detailed connection of the above G(...,) with suitable

restrictions of the closed-string Green function — log Z}gg’:g ‘2 + Ifn—“T(Im 2)? is explained in
1(0,7)
section 4.2 of [21]. Note that in section 5 of [81], the term “IT in (2.15) has been absorbed

into a redefinition of the Koba—Nielsen factor by products of ¢%i/8, and we will similarly peel
off these products in several examples in sections 3.5 and 6.

The mixed heat equation (2.7) and the recursive definition (2.8) of elliptic iterated in-
tegrals can be used to compute the v;- and 7-derivatives of the Green function. For both
choices of u;; € {0, %} in z;; = uyT + vi5, one can show that®

00, G (25, T) = —f(l)(zl-j, T), 2110, G (2i5,7) = —f(2)(zij, T) — 2(2, (2.16)
which implies the following differential equations for the Koba—Nielsen factor (2.13):

0uKNTy == syf KNl ., 2mid,KNTy =~ > si;(f +20)KN], . (2.17)
j=1

= 1<i<y
J#i

8The following identities have been used in intermediate steps:
T

21id- T (L5 27) = f@(z,7) — F2(0,7), 2mid;w(1,0|7) = —f2(0,7) — 2¢a, 271'1'&7 = —3C2

27i0-T (T}Q ; z|7') = f(z)(Z—T/Q, T)— f(Q)(T/Q,T) , 27ri87w(7}’2y g|7'> = —f(2)(T/2,T) + (s
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Here and in later sections, we employ the shorthands

F = p® (5,7, (2.18)

1

and we emphasize that (2.17) is universally valid for any distribution of the n punctures
over the two cylinder boundaries in figure 1, i.e. for any integration cycle C(x) in the A-cycle
integral (1.1).

2.4 Iterated Eisenstein integrals

By repeatedly integrating the 7-derivative of A-cycle eMZVs, one is lead to iterated integrals
of holomorphic Eisenstein series Gy (7) of SLa(Z) [22, 25]. We will use conventions where
Go(7) = —1 and

) 0 : k>0 odd
k(T) 222 (mT + n)k QCk + (]i — 1))' Z mk’ 1qmn - k>0even ’ ( )
(T(nrtlﬁr)?f(oﬂo) " m,n=1

with Eisenstein summation prescription in case of k = 2. Iterated Eisenstein integrals in the
normalization of [25] are defined by

(=" / dgi dgo  dgy

(2mi)?r @ G2 qr
0<q1<g2<...<qr<q

v(k1, ko, ... ke|T) =

G, (11)Gry (12) ... G, (7). (2.20)

Integration over Go or the zero mode 2(j in the g-expansions of (2.19) may cause endpoint

divergences from the integration region where ¢; — 0 in (2.20). These divergences will be
regularized through the tangential-base-point prescription [84] with net effect f(f % = logq.

This leads to regularized values such as

T imr  Anm m
— 4|7) = - —g™" 2.21
v(0]7) omi v(4]T) 90 + 3 - n q , ( )

that preserve the shuffle relations of v(kq,...,k.|7). Alternatively, one can bypass the end-
point divergences by subtracting the zero modes of the non-constant holomorphic Eisenstein
series (2.19),
Gi(7) —2(; : k>0 even
QY (r) = 0 : k>0o0dd . (2.22)
-1 k=0

These integration kernels give rise to modified versions of iterated Eisenstein integrals
(=" / dgi g2 dgr

: Y ¢
(2mi)2r Q@ qr
0<q1<g2<...<qr<q

’)/0(]4}1, kQ, ey k‘r|7') = (7’1)(}22(7'2) . GgT(T,«) s (2.23)

1
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that converge if k1 > 0 [25]. The g-expansion resulting from (2.19) takes the following compact
form in these cases (with k; # 0 and p; > 0),

d Nk )
2 §—2P;
Y00k, 07 kg, 07271, 0771 ) = (=20 (T L) (2.24)
i (k= 1)!
00 mllﬂ 1 ]262*1 o m’;d—lqm1n1+m2n2+~--+mdnd
X
my m;md_l (mlnl)pl (m1n1 + mgng)m - (mml +mong + ...+ mdnd)Pd

and the analogues of (2.21) are 70(0|7) = 5= and o(4|7) = %Z;’;’,nzl mTQ ™ Both of
v(k1, ko, ..., ke|7) and yo(k1, k2, . . ., k. |T) are said to have length r, and the number of nonzero
entries kj # 0 (i.e. the integer d in (2.24)) is referred to as their depth. The transcendental
weight of both v(k1, ke, ..., k.|7) and ~o(k1, ko, ..., k|T) is k1+ke+ ... +k.—r. This follows
from the differential equation of eMZVs as well as the transcendental weights k of Gy (1), G{(7)
and ki+kot+ ... +k, of w(ky, ko, ..., k.|7).

The decomposition of A-cycle eMZVs into iterated Eisenstein integrals usually involves

fewer terms when employing vo(...) instead of (. ..), e.g. [25]

w(0, 2k—1|7) = & kf + (2k—1)70(2k|7) (2.25)
w(0,0,2k|r) = —gg% — 2k(2k+1)70(2k+2,0]7) ,

see appendix B of the reference for further examples. Note that eMZVs of length one are
constant (w(2k|7) = —2(o, and w(2k+1|7) = 0 for k € Ny), and eMZVs of length r yield
iterated Eisenstein integrals of length < r—1.

2.5 Derivations

Not all the iterated Eisenstein integrals v(ki, ko, ..., k,|7) are realized in the decomposition
of A-cycle eMZVs. The selection rules on whether a given combination of v(ki, ko, ..., k.|T)
descends from eMZVs are encoded in a family of derivations €g,,, m > 0 firstly studied
by Tsunogai [39]. These derivations appear in the differential equation of the elliptic KZB
associator whose A-cycle component A(z,y, ) satisfies [36-38]

2mi0; Az, y, T Z (1-2m)Gom(7)e2m Az, y, 7). (2.26)
m=0

The derivations €g,, act on two non-commutative variables z,y via (m > 0)

com () = (ady)?™(y) (2.27)

m— 1

e2m(y) = [y, (ad2)™ ' (y)] + (1), (ads)*" 1 (y)]
_]21
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where ad,(y) = [z,y], and €y acts via

eo(r) =y, ey =0. (2.28)

These definitions imply a variety of relations in the derivation algebra [25, 58, 59], starting
with the fact that e is a central element,

[Egm, 62] = 0, m Z 0. (2.29)
Furthermore, representation theory of SLg implies that [, [€o, [€0, €4]]] = 0 and more generally
(adey )™ (eam) = 0, m>0. (2.30)

Moreover, irreducible relations” at various depths are related to cusp forms [59], starting with

0 = [e10, €4] — 3es, €q]
0 = 2[e14, €4] — T[e12, €6] + 11][€10, €3] (2.31)
0 = 80[e12, [€4, €0]] + 16][eq, [€12, €0]] — 250[€10, [€6, €0]]

— 125]es, [€10, €0]] + 280]es, [€s, €o]] — 462[e4, [€4, €8]] — 1725[eq, [€6, €4]]

and further examples can for instance be found in [25, 59] or downloaded from [85]. As detailed
in section 4 of [25], the vanishing of [e10, €4] —3]es, €] for instance constrains the relative factors
of v(4,10|7),~v(10,4|7),~(6,8|7) and v(8,6|7) in the decomposition of eMZVs.

At each multiplicity n > 2, the A-cycle integrals (1.1) will induce conjectural (n—1)! x
(n—1)! matrix representations ri(ea,,) of the above derivations that preserve all their com-
mutator relations including (2.29) to (2.31), see section 4.5. We will later on spell out the
(n<4)-examples of rj(ezp,) from the differential equation (1.4) of the A-cycle integrals by iso-
lating the coefficient of Ga,,(7) in the differential operator, cf. (1.6), and the all-multiplicity
generalization is generated by (4.35).

3 Two-point warm-up

The purpose of this section is to illustrate the main results in a two-point context, where the
basis of integrands for the Z7(-[-) in (1.1) is one-dimensional. Once we fix translation variance
by setting z; = 0, the planar and non-planar arrangement of the two cylinder punctures in
figure 1 amount to integration cycles

C(1,2)={z€(0,1)}, C(})={zm="/2+vs, v2€(0,1)}, (3.1)
cf. section 2.3. The two-point instances of (1.1) are then given by

Z7(1,2/1,2) :/

c(1,2)

ZiGe) = [

c(%)

1
dzo Q(z12,m2,T) es129(212,7) / dve Q(v12,1m2,7) 5129(v12,7) (3.2)
0

1
dzo Q(z12,m2,7) e5129(212,7) / dvy Q(vi2+7/2, 12, T) 512G (v12+7/2,7) :
0

9A relation is said to be irreducible if it cannot be written as ade,,, ade,,, ...ade, N(e) =0 with r > 0 and
N (e) denoting some vanishing expression built from (possibly nested) commutators of €zm,.
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see (2.2) for the Kronecker-Eisenstein series €)(...) as well as (2.14) and (2.15) for the planar
and non-planar Green functions G(...), respectively. By the expansion methods of [20] and
[21], the 7-dependence at any o'-order of Z7 (1,2[1,2) and q_512/8Z;2(% |1,2) is carried by
eMZVs and twisted eMZVs with Fourier expansions (2.11) and (2.12), respectively. As we
will see, the half-odd integer powers ¢, m € N—% in (2.12) drop out.

3.1 The 7-derivative

Given that the derivatives (2.16) of the Green functions w.r.t. v; and 7 take a universal form
for the planar and non-planar case, we will evaluate the T-derivative of both integrals in (3.2)
for an unspecified integration cycle C(x),

27”'67_Z77]'2 (*’1, 2) = 271 / dzo (579(212, N2, 7.) 68129(,212,7) + 9(212, o, 7.)37_ 6512g(z12,7'))

C(x)
= /dZ2 (@37;29(212,772,7) - 812(f1(§)+242)9(212,772,T)) es129(=127) - (3.3)
C(x)
= S12 / dzo (fl(é)@ngﬁ(zlz,nm) - (fg) + 2(2)9(212,77277)) es126(=12,7)
C(x)

We have used (2.7) and (2.16) in passing to the second line and integrated the z-derivative
of 0,,(z12,m2,7) by parts in the last step, see (2.18) for the shorthand fz(]k) Throughout
this work, boundary terms w.r.t. the punctures are discarded since the Koba—Nielsen factor
always leads to a suppression of the form!’ limzi]._m e%i19(#i5:T) = () or limzij_ﬂ e%ii9(7i5:7) = (.

In order to relate the right-hand side of (3.3) to the original integral Zy (x|1,2), we rewrite

the combination fl(;)amﬁ(zlg,ng,r) — fg)Q(zlg,ng,T) using
1 2

The notation ‘ ¢o instructs to pick up the zero™ order in the Laurent expansion w.r.t. an
auxiliary variable £ € C. Moreover, we will need the key identity [22, 79]

(O + 02)Q(212,m2, 7)Q(221,€,7) = (9(n2,7) — (€, 7)) Q212,12 — &, 7) (3.5)

whose derivation is reviewed in appendix A.1. The Weierstrass functions on the right-hand
side generate holomorphic Eisenstein series (2.19) upon Laurent expansion in 7,

o(n,7) = —02log 01(n, ) — Ga(7) +Z 2m—1)1>""2Gop (1) . (3.6)

m=2

Tn order to see this, one first exploits the local behavior G(z,7) — —log|z| of the Green function around

the origin to write lim.,; o e5ii9(zim) — lim,, 0 e~ sigloglzijl — lim,; 0 |z:5|~°%. Then, the vanishing of

lim,; 0|25 °¥ is obvious in case of Re(s;;) < 0 and otherwise follows from analytic continuation.
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Based on (3.4) and (3.5), the last line of (3.3) can be rewritten as
fl(;)anzg(zl% n2, T)_fl(g)Q(Zl% 2, T)
= —O(221,&,7)0p, U212, M2, T) = (212, M2, T) 0 (221, &, T) ‘fo
= _(6772 + 8§)Q(Z12> 72, T)Q(Z217 g, 7-) €0
( (57 ) (7]27 ))9(2127772 - §7T) {go

- (182 p(T]Q,T))Q(ZlQ)nQuT) .

(3.7)

The derivative %87272 in the last line stems from the interplay of the double pole p(§,7) =
512 + O(&£2%) with the Taylor expansion of Q(z12,m2 — &,7) around &€ = 0. At fixed order in 72,

one can extract relations such as f12 (2) — 2f1(;’)f1(;) =3Gy — 2f1(§) from (3.7), see (A.6) for
further examples and (A.7) for a general formula. More importantly, (3.7) allows to rewrite
the 7-derivative of the two-point integrals (3.2) as

2mi0r Zy, (%[1,2) = 512/

C(*) dzz (2872]2 - (n2a 7—) - 24—2)9(’212’ 2, T) 6812g(212’7—) ’ (38)

i.e. in terms of the original integral

. 1 .
2mid, 27, (]1,2) = 312(2332 B 2§2>Zn2(*|l,2). (3.9)

As we will see, this linear and homogeneous first-order differential equation in 7 has a variety
of structural implications and can be applied to efficiently perform o/-expansions.

3.2 Derivations and iterated Eisenstein integrals

The upshot (3.9) of the previous section is the two-point instance of our central result (1.4):
The A-cycle integrals in (3.2) close under 7-derivatives, and the differential operator in

. T T 77T T 1
2mid, Z7,(+[1,2) = D} 77, (+[1,2),  Df, —512( 92 —p(nz,f)—zgz) (3.10)

n2°7"1M2 2 n2

takes a universal form for the planar and non-planar integration cycles C(x) in (3.1). Once we
expand the Weierstrass function via (3.6), this can be lined up with the differential equation
(2.26) of the KZB associator,

oo

Dy, = > (1=2m)Gam (1)1, (e2m) (3.11)

m=0

and one can read off a scalar representation r, (-) of the derivations reviewed in section 2.5,

1
Ty (€0) = S12 (ﬁ +2¢2 — 287272) ) T (€2) =0

T, (€2m) = slgngm 2, m>1. (3.12)
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The differential equation (3.10) can be solved via standard Picard iteration once an initial
value at some reference value 7 is available (which is chosen as 79 — oo for convenience),

77 (+]1,2) = 1+2m/ An Dj} + s / dr D! / dry D2 + . )Z;;O(*|1,2)
> dqp dg dq
1 2 n
= —_ .. DT”. DTQD“ZZoo 1,2). 3.13
Z 27” 2n / @ Qe In n2 <12 ( | ’ ) ( )

0<q1 <gq2<...<gn<q

By the term ~ 8,2]2 in (3.10), Dy, is a differential operator in 72, so Dy and D;JQ do not
commute at different 7; # 7; in (3.13). Instead, when all the D¢ on the right-hand side of
(3.13) are expanded in terms of Eisenstein series via (3.11), each term can be identified as an
iterated Eisenstein integral (2.20),

(x]1,2) = Z > H )y (k1 ks k|, (e engeny ) Zi0(+[1,2), - (3.14)

r=0 kl k:2 ,,,,, kr J 1
£6,8,...

where 7, (ex€x;) = T, (€k;)Tny(€x;). This is the two-point instance of the general result
(1.7), where the derivations appear in a scalar representation (as opposed to (n—1)! x (n—1)!
matrices at n points). Since each ry, (ex) in (3.12) is linear in s12, the summation variable 7 in
(3.14) counts the powers of o’ introduced by the derivations. Note, however, that Z%zo(*\l, 2)
may by itself depend on o, see the discussion in the next sections.

Although the representations of €; are not yet matrix-valued in the two-point case, the
term ~ 8,32 in r,,(€eo) prevents it from commuting. Accordingly, it is nontrivial to check that
relations (2.30) are preserved by ry,(-), e.g. that [ry,(€o), [ry,(€0), 7y (€0), Ty (€4)]]]F (12) = 0
for an arbitrary function F of 7. However, since all the r,,(e;) at positive k& > 0 are
multiplicative, commutators [ry, (€x, ), 7, (€x,)] With ki, k2 > 0 always vanish, and relations
such as [1,(€10), 7, (€4)] — 31, (€8), T, (€6)] = 0 (see (2.31)) hold trivially. And the vanishing
of ry,(€e2) is of course compatible with e being a central element, cf. (2.29).

As a consequence of [ry, (€g, ), n,(€k,)] = 0V ki, ko > 0, iterated Eisenstein integrals of
depth > 2 appear in a constrained manner in (3.14). For instance, vy(k1, k2|7) and ~(ka, k1|7)
with k1, ko > 0 will always have the same coeflicient and conspire to the shuffle product
v(k1, ka|T) + vy(k2, k1|T) = ~(k1|T) - v(k2|7). This is a genus-one analogue of the dropout
of depth-(d > 2) MZVs from four-point disk integrals: The o/-expansion of the latter is
still expressible via products of ¢, whereas (n > 5)-point disk integrals involve irreducible
higher-depth MZVs [4].

On the other hand, since [ry,(e), . (€0)] # 0 V k > 2, not all the iterated Eisenstein
integrals at depth > 2 in (3.14) can be written as shuffles of depth-one instances: Cases
like v(4,4,0,0|7),7(4,0,4,0|7) and ~(4,0,0,4|7) with entries k; = 0 appear in combinations
that cannot be reduced to 7(4,0[7)? and v(4|7) - y(4,0,0/7). Hence, in spite of the vanishing
commutators among the 7, (€x>0), the o’-expansion of the two-point A-cycle integrals goes
beyond the coefficients of the meta-abelian quotient of the KZB associator [86].

,17,



T — 100

Figure 3: The degeneration of the torus at 7 — ioco pinches the A-cycle and yields the
topology of a Riemann sphere. In particular, the pinched A-cycle introduces a pair of identified
punctures o =0 and o_ = 0o on the Riemann sphere.

3.3 The initial value at the cusp: degenerating the integrand

Given that the pattern of iterated Eisenstein integrals in the two-point integrals is fixed by

(3.14), the next step is to find the explicit form of their initial value Zégo(*|1,2), i.e. the

degeneration of (3.2) at the cusp 7 — ioco. In this limit, both the Green function and the

Kronecker—Eisenstein series in the integrand are most conveniently described in the variables
. do

o; = e¥™ | dz; = % (3.15)

J 2mioj

This parameterization of the punctures is tailored to the nodal Riemann sphere which arises
from the degeneration of a torus as visualized in figure 3. The functions of o; we will encounter
can be interpreted as SLa-fixed expressions on a sphere, where the identified punctures from
the pinching of the A-cycle in figure 3 are o4 = 0 and o_ = oo, and the choice z; = 0 is
mapped to o3 = 1 under (3.15). The degeneration of the Kronecker—Eisenstein series can be
assembled from the 7 — ico behavior of the functions f)(z,7) and f*)(z—7/2, 1) studied
in section 3.2.1 of [21]. In the planar and non-planar cases with v;; € R, the results of the
reference imply

™

7—1—1>Iinoo Q(vij,m, 7) = meot(mn) + Gy , Tl_lf?oo Qvij +7/2,m,7) = sin(7n)

(3.16)

Remarkably, the Kronecker-Eisenstein series €(v;;47/2, 1, 7) on the non-planar cycle no longer
depends on the punctures at the cusp. In the planar case, the only dependence of 2(v;;,n, 7 —
ico) on o; and o; occurs at the zero'™ order in 7 through the Green function on the nodal

Riemann sphere!!,
0;+0j

2(0; — o) (317

Gij = 2m

1 Note the different fonts used for the letter 'G’ in the open-string Green function G(z,7), the holomorphic
Eisenstein series Gy(7) and the Green function G;; on the nodal sphere in (3.17).
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The trigonometric functions of 7 in (3.16) have the straightforward Laurent expansion

1 1 > _
7 cot(mn) = i 26om — 204> — 2¢en® — ... = i 224%77% ! (3.18)
™ 1 7.4 31 1 2% 11 .
e R U (UM T CUA +; o Gk
The degeneration of the planar Green function can for instance be determined by inserting
the identity lim, ;o d2’ f) (2 — 2j,7) = J,df; - %f at real values of 2’ and z; into (2.14),
J

1 1

lim G(vi;,7) = = log(os) + = log(o;) —log(oj—03), v; < vj, (3.19)
T—100 2 2

where cases with v; < v; give rise to —log(c;—0;) in the place of —log(c;j—0;). For the
non-planar Green function (2.15), the reasoning in appendix B yields the regularized value

lim G(vij+7/2,7) =0. (3.20)
T—>100

In summary, the results of this subsection pinpoint the following degeneration of the inte-
grands of the Z7 (+[1,2) in (3.2),

lim Q(U12, 2, 7’) eswg(le’T) = (7T Cot(ﬂ'ng) + Glz)U;m/Q(l — 02)_512 (3.21)

T—100
lim Q si2G(vizt/27) — T .22
lim Q(vig+7/2,10,7) € o p— (3.22)

In the non-planar case, the integrand at 7 — i0o no longer depends on the puncture, so one
can immediately perform the integral | 6(2) dze = 1 and obtain the degeneration
1

T
sin(mny)

Upon insertion into the solution (3.14) to the differential equation in 7, this completes the

Zy (311,2) = (3.23)

result for the o/-expansion of the non-planar A-cycle integral,

2‘1 2) Z Z H k17k2,~'-7kr|7)7‘n2(6kr- €k €y )

Sy 82

Since 5 does not depend on o' and ry, (e;) are linear in s12, the order of (/)" in (3.24)

sm(
excluswely features iterated Eisenstein integrals of length r. As will be detailed in section
3.5, the integral over a specific f(*)(v—7/2,7) rather than Q(v—7/2,m,7) can be obtained by

expanding y as in (3.18) and isolating the desired power of 79 after summing over the

™
in
words in 7“7,52(27/:)72 The analogous statements in the planar case will be derived in the next
section — the dependence of (3.21) on o9 will require extra care.

It is also worth highlighting that (3.24) manifests the absence of twisted eMZVs which are
naively expected when the o/-expansion of fol dv f®) (v—7/2, 7)e*129(v="/27) ig performed by
the methods of [21]. Hence, half-odd integer powers ¢, m € N—% are guaranteed to drop out
at any o’-order of q_512/827;2(% |1,2), where the factor of q—%12/8 eliminates the contribution

”TT to the non-planar Green function.
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3.4 The initial value at the cusp: deforming the integration contour

In this section, the degeneration Z}'?;’O(l, 2|1,2) of the planar two-point A-cycle integral will
be reduced to a four-point disk integral. The integrand (3.21) yields expressions of the form

dO‘Q

I1"(1,2|F(02)) = / 0312/2(1 — 09) "2 F(03) (3.25)

C(1,2) 271'7:0'2
with F(o2) — 1 and F(02) = Gia,
Z>°(1,2|1,2) = mcot () 17 (1, 2|1) + 17°°(1,2|G1a) - (3.26)

The integrand of 1'°¢(1,2|G12) is in fact a total derivative and integrates to zero,

G12 0_;12/2(1 o 0_2)—812 — i a

o (@) ) = TR(12G) = 0. (327)

2miog

2mizo

Hence, the leftover work is to simplify the expression (3.25) for I*"*(1,2[1). In the o2 =€
variable, the integration contour C(1,2) is the unit circle visualized in the left panel of figure
4 instead of the unit interval zo € (0,1). In order to connect with genus-zero techniques, it is
convenient to deform the unit circle C(1,2) to the homotopy-equivalent contour in the right
panel of figure 4. The contour deformation must not cross the branch points g2 = 0 and
o9 = 1 of the multivalued part of the integrand 0';12/ 2(1 — 09) %12, Accordingly, one arrives
at the two straight paths parallel to the unit interval oo € (0,1) whose small displacement
from the real axis indicates that they are loaded with different branches of 0512/ ?. The phases

(Xis

associated with the straight paths above and below the real axis are —e™ 2 °12 and e+%512,
respectively, and the minus sign of the former stems from the negative orientation of the path.

The contour deformation in figure 4 has been used in [22] and [21] to evaluate the T — ico
degeneration of A-cycle eMZVs and twisted eMZVs, respectively. In these references, the
small circle around the origin introduces separate contributions to the (twisted) eMZVs at

the cusp. In our situation with the additional factor of U;”/ ?(1—05)" %2, the net effect of the
(62”02)512/2 _ omisl2
(o122 — ¢ %

small circle is to attribute phases to the straight paths that differ by
and we arrive at

i 0 T 1
/ doy 0512/2(1 —09) 12 = <e_2812 / doy + e2°12 / dag) 0512/2(1 — 09) 12
C(1,2) 1 0

1
= 2isin (W;u) / dos 0212/2(1 —09) %12, (3.28)
0

Contour deformations and s;;-dependent phases of this type are well-known from the Kawai-
Lewellen—Tye relations [87] and monodromy relations [88, 89] among string tree amplitudes.

More recently, these techniques have been connected [35, 57] with the framework of intersec-

sy
i
lead to the notion of twisted cycles. Accordingly, (3.28) can be viewed as a relation between

tion theory (see e.g. [90]), where the choices of branch for the Koba—Nielsen factor ~ o
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im
5 512

) o=1 / '\_<—_6_ L 7= 1
Re(o) \ /7;— Re(o)

Figure 4: As depicted in the left panel, the integration contour C(1,2) in the oo = €*™*2 vari-
able is the unit circle |oa] = 1. When replacing C(1,2) by the homotopy-equivalent combina-
tion of paths visualized the Tight panel, the multivalued part of the integrand 0;12/ % introduces

+s

phases e 2 %12 depending on the sign of the small imaginary part of os.

twisted cycles which holds for any rational function of o; in the integrand. Upon insertion into
(3.25), the desired integral can be evaluated in terms of the well-known Euler Beta function

2 . wsip\ [1doy g, _
Itree 1’ 211) = ( ) / 12 1— 812 3.29
(12 = s (T52) [ 2o o) (3:29)
1 sin (7T812> PRI —s12)  T(1—s19)
== -~ — o
V2T - )
or equivalently, a four-point disk integral (1.3) at special arguments (—232,s12) in the place

of (s12, $23). In section 5, we will spell out the general dictionary between (7 — i0c0)-limits of
planar n-point A-cycle integrals and (n+2)-point disk integrals of Parke—Taylor type.
By (3.27) and (3.29), the planar two-point A-cycle integral at the cusp takes the form

F(]_ — 512)

Z%(1,2|1,2) = 7 cot(mny) ———=— .
2 [F(l— %)}2

(3.30)

When inserted into the general solution (3.14) of the differential equation for Z7 ([1,2), one
can assemble the o/-expansion of the planar A-cycle integral from

77 (1,2]1,2) = 5112222 3 H vkt Koy K| T)

[F - r=0 ki,ko,....kr j=1
0,4,6,8,...

X Ty (€k,. - - - €y €xy )T COL(TM2) (3.31)
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along with the straightforward expansion of the I'-functions in terms of Riemann zeta values
I'(1— s12) ( Ck 1-k
— 5 =exp Z (1—21F)sk,
[T(1 = )] el

19 3
160 %2(2 512(2(3 + 16

34007, (3.32)

1
=1+ 312C2 + 512(3 + —

55 6
* 80612

312@5

C2 32 312

The non-planar o’-expansion in (3.24) does not exhibit any analogue of the o'-dependent
factor (3.32), and in fact, no MZVs at all. By the planar result (3.31), the coefficient of (/)"
in Z7,(1,2|1,2) comprises products y(k1, k2, . . . , ke|7)Cuy Cuws - - - Guy, such that the length ¢ and
the weights w; conspire to r = £ 4+ wy + w2 + ... + w.

3.5 Extracting component integrals

One-loop string amplitudes can be reduced to A-cycle integrals over products of figmk) at
fixed overall weight >, my, [20, 53-56] and do not involve the full 7-dependent Q(z;;,7,7) in
the integrand. In order to apply the results on the generating functions ZZ in (1.1) to the
integrals in string amplitudes, one has to extract particular orders in 7;. In the two-point
case, this amounts to studying the following component integrals (with the usual placeholder
« for planar or non-planar cycles)

Loy (%) = Zy (+11,2) | s = c(x) dzg f0M) (219, 7) e9129(27) (3.33)
As will be explained below, each order in o/ and 7 only receives a finite number of contribu-
tions from the general formula (3.14), and we will spell out detailed cutoffs on the relevant
infinite sums. Like this, one can efficiently obtain two-point o/-expansions to high orders from
the differential-equation method of this work.
The o/-expansion of Z(TO)(I, 2) and Z(TO)(%) with a plain Koba—Nielsen factor in the inte-
grand has already been studied in [81], and the coefficients where dubbed planar and non-
planar A-cycle graph functions'? A,, and A, respectively,

T - Sw T S - Sw
Zioy(1,2) =D~ Au(r), 2 (3) =¢"/" ) R Au(r). (3.34)
w=0 w=0

In the expansion of Z(TO) ( 2 ), the factor of ¢°12/8 has been separated to ensure that both A,, and
A, have a Fourier expansion in ¢q. Accordingly, A-cycle graph functions take a more compact

2Following earlier work on closed-string o/-expansions [91, 92], the property flo dzG(z,7) = 0 of the open-
string Green function has been exploited to organize the o’-expansion of Z(TO)(L2) and generalizations via
one-particle irreducible graphs I' [81]. The notation A, and A, for A-cycle graph functions in (3.34) refers to
planar banana graphs with w edges, and the translation to the notation A[I'] in [81] is exemplified as follows:

wealO] aeale] amalS] oAl a-ald
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form!? when expressed in terms of the convergent iterated Eisenstein integrals vo(k1, ko, . . . |7)
with k1>0, see (2.23) for their definition and (2.24) for their g-expansion. In the planar case,
we have Ag(7) =1, Ai(7) =0 and [81]

Ax(r) = 2~ 630(4,0[) (3.35)
3

A3(T) = % + 144(270(4, 0, O]T) — 6070(6, 0, O\T)
57

Ay(r) = % — 18¢27v0(4,0|7) — 3456(470(4,0,0,0]7') + 216v0(4,0,4,0|7) — 43270(4,4,0,0]7')

+ 5760C270(6, 0,0, 0]7) — 30247(8,0,0,0|7) .
The simplest non-planar examples are Ap(7) =1, A1(7) =0 and [81]

As(1) = —670(4,0[7) (3.36)
Az(T) = =T72¢270(4,0,0[7) — 6070(6,0,0|7)
Ay(7) = —3456(470(4,0,0,0|7) + 21670(4, 0,4, 0|7) — 432+9(4, 4,0, 0|7)

— 2880(270(6,0, 0, 0[7) — 302479(8,0,0,0|7) .

In order to efficiently generate A-cycle graph functions from (3.14), we reiterate that

. Zgo)(*) are the coefficients of 7, in 77, (¥]1,2), and Ay, Ay occur at their o/“-order
e the initial values Z;go (x|1,2) depend on 79 via straightforward trigonometric series (3.18)

e the derivations ry,(ex) in (3.12) are linear in o’ and change the order in 7y by > k—2

The last point implies that the order-(a/)" contribution ry, (€, - . . €%, ) to (3.14) cannot lower
the order in 7 by more than 2w units. Hence, the A-cycle graph functions A, A,, along with

o’" are only sensitive to the orders 5> ! in the expansion of 7 cot(7s) in 712 (%1, 2).
Similarly, only a small number of length-w words (K1, ..., kw|T)ry, (€, - - - €5,) in (3.14)

contributes to a given A,, or A,: Since the initial values Zf]‘;o(*|1, 2) have no poles of higher
order than n%’ the combined effect of the 7, (¢;) must not raise the power of 72 in order to
contribute to Z(TO)(*). This leads to the bound ki + ko + ...+ kyy < 2w for the y(ki, ..., ky|T)
that contribute to A,, and A, in lines with the examples in (3.35) and (3.36).

So far, we did not take the MZVs in the planar o/-expansion (3.31) into account. Since
the series (3.32) in (;,, can be factored out from Z; (1,2[1,2), some of the terms in Ay, Ay

are products of (,,, multiplying A-cycle graph functions of lower weight.

13Tn case of A and As, rewriting (... |7) in terms of yo(...|7) will absorb the contributions ~ ¢47v(0,0|7)
and ~ (¢7(0,0,0|7) from

3
Ax(r) = £ =120 (0,007) ~ 63(4,007), As(r) = S5 +384G7(0,0,0lr) + 144G2(4, 0,007) — 60%(6,0,017) .
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This kind of counting can be straightforwardly generalized to higher-order component in-
tegrals Z(Tm>0)(>k) in (3.33), resulting in sharp bounds on the possible contributions to specific

o/-orders. While integrals over odd functions f(2k—1)

vanish identically,
Zz—Qk—l)(lv2) = Zz—2k—1)(%) :Oa k > 17 (3.37)

the simplest examples beyond A-cycle graph functions read

Z75)(1,2) = 20z + Bs1270(417) + 53 (~ 254 — 18Cr0(4, 0lr) + 1070(6,017))
sty (— 22 1 220 (dhr) + 24Cu0(4, 0, 017) — 970(4,0,4I7) + 1870(4, 4, 0}7)
— 220¢370(6,0, 0|7) + 12670(8, 0, 017)) + 0" (3.38)
Z71y(1,2) = =263+ s12(—6G230(4I7) + 570(6]7)

7
+ 5% (—% — 42C170(4, 0/7) + 970(4, 4I7) — 100G290(6,0]7) + 6370(8,0]7) ) + O(a*)

Z05)(1,2) = =26 + 512 (~6¢170(417) — 106290(6]7) + T70(8]7) ) + O(a’®)

as well as

__ 812

G20 (2) = G + 3s1290(417) + 2 (9{2’)/0(4, 0l7) + 107 (6, om)
+ s, (114g470(4, 0,007) — 970(4,0,4|7) + 1870(4, 4, 0|7)

+ 110¢270(6, 0,07) + 12670(8, 0, 017)) + 0 (3.39)

0¥ 27y(3) = T+ 612 (300417 + 530 (617))

4
147
+ 35 (0404, 0f7) + 990(4, 4]7) + 50G20(6,0[) + 6370(8, 0]7)) + O(a”)

: 31 21
¢ 20 (1) = Tgﬁ + m(%%(‘llﬂ +5C270(6|7) + 770(8|T)> +0(a”).

There is no bottleneck in generating much high orders in o’ from (3.14), even without opti-
mizing the performance of a computer implementation.

3.6 On B-cycle graph functions and modular graph functions

The motivation for defining A-cycle graph functions in [81] was to find an open-string analogue
of the modular graph functions in closed-string o’-expansions [91, 92]. Indeed, the B-cycle
graph functions obtained from modular 7 — —% transformation of their A-cycle analogues
were taken as a starting point to propose an elliptic single-valued map connecting genus-one
integrals in open- and closed-string one-loop amplitudes [81].

The asymptotics of various graph functions at the cusp 7 — ioco has recently attracted a
lot of attention. In the case of B-cycle and modular graph functions, the behavior at the cusp

— 24 —



is governed by Laurent polynomials in (77) and (7 Im7), respectively, whose coefficients are
Q-linear combinations of MZVs!4. For the planar two-point B-cycle graph functions, i.e. the
modular transformations of A,,, the Laurent polynomials at all w € N have been expressed
in terms of Riemann zeta values [94]. Similarly, the Laurent polynomials of all two-point
modular graph functions were determined in terms of odd (i.e. single-valued) Riemann zeta
values [94, 95].

While the recent results on B-cycle graph functions at the cusp settle the behavior of
Ay(7) at 7 — 0, their behavior at 7 — ico has not yet been spelled out for all weights. By
isolating the n~! order of (3.31) and exploiting that the iterated Eisenstein integrals do not
contribute at the cusp, we infer the generating function

o0

iy I'(1 -
382 4, (iv0) = T =s) (3.40)
w=0 w: [F(l - 8%2)]
that of course reproduces the results A, (ico) = %2, Az(ico) = % and Ay(ico) = % in

(3.35). Similarly, the non-planar o’-expansion (3.24) implies the vanishing of all non-trivial
non-planar A-cycle graph functions A,, at the cusp

Ay (ico) =0, w>1. (3.41)

In later sections, similar generating series will be given for the asymptotics of higher-point A-
cycle graph functions. We hope that the techniques of this work can be helpful to determine
the much richer patterns of MZVs in the Laurent polynomials of B-cycle and modular graph
functions beyond two points. Also, it would be interesting to study the generalization of
B-cycle and modular graph functions to additional factors of fi(jm) in the integrand, i.e. the
B-cycle and closed-string analogues of the higher Z(Tm>0)(>k) functions in (3.33).

4 Differential equations at n points

In the previous section, we have illustrated the key ideas of this work by a two-point example.
The purpose of the remaining sections is to propose the generalization of all the steps to the n-
point A-cycle integrals in (1.1). In this section, we explain the derivation of the homogeneous
and linear first-order differential equation (1.4) at n points and describe the explicit form of
the (n—1)! x (n—1)! matrix-valued differential operator D%. While the expressions up to and
including n = 5 are based on rigorous calculations, the form of D% at n > 6 is conjectural.

The subsequent differential equations hold for any planar or non-planar integration cycle
C(x) in (1.1) that is realized in one-loop open-string amplitudes, cf. figure 1. We will always
set 21 = 0 and use the notation

C(1,2,3,...,n)={22,23,...,2n ER, 0=21 < 20 < 23 < ... < 2z, < 1} (4.1)

Y“For B-cycle graph functions, the appearance of Q-linear rather than Q[(2mi)~']-linear combinations of
MZVs has been proven in [81] and, with an improved bound on the degree of the Laurent polynomial, in [83].
For modular graph functions, the coefficients in the Laurent polynomial are proven to be Q-linear combinations
of cyclotomic MZVs and conjectured to be single-valued MZVs [82, 93].
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in the planar case as well as
C( Iglgﬁ) =C(1,2,...,r) X {zj =7l24v;Vji=r+1,...,n, (4.2)

Vo 0< 01y < Vprrz) < v < Uy < 1}

p cyclic(r+1,

for non-planar integration cycles, in lines with the two-point cases in (3.1). The second line
of (4.2) ensures that, for fixed z; = 0, all the cyclic arrangements of punctures z,41,..., 2,
on the upper boundary in figure 1 are taken into account. The Koba—Nielsen factors will
henceforth be denoted by the shorthand KN7, , defined in (2.13).

4.1 Three points

The three-point instances of the A-cycle integrals (1.1) are given by
Zpy s (%[1,2,3) = /C( )dzz dzz Q(212, m2+n3, T)Q(223, 13, T) KNTa3 (4.3)

and allow for two inequivalent planar integration cycles C(1,2,3),C(1,3,2) as well as three
inequivalent non-planar ones C ( 1:’)’2 ).C( 1?3 ),C( 2i3 ). The T-derivative of (4.3) can be evaluated
by iteration of the steps in the two-point computation (3.3),

21107 Zy, 1o (%]1,2,3) = /( )dzz dzs ( — 202512382212, B1, 7)2(223, B2, T)
C(*

+ S12 [fl(;)aﬁlg(zl%ﬁlﬂ') - ffg)9(21275177)]9(223, B2,T)
+ 593 [fg(;)aﬁzﬁ(zw,ﬂ%ﬂ - fz(g)Q(223,ﬁz7T)]Q(Z12, B1,7)
+ s13 [fl(;)ﬂ(m, B2, 7)08,Q 212, B1,7) + ffé)Q(Zm, B1,T)0s,8U 223, B2, T)
= 1012, 1, 7) 203, B, 7)] ) KNI, (4.4)
where we have again used the mixed heat equation (2.7), integration by parts to eliminate
0.9Q(zij,...) as well as the Koba-Nielsen derivatives (2.17). The second arguments of the
Q(...) are denoted by 51 = m2+n3 and B2 = 13 in intermediate steps to make the scope of the

Op; more transparent. In the next step, we express fi(jl) and fi(f) in terms of the &%-order of
another Kronecker-Eisenstein series §(z;;,&, 7), see (3.4), and obtain

2mi0; Z7, o (+]1,2,3) = /( )dZQ dzs ( — 2(2512382(212, B1, 7)U(223, B2, T) (4.5)
C(x
— 5128223, B2, 7) (0, +0¢ ) U 212, 1, 7)(221, €, 7)
— 5238212, B1, 7) (08, +0¢ ) 2223, B2, T)U 232, &, T)
- 813<851 +aﬁ2+8§)9(2127 /817 T)Q(ZQ?H BQa 7-)Sl(zi‘llv §7 T)) KN‘{23

g
The main goal in the simplification of the 7-derivative is to have at most two factors of Q(...)
in each term — this is a necessary condition for writing the right-hand side in terms of integrals
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Zp,ms (). In the second and third line of (4.5), this can be readily achieved by means of

(3.5) whereas the last line requires the more general identity

(0, + 08, + 0¢)U(212, B1, T)U(223, B2, T)(231,&, T) (4.6)
= —p(B1,7)Q(223, B2— 1, T)Q(231,§— P, T)
— p(B2, 7)Qz12, B1—B2, T)231,§— B2, T)
— (&, 7)Q212, B1—E, T)223, Ba—E, T)

to be derived in appendix A.2. After inserting (3.5) and (4.6) into (4.5) and picking up the
zero™ order in &, one arrives at

2mi0-Z), . (*]1,2,3) = /( )dZQ dzg < — 202512382212, B1, T)$2(223, B2, T) (4.7)
C(*

+ 515923 o, ) (%agl — p(B1,7)) e, 1. 7)
+ 5200212, 01,7) (508, — o(62,7)) a3, 2, 7)
+ 513 [(@(51,7) — (B2, 7)) =13, B1, T)Q(232, B1— P2, T)
+ (505,498, — 052, 7)) ez, B, 1) z2s, B2, )] ) KNy,

where the Fay identity (2.6) has been used to eliminate one of the three arrangements of the

first arguments Q(z;;,...)Q(2jk, .. .):

Q(z12, 1—P2, 7)) 213, B2, T) = Q(212, B1, T)Q(223, B2, T) + Q(213, B1, T) (232, B1— P2, T) .
(4.8)
At this point, one can see the benefit of rewriting 31 = n2+n3 and 32 = 73 in terms of the 7;
variables: The two contributions (z12, n2+n3, 7)Q2(223, n3, 7) and Q(z13, n2+n3, 7)Q(232, M2, T)
to the integrand of (4.7) are permutations of each other w.r.t. (z2,7m2) <> (23,73). Hence, the
entire right-hand side of (4.7) can be rewritten in terms of the original integral and one
permutation under 2 <> 3,

2mi0- 27, . (%]1,2,3) = (312 (307, — o(2+n3, 7)) + 523 (5 (99, =005 )* — (113, 7)]

+ s13[502, — p(ns, 7)] — 2(28123> mams (%1152, 3)

+s13p(ma+nz, 7) — 903, 7)| 27, 1, (%]1,3,2) (4.9)
- Z D772 773 2 3‘b2’b3) n2, 773( ’17b27b3>‘
BeS,

In the last step, 2mi0-Z7, . (*[1,2,3) has been lined up with the general form (1.4) of the

differential equation. The words B = babs ... b, in a summation B € S,_1 are always under-

stood to be permutations of 2,3, ..., n. The first row of the 2 x 2 differential operator Dy, ..
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can be immediately read off from (4.9),

D:—72 773( ’3|2’3) = 512 [%87272 - @(7724'7)3, 7')] + 823 [%(8772_6773)2 - @(773,7)}
+s13[505, — 913, 7)] — 2Cas123 (4.10)
D:’FD 7]3( ’3|37 2) = 313 [@(772‘1'7737 7_) - @(77& 7-)] )

whereas the second row is obtained by relabeling si2 <> s13 and 172 <> 13,

Dy (3,213, 2) = 313[2853 0213, )] + s23[5 (0 —0s)* — (12, 7)]
+512[30;, — p(n2,7)] — 2C2s123 (4.11)
D}, 5(3.2(2,3) = s12[p(n2+n3, 7) — p(n2, 7)] .

The expansion (3.6) of the Weierstrass function casts the differential operator into the form

[e.9]

D7;2 n3 Z (1_2m)G2m(7—)rn2,n3 (€2m) ) (4.12)

m=0
and yields the following (2 x 2)-matrix representation of the derivations
1 1

1
P (€8) = Ok (2@5123 — 551203, — 551302, — 58230, — 8773)2>12X2 (4.13)

k—2 [ S12 —S13 ko[ O 0 ko [ S13+S23 S13
+ + + , k#2
123 <—812 513 ) 2 <812 812+823> s < 0 0 ) 7

with 7y, n,(€2) = 0 and shorthand 723 = n2+n3. All the matrix entries are linear in s;; and
therefore in /. As a three-point instance of (1.7), the solution of (4.9) via Picard iteration
yields the following o’-expansion

Z7, s (%]1,2,3) = Z Z H y(k1, k2, ..., k| T) (4.14)

X o (€, - €y )2sP 2020, (+[1, B).

In contrast to the scalar representations (3.12) at two points, the 7, . (€x>4) no longer com-
mute. By [y, (€4), Tnoms(€6)] # 0, for instance, v(4,6/7) and v(6,4|7) enter (4.14) with
different coefficients and introduce an irreducible iterated Eisenstein integral at depth two
which is not expressible via vy(4|7) and v(6|7).

The initial values Z!%° (x|1,b2,b3) will be later on assembled from (n<5)-point disk

2,73
integrals, see section 5.4 for the planar cycles C(x) and section 6.2 for the non-planar ones.

4.2 Four points

Starting from the four-point example of the A-cycle integrals (1.1), we will use the vector-
notation 77 to refer to the n; in the subscript. I.e. we have 7 = 72,713, n4 in the definition

Z5(%1,2,3,4) = /( )dZQ dzz dzg Q(z12, n2+n3+n4, 7)Q(223, N304, T)QU234, M1, T) KNTo34
C(x
(4.15)
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that applies to 3, 8 and 6 cyclically inequivalent integration cycles of the type C ( fjl ) ,C ( ”lk)

and C(i, 7, k,l), respectively. The 7-derivative of (4.15) can be computed by repeating the
steps (4.4), (4.5) in the three-point case'®, and it is convenient to use the variables 51 =

N2+n3+n4, P2 = n3+ns and B3 = 1y in intermediate steps:

2mi0: Z5(%[1,2,3,4) :/ dzz dzz dzg KNTg3y (*2@512349(212,51,7)9(2237@,7)9(234,53,7)

C(x)
— 5128223, B2, T)Q(234, B3, T) (0, +0¢ ) U 212, 1, T) 221, €, T)

— 52382(212, B1, T)U 234, B3, 7) (O, +0¢ ) 2223, B2, T)(232, €, T)

— 53482212, B1, T)$U( 223, B2, T) (08, +0¢ ) U 234, B3, T)SU(243, &, T) (4.16)
— 51382234, B3, 7) (08, +08, +0¢ ) U212, B1, T)2(223, B2, T)(231, &, T)

— 52482212, B1, 7) (08, +08, +0¢ ) U223, B2, T)$U(234, B3, T)$U(242, &, T)

— 514(0p, +0p,+08;,+0¢ ) 2212, B1, T) (223, B2, T)(234, B3, T) (241, &, T))

—~~

g’

The cycles of Kronecker—Eisenstein series can be resolved using the earlier lemmata (3.5) and
(4.6) as well as the following identity explained in appendix A.3

(0, + 08, + 0p, + 0c)QU212, B1, 7)) 203, Bo, T) (234, B3, T)Q(241, &, T) (4.17)
= —(B1, 7)(223, Bo—P1, T)U234, B3—P1, T)2(241,§—P1,T)
— p(B2, 7)Q212, B1— B2, T)U 234, B3— B2, T)2(241, B2, T)
— (B3, 7)Q212, B1— B3, T)223, B2— B3, T)Q(241,§— 3, T)

— (&, 7)Q212, B1—E, 7)) 223, Ba—E, ) 234, B3—E, T) -

After extracting the ¢%-order in (4.16), one can enforce by a sequence of Fay identities (4.8)
that the first arguments of the Kronecker—Eisenstein series match one of the six permutations

of Q(z12,...)Q(z23,...)2(234,...) in 2,3,4. This is analogous to repeated partial-fraction
1 1

ZijZjkZkl ZijZikZil

(with 4,7, k,1 pairwise distinct) in a six-dimensional basis. When the [; are rewritten in

manipulations which can be used to expand expressions of the form

terms of the 7; variables, we arrive at a linear combination of various Z7(+[1,1, j, k) in (4.15):

4 4
. 1 1
2mid, Z5(+[1,2,3,4) = (§§ 510+ 5 D 8i(0,=0n,) = s120(n+nama, 7)
=2

2<i<j

— (s13+523) (M3 +14, T) — (S14+824+534) (14, T) — 2(281234> Z7(x|1,2,3,4)

Note that two integrations by parts w.r.t. 23,24 are required to remove the z-derivative from
2710223, B2, T) = 02,08,K2(223, B2, 7). More specifically, the Koba—Nielsen derivative (2.17) implies that

2,08, (223, B2, T)U 234, B3, T)KNTasgs = 9, 223, B2, TVKNT234 8z +513 f5) +523 53 — 834 52 ) 234, B3, T)
= (813f1(§>+823f2(§)+814f1<i)+824f2<i))8529(223, B2, 7)Q(z34, B3, T)KNTa34

after discarding total derivatives (8z;+0-,) [0, (223, B2, T)Q(234, B3, T)KNTa34] .
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+ s13 [@(772+773+774, 7) — p(n3+ma, 7)) (Z5(+(1,3,2,4) + Z%(+]1, 3,4, 2))

+ 524 [ (314, 7) — (0, 7)] ZF(%[1,2,4,3) (4.18)
+ s14[p(n3 414, 7) — @(n2+n3+m4, 7)) Z7(%(1,4,3,2)

+ s14[p(n3+ma,7) — (04, T) | (ZF(¥]1,2,4,3) + Z%(x[1,4,2,3))

= > DJ(2,3,4|b2, b3, ba) ZF(x|1, b, bs, ba) .

BeSs

The last line defines the first row of a 6 x 6 differential operator D%,

4 4

- 1 1
Dﬁ(2’ 3, 4‘2, 3, 4) = B Z Slja%j + 5 Z Sz'j(am—anj)2 — 5129(7724-7]34-7]4, 7’)
=2 2<i<j

— (s13+523)0(N34+n4, T) — (S14+524+534) (N1, T) — 2(251234

D7(2,3,4/2,4,3) = (s1a+524) [p(n34+n4, 7) — (04, 7)]

D7(2,3,4(3,2,4) = s13[p(n2+n3+14,7) — 9(n3+14,7)] (4.19)
D}(2,3,413,4,2) = s13[p(na+m3+1a, 7) — 9(n3+14,7)]
D}(2,3,4[4,2,3) = s14[p(n3+1m4,7) — (04, 7)]
D7(2,3,4[4,3,2) = s1a[p(n3+ma,7) — p(n2+n3+ma, 7)) ,

and the remaining rows are obtained from relabelings of both s;; and n; w.r.t. 2,3,4. The
6 x 6 representation of the derivations resulting from the expansion (1.6) in terms of Eisenstein
series can be conveniently organized as

4 4
1 1 _
ri(ex) = Ok0 (24251234 ~3 > 5100 - Z Sij(am_anj)2> Lex6 + MhsiTii(e234) (4.20)
j=2 2<i<j

+ by ri(eas) + nby rileas) + 5y “riess) + 5 Prp(en) + 0 Prales) + i Praes), k #2

with 75(e2) = 0, and we used the shorthands 7;; = n;+n; and 7234 = n2+n3+n4. The rjz(e...)
refer to 6 x 6 matrices whose entries are linear in the s;;. Representative examples for their
explicit form are

s12 0 —s13 —s13 0  s14
0 s12 0 513 —514 =514
| —s12 =812 s13 0 s14 O
ri(e234) =
0 s12 0 513 —514 =514
—812 —s12 513 0 s14 O

si2 0 —s13 —s13 0 sia
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$13+S823 —S14—S24 S13  S13 —S14 —S14

—S813—S23 S14+S24 —S13 —S13 S14  S14
rij(e3s) = 8 8 8 8 8 8 (4.21)
0 0 0 0 0 0
0 0 0 0 0 0
514+894+534 S14+524 0 0 5140
0 0 0 0 0 O
0 0 s14t824+834 S14+534 0 s14
ri(es) = 7
0 0 0 0 0 O
0 0 0 0 0 O
0 0 0 0 0 O

and the expressions for r;(e23), r(€24), 77(e2) and 75(e3) obtained from relabelings are given
in appendix C.1. The solution to (4.18) via Picard iteration

(*[1,2,3,4) Z > H y(k1, k.. | T) (4.22)
r=0 k10k42,6.48.,krj 1

X Z ..6k26k1)234BZ%00(*|1,B)
BeS3

will be completed by the discussion of the initial values Z%oo(*\l, B) in sections 5.5 and 6.3.
4.3 Five points
The five-point A-cycle integrals (1.1) with 7 = 2,13, 74, 175 are given by
Z5(%1,2,3,4,5) = /C(*)dZQ dz3 dzyg dzs Q(z12, ne+n3+na+ns, 7)Q(223, n13+104415, T)
X Q(234, 1a+15, )25, 15, T) KNTgg45 (4.23)

and may be applied to 20, 30 and 24 cyclically inequivalent integration cycles C( i k) C( ikl )
and C(i, j, k,l,m), respectively. Their 7-derivatives can be computed by iterating the steps
of the earlier sections and inserting the five-point version of the lemma (A.12) to resolve the
five-cycle of Kronecker—Eisenstein series in the last line of

27['1'87—2%(*”, 2, 3, 4, 5) = / dZQ dZ3 dZ4 dZ5 KN71-2345 (4.24)
C(%)

X ( — 2025123452212, B1)§2(223, B2)$2(234, B3) (245, B4)

— 51282223, B2)§2(234, 33) (245, B4) (0, +0¢ ) QA 212, B1)2 221, &)
— 5230212, B1)(234, £3) (245, Ba) (08, +0¢ ) (223, B2) (232, §)
— 53480212, B1)S2(223, B2) (245, B4) (0, +0¢ ) QU 234, B3) 2 243, )
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— 54582212, B1)$2(223, B2) (234, £3) (08, +0¢ ) U 245, B4) U 254, &)

— 5132(234, 83) (245, 1) (0, +0p, +0¢ ) 212, £1)§2(223, B2)2(231, )

— 524212, B1)U 245, B4) (08, +08, +0¢ ) QU 223, B2) (234, £3) (242, §)

— 53582(212, B1)(223, B2) (05 +0p,+0¢ ) 234, £3) (245, B1) (253, §)

— 51482(245, 81) (0, +0p, +0p, +0¢ ) U212, B1)€ 2223, B2) (234, B3) (241, §)
— 5258212, £1) (08, +0p, +03,+0¢ ) 223, 52) (234, B3) 2 245, B4) (252, &)

— 515(0p, +08, +08, +0p,+0¢ ) 2212, B1)2(223, B2) (234, £3) (245, B4) (251, 5))

g0’

where ; = Z?:H_l n; for i = 1,2,3,4. A sequence of Fay relations (4.8) allows to cast
the products of €2(z;;,...) due to (A.12) into a 24-dimensional basis. In view of the n-point
generalization, we present the 24 x 24 differential operator D%

2mi0, Z7(+]1,2,3,4,5) = > DZ(2,3,4,5|by, b3, ba, bs) Z5(+|1, ba, b, ba, bs) (4.25)
BeSy

from a slightly different angle and express the 7-derivative in terms of an overcomplete set of
n! integrals with leg 1 in an arbitrary position of the second entry:

5
I 1 T
2mid, Z5(+[1,2,3,4,5) ( § su0% 45 D 80y —0y,)? = 2@312345)2,7(*11,2,3,4,5)

2<i<j

— (12345, r)<slgz,§(*\1, 2,3,4,5) — s13(Z7(%[1,3,2,4,5)+ Z7 (|1, 3,4, 2,5)+ Z5(x]1, 3,4,5,2))

+ 514 (Z5(5[1,4,5,3,2)+Z5(%]1,4,3,5,2)+ Z7(+]1,4,3,2,5)) — 31525(*\1,5,4,3,2)>

— o(naas,7) (3232;;(*|1, 2,3,4,5) — 524 (Z5([1,2,4,3,5)+ Z7(x]1,2,4,5,3)) + 52525 (+[1,2,5,4,3)
— s1325(%(2,1,3,4,5) + 314(2%(*]2, 1,4,3,5)+2Z%(x]2,1,4,5, 3)) — s152Z7(%[2,1,5,4, 3))

— (s, 7) <534Z,§(*|1, 2,3,4,5) — 524 (Z5(%11,3,2,4,5)+ Z7(%[3,1,2,4,5)) + s14Z%(+]3,2,1,4,5)
— 53525 (%[1,2,3,5,4) + 595 (25 (%[1,3,2,5,4)+Z%(%]3,1,2,5,4)) — s1527(+[3,2, 1,5, 4))

— o(ns, T)<S45zg(*\1, 2,3,4,5) — s35(Z5(+[1,2,4,3,5)+ ZL(+[1,4,2,3,5)+ Z%(+[4,1,2,3,5))

+ S25 (Z%—’(*|47 3,1,2, 5)+Z777:’(*|47 1,3,2, 5)+Z%(*|1> 4,3,2, 5)) - 515Z%(*|47 3,2,1, 5)) :
(4.26)

In an n-point context it will be useful to define

m=—(e+mn+...+mm), (4.27)

since a repeated application of Fay identities can be used to show that Z%(*’PLLIQ) =0 for
P,Q # (. Therefore, the n! integrands of Z%(*\al, as,...,ap), A€ Sy, can be reduced to an
(n—1)!-element basis of ZZ(x|1,cz,...,cn), C € Sp—1. More precisely [96],

ZL(+|A,1,B) = (~1)ZZ (|1, (A'wB)) (4.28)
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where |A| is the number of letters in the word A = ajas...ap,), and At = a|---aza is
obtained by reversing the order of the letters. The shuffle symbol yields a formal sum over all
words that preserve the order of A' and B, and any object labelled by words is understood
to obey a linearity property such as ZZ(x[1,C+D) = Z5(+[1,C) + Zz (|1, D).

Remarkably, (4.28) is the same shuffle symmetry obeyed by the tree-level functions

1
212223 Zk—1,k
mirror the partial-fraction manipulations among

This can be seen from the fact that Fay identities among Q(z;j,...)(zjk, - .)
1
ZijZjk

ment. The latter in turn are fixed by requiring both sides of the Fay identity to have the

when disregarding the second argu-

same behavior under antiholomorphic derivatives 9:Q(z,1,7) = —-LQ(2, 1, 7).

By virtue of the identity (4.28), the right-hand side of (4.26) can be uniquely expanded
in the 24-element basis of Z%(* 1,4, 7, k, l). The result is noted in appendix C.2, and one can
read off the first row of the 24 x 24 differential operator D% in (4.25). Similarly, the expansion
(1.6) in terms of Eisenstein series straightforwardly yields the 24 x 24 matrix representation

of the derivations which enters the solution of (4.25) via Picard iteration,

Z%(+[1,2,3,4,5) = Z Z H (ki ko, k| T) (4.29)

x Z ri(€n, - -€k2€k1)2345BZ%°°(*\1,B)_
BeSy

The initial values Z%OO(*H, B) are determined by the discussion in later sections.

4.4 n points

There is no obstacle to extending the rigorous computations of the previous sections to the
T-derivatives of higher-point A-cycle integrals (1.1). The mixed heat equation and the Koba—
Nielsen derivatives lead to the intermediate step

n—1

271'287—2}7:(*‘1, 2, e ,n) = /C( ) dZQ ng ce dzn KNIQn( — 2<2312...n H Q(zk’k‘+17 Bk)
* k=1
n n—1
= Y sij(0,408,0+ -+08,, 00Uz, ©) [ | Q(Zk,kﬂ,ﬁk)) . (4.30)
1<i<y k=1
where 3; = Z? i1 My for i =1,2,...,n—1. And the leftover work in extracting the form of

the differential operator D in (1.4) is to resolve the cycles of €(zij,...) through the lemma
(A.12) and to reduce the result to the (n—1)! basis of Z%(+[1, B), B € Sn—1 via Fay identities.

Instead of performing these tedious but straightforward calculations on a case-by-case
basis at n>6 points, we take inspiration from certain patterns in the (n<5)-point results
to propose a closed formula for 2m'8TZ%(*]1, 2,...,n). These patterns are based on a com-
binatorial operation dubbed the “S-map” [97, 98]. For any object X(A) labelled by words
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A =ajay...a,), the S-map is defined by

|Al |B

= Z Z(_l)i—jHAl—lsaibJ_ (4.31)

i=1 j=1

X X((a1a2 e ai_lLLIa|A‘a‘A‘_1 . ai+1), a;, bj, (bj_l ce bgblLLij_H N b|B|)) y
for instance
X(S[1,2) = s12X(1,2),  X(S[12,3]) = s23X(1,2,3) — 515X(2,1,3). (4.32)

The S-map is antisymmetric X (S[A, B]) = —X(S[B, A]) if X obeys the shuffle identity
X(A,1,B) = (-1)MX(1, (A'wB)) as in (4.28).

In the previous section, we have chosen to present the 7-derivative at five points in the
form (4.26) because it can be compactly written in terms of the above S-map (4.31):

5
2mi0, Z7(+]1,2,3,4,5) ( Zslj Z 54 (O, =, )* —2§2312345>Z]7£(*]1,2,3,4, 5)

2<i<j
—9(772+?73+774+7757 Z%(%|S[1,2345]) — p(ns+nat+ns, 7) Z7(x[S[12,345])  (4.33)
— p(m+ns,7) Z5(x[S[123,45]) — p(ns, 7) Z5 (+]5[1234, 5]) .

The structure of the right-hand side harmonizes with a rewriting of the (n<4)-point results
(3.9), (4.9) and (4.18) as

. T 1 T T
2mi0- 7y, (%]1,2) = <58123$2 — 2(2812>Zn2(*‘1a 2) — p(n2,7) 2y, (x|S[1,2])

3
- 1 T
2mi, Z5(+[1,2,3) = (2 Y 102 + szg(anfangf — 2ys123 ) Z5(+]1,2,3)
j=2
—@(nﬁng, 7) 25 (x| S[1,23]) = p(ns, 7) Z5 (x| S[12, 3]) (4.34)

4
2mid, Z5(%[1,2,3,4) ( Zslja +5 Z 51 (D=0, ) 2§251234)Zg(*|1,2,3,4)
2<i<

—@(nz+n3+n4, )Z%( !S[ ,234]) — p(n3+na, 7) Z5 (x| S[12, 34))
— 9(na, 7) Z5(+|S[123, 4]) ,

where the equivalence to earlier results can be checked by means of (4.28). By inspecting the
pattern in (4.34) and (4.33), it is natural to propose the following generalization to n points

. 1 o
2m6TZ]7i(*|1,2,..., = ( 281] -+ 5 Z sij(ﬁm—ﬁm)z —2C23123A._R)Z%(*|1,2,...,n)
2<i<y
n

= > oMt A, T)ZE(+|S[12. .. i1, j(j+1) ... n]), (4.35)
j=2
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which is conjectural at n>6. There is no bottleneck in checking (4.35) at fixed multiplicities
n =6,7,... by starting from the intermediate step (4.30) and proceeding as outlined above.
By carrying out the S-map (4.31) and applying Fay identities (4.28) to the result, (4.35)
yields a well-defined proposal for the differential operator D% at n points. Accordingly,
its expansion (1.6) in Eisenstein series leads to concrete (n—1)! x (n—1)! representations of
the derivations r(ey). Like this, the appearance of iterated Eisenstein integrals in the o/-
expansion of Z7(+[1, A) can be made fully explicit from (1.7), and it remains to fix the initial
values Z;°(x|1, B) that introduce MZVs.

The 77(ey) resulting from (4.35) are linear in o since each term in the first line and the
expansion of the S-map ZZ(+[S[12...j—1, j(j+1)...n]) features one factor of s;;, see (4.31).
This will be important in section 7.1, where the structure of the o/-expansion (1.7) is argued
to imply uniform transcendentality of the Zg(*|1, A).

Finally, the absence of the twisted Eisenstein series f*)(7/2,7) on the right-hand side of
(4.35) implies that the o/-expansion (1.7) of non-planar A-cycle integrals cannot involve any
twisted eMZVs (which would naively arise from the expansion method in [21]). As a hallmark
of twisted eMZVs, their 7-derivatives involve Eisenstein series of congruence subgroups of
SLy(7Z) [21], i.e. f*)(7/2,7) in case of the twists of the non-planar Green function. Still, the
absence of twisted eMZVs by itself does not guarantee that the iterated Eisenstein integrals in
non-planar o/-expansions (1.7) conspire to eMZVs, see the discussion in the next subsection.

4.5 Representations of the derivation algebra

We shall now clarify to which extent the above matrices rj(ex) are known to preserve the
commutation relations of the derivations, i.e. to which extent they qualify to be called a
“representation”.

The reasoning will rely on the fact that the planar instances of the A-cycle integrals
(1.1) can be o/-expanded in terms of eMZVs whose coefficients are Q-linear combinations of
MZVs. This can be seen by applying the methods of [20, 26] to each component integral
over fl(g”) f2(;n2) e fy(ffi;; , mj € Ny that arises in the 7;-expansion: When integrating one
puncture after the other, Fay identities can be used to have only one instance of the integration
variable among the subscripts of the fi(Jm'“) in each step. Regardless on the accompanying
monomials in planar Green functions (2.14), the integral over each puncture can therefore
be performed within the space of elliptic iterated integrals (2.8)'6. The integration over the
last puncture sets the argument of the elliptic iterated integrals I'(...;z) to z = 1 and yields
eMZVs by (2.9). At higher multiplicity or order in o/, this method may be slowed down by a
nesting of kinematic poles and the multitude of relations among eMZVs. Still, it clarifies that
the iterated Eisenstein integrals in the o/-expansion (1.7) of planar n-point A-cycle integrals

165ee [20] for details on the “z-removal” in intermediate steps and [26] for examples on the handling of
kinematic poles.
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must conspire to eMZVs, with admixtures of MZVs through “z-removal” identities!”.

We can now demonstrate that, when acting on the initial value Z%OO of planar A-cycle
integrals, any failure of the r;(ey) to satisfy the commutation relations of the derivations would
lead to a contradiction: As detailed in [25], each relation in the derivation algebra selects a
linear combination of iterated Eisenstein integrals that cannot be realized as an eMZV, see
section 2.5. If one of these relations was violated by the rz(e;) acting on Z%OO, then (1.7)
would introduce such a non-eMZV combination of iterated Eisenstein integrals (say an isolated
v(6,8|7)) into the o/-expansion of some component integral over fl(g”) fQ(g”) e fgfi;;), cf.
section 4.3 of [25]. Since all the 7-dependence in the o/-expansion must stem from eMZVs
by the previous paragraph, we conclude that setting e — 77(€x) in vanishing commutators
must annihilate the planar initial values Z%OO. I.e. when restricted to act on the subspace
of functions of n; set by the initial values, the rj(e;) furnish a matrix representation of the
derivation algebra.

One might wonder whether this annihilation is a peculiarity of the 7;-dependence of
Z%OO, say the factor of cot(7nz) in the planar two-point case (3.30). By the commutativity
Ty ([€ky s €ky]) = 0V k1, k2 > 0 at two points, most of the nontrivial checks of rj(ej) preserving
the derivation algebra have been performed at n>3 points, based on the matrix representa-
tions in (4.13) and (4.20). For instance, we have verified that arbitrary functions of n; are
annihilated when setting ez — rj(€;) in vanishing combinations of commutators of the form

b [ekly Ek‘g] at k1+k2 S 30 and n = 3,4,
o [er,, [€0ys €05)] At L1+0o+03 < 30 and n = 3,4,
® [ep1s [€p2s [€ps> €pall] at P1+patp3tps < 26, n =3 and p1+patpstps < 18, n =4,

where some of the four-point checks rely on numerical methods.

For non-planar A-cycle integrals, the integration methods of [21, 26] guarantee that their
o/-expansions are expressible in terms of twisted eMZVs. The result (1.7) of our differential-
equation method implies these twisted eMZVs to conspire to iterated Eisenstein integrals of
SLa(Z), and one could wonder if they are necessarily eMZVs on these grounds. However, at
the time of writing, we cannot rule out the following loophole beyond the range of our explicit
checks: Setting €; — rj(e;) in some vanishing combination of e;-commutators might fail to
annihilate the initial value Z%.OO(jQD| . ) of a non-planar A-cycle integral with P,Q # (). This
is related to the open question whether all iterated Eisenstein integrals expressible in terms
of twisted eMZVs are necessarily eMZVs.

"The appearance of MZVs in “z-removal” identities is exemplified by [20]

D(Lg2lm) =20 (38 2m) + T (30:2m) — 2T (§ §5217) + ¢
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5 Planar genus-one integrals at the cusp

Starting from this section, the proposal (4.35) for the 7-derivatives of n-point A-cycle integrals
will be supplemented by an initial value at the cusp. We will now determine the degenerations
Z%OO (P]-) in case of planar integration cycles C(P) and express the results in terms of (n+2)-
point Parke-Taylor integrals (1.3) over disk boundaries:

1

Z°(1,A1,P) = ————

Z Ho (A|B)Kz(P|Q)Z™°(+,B,1,—|+,Q,—,1). (5.1
B7Q€Sn71

The explicit form of the (n—1)! x (n—1)! matrices Hq (A|B) and Kz(P|Q) will be given
below. The normalization by powers of 27i is due to the change of variables H?:z dz; =
W [T— %j, cf. (3.15). The extra legs +, — in the (n+2)-point disk integrals Z'° are
associated with the identified punctures oy = 0 and o0_ = oo due to the pinching of the A-

cycle at 7 — 100, see figure 3. The Mandelstam invariants associated with the extra legs are
determined by the degeneration of the planar Koba-Nielsen factor that follows from (3.19)

n 1 n n n
; 3 2in Sij sy —Saia
KNZI(%OTL }C(l,az,a:’,,...,an) = Ho-jz e H(]-_O']) 514 H (O-aj_o-ai) S 7, (52)
=2 =2 2<i<j

i.e. one can read off!®

1 n n
Si+ =8j- =5 DS S = ) s (5.3)

1<ij 1<i<j
by identifying (5.2) as an SLo-fixed version of o "~ [T, 057 075 [["es  Oaai®
Y ymg (o 2 +— =194 95— 1<i<j Pajai

The first matrix Ho/(A|B) in (5.1) translates the twisted cycles defined by C(1, A) and
(5.2) into disk orderings in an SLo-frame!® with (o4,01,0_) = (0,1, c0),

Dp = D(+, ba, b3, ..., bn, 1, —) = {O’bQ,Ub3, .o, 0p, € R, 0<Ub2<(753< . <Ubk<1} . (5.4)

The relation (3.28) among the twisted cycles at two points amounts to H/(2|2) = 2isin(Fs12),
and the entries of H,/(+]) at higher multiplicity will be determined in sections 5.1 and 5.2 in
terms of s;;-dependent phases.

The second matrix Kz(P|Q) in (5.1) tracks the transformation between the basis inte-
grands at genus zero & genus one and carries the dependence on 7; through the 7 cot(mn)

18We leave it as an open problem whether the identification of Mandelstam variables {si5, 1 <i<j<n}
with dot products of momenta can be extended to the formal variables (5.3) via suitable choices of k+. We
will use s;+ and sy, as auxiliary variables that are uniquely determined by SLa-invariance and whose virtue
for the subsequent calculations does not rely on a physical interpretation.

9Note that (5.4) takes the following form in a generic SLo-frame:

D(ay,az,...,ax) ={01,02,...,06 ER, —00 < 0a; < Tay < ... < 0q;, < O}.
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Figure 5: In the o; = e?™% yariables, the integration contour C(1,2,3) is the unit circle in
the left panel, where the phases of oo and o3 are ordered according to zo < z3. Similar to
figure 4, we replace C(1,2,3) by the homotopy-equivalent combination of paths visualized in the
right panel. For each of the four inequivalent relative positions of oo and o3, the Koba—Nielsen
factor (5.2) introduces a different phase that depends on sao, s34+ and sa3.

function in the degeneration (3.16) of the Kronecker-Eisenstein series. At two points, the

~1in an SLa-frame with

fact that 0—12 descends from the Parke-Taylor factor (o4202_0_1014)
(04,01,0-) = (0,1,00) yields K,,(2]2) = mcot(nn2). The extension to higher multiplicity

will be the topic of section 5.3.

5.1 Recovering twisted cycles on the disk boundary up to five points

The strategy of section 3.4 to deform the integration contour from the unit circle |o;| = 1
to the interval 0 < o; < 1 carries over to higher multiplicity. The only additional feature at
n > 3 points concerns the relative ordering of 09,03, ...,0, on the unit circle with relative
phases according to 0<ze<z3<...<z,<l in case of C(1,2,...,n).

This key ideas become clear from the twisted three-point cycle defined by C(1,2,3) and
KNS5 = 0y oy Pt (03—02) 7523 with soy = —%<812+823) and s34 = —%(3134-523), see (5.2)
and (5.3). When deforming C(1,2,3) to the homotopy-equivalent contour in the right panel
of figure 5, there are four different scenarios for the phases introduced by KN!33 depending
on the relative positions of oy and o3. The rules for determining these phases can be easily

written down in an n-point context:

e Asin the two-point case, aj_sj * with j = 2,3,...,n introduce phases e+ and e "5+
when o; is slightly above and below the real axis, respectively. This realizes the desired

phase difference e ~27%i+ when transporting o, on a circle around the origin.
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. Startmg from three points, factors of (o;—0;)™% with 2 < i < j < n introduce phases
et 2% and e~ 2% when Re(g;) < Re(o;) and Re(o;) < Re(a;), respectively. This real-
izes the desired phase difference €™ when transporting o; on a semicircle around o;.

By adding up the four contributions in figure 5 and adjoining a factor of (—1) for the negative
path orientation of each puncture above the real line, we find the following relation among
twisted cycles,

C(1,2,3) = 2isin(mss, )e™ 2+ T252)Dyy — 2 sin(msg, )e™ (557252 Dy (5.5)

— % sin (g(512+823)>6%8131}23 ~ 2isin (g(sls+523))e—7”8121>32 ,

where Dag refers to 0 < 03 < 03 < 1 according to the general notation (5.4). For the sake of
brevity, we employ the abusive notation in (5.5) and later equations to keep the Koba—Nielsen
factor (5.2) defining the twisted cycles implicit.

The rules for assigning phases can be straightforwardly applied to C(1,2,3,4), where
the iteration of the usual path deformation yields eight different scenarios for the phases,
depending on the relative positions of o9, 03,04 in figure 6,

C(1,2,3,4) = —2isin(mwsay) eim(=s3+—s44) o5 T (—s93—524— 834)7.7234
+ 21 Sin<ﬂ'83+) eiﬂ(+82+_54+) 67(+823_524_534)’D324
+ 21 Sin<7TSg+) eiﬂ(+52+_54+) e%(+823+524_534)’D34Q
— 2 Sin<7TS4+) eiﬂ(+52++53+) e%(+823+824+534)fD432

= 2isin ( 812—|—823—|—824)> 6%5134’13234 (56)

i

(
— 27sIn ( 313+523+534)) 67(_512‘1'514—524)2)324

i

— 27sIn 313+523+534)) e?(_512+814+524)D342

+ 2i sin (5(814+824+834)) e~ TP g

In the five-point generalization of the above bookkeeping, one has to take sixteen different
scenarios into account for the phases (depending on the relative positions of o9, 03, 04, 05),
and we simply quote the end result of adding these contributions:

. + 51345
C(1,2,3,4,5) = 2isin (812+823+824+825) et 2 Do3as

X s i _ _

~ 2isin (5( 3+823+834+835)> eF (bt ) Dy s
. ™ im

~ 2isin (5(813+823+834+535 ) eF ozttt o) Dy
. ™ im

— 92 sin (5(8134—8234—834—!—835 > e > ( 812+814+815+824+825+845)D3452

7r T (—s19—813+515—523—525—535)
+ 24 sin 5(814+824+834+845 e2( Dusas
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04 03 02
Oe *1l = _—Dys ot (824 +s34+say) e%(+823+824+834)

+Dyso i (524 Fs34—s44) %’ (4+s23+s24+534)

+Dayo eim(+s24++s34—sa4) e%r (+523+824—534)

= +4D304 et (+s24+s3+—s4+) e%(+523—524—534)

—Ds49 eiﬂ(+82+—83+—84+) e%(+523+324*834)

— _D324 6i7r(+82+—83+—84+) 6%(+82378247834)
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®1 = Dyyyelm(ms2e s34 —sus) o5 (— 523520 534)

Figure 6: Genus-zero contributions D;j;j, to the degenerate genus-one integral over the four-
point cycle C1a3q = {0 < 29 < 23 < z4 < 1}.

. (T i g _ _
+ 2isin 5(314-1-824-1-8344-845))62( SIS e eI D g

.. ™ AT g _
- 2isin (5(314+824+834+845)> e3 (Tonmsumtasmontont o) Pysgy
— 2isin

T 7
5(515+825—hs;z,g,—h945)) e 25124 Dg a5 . (5.7)
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5.2 Recovering twisted cycles on the disk boundary at n points

In order to extend the above relations between twisted genus-one and genus-zero integration
cycles to higher multiplicity, we start by introducing some notation: It is convenient to absorb
the exponentials of (5.5), (5.6) and (5.7) into

D(2,5) =Ty
ﬁ( 33 ) = %(53(5134—534)—1—54514)@234 (5.8)
( il 555> = 6%(63(513+834+835)+€4(814+S45)+€5815)D2345 7

where ¢; € {1, —1} or in short €; = +. These definitions allow to compactly rewrite

~

29 = (o) (s 5) - (o) 2(s. 1)
C(1,2,3,4) = 2isin (; sutaztans)) D(2 3 1)

813+823+834)> 13<3, ( o W I ))
)

— 2¢sin

w\ﬂmm

+ 2isin | —(S14+S24+534)

D
C(1,2,3,4,5) = 2isin (g 812+323+s24+825)) 13(2, +

(
(
(
(
—2isn<
(
(

- ~
5 813+823+834+835)) D<3, (5 i Jé))
) T S —— 7+
+ 27 8in 5 814+824+834+845)) D<4, ( 3 g5 ))
T ~
— 2¢sin 5 815+825+835+545)> D<5, 432

The shuffle symbol is understood to act on the combined letters Ejj , €.8.

D(3 (wi))=D(331)+D(3.13). (5.10)

and one can formally align the two-point case into the same pattern with 13(2) = Dy and
C(1,2) = 2isin (§s12)D(2). Based on the obvious n-point generalization of (5.8),

'Z/)\(Z ? Ef 8;) = e%( 3(s13+s34+...+53n)+tea(s1a+sa5+...484n)+...+€n—1(51,n—1+Sn—1,n)+€ns1, n)D23 n

n
H L DICES v J+15J7")D(+,2,3,...,n,l,—), (5.11)

the patterns in (5.9) can be extended to the following all-multiplicity proposal (which is
conjectural at n > 6 points):

n

C(1,2,3,..., —QZZ Psin (53 5)D(5 (5,5 0 swshh i) (612)

=1
i#£]
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These relations among twisted cycles determine the first row of the (n—1)! x (n—1)! matrices
Ho (A|B) in (5.1) at all multiplicities by matching (5.11) and (5.12) with

C(1,2,3,...,n) = > Har(2,3,...,nlb, b3, ..., 0n)D(+,b2,bs, ... b, 1, =) . (5.13)
BESn—l

The remaining rows of H,/(A|B) can be obtained by relabelings as for instance seen in the
three-point case, cf. (5.5)

o (2,3]2,3) = 2isin (g(slﬁsgg))e%m . Mar(2,3]3,2) = —2isin (g(513+523)>6_%ﬂ512

(5.14)
Hr(3,213,2) = 2isin (D (s100s2) ) e 5502 Mar(3,212,3) = ~2isin (5 (s1absg) ) T
Four-point examples of the entries H,/ (A|B) can be found in appendix D.1.

Symmetrized cycles: The definition of planar A-cycle graph functions at n > 3 points

[81] is based on symmetrized combinations of the integration cycles C(1, as,as,...,ay),
Chm= Y. Cagas,....an) ={0<z <1, j=2,3,...,n}. (5.15)
AESH_1

Instead of adding up permutations of Z;—;»(l,(lg, ...,ap|*) and separately applying (5.12) to
each twisted cycle, it is rewarding to simplify (5.15) via standard trigonometric identities®’.
For instance, by adding up 2, 6 and 24 permutations of (5.5), (5.6) and (5.7), respectively,
one arrives at

. ™ . ™
C) i = —4sin (5(512—1—523)) sin (5513>D(+, 2,3,1,—) + (2 ¢ 3)
. 77 . m

Cs(f,znm = —&isin (5(512+523+524)) sin (5(513—1—534))

X sin (gm) D(+,2,3,4,1,—) + perm(2, 3, 4) (5.16)
cl) = 16sin z(s +523+524+525) | sin E(s +534+535)

symm = 5 (8127823 824+ 525 5 (813834+535
X sin (g(sl4+545)) sin (gslg,) D(+,2,3,4,5,1,—) + perm(2,3,4,5),

where the permutations of 2, 3, ..., n affect the labels of both s;; and D(+, az, as, ..., an, 1, —).
The representations of Cs(;q})nm in (5.16) manifest that n—1 powers of 7s;; can be factored out
from the o/-expansion of each sin(7wz) = 7z(1 —C2m2+%§4x4+. ..). Extrapolating the patterns

in (5.16) leads us to propose the general formula

C = (20)"1 f[ sin (g (slj + Zn: sj,m)) D(+,2,3,...,n,1,—)+perm(2,3,...,n) (5.17)
j=2 m=j+1

20More specifically, one can straightforwardly derive (5.16) by (possibly repeated) use of
et = cos(z) +isin(x), cos(ath) = cos(a)cos(b) F sin(a) sin(b), sin(a£b) = sin(a) cos(b) =+ sin(b) cos(a) .

— 492 —



which reproduces ngnm = C(1,2) = 2isin(5s12)D(+,2,1,—) and is conjectural at n > 6.
Note that the product of sine functions in (5.17) matches the diagonal entry Sy /o(n, ..., 3,2|
n,...,3,2); of the string-theory KLT kernel at o/ — «o//2 which also plays a role in the
simplification of symmetrized disk integrals - ,cq  Z%(1, Al*) [99].

5.3 Recovering Parke—Taylor disk integrands

In order to complete the dictionary between the initial values Z%OO of the A-cycle integrals
and disk integrals Z%¢°, it remains to recover SLs-fixed Parke-Taylor factors from the de-
generation of the Kronecker—Eisenstein integrands. Based on the expression (3.16) for the
planar (v, 7, i00) at v € R, we will determine the 7;-dependent entries of the (n—1)! x (n—1)!
matrix Kz(P|Q) in (5.1).

As a first step, we generalize the definition (3.25) to planar n-point cycles A € S,

doodos ... do, ;
I (A|F(o; 5/ KN ), 5.18
AFEN = [ Gritoras g KN 2(0) (5.1)
where F(oj) may denote an arbitrary rational function of o9,...,0,, and the degenerate

Koba-Nielsen factor KN = can be found in (5.2). In any instance of (5.18) that arises from

the degeneration Z%oo of an n-point A-cycle integral (1.1), the rational function F(o;) is a
oit+0;
O'i—O';
three- and four-point generalizations of the two-point result (3.26) are given by

product of up to n—1 factors of G;; = im , the Green function on the nodal sphere. The

Z%Oo(l, as, az|l,2,3) = w2 cot(mna3) cot(mnz) I™°(1, ag, az|1) + I™°(1, ag, az|G12Ga3)
+ 7 cot(mnag) [°°(1, ag, az|Gaz) + 7 cot(mn3) [™°(1, az, a3|G12)  (5.19)

as well as

Z%OO(l7 ag, az,as]1,2,3,4) = 1 cot(mn234) cot(mn34) cot(mna) I(1, ag, az, as|1)
+ 7 cot(mn234) I (1, ag, a3, a4|G23G3s) + mcot(mnz4) 1™ (1, az, a3, as|G12G34)
+ 7 cot(mn4) I (1, ag, a3, ag|G12Gaz) + 72 cot(mn234) cot(mnzs) (1, az, as, as|Gas)
+ 7% cot(mn934) cot(mna) I (1, az, ag, as|Gaz) + w2 cot(mn34) cot (mna) I°(1, ag, a3, as|G12)
+ 1'°°(1, ag, a3, a4|G12G23G34) , (5.20)

where the expansion of the cotangent can be found in (3.18), and we use the shorthand
ij..0 = Mi+n;+ ...+ throughout this section.

The degeneration of the n-point integrand []7_y (21,7, 7j,j+1..n, T) of Z%.OO(*|1, 2,...,n)
can be described by summing over all the 2”1 possibilities to distribute the n—1 factors into
two distinguishable and disjoint sets P and (). For each label j in set P and @), the factor of
Q(2j-14,Mj,j+1...n, 100) is mapped to its contribution 7 cot(mn; j+1..n) and G;_1 j, respectively:

Z2(LAI1,2,3,...n) = Y (Hwcot(wm,m,._n_l,n))I“ee(l,A|HGj_l,j). (5.21)

{2,3,...,n}=PUQ ¢€P JEQ
PNQR=0
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Since the integrands in (5.18) only depend on the punctures via (6203 ...0,)"! and products
of G;j, one can apply the algorithmic method of [77] to recover combinations of SLa-fixed
Parke—Taylor factors in n+2 punctures,

1
PT(al, az,as,...,0np4+1, an+2) = . (5.22)
Oara29a2a30azayg - - - Oanyrant29any2ar
Genus-one integrands I'7°(x|1) without any insertion of G;; descend from?!
ol
H— =" lim_ lo_|? Z PT(+,a2,as,...,an,—,1)
=2 gj 040 A€S, 1
_ n—1 1; 2
= (=)™ lim_[o_* Y PT(+,b1,bs, ..., bn,—), (5.23)
oL —0 BeS,
where Kleiss—Kuijf relations [100] have been used to trade (n—1)! permutations A of 2,3,...,n
for n! permutations B of 1,2, ...,n. The insertion of |o_|? stems from the Jacobian |01,+01,_0+7_|

of the SLa(R) frame (o04,01,0-) = (0, 1, 00).
The structure of the n!-term Parke-Taylor expansion in (5.23) is preserved when adjoining
factors of Gj;: As one can anticipate from the example

G
12 _ir lim ya_|2(—PT(+,1,2,3, —) = PT(+,1,3,2,—) — PT(+,3,1,2,—)
0-20-3 o_ — 00

U+—>0

+PT(+,2,1,3,-) + PT(+,2,3,1,-) + PT(+,3,2,1,-)),  (5.24)

the net effect of the factor Gj; is to attribute relative minus signs to individual Parke-Taylor
factors, depending on the relative position of legs ¢ and j in its cyclic ordering. These signs
can be compactly encoded in the shorthand

(5.25)

sonB — +1: disright of jin B =by,bo,...,b,
ST ) 1. disleftof jin B=by,bo,....by

which enters the following all-multiplicity formula for & < n—1 factors of G;; — im sgn [77]:

n
1 —_ . .
(H ;)GPIQIGIDQZ co Gy = (1) (im)" Aim o [? (5.26)
j:2 J o4 —0
X Z PT(—i—, bi1,ba,...,bn, )Sgnplqlsgnng .. _sgn}iqk .
BesS,

This result cannot be applied to products G, ¢, Gpags - - - Gp,q, Whose labels form a cycle, e.g.
G2, and G12G23G31 do not admit a Parke-Taylor decomposition via (5.26). Cycles of this

21This can be seen from the following corollary of repeated partial-fraction identities:

1 (="
= + perm(2,3,...,n).
0203 ...0n 02023034 ...0n—-2n—-10n—1,n
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type do not appear in the integrands of I*"*°(-|-) in (5.21) — the arrangement of G;; inherits
the chain structure from the integrands Q(z12,...)2(223,...) ... Q(zn-1n, - - -) of ZZ(:]).

The main results of this subsection follow from applying the integrand manipulations
(5.23) and (5.26) to the general definition of I*"*°(-|-) in (5.18). In absence of G;j, each term
in the Parke-Taylor decomposition

doydo_dog ... dan

Itree 1,A1 — (-1 n—l/ zoo PT + B
( | ) ( ) C(A) (27T2)n 1VOlSL2 12 nt

= tree - .
PESn 1 BGSn

reproduces the definition (1.3) of disk integrals, with s;,s;— and s; _ given by (5.3). The
matrix H.(A|P) arises from the translation of planar genus-one cycles C(1,A) into disk
orderings via (5.13). The same reasoning applies to products of G;; without subcycles,

ftree(l»Alelqupzqg-~-kaqk): T Y, Ho(AP) (5.28)

PESn 1

t
X Z Sgnplth p2¢12 kakZ ree(+ P717 H—aBa _)-
BesS,

27rz

Upon insertion into (5.21), this implies that any initial value Z%Oo(\) is expressible in terms
of (n+2)-point Parke-Taylor integrals. Note that each factor of G;; introduces a minus sign
into the expressions (5.28) when trading the original integration cycle A = asas ... a, for its
reversal A® = a,,...agas. Hence, integrands of (5.18) with a fixed number k of G;; factors
integrate to zero on C(1, A) — (—1)¥C(1, A?), and one may replace Ho/(A|P) by the parity-
weighted combination §[Ha (A|P) + (—1)"Hq (AY|P)] in (5.28),

X . iT k—n+1
It ee(l’ A|GP1Q1GP2Q2 .- 'ka%) = (_1) 1()211 Z [,Ha’(A|P) + (_1)kHa’(At|P)]
PeS, 1

X Z Sgnp1q1 p2q2 Equztree(_i_ P 1 H_’B’ _)' (5'29)
BeS,

As one can see from the examples in appendix D.2, the coefficients in the o’-expansion of
Her (A|P) + (—1)*H (A P) are real and imaginary if n—k is odd and even, respectively.

k=n+1ip its first line, (5.29) always yields real linear combinations

Hence, by the prefactor (i)
of disk integrals Zee.

The combination of (5.21) and (5.29) determines the transformation matrix KCz(P|Q)
between the basis integrands in (5.1) once the n! Parke-Taylor factors of Z'*®¢(x|+, B, —) are
reduced to an (n—1)!-element basis of Z"®°(x|+, Q, —, 1) via BCJ relations [42, 101]. One can

also attain this BCJ basis by removing any appearance of ¢,j = 1 from G;; via Fay relations

G12Ga3 + Ga3Ga1 + G31Grp = 7 (5.30)
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combined with integration by parts [77]

n
gt
The latter follows from the limit 7 — ioco of (2.16) on a planar integration cycle.

The techniques of this subsection will now be illustrated by various examples. The two-
point instance of (5.27) with H./(2[2) = 2isin(§s12) reproduces the earlier result (3.29) via

1
I'"e°(1,2|1) = - sin (gsw) [Z(+,2,1,—|+,1,2, =) + Z"(+,2,1, - [+, 2,1, )]

1 (1 —
— Zsin (fsu)ZtreeH,z, 1,2, 1) = (—812)2 (5.32)
T2 [D(1—232)]

Several three- and four-point examples can be found in the next subsections.

5.4 Three points

As a first application of the general results above, we will now relate the constituents of

Z%gf’%(l, 2,3|1,2,3) in (5.19) to five-point disk integrals. In absence of G; in the integrand at

T — i0o, one can symmetrize the cycle by I'"¢(1,2,3|1) = I'**¢(1,3,2|1), and (5.27) implies

1 LT . (T
I'e°(1,2,3|1) = 32 {sm (5(312—1—823)) sin (5313> Z Zwee(+,2,3,1,—|+, B, —)
€83
+sin (g(313+323)) sin (gsm) 3" ZU(+,3,2,1, |+, B, —)} (5.33)
BESs
- —i[sin (f(slg+82 )) sin (fsl )Ztree(+ 2,31, —|+, (2w3), —, 1)
271'2 2 3 2 3 y &y IJy 1y ) y T
+sin (g(slﬁm)) sin (gsm) Ztee( 4. 32,1, |+, (2ws3), —, 1)] ,

see (D.2) for the trigonometric functions in & [H/(2,3|P)+Ha(3,2|P)]. The disk integrals
have been rewritten in a BCJ basis in passing to the last two lines. Integrals over a single
G;j in turn are asymmetric in the cycle, I"(1,2, 3|Ga3) = —1'"°°(1, 3, 2|Ga3), i.e.

1
I'°°(1,2,3|Ga3) = Dy (5.34)

x [sm (g(512+323)) cos (gslg) (Ztr66(+, 2,3,1, —|+,2,3, -, 1) — Z7°¢(+,2,3,1, |+, 3,2, —, 1))

_ sin (g(513+523)) cos (gslg) (Z“"%(+, 3,2,1, | +,2,3, -, 1) — Z°(+,3,2,1, —|+,3,2, —, 1))}

after reduction to a BCJ basis. The remaining configurations of G;; in (5.19) follow from the
Fay identity (5.30) and integration by parts (5.31) at the level of the G;j,
$121"°(1, ag, as|Gr2) = s231""*°(1, az, a3|Ga3) (5.35)

7T2513

I'°(1, ag, a3|G12Gaz) = ——=I1"°(1, az, a3|1),
$123
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0 (5.19) can be decomposed as follows in terms of (5.33) and (5.34):

2
. s
7i%. (1,5, a3]1,2,3) = (772 cot (7n23) cot () + T;;)Itreeu, az, az|1)

+ <7r cot(mnas) + zﬁﬂ cot(ﬂng))Itree(l, az, a3|Ga3) . (5.36)
12

Since the I*™°¢(-]-) have been expanded in the 2 x 2 basis of Z"®(+, P, 1, —|+,Q, —, 1), one
can read off the entries of the transformation matrix /C,, ., (:|-) for the integrands in (5.1):

2
Knyns(2,3]2,3) = — (772 cot(mneg) cot(mnsz) + 7; Sl3> +im <7r cot(mnag) + jﬁﬂ cot(myg))
123 12
(5.37)
7T2813

Koz (2,3]3,2) = — (772 cot(mma3) cot(mns) + ) — 4T (71' cot(mma3) + Sﬁﬂ' cot(wn;»,)) .
S12

5123

o/-expansions: One can now insert the o/-expansion of the disk integrals (see for instance
23, 24]) into (5.33) and (5.34). By rewriting s;; = s;— = —3(s1j+523) and 72 = 6(, we
arrive at the following permutation symmetric series in s;;,

2

1
+ %gﬁ [193%2 + 103%23%3 + 123%2313323 + cye(1,2, 3)]

1
+ 3—2C5 [35?2 + 25?2513523 + 33%25%3523 + cye(1, 2, 3)} (5.38)

1 1 1
I"°(1,2,31) = = + §C2<3%2 + 513 + s33) + §C3(3:1')2 + 55 + S35 + s12513523)

+ 3%42@(5%2 + 51 + 33) (% + sty + sy + s12513528) + O(a)
as well as
s231"°°(1,2,3|Gla3) = 1 + %@(3124—3134—523)2
+ i(g{ [5?2 + 38%2813 + 38128%3 + cye(1, 2, 3)] + 7312313323}

1
+ <22(812—|—813—|—823){ [198?2 =+ 578%2813 + 578128%3 + CyC(l, 2, 3)} =+ 126812813823}

160
1
+ 166 [3s§2 + 15575513 + 15512575 + 30559575 + 3057555 + 62535513523 (5.39)
+ 93525573593 + cyc(1,2, 3)}
1
+ T6C2<3(312+313+323)2{ [3%2 + 3575513 + 3512873 + cye(1, 2, 3)] + 7812813823} +0(°).

At higher orders in ¢/, the irreducible depth-(d>2) MZVs (35,(37 and (353 of the five-
point Z%¢(.]-) drop out from both (5.38) and (5.39). This is a peculiarity of the arguments
Sj+ = 8j— = —3(s1;+823) which cause the I'"(|-) to be functions of three variables instead
of the five Mandelstam invariants of a five-point disk integral.
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Component integrals: By inserting (5.38) and (5.39) into the initial value (5.36), one can
access any order in the o/-expansion of the three-point A-cycle integrals via (4.14). In par-
ticular, inspection of specific orders in 12+n3 and 73 yields explicit results for the component
integrals

Zz-m1,m2)(A‘1727 3) = Z77']-2,773(A’17273 mo—1 (540)

) ‘(nzws)’"l*lng

- / deo dzg fU™) (219, 7) F™2) (205, 7) KN,
C(A)

Since all the 7, 4, () in (4.13) are even under (n2,713) — —(12,73), one can take a convenient
shortcut in extracting component integrals from the generating series: Any Z(Tmth) (A|1,2,3)
with even parity mi+mgo € 2Ny (odd parity mi+mg € 2Np+1) is determined by the even
(odd) part of the initial value Z!>° in (5.36) w.r.t. n; — —n;. Hence, I'"*°(A|G;;) with odd

72,713
coefficients ~ cot(mna3) or cot(nn;) do not contribute to Z7 2)(A\l, 2, 3)!mler2 even A0

(m1,m

one can similarly disregard I*"*¢( A1) in (5.36) when computing Z7 (A1, 2, 3)‘

(m1,mz2) mi+mo odd’
Similar to the two-point case (3.34), the simplest integrand (mq,mz) = (0,0) yields a

generating series of planar A-cycle graph functions involving up to three vertices??,

1
Z{00)(1,2,3[1,2,3) + Z{y )(1,3,2[1,2,3) = 1 + 5(3%2+3%3+3§3)A2(7)

1 1
+ 812813523 A111(7) + 5(8?2+5§’3+5§3)A3(T) + Z(8%28%3+8%28§3+8%3833)A2(7)2

1 1
+ 5512813823(812+813+823)A211(7') + 1(5%24-541134'533)144(7) + (9(0/5) ) (5.41)

see (3.35) for the planar two-vertex graph functions A, (7). The o/-expansion (4.14) has been
checked to reproduce all the planar three-vertex A-cycle graph functions

Aijr (1) = i 2] ) (1, 2,3]1, 2,3) + Z(; (1,3, 2[1, 2, 3)]

L =0, i,j,k>1 (542)

i oJ
512523513

of weight i+j+k < 6 known from [81], e.g.

A (r) = %f’ + 36¢270(4, 0, 07) — 6070(6, 0, 0/7)

A1 (1) = % — 144¢4v0(4,0,0,0|7) — 3670(4,4,0,0|7) (5.43)

+ 1680¢270(6,0,0,0|7) — 75670(8,0,0,0|7) .

Moreover, the differential-equation method of this work directly yields the fully simplified
iterated-Eisenstein-integral representation of A;ji(7) which is particularly helpful at higher

%21n the graphical notation of [81], the three-vertex graph functions in (5.41) are represented as follows:

=[] o =a (A
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weights i+j+k beyond the current reach of the eMZV datamine [85]. Moreover, the degen-
eration of planar three-vertex A-cycle graph functions at the cusp follows from

ZZS?O)(L 2,3|1,2,3) + ngi])(l, 3,2|1,2,3) = 21'"*°(1,2,3|1) (5.44)
1
— — = sin (g(812—|—823)> sin (gslg) Ztee (4,231, —|+, (2w3), —, 1) + (2 ¢ 3)
T
upon insertion into (5.42).
The expansion of integrals (5.40) over non-constant fl(;m) 2(?2) with m; # 0 has not yet
been discussed in the literature, and the leading orders of some representative examples read
T 3 Lo 2 2.
Z,0)(1,2,3]1,2,3) = —C2 + 551270 (4]7) — 7 (512 +515+523)C)
+ 3(sTy+s33— 2513523 3575) (270 (4, 0[7) + 5(sTy+2s13523)70(6, 0|) + O(a”®)
7
ZZ-3’3)(1, 2, 3‘1, 2, 3) = 21813C4’}/0(4|7') + 5813(2")/0(6’T) — 5813"}/0(8‘7') (5.45)
+ 27s13(5812—8513+5523)C670(4, 0|7) + 15513(175124+10s13+17523)C470(6, 0]7)

15
+ 9813(3812—|—813+3823)C2’)/0(4, 4|T) + 21513(5812+7813+5823)C2’)/0(8, 0|7’) — 38%3’}/0(4, 6|T)

15 9
— 5513(3512+813+3523)70(6, 4|1) — 5513(19512+20513+19523)%(10, OlT) + 0(0/3) .

Integrals over fi(jl) f](,:”) with even mo introduce kinematic poles that stem from the initial
value (5.36) when computing the o/-expansion via (4.14), e.g.

1
Z{l,O)(L 2, 3|1, 2, 3) = 5{1 + (812—!—813—!—823)2 (% — 3’}’0(4, 0|7’)>

¥ (sarbsnstoa)® (5~ 109(6,0,00r) + 24G70(4,0,0/7)) (5.46)

+ 512513523 (% —90v0(6, 0, 017)) + 0(0/4)} .

Integrals over fl-(jl) f ;?2) with odd mgy > 3 in turn are regular as s;; — 0, and the o/ =3_orders

of the example Zgl73)(1,2,3|1,2,3) can be found in (E.1). Finally, integration over fl(l)f](;)
1

5123

introduces the pole structure ~ as one can anticipate from the behavior (5.35) of the
T — 100 degeneration.

Note that (5.45) and (E.1) exemplify some of the simplest situations to encounter ir-
reducible iterated Einstein integrals of depth two with different entries: Neither ~o(6,4|7)
at the o/*-order of Z(7373)(1,2,3|1,2,3) nor ~o(4,4,0|7) or v(4,6,0|7) at the o/*-order of

Z(T1 3)(1, 2,3|1,2,3) are expressible as shuffle products of depth-one representatives.
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5.5 Four points

All the constituents of Z%Oo(l, Al1,2,3,4) in (5.20) can be expressed in terms of six-point disk
integrals via (5.29), for instance

t m t
17°4(1,2,3,411) = = Z [sm( su+323+324)> cos (53134)2 ree(y 9.3,4,1,—|+, B, —, 1)

BeS3
— sin ( 813+823+834 ) ( —812+814— 824))Ztree(+7 3,2,4,1, —H—, B, —, 1)

2
— sin (g stasas-+ss1) ) o ( —siobsiiten) ) 27(+,3,4,2,1, ~ |+, B, -, 1)
+ sin (72r S14+824+534) )cos( 5123)Ztree(+ 4,3,2,1,—|+,B,—,1) (5.47)
as well as
I"¢°(1,2,3,4|Ga3) = 4 —5 Z sgnl,
BeSs3

X [sin (g(512+523+524)) sin (gslg4) Ztmc(—f-, 2,3,4,1, —|—|—, B, —, 1)

) T
— sin (813+S23+S34)) sin (5(—512+514—524))Ztree(-h 3,2,4,1,—|+,B,—,1)

) LT
— sin (813+523+534)) sin (5

(514+524+534)) sin (gsm) 71 4,3,2,1, —|+, B, -, 1)] (5.48)

(*512+514+524))Ztree(+a 35 45 27 ]-7 7|+7 B? ) 1)

N 7 N N
SRR

—sin
and

1
17°°(1,2,3,4|G12G34) = s > sgnbhsgnd)
BeSy

X [sin <g(512—|—823—|—824)) cos <g8134) Z"(4,2,3,4,1,—|+, B, —)
—sin (g(813+823+834)> cos ( (— 512+514—524))Ztree(+, 3,2,4,1,—|+,B,—)
— sin (g(813+823+834)> cos ( (— 512+314+324))Z“ee(+, 3,4,2,1,—|+,B,—)
sin (5 (s1a+saatsar) ) cos (Ts10) 27°°(+,4,3,2,1, |+, B, )] (5.49)
When the integrand of I'®(-|-) in (5.20) is G12G23G34 or one of G12Ga3, Ga3Gsg with over-

lapping labels, repeated use of the Fay identity (5.30) and integration by parts (5.31) can be
used to reduce these cases to (permutations of) (5.47), (5.48), and (5.49), for instance

7'('2813

I (A|G12Ga3) = I“ee(A|1) o34 17 (A]Gh2Gag) — %Itree(A]GMGgg) (5.50)

5123

as well as

512341 (A|G12G13G14) = —7° (5341 (A|G12) + s241"*°(A|G13) + 5231"*°(A|G14)] (5.51)
s12341"°(A|G12G23G31) = 72 [s124] " (A|G12) + 513417 (A|G34) + (514—523) " (A|Ga3)] -
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o/-expansions: Given the o/-expansion of six-point disk integrals (see for instance [23, 24]),
we arrive at expressions such as

1 ¢

Itree(1,2,3,4]1) = 5 + 4—;’2(512—2513+514+523—2524+334)
1353, s12514  s12(S13+524)
+C2<[ 240~ 120 240 +Cyc(1’2’3’4)}
L 13524 (S12834+514503) (8%3“%4))
60 120 60
+ 9% ( [555152+35%2314+35%4523+33§4534_35125%3_33%3514+4512513523 (5.52)
+6512814834—6512813524 + cyc(1,2,3, 4)] + 25:1)’3—1—2834—68%3524—6513334)
+ 15% ( [28:132—28%2813—2813833—1-78128%34-78%3823—58%2823—58128%3—58%2834

—11812823534+11812513524 + cyc(1, 2,3, 4)} — 43‘%3—4334—1—103%3524—%103133%4) + (’)(0/4) .

Similar expansions for 1'®(1, 2, 3, 4|*) with integrands G12, G13, G12G34, G13G24 and G12G13
are displayed in appendix E.2.

The inverse powers of 7 in the combinations % and % at the o/- and o/*-orders of (5.52)
are a generic feature of I'"*®(-|-) at n>4 points: The MZVs in the o/-expansion of n-point
I***¢(.|.) may be accompanied by up to n—2 inverse powers of 7 (up to n—3 inverse powers if
n is odd). This can be seen from the following properties of their decomposition (5.29) into
disk integrals:

k—n+1

e the overall prefactors (im) , where k is the number of G;; in the integrand

e the sine functions in (5.12) render the o’-expansion of any H,(A|P) proportional to 7

e in case of odd multiplicity n € 2N+41 and k = 0 powers of im due to G, the combination
3(Hor (A|P)+H (AY|P)) allows to factorize 72, leading to 3—n powers of 7 in (5.29)

e the o/-expansion of generic Z'®¢(-|-) involves Q-linear combinations of MZVs

In the limit of on-shell kinematics (s13, S14, S24, S34) — (—S12—S523, S23, —S12—S23, S12) of four
massless particles, the o/-expansion of I7°¢(1,2,3,4[1) governs the 7 — ico contribution to
the one-loop four-point amplitude of the open superstring [102]. The on-shell limit of the six
Mandelstam invariants s;; in (5.52) is compatible with the all-order result [103]

1 O/i F(l - 812)F(1 - 823)
27‘(‘2812523 80/ F(l — 812 — 523) '

I'¢°(1,2,3,4[1) — — (5.53)

Still, it is beneficial to retain the dependence of various I"°(1,2,3,4|B) on six s;; since this
will turn out to yield important building blocks for non-planar six-point A-cycle integrals.

,51,



Component integrals: The o/-expansion (4.22) of the generating function 2y mama allows

to extract component integrals

Z (A|1,2,3,4)

(m1,m2,m3)

Al1,2,3,4) | 1 (5.54)

=77
112,713,104 ( (n2+n3+na)™1 1 (n3+na) 2" 1ny"3

= / g dzg dzg fU™) (212, 7) F™2) (203, 7) F3) (234, 7) KNTggy
c(A)

see (5.40) for the analogous definition at three points. Again, since the derivations in the four-
point representation (4.20) are even under 1; — —n;, component integrals with even and odd
values of mi1+mo+ms decouple in the following sense: Z(Tmhmz’mg) with mi+mao+ms € 2Ny
(mi+mao+ms € 2Ng+1) only receive contributions from the I'"° in the initial value (5.20)
with an even (odd) number of Gj; in the integrand, respectively. Note that even and odd
powers of G;; do not mix under Fay relations (5.30) and integration by parts (5.31).

The o/-expansion of the simplest component integral (5.54) starts with

Z(T()7070)(1, 2,3,4[1,2,3,4) = I'°(1,2,3,4|1) + 6(s12—2513+514+523—2524+534)70(4, 0, 0|7)

+ 60 [3%2—5%3—1—513(812—#823)—2312823+813324—312334 + cye(1, 2,3, 4)] 70(6,0,0,0|T)

4
— (3 )00/ + 0", (5.55)

1<i<j

in agreement with [20].

The symmetrization of (5.52) w.r.t. planar integration cycles no longer involves inverse
powers of 7 since the permutation sum ) ; 4 g, Hor (A|P) yields products of three sine functions
by (5.16) and therefore an overall factor of 73,

1
S IR, Al = — sin (g(512+323+524)) sin (g(sls+s34)> sin (gsm) (5.56)
A€eS3 :
« Z Z"(+,2,3,4,1, |+, B,—,1) + perm(2, 3,4) .
BeS3

As will be detailed in appendix F, symmetrized combinations ) g I'"*°(1, A[*) at any
multiplicity (possibly involving Gj; in the integrand) yield o/-expansions with Q-linear as
opposed to Q[(27i)~!]-linear combinations of MZVs in their coefficients.

At the leading orders in o/, (5.56) amounts to

4 4
2 T CQ 2 : C?) Z :
A€Ss 1<i<y 1<i<y

C3 14
+ Z(512813823+812514524+813814534+523824834) +O0(a).

This is in fact the 7 — ioo degeneration of the simplest A-cycle graph functions which
are generated by the component integral > ,. Ss Z(T0 0 0)(1, Al1,2,3,4). We have checked the

,52,



differential-equation method to reproduce the simplest example of four-point A-cycle graph
functions [81]

Aijra() = 300D 20000 (L AIL2,3,4) | e e (5.58)
AeS3
namely
1
Ap11(7) = §C4 + 960¢270(6,0,0,0[7) — 8407(8,0,0,0|7) . (5.59)

It will be shown in appendix F that the coefficients in the g-expansion of A-cycle graph func-
tions at any multiplicity are Q-linear as opposed to Q[(27i)~!]-linear combinations of MZVs.

Four-point one-loop amplitudes with half- or quarter-maximal spacetime supersymmetry
involve moduli-space integrals over f-(-Q) and fi(jl) Zﬁé) [54, 55]. Hence, their o/-expansions

1,
will require the on-shell limit of Z7. (1,2,3,4]|1,b9,b3,4) and Z7. (1,2,3,4|1, b9, b3, 4)

(2,0,0) (1,0,1)
Wilth (1172, b3) € Sz, which afldrizss the cyclically inequivalent integrands fl(g)7 1(?7 S 1%)f éi) and
f1(3) f2(4). Integrals over f1(2) f2(3) with overlapping labels again follow from Fay relations and
integration by parts.

6 Non-planar genus-one integrals at the cusp

We shall now extend the above discussion of initial values Z%.OO (A]*) associated with planar
integration cycles C(A) to non-planar ones C(g). The o/-dependence of the desired initial
values Z%OO (g %) will be shown to reside in products 1'**¢(P|*)I"***(Q|*) of lower-multiplicity
integrals (5.18) that boil down to products of disk integrals by virtue of (5.29).

One of the main reasons for this simplified o/-dependence is the factorization of the

degenerate Koba—Nielsen on a non-planar cycle into
KNY3 ‘C(C]g) = (KN5° |C(P)) x (K ZCSO |C(Q))’ (6.1)

see (5.2) for the degeneration of the planar Koba—Nielsen factors on the right-hand side. This
factorization follows from (3.20) and can be intuitively understood from figure 1: The cylinder
worldsheet becomes infinitely long as 7 — ioo, so its boundaries decouple in this limit and
give rise to separate Koba—Nielsen factors.

6.1 General result

The combinations and coefficients of I'"®¢(P|*)I*"*(Q|*) in the initial values Z%.OO(%| %)
can be conveniently described by means of the following notation: For a given integrand
Q(z12,m23..0, T)223, M35 T) -+ - - Q(2p—1,n, M, T) associated with * — 1,2,...,n, we define
the following collection of integrated punctures z; such that both z;_; and z; belong to the
same boundary:

XBPm={je{2,3,...,n}, j€P A j—1€ P}. (6.2)
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By the parameterization in (4.2), each z;_1 j with j € X}2~"or j € Xg“‘” is real on C(jQD ] *)

Similarly, the complement in the sense of X 2" U Xég"'" U YI%QQ"" ={2,3,...,n} is given by

Y5 ={j€{23,...,n}, EPAj-1€Q) V (j€QAj-1€P)},  (6.3)

such that Imz;_1; = £Im(7/2) V j € Y},QQ"” on C(g] % ). Given that the degeneration
lHm; 00 Q(vij£7/2,m,7) = m does not depend on v;; € R, the factorization (6.1) of the
non-planar Koba—Nielsen factor propagates to

' - , .
Z(91,2,...,n) = ][ - (/C(P)KN}?" I1 Q(Zj—l,jﬂ7j,j+1.‘.mloo)>

(TNii+1..n—1,n)

ZEYI},?QW' jEXllDQ"'”
X </ KNiQOO H Q(Zk—l,k’nk,k—l—l...n’ioo)) dzodzs ... dz,. (6.4)

Once we insert the degeneration (3.16) of the remaining factors €(...), the two decoupled
integrals in the first and second line both follow the degeneration (5.21) in the planar case,

Zi2(Q1,2, ... = .
(B2, ;) H SIn(7N;i41..;n—1,n)

ie)jéij-"
< > (T meottmyginn) ) (P T] G5-15) (6.5)
xn=AuB jEA jeB
ANB=0
X Z ( H 7TCOt(WWk,kH...n))Itree(Q’ H Gr-17) -
Xé;'“”:CUD keC keD
CND=0

For P,Q with one or two elements (say P =i or P =i, j), one can readily simplify (6.5) via,

T(1 - si;
]tree(ill) - 17 ]tree(i7j|(;ij) = 07 ]tree(ivjll) = 444&4444??%12727 (6'6)
[T -3

cf. section 3.4. On these grounds, the non-planar two-point result (3.23) is recovered from
(6.5) with P =1, Q@ = 2 as well as X|* = X} = () and Y{'3 = {2}. For permutations of
the integrand in (6.5), say 2(ze;_ye; Mejejr...en> T) With B = ejez. .. ey, the sets in (6.2) and
(6.3) have to be adjusted to YJ%,QQ“” — Y]EQ and similarly for Xp, Xp,

ZaCIEN | G

Te; e; e )
. E 79€674+1.--€En
ZEY}IQ

x> (TImeot(me, epnnen) ) (P T] Ges_yer) (6.7)

xE=auB j€A JjEB
ANB=0
tree
< 30 (TTmeotmme,enenen) ) I™(@Q1 T] Gep )
xE=cup keC keD
CNnD=0
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In this way, the labels of Ge. | e. and Ge;_| ¢, are contained in the first entry P of Itree(P|x)
and @ of I'"°(Q|x), respectively. Given the general dictionary (5.29) between I"®®(P|-) and
(|P|+2)-point disk integrals, (6.7) reduces the initial values for non-planar cycles C( j‘?, | %) to
products of disk integrals. As an additional simplification in comparison to the planar case,
these disk integrals have multiplicities < max(|P|, |Q|)+2 instead of n+2 = | P|+|Q|+2.

6.2 Three points

At three points, the general prescription (6.7) for non-planar initial values yields the following
two inequivalent cases
72 cot(mn93) n2cot(mnes) T(1 — s12)
. . 2
sin(7n3) sin(mnz)  [D(1 - 212)]
72 72 (1 — s12)

. . Itree 1’2 1) = . . )
sin(7ne3) sin(mn2) (1,2[1) sin(mneg) sin(mn2) [r(1 - %)]2

Zopons (1211,2,3) = 1"e¢(1,21) = (6.8)

, 5 B
Znyins (1211,3,2) =
We have exploited the vanishing of I''*®(1,2|G12), and the o/-expansion of the gamma func-
tions in terms of Riemann zeta values (,;,>2 can be found in (3.32). The o/-expansion of
non-planar A-cycle integrals at three points is completely determined by (4.14) and (6.8). As
before, any order in the o’-expansion of the component integrals

/Z\’T (Z]fj‘l’zg) = q_%(sik"l‘sjk)ZT (Zlf] ’1’2’

(ma,m2) 72,13

3) }(n2+n3)m1‘1ngl271 (6.9)
= qé(siﬁ‘sj’“)/ . dz2dzs FU) (219, 7) F0"2) (293, 7) KN{os
Y]

can be assembled from a finite number of elementary operations. By the extra factor q_é(si”sﬂ“)

in comparison to the planar component integrals (5.40), any o/-order of E(Tml ms) (ij 11,2, 3)
admits a Fourier expansion w.r.t. q.

The component integral 2(7070)( 1?2 1,2, 3) generates non-planar A-cycle graph functions?3

with two and three vertices [81]

Zy (111,2,3) = 14 5 [shaa(r) + (bt sa) Aa(r)] + 5 [T Aa(r) + (5o A ()]
+ s12813523A111(T) + %(912313323(313—1—323)/112(7) + 33%2313323142&(7) (6.10)
+ 5%t 53 Ax(r) Aa(r) + shasta Aa(r)?] + g [shAs(T) + (shysdy) Au()] +O(a’),
and the methods of this work have been used to reproduced all examples of
Aiji(7) = 13RI Z0, ) (15511, 2, 3) |ng5;sz;3 =0, i,jk>1 (6.11)

%1n the graphical notation of [81], the three-vertex graph functions in (6.10) are represented as follows:

Alfl
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computed in [81], namely

A111(r) = —6070(6,0,07) (6.12)

Ao11 (1) = —144¢470(4,0,0,0|7) — 3670(4,4, 0,0|7) 4+ 960¢270(6,0,0,0|7) — 75670(8,0,0,0|7)
A121(7) = —144(470(4,0,0,0|7) — 3670(4,4,0,0|7) — 480¢270(6,0,0,0|7) — 75670(8,0,0,0|7) .

Given that the initial value (6.8) is independent on s13 and sg3, the generating function (6.11)
implies that any non-planar three-vertex graph function vanishes at the cusp,

Ajjp(ico) =0,  i,5,k>1. (6.13)

Both the initial values in (6.8) and the three-point derivations (4.13) are even functions under
(n2,m3) — —(nm2,m3). Hence, any component integral (6.9) with an integrand of odd weight
vanishes at any value of 7,

Z(Tm1,m2)(1?2’1’a2’a3) ‘ =0. (6‘14)

mi1+meo odd

In particular, there are no kinematic poles in the non-planar component integrals Z(Tml ms) (:]),

as one can also see from the absence of I'"*°(x|G;;) in (6.8). The simplest example of a
component integral beyond (6.10) is given by,

> s
Zi0)(1511.2:3) = =26 + 3s1;n0(4lr) — 57 G3 (6.15)
+ 6(8%34-8334-4813823—38%2)C2’}/0(4, 0|T) + 10(8%24-2813823)’}/0(6, 0‘7’) + (’)(0/3) ,
see (5.45) for its planar analogue 2y 0)(1, 2,3]1,2,3).

6.3 Four points

At four points, the general prescription (6.7) for initial values yields

_ 3 COt(ﬂ'n234) COt(ﬂ-TM) Jtree
sin(mn34)

3

sin(7na34) sin(7n24) sin(mwny)
73 cot(mn24)
sin(mnas4) sin(mn2)

Z%oo(ig (1,2[1)1°(3, 4[1)

1,2,3,4)

Zi* (s

1,3,2,4) = I'ree(1,2[1)1"°°(3,4/1) (6.16)

Z%OO(?;;‘ 1,3,4,2) = Itree(1,2[1) 1t (3, 4|1)

in case of a “2+2” cycle C( ’fjl) as well as

Zf7°°(27%4\1,2,3,4) = ){7'(2 cot(mn3q) cot(mng) 177°%(2, 3, 4[1) (6.17)

sin(ﬂn234

+ 7 cot(mn34) 17"°%(2, 3, 4|G34) + 7 cot(mng) 17°°(2, 3, 4|Gag) + I7°¢(2, 3, 4|G23G34)}
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l
i?j7k
integration-by-parts relations (5.35) from the planar three-point case,

in case of a “34+1” cycle C ( ) The latter can be further simplified by importing the

s 2 77-2324 t
] {(71’ cot(mnsq) cot(mna) + 7)1 '°€(2,3,4]1)  (6.18)

SiH(7T’I7234 5234

Zp2(#311,2,3,4) =

+ <7T cot(mnz4) + zﬁw cot(wm))[tree@, 3,4|G34)} .
23

The remaining permutations of the integrands follow from (6.16) upon relabeling in 3 <+ 4 and
from (6.18) upon relabeling 2, 3,4 on the respective right-hand sides. Non-planar component
integrals are defined by

7 (K111,2,3,4) = g~ dabscbsutsngr (kL)1 g 3 )

-1 -1 -1
(m17m2,m3) n2,M3,M4 mi mo n;n3

‘77234 T34

) (i,jl',k 11,2, 3, 4) = q_é(su-i-s]'l-i-su)z—r (z',jl‘,k 1,2,3, 4) ‘

712,713,714 mlyma =l ma =l (6.19)

-
(m1,ma,m3 M234 T34

where the extra factors q_ésif in comparison to the planar component integrals (5.54) ensure
that any o/-order admits a Fourier expansion w.r.t. q.
The on-shell limits (s13, S14, S24, $34) — (—S12—S23, S23, —S12—S23, S12) of the component

~

integrals Z7 enter the four-point one-loop amplitude of the open superstring [102], see

(0,0,0)
the discussion around (5.53) for its planar sector. As we will see, the contributions to the
non-planar amplitude from the cusp can be related to the above initial values:

e Any component integral on the “2+2 cycle” C (‘z’%) is proportional to the universal

factor of
F(l — 312)1“(1 — 834)

(01— 22))*((1 - )

seen in each line of (6.16). In the on-shell limit s34 — s12, this reproduces the 7 — oo

Itree(l, 2’1)Itree(3’ 4‘ 1) —

(6.20)

behavior of the non-planar “2+2 cycle”-amplitude determined in [104]:

tree tree (F(l — 812))2 _ 27512 F(% — %) ’
7R (1, 2] 1) 1% (3, 4[1) — ST <F(1— 352)) (6.21)

~

e On a “3+1 cycle”, component integrals Z

T ( 2,3,4
(m1,ma,m3)\ 1

are determined by the odd part of (6.18) w.r.t. n; — —n; which can be isolated by
discarding I"°¢(2, 3, 4|G34),

3 rtree
oddin T I (2, 3,4’1) So4
ey { cot(mnz4) cot(mny) + —} . (6.22)

*) at even mi+mo+mg € 27

ZE2(*341,2,3,4

(40,2,3,4)|

Hence, the non-planar “341 cycle” amplitude determined by 2{000)(27‘1’74 |1,2,3,4) is

proportional to the on-shell limit of 1*"*¢(2,3,4|1). In order to match the known 7 — ioco

degeneration of the “3+1 cycle” amplitude [103], the on-shell limit s34 — 0 should yield
1 /T (—s93)T(— I'(—s24)T(— I'(—s23)'(—

ee(2, 3, 4[1) — _72( (—s23)0'(—=s34) | T(—524)(=534) | T'(=s23)I( 524))
s F(1—823—834) F(1—524—S34) F(1—823—824)

$234=0

(6.23)
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This is consistent with the o/-orders in (5.38), and it would be interesting to find a
general proof based on the relation (5.33) with five-point disk integrals.

2,3,4
000)( 74 |*) and Z(Tooo
and non-planar A-cycle graph functions [21, 81]. As a consistency check for the differential-

equation method of this work, (4.22) with initial values (6.16) and (6.18) has been verified to
1<4

At generic values of 7, the o/-expansions of Z ( (‘;’g |*) generate planar

reproduce all A-cycle graph functions at the orders of o'=" including the simplest instances

A1111(7) = 240¢270(6, 0,0, 0|7) — 8407(8,0,0,0[7) = A1111(7)
A@(T) = —480C2’70(6,0, 0, 0|7‘) — 840’}/0(8, 0,0, O|7‘) (6.24)

of non-planar four-vertex graph functions

Aijr (1) = 21']'/?'5'2000 (2’ ’4\1,2,3,4)

5335?3.45515112
3,4 _
Ajjra(7) = iGN ZT o ) (311,2,3,4) Goedsk s (6.25)
3,4
Ajra(1) = Zvj'kmz(ooo)(w|1,2,3,4) IR

see (5.58) and (5.59) for their planar counterparts. One can easily check via (2.24) that the
non-planar (n<4)-point A-cycle graph functions in (3.36), (6.12) and (6.25) do not exhibit any
negative powers of 7 in their g-expansion, in lines with the n-point discussion in appendix F.

6.4 Higher points

Non-planar initial values Z%OO( jQD |1,2,...,n) at n>5 points lead to a rapidly growing number
of inequivalent cases. Instead of spelling out an exhaustive list of their reduction to I'*¢¢(-|.),
we content ourselves to representative examples of the general prescription (6.7). At five
points, cycles of “3+2” and “4+1” type give rise to initial values such as

mArtree(1, 3, 5[1)1'¢¢(2,4[1)

sin(mnas4s) sin(mnsas) sin(mnys) sin(wns)
2

ZE°(15511,2,3,4,5) =

7 (6.26)

ZTZTOO ( 172:,3475 |1a 2,3,4, 5) ) {71—2 COt(Wl2345) COt(ﬂ-nn:J)Itree(lv 2,4, 5|1)

sin(7n345) sin(mn45
+7TCOt(7T772345)Itree(1 2 4 5‘G45)+7TCOt(7T775)Itree(1 2 4 5’G12)+Itree(l 2 4 5|G12G45)}

and representative six-point analogues read

e

sin(7r7723456) SiH(7T’I73456) sin(7r7756)
X {7700t(7r77456)1tree(1,3,4|1) v Itree(1,3,4\034)}

100 ( 2,5,6
Z5° (154

[g)

1,2,3,4,5,6) =

X {77 cot (mmg) 17°(2, 5, 6|1) + Ite¢(2, 5, 6|G56)} (6.27)
7.[.4 Itree(g’ 5|1)
sin(7n3456) sin(7mn4s6) sin(7ns6) sin(wng)

x {w cot (mnaas6) 17 (1, 2, 4, 6|1) + It¢¢(1, 2, 4, 6]G12)} .

Z%"O(1246|1 2,3,4,5,6) =
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Note that even the on-shell limit of Z%‘X’( 1 gi ¢ [*) (with nine independent Mandelstam invari-

ants instead of fifteen s;;) requires the full expressions for (1,2, 4, 6|*) in terms of the six
Mandelstam invariants s;; with i,j € {1,2,4,6}. This is a major motivation for performing
the computations in this work without assuming any relations among the s;;. We reiterate
that non-planar Z%oo( g |-) characterized by |P|- and |Q|-point cycles can be reduced to disk
integrals Z'¢¢(-|-) at multiplicities < max(|P|,|Q|)+2 via (5.29).

Higher-point analogues of the component integrals (6.9) and (6.19) can be generated from

Z5(11,2,...,n) (HHq*% ) Z5(21,2,....n), (6.28)

1€EP jEQ

where the extra factors of q_ésiﬂ' ensure that each order in o/ admits a Fourier expansion
w.r.t. g. However, these extra factors modify the differential equation, i.e. the 7-derivative
of 2%(\) can no longer be described by a universal differential operator D as in (1.4): The
cycle-dependent redefinition in (6.28) yields

2mi0, 23 (911, 4) = Y DI po(AIB)Z5 (S, B) (6.29)
BGSn 1

instead of (1.4), with P- and @-dependent modifications in the diagonal entries,

D} po(A|B) = DL(AIB) + 354802 Y . > sij- (6.30)

1€P jeQ

The two-point instance of (6.28) obeys 27id, Z, o (111,2) = 812(%8772 o(n2,7)+C)Z7 (2 (111,2)
with +(o in place of —2(s in (3.9).

7 Formal properties

In this section, we take advantage of the new representations and structures of n-point A-cycle
integrals to derive some of their formal properties.

7.1 Uniform transcendentality

As one of the central results of this work, we can prove on the basis of the differential-equation
method that the o/-expansion of the integrals

/ doadzs ... dzg fi3V f52 f0® T VRN, L myma, e ma 200 (TD)
C(x)
is uniformly transcendental with weight k+mq+meo+...+m,_1 at the order of o ¥ for any

planar or non-planar integration cycle C(P) or C( g ). We will derive the equivalent claim

The o’*-order of the A-cycle integrals Zz(-[-) in (1.1)

7.2
is uniformly transcendental with weight k+n—1. (7.2)
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where the 7); are assigned transcendental weight —1. With this choice, the expansion (3.18)
s
sin(7n)
subsequent derivation of (7.2), it is convenient to introduce the shorthand

of each trigonometric factor mcot(mn) or

carries transcendental weight +1. In the

UE=Y" > [0k kas o kel rglen ek, - - ngen,) (7.3)

for the path-ordered exponential of D in the o/-expansion (1.7) of ZZ(|-), i.e. we will deter-
mine the transcendentality properties of both ingredients on the right-hand side of

ZE (9, A) = > WL(AB)ZE* (%1, B). (7.4)
BeS, 1

e The expressions (5.21) and (6.7) for the initial values Z%OO(A|B) and Z%OO(%B) are
linear or quadratic in 1*"*(+|-). The simplest contributions due to I***®(-|1) with constant
integrand involve Q[(27)~!]-linear combinations of MZVs of overall weight k at the
order of o/*. This follows from (5.27) and the genus-zero result that the combinations
(2mi)i=mZtee(.].) with (n+2)-point disk integrals (1.3) are uniformly transcendental
with weight & at the order of o k (and the same is true for the trigonometric entries of
Ho (A|P)). Any appearance of I'°(:|1) is accompanied by n—1 trigonometric factors

sinETTrn) '
of o/* in the respective contribution to n-point Z%"O.

mcot(mn) or of weight one each, resulting in overall weight k+n—1 at the order

The same transcendentality counting holds in presence of 0 < ¢ < n—1 factors of Gj;
in the integrands of I"°°(-|-): Each insertion of G;; — im sgng in the expansion (5.29)
of I'"®¢(.|-) increases the weight by one, but at the same time suppresses one of the
trigonometric weight-one prefactors, cf. (3.16). This leads to the conclusion that
Initial values Z%OO(|) for planar or non-planar n-point A-cycle integrals

7.5
are uniformly transcendental with weight k+n—1 at the order of o/ k (7.5)

e For the 7-dependent factor of WZ(A|B) in (7.4), the transcendentality properties are
determined by the combinations of y(k1, ka2, ..., k:|T)r;(ex, €k, _; - - . €xo€x,) in (7.3). The
transcendental weight of the above iterated Eisenstein integral is ki+ko+...+k.—r,
see section 2.4, and the accompanying derivations are of homogeneity degree rj(ex;) ~
qunkj_Q if k; > 0. The exceptional term 2(3512..., in rﬁ(eo) follows the same transcen-
dentality counting as its remaining terms ~ sijn_Q or sl-jag.

Hence, each product v(ki, ko, ..., k.|T)rg(ep, €k, _, ... €xy€x, ) contributes transcendental
weight k1+ko+ ... +k.—r and 2r—ky—ko— ... —k, from the iterated Eisenstein integrals
and the derivations, respectively. The combined transcendental weight r matches the
order of o/ due to the linearity of each rﬁ(ekag) in s;;. As a result,

The path-ordered exponentials W7 in (7.3) are uni-

formly transcendental with weight k at the order of o k

(7.6)
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Uniform transcendentality (7.2) of the A-cycle integrals follows from combining the obser-
vations (7.5) and (7.6) on the two ingredients in their o’-expansion (7.4). Therefore, by
isolating the coefficient of H?;ll njmle_ ln in Z%(*\l,Q, ...,n), the o/-expansion of the inte-
gral (7.1) over fl(gm) 2(?2) . fr(ffi‘;;) is shown to be uniformly transcendental with weight

k+mi+mao+ ... +my,_1 at the order of ok,

7.2 Coaction

As will be shown in this section, A-cycle integrals and in particular their 7-dependent building
blocks \Il% in (7.4) are preserved under the coaction. This generalizes the behavior of N-point
disk integrals (1.3): The result of applying the motivic coaction A [28, 29, 31, 32] order by
order to the MZVs in the o/-expansion can be resumed to [4, 30]

AZtree(A‘B) _ Z SO(C«|D)Ztree(A|17 C, N, N—l) &® Zgiee(l, D, N—l,N|B)7 (77)
C,DGSNfg

where Sp(C|D) is a local representation®* of the (N—3)! x (N —3)! KLT matrix in field theory
[87, 105, 106] and A, B € Sy. Generalizations of the coaction formula to genus-zero integrals
with additional fixed punctures have been recently studied in a physics context of Feynman
integrals [107-110] and a mathematics context of Lauricella hypergeometric functions [111].

In view of the unsettled transcendentality properties of MZVs, only their motivic versions
allow for a well-defined coaction. Motivic MZVs (5} |, are objects in algebraic geometry
whose elaborate definition can for instance be found in [7, 29, 31, 32]. All the Q-relations
known from MZVS (y, ny....m, (see e.g. [112, 113]) by definition hold for motivic MZVs, and
(7.7) is understood to apply to the motivic version of disk integrals, where all the MZVs in
their a/-expansion are replaced by the respective ¢, .

The subscript o in the second factor on the right-hand side of (7.7) instructs to replace

or
n1,M2,...,7

each MZV in the o’-expansion by the associated de Rham period _. Loosely speaking,
the net effect of passing to de Rham periods is to mod out by (2 or (', see e.g. [33] for the
mathematical background.
The genus-one analogue of (7.7) is based on the following coaction of iterated Eisenstein
integrals [33, 34]:
T

A’Y(k;h kQa ceey kT|7—) = Z’y(kjla k;27 sy k]|7-) ® 6[7(]{?]+1, sy kr’T)] . (78)
=0

In the same way as the second entry of the motivic coaction of MZVs involves de Rham
periods, the iterated Eisenstein integrals in the second entry of (7.8) are replaced by abstract

symbols
dr dr dr
Gkk...krz——,ef——_GT’..——,GT 7.9
(k1 ko blr)] = [ 5 56 ()| —5 =G| - [~ 2G|, (79)
24 At four and five points, for instance, the KLT matrix is a scalar Sg(2[2) = —s12 and a 2 X 2 matrix with

entries such as S0(23]23) = s12(s13+s23) and So(23|32) = s12813, respectively.
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which leads to examples like A(T) = 7® 1+ 1® [d7] or Ay(k|7) = y(k|7) @1 +1® [~975].

211

When applying (7.8) to each term in the o/-expansion of (7.3), we obtain

AVT(A|B) = Z E H i—1) ri(ep, €p,_y - €€y ) A

x>k ko, k) @ Sy (kg - K| )] (7.10)
§=0
Z Z Tﬁ(Gk,« . 6k26k1 Z Z Ggs e 652651)03
=0 k1,k9,s k, CeSp_1 s=0 £1,09,..
= ,4,6, 7046,8,...
X H(ﬁj—l)’y(gl,gg,.. € ‘T ®H klak% . ,kr"]’)].
j=1

Since both entries of the tensor product can be recombined to the series-representation of \IJ:T,
one may compactly rewrite (7.10) as

AV(AB) = 3 WHC|B) @ &[WHA|C)]. (7.11)
ceSn—1

The notation <\I_17T7 indicates that the derivations in the second entry (in particular the 0y,
in the entries of 7;(eg)) act from the left on the derivations in the first entry. This reflects
the relative positions of the r(ex, ... €x,)a” and r(er, ... €7, )c® in (7.10). The order of the
derivations within Eg is unchanged in comparison to \Il%

The coaction of the full A-cycle integrals (7.4) requires an extension of (7.11) to also
incorporate the MZVs of the initial values Z%OO(|) In the planar case, their decomposition
(5.1) into disk integrals and the genus-zero coaction (7.7) imply a result of the schematic form

AZP(LALP) = > TyB|C)ZE°(1,A1,B) ® Zi%.(1,C|1,P). (7.12)
B,CeSn—1
The (n—1)! x (n—1)! matrix T3(B|C) may be reconstructed from the KLT matrix Sy as well
as the objects Hq/, i in (5.1). It depends on 7;,s;; and does not affect the second entry
through its coaction ATy(B|C) = T(B|C) ® 1 since it comprises no MZVs other than powers
of . On these grounds, one can combine (7.11) and (7.12) to find

AZE(1,A[LB) = Y AWL(BIC)-AZF*(1,A]1,C)

CeSn-1

= Y VHDIOTHEIF)ZF (1 AlL E)o e[ 7(BID)| Z35.(1, F|1,C)
C,D,E,FeSn_1

= Z VL(D|C)T7(E|F)[YL(E|G) ' Z5(1, A|1, G)] (7.13)

C,D,E,F.GESy—1
<_
® [V L(B|D)| Zs5.(1,F|1,C),

7,0t
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where the inverse (\IJ%)_1 of the path-ordered exponential features an expansion with alter-
nating signs (—1)" and a reversed order of composing the derivations in comparison to \11:7:

vz AB) " =31 S TT=D Ak ko kel r)rg(en ey e )a” . (T.14)
r=0 k1,ko, ke j=1
=0,4,6,8,...

The derivations in the object & [<\I_/:7(B]D)] in the second entry of (7.13) are understood to act
from the left on all the functions of 7; in the first entry as well as Zi% (1, F'|1, C) in the second
entry. Similarly, the derivations in WZ(D|C) act on all the n; in T7(E|F), Z;7 (1, F|1,C) and
Z:°(1, AL, E) (or equivalently > ceg, | W%(E]G)_IZ%(L All,G)). However, as indicated by
[...] in the third line of (7.13), the scope of the derivations in \IJ%(E]G)_1 is limited to the
factor Z%(1, A|1, G) enclosed by the bracket.

As a bottom line of (7.13), the coaction of the planar A-cycle integral Zz(1, A[1, B) is
expressible via linear operations acting on an (n—1)! basis of A-cycle integrals Z%(l, All, G),
G € S,—1 with the same integration cycle C(1, A). Said linear operations include infinite
series in y(k1, ..., k.|7) and n;-derivatives that enter through the factor of W7 and its inverse.

The same kind of conclusion holds for the coaction of non-planar A-cycle integrals
Z%(f_?,]) Given that the initial values Z%Oo(g]) are expressible via products of disk inte-
grals, see (6.7) and (5.29), their coaction is still determined by (7.7). With a bit of additional
bookkeeping effort to track the information of P and @, one can adjust the details of (7.12)
and (7.13) to the non-planar setting.

8 Conclusions

In this work, we have studied iterated integrals over A-cycles on a torus that generate the
contributions of a cylinder or M6bius-strip surface to n-point one-loop open-string amplitudes.
These A-cycle integrals were shown to satisfy linear and homogeneous first-order differential
equations w.r.t. the modular parameter 7. Moreover, their degeneration as 7 — t00 is reduced
to explicitly known combinations of genus-zero integrals from open-string tree amplitudes.

The solution to this initial-value problem via standard Picard iteration exposes the struc-
ture of the o/-expansion of the A-cycle integrals, see (1.7): Any order in ' is expressible via
iterated Eisenstein integrals and MZVs whose composition follows from elementary opera-
tions — matrix multiplications and differentiation in auxiliary variables ;. Then, by isolating
specific orders in the Laurent expansion w.r.t. 12,73, ..., 7., one recovers the o/-expansions
relevant to one-loop open-string amplitudes.

The form of the differential equations is universal to any integration cycle in planar- and
non-planar one-loop amplitudes and shared by the A-cycle component of the elliptic KZB
associator [36-38]. The differential equations of n-point A-cycle integrals induce conjectural
(n—1)! x (n—1)! matrix representations of Tsunogai’s derivations [39], reflecting the fact that
the iterated Eisenstein integrals in the a/-expansion correspond to eMZVs [20, 22, 25]. In
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particular, the appearance of twisted eMZVs in the o/-expansion of non-planar cylinder inte-
grals [21] is completely bypassed, corroborating and generalizing the four-point observations
of the reference.

The homogeneity of the differential equations is tied to considering a collection of (n—1)!
Kronecker—Eisenstein-type integrands. The latter are believed to span the twisted cohomology
at genus one, i.e. to generalize the basis of (n—3)! Parke-Taylor factors for the integration-
by-parts inequivalent genus-zero integrands [40]. Accordingly, the A-cycle integrals Z%(\)
are proposed to be the genus-one generalization of the disk- or Z-integrals that are universal
to open-string tree amplitudes [41-44]. The o/-expansion of Z-integrals at genus zero can
be interpreted in terms of effective-field-theory amplitudes of (bi-)colored scalars [99, 114]
and allows for Berends—Giele recursions [24]. Hence, it would be interesting to investigate a
genus-one echo of these features at the level of A-cycle integrals ZZ(-[-).

The differential equations of A-cycle integrals presented in this work suggest a variety of
follow-up investigations:

e The techniques of this work call for an extension to closed strings. As will be demon-
strated elsewhere [115], similar methods can be used to derive Cauchy-Riemann and
Laplace equations for modular graph forms (see e.g. [92, 116-120]) at the level of gen-
erating series. Closed-string differential equations of this type should harbor valuable
input on relations between open- and closed-string one loop amplitudes through an el-
liptic single-valued map [50, 81, 94]. These research directions are hoped to clarify the
role the non-holomorphic modular forms and single-valued iterated Eisenstein integrals
of Brown [121, 122] in closed-string «/-expansions.

e The solution (1.7) to the differential equations of A-cycle integrals only depends on the
integration cycle through the initial value at 7 — ico. Hence, relations between A-cycle
integrals for different planar and non-planar orderings should be encoded in the genus-
zero information at the cusp. It would be interesting connect the monodromy relations
among open-string tree-level amplitudes [88, 89] with their loop-level extensions [104,
123] along these lines.

e In the final expressions for one-loop open-string amplitudes, A-cycle integrals are inte-
grated over the modular parameter 7, at least at the level of individual orders in their
expansion w.r.t. ;. The differential equations in this work should be instrumental for
performing the desired 7-integrals, for instance by identifying various contributions as
total derivatives in 7. Also, it would be interesting to relate techniques for 7-integrations
in open-string amplitudes with recent progress on the closed-string side [51, 91, 116, 124].

e The strategy of this work to infer o/-expansions from the solution of an initial-value
problem should be universally applicable at various genera. Similar linear and homo-
geneous differential equations in the complex-structure moduli are expected to yield
recursions for moduli-space integrals in string amplitudes w.r.t. the loop order. This
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is analogous to the recursions for disk integrals w.r.t. the number of legs that descend
from KZ equations in a puncture on a genus-zero surface [5].

At genus two, for instance, a promising intermediate goal is to find differential equations
for moduli-space integrals w.r.t. off-diagonal entry of the 2 x 2 period matrix. The
separating degeneration of the surface could then provide an initial value, where the
dependence on the diagonal entries of the period matrix enter via products of genus-
one integrals. We hope that these directions contribute to understanding the structure
& explicit examples of o’-expansions beyond one loop and to advancing the study of
modular graph functions at higher genus [125, 126].
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A Resolving cycles of Kronecker—Eisenstein series

This appendix is dedicated to a series of lemmata to simplify cyclic products of Kronecker—
Eisenstein series. Many steps in the subsequent calculations are based on the meromorphic
Kronecker—Fisenstein series

01(0,7)01(z +n,T)
91 (Z7 7—)01 (77) T) ’

which does not share the double-periodicity of its non-holomorphic counterpart (2.2). Its

F(z,n,1)= (A1)

expansion coefficient at the order of 7° is denoted by ¢™)(z,7) and satisfies
g(l)<zu T) = az lOg 61(27 7—) ) azg(l)(z’ 7—) - _@(Z, T) - GQ(T) : <A2)

A.1 Two points

We start by proving the two-point identity®® (3.5) which plays a key role in the derivation
of the differential equation (3.9) of two-point A-cycle integrals. The starting point is the

25This identity is equivalent to the identities (3.3) from [79] and (20) from [22].

,65,



following version of the Fay identity (2.6):
F(2127 12, T)F(z21+€a 57 T) = F(€7 12, T)F<221+€7 é-_7727 T) + F(€7 fv T)F(2127 772_€7 T) : <A3)

Then, we evaluate the limit ¢ — 0 based on F(e,n,7) = % + gW(n,7) + O(e), where
%F(zm—i-s, £—m,7) introduces the z-derivative 0, F(221,£—n2) at the zero" order in e:

F(Z12>n277-)F(2217£77_) = F(2127772_£77-) (g(l)(g’,r) - g<1)(77277_)) + azF(2217£_772)' (A4)

The next step is to apply the differential operator (9,, + 0¢) to both sides, which does not
affect functions of 7,—¢ and only needs to be applied to the g(!):

(O, + O¢) F (212,72, T) F(221,€,7) = (9(n2,7) — 9(&, 7)) F (212, 12—E, 7) - (A.5)

Note the cancellation of G from (9, +0¢) (g™ (&, 7)—g ™V (n2, 7)) = p(n2, T)—p(&, 7), cf. (A.2).
Finally, we arrive at (3.5) by multiplying both sides of (A.5) by exp(2mi(n,—&)2212). This ex-

Im~
ponential commutes with (J;,40¢) and promotes all instances of the meromorphic Kronecker—

Eisenstein series (A.1) to the doubly-periodic one (2.2).
When applied to (3.7), corollaries of (A.5) include f12) 2 _ 9 fl(g) fl(;) =3Gy — 2 fl(;l) as
well as

113 113 = 3115 £y = 3G sl 5113

11 £l = 4113 £y = 3G sy +5G — oy (A.6)
fl(g)fl(2 5f12 f12 = 3G4f12 + 5G6f12 - 14f(7)

f1(g)f1(2 - 6f12 f12 = 3G4f12 + 5G6f12 +7Gs — 20]01@

and more generally (n € Np)

n+2

n n n 1 n

1 1 =iy = Y )G T - S D) £ (AT
k=4

A.2 Three points

The identity (A.4) to resolve a two-cycle of Kronecker—Eisenstein series can be generalized
to longer cycles of the form F(z12, 81, 7)F(223, B2, T) . .. F(2n—1m, Bn—1,T)F(2n,1,&, 7). Three-
cycles can be reduced to (A.4) by applying the Fay identity (2.6) in a first step,

F(z12,P1,7)F (223, B2, T)F(231,&, T) (A.8)
= [F(z13, B1,7)F (223, Bo—B1,T) + F (213, B2, 7) F (212, B1— P2, 7)| F(231,€,7)
= F(z23, 21, 7) [F (213, 1=, 7) (9 (€, 7) — ¢V (BL 7)) + 0. F (231, 6]
+ F(z12, 81— P2, ) [F (213, B2—6,7) (gD (&, 7) — g (B2, 7)) + 0. F (231, 6 Ba)] -
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When acting with (9, +03,40¢), the contributions from 0, F(...) again vanish:

(08, + 0p, + O0¢)F (212, 1, 7)F (223, B2, T) F(231,€,7) (A.9)
= F(213, 1=, 7)F (223, B2— b1, 7) (9(B1, 7) — 9(&,7))
+ F(212, Bi—Pa, ) F (213, Ba—¢,7) (0( B2, 7) — 0(&, 7))
= —p(b1,7)F (223, B2—P1,7) F (231, 1, T)
— (B2, T)F (212, B1— B2, 7)F (231, B2, T)
— (&, ) F (212, B1—&, T) F (223, Ba—E, T) -

The Fay identity has been used in the last step to manifest the cyclic symmetry of the

result under simultaneous exchange of z; and (i, (2,£. Multiplication of both sides by
271

exp(ImT(Blzlg + Poz23 + £231)) which is inert under the combination 0g, +0p,+0: replaces
the F'(...) in (A.9) by €(...) and implies the lemma (4.6).

A.3 Higher points

The methods of the previous subsections can be straightforwardly uplifted to simplify the
four-cycle analogue of (A.9),

(Op, + O, + Op; + O¢) F (212, B1, T) F (223, B2, ) F' (234, B3, ) F'(241, €, 7) (A.10)
= —p(B1, 7)F (223, B2—B1, T) F' (234, B3—P1, T) F (241, =1, T)
— (B2, T)F (212, Br—P2, T) F (234, B3— B2, T) F (241, §— P2, T)
— (B3, 7)F (212, B1— B3, 7) F' (223, B2— B3, T) F'(241,§— B3, T)
— (&, T)F (212, B1—&, T) F (223, B2—E, T) F (234, B3—&,T) -
Ii’f:_ (81212 + B2223 + P3234 + £241)), one arrives at the analogous
statement (4.17) for a cycle of Q(...). The same logic can be repeated at higher multiplicity

Upon multiplication by exp(

and is expected to yield the cyclic result

(6g1+652+ ce +85n71+85)F(z12, b1, T)F(Zgg, Ba, 7') c.. F(anl,ru Brn—1, T)F(Znyl, &, 7') (All)

n—1 n—1 n—1
==Y 0B, ) F(2n1,6=85,7) [ [ Fzii1: Bi=Bj,7) — (&, 7) [ [ Flziiv1, Bi=€,7),
j=1 i=1 i=1
it

which is tested up to and including n = 5 and conjectural at n > 6. Note that both sides have
the same poles in &, 81, B2, ..., Bn—1 and monodromies as z; — z;+7. It would be interesting
to prove (A.11) by induction.
[ (Z;:ll Bjzjj+1+ E2n,1)) promotes all the meromor-
phic Kronecker-Eisenstein series in (A.11) to the doubly-periodic ones,

(8/81 +862+ et +8ﬁn—1+8§)ﬂ(2127 517 T)Q(ZQ?,, 525 7-) e Q(anl,nv ﬁnfla T)Q(Zn,l) f? T) (A]'Q)

As before, multiplication by exp(

n—1 n—1 n—1
== Z 0(Bj, 7)(zn,1, =B, T) H Q(zii41, Bi—Bj, 1) — p(&, 7) H Qziit1, 8=, 7).
j=1 i=1 =1

it
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B The non-planar Green function at the cusp

The purpose of this appendix is to justify the regularized value (3.20), i.e. the vanishing of
the non-planar Green function G(v;+7/2,7) at the cusp. In order to do so, we first establish
a result that does not require any regularization:

T

hm g(’l)ij—l-T/Q, T) —— | =0. (Bl)

T—100 4

The vanishing of this limit follows from two observations on the difference G(v;;+7/2,7) — 2T

e Its derivatives (2.16) w.r.t. v; and 7 vanish at the cusp since lim, ;o0 fM(2—7/2,7) = 0
and lim;_, 0 f®)(2—7/2,7) = (5. Hence, the right-hand side of (B.1) must be a constant.

e The representation (2.15) of G(v;j+7/2,7) in terms of elliptic iterated integrals implies
imT

that fol dv; [g(vz-j+7/2, T)— T] = 0, so the constant in the previous step must be zero.

The degeneration of the non-planar Green function itself (rather than G(v;+7/2,7) — “ZT)
can be obtained from the regularized value lim;_,;oo 7 = 0. This choice lines up with the net

g dg1
0 a1

quoted below (2.20). This assigns a vanishing degeneration to both terms in (B.1), and we
arrive at the desired result (3.20).

effect logg = = 2milim,/_;o (7 — 7') of the tangential-base-point regularization [84]

C More on the 7-derivatives of A-cycle integrals

C.1 The 6 x 6 representation of the derivations at four points

In this appendix, we complete the expression (4.20) for the 6 x 6 representation of the deriva-
tions due to the four-point A-cycle integrals in (4.15). While the matrices rj(e234), ri7(e34) and
ri7(es4) can be found in (4.21), we still have to supply the expressions for r;(e23), ri7(e24), rii(e2)
and r5(e3): As one can reconstruct from permutations of (4.19) in 2, 3,4, they are given by

0 0 0 0 0 0
0 0 0 0 0 0
ra(ess) = 0 0 0 0 0 0
0 0 0 0 0 0
S12  S12 —S13 —S13 S12+S24 —S13—S34
—S12 —S12 S13  S13 —S12—S24 S13+534
0 0 0 0 0 0
0 0 0 0 0 0
S12 S12 S12+823 —S14—S34 —S14 —S14
ricas) = —S12 —S12 —S12—523 S14+S34  S14  S14 (1)
0 0 0 0 0 0
0 0 0 0 0 0
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as well as

0 O 0 0 0 0
0 O 0 0 0 0
0 O 0 0 0 0
7",7(62) =
s12 0 s12+823 S12+S23+524 0 0
0 O 0 0 0 0
0 s12 0 0 $12+524 S12+8523+524
0 0 0 0 0 0
513+523 $13+8523+534 s13 0 0 0
0 0 0 0 0 0
ri(es) = 0 0 0 0 0 0 (€.2)
0 0 0 s13 s13+S23+5S34 S13+S34
0 0 0 0 0 0

C.2 The 7-derivative at five points in a 24-element basis

The purpose of this appendix is to give the minimal form of (4.26), where all the integrals
Z%(*]i,j, k,l,m) on the right-hand side are in the 24-element basis with i = 1:

2mid, Z5(%]1,2,3,4,5) ( ZsljaQ Z 515 (D=0, )?

2<7,<]

- 812@(772345,7') — (s13+523)0(1345, T) — (S14+524+534) (a5, T)
— (s15+825+835+545) (15, T) — 2(2812345) Zz(x|1,2,3,4,5)

+ 513 [p(n2345, — (1345, 7)] (Z5(%]1,3,2,4,5) + Z7(+[1,3,4,2,5) + Z%(|1,3,4,5,2))
+524[p(17345, 0(mas, 7)] (Z5(%11,2,4,3,5) + Z7(+[1,2,4,5,3))

—|—835[p(7)45, o(ns, T )] Zz(x[1,2,3,5,4)

+ 514 [@(77345, (12315, )] (Z5(+[1,4,3,2,5) + Z5(x[1,4,3,5,2) + Z5(x[1,4,5,3,2))
+ s14[p(0345, 7) — (045, 7)| (Z5(%[1,2,4,3,5) + Z7(+(1,2,4,5,3) (C.3)

+ Z5(%11,4,2,3,5) + Z%(+[1,4,2,5,3) + ZF(%[1,4,5,2,3))

+525[p(7745,7 ©(n345, )]Z%(*|1,2,5,4,3)

+ 595 [(n45, 7) — (05, 7)] (27 (1, 2,3,5,4) + Z%(%[1,2,5,3,4))

+ 515 (912345, T) — (11345, 7) | Z7 (%1, 5,4, 3,2)

+ 515 [(n45, 7) — (0345, 7)] (25 (%]1,2,5,4,3) + ZF(¥]1,5,2,4,3) + Z7(+[1,5,4,2,3))
+ 51595, 7) — (05, 7)] (25 (+[1,2,3,5,4) + ZF(%[1,2,5,3,4) + Z%([1,5,2,3,4)) .
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D Transformation matrices between twisted cycles

In this appendix, we give more details on the transformation matrices H,(A|B) between
planar genus-one cycles and disk orderings Dp in (5.4). We follow the slightly abusive notation
in the main text and relate twisted cycles without explicitly referring to the degenerate Koba—
Nielsen factor (5.2).

D.1 Four-point example

Given the definition of Hy/(+|-) via C(1,A) = > pcs | Ho(A|B)Dp, the four-point relation
(5.6) allows to read off

Hor(2,3,4(2,3,4) = 2isin (T (s10saatsa0) ) € T
Hor(2,3,4)3,2,4) = —2isin (%(313+323+s34)) o iZ (=12 s14—s24)
Hor(2,3,4]3,4,2) = —2isin <727(313+323+334)) T syptsrata) (0.1)
Hor(2,3,4/4,3,2) = 2isin (g(314+324+334)> -
Hor(2,3,412,4,3) = Hor(2,3,4]4,2,3) = 0.

The remaining rows of M,/ (A|B) are obtained by relabeling 2,3,4 in s;;, A and B.

D.2 Weighted combinations

Depending on the number of G;; insertions in the integrands of (5.29), one encounters com-
binations Hy (A|B) + H (A B) with the reversed genus-one cycle C(1, A'). The weighted
three-point cycles are related by

~[e(1,2,3) +€(1,3,2)] = —Z[Sin (g(s12+823)> sin (g813>D23 r2 3)}

N =D =

[€(1,2,3) — C(1,3,2)] = 2i [sin (g(512+523)) cos (gslg)pgg 2o 3)} , (D.2)

and the analogous four-point identity is

1
s[C(1,2,3,4)+¢(1,4,3,2)] = 22[51n (g 312+323+324)) cos (g$134)D234
T T
— sin (5 S$13+823+834 ) CcoSs (5 812+814_824))D324
T T
— sin (5 S$13+823+834 ) CcoSs (5 812+814+824))D342
T T
+ sin (5(8144-8244-834 ) cos (58123) 77432}
1
5[6(1,2,3,4) —C(l,4,3,2)] [sm (g 812+823+824)> sin (28134)D234 (DS)
T LT
— sin (5(8134-8234-834)) sin (5(—812-1—814—824))17324
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. (T LT
— sin (5(8134-8234-834)) sin (5(—812-1—814-1—824))17342
. (T LT
— sin (5(314"‘324“‘334)) sin (58123) D432:| .

The corresponding entries of H,/(A|B) can be read off by matching these expressions with

C(1,A) =3 ges, , Ho(A|B)Dp, e.g.

[Hor(2,3]2,3) + Har (3,2]2,3)] = —2sin (g(slerng)) sin (gslg)

N =N =

[Hor(2,3]2,3) — Hor (3,2]2,3)] = 2isin (g(slg+823)> cos (gslg) . (D.4)

E Examples of o/-expansions

E.1 Three points: integrating fl(é)fég)

Among the three-point component integrals (5.40) over fl(gm) f2(gn2), examples of their o/-
expansions at (my,ma) = (0,0),(2,0),(3,3) and (1,0) have been given in (5.41), (5.45) and
(5.46). The following «'-expansion at (m1,m2) = (1,3) contains further examples of irre-
ducible iterated Eisenstein integrals at depth two such as (4,4, 0|7) and ~(4, 6,0|7):

)
Z1.3)(1,2.3]1,2,8) = s13 (6¢10(417) — S70(6]7))
9 63
+ 813(812-1-813)( — 36¢470(4,0[7) — 570(4,4]7-) + 60(270(6,0|7) — 370(8, 0|T)>

+ {2 (ot statsda) o (in) — 2 (shybstyt k)0 6lr)
+ 9(36535—42519513+36575— 31512503 — 31513593 —34533) C6Y0(4, 0, 0|7)
— 30(575125134+28512523 428513523 —5533) C470(6, 0, 0|7)
+ 42(36525418512513+36573+29512523 29513593 — 34533 ) C270(8, 0, 0| 7)
— 9(905%,+21512513+90573+59519593+59513523—85533)70(10, 0, 0| 7) (E.1)
+18(sTy 573 +s12523+513503—553) (270(4, 0, 4|7)

+ 18(65%2—1—2812513+68%3+3812523+3813$23—88%3)42’70 (4, 4, O|7‘)
15

— 5(9s%2—2312313+9s%3+4312323+4313523—15333)70(6, 4,0|7)

15
— 15(s7o+575+2512523+2513523)70(6, 0, 4| 7) + 3(5%24'5%34'533)70(4, 0,6|7)

15

4
— ?(95%2+4312S13+98%3—|—2512523+2813523—5333)70(4, 6, 0|T)} +0(a")

E.2 Four points: MZVs for the initial values

This appendix contains some further samples of the o/-expansions of I'"¢(1,2, 3, 4|x) with one
or two powers of G;; in the integrand (see (5.52) for I'°¢(1,2,3,4[1) at the orders of o/=?).
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For a given planar integration cycle, there are two cyclically inequivalent representatives to
consider for one and two powers of Gj;:

1 5295 + (514+824)% + 52
17°(1,2,3,4/Ch2) = 5 — + 9( 129+ (1atson)” ¥ 55 2(324—323)) (E-2)
512 8 512
(3 s3 + (S14+S24 3 + 53 + S123(S14+524)834
7< 123 + ) 51324 ( )z _ 3512823 — S13523 + S14523

— 3533 + 3512524 — S13524 + DS14524 + 353, + S23534 — 824834> +0(’®)
r 2
17°(1,2,3,4|G13) = %(514 — S12 — S23 + S34) (E.3)
Cﬁ _9¢2 2 _ a2
+ 3 3812 3812813 + 3813514 + 3514 4812823 3813823 3823 + S12824

2 13
— 514524 + 523524 + 3513534 + 4514534 — S24534 + 3334> + O(a™)

1 2
Itree(l’ 2’ 3’ 4|G12G34) — + 9 51234 (E4)
512834 4 s12534
53 $13+514)(823+s $13+823)(S14t+8
C3< 1934 +( 13+514) (s23+524) i (s13+523) (S14+524) +814+823) —I—(’)(o/2)
4 \s19834 534 512
177°¢(1,2,3,4|G13Go4) = %(512 — 514 — s23+ s34) + O(?). (E-5)

Integrands G;;Gj;, with overlapping labels ¢, j, k can be reduced to non-overlapping cases via
integration by parts (5.50). They exhibit three-particle poles sl_ﬂlg as for instance seen in

1 2
7% (1,2, 3, 4|Gh1aGiy) —  G2s23 N G2 (s123+814+524+534) n (3513523
s125123  Si23 4 5125123 $123
S$123+S14+S894+S 2 S$14-+5924)8
_i_@( 123+S14+524+534) n (3(S14+524)534 C3 (524 523) + O(a?). (E.6)
4 5125123 4512

F Fourier expansion of A-cycle graph functions

In this appendix, we demonstrate on the basis of the conjecture (5.17) that the coefficients in
the g-expansion of planar and non-planar A-cycle graph functions are Q-linear as opposed to
Q[(27i)~!]-linear combinations of MZVs. By their definition in [81], A-cycle graph functions
are symmetrized integrals H;L:Q fol dw; over products of the planar Green functions G(v;;, 7) in
(2.14) and non-planar Green functions G(v;;+7/2,7) — 2T without the additive T in (2.15).
This definition implies that they are expressible in terms of Q-linear comblnatlons of A-cycle
eMZVs and their twisted counterparts. However, the g-expansion of generic (twisted) eMZVs
may involve inverse powers of , so it remains to show that A-cycle graph functions only
realize those combinations of (twisted) eMZVs, where negative powers of 7 drop out. The
subsequent arguments are tailored to ¢ punctures on the A-cycle and n—¢ punctures on its
displacement by 7/2.

In this work, A-cycle graph functions are generated from the njl_”—order of symmetrized

A-cycle integrals 3 peg, | 2oges, , , Zi(] A Q 5 |*), which does not depend on the choice of the
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integrand *. We will proceed in three steps and establish the absence of negative powers of
7 first for the symmetrizations ) g 1"*°(1, A|-), then for the initial values Z%OO of the
above generating series and finally for the entire g-dependence of A-cycle graph functions.

e The absence of 77! in the symmetrization of I"*®(1, A|-) can be understood from (5.29):

)lfn

Its prefactor (i is compensated by the symmetrization in }_ . Har(A|P) that

us

2
powers of 7 in its o/-expansion. The appearance of the sine functions follows from the

yields n—1 sine factors of the schematic form sin( Zj sij) and therefore n—1 overall

relation (5.17) between twisted cycles which is conjectural at n > 6.

e The initial values Y pcg, D 0cs. , , Z%OO( ’fg |x) relevant for A-cycle graph functions
boil down to products of symmetrized I'"*¢(1, A|-) by (6.7). These products do not
involve any inverse powers of m by the previous step, and their coefficients are built

from m cot(7n) and smzriwr]) (with 7 referring to generic sums of 12,13, ..., 7).

Whenever the integrands of the I'"*°(1, A|-) in (6.7) involve k powers of G;; in total,
then the number of trigonometric factors is n—1—k, and they have an expansion of the
form pFt+1i—n > peo cp(mn)P with ¢, € Q, see (3.18). Since each Gjy; in the integrand of
I***¢(1, A]-) introduces an extra power of im by (5.29), the counting of relative powers
of 7 and 7 in the entire initial value is governed by the k = 0 case: The o/-expansion of
D PeS, 1 2-QES, 41 Z%"O(’f:g |*) has the schematic form of n!—" > o Ep(mn)P, ép € Q,
multiplying series in o/ with Q-linear combinations of MZVs from the symmetrized 1.

e A-cycle graph functions arise from the n'~"-order of the full 7-dependent Z%(|) upon
symmetrization. It remains to check that the operator W7 defined in (7.3) does not intro-
duce any inverse powers of 7 through the ¢ series of y(k1, ko, ...,k |7)ri(ek, - . - €xy€r,)-
The two types of Eisenstein series ¥(...) and 7o(...) are equivalent w.r.t. powers of 7
since all coefficients of ¢° and ¢"=! in Gy, are rational multiples of 7, cf. (2.19). Hence,
the counting of 7 in W7 is captured by replacing v(...) = 70(...) and inserting the
g-expansion (2.24) which determines each Fourier coefficient in ~o(k1, k2, ..., k. |T) to

be a rational multiple of 727 +kithet..+kr

The derivations r(ex) are of homogeneity degree k—2 in 7;, with the exception of the
term 2(25123..n in r7(€o) which can be viewed as introducing an extra power (7n)2.
Hence, each term ~o(k1, k2, ...,k |T)ri(er, - .. €pp€x,) in vz has a homogeneity degree
~ (Wﬁ)_2T+k1+k2+"'+k
in r5(eo).

Contributions with negative powers of 7 (say (7n)~2 due to Yo(4, 0, 0|7)rs(€o€pes)) can

" up to tentative extra factors of (71)? due to the exceptional term

only affect the n'~"-order relevant to A-cycle graph functions if the initial value Zf?oo
contributes with higher orders in 1 as compared to the leading term ~ n'~". As argued
above, the n-dependence of Z%.OO has the schematic form n'=" > o Ep(mn)P with &, € Q.
Hence, any negative power (77)~? due to \II% must be compensated by a positive power
(7n)P from the initial value in order to contribute to the order n'~" relevant to A-cycle
graph functions.
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