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ABSTRACT10

Carbon allotropes such as diamond, nano-tube, Fullerene, and Graphene were discovered and revolutionised material sciences.
These structures have unique translational and rotational symmetries, described by a crystallographic group theory, and the
atoms are arranged at specific rigid positions in 3-dimensional (D) space. Regardless of these exotic molecular structures, the
structures of materials are topologically trivial in a mathematical sense, that their bonds are connected without a link nor a
knot. These days, the progress on the synthetic chemistry is significant to make various topologically non-trivial molecular
structures. Topological molecules (0D) including Trefoil knots, a Hopf-link, a Möbius strip, and Borromean rings, were already
realised. However, their potentially exotic electronic properties have not been sufficiently explored. Here, we propose a new
3D carbon allotrope, named Hopfene, which has periodic arrays of Hopf-links to knit horizontal Graphene sheets into vertical
ones without connecting by σ bonds. We conducted an ab inito band structure calculation using a Density-Functional-Theory
(DFT) for Hopfene, and found that it is well-described by a tight-binding model. We confirmed the original Dirac points of 2D
Graphene were topologically protected upon the introduction of the Hopf links, and low-energy excitations are described by 1D,
2D, and 3D gapless Fermions.

11

Introduction12

Mass of an elementary particle is related to a broken symmetry of a vacuum, and the energy-momentum relationship is linked to13

the symmetries of the vacuum1. In solid state physics, materials with certain symmetries can be designed, and carbon allotropes14

are useful due to their richness in families with various translational and rotational symmetries of crystals, such as a cage15

like a Fullerene2, a tube called a carbon-nano-tube3, 4, and a sheet including a Graphene5–7. However, these materials have16

topologically trivial crystal structures without having a link nor a knot. On the other hand, a lot of synthetic materials have17

non-trivial topological configurations, for example polymers8–10, macromolecules11–14, and proteins15.18

Research areas on topology are spanning from pure mathematics16–19, physics20–25, to chemistry11–15. Mathematicians19

could even classify the shape of our universe18 and proved the Poincaré conjecture successfully19. In condensed-matter20

physics, vortex and anti-vortex pairs in superconductors exhibit unusual topological phase transitions due to their binding21

and dissociations across the transition temperature20, 21. More recently, a topological insulator was proposed theoretically23
22

and discovered experimentally24, which showed insulating character in the bulk regardless of its conducting surface. In these23

materials, quantum states exhibit inherent topological nature20, 21, 23 upon the appropriate choice of materials24. Nontrivial24

topological structures themselves were also chemically synthesised8–15.25

Regardless of these advanced chemistry to synthesise topologically non-trivial materials8–15, the corresponding electronic26

structures of topological carbon allotropes are not examined in great detail. The chemical structures are apparent in real space,27

while the electronic structures can be described in momentum space as band diagrams26. From a quantum-mechanical point of28

views, we expect a duality relationship between real space and momentum space. Our hypothesis is to obtain a non-trivial band29

structure from a chemically non-trivial material. Here, a non-trivial band structure means the existence of a massless dispersion,30

similar to be described by Dirac Fermions4, 27, 28, which can be considered to be generated by magnetic monopoles. A lot of31

efforts are being made to find 3D Dirac fermions29–31, but most of major progress on topological electronic materials in the last32

decade were achieved by investigating band structures of topologically trivial crystalline structures31–35, as evidenced by the33

title of the paper33, as an example, claiming unconventional quasiparticles in conventional crystals. We have no objection of34

these state-of-the-art activities in physics and we have no intention to challenge this paradigm. Nevertheless, we believe it is35

worth for considering chemically non-trivial crystal structures for the possible emergence of non-trivial electronic structures. It36



would be more straightforward to find topologically non-trivial band structures, with the helps of structures, such that it is less37

exciting for physicists. However, we think we do not have to restrict ourselves to investigate conventional crystals, if the purpose38

is innovation to find novel band structures. If we restricted ourselves to investigate materials, which have perfect crystalline39

structures only, Graphene would not be discovered, since the absence of the long-range order in 2D was rather rigorously40

proved theoretically by Mermin-Wager36 and Hohenberg37. It is the existence of a ripple28, which stabilises Graphene at finite41

temperature, such that strictly rigid long-range order as a crystal is absent. Another examples of a successful hypothetical42

model is found in strongly correlated electronic systems38, 39. It was proposed to investigate a tight-binding Hubbard model in43

an infinite dimensional (D = ∞) hypercubic lattice38, which cannot exist in nature. However, the proposed scaling law38 of the44

tight-binding hopping parameter as t→ t∗/
√

D resulted in a simplified Gaussian density of state, while keeping non-trivial45

nature of many-body problems, leading to the great success as a dynamical mean-field theory39.46

Structures47

Topological molecules (0D)48

We have used Chem3D, a molecular editor, for molecular-mechanical simulations, using classical mechanics with empirical49

parameters40. We considered many topological molecules (Figs. 1-2, Supplementary Videos 1 and 2). The most direct50

applications of topological materials would be Nano-Electro-Mechanical-Systems (NEMS)41, towards developing a molecular51

motor and associated advanced chemical technologies11–15, 22. Figure 1a shows an ultimate example of trapped 1 benzene52

molecule using a straight-chain alkane of 1D atomistic carbon atoms connected to a Graphene sheet (Supplementary Video53

1). It is technologically accessible to make such a molecular motor by combining patterning technologies of a free-standing54

Graphene sheet by ion or electron beam irradiations and growth technologies such as Chemical-Vapour-Deposition42. The55

combination is very important to construct a topologically complex structures, because we must close the bond (in this case, the56

benzene ring) without affecting the other bonds (straight-chain). Obviously, larger molecules and wider chain will be more57

suitable to construct a practical NEMS device.58

In order to realise directional rotation of a molecular motor, it is important to control chirality of a molecule. The most59

simplest nontrivial knot is the Trefoil knot, which has a chiral counter part (Fig. 1c). The left (right) Trefoil knot has always left60

(right) spiral circulation as climbing up the strand (Supplementary Video 2). In other words, handedness is memorised in the61

molecule, which will be useful for applications in molecular memories and polarisation rotators. Recently, all-benzene based62

catenane molecules of both left and right handed trefoil knots and and a Hopf-link were successfully achieved43. A completely63

circular molecular ring was also synthesised44.64

It is not possible to memorise the handedness solely by twisting a 1D carbon ring to the left or the right, since it merely65

change the geometry without changing the topology (Fig. 1b). In order to memorise the handedness, we need to lock the66

status of the twisted ring, by inserting the other molecule into the ring and close the bond. Then, we can make left and right67

topological molecules of Whitehead-links, whose handedness will be protected against the deformations of molecules as far as68

the bonds are sustained.69

The situation is slightly changed, if we employ a Graphene nano-ribbon45. Even if it consists of just several benzene70

rings, the ring will define a 2D plane to confine the ribbon so that it is different from a pure 1D chain. As a result, the71

Möbius strip22, 46, 47 can memorise the handedness whether the Graphene nano-ribbons were twisted to the left or the right72

before bonding without using another Graphene nano-ribbon (Fig. 1d). Moreover, the number of twisted rotations is also a73

topologically protected valuable as a winding number, which is also robust against the deformation. We also considered even74

more complex structure such as Borromean rings48, 49 (Fig. 1e). To our surprise, the converged structure is rather beautiful with75

a proper symmetry upon exchanging rings, which was energetically favourable rather than keeping random deformations.76

Besides knots, the simplest nontrivial link is the Hopf-link12, 14–16 (Figs. 2a-2f). We found a benzene ring can sustain its σ77

bonds, while allowing another benzene ring to penetrate without making a proper σ bond. The benzene ring can move freely78

without changing the topology of the Hopf-link, which will be a huge advantage to make flexible devices. However, the bond79

lengths of the benzene-based Hopf-link are significantly expanded, so that the high tensile strains of the order of 20% are80

accumulated (Fig. 2a ). Therefore, it is not possible to introduce 2 benzene rings into 1 ring (Fig. 2b and Supplementary Video81

2). This will certainly limit the use of the benzene-based Hopf-link towards the construction of the 1D chain.82

However, if we use 2 connected benzene rings (Naphthalene, C10H8), we can overcome this problem, since the insertion83

of just 1 benzene ring into the Naphthalene is enough for extending the length of the 1D Carbon-Nano-Chain (Figs. 2c and84

3). We also considered to open-up one of the benzene ring of Naphthalene (Fig. 1 b), which corresponds to use a larger ring85

(Cyclodecapentaene, C10H10) for the Hopf-link (Fig. 2d), whose bonds are significantly relaxed. In the larger ring, we could86

introduce as many as 4 rings (Fig. 2e), so that we can also construct the 2D 4-in-1 Chainmail (Fig. 3c) in addition to a standard87

Chain (Supplementary Fig. 3b).88
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Topological Chains (1D) and Chainmail (2D)89

For the simulations of the rolled Chains (Figs. 3-4) and Chainmail (Fig. 3), we have gradually changed the initial coordination90

of atoms. If we changed the initial condition significantly different from the previously converged geometries, Hopf-links were91

completely broken and the structures were topologically changed. This will also happen in the real situation, where the external92

force exceeded the threshold enough to break one of the σ bonds for the Hopf-links. Conversely, the proposed Chains and93

Chainmail will be topologically robust as far as the σ bonds are maintained. Thus, we expect a topologically flexible material,94

which would be as flexible as a rubber, while it is very stiff as hard as or even harder than a diamond due to its sp2 nature of the95

rings.96

The unique features of these Chains and Chainmail are their flexibility with the rigidity ensured by the σ bonds (Fig. 3 and97

Supplementary Video 3). Our Chains can be aligned to be straight-lines or to be rolled-up without breaking the topological links98

(Fig. 4). The lengths can be changed to be several times, while it will be difficult to change the lengths of Carbon-Nano-Tubes3
99

due to its strong rigidity. The σ bonds using sp2 orbitals are considered to be even stronger than sp3 bonds of diamond, so100

that our chains will be much stronger than flexible polyacetylene50. It is interesting to consider a similarity of our proposed101

Chain to a macroscopic metallic chain and chainmail, against the Fullerene2 to a football. We think that it would not be mere102

coincidence that we came up to the same structure that the human race is already using for a long time. The idea behind the103

football shape would be its high spherical symmetry. It is the compatibility of flexibility with its rigidity why people made a104

chain, by introducing the Hopf-links16 even without being aware of mathematical rigidity. The argument would also be true in105

the molecular level (Fig. 4).106

We have simulated various configurations of Chains by changing the boundary conditions. For example, by introducing a107

twisted boundary conditions between one end of the chain to the other for the 1D Hopf-linked Chain, we could introduce a108

global kink as a form of a soliton, which is a topologically protected excitation (Fig. 4). Upon rotating twice, we found the109

chain was broken due to the high tensile strains accumulated in the Chain (Fig. 4e).110

The chain can memorise the global winding number and the chirality (the left or the right rotation) upon twisting the Chain111

(Fig. 4). This situation is completely different from a 1D atomic chain like a polyacetylene (Fig. 4f), due to its rotational112

symmetry. One might think that polyacetylene would be more tolerant against the rotational disturbance, but no restoration113

force will work to prevent the rotation. On the other hand, the Hopf-linked chain can accumulate the global strain and the114

restoration force will be generated to protect itself against the structural deformation. This would be related to the reason why115

DNA with a double-stranded spiral structure was naturally selected due to its stronger tolerance in a competitive environment.116

The geometrical coordinates of straight and rolled Carbon-Nano-Chains are apparently different, while both structures are117

topologically equivalent. Therefore, we can regard these chains as possessing Topological-Long-Range-Order (TLRO) even118

without having translational nor rotational symmetries. We can construct whole new varieties of materials with TLRO, as119

topological materials, which will not be categorised as a conventional crystal nor a completely-randomised amorphous material.120

Chains and Chainmail are clear examples of topological materials.121

Topological Crystal: Hopfene (3D )122

We have considered various structures, such as topological molecules (0D, Figs. 1-2, Supplementary Videos 1-2), 1D123

Carbon-Nano-Chains (CNC, Figs. 3 and 4, Supplementary Video 3), and 2D Chainmails (Fig. 3). The concept of Topological-124

Long-Range-Order (TLRO) is also applicable to a 3D structure, and the idea of a topological crystal8–10 would be as exciting125

as a time crystal51. We have conceived to the idea of a new 3D carbon allotrope by considering nested structures with126

stacked Graphene sheets both vertically and horizontally, while the intersections of these sheets are made of Hopf-links (Figs.127

5-8, Supplementary Figs. 1-6, and Supplementary Video 4). To our surprise, the optimised structures have almost perfect128

translational symmetries, so that these will be realised as a conventional single crystal.129

We proposed to call this new structure, as Hopfene52, 53, named after a mathematician, Heinz Hopf, because of the130

importance of Hopf-links16 for this crystal. Here, we describe the details of physical and electronic structures of Hopfene.131

Similar to Carbon-Nano-Tubes3, which has a family of allotropes depending on how to roll-up a Graphene sheet, Hopfene also132

has a family depending on how to insert Graphene sheets (Supplementary Figs. 1-6, and Supplementary Video 4). Graphene133

sheets were inserted perpendicular to the other stacks, and it was important to align the directions of the zig-zag edges in134

parallel to match the periodicity of the Graphene lattice (Supplementary Fig. 2). Let’s assume that we inserted the first135

sheet to the bottom available slot, labelled as slot 0 (Supplementary Fig. 2). If we insert next sheets into the most adjacent136

available slot, slot 1, for both horizontal (x) and vertical (y) directions, the structure is called as (1,1) Hopfene (Figs. 5a, 5d, and137

Supplementary Fig. 2). In this case, the adjacent stacks are half-lattice constant shifted (c/2) along zig-zag edge (z) direction,138

so that the stack is called as AB-stack. On the other hand, if we insert Graphene sheets into slot 2, while making the slot 1139

empty, the structure is called as (2,2) Hopfene (Figs. 5b, 5e, and Supplementary Fig. 2). In this case, the nearest adjacent140

sheets are aligned so that the stack is called as AA-stack. We considered more complicated insertions, such as the insertion141

into slot 1 for x-direction, while the insertion along y-direction is from slot 2, whose structure is (1,2) Hopfene (Figs. 5c, 5f,142
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and Supplementary Fig. 3). In general, there exists (n,m) Hopfene, where n and m are integers to describe the insertion of143

Graphene sheets, and if n and m are odd (even), the sheets are AB (AA) stack. If n = m, the Hopfene structure is tetragonal144

with the lattice constants a = b 6= c, while it is orthogonal (a 6= b 6= c) for n 6= m. Therefore, we can recognise rectangular145

holes if we see the structure from the bottom (Fig. 5). These holes would allow carrier doping by intercalation, which may146

lead superconductivity similar to alkali-metal doped Fullerenes54. If n and m are large, the size of the hole will be large, so147

that the Graphene sheets and the crystal itself can be deformed substantially, breaking the translational symmetry. It is also148

expected that the actual experimental structures would be different due to the huge strains accumulated in rings, as theoretically149

predicted in a highly-strained Graphene, which stabilised to be a dimerised Kekulé-like structure55. Even in that case, TLRO150

would be kept as far as σ bonds survived to keep Hopf-links.151

Hopfene is made by stacking two-dimensional (2D) honeycomb lattices, Graphene5–7 sheets, both vertically and horizontally152

with arrays of Hopf-links at intersections (Supplementary Figs. 1-6). The Graphene sheets are aligned parallel to the direction153

along zig-zag edges and perpendicular to the arm-chair edges. In contrast to Carbon-Nano-Tubes (CNTs), for which the154

structures were categorised by the way of rolling up a Graphene sheet, Hopfene is characterised by the way of inserting155

Graphene sheets. In the example of Fig. 5, available slots for Graphene sheets are occupied alternatively by AA-stacking,156

which we refer to as (2,2)-Hopfene. The crystal is tetragonal with the lattice constants of a = b = 3a0 within the x− y plane157

and c =
√

3a0 along z (Figs. 5 (d) and 5 (e)) at the bond length of a0.158

Hopfene was made by preparing AA-stacked Graphene sheets, separated by the distance of the lattice constant of a159

Graphene, which is the adjacent distance between the sides of the ring (Supplementary Figs. 3 and 4). Depending on the160

targeted stacking, described by (n,m) where n and m are integers for the available slots along horizontal (x) and vertical (y)161

directions, the number of inserted Graphene sheets and separations were adjusted. We have prepared the Graphene sheets by162

hands using the GUI (Graphical User Interface) of the software, so that the position and the distance were not perfect. This163

uncertainty resulted in the formation of topological defects in the final structure (Supplementary Fig. 1), but we kept as it164

is to highlight new types of defects without broken bonds. Then, we optimised the structure relying on the algorithm of the165

software to minimise the energy. After the optimisation, for (1,1) Hopfene, AB-stack was automatically chosen for both x and y166

directions by shifting the Graphene sheets with the amount of the half of the lattice constant along z direction, regardless of the167

initial condition of AA-stack. Here, please note that AB-stack of Hopfene is different from AB-stack of Graphite. AB-stack168

of Hopfene means the parallel-shift of the Graphene sheet along the zig-zag edge (Supplementary Fig. 2), while AB-stack169

of Graphite is the parallel-shift along the arm-chair edge, so that the directions are perpendicular to that of Hopfene. The170

process of the convergence of the structure would be similar to the growth process in experiments for the future, so that we171

have recorded as a video (Supplementary Video 4).172

We have examined the stability of (2,2)-Hopfene by a first principle calculation based on a Density-Functional-Theory173

(DFT) using Quantum Espresso56, as shown in Fig. 9. The symmetry of the crystal, required for the ab-initio calculation, is P42174

(space group number 77). We confirmed the existence of the energy minimum as a function of the volume, which suggests that175

(2,2)-Hopfene is thermodynamically stable. The calculated energy and the curve are similar to those calculated for Graphite176

and diamonds57. We admit that simple energetic calculations are not sufficient enough to prove the existence of Hopfene as a177

stable material. Nevertheless, the lattice site of Hopfene does not have to be made of 1 carbon atom, and it could be made of a178

molecule. In fact, similar materials with topologically non-trivial crystal structures were experimentally found in polymers8–10.179

The interwoven honeycomb lattice8 of [Cu2(C4H4N2)3(SiF6)]∞ is very similar to Hopfene with a slightly different crystal180

symmetry58 of I4/mcm due to ligands. For these soft materials, the rigid translational symmetries can be broken due to weak181

Hopf-links, while the topological structures are maintained as long as strong bonds are not broken. The effective tight-binding182

Hamiltonian for these polymers would be similar to that investigated in this study, if the molecular element is regarded as a183

lattice site.184

Results185

Band Structure186

In order to obtain the analytic model for the band structure, we have employed a tight-binding Hamiltonian for (2,2)-Hopfene187

as follows:188

Ĥ = ∑
kσ

ψ̂
†
kσ

(
HG(hAB) HH

H †
H HG(hCD)

)
ψ̂kσ , (1)

where ψ̂
†
kσ

=
(
a†

kσ
,b†

kσ
,c†

kσ
,d†

kσ

)
and ψ̂kσ are creation and annihilation operators for electrons with the momentum k (in units189

2π(a−1,a−1,c−1)) and the spin σ in A-D sublattices. The matrix components in Graphene sheets are190

HG(h) =
(

0 h
h∗ 0

)
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with hAB =−tG(eikxa/3 +2e−ikxa/6 cos(kzc/2)) and hCD =−tG(eikya/3 +2e−ikya/6 cos(kzc/2)). We assumed the nearest neigh-191

bour hopping energy of tG = 2.8 eV within Graphene sheets4, 28. The components for Hopf-links are described by the following192

2×2 matrix193

HH =−tH

(
φ

†
− kx

6
φ ky

3
+φ

†
kx
3

φ− ky
6
+2cos( kzc

2 )φ †
− kx

6
φ− ky

6

)
,

with φk =
(
eika,e−ika

)
. We also assumed the nearest neighbour hopping energy of tG through the Hopf link. By inserting HG194

and HH into Ĥ, we obtain the tight-binding Hamiltonian.195

We confirmed that energy dispersions are the same as those established for Dirac Fermions in Graphene4, 27, 28 in the limit196

of the absence of the Hopf-link transfer, tH→ 0 for both AB and CD Graphene sheets. It is important, however, to note that the197

dispersions are flat along directions perpendicular to Graphene sheets, because the electrons are confined within the Graphene198

sheets without the Hopf-links.199

In this paper, we have considered only nearest neighbour hopping for the simplest structure of AA-stacked (2,2)-Hopfene200

among the family of (m,n)-Hopfene as the first analytic step. In principle, any band structures can be described by a tight-201

binding Hamiltonian, since the Wannier wavefunction forms a complete orthogonal basis, if we consider all higher-order202

hopping matrix elements, ti j
59, where i and j describe the lattice sites. ti j is approximately proportional to the overlap integral,203

such that it decreases exponentially against the distance between i-th and j-th atomic sites. In Graphene, it is established that204

the limitation to the nearest neighbour hopping is a good approximation to describe the low energy excitation near the Dirac205

points4, 28 The nearest neighbour distance in a Graphene sheet is a0, while the next nearest neighbour distance is
√

3a0 ≈ 1.7a0.206

On the other hand, the nearest and the next neighbour distance of a Hopf link are
√

5a0/2 ≈ 1.1a0 and
√

17a0/2 ≈ 2.1a0,207

respectively. Therefore, we think that we can safely neglect the nearest neighbour hopping through Hopf-links. The impact of208

the spin-orbit interaction is also weak.209

The Hamiltonian at each k is described by a 4×4 matrix, such that the system has an SU(2) ⊗ SU(2) symmetry to describe210

electron transfers within and between Graphene sheets. We have diagonalised the matrix to obtain the band dispersions,211

E1(k)-E4(k), which were labelled from 1 to 4, assigned from the lower energies (Figs. 10-11). By the comparison with the the212

first principle DFT calculation40 (Fig. 12), we obtained tH ≈ 1.5±0.5 eV. The tight-binding results could reproduce important213

features such as gapless points and flat-band structures near the Fermi energy, EF=1.1 eV for non-doped Hopfene, and the214

tight-binding model is suitable for the low-energy excitation of Hopfene.215

In Graphene, Dirac points are located at K = (0,−2/3) and K
′
= (0,+2/3), and there are 4 equivalent points at (±1,±1/3)216

due to the symmetry of the 2D honeycomb lattice4. In Hopfene, on the other hand, these 6 gapless points for horizontal217

and vertical Graphene sheets are not equivalent, because these are located in different planes within the first Brillouin zone.218

Consequently, there are 10 gapless points in Hopfene with tH = 0 located at (±1,0,±1/3), (0,±1,±1/3), and (0,0,±2/3). In219

particular, the last points of (0,0,±2/3) are degenerate, because these originate from both horizontal and vertical Graphene220

sheets. In the presence of tH 6= 0, the gapless points will be shifted in k-space, and the slope of the dispersion will be changed,221

but the essential topological feature will remain unchanged.222

The other interesting feature of the band diagram in Hopfene is the emergence of the flat-bands (Fig. 10). At tH = 0, bands223

will not be dispersive along the direction perpendicular to the Graphene sheets (Fig. 10 (a)), and therefore the gapless points will224

become nodal lines (Fig. 11)31. Both gapless points and nodal lines are topologically protected, so that they cannot disappear225

by adiabatic turn-on of tH (Fig. 10 (b)), unless gapless points or nodal lines with opposite geometrical winding numbers would226

be merged, simultaneously, leading to the destruction of apparent monopoles with opposite magnetic charge.227

It was not possible to obtain an analytic solution of Ĥ in general, regardless of its simplicity. Therefore, we have checked228

the weak coupling limit, tH→ 0 at (0,0,2/3), where we obtain229

HG(hAB) ≈ h̄vG(σ1k̃z +σ2kx)

HG(hCD) ≈ h̄vG(σ1k̃z +σ2ky)

HH ≈ (−tH + h̄k̃z)1+
2
3

h̄vH(iσ3(kx− ky)−σ2(kx + ky))

with the velocities of vG = 3tGa0/(2h̄) and vH = 3tHa0/(2h̄) for Graphene and Hopf-links, Dirac constant of h̄, k̃z = kz−2/3,230

the identity matrix 1, and Pauli matrices of σ1, σ2, and σ3. The constant energy of −tH barely shifts the bands by forming231

bonding and anti-bonding states between horizontal and vertical Graphene sheets by Hopf-links, and will not change the232

linearity. The reset of the Hamiltonian can be diagonalised and we obtained the effective Hamiltonian at (0,0,2/3) as233

Ĥeff = h̄∑
kσ

Ψ̂
†
kσ

(vxkxσ1 + vykyσ2 + vzkzσ3)Ψ̂kσ , (2)
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where Ψ̂
†
kσ

=
(
α

†
kσ
,γ†

kσ

)
and Ψ̂kσ are creation and annihilation operators of quasi-particles for the valley and the velocity along234

z was renormalised to vz = (3tG/2+ tH)a0/h̄, while vx = vy = vG. Therefore, the 3D gapless Fermions will be obtained by the235

mixing of 2D Dirac Fermions at the degenerate Dirac point. We also obtained the flat-band, which penetrates the gapless point.236

For a Hopf-link of tH = 1.5 eV, we needed to Ĥ numerically (Figs. 12-15 and Supplementary Video 5). Below, we show the237

dimensional crossover of gapless points realised by complex hybridisations between original linear dispersions and flat bands.238

We assumed that we can control EF by doping metal such as intercalation of alkali-metal into the available slots.239

3D Gapless Fermions240

3D gapless Fermions are characterised by massless linear dispersions along kx, ky, and kz (Figs. 130 (a)-(c)). These were241

located near the degenerate gapless points with the energy of ED =−1.0 eV (Fig. 13). Near ED, the 3D Fermi surfaces should242

be spheroids, as found at EF of -1.2 eV (Fig. 13 (d)) for lower valleys, and they disappeared at ED as we increased EF. They243

appeared again by further increasing EF up to -0.8 eV (Fig. 13 (e)) at the same locations in k-space for higher valleys. We244

checked the linearity of the band diagram at the gapless point by plotting in both kx-ky (Figs. 13 (f) and 13 (g)) and kx-kz (Fig.245

13 (b)) planes, such that the linear bands were formed between E3(k) and E1(k) . It was also found that the flat-band E2(k) is246

penetrating between E3(k) and E1(k), along kx and ky directions, while E2(k) is degenerate with E3(k) along kz (Fig. 13 (c)).247

These features are consistent with the above analytic calculations at the weak Hopf-link limit.248

The gapless points found at k = (0,0,±0.74) accommodate triple point Fermions, recently proposed and discovered by249

many authors32–35. In the present case, the 3-fold degeneracy at each gapless point is originally coming from the sub-lattice250

degree of freedom and the state is described by a pseudo-spin of a Special Unitary group of degree 3, SU(3). We have not251

included the spin-orbit interaction in the present work, because the relativistic interaction is weak in carbon based materials due252

to its light atomic mass of carbon. Therefore, we also have a degeneracy of spin, so that we have total 6-fold degeneracy at253

each gapless point. For the moment, we will not consider the spin degeneracy. This SU(3) symmetry is broken away from254

the gapless point, since the band dispersions are combinations of linear and flat dispersions. The effective Hamiltonian is255

approximately given by256

Ĥeff = ∑
kσ

Ψ̂
†
kσ


E4(k) 0 0 0

0 ED + h̄vzk̃z h̄(vxkx− ivyky) 0
0 h̄(vxkx + ivyky) ED− h̄vzk̃z 0
0 0 0 ED± h̄k̃z

Ψ̂kσ , (3)

where k̃z = kz± 0.74, Ψ̂
†
kσ

=
(
α

†
kσ
,β †

kσ
,γ†

kσ
,δ †

kσ

)
, and Ψ̂kσ are creation and annihilation operators after diagonalisation.257

Therefore, the SU(3) symmetry is reduced down to SU(2)⊗U(1), so that the states are described by the 2-fold degenerate 3D258

Dirac Fermions and the 1-fold Fermions with flat-bands along kx and ky, while the bands are linear along kz. The 3D Dirac259

Fermions2930 are essentially described by the matrix260

H3D = ED + h̄vσ · k̃, (4)

where v≈ vz ≈ vx = vy, σ = (σx,σy,σz), and k̃ = (kx,ky, k̃z).261

2D Gapless Fermions262

At the higher ED = 3.2 eV, we found 2D gapless Fermions at k = (0,0,0.48) (Fig. 14). Near ED, the band structures were263

linear along kx (Fig. 21 (a)) and ky (Fig. 14 (b)) , and it was almost flat along kz (Fig. 14 (c)). Therefore, the confinement along264

kz was weak, and the Fermi surface extended significantly along kz (Figs. 14 (d) and (e)), and the Fermi surface along the kx-ky265

plane were circular, showing 2D characters. These 2D gapless Fermions are similar to those in a Graphene mono-layer. But,266

strictly, in Hopfene, there exists a weak dispersion along kz as well, such that they should be described as quasi-2D, similar267

to strongly correlated materials such as copper-oxide superconductors60, in contrast to the mono-layer of Graphene, where268

complete 2D confinement is achieved.269

These gapless points also accommodate triple point Fermions and has the SU(3) symmetry at ED. The effective Hamiltonian270

is approximately given by271

Ĥeff = ∑
kσ

Ψ̂
†
kσ


ED± h̄vzk̃z h̄(vxkx− ivyky) 0 0

h̄(vxkx + ivyky) ED± h̄vzk̃z 0 0
0 0 ED 0
0 0 0 E1(k)

Ψ̂kσ , (5)

where k̃z = kz±0.48. Therefore, 3-fold degeneracy reduces to 2-fold degeneracy and 1-fold completely flat-band along all272

directions. The 2-fold degenerate bands are described by 2D Dirac Fermions, whose effective Hamiltonian is273

H2D = ED + h̄v(σxkx +σyky)± h̄vk̃z. (6)
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The extra linear dispersion along kz makes the 2D confinement weaker.274

1D Gapless Fermions275

We also found quasi-1D gapless Fermions, due to a flat-band along the kx-ky plane (Figs. 15 (a) and (b)) with a massless276

dispersion along kz (Fig. 15 (c)). At ED = EF = 2.8 eV, the highest energy states will be Fermi points along kz (Figs. 15 (d) and277

(e)) The electronic properties of these states will be quasi-1D. We have 8 different 1D gapless points in the Brillouin zone278

(Figs. 15 (d) and (e)). Generations of these points would be linked to the original gapless points and flat-bands. The gapless279

points of Graphene and Hopf links would survive upon the introduction of the adiabatic turn-on of tH. Suppose we extend280

this linear dispersion from Dirac points to intersect with a flat-band, another gapless points will be generated at the crossing281

points. Generations should accompany both positive and negative topological charges with opposite chiralities31, and thus the282

number of generated gapless points would be even. In our Hopfene, we found huge amounts of gapless points, characterised283

with different dimensionality.284

These gapless points are composed of 2-bands, such that there is SU(2) symmetry at ED and kD = (1,0,±0.5) or285

kD = (0,1,±0.5). The effective Hamiltonian is approximately given by286

Ĥeff = ∑
kσ

Ψ̂
†
kσ


ED± h̄vzk̃z 0 0 0

0 ED± h̄vzk̃z 0 0
0 0 E2(k) 0
0 0 0 E1(k)

Ψ̂kσ , (7)

where k̃z = kz±0.5. In this case, the confinement is strong only along kz, which is parallel to both AB and CD Graphene sheets,287

so that the system is close to the quasi-1D system, described by the effective Hamiltonian.288

H1D = ED± h̄vσzk̃z. (8)

The quasi-1D system is well-known to exhibit Tomonaga-Luttinger liquid behaviours, characterised by collective modes with289

spin-charge separation, when the Coulomb interaction is introduced61.290

Impact of Coulomb Interaction291

Electrical properties of Hopfene are expected to be metallic, due to the lack of the band-gap in the entire spectrum (Figs. 7 and292

12). The gapless dispersions of electrons are coming from the original Graphene sheets, and the 3D nested Graphene sheets293

ensure the electrical conduction along the entire directions. Therefore, excellent metallic properties as good as Graphene as a294

bulk material are expected for Hopfene. Here, we briefly discuss the impact of the Coulomb interaction on electrical properties295

of Hopfene.296

In order to evaluate impact of the many-body Coulomb interaction, we should solve the Hubbard Hamiltonian59, 61
297

Ĥ =−∑
i jσ

ti jψ̂
†
iσ ψ̂ jσ −EF ∑

iσ
n̂iσ +U ∑

i
n̂i↑n̂i↓, (9)

where ψ̂
†
iσ and ψ̂iσ are creation and annihilation operators at the atomic lattice site i for spin σ , respectively, n̂iσ is the number298

operator, and U is the Coulomb interaction strength. The calculated density-of-states, D(EF) is shown in Fig. 7. It is beyond299

the scope of this paper, to solve the 3D Hubbard model in Hopfene, but we can envisage the impact of U .300

According to the Stoner’s criterion59, the flat-band ferromagnetism is expected, if D(EF)U > 1, which corresponds to301

U & 10 eV for non-doped (2,2)-Hopfene (Fig. 7). If this is satisfied, the spin degeneracy will be lifted such that the degenerate302

Dirac Fermions will become Weyl Fermions6263. In reality, larger U will be required, since the Stoner’s criterion is based on a303

mean-field theory and the actual requirement for ferromagnetism is more stringent in general59.304

Alternatively, if the net effective Coulomb interaction becomes attractive, superconductivity is expected6459. The flat-band305

condition is also favourable for superconductivity. There are many carbon based allotropes, which shows superconductivity306

such as intercalated graphites6566, K3C60
54, carbon-nano-tube6768, Q-Carbon69, and twisted bilayer Graphene70. Theoretically,307

the arbitrary weak attractive interaction, U < 0, is enough to allow the instability towards superconductivity6459, so that the308

strong interaction is not required. The transition temperature depends on D(EF) and U , and it is expected to have a crossover71
309

from the weak coupling BCS limit to the strong coupling Bose-Einstein Condensation (BEC) by increasing |U |53.310

Conclusion311

We have considered the concept of topological materials8–10 in materials with hard covalent bonds. 1D Carbon-Nano-Chains,312

Hopf-linked bilayer-Graphene (2D), and 3D Hopfene have been proposed as examples of new topological carbon allotropes,313

which will be useful to examine fundamental physics of massless Dirac Fermions4, 23, 31, 45, 55 in topologically nontrivial314
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geometries. We envisage various practical applications (Supplementary Fig. 7) of these hard and flexible topological materials315

for DNA-sensing, functional materials, and NEMS.316

It is straightforward to extend this concept8–10 to make heterogeneous topological structures by introducing different317

materials such as boron-nitride and molybdenum-disulfide. The unique aspect of this approach is a topological link to bind318

various sheets strongly together without forming a proper chemical bond. This configuration is topologically different from the319

simple stacking weakly bound together by van der Waals force72.320

As the first step towards making Hopfene, we propose to make Hopf-linked bilayer-Graphene (Fig. 8). Unlike to the stacked321

bilayer-Graphene4–7, the Graphene sheets are linked only at the 1D chain, so that the impacts of the coupling on the band322

structure would be limited. Reflecting the double layers, momentum space will also be double, leading to the crossed layers323

even in momentum space (Fig. 8b). The valleys are degenerate at the same points, because the direction of the zig-zag edge (z)324

is the same for both layers due to sharing of the 1D chain. As we increase the number of inserted Graphene sheets, momentum325

space will be eventually filled by layers towards the complete 3D band structure. It is beyond the scope of this paper to predict326

how the 2D Dirac Fermions4, 23, 31, 45, 55 are crossing over to 3D Dirac Fermions in Hopfene.327

In conclusion, the electronic structures of the 3D Hopf-linked honeycomb lattices, named Hopfene, show the distinctive328

topological features characterised by 3D, 2D, and 1D gapless Fermions. The Fermi surfaces show dimensional crossover upon329

changes of the Fermi level. The impact of topological structures on electrical properties is significant and these materials will be330

useful as platforms to examine various concepts of physics including magnetic monopoles, geometrical phases, and topological331

superconductors. One can explore even more interesting topologically non-trivial crystal structures.332
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22. Tanda, S. et al. A möbius strip of single crystals. Nature 417, 397–398, DOI: 10.1038/417397a (2002).373

23. Kane, C. L. & Mele, E. J. z2 topological order and the quantum spin hall effect. Phys. Rev. Lett. 95, 146802, DOI:374

10.1103/PhysRevLett.95.146802 (2005).375

24. Hsieh, D. et al. A topological Dirac insulator in a quantum spin Hall phase. Nature 452, 970–974, DOI: 10.1038/376

nature06843 (2008).377

25. Ovchinnikov, A. A. & i. L. Shamovsky. The structure of the ferromagnetic phase of carbon. J. Mol. Struct. THEOCHEM378

251, DOI: 10.1016/0166-1280(91)85138-W (1991).379

26. Kittel, C. Introduction to Solid State Physics (John Wiley & Sons, 2004), 8 edn.380

27. Wallace, P. R. The band theory of graphite. Phys. Rev 71, 622–634 (1946).381

28. CastroNeto, A. H., Guinea, F., Peres, N. M. R., Novoselov, K. S. & Geim, A. K. The electronic properties of graphene.382

Rev. Mod. Phys. 81, 109–162, DOI: 10.1103/RevModPhys.81.109 (2009).383

29. Wang, Z. et al. Dirac semimetal and topological phase transitions in A3Bi (A=Na, K, Rb. Phys. Rev. B 85, 195320, DOI:384

10.1103/PhysRevB.85.195320 (2012).385

30. Liu, Z. K. et al. Discovery of a three-dimensional topological Dirac semimetal, Na3Bi. Science 343, 864–867, DOI:386

10.1126/science.1245085 (2014).387

31. Armitage, N. P., Mele, E. J. & Vishwanath, A. Weyl and Dirac semimetals in three-dimensional solids. Rev. Mod. Phys. 90,388

DOI: 10.1103/RevModPhys.90.015001 (2018).389

32. Zhu, L. et al. Blue phosphorene oxide: Strain-tunable quantum phase transitions and novel 2d emergent fermions. Nano390

Lett. 16, 6548–6554, DOI: 10.1021/acs.nanolett.6b03208 (2016).391

33. Bradlyn, B. et al. Beyond Dirac and Weyl fermions: Unconventional quasiparticles in conventional crystals. Science 353,392

aaf5037, DOI: 10.1126/science.aaf5037 (2016).393

34. Chang, G. et al. Nexus fermions in topological symmorphic crystalline metals. Sci. Rep. 7, 1688, DOI: 10.1038/394

s41598-017-01523-8 (2016).395

35. Lv, B. Q. et al. Observation of threee-component fermions in the topological semimetal molybdenum phosphide. Nature396

546, 627–631, DOI: 10.1038/nature22390 (2017).397

36. Mermin, N. D. & Wagner, H. Absence of ferromagnetism or antiferromagnetism in one- or two-dimensional isotropic398

Heisenberg models. Phys. Rev. Lett. 17, 1133–1136, DOI: https://doi.org/10.1103/PhysRevLett.17.1133 (1966).399

37. Hohenberg, P. C. Existence of long-range order in one and two dimensions. Phys. Rev. 158, 383–386, DOI: 10.1103/400

PhysRev.158.383 (1967).401

38. Metzner, W. & Vollhardt, D. Correlated lattice fermions in d = ∞ dimensions. Phys. Rev. Lett. 62, 324–327, DOI:402

10.1103/PhysRevLett.62.324 (1989).403

39. Georges, A., Kotliar, G., Krauth, W. & Rozenberg, M. J. Dynamical mean-field theory of strongly correlated fermion404

systems and the limit of infinite dimensions. Rev. Mod. Phys. 68, 13–125, DOI: 10.1103/RevModPhys.68.13 (1996).405

40. Evans, D. A. History of the Harvard ChemDraw project. Angew. Chem. Int. Ed. 53, 11140–11145, DOI: 10.1002/anie.406

201405820 (2014).407

41. Van, N. H., Muruganathan, M., Kulothungan, J. & Mizuta, H. Fabrication of a three-terminal graphene nanoelectromechan-408

ical switch using two-dimensional materials. Nanoscale 10, 12349, DOI: 10.1039/c7nr08439k (2018).409

42. Kim, K. S. et al. Large-scale pattern growth of graphene films for stretchable transparent electrodes. Nature 457, 706–710,410

DOI: 10.1038/nature07719 (2009).411

9/26

10.1007/s11537-012-1144-4
projecteuclid.org/euclid.bams/1183548782
10.1038/417397a
10.1103/PhysRevLett.95.146802
10.1038/nature06843
10.1038/nature06843
10.1038/nature06843
10.1016/0166-1280(91)85138-W
10.1103/RevModPhys.81.109
10.1103/PhysRevB.85.195320
10.1126/science.1245085
10.1103/RevModPhys.90.015001
10.1021/acs.nanolett.6b03208
10.1126/science.aaf5037
10.1038/s41598-017-01523-8
10.1038/s41598-017-01523-8
10.1038/s41598-017-01523-8
10.1038/nature22390
https://doi.org/10.1103/PhysRevLett.17.1133
10.1103/PhysRev.158.383
10.1103/PhysRev.158.383
10.1103/PhysRev.158.383
10.1103/PhysRevLett.62.324
10.1103/RevModPhys.68.13
10.1002/anie.201405820
10.1002/anie.201405820
10.1002/anie.201405820
10.1039/c7nr08439k
10.1038/nature07719


43. Segawa, Y. et al. Topological molecular nanocarbons: All-benzene catenane and trefoil knot. Science 365, 272–276, DOI:412

10.1126/science.aav5021 (2019).413

44. Kaiser, K. et al. An sp-hybridized molecular carbon allotrope, cyclo[18]carbon. Science 365, 1299–1301, DOI: 10.1126/414

science.aay1914 (2019).415

45. Nakada, K., Fujita, M., Dresselhaus, G. & Dresselhaus, M. S. Edge state in graphene ribbons: Nanometer size effect and416

edge shape dependence. Phys. Rev. B 54, 17954–17961 (1996).417

46. Flouris, K., Jimenez, M. M. & Herrmann, H. J. Quantum spin-Hall effect on Möbius graphene ribbon. arXiv:1902.03892418

[cond-mat.mes-hall] arXiv:1902.03892 [cond-mat.mes-hall] (2019).419
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Figure 1. Proposed procedure to make topological structures. a, Benzene-based molecular motor. A Graphene sheet is
prepared, and patterned to form an atomic wire using ion/electron beam or lithography. Then, a benzene or other organic
molecule is trapped in the patterned atomic wire. b, Whitehead-links. Left and right links will be created by twisting molecules
and locked by another atomic wires. c, Trefoil-knots. Left and right knots can be created depending on how to connect the
atomic wire. d, Möbius strip using a Graphene nano-ribbon. e, Borromean rings using Graphene nano-ribbons.
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Figure 2. Hopf-linked molecules. a, Benzene-based Hopf-linked molecule. The bonds penetrating into the other benzene
ring were highly-strained. The linked benzene rings are intersecting perpendicular to each other, and there are
energetically-equivalent 6 positions corresponding to the sides of each ring, so that the total 6×6 = 36 configurations are
allowed corresponding to its hexagonal structure. Wavefunctions for both HOMO and LUMO are spreading to the entire link,
suggesting the strong hybridisation of 2 rings. b, Break-down of benzene-based Hopf-linked molecule. A benzene ring can
accommodate only 1 benzene-ring. c, Naphthalen-based Hopf-linked molecule. A building block to construct a chain using a
benzene ring. In this case, we expect 5×5 = 25 configurations for each Hopf-linked molecule, depending on the relative angle
and the position of Naphthalene molecules. d, Cyclodecapentaene-based Hopf-linked molecule. The strains of bonds are
significantly relaxed. e, Accommodations of 2 and 4 rings into cyclodecapentaene-based Hopf-linked molecule. f,
Tetracene-based Hopf-linked molecule. Graphene nano-ribbons can also be used to construct a Hopf-links
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geometries without changing the topology of the chain protected by strong σ bonds. b, Cyclodecapentaene-based Hopf-linked
chain. Straight and rolled chains are topologically the same, keeping the robust Topological-Long-Range-Order, while the
translational symmetries are broken due to its flexible nature of the chain. c, Chainmail using Hopf-links. Only 1 benzene ring
can enter into another benzene ring, while cyclodecapentaene (C10H10) can accommodate the maximum of 4 rings.

14/26



d 

b  

a 

z 

y x 

e 

z 

y 

x 

c  

These Hopf-linked chains spiral-up to the right.  

No rotation 

π 

2π 

3π 

4π 
Broken, if the strain exceeds the threshold. 

The chain relaxed. 

Tensile strain energy is accumulated. 
The restoration force works to bring the chain back to be unstrained.  

The kink can move as a soliton without changing the topology of the chain.
The winding number is 1.  

Fixed boundary condition. 

π 

2π 

3π 

4π 

Twist the boundary condition of the opposite end.  

f 

2π 

No difference after 1 rotation. No restoration force works. 
2π 
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Figure 5. New 3D carbon allotrope, Hopfene. a, (1,1) Hopfene with the maximum insertions of Graphene sheets in the unit
cell with AB-stacks. It is a tetrahedral structure with the lattice constant a = b. b, (2,2) Hopfene with aligned AA-stacks
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Figure 6. Unit cells for (1,1) and (2,2) Hopfene structures. The crystal structure is tetragonal for both structures
(a = b 6= c). We show the details of atomic arrangements in unit cells upon increasing the layers. The bond length of the bond
across the Hopf-link was expanded to be long al, while the expansion of other bonds was shorter as. a, Unit cell for (1,1)
Hopfene. All available slots are occupied by Hopf-links. We obtained al = 1.8 and al = 1.5 . The lattice constants were
a = b = 2al +as = 5.1 and c =

√
3as = 2.6 . b, Unit cell for (2,2) Hopfene. The middle slot (slot 1) in the unit cell is empty

for both x and y directions. We obtained al = 1.8 and al = 1.4 . The lattice constants are a = b = al +2as = 4.6 and
c =
√

3as = 2.4 .
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Figure 7. Density of states of (2,2)-Hopfene.
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Figure 8. Hopf-linked bilayer-Graphene. a, Simulated structure. 1D Hopf-linked chain was made at the intersection. The
bonds were expanded in the chain, while other bonds away from the link was fully relaxed due to its open boundary condition
during the simulation. b, Expected electronic band structure, calculated by the tight-binding approximations. The horizontal
Graphene has 2 valleys at K1 and K

′
1, while the vertical one has 2 valleys at K2 and K

′
2. K1 (K

′
1) and K2 (K

′
2) are located at the

equivalent position in the momentum space, so that states are completely degenerate at these points, while the propagating
sheets in real space are different.
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Figure 9. Stability of (2,2)-Hopfene. The energy is calculated as a function of the volume by ab-initio Density Functional
Theory (DFT).

En
er

gy
 (

eV
)  

 

0 

E3(k)
<latexit sha1_base64="kiQvEaWsvlH61ttNLXR40B3iCUc="></latexit><latexit sha1_base64="kiQvEaWsvlH61ttNLXR40B3iCUc="></latexit><latexit sha1_base64="kiQvEaWsvlH61ttNLXR40B3iCUc="></latexit><latexit sha1_base64="kiQvEaWsvlH61ttNLXR40B3iCUc="></latexit>

E4(k)
<latexit sha1_base64="3wvBlr5DKxvHv03jpeewAV+yysk="></latexit><latexit sha1_base64="3wvBlr5DKxvHv03jpeewAV+yysk="></latexit><latexit sha1_base64="3wvBlr5DKxvHv03jpeewAV+yysk="></latexit><latexit sha1_base64="3wvBlr5DKxvHv03jpeewAV+yysk="></latexit>

E2(k)
<latexit sha1_base64="+15xNagihHC93836EbMRHndyu7c="></latexit><latexit sha1_base64="+15xNagihHC93836EbMRHndyu7c="></latexit><latexit sha1_base64="+15xNagihHC93836EbMRHndyu7c="></latexit><latexit sha1_base64="+15xNagihHC93836EbMRHndyu7c="></latexit>

E1(k)
<latexit sha1_base64="n6rJwln+t/pnmWrKAZzpr/PDvBc="></latexit><latexit sha1_base64="n6rJwln+t/pnmWrKAZzpr/PDvBc="></latexit><latexit sha1_base64="n6rJwln+t/pnmWrKAZzpr/PDvBc="></latexit><latexit sha1_base64="n6rJwln+t/pnmWrKAZzpr/PDvBc="></latexit>

E3(k)
<latexit sha1_base64="kiQvEaWsvlH61ttNLXR40B3iCUc="></latexit><latexit sha1_base64="kiQvEaWsvlH61ttNLXR40B3iCUc="></latexit><latexit sha1_base64="kiQvEaWsvlH61ttNLXR40B3iCUc="></latexit><latexit sha1_base64="kiQvEaWsvlH61ttNLXR40B3iCUc="></latexit>

E4(k)
<latexit sha1_base64="3wvBlr5DKxvHv03jpeewAV+yysk="></latexit><latexit sha1_base64="3wvBlr5DKxvHv03jpeewAV+yysk="></latexit><latexit sha1_base64="3wvBlr5DKxvHv03jpeewAV+yysk="></latexit><latexit sha1_base64="3wvBlr5DKxvHv03jpeewAV+yysk="></latexit>

E2(k)
<latexit sha1_base64="+15xNagihHC93836EbMRHndyu7c="></latexit><latexit sha1_base64="+15xNagihHC93836EbMRHndyu7c="></latexit><latexit sha1_base64="+15xNagihHC93836EbMRHndyu7c="></latexit><latexit sha1_base64="+15xNagihHC93836EbMRHndyu7c="></latexit>

E1(k)
<latexit sha1_base64="n6rJwln+t/pnmWrKAZzpr/PDvBc="></latexit><latexit sha1_base64="n6rJwln+t/pnmWrKAZzpr/PDvBc="></latexit><latexit sha1_base64="n6rJwln+t/pnmWrKAZzpr/PDvBc="></latexit><latexit sha1_base64="n6rJwln+t/pnmWrKAZzpr/PDvBc="></latexit>

-1 -1 0 
1 

kx
<latexit sha1_base64="v3SV2oNHAdOslUs+nHq4JFtkODA="></latexit><latexit sha1_base64="v3SV2oNHAdOslUs+nHq4JFtkODA="></latexit><latexit sha1_base64="v3SV2oNHAdOslUs+nHq4JFtkODA="></latexit><latexit sha1_base64="v3SV2oNHAdOslUs+nHq4JFtkODA="></latexit>

0 1 
-1 0 -1 

0 

8 

4 

-4 

-8 

0 

8 

4 

-4 

-8 

En
er

gy
 (

eV
)  

 

kx

(2⇡/a)
<latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit>

kx

(2⇡/a)
<latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit>

a  b 

Gapless points  

Gapless points   

ky = 0
<latexit sha1_base64="5J8c4HfsRWOcJzwtjUTteNr3dm0="></latexit><latexit sha1_base64="5J8c4HfsRWOcJzwtjUTteNr3dm0="></latexit><latexit sha1_base64="5J8c4HfsRWOcJzwtjUTteNr3dm0="></latexit><latexit sha1_base64="5J8c4HfsRWOcJzwtjUTteNr3dm0="></latexit>

ky = 0
<latexit sha1_base64="5J8c4HfsRWOcJzwtjUTteNr3dm0="></latexit><latexit sha1_base64="5J8c4HfsRWOcJzwtjUTteNr3dm0="></latexit><latexit sha1_base64="5J8c4HfsRWOcJzwtjUTteNr3dm0="></latexit><latexit sha1_base64="5J8c4HfsRWOcJzwtjUTteNr3dm0="></latexit>

kz (2⇡/c)
<latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit>

kz (2⇡/c)
<latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit>

kx

(2⇡/a)
<latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit><latexit sha1_base64="W5ulnEyyrK1ggVt9BbtYJNGe784="></latexit>

tH = 0
<latexit sha1_base64="txA9YynabwniXJET5e7SBrsJTa0="></latexit><latexit sha1_base64="txA9YynabwniXJET5e7SBrsJTa0="></latexit><latexit sha1_base64="txA9YynabwniXJET5e7SBrsJTa0="></latexit><latexit sha1_base64="txA9YynabwniXJET5e7SBrsJTa0="></latexit>

tH = 1.5eV
<latexit sha1_base64="jGw8csjy855l0D2os/MllmYTmX4="></latexit><latexit sha1_base64="jGw8csjy855l0D2os/MllmYTmX4="></latexit><latexit sha1_base64="jGw8csjy855l0D2os/MllmYTmX4="></latexit><latexit sha1_base64="jGw8csjy855l0D2os/MllmYTmX4="></latexit>

-8 

0 

8  

En
er

gy
 (

eV
)  

 

Figure 10. 3D band structures of (2,2)-Hopfene at ky = 0 with the transfer energies of the Hopf-links of (a) tH = 0 and (b)
tH = 1.5 eV.

19/26



Figure 11. 3D band structures of (2,2)-Hopfene at kz = 1/2, showing nodal lines.

Figure 12. Band structures of (2,2)-Hopfene at tG = 2.8 eV and tH = 1.5 eV. The tight-binding calculations are shown by
lines and the first principle calculations are shown by circles.
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Figure 13. 3D gapless Fermions of (2,2)-Hopfene. Band structures at Dirac point k = (0,0,0.74) along (a) x, (b) y, and (c) z
directions. Fermi surfaces of (d) lower and (e) upper valleys are also shown, proving the 3D feature. (f) Energy band diagram
in the kx-ky plane at kz = 0.74, showing (a) linear dispersions of E3(k) and E1(k) with the flat band E2(k) in-between.

21/26



-1 0 1

K
z
 (2 /c)

-20

-10

0

10

En
er
gy
 (
eV
)

-1 0 1

K
y
 (2 /a)

-10

-5

0

5

En
er
gy
 (
eV
)

-1 0 1

K
x
 (2 /a)

-10

-5

0

5

En
er
gy
 (
eV
)

-1 0 1

K
z
 (2 /c)

-20

-10

0

10

En
er
gy
 (
eV
)

-1 0 1

K
y
 (2 /a)

-10

-5

0

5
En
er
gy
 (
eV
)

-1 0 1

K
x
 (2 /a)

-10

-5

0

5

En
er
gy
 (
eV
)

-1 0 1

K
z
 (2 /c)

-20

-10

0

10

En
er
gy
 (
eV
)

-1 0 1

K
y
 (2 /a)

-10

-5

0

5

En
er
gy
 (
eV
)

-1 0 1

K
x
 (2 /a)

-10

-5

0

5

En
er
gy
 (
eV
) a 

d 

b 
5  

0  

-5  

-10  

En
er

gy
 (

eV
)  

 c 
10  

0  

-20  

-10  

En
er

gy
 (

eV
)  

 

Gapless point   

ky = 0

kz = 0.48 (2⇡/c)
<latexit sha1_base64="5NeP2MZainMOMJVpv3vSBtY1Ugk="></latexit><latexit sha1_base64="5NeP2MZainMOMJVpv3vSBtY1Ugk="></latexit><latexit sha1_base64="5NeP2MZainMOMJVpv3vSBtY1Ugk="></latexit><latexit sha1_base64="5NeP2MZainMOMJVpv3vSBtY1Ugk="></latexit>

kx = 0

kz = 0.48 (2⇡/c)
<latexit sha1_base64="cKX0o+mXnwlENdq3dvAcw+O/Vjo="></latexit><latexit sha1_base64="cKX0o+mXnwlENdq3dvAcw+O/Vjo="></latexit><latexit sha1_base64="cKX0o+mXnwlENdq3dvAcw+O/Vjo="></latexit><latexit sha1_base64="cKX0o+mXnwlENdq3dvAcw+O/Vjo="></latexit>

kx = 0

ky = 0
<latexit sha1_base64="kilQVki1q2s2gBk5iYSl2Y+R1YU="></latexit><latexit sha1_base64="kilQVki1q2s2gBk5iYSl2Y+R1YU="></latexit><latexit sha1_base64="kilQVki1q2s2gBk5iYSl2Y+R1YU="></latexit><latexit sha1_base64="kilQVki1q2s2gBk5iYSl2Y+R1YU="></latexit>

Gapless point   Gapless points 

Flat-band

kx (2⇡/a)
<latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit>

ky (2⇡/a)
<latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit>

kz (2⇡/c)
<latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit>

k
z

(2
⇡
/c

)
<latexit sha1_base64="xTkBg79ejbzOZUnf0vqix0nRBhE="></latexit><latexit sha1_base64="xTkBg79ejbzOZUnf0vqix0nRBhE="></latexit><latexit sha1_base64="xTkBg79ejbzOZUnf0vqix0nRBhE="></latexit><latexit sha1_base64="xTkBg79ejbzOZUnf0vqix0nRBhE="></latexit>

0  

1  

-1  
-1  0  1  ky (2⇡/a)

<latexit sha1_base64="lDA1jmXirVQqlgEfLkpUEeREZ2s="></latexit><latexit sha1_base64="lDA1jmXirVQqlgEfLkpUEeREZ2s="></latexit><latexit sha1_base64="lDA1jmXirVQqlgEfLkpUEeREZ2s="></latexit><latexit sha1_base64="lDA1jmXirVQqlgEfLkpUEeREZ2s="></latexit>

-1  

0  
kx (2⇡/a)

<latexit sha1_base64="HokGcUhcdS9EXX2y5SBK4YT05fI="></latexit><latexit sha1_base64="HokGcUhcdS9EXX2y5SBK4YT05fI="></latexit><latexit sha1_base64="HokGcUhcdS9EXX2y5SBK4YT05fI="></latexit><latexit sha1_base64="HokGcUhcdS9EXX2y5SBK4YT05fI="></latexit>

EF = 2.9 eV
<latexit sha1_base64="sFy+F/F1b7sSDWHNnp25bCGQ0LI="></latexit><latexit sha1_base64="sFy+F/F1b7sSDWHNnp25bCGQ0LI="></latexit><latexit sha1_base64="sFy+F/F1b7sSDWHNnp25bCGQ0LI="></latexit><latexit sha1_base64="sFy+F/F1b7sSDWHNnp25bCGQ0LI="></latexit>

k
z

(2
⇡
/c

)
<latexit sha1_base64="xTkBg79ejbzOZUnf0vqix0nRBhE="></latexit><latexit sha1_base64="xTkBg79ejbzOZUnf0vqix0nRBhE="></latexit><latexit sha1_base64="xTkBg79ejbzOZUnf0vqix0nRBhE="></latexit><latexit sha1_base64="xTkBg79ejbzOZUnf0vqix0nRBhE="></latexit>

0  

1  

-1  0  1  ky (2⇡/a)
<latexit sha1_base64="lDA1jmXirVQqlgEfLkpUEeREZ2s="></latexit><latexit sha1_base64="lDA1jmXirVQqlgEfLkpUEeREZ2s="></latexit><latexit sha1_base64="lDA1jmXirVQqlgEfLkpUEeREZ2s="></latexit><latexit sha1_base64="lDA1jmXirVQqlgEfLkpUEeREZ2s="></latexit>

-1  
0  

kx (2⇡/a)
<latexit sha1_base64="HokGcUhcdS9EXX2y5SBK4YT05fI="></latexit><latexit sha1_base64="HokGcUhcdS9EXX2y5SBK4YT05fI="></latexit><latexit sha1_base64="HokGcUhcdS9EXX2y5SBK4YT05fI="></latexit><latexit sha1_base64="HokGcUhcdS9EXX2y5SBK4YT05fI="></latexit>

EF = 3.5 eV
<latexit sha1_base64="D959EpUyl7VQHMbTL4D/RpYuD9g="></latexit><latexit sha1_base64="D959EpUyl7VQHMbTL4D/RpYuD9g="></latexit><latexit sha1_base64="D959EpUyl7VQHMbTL4D/RpYuD9g="></latexit><latexit sha1_base64="D959EpUyl7VQHMbTL4D/RpYuD9g="></latexit>

ED = 3.2 eV
<latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit>

ED = 3.2 eV
<latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit>

ED = 3.2 eV
<latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit><latexit sha1_base64="8ObeafrNTsUk6JB3L/85ivUT71c="></latexit>

e 2D lower valleys 2D upper valleys

Fl
at

-b
an

d 
al

on
g 

z

Fl
at

-b
an

d 
al

on
g 

z

5  

0  

-5  

-10  

En
er

gy
 (

eV
)  

 

1  
-1  

G
ap

le
ss

 p
oi

nt
s 

G
ap

le
ss

 p
oi

nt
s 

Figure 14. 2D gapless Fermions of (2,2)-Hopfene. Band structures at Dirac point k = (0,0,0.48) along (a) x, (b) y, and (c) z
directions. Fermi surfaces of (d) lower and (e) upper valleys.

22/26



-1 0 1

K
z
 (2 /c)

-10

-5

0

5

10

En
er

gy
 (

eV
)

-1 0 1

K
y
 (2 /a)

-10

-5

0

5

10
En

er
gy

 (
eV

)

-1 0 1

K
x
 (2 /a)

-10

-5

0

5

10

En
er

gy
 (

eV
)

-1 0 1

K
z
 (2 /c)

-10

-5

0

5

10

En
er

gy
 (

eV
)

-1 0 1

K
y
 (2 /a)

-10

-5

0

5

10

En
er

gy
 (

eV
)

-1 0 1

K
x
 (2 /a)

-10

-5

0

5

10

En
er

gy
 (

eV
)

-1 0 1

K
z
 (2 /c)

-10

-5

0

5

10

En
er

gy
 (

eV
)

-1 0 1

K
y
 (2 /a)

-10

-5

0

5

10

En
er

gy
 (

eV
)

-1 0 1

K
x
 (2 /a)

-10

-5

0

5

10

En
er

gy
 (

eV
) a b c 

d e 

ky = 0

kz = 1/2 (2⇡/c)
<latexit sha1_base64="r61exE+aWE267zjO2QHYeidw+pg="></latexit><latexit sha1_base64="r61exE+aWE267zjO2QHYeidw+pg="></latexit><latexit sha1_base64="r61exE+aWE267zjO2QHYeidw+pg="></latexit><latexit sha1_base64="r61exE+aWE267zjO2QHYeidw+pg="></latexit>

Gapless points   
ED = 2.8 eV

<latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit>

Gapless point    
ED = 2.8 eV

<latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit>

Gapless points 
ED = 2.8 eV

<latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit><latexit sha1_base64="U/RLPG3n00myhYtXKcJpFpV+pm0="></latexit>

10  

5  

0  

-5  

-10  

En
er

gy
 (

eV
)  

 

10  

5  

0  

-5  

-10  

En
er

gy
 (

eV
)  

 
10  

5  

0  

-5  

-10  
En

er
gy

 (
eV

)  
 

-1   0 1 
kx (2⇡/a)

<latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit>

-1   0 1 
ky (2⇡/a)

<latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit>

-1   0 1 
kz (2⇡/c)

<latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit><latexit sha1_base64="EmIBwtpqeVZMVr1SvNcFngOLBSU="></latexit>

1D
 lo

w
er

 v
al

le
ys

Flat-band along x-y  

kx (2⇡/a)
<latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit>

ky (2⇡/a)
<latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit>

-1   0 1 -1   0 1 -1   

0 

1 

k
z

(2
⇡
/a

)
<latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit>

kx (2⇡/a)
<latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit><latexit sha1_base64="ygrNRUQNmi7bNJVC8dg1YFxSjuU="></latexit>

ky (2⇡/a)
<latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit><latexit sha1_base64="JhoTP2ar1nPqL/7Jwt2rJp6SpFA="></latexit>

-1   0 1 -1   0 1 
-1   

0 

1 

k
z

(2
⇡
/a

)
<latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit>

1D
 u

pp
er

 v
al

le
ys

EF = 2.5 eV
<latexit sha1_base64="XvAQnmIjDJJgrsprQ4hFglIEMdk="></latexit><latexit sha1_base64="XvAQnmIjDJJgrsprQ4hFglIEMdk="></latexit><latexit sha1_base64="XvAQnmIjDJJgrsprQ4hFglIEMdk="></latexit><latexit sha1_base64="XvAQnmIjDJJgrsprQ4hFglIEMdk="></latexit>

EF = 3.1 eV
<latexit sha1_base64="nCvVTde072iCVxuBnZHDU1S950E="></latexit><latexit sha1_base64="nCvVTde072iCVxuBnZHDU1S950E="></latexit><latexit sha1_base64="nCvVTde072iCVxuBnZHDU1S950E="></latexit><latexit sha1_base64="nCvVTde072iCVxuBnZHDU1S950E="></latexit>

kx = 1 (2⇡/a)

kz = 1/2 (2⇡/c)
<latexit sha1_base64="x6wani1P2PXjIYf2ewwAgIFgji8="></latexit><latexit sha1_base64="x6wani1P2PXjIYf2ewwAgIFgji8="></latexit><latexit sha1_base64="x6wani1P2PXjIYf2ewwAgIFgji8="></latexit><latexit sha1_base64="x6wani1P2PXjIYf2ewwAgIFgji8="></latexit>

kx = 1 (2⇡/a)

ky = 0
<latexit sha1_base64="q/aRUePtTQZPUEqRItxxbnQu5t0="></latexit><latexit sha1_base64="q/aRUePtTQZPUEqRItxxbnQu5t0="></latexit><latexit sha1_base64="q/aRUePtTQZPUEqRItxxbnQu5t0="></latexit><latexit sha1_base64="q/aRUePtTQZPUEqRItxxbnQu5t0="></latexit>

Flat-bandFlat-band

Figure 15. 1D gapless Fermions of (2,2)-Hopfene. Band structures at Dirac point k = (1,0,1/2) at ED = 2.8 eV along (a) x,
(b) y, and (c) z directions. Fermi points of (d) lower and (e) upper valleys.
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