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Abstract: Tracks with rails embedded in a layer of rubber are commonly used for tramways.
The vibration and sound radiation behaviour of these tracks differs from that of conventional
railway tracks. This is studied here using coupled wavenumber finite element and boundary
element models. A detailed analysis is carried out for an embedded rail with a narrow
embedding material and comparisons are made with field measurements. The rail, embedding
material and surrounding concrete are modelled with finite elements, whereas the support
conditions due to the underlying ground are modelled with structural boundary elements
coupled to the base of the track model. The sound radiation is calculated using a wavenumber
acoustic boundary element model in which it is assumed that there is only one-way coupling
with the structure. At low frequencies, vibration of the concrete slab also contributes to the
noise radiation. Consequently, the radiated sound is increased compared with that produced by
the rail alone at low frequencies but it is reduced above 300 Hz, where the rail and concrete
vibrate out of phase with one another; at frequencies above 500 Hz the concrete has negligible
effect. The track decay rate has a broad minimum between 500 and 1000 Hz; the noise radiation
therefore has a peak in this important frequency region. However, the decay rate increases
strongly above 1000 Hz due to the influence of the embedding material. The track considered
has a grass in-fill between and outside the rails and allowing for the absorptive effect of the
grass leads to a small reduction in the sound radiation. In addition, the attenuation effect of the
fairings around the bogie region is estimated taking account of the absorptive effect of the grass
surface. The embedded rail models are coupled with a model of a tram wheel and used to
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predict the rolling noise during the passage of a tram, showing good agreement with field
measurements. Finally, various alternative embedded rail designs are compared, including
different shapes of the embedding material and different rail profiles. Differences of up to 3 dB
are found between the various designs.
Keywords: Tramway; embedded track; groove rail; rolling noise; wavenumber domain method;
ground impedance.
1. Introduction
The noise from railways has received considerable attention in recent years. Engineering
models for predicting the rolling noise of conventional railways, including ballasted and slab
tracks, are well established [1]. In contrast, the noise and vibration from tramways has received
much less attention, especially for tracks with embedded rails. Nevertheless, due to their
proximity to sensitive receivers, the noise and vibration from trams can produce considerable
annoyance to residents [2, 3]. Railway rolling noise is excited by the roughness of the rails and
wheels [4] and previous studies have shown that the rail roughness on tramways can be as
much as 20 dB higher than on typical mainline railways [5, 6]. Therefore, although the speed
is low, the rolling noise can be significant. The low speed also means that the contact filter
normally adopted in rolling noise models [7] needs to be extended to shorter wavelengths.
Embedded rails that are commonly used on tramways can lead to an increase in radiation of
the rail noise in an important part of the frequency range. Although models have been
developed for studying the rolling noise from trains on open rails [8], these have not been
widely applied to trams and tram tracks.
The generation and propagation of rolling noise from embedded tracks is different from
conventional railways. It can be affected by various factors, such as the use of a different rail
profile, the fact that the rail support is continuous rather than discrete, the geometry of the
embedding material and the ground properties. Pallas et al. [9] used a microphone array to
identify different sound sources on two types of tramcar running on two types of embedded
track, one in the street and one in a ground covered with grass. The results showed that the
rolling noise level was more affected by the track type than the vehicle type. However, the
vibro-acoustic behaviour of these types of track and the reasons for the differences between
them have not been investigated thoroughly in previous studies.
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The filling material of embedded tracks has an important influence on both the noise and
vibration of the track structure. Van Lier [10] used the TWINS model [8] to compare
predictions of the rolling noise from a conventional ballasted track, a slab track with embedded
rail and a novel embedded track with a small rail cross-section. Nilsson et al. [11] presented a
model based on a wavenumber finite element (FE) and boundary element (BE) method and
used it to compare the acoustic radiation of an open rail and an embedded groove rail for a unit
force excitation. This approach (also known as 2.5D FE/BE) is more efficient than a full threedimensional model. The results showed that the embedded track has a different sound radiation
characteristic from the open rail. Zhao et al. [12] built an embedded track model with a finite
length using conventional finite element and boundary element software. They also performed
an optimization to minimise the noise by changing the filling block shape and stiffness.
The acoustic influence of the ground surface on railway noise generation has been
considered in recent studies. Zhang et al. [13] and Ryue et al. [14] considered the influence of
an absorptive ground on the sound radiated by a rail. The composition of the ground material
around the track can change the boundary conditions for the noise generation and propagation,
which should be taken into account in the prediction of rolling noise.
Various types of resilient wheel are normally used for tramcars, in which the tyre is
resiliently mounted on the inner part of the wheel. These are generally quieter than all-steel
wheels, due to their smaller diameter and higher damping as well as the presence of the resilient
layer, but they can increase the sound radiation from the track. Jones and Thompson [15]
established a finite element model of a resilient wheel and used it with the TWINS rolling noise
model to study its sound radiation. Similarly, Bouvet et al. [16] presented an optimization of
resilient wheels for rolling noise reduction. The results of these studies showed that the
parameters of resilient wheels can affect the noise from the track as well as the wheel; these
need to be determined carefully for noise control.
The aim of this paper is to study the noise generation from embedded track structures by
establishing a suitable track noise prediction model. By using wavenumber domain models, the
track model can be effectively infinite in length. Details of the track cross-section are included
through finite elements and the sound radiation is calculated using acoustic boundary elements.
Structural boundary elements are used for the underlying ground. This track model is then
combined with a model of a resilient wheel and used to calculate the rolling noise. In Section
2, the waveguide finite element models and wavenumber domain boundary element models of
the embedded track are introduced. The vibration and sound radiation from an embedded track
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in grass are calculated and the influence of different parts of the track structure are investigated
in Section 3; the effect of the acoustic impedance of the grass is discussed in Section 4. In
Section 5, the rolling noise is predicted by combining the track model with a resilient wheel
model and results are compared with field measurements. Then, based on the prediction model,
different shapes of embedding material and different rail profiles are compared in Section 6 in
order to provide a basis for the design of low noise embedded tracks.
2. Embedded track models
2.1 Wavenumber domain method
In this section, the waveguide finite element (2.5D FE) and wavenumber domain
boundary element (2.5D BE) methods used in this study are described briefly, based on
reference [11]. The track structure is considered as infinite in length in the x-direction with a
constant cross-section. The equation of motion at frequency  can be written as
[𝐊 2

𝜕2
𝜕𝑥 2

+ 𝐊1

∂
∂𝑥

̂ = 𝐅̂
+ 𝐊 0 − 𝜔2 𝐌] 𝐔

(1)

̂ is
where K2, K1 and K0 are stiffness matrices, M is the mass matrix of the cross-section, 𝐔
the vector of displacements at the FE nodes and 𝐅̂ is the external force vector. ^ is used to
indicate variables in the spatial and frequency domain.
A Fourier transform is performed from the x coordinate to the wavenumber domain
(denoted by ~) yielding:
̃ = 𝐅̃
[𝐊 2 (−i𝑘𝑥 )2 + 𝐊1 (−i𝑘𝑥 ) + 𝐊 0 − 𝜔2 𝐌]𝐔

(2)

where kx is the wavenumber in the x-direction. The displacements in the wavenumber domain
̃(𝑘𝑥 ) can be obtained by solving this equation at each frequency and wavenumber; they can
𝑈
then be transformed back to the spatial domain by an inverse Fourier transform.
In addition to the 2.5D FE model, two BE domains are introduced and coupled with the
FE domain. 2.5D elastodynamic boundary elements [17] are used to include the interaction
between the track structure and the underlying ground, whereas 2.5D acoustic boundary
elements are used to represent sound radiation into the air. The matrix equation for the solid
BE model is written as follows [18]:
̃
̃ = 𝐆solid 𝐭̃ + 𝐛
𝐇solid 𝐮

(3)

̃ is a vector of the displacements at the BE nodes (in three coordinate directions) and
where 𝐮
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̃ denotes body
𝐭̃ is a corresponding vector of the forces acting at these nodes. The vector 𝐛
forces, which are neglected in the current study. To couple the FE and BE domains, the forces
along the boundary elements are set equal and opposite to those acting on the finite elements
and the displacements at each pair of coupled nodes are required to be equal.
The acoustic BE domain is solved by assuming one-way coupling with the solid FE
domain. Since the fluid is air, and the structure has a much higher impedance, it can be assumed
that the pressure from the fluid will have negligible effect on the FE model of the structure.
The velocities from the WFE model are therefore considered as input boundary conditions for
the BE fluid model at the coupling nodes. For a given frequency and wavenumber, the
governing equation for the fluid is as follows
̃ − 𝐆(𝑘𝑛 )
𝐇(𝑘𝑛 )𝚿

̃
𝜕𝚿
𝜕𝐧

(4)

=0

̃ and
where H and G are matrices of acoustic Green’s functions, 𝚿

̃
𝜕𝚿
𝜕𝐧

are vectors of the

velocity potential and the normal velocity at the nodes of the boundary elements, n is the unit
normal vector and kn is the acoustic wavenumber component in the y–z plane, which satisfies
𝑘𝑥2 + 𝑘𝑛2 = 𝜔2 /𝑐02 .
The boundary conditions of the WBE model can be established in the wavenumber
domain in the form
𝑐𝑎 𝑝̃ + 𝑐𝑏 𝑣̃𝑛 = 𝑐𝑐

(5)

where 𝑝̃ is the sound pressure, 𝑣̃𝑛 is the normal velocity, and ca, cb and cc are coefficients
specifying the boundary conditions. For example, when the fluid boundary is rigid these take
the values ca=0, cb=1, cc=0. For the nodes coupling the FE and BE models, cc is instead set
equal to the imposed normal velocity from the structure.
The radiated sound power can be obtained by integrating the power over the wavenumber
domain. The results will also be presented as a radiation efficiency, determined according to
𝜎=

𝑊
̅̅̅̅
2〉
𝜌0 𝑐0 Γ〈𝑣

(6)

̅̅̅2 〉 is the mean-square velocity averaged over the
where W is the radiated sound power, 〈𝑣
perimeter  and integrated over the length, and 𝜌0 𝑐0 is the characteristic acoustic impedance
of air. The overbar ( ̅ ) indicates the mean-square over time and 〈 〉 means the average over the
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surface area.
2.2 Numerical models of embedded track
The models are applied initially to an embedded tramway track from a particular tram
system in which the track is surrounded by grass. Measurements have been carried out of rail
roughness, wheel roughness, track mobility and track decay rate, which are used as input data
for the noise prediction model and for validation purposes. The exterior noise of the tram in
operation has also been measured for comparison with the prediction model.
The embedded track studied here is shown in Figure 1. The rail is a groove rail of type
59R2 which is coated with an elastomeric embedding material and then cast into concrete. The
free surface of the rail head, embedding material and concrete can all radiate noise. The
embedding material has an influence on both the rail vibration and the track noise radiation.
Due to its absorptive effect, the grass around the track can also affect the sound pressure level
at the receiver.

(a)

(b)

Figure 1. Embedded track form of tramway: ‘grass track’. (a) Photograph; (b) cross-section.

For the embedded track structure in Figure 1, two different track vibration models are
considered. In the first, the track is represented only by the groove rail and elastomer filling, as
shown in Figure 2(a). The outer edges of the embedding material are constrained over all their
edges apart from the upper surface; the concrete and ground material are ignored. The vibration
and sound radiation from both the rail and the embedding material are taken into account. The
FE mesh shown in Figure 2(a) has 216 8-noded finite elements and 1779 degrees of freedom
in total. The parameters used for the embedded track model are listed in Table 1. In order to
study the effect of the mass of the embedding material, the model is also run with a reduced
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density of 1.5 kg/m3 for the embedding material. Two different force positions are used, marked
as F1 and F2 in Figure 2(a). Position F1 is the nominal running position and is used for the
calculations of vibration and noise, whereas position F2 corresponds to the position used during
impact hammer tests and is therefore used in comparison with these static measurements.

(a)

(b)

Figure 2. Geometry and mesh of track vibration model. (a) Groove rail and embedding material; (b)
Model with concrete and soil. Thick line with dots indicates elastodynamic boundary elements.

In the second model, shown in Figure 2(b), the surrounding concrete is also included. As
it is expected that the influence of the concrete on the vibration and noise will be restricted to
low frequencies, the maximum distance between nodes can be larger than in the first model.
There are 174 elements and 1701 degrees of freedom in this 2.5D finite element model of the
track structure. Additionally, elastodynamic boundary elements are included, based on fullspace Green’s functions [18], to represent the soil beneath the track and coupled with the FE
model beneath the track structure, which is represented by a thick line with dots in Figure 2(b);
the ground properties represent a homogeneous soil. Thus, the vibration of the concrete and the
influence of the underlying soil on the rail response can be obtained with this model. The
parameters used in this model are also listed in Table 1. The shear wave velocities are used to
evaluate the required mesh size for all materials, especially for the embedding material and soil,
so that a minimum of four nodes are included within a wavelength.
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Table 1. Parameters of groove rail, embedding material, concrete and ground
Parameter

Rail

Embedding material

Concrete

Soil

Young’s modulus (MPa)

211000

4.2

43000

107

Density (kg/m3)

7850

1500

2500

1835

Poisson’s ratio

0.3

0.45

0.15

0.30

Damping loss factor

0.02

0.25

0.01

0.04

Shear wave velocity (m/s)

3220

31.1

2730

150

The 2.5D acoustic boundary element model is shown in Figure 3. In this model, a halfspace formulation is used to account for a ground of infinite extent. The local region close to
the rail is modelled with acoustic boundary elements, allowing an absorptive surface to be
included to represent the grass (see Section 4). This BE region should be large enough that the
edges have negligible effect on the result; to ensure this, the BE domain representing the ground
should extend at least one acoustic wavelength on each side of the rail. Moreover, the maximum
distance between nodes should be less than a quarter of the acoustic wavelength. The values
used are listed in Table 2. To obtain a suitable balance between calculation efficiency and
accuracy, low frequency models are used up to 500 Hz and a second, smaller mesh is used for
high frequencies between 500 Hz and 5000 Hz. The high frequency models are shown in Figure
3 in which only part of the FE domain is shown. When the concrete is included in the FE model
its vibration is coupled to the BE mesh (Figure 3(a)) whereas in the model without the concrete
this region is given a velocity of zero in the BE model (Figure 3(b)). With these 2.5D BE
models, the sound radiation from the embedded track can be evaluated due to the vibration
determined with the FE model.

(a)

(b)

Figure 3. WBE acoustic model of embedded track showing coupling with WFE model (high
frequency mesh). (a) model with concrete; (b) model of groove rail and embedding material model
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without concrete. The thick black line indicates the profile of rail, embedding and concrete exposed to
the air; the FE and BE models are coupled on this line but nodes are omitted for clarity. The crosses
are the nodes on the acoustic BE where an impedance boundary is included. The grey dots represent
the infinite boundary which is included via a half-space formulation.
Table 2. Boundary element fluid model boundary length and element size

Model

Frequency

Acoustic

(Hz)

wavelength (m)

1
2

Required

Length

maximum

of BE

distance

domain

between

on each

nodes (m)

side (m)

31.5

10.9

2.72

500

0.686

0.172

500

0.686

0.172

5000

0.0686

0.0172

Maximum
distance between
nodes in BE
mesh (m)
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0.160

0.8

0.016

3. Vibration and noise radiation of embedded track
3.1 Dispersion curve
For the first FE model in Figure 2(a), with groove rail and embedding material only,
dispersion curves are plotted according to the eigenvectors of the finite element model. These
are calculated from equation (2) with 𝐅̃ = 𝟎 and the damping set to zero. The results are
shown in Figure 4(a) for the model with reduced density filling and in Figure 4(b) for the
normal density. The solid line in each case is the wavenumber of acoustic waves in air. Sound
is only radiated to the far field when the wavenumber kx is smaller than the wavenumber in air;
this is therefore used to determine the wavenumber range for the acoustic calculations. The
vibration of the rail is also sufficiently captured by this wavenumber range, as seen in Figure
4(a), but the vibration of the filling material includes waves with larger wavenumbers above
800 Hz. Nevertheless, for excitation on the rail, these short wavelength waves are not
significantly excited. There are seven waves in the rail in the frequency range up to 3 kHz:
vertical bending, lateral bending, torsional, web-bending, cross-section bending, foot-flapping
and longitudinal waves. The same waves are also present in the case with the normal density
embedding material as shown in Figure 4(b). However, above 800 Hz there are also many
waves in the embedding material in this case which makes it more difficult to identify the
waves in the rail. The deformation shapes of all the waves in the rail, except for the longitudinal
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wave, are shown in Figure 5 for the reduced mass model.

(a)

(b)

Figure 4. Dispersion curve of embedded track structure without concrete. (a) Reduced density
embedding material; (b) Normal density embedding material. The solid line is the dispersion curve of
acoustic waves in air.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 5. Wave shapes of embedded rail; (a) torsion wave at 448 Hz and wavenumber 3.5 rad/m; (a)
lateral bending wave at 727 Hz and wavenumber 4.2 rad/m ; (c) vertical bending wave at 848 Hz and
wavenumber 4.3 rad/m ; (d) web bending wave at 1033 Hz and wavenumber 4.2 rad/m; (e) crosssection bending wave at 1757 Hz and wavenumber 4.6 rad/m; (f) foot flapping wave at 2318 Hz and
wavenumber 4.7 rad/m.
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3.2 Mobility and track decay rates
A unit vertical force is applied to the rail head to obtain the vertical point mobility of the
rail with 1/12 octave band frequency resolution. A maximum wavenumber of 75 rad/m is used
for all frequencies, although the point mobilities are found to be almost unchanged if this range
is limited to the acoustic wavenumber. The results from the models with reduced density
embedding material, normal embedding material and including the concrete are shown in
Figure 6(a) for the nominal force position F1. When the concrete and ground are included, the
rail mobility is increased below 100 Hz but at higher frequencies the models give similar results.
Thus the model including the concrete is only used for frequencies up to 1000 Hz as the size
of this model would become prohibitive at higher frequencies.
The peak at around 350 Hz corresponds to the resonance of the mass of the rail bouncing
on the support stiffness, which is also the cut-on frequency of vertical bending waves in the
rail, seen in Figure 4. Below this frequency the mobility is stiffness-controlled; the track
support stiffness is greater than on a conventional railway for which the first peak occurs
typically around 100 Hz for an unloaded track [1]. A peak appears at about 2 kHz which is due
to the cut on of the foot flapping wave mode. The results for force position F2 from the model
without the concrete are compared with the measurement results in Figure 6(b). The mobility
at this position is higher than at F1 due to rotation of the rail cross-section and the peak at 2
kHz is less visible. Good agreement with the measurements is observed.

(a)

(b)

11

Figure 6. Mobility magnitude and phase of rail from embedded tracks in Figure 2. (a) Calculation
result of different models for force position F1. (b) Comparison between measurement results and
calculation for groove rail and embedding material for force position F2.

The track decay rate was measured in the field according to the standard EN 15461 [19].
The same method has been used with calculated responses at different positions along the rail
to obtain the track decay rate from the model. As this method for determining the decay rate
depends on the point mobility, results are obtained for both force positions.
The calculated vertical track decay rate for excitation point F2 is compared with the
measurements in Figure 7(a), showing good agreement. The reference curve from ISO 3095
[20] is also shown for comparison. At low frequencies, the decay rate is greater than 10 dB/m
due to the blocking effect of the support stiffness [1]. It drops at around 350 Hz, which
corresponds to the resonance frequency of the rail mass bouncing on the support stiffness of
the filling material, seen as the peak in Figure 6. Above 1000 Hz, the track decay rate increases
considerably due to the damping effect of the embedding material around the rail profile.
Between these two frequencies it has a minimum.
Figure 7(b) shows the vertical track decay rates from the different track models for the
nominal force position F1. Above 400 Hz the track decay rate of the model including the
concrete is slightly higher than that of the model with only rail and embedding material.
Neglecting the mass of the embedding material leads to much lower decay rates at high
frequencies, showing that it is important to include this mass to take account of the interaction
between the rail and the embedding material [11]. A peak appears in the decay rate at 2 kHz,
which coincides with the peak in the point mobility for force position F1, i.e. due to the cut-on
of the foot flapping wave. (According to the method in [19] the track decay rate is proportional
to the point mobility divided by a weighted sum over transfer mobilities).
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(a)

(b)

Figure 7. Vertical track decay rates in one-third octave bands. (a) Comparison between calculation for
rail and embedding material only and measurement with excitation point at F2; (b) Calculation results
of different models with excitation point at wheel/rail contact point, F1.

3.3 Radiated sound power
The radiated sound power for a unit force and the radiation efficiency are shown in Figure
8 for the various models of the embedded rail. For the models with only the rail and embedding
material (Figure 2(a)) results are shown for both the normal mass model and the one with
reduced density. At frequencies above 800 Hz, the sound power is higher for the reduced mass
model than for the normal mass model due mainly to the difference in track decay rates (Figure
7(b)). Moreover, above 800 Hz, the radiation efficiency of the reduced mass model is also
greater than that of the normal mass model.
At low frequencies, the radiation efficiency from these models increases in proportion to
the frequency between about 160 Hz and 1000 Hz, corresponding to a line monopole source.
This is in contrast to an open rail which acts as a line dipole, with a radiation efficiency that is
proportional to the cube of the frequency [11]. Below 160 Hz the slope changes to the square
of the frequency, corresponding to a point monopole; at these low frequencies the vibration of
the rail is localised around the excitation point due to the high decay rate and this vibrating
region becomes much shorter than the acoustic wavelength in air. Above 1000 Hz the radiation
efficiency reaches unity as the width of the rail and embedding becomes comparable with half
the acoustic wavelength.
Figure 8 also shows the radiated power and radiation efficiency of the model including
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the concrete and ground support. In this case the result shown is actually an ‘effective radiation
efficiency’ that is normalised with respect to the velocity and area of the rail and embedding
material only, so that a higher value is found when the vibration of the concrete amplifies the
sound radiation.

(a)

(b)

Figure 8. Sound radiation from embedded track for unit force excitation. (a) Sound power; (b)
radiation efficiency.

Figure 9. Mean square velocity of upper surfaces of the rail and the concrete in two models.

To show the influence of the vibration of the concrete, Figure 9 shows the mean-square
velocity integrated over the surface for the models with and without the concrete. It can be seen
that, above around 100 Hz, the mean-square velocities of the rail in both models are equal.
Below 100 Hz, however, the vibration of both the rail and the concrete in the model including
the concrete is larger than the rail vibration in the model with only the embedding material. At
higher frequencies the vibration of the concrete becomes much smaller than that of the rail due
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to the isolating effect of the embedding material.
As a result of the vibration of the concrete, there are differences in the sound radiation
behaviour in Figure 8 at frequencies below 500 Hz. At low frequency, below 200 Hz, the sound
power and radiation efficiency are greater for the model with the concrete than without due to
the strong vibration of the concrete; consequently, the radiating area is greater than for the rail
alone. In the region around 400 Hz, however, the sound power and radiation efficiency are
lower than for the model with only the rail; in this frequency region, above the resonance peak
at 350 Hz in Figure 6, the rail and concrete are vibrating out of phase with each other, leading
to some cancellation of their sound radiation. Although, as seen in Figure 9, the squared
velocity of the concrete is more than 50 times smaller than the rail at 400 Hz, its width is about
six times larger than the rail. The width appears in the expression for the sound power twice
(once in the radiation efficiency for a line monopole and once in the radiating area), giving a
factor of about 36. Moreover, the length of concrete that is vibrating is greater than the
corresponding length of rail.
There is a dip at 2 kHz in the sound power for a unit force. At this frequency there is a
peak in the vertical mobility due to the cut-on of the foot flapping wave. As this wave has a
high decay rate near the cut-on frequency, it does not contribute significantly to the radiated
power, so the power shows a dip when normalized by the squared force.
4 Influence of the ground impedance
The tram track studied here is laid in a grass surface, as seen in Figure 1. This will have
different acoustic properties from a ballasted track or a conventional slab track. The grass will
have an absorptive effect on the rolling noise, which is taken into account in the model in this
Section. For simplicity, the conventional Delany and Bazley model [21] for an infinite layer of
porous material is used here to estimate the acoustic impedance, based on an equivalent flow
resistivity. This impedance is included in the BE model on the ground surface. It has been found
that, even if a finite thickness model is used, the impedance results are virtually unaffected.
For the equivalent flow resistivity, a value of 300 kPa.s/m2 [22] is used to represent the
grass in the BE model. In addition, a smaller value of 30 kPa.s/m2 is used for comparison. The
influence of grass ground on the sound radiation efficiency for the model with groove rail and
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embedding material is shown in Figure 10(a). The absorptive properties of the grass ground
(300 kPa.s/m2) reduce the sound power over the whole frequency range by less than 1 dB. Even
using the lower value of flow resistivity, the effect is less than 2 dB. Thus, including the
absorptive properties of the ground has only a small effect on the sound radiation of the
embedded track. Figure 10(b) shows the influence for the model with concrete; a similar effect
is seen as for the model without concrete.

(a)

(b)

Figure 10. The influence of the ground impedance on the radiation efficiency of the embedded rail.
(a) Groove rail with embedding material; (b) model with concrete.

5. Rolling noise from tram running on embedded track
5.1 Prediction model
Having established models for the embedded ‘grass track’ shown in Figure 1, the rolling
noise of a tram running on this embedded track is calculated by combining these models with
a resilient wheel. The relative contributions of the noise radiated by the track and the wheels
can then be identified. The 2.5D FE/BE models of the track with both rigid ground surface and
grass surface are used. The resilient wheel is represented by a finite element model, which has
been validated with simple modal measurements on the wheels of the tram. The total length of
the tram is 54 m, and the number of wheelsets is 10. The wheel radius is 0.295 m and the wheel
load is assumed to be 40 kN. The noise measurement location is at 7.5 m from the track
centreline and 1.2 m above the top of the rail.
Figure 11(a) shows measured wheel and rail roughness spectra from the trams and the test
site. The reference curve from ISO 3095:2013 [20] is also shown for comparison. The rail
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roughness of the tramway track is quite high over the whole wavelength range, as found in
previous studies [5, 6]; the maximum difference with the ISO reference curve is more than 20
dB. There is no strong peak in the roughness spectra although some short wavelength
corrugation was visible at a wavelength of around 20 mm. Compared with the rail roughness,
the wheel roughness level is much lower.

(a)

(b)

Figure 11. Excitation of wheel/rail system. (a) Rail roughness of tram track and wheel roughness; (b)
Contact filter effect. Frequency axis corresponds to a speed of 56 km/h.

Due to the low speed of the tram, the contact filter is particularly important. Assuming
Hertzian contact, the contact area between the wheel and rail is elliptical with semi-axis lengths
a and b. Roughness wavelengths shorter than the contact patch length 2a tend to be attenuated.
Here, data from the DPRS model [1, 7] were used to obtain the contact filter effect. The contact
patch length used here should be selected according to the wheel load, wheel diameter and
running speed. This leads to a contact patch semi-axis length of 4.3 mm. The contact filter
effect from the DPRS model is compared with the results of a simplified equation (Remington
formula [1]) in Figure 11(b). For these parameters the DPRS result is lower than the simplified
equation around 1.6 kHz and higher than it above 3 kHz.
In predicting the radiated noise from the embedded rail, it is assumed that the lateral
vibration of the rail can be neglected as it does not radiate significantly. However, the lateral
vibration of the wheel is much more important for the sound radiation. To calculate this, the
wheel/rail interaction in both vertical and lateral directions must be taken into account [23].
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Figure 12 shows the vertical and lateral point mobilities of the embedded track at the nominal
contact point, as well as the resilient wheel and the wheel/rail contact zone. The vertical wheel
mobility contains a broad peak around 100 Hz and a sharper peak at 900 Hz. The latter
corresponds to a 1-nodal-diameter radial mode. At higher frequencies, there are several more
wheel modes, resulting in an increase in the response of the wheel and a corresponding rise in
its radiated sound.

(a)
(b)
Figure 12. Mobility magnitude of rail, wheel and contact zone. (a) Vertical; (b) lateral.

The sound power and radiation efficiency of the track structure for a unit force are
calculated as in Sections 3 and 4. The sound pressure level from the wheel is obtained from the
TWINS model [1] using the rail mobilities from the 2.5D model to determine the wheel/rail
force. These wheel and track components are then combined to determine the total rolling noise.
As well as the effect of the acoustic absorption of the grass on the radiated sound power
of the track, considered in Section 4, account is taken of the fact that the track and wheels
radiate into a cavity beneath the tram, shown in Figure 13(a), which contains the absorption of
the grass. As in Section 4, the Delany and Bazley model [21] is used with a flow resistivity of
300 kPa.s/m2. The diffuse field absorption coefficient is derived from the impedance using
Paris’s formula [24].
As the bogie cavity includes side skirts, see Figure 13(a), it is assumed that all the noise
radiated from the wheels and rails is transmitted through the cavity before being radiated to the
wayside. It is assumed that the cavity contains an absorption area Sab (absorption coefficient
multiplied by surface area) of the grass and any other absorptive surfaces and an aperture area
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Sap corresponding to the gap between tram car skirt and the ground. The insertion loss of this
bogie cavity can be obtained as follows [25]
𝑆ab +𝑆ap

IL = 10log10 (

𝑆ap

(7)

)

Figure 13(b) shows the insertion loss of the bogie cavity obtained with a gap height of
205 mm and a total width of grass of 1.2 m. The wheel/rail noise is reduced by this insertion
loss to get the sound pressure level at the receiver. The result is also shown for the lower value
of flow resistivity for comparison.
2.4m

Bogie area

1.435m
Grass

0.205m

Grass

Grass

0.6m

0.6m

(a)

(b)

Figure 13. The influence of tramcar bogie cavity. (a) Schematic cross-section view of bogie cavity;
(b) insertion loss of bogie cavity.

Figure 14(a) shows the A-weighted track noise component obtained using models of the
track based on the rail and filling alone and the model with the concrete, in both cases including
the grass. For the latter model, the corresponding model without the concrete is used above 1
kHz. The insertion loss from Figure 13(b) is applied in each case. The main differences in the
track noise between the different models come from the effects on the sound radiation seen in
Figures 8 and 10. Below 200 Hz, the noise from the model including the concrete is much
greater than that from the model with just the rail and embedding material; at higher frequencies,
due to the acoustic cancellation between the rail and the concrete, observed in the results of
Figure 8, the results for this model are slightly lower than the model based on the rail and filling
alone.
The wheel/rail interaction forces (not shown here) are found to be similar for the various
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models of the track. Consequently, the wheel contribution also does not differ much between
the two track models, with overall levels of 69.3 dB(A) and 69.7 dB(A), the differences
occurring due to small differences in the rail mobility. The total noise including the wheel and
track components is shown in Figure 14(b), which shows similar trends to the track noise. The
radiated noise from the track is found to have a much larger influence on the total noise than
the wheel.

(a)

(b)

Figure 14. A-weighted sound pressure spectra calculated using different track models. (a) Track noise
component; (b) total noise.

5.2 Comparison with measurements
Noise measurements were taken during the passage of trams. Figure 15(a) shows the
measured noise from three trams with speeds of 56±1 km/h. These results are compared with
the rolling noise predicted using the model with the concrete and including the impedance of
the grass. Good agreement is observed over most of the frequency range. Because of the
presence of background noise and noise from the equipment on the tram, the measurement is
greater than the prediction, especially at low frequencies. At high frequencies the differences
may be caused by inadequacies in the model of the bogie cavity screening or the contact filter.
Figure 15(b) shows the wheel and track components of noise as well as the total noise spectrum.
The overall contribution of the track is 7.6 dB(A) greater than that of the wheel and is dominant
for frequencies between 315 and 1600 Hz. The wheel noise contribution is larger between 100
and 200 Hz and above 2000 Hz.
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(a)

(b)

Figure 15. Rolling noise for embedded rail in concrete on grass ground; (a) Comparison of prediction
and measured noise; (b) contributions to the predicted noise from wheel and track.

6. Rolling noise of embedded tracks with different rail and filling shapes
6.1 Track models and dynamic properties of different rails and filling shapes
Having established a model for the embedded track based on the 2.5D FE/BE method and
validated it using field measurements, in this section the effects of varying the rail section and
the shape of the embedding material are explored. In addition to the model with narrow
embedding material considered above, four models with a wider embedding are considered, as
shown in Figure 16. For the purpose of the comparison in this section, in each of these models
the sound power is calculated assuming that the ground surface is rigid and the effect of the
vibration of the concrete is neglected. However, the same insertion loss of the bogie cavity is
considered in calculating the sound pressure level at the receiver position.
Three of these models have the same rail type as in the above model, i.e. 59R2 groove rail,
but with a wider filling. The Young’s modulus of the filling material is 20 MPa [11], which is
stiffer than for the narrow shape and ensures the different tracks have a similar vertical stiffness.
A configuration is shown in Figure 16(b) containing two PVC pipes, which are commonly used
to reduce the amount of elastomeric filling material required. In Figure 16(c) a variant is
included that contains a soft rail pad under the rail, used for improved ground vibration
isolation. Finally, an embedded track with a Vignole rail, type 55E1, is shown in Figure 16(d).
As this rail section has a narrower foot, the embedding material is also narrower; it is 10 mm
wider than the foot, as for the groove rail.
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(a)

(b)

(c)

(d)

Figure 16. Geometry and mesh models of embedded tracks. (a) Groove rail with wide filling; (b)
Groove rail with wide filling and PVC pipe; (c) Groove rail with wide filling and rail pad; (d) Vignole
rail with wide filling.

The point mobilities and track decay rates of the different track models are shown in
Figure 17. The groove rail with the narrow filling has a slightly higher resonance frequency
than the others, as it has a slightly stiffer support. Conversely, the model with the soft rail pad
has a higher mobility at low frequencies and a lower resonance frequency. It also has a slightly
lower track decay rate in the low frequency region due to the flexibility of the rail pad. However,
above 500 Hz, where the embedding has more effect than the support stiffness, it has a similar
track decay rate to the corresponding model without the rail pad. At high frequencies the
mobility is determined in each case by the rail bending behaviour, so the Vignole rail has a
lower mobility than the more flexible groove rail.
It can be seen from Figure 17(b) that the models with the wide filling have a much higher
track decay rate than the narrow one between 500 and 1600 Hz. However, the Vignole rail
model has a lower track decay rate than the corresponding groove rail model above 400 Hz,
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from which it can be concluded that the embedding material has a smaller influence on the
Vignole rail than on the more flexible groove rail.

(a)

(b)

Figure 17. Comparison of dynamic properties of embedded track with narrow and wide filling. (a)
Mobility magnitude; (b) track decay rate.

6.2 Sound radiation of different tracks
The sound power for a unit force, the mean-square velocity and the radiation efficiency
of the different models are shown in Figure 18. The model with the soft rail pad has a higher
vibration and radiated power at low frequencies due to its lower decay rate and higher mobility.
However, the radiation efficiency is more similar to the other models in this frequency range.
Above 300 Hz, where waves can propagate in the rail, this model gives almost identical results
to the corresponding model without the rail pad, as their mobilities and decay rates are very
similar. As seen above, embedding material has a greater effect on the decay rate than the
relatively soft rail pad.
Compared with the narrow filling, all the models with the wide filling have a lower
radiation efficiency above 500 Hz. However, their surface area is larger so the difference
between the radiated power for the wide and narrow fillings is not so great. The three cases
with the groove rail and wide filling each have a large dip in both the sound power and radiation
efficiency between 630 and 1000 Hz. This will be explored in more detail below. The sound
power radiated by the Vignole rail is higher than that from the other models between 500 and
1250 Hz. Compared with the groove rail with the wide filling, this difference in radiated power
is a consequence of the higher vibration of the Vignole rail due to its lower decay rate.
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(a)

(b)

(c)

Figure 18. Comparison of sound radiation of embedded track with narrow and wide filling. (a) Sound
power for a unit force; (b) mean squared velocity; (c) radiation efficiency.

Results are shown in Figure 19 to demonstrate the influence of the embedding material
for the model shown in Figure 16(a), i.e. the groove rail with wide filling. Figure 19 shows the
radiated sound power and radiation efficiency calculated from the vibration of the rail alone
(i.e. by setting the velocity of the embedding material to zero in the BE calculation). These are
compared with the results from Figure 18, which included the vibrating surface of the
embedding material. Including the effect of the embedding material increases the sound power
at most frequencies. The radiation efficiency is also increased at low frequencies as a
consequence of the wider radiating area. However, it is reduced above 400 Hz. In this frequency
region the vibration of the rubber surface becomes out of phase with the rail head. This is
illustrated in Figure 20, which shows the wave shape associated with the predominantly vertical
bending wave of the rail at about 630 Hz. Consequently, at this frequency the vibration of the
embedding material causes some cancellation of the sound radiation from the rail; this is the
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reason for the dip seen in Figure 19 at 630 Hz for this model.

(a)

(b)

Figure 19. Sound radiation of rail with and without radiation from the embedding material, for the
groove rail with wide filling. (a) Sound power for a unit force; (b) radiation efficiency.

Figure 20. Wave shape of vertical bending of groove rail with wide filling at 630 Hz and
wavenumber 4.7 rad/m.

6.3 Comparison of rolling noise from embedded tracks
To compare the rolling noise from the different track models, the sound pressure levels at
7.5 m from the track centreline are calculated using the same wheel model as in Section 5. In
order to avoid strong influences of the roughness spectrum, the ISO 3095:2013 [20] reference
curve is used as the input, again including the DPRS contact filter. The tram speed is taken as
56 km/h as before. Figure 21(a) shows the calculated A-weighted sound pressure spectra due
to the track vibration and Figure 21(b) shows the total noise including the wheel contribution.
The overall A-weighted noise levels and the contributions from the track and wheel are listed
in Table 3. The wheel noise component is largely unaffected by the track design and, in terms
of overall level, it is 6-8 dB(A) lower than the track noise component.
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Table 3. A-weighted sound pressure levels at 7.5 m from track centreline for different embedded rail
designs based on ISO 3095:2013 roughness spectrum at 56 km/h

Track type

Total noise
(dBA)

Track noise
(dBA)

Wheel noise
(dBA)

Groove rail, narrow filling
Groove rail, wide filling
Groove rail, with PVC pipe
Groove rail, with rail pad
Vignole rail, wide filling

60.2
59.7
60.9
60.3
62.6

59.5
58.9
60.3
59.6
62.2

51.8
52.1
52.2
51.8
51.5

Although the embedded rail models with the wide filling have a larger radiating area than
the narrow one, the noise levels of the models with wide and narrow filling are similar. This is
due to the cancellation effects noted in the previous section. As already seen in Figure 18, the
soft rail pad increases the track noise below 400 Hz because of the increased rail vibration, but
above this frequency it has no effect. Apart from this case, the main differences between the
various track models occur above 250 Hz. The Vignole rail has a higher noise level than the
corresponding model with the groove rail between 300 and 1250 Hz due to its lower track
decay rate. Its overall noise level is therefore the highest, about 3 dB greater than the groove
rail with wide embedding. However, although its decay rate is also much lower than the others
between 1600 and 2500 Hz, the noise radiation is not significantly different in this frequency
region due to cancellation effects from the rubber. Introducing the PVC pipe leads to an
increase of around 1 dB in the overall noise level; the level increases at 500 and 630 Hz but
reduces slightly at 800 and 1000 Hz. These effects are caused by the differences in track decay
rate (Figure 17(b)) and also the shift in the dip in the radiation efficiency (Figure 18(b)). In all
cases a dip appears in the 800 Hz band. This occurs due to the strong resonance of the wheel
in the radial direction at about 900 Hz, see Figure 12(a), which leads to a reduction in the
wheel/rail force.
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(a)

(b)

Figure 21. A-weighted sound pressure levels at 7.5 m from track centreline for different
embedded rail designs based on ISO 3095:2013 roughness spectrum at 56 km/h. (a) Track
noise; (b) total noise.
7. Conclusions
A wavenumber domain (2.5D) numerical model for predicting the noise from embedded
tracks has been presented, which includes the rail geometry, elastomeric embedding material,
concrete structure, supporting soil stiffness and acoustic properties of the ground surface. The
model is applied first to a track embedded in a grassy ground for which field measurements
have been carried out. The predictions show good agreement with the measured point mobility
and track decay rate. The vertical decay rate of this embedded grass track is quite low between
400 Hz and 1000 Hz, which results in high levels of rolling noise in this important frequency
range. The concrete around the embedded rail vibrates strongly and radiates noise, particularly
below 200 Hz, but it gives some cancellation of the radiation from the rail around 400 Hz where
it vibrates out of phase with the rail. At higher frequencies it can be neglected. The absorptive
effect of the grass tends to reduce the radiated noise over the whole frequency range, with
differences of up to 2 dB in sound power. In addition the attenuation effect of the fairings
around the bogie region is estimated taking account of the absorptive effect of the grass surface.
The rolling noise of this grass track is compared with field measurements and good
agreement is observed. The rail contribution is shown to be dominant for frequencies between
300 and 1600 Hz. The noise contribution from the resilient wheels of the tramcar is relatively
low compared with the track but the wheel contributes most of the noise at frequencies above
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2 kHz.
Different designs of embedded rail are compared in terms of their vibration response and
sound radiation. An embedding material with a wide surface can increase the track decay rate
of the groove rail between 300 Hz and 1600 Hz. Although the embedded rail models with the
wider filling have a larger radiating area than the narrow one, their noise levels are similar, at
least for similar values of support stiffness as considered here. This is due to cancellation effects
occurring at frequencies between 630 and 1000 Hz where the rubber vibrates out of phase with
the rail. Including a soft rail pad beneath the rail foot increases the track noise at low frequency
because of increased rail vibration, but above 400 Hz it has no effect on the track decay rates
or the radiated noise. Replacing the groove rail by a Vignole rail leads to a lower track decay
rate and consequently a higher noise level between 300 Hz and 1250 Hz. Its overall noise level
is therefore the highest of those considered, about 3 dB greater than the corresponding track
with the groove rail. Introducing a PVC pipe within the embedding material leads to an increase
of around 1 dB in the overall noise level.
It is clear that the noise levels from an embedded rail depend on the details of the design
and the material properties of the embedding material. Of particular importance is the
frequency range for which cancellation occurs between the sound radiation from the rail and
the embedding material. Consequently, mitigation measures for embedded track should be
considered carefully on a case-by-case basis using models such as those presented here.
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