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Electrodynamic friction of a charged particle passing a conducting plate
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The classical electromagnetic friction of a charged particle, moving with prescribed constant velocity v parallel
to a planar imperfectly conducting surface, is reinvestigated. As a concrete example, the Drude model is used
to describe the conductor. The transverse electric and transverse magnetic contributions have very different
characters both in the low-velocity (nonrelativistic) and high-velocity (ultrarelativistic) regimes. Both numerical
and analytical results are given. Most remarkably, the transverse magnetic contribution to the friction has a
maximum for |v| < c, and persists in the limit of vanishing resistivity for sufficiently high velocities. We also
show how Vavilov-Čerenkov radiation can be treated in the same formalism.
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I. INTRODUCTION

Over the past several decades, there has been continuing
theoretical interest in Casimir or quantum friction between
dielectric bodies in relative motion, or between polarizable
atoms and dielectric or conducting surfaces, but, to date, there
has been no experimental confirmation of such effects. For a
brief review with many references, see Ref. [1].

In the course of our continuing investigations, we also ex-
amined classically analogous effects. For example, a charged
particle moving close to an imperfectly conducting surface
experiences a drag force parallel to its motion. This was appar-
ently first considered by Boyer [2], and later revisited [3–5].
Ohmic heating is the relevant physical mechanism [6], and
the phenomenon may have been observed in experiments with
solid nitrogen sliding above (superconducting) lead [7–9],
although, in such a case, quantum effects are likely to be more
relevant [10].

Here we will extend these nonrelativistic studies into the
relativistic regime, continuing to model the conductor by a
Drude-type dispersion relation, and analyze the very differ-
ent behaviors of the transverse electric (TE) and transverse
magnetic (TM) contributions. The physical origin of the fric-
tion in the classical and quantum regimes is the same—the
dissipation in the surface—so understanding this better in the
classical case may yield useful insight into the quantum case.

Of course, it will be recognized that, for real metals, the
Drude model is only appropriate for h̄ω � 1 eV [11]. There-
fore, our work should be regarded mainly as an illustrative
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theoretical exercise. However, since the same methods can be
generalized in a straightforward manner to a more appropriate
description of an imperfect conductor, we would expect our
results and conclusions to remain qualitatively correct in that
context.

The outline of this paper is as follows. In Sec. II, we set
up our general formulation in terms of TE and TM Green’s
functions. The TE contribution is discussed in Sec. III, with
analytical results for both low and high velocities, while a
similar treatment for the somewhat more complex, but more
important, TM contribution is given in Sec. IV. In the TM
case, we find very interesting nonmonotonic effects, as well as
the persistence of friction in the limit of vanishing damping.
A brief discussion of possibilities of observing such effects
is given in Sec. V. Appendix A provides more detail on
the electromagnetic Green’s functions, while Appendix B
shows how analytical expressions for integrals encountered
in intermediate- and high-velocity regimes are obtained. Ap-
pendix C demonstrates how the same formulation can be
used to describe the motion of a charged particle in a uni-
form dielectric medium, and the force on the particle due to
Vavilov-Čerenkov radiation is rederived.

In this paper, we will use Heaviside-Lorentz units with
c = 1.

II. GENERAL EXPRESSIONS

The idea is very simple. A particle of charge e is moving
with velocity v parallel to a plane conducting surface. It
experiences the Lorentz force

F = e(E + v × B). (2.1)

The magnetic field does no work on the particle, so may be
disregarded. The electric field arises because of the image
charge induced by the conducting plane. This field may be
expressed in terms of a suitable Green’s dyadic, most conve-
niently written in the frequency domain

E(r; ω) = − 1

iω

∫
(dr′)�(r, r′; ω) · j(r′; ω). (2.2)

(For the connection with the perhaps more familiar Green’s
function expressed in terms of vector potentials, see the
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Appendix of Ref. [12]. For further details, see Appendix A.)
Here the current is due to the particle moving with prescribed
constant velocity v = vx̂, parallel to, and at a distance a in the
z direction above, the surface of the conductor

j(r, t ) = evδ(r − aẑ − vt ) = evx̂δ(x − vt )δ(y)δ(z − a).

(2.3)

We choose this representation for the Green’s dyadic be-
cause it is precisely the retarded version of that used in the
quantum calculations that are the main focus of our research
on friction. Because the conductor lies in the x-y plane, we
have translational invariance in that plane, which permits the
transverse Fourier transform

�(r, r′; ω) =
∫

(dk⊥)

(2π )2
eik⊥·(r−r′ )⊥g(z, z′; k⊥, ω), k2 = k2

⊥.

(2.4)

Inserting this construction into the Lorentz force formula, we
immediately obtain the frictional force along the direction of
motion

F =Fx =− e2

2π i

∫ ∞

−∞

dω

ω

∫ ∞

−∞

dky

2π
gxx(a, a; kx = ω/v, ky, ω),

(2.5)

because the integration over x′ provides a δ function in kx −
ω/v. It will be noted that the only contributing kx modes
are those that keep pace with the particle, much like for a
surfer. The Green’s function appearing here can be written in
terms of TE and TM parts, indicated by E and H superscripts,
respectively, in an arbitrary background dielectric medium
described by ε(z; ω), as follows (for details, see Refs. [12,13]
and Appendix A):

gxx(z, z′; kx, ky, ω)

= k2
y

k2
ω2gE (z, z′; κ, ω) + k2

x

k2

1

ε(z; ω)

1

ε(z′; ω)
∂z∂z′gH (z, z′; κ, ω).

(2.6)

Here κ = √
k2 − ω2, and in the vacuum region z > 0 above

the conductor

gE ,H (z, z′; κ, ω) = 1

2κ

(
e−κ|z−z′ | + rE ,H e−κ (z+z′ )), (2.7)

where the reflection coefficients at the interface of the uniform
conductor with the vacuum are

rE = κ − κ ′

κ + κ ′ , rH = κ − κ ′/ε
κ + κ ′/ε

, (2.8)

in terms of κ ′ =
√

κ2 − ω2(ε(ω) − 1).
The 1/i appearing in the frictional force (2.5) is an in-

struction to take the imaginary part. (Actually, the real part
integrates to zero.) One might suppose that the propagation
constant κ would be complex, but due to the fact that kx =
ω/v, that is entirely real and positive

κ2 = ω2

γ 2 − 1
+ k2

y , (2.9)

where γ = (1 − v2)−1/2 is the usual relativistic dilation factor.
Hence only the parts of the Green’s functions that are propor-
tional to the reflection coefficients can contribute.

We find it convenient to introduce polar coordinates by
defining the two-dimensional vector

κ =
(

ω√
γ 2 − 1

, ky

)
, κ2 = κ2, (2.10a)

so

ω =
√

γ 2 − 1 κ cos θ, ky = κ sin θ. (2.10b)

Then the frictional force can be written in the following
general form:

F = − e2

8π2
(γ 2 − 1)

∫ ∞

0
dκ κ e−2κa

×
∫ 2π

0
dθ

cos θ

(γ 2 − 1) cos2 θ + 1

× [ f E (κ, θ ; γ ) + f H (κ, θ ; γ )
]
, (2.11)

where

f E (κ, θ ; γ )

= 2 sin2 θ Im
[
1 +

√
1 − (γ 2 − 1)(ε − 1) cos2 θ

]−1
,

(2.12a)

and

f H (κ, θ ; γ )

= 2
γ 2

γ 2 − 1
Im

[
1 + 1

ε

√
1 − (γ 2 − 1)(ε − 1) cos2 θ

]−1

.

(2.12b)

In the following, to be specific, we use the Drude model for
the permittivity

ε(ω) = 1 − ω2
p

ω2 + iνω
, (2.13)

where ωp is the plasma frequency and ν is the damping
parameter, assumed constant. In terms of our polar variables,
this translates to

ε − 1 = − ω2
p

(γ 2 − 1)κ2 cos2 θ + iνκ
√

γ 2 − 1 cos θ
. (2.14)

When we make specific numerical calculations, we can use
approximate values for gold1 [14]:

h̄ωp = 9.0 eV, h̄ν = 0.035 eV. (2.15)

(Again, for comparison to the quantum case, it is convenient
to use the quantum-mechanical energy conversion. The con-
version factor h̄c = 2 × 10−5eV cm is useful.)

Let us adopt dimensionless variables

u = 2κa, α = 2ωpa, β = 2νa, (2.16)

1More recent measurements by Olmon et al. [11] give roughly
consistent values: h̄ωp = 8.5 ± 0.5 eV and h̄ν = 0.050 ± 0.011 eV.
We continue to use our nominal values for illustrative purposes.
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to write the force as

F = − e2

32π2a2
F , (2.17)

where

F = F E + F H

= (γ 2 − 1)
∫ ∞

0
du u e−u

∫ 2π

0

dθ cos θ

(γ 2 − 1) cos2 θ + 1

× [ f E (u, θ ; γ ; α, β ) + f H (u, θ ; γ ; α, β )
]
. (2.18)

III. TE CONTRIBUTION

Although it will turn out that the TE contribution is negli-
gible compared to the TM part, it is easier to analyze, so we
start with that. In the Drude model, the function f E is

f E (u, θ ; γ ; α, β )

= 2 sin2 θ Im

⎡
⎢⎣1+

√√√√1 + α2

u2

(
1+i

β

u
√

γ 2 − 1 cos θ

)−1
⎤
⎥⎦

−1

.

(3.1)

The exact numerical integration is a bit subtle and unstable;
therefore, we consider more tractable limits. The nonrelativis-
tic limit γ → 1 is straightforward:

f E (u, θ ; γ ; α, β ) → α2

4uβ
(γ 2 − 1)1/2 cos θ sin2 θ,

v � β � 1, (3.2)

which, when inserted into Eq. (2.18), yields

F E = (γ 2 − 1)3/2 π

16

α2

β
= π

16

v3α2

β
, v � β � 1. (3.3)

This agrees closely with the result of the direct numerical
integration of the force for small velocity of the charged
particle, as seen in Fig. 1.

For moderate velocities, the small β expansion

f E (u, θ ; γ ; α, β )

≈ β√
γ 2 − 1 cos θ

α2 sin2 θ[
u + √

u2 + α2
]2 1√

u2 + α2
, β � v,

(3.4)

reproduces the approximately linear region in Fig. 1 for
intermediate velocities. To see this, let γ approach 1. The θ

integral is just
∫ 2π

0 dθ sin2 θ = π and the remaining u integral
is

IE (α) = 1

α2

∫ ∞

0
du u e−u

(√
u2 + α2 − u

)2
√

u2 + α2
, (3.5)

which can be written in terms of Struve and Bessel functions
as shown in Appendix B. In this way we obtain

F E ≈ πβvIE (α), β � v � 1. (3.6)

The agreement with numerical integration is good, as is also
shown in Fig. 1.
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FIG. 1. The numerically evaluated TE frictional force (2.18)
[dots] compared to the low-velocity approximation (3.3) [dashed red
line]. For larger velocities, not too close to the speed of light, the
force is well approximated by (3.6) [short-dashed blue line]. In the
ultrarelativistic limit, the TE friction approaches the value (3.8). Here
we chose the separation distance of the particle from the plate to be
a = 100 nm, where the Drude model should be approximately valid,
so for gold, α = 9.0, β = 0.035. Also shown, by stars, is the friction
for one-tenth the value of the dissipative parameter β = 0.0035, but
with α unchanged, compared to the low-velocity [dashed orange]
and intermediate-velocity [short-dashed magenta] approximations,
which exhibits the enhancement at low velocity and suppression at
high velocity caused by smaller dissipation.

Extracting the high-velocity limit is rather more subtle. If
we continue to use the small β expansion (3.4), we encounter
the θ integral∫ 2π

0
dθ

sin2 θ

cos2 θ + 1
γ 2−1

≈ 2πγ , γ 	 1. (3.7)

In terms of the function IE (α), the TE friction in the γ → ∞
limit approaches

F E ∼ 2πβIE (α), (3.8)

two times the limit as v → 1 of Eq. (3.6). In Fig. 2 we show
that this linear behavior in β matches the exact integration
quite well for low β. Note, as further shown in Appendix B,
Eq. (B6), that the force tends to zero as ωp → ∞, as we might
expect for a perfect conductor.

The astute reader might question the validity of the ex-
pansion (3.4) in powers of the damping parameter β since
cos θ = 0 is included in the region of integration. We can
test this procedure in the ultrarelativistic limit as follows.
First, the symmetry of the θ integration allows us to replace
the integral over the interval [0, 2π ] by four times that over
[0, π/2]. Second, we break up the θ integration into two
intervals 0 < θ < θ0, θ0 < θ < π/2, where π/2 − θ0 � 1,
but γ cos θ0 	 1. Then the first interval is seen to give a
contribution to the friction which goes like 1/γ as γ → ∞,
while the second can be approximately written as

F E ≈ 8
∫ ∞

0
du u e−u

∫ ∞

0
dφ

φ

φ2 + 1

× Im

⎛
⎝1 +

√
1 + α2/u2

1 + iβ/(uφ)

⎞
⎠

−1

. (3.9)
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FIG. 2. The linear behavior (3.8) in the damping parameter β of
the ultrarelativistic TE friction [upper blue line], compared to exact
data [dots] for α = 9.0, γ = 100. For larger values of β the data
falls below the linear curve. The curve that matches the data better
[magenta, dashed] is based on the more exact treatment (3.9).

Here φ = γ (π/2 − θ ). Numerical integration of this is more
stable than that of the original expression. Figure 2 displays
the result, which matches the linear behavior for small β, and
the exact data for larger values of the damping. Expanding this
to first order in β, of course, yields Eq. (3.8).

IV. TM CONTRIBUTION

We turn now to the dominant TM contribution, which is, in
general, rather more subtle. The v → 0 limit is easy since the
leading contribution in the low v limit is

f H (v, ω) → 4ωa

v2

β

α2
. (4.1)

Inserting this into the formula for the force (2.18) we find the
low-velocity limit as given by Ref. [2]:

F H =4π
β

α2
v, or F H∼ − e2

8πa2

βv

α2
=− e2

16π

νv

ω2
p

1

a3
, v � β,

(4.2)

noting that the connection between the Drude-model parame-
ters and the Ohmic conductivity at zero frequency is σ (0) =
ω2

p/ν. This is much larger than the F E contribution given
in Eq. (3.3). We demonstrate that this agrees with the exact
numerical integration of the TM force in Fig. 3.

For somewhat higher velocities, β � v � 1, we can ex-
pand first in β/v, and then in v, and then writing f H =
2 γ 2

γ 2−1 Imχ , we find

Imχ = vuβ cos θ

α2

√
1 + α2

u2

(
1 − 1

2

α2/u2

1 + α2/u2

)
, (4.3)

so when this is inserted into the formula (2.18) for F H we
obtain (see Appendix B)

F H ≈ 2πvβJH (α), β � v � 1,

JH (α) = 1

α2

∫ ∞

0
du e−uu

√
u2 + α2

(
1 − 1

2

α2

u2 + α2

)
.

(4.4)
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FIG. 3. The dependence of the TM frictional force on velocity
[dots] compared to the low-velocity approximation (4.2) [lower,
blue, straight line]. Again the parameters are α = 9.0 and β =
0.035. Agreement is very good for small velocities, v � β. For
larger velocities, the friction, computed numerically from Eq. (2.18),
agrees well with Eq. (4.4) [upper, red, straight line] for intermediate
velocities β � v � 1. The high-velocity peak, for v ∼ 1, is well
reproduced by Eq. (4.9) [magenta curve], which approaches the
asymptotic value (4.10), nonmonotonically, with a maximum for
v < 1. To demonstrate the effect of β, we also plot the frictional
force [red stars] for β = 0.0035, one-tenth the value above, but with
the same plasma frequency parameter α. For low and intermediate
velocities, the friction is also reduced by a factor of 10, as expected,
but the high-velocity peak is unchanged. (Instability of the numerical
integration for small β is seen at velocities near the speed of light.)

This agrees closely with the linear intermediate velocity re-
gion seen in Fig. 3.

Turning to higher velocities, we note that the expansion
method in β that worked well in the TE case fails here. This
is because the force in this case is no longer analytic in β;
the integrand in the friction develops a singularity at β = 0,
for sufficiently high velocities. We write Eq. (2.12b) using the
notation before Eq. (4.3) with

χ =
⎧⎨
⎩1 +

[
1 − α2

u2φ2

1

1 + iβ/(uφ)

]−1

×
√

1 + α2

u2

1

1 + iβ/(uφ)

⎫⎬
⎭

−1

, (4.5)

and φ =
√

γ 2 − 1 cos θ . The TM frictional force is then

F H = 8γ 2√
γ 2 − 1

∫ ∞

0
du u e−u

×
∫ √

γ 2−1

0

dφ φ√
γ 2 − 1 − φ2

1

φ2 + 1
Imχ. (4.6)

To get the relativistic behavior, as noted above, when β = 0
the denominator in f H develops a pole at φ = φ0, where

φ2
0 =

√
1 + α2

u2
− 1. (4.7)
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FIG. 4. The TM frictional force, obtained by numerical integra-
tion, for values of v for which F H is maximum. Again we use
nominal values of the plasma frequency and the damping parameter
for gold, at a 100-nm separation, α = 9.0, β = 0.035. The numerical
data [dots], which has some instability, is fit well by Eq. (4.9)
[continuous curve]. The maximum value is some 35% larger than
the limiting value given by Eq. (4.10).

So as β → 0, we approximate f H by

f H ∼ 2γ 2

γ 2 − 1
Im

[
u
(
φ2 − α2

u2

)
λ
(
φ2 − φ2

0

)+ iε

]
, λ = u +

√
u2 + α2.

(4.8)

Here ε is proportional to β, is always positive, and for α 	
u approaches ε = β

√
α/u3/2. Thus, for very small ε, the

imaginary part yields a δ function in φ, which lies in the region

of the φ integration only if γ 2 >
√

1 + α2

u2 . Thus, we find that
Eq. (4.8) implies in the limit β → 0

F H ≈ 4πγ√
γ 2 − 1

1

α2

∫ ∞

α/
√

γ 4−1
du u e−u

(
u − √

u2 + α2
)2√

1 − 1
γ 2

√
1 + α2

u2

.

(4.9)
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FIG. 5. The function (4.9) for various values of α, from α =
1 to α = 9 by unit steps, which in all cases agrees with exact
numerical data for the TM (or total) frictional force. The peak shifts
to lower velocities as α decreases, and the magnitude of the peak also
decreases.
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H

FIG. 6. The TM frictional force in the γ → ∞ limit for α = 9
as a function of β. Note there is a mild linear dependence on the
damping parameter β, and that the force tends to a nonzero value for
β → 0+. [The numerical integral becomes unstable for small values
of β, but the limiting value (4.10) at β = 0 is shown.]

This agrees well with the exact F H for high velocities, is
more stable numerically, and is shown in Fig. 3. The peak
seen there is shown in more detail in Fig. 4. The dependence
of this peak on α is shown in Fig. 5. From Eq. (4.9) we obtain
the limiting value for γ → ∞, β → 0:

F H → 4π IH (α) = 4π

α2

∫ ∞

0
du u e−u

(
u −

√
u2 + α2

)2
,

(4.10)

which, remarkably, is not zero. See Appendix B for an explicit
form for this integral. It is plotted in Fig. 7. For small β the
ultrarelativistic limit exhibits a weak linear dependence on the
value of β, as shown in Fig. 6. This is computed by taking
the γ → ∞ limit of Eq. (4.6), and noting that only values of

0 5 10 15 20 25 30
0.0

0.2

0.4

0.6

0.8

1.0

1.2

α

I(α
)o
rJ

(α
)

FIG. 7. Behavior of the integrals IH,E as functions of the plasma
frequency parameter α. The TE contribution [black, dotted] IE is
multiplied by a factor of 10, so the two functions may be shown
on the same graph. The TM integral IH is shown by the solid
red curve. These functions describe the high-velocity limit of the
frictional force, according to Eqs. (3.8) and (4.10). Also plotted
is the function JH (α) [dashed, blue, curve], which describes the
intermediate-velocity dependence of the TM frictional force, accord-
ing to Eq. (4.4).
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φ � γ are relevant:

F H ∼ 8
∫ ∞

0
du u e−u

∫ ∞

0

dφ φ

φ2 + 1
Imχ. (4.11)

As shown in Appendix B, IH (α) → 1 as α → ∞. The dif-
ference between the dependencies of the frictional force on
the plasma frequency shown in Fig. 7 is striking. This is
correlated with the completely different dependence of the
frictional force on the dissipation parameter β. Indeed, in the
high-velocity, large-plasma-frequency limit

F E

F H
→ β

2α
, γ → ∞, α → ∞. (4.12)

V. CONCLUSION

In this paper we reconsidered classical friction between
a charged particle and an imperfectly conducting plate. We
describe the conductor by the Drude model. Only the nonrel-
ativistic regime was considered previously, to our knowledge.
We examine both the TE mode, which is quite negligible in
practice, and the TM mode. The low-velocity limit is very
straightforward to analyze, but the limit of high velocities (ul-
trarelativistic) is considerably more subtle. We obtain results
for all velocities by a combination of analytical and numerical
techniques.

The difference between the TE force seen in Fig. 1 and
the TM force seen in Fig. 3, is remarkable. Not only is the
value of the TE force typically orders of magnitude smaller,
but the TM force is nonmonotonic in the velocity. It may seem
surprising that the maximum of the frictional force occurs for
an intermediate value of the velocity, as shown in more detail
in Fig. 4, but this is due to the appearance of a pole in the
integrand for small damping.

How big are these effects, and might they be experimen-
tally measurable? We compare the largest value of the TM
friction, F H ≈ 11.4, using our parameters, from Fig. 3, to
the Coulomb force on a static charged particle next to a
conducting plate, Fc = −e2/(16πa2). For our nominal values
α = 9, β = 0.035, the ratio is maximum at about 0.96 times
the speed of light:

F

Fc
� 1.81. (5.1)

This should be readily observable. This ratio drops to about
1.33 for an ultrarelativistic charged particle.
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APPENDIX A: ELECTROMAGNETIC
GREEN’S FUNCTION

Maxwell’s equations in a medium characterized by
position- and frequency-dependent permittivity ε and perme-

ability μ yield the wave equation for the electric field

∇ × 1

μ
∇ × E − ω2εE = iωj, (A1)

where E = E(r; ω), j = j(r; ω). The electromagnetic Green’s
dyadic satisfies a similar equation[

1

ω2
∇ × 1

μ
∇ × −ε1

]
�(r, r′; ω) = 1δ(r − r′). (A2)

From this Eq. (2.2) immediately follows.
For the planar geometry we are considering for the dielec-

tric slab, the Green’s dyadic possesses translational invariance
in the plane of the slab, the x-y plane, so we have the Fourier
representation (2.4), where, in a coordinate system in which
k⊥ lies in the x direction, g breaks up into block-diagonal
form:

g(z, z′; k⊥, ω)

=

⎛
⎜⎝

1
ε
∂z

1
ε′ ∂z′gH − 1

ε
δ(z − z′) 0 ik

εε′ ∂zgH

0 ω2gE 0

− ik
εε′ ∂z′gH 0 k2

εε′ gH − 1
ε
δ(z − z′)

⎞
⎟⎠.

(A3)

Here ε = ε(z), ε′ = ε(z′), k = |k⊥|, and gE (z, z′), gH (z, z′)
are the transverse electric and transverse magnetic Green’s
functions, which satisfy [in a general medium with both
permittivity ε = ε(z, ω) and permeability μ = μ(z, ω)](

− ∂

∂z

1

μ

∂

∂z
+ k2

μ
− ω2ε

)
gE (z, z′) = δ(z − z′), (A4a)

(
− ∂

∂z

1

ε

∂

∂z
+ k2

ε
− ω2μ

)
gH (z, z′) = δ(z − z′). (A4b)

For the case of a homogeneous dielectric slab extending over
the half-space z < 0, the solution of these equations for z >

0 is given in terms of reflection coefficients by Eq. (2.7), as
shown in textbooks, for example, Ref. [13]. The δ-function
terms in Eq. (A3) are to be omitted, as “contact terms” because
we always take the coincident point limit.

For the application here, we have to remove the restriction
that k⊥ lie along the x axis, which we do by the orthogonal
transformation

g̃ = OgOT , O =

⎛
⎜⎝

kx
k − ky

k 0
ky

k
kx
k 0

0 0 1

⎞
⎟⎠. (A5)

Equation (2.6) now follows.

APPENDIX B: EVALUATION OF INTEGRALS

It is straightforward to show that the integrals occurring in
the ultrarelativistic limit (v → 1) for F E

IE (α) = α2
∫ ∞

0
du e−u u√

u2 + α2
(
u + √

u2 + α2
)2 (B1a)

and in the ultrarelativistic limit for F H

IH (α) = α2
∫ ∞

0
du e−u u(

u + √
u2 + α2

)2 (B1b)
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may be expressed in terms of Struve and Bessel functions2 by using [15]∫ ∞

0
du e−u(u2 + α2)ν−1 =

√
π

2
(2α)ν− 1

2 �(ν)
[
Hν− 1

2
(α) − Yν− 1

2
(α)
]
. (B2)

Thus,

IE (α) = 1

α2

∫ ∞

0
du e−u u

(
u − √

u2 + α2
)2

√
u2 + α2

= 1

α2

∫ ∞

0
du e−u

[− α2u + 2u(u2 + α2) − 2u2
√

u2 + α2
]

√
u2 + α2

= 1

α2

∫ ∞

0
du e−u

[
−α2 d

du

√
u2 + α2 + 2

3

d

du
(u2 + α2)

3
2 − 2u2

]

= 1

α2

{
α3

3
+
∫ ∞

0
du e−u

[
−α2

√
u2 + α2 + 2

3
(u2 + α2)

3
2 − 2u2

]}

= − 4

α2
+ α

3
− πα

2
[H1(α) − Y1(α)] + π [H2(α) − Y2(α)]. (B3a)

Likewise,

IH (α) = 1

α2

∫ ∞

0
du e−u u

(
u −

√
u2 + α2

)2

= 1

α2

∫ ∞

0
du e−u

[
α2u + 2u3 + 2α2

√
u2 + α2 − 2(u2 + α2)

3
2

]

= 12

α2
+ 1 + πα[H1(α) − Y1(α)] − 3π [H2(α) − Y2(α)]. (B3b)

For small values of α, standard expansions of Hn(α) and Yn(α) may be used to evaluate these functions:

IE ∼ α

3
− α2

16

(
1 − 4γE − 4 ln

α

2

)
− 1

5
α3 + · · · , (B4a)

IH ∼ −α2

16

(
1 + 4γE + 4 ln

α

2

)
+ 4

15
α3 + · · · , (B4b)

for α � 1, in terms of Euler’s constant, γE = 0.57721 . . . . For large values of α, the following asymptotic expansion [15] may
be employed:

Hn(α) − Yn(α) = 1

π

p−1∑
m=0

�
(
m + 1

2

)
�
(
n + 1

2 − m
)(α

2

)n−1−2m

+ O
(
αn−1−2p

)
. (B5)

It follows that

IE ∼ 1

α
− 4

α2
, IH ∼ 1 − 4

α
, as α → ∞. (B6)

These functions are plotted in Fig. 7.
IE (α) also describes the behavior of F E for intermediate velocities, according to Eq. (3.6), while the corresponding

intermediate-velocity behavior of F H is given by Eq. (4.4) in terms of JH (α), where

JH (α) = 1

α2

∫ ∞

0
du e−uu

√
u2 + α2

(
1 − 1

2

α2

u2 + α2

)
= α

6
+ π

2
[H2(α) − Y2(α)] − απ

4
[H1(α) − Y1(α)]. (B7)

This is also plotted in Fig. 7. The behaviors for large and small values of α are

JH (α) ∼ 2

α2
+ α

6
+ α2

32

(
− 1 + 4γE + 4 ln

α

2

)
, α � 1, (B8a)

∼ 1

2α
+ 9

2α3
, α 	 1. (B8b)

2It is interesting to note that the general formulas given, for example, in Ref. [5] for the nonrelativistic case, involve the same combination
of Struve and Bessel functions; in that case H0(ξ ) − Y0(ξ ), where ξ = πα2/(βv). However, beyond the leading low-velocity term (4.2), the
corrections they give are very small, and do not describe the deviation from linearity that we see, for example, in Fig. 3.
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APPENDIX C: VAVILOV-ČERENKOV RADIATION

To illustrate the further utility of our Green’s function
approach, we apply Eqs. (2.5) and (2.6) to the situation of
a charged particle moving through a homogeneous nondis-
sipative dielectric material faster than the speed of light in
the medium. In this case we will disregard dissipation in the
material, setting ν = 0; the imaginary part comes from the
region of frequencies where v > 1/n(ω) = 1/

√
ε(ω). The TE

part of the drag on the particle is given by

F E = − e2

2π

∫
dω

ω

∫ ∞

−∞

dky

2π

ω2

k2
y + ω2/v2

k2
y Im

1

2κ ′ , (C1)

since we now only have the bulk (first) term in Eq. (2.7), ex-
cept that the particle is in the medium, so 1/(2κ ) → 1/(2κ ′).
The branch line is chosen to run between the two branch
points, where k2

y = n(ω)2ω2[1 − 1/(n(ω)2v2)], on the real ky

axis. The subtlety is the sign of the imaginary part. This is
resolved by noting that the retarded Green’s function must
have singularities only in the lower-half ω plane, which is con-
sistent with the requirement that, in the case of infinitesimal
damping, n(ω)2ω2 has an imaginary part ε sgn(ω), with ε →
0+. Therefore, the ky integration passes below the branch line
for ω > 0, and above for ω < 0. In dimensionless form, that
integral then is∫ 1

−1
dx

x2

x2 + a2

sgn (ω)√
1 − x2

= π sgn(ω)

(
1 − a√

1 + a2

)
,

(C2)

with a = (vn(ω)
√

1 − 1/[vn(ω)]2
)−1

, so that the above in-
tegral is simply sgn(ω)π{1 − 1/[vn(ω)]}. The resulting drag

force due to Čerenkov radiation is

F E = − e2

8π

∫
dω |ω|

(
1 − 1

n(ω)v

)
, (C3)

where the integral is over the region where n(ω) > 1/v.
The TM contribution to the drag force is

F H = e2

2π

∫
dω

ω

∫ ∞

−∞

dky

2π

ω2/v2

k2
y + ω2/v2

Im

[
κ ′2

ε(ω)2

ε(ω)

2κ ′

]
,

(C4)

because except in the exponent, the TM Green’s function is
obtained from that for TE by the replacement κ ′ → κ ′/ε.
After doing the ky integral as above, which now is

− sgn(ω)
∫ 1

−1
dx

√
1 − x2

x2 + a2
= π sgn(ω)[1 − vn(ω)], (C5)

we have

F H = − e2

8π

∫
dω |ω| 1

n(ω)v

(
1 − 1

n(ω)v

)
. (C6)

Adding the two modes together,

F = F E + F H = − e2

4π

∫
dω ω

(
1 − 1

n(ω)2v2

)
, (C7)

where now the integration is over positive frequencies for
which the speed of the particle exceeds that of light in the
medium 1/n(ω). This formula exactly coincides with the
energy loss rate found in Eq. (36.19) of Ref. [13] due to
the energy radiated by the Vavilov-Čerenkov effect. (Note
Gaussian units were used there and e2

HL = 4πe2
G.)
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