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Abstract: Terahertz time-domain spectroscopy is a powerful characterisation technique which
allows for the frequency dependent complex refractive index of a sample to be determined. This is
achieved by comparing the time-domain of a pulse transmitted through air to a pulse transmitted
through a material sample, however the requirement for an independent reference scan can
introduce errors due to laser fluctuations, mechanical drift, and atmospheric absorption. In this
paper we present a method for determining complex refractive index without an air reference, in
which the first pulse transmitted through the sample is compared against the ’echo’ pulse where
the internal reflections delay the transmission of the echo pulse. We present a benchmarking
experiment in which the echo reference method is compared to the traditional air method, and
show the echo method is able to reduce variation in real refractive index.
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1. Introduction

Terahertz time-domain spectroscopy (THz-TDS) is a powerful analytical technique for investi-
gating a wide range of materials such as spectroscopy of biological samples [1-4], detection
of concealed drugs and explosives [5—7], imaging of astronomical objects [8,9], and industrial
quality control of semiconductor manufacturing [10, 11]. THz-TDS is unlike many spectroscopy
methods as it allows for both the real and imaginary parts of the refractive index to be determined
due to the ability to measure the electric field in the time-domain at sub-picosecond resolution [12].
The THz-TDS method relies on taking a suitable reference scan by which the sample scans are
normalised, which is normally achieved by measuring the THz pulse transmitted through air,
and then placing a sample in the beam path and measuring the THz pulse through the sample.
If the THz pulse is not correctly referenced, or the spectrometer has drifted since the reference
scan, this can lead to errors in the complex refractive index which could, for example, cause the
mis-identification of an explosive security sample or failure to detect changes in a temporally
evolving biological system.

There are many practical issues to address when referencing a THz scan in order to obtain
reliable material characterisation. One major issue to highlight from the air referencing method
is that a THz spectrometer may experience fluctuations in the laser power between taking an
air measurement and a sample measurement. This effect is especially compounded when it
is required to take repeat measurements of samples over a long time period such as several
hours to investigate a temporally changing system. Furthermore, when taking an air reference
measurement the sample must be removed/added to the optical system which may not be physically
possible in some situations, for example with a sample held in a sealed chamber or other enclosed
space. When taking a measurement with an air reference it is generally assumed the complex
refractive index of the air is 1 + Oi, ie. the air has identical refractive index as that of a vacuum,
however in practical cases there is often atmospheric moisture which can cause absorption of the



THz pulse. After the air reference is taken and the sample is placed in the spectrometer the beam
is then passing through less water vapour which can skew the values of imaginary refractive
index and register in the system as an artificial gain in intensity.

A self-referencing method to measure the strength of absorption peaks has been demonstrated
in which a Fourier transform is applied to the time-domain signal with an ever increasing
window size [13]. In this manner the frequency resolution of the data increases with the window
size, allowing the strength of sharp absorption lines to be resolved. The method requires no
independent reference scan, however is effective at measuring absorption peaks with a sharp
spectral width, and is not applicable to obtaining the real refractive index. To overcome some
of these referencing issues internally reflected pulses transmitted through the sample can be
utilised to increase the sensitivity of spectroscopy devices. Various groups have demonstrated
techniques where the first transmitted pulse, and the internally reflected ’echo’ pulses are both
compared to the air reference, where the echo pulses contain extra information due to increased
interaction with the sample [14-16]. To negate the requirement for an air reference an oblique
reflection mode can be used where a sample is mounted against a quartz slide and the first THz
pulse reflect off the face of the quartz, while the second pulse enters the quartz and reflects off
the sample. By comparison of the two pulses the complex refractive index of the sample can be
determined [17, 18]. A similar technique has been presented in transmission mode to determine
refractive index where the first pulse transmitted through the sample is compared to the echo
pulse which is internally reflected in the sample before being transmitted, however this technique
was only shown to produce the refractive index averaged over the THz pulse bandwidth instead
of the frequency dependent values [19,20]. Echo-based self-referencing has been demonstrated
in reflection mode with a sample placed on a polished mirror, in which internally reflected
THz pluses are delayed in time as compared to the pulse reflected on the top surface [21]. By
comparing the first reflected and echo pulse the refractive index can be obtained without an
independent air reference. Such methods may be tricky to achieve as the reflected echo is highly
dependent on the sample-mirror interface, requiring alignment of two flat surfaces without an
air gap. Further, the use of THz reflection setups can impose additional alignment issues as
compared to transmission modes.

Here, we address the issue of air referencing by presenting a method to determine frequency
dependent complex refractive index of a sample without an air reference in transmission mode
THz-TDS as shown in Figure 1(a). The method relies on internal reflections within the sample to
produce echo pulses which can be normalised to each other, requiring only one measurement
scan to obtain all necessary data. This method has a number of advantages over the traditional
air referencing method as both measurements can be taken in a single time-domain trace which
reduces the chances of drift in the spectrometer between measurements. Secondly this method
allows for the sample to be held securely in the optical setup at all times which reduces chances
of misalignment between repeated sample mountings, and can allow for samples to be held in
difficult-to-access places such as sealed chambers and thermal stages. Thirdly, we propose this
‘echo referencing’ method reduces the need for dry inert gas as the sample does not need to be
added/removed from the setup and therefore the volume of atmospheric gas is not decreased by
inserting the sample. Dry inert gasses are often pumped into the THz spectrometer in order to
displace atmospheric moisture, however this requires the system to be fully enclosed which can be
costly and difficult to achieve. In this paper we derive the relevant parameter extraction equations
for referencing the echo pulse to the first transmitted pulse, and present a comparative study in
which a lithium niobate sample is measured repeatedly over a 50-minute period and complex
refractive index values are compared for the two extraction methods; for the first transmitted pulse
referenced to an air measurement, and for the first echo pulse referenced to the first transmitted
pulse. We show that for the real refractive index the echo reference method is able to reduce
deviation between repeat measurements at frequencies below 1 THz however at higher frequencies



the echo method becomes unstable and ultimately has a lower useable bandwidth than the air
reference method which extends up to 1.5 THz.

2. Refractive Index Extraction Theory
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Fig. 1. (a) Schematic diagram of THz-TDS setup. The THz pulse is created by a
photo-conductive antenna (P.C.A) which is collimated and transmitted through the
LiNbOj sample. The pulse is detected via use of an electro-optic (E.O) crystal and
balanced photo-diode. (b) Pulse propagation: Paths are shown for the first transmitted
pulse (X1) and the first internally reflected, or "echo’ pulse (X») travelling from air,
through a sample, and re-emerging to air. (c¢) Time-domain spectrum: The THz
pulse passes through the LiNbO3 sample resulting in a peak around 20-ps. Due
to internal reflections in the sample subsequent echo-peaks can be seen, each with
successively diminished intensities. Exponentially damped windows are applied to the
first transmitted and first echo pulses. The noise of the detector (taking the standard
deviation of the signal in the 30-ps period before the arrival of the first pulse) is
highlighted by the green bar.

Figure 1(b) depicts the optical paths for the first transmitted pulse and the echo pulse within
the crystal sample. By measuring the THz time-domain the two pulses can be separated and
individually converted into the frequency domain by a Fourier transform. The first pulse enters
from air into the sample in a transformation which can be described by the Fresnel transmission
function. The pulse then propagates through a length d of the sample, which can be described by
a complex Beer Lambert exponential attenuation equation, and finally passes out of the sample
into air which can be described by a further Fresnel transmission equation. The total combination
of these functions describes the transmitted wave termed X; as shown in Equation 1, where A is
the arbitrary power of the incoming pulse, 7, is the complex Fresnel transmission coefficient
passing from material a into b, and Py is the Beer Lambert term P; = exp(—ifiwd/c), where d
is the thickness of material, and c is the speed of light.



X1 =A-Tap - Pg-Tpa (1

The echo pulse termed X, is described by Equation 2 where where Ry, is the complex

Fresnel reflection coefficient from inside material b bounding material a, with form R, =
(1 — 1ig) [ (ripy + 1ig).

Xo=A-Tap Pa-RpaPa-RpaPa-Tpa (2)

By dividing the two pulses the arbitrary power of the emitter A is removed, along with the

transmission coefficients, leaving the complex transfer function termed H. This transfer function

H can be equated to the experimental data for the complex Fourier transform presented in

unwrapped polar coordinates as |Y(w)| - /@), where |Y(w)| is the magnitude, and ¢(w) is the
unwrapped angle of the the complex Fourier transform.

H=P) R, =Y () 3)
In the case that n>>k then the Fresnel coefficients can be assumed to be real valued which
allows for the real and imaginary parts of the equations to be solved separately by rewriting the
propagation constant in real and imaginary parts where 7i = n + ik. Firstly the real values of n
can be calculated from Equation 4, and then plugged into Equation 5 to obtain the imaginary
k components. For the case of an air referenced sample a similar extraction method is used to
calculate n and k as described in literature [12]. The assumption of separable solutions for n>>k
is valid in the case of lithium niobate where the real part of the refractive index is over 100 times
greater than the imaginary part. For the case where there is not such a large difference between n
and k& values then the real and complex solutions must be found simultaneously [12]. It should
be noted that this method is not specific to use on the first transmitted and first echo pulse, and
in-fact any pair of subsequent echo pulses can be analysed in this fashion without modification to
the extraction equations presented here.
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3. Method

A z-cut crystal of congruent lithium niobate is mounted on top of a metallic aperture of 10 mm
diameter and placed in the beam path of a collimated THz source as shown in Figure 1(a). The
sample thickness is measured with digital calipers to be 0.5 mm (+/- 0.03 mm). The use of a
collimated THz beam ensures normal incidence on the sample surface, which is required by the
Fresnel equations we have used. The THz spectrometer is a commercially available Zomega
spectrometer which detects THz radiation via femtosecond pulse interaction in a non-linear
crystal. A reference scan is first taken in absence of the lithium niobate crystal through the
metallic aperture, the lithium niobate is then mounted in the aperture and THz spectra are
recorded with an averaging period of 2 minutes, recording a total of 24 spectra over a 50-minute
period. A fast-scan mechanism is employed in which the delay stage oscillates at 2 Hz, collecting
multiple scans over a 2-minute period. The use of the fast scan mechanism enables a large
time-domain to be measured without significant increase in measurement time, although as the
scan length increases the data resolution is correspondingly decreased. This effect is balanced
however, as in our case we obtain all data in a single trace instead of the usually obtained air trace
and sample trace, therefore we take one long measurement instead of two shorter measurements
and further do not need to account for time taken to add/remove the sample from the optics setup.
All measurements are performed in an ambient air environment.



4. Results

Figure 1(c) shows the time-domain of the THz radiation passing through the lithium niobate
sample, where the first pulse (around 20-ps) corresponds to the pulse which passes once through
the sample, while the second pulse (around 45-ps) corresponds to the echo pulse which is delayed
in time due to the internal reflections within the sample. It can be seen the echo pulse amplitude
is attenuated in comparison to the first transmitted pulse due to the additional material interaction
of the THz radiation with the sample due to the internal reflections. It can be seen there are
additional echo pulses at 65-ps and 80-ps, however these are strongly attenuated and therefore
we use only the first two peaks for the parameter extraction. The two pulses are separated from
each other by multiplying the time-domain by an exponentially damped window, as shown by the
dashed lines.

All pulses (measured through air or lithium niobate) are transformed with a window function.
The window function is described by W(t) =1/ (exp((t-t0)/c) +1), where c is 0.5-ps. An overlap
between the first transmitted pulse and the echo pulse always exists as the pulses extend infinitely
in the time-domain. In the time-domain in Figure 1(c) we highlight the standard deviation of
the amplitude noise averaged over the 30-ps period before the arrival of the first pulse. From
this figure it can be seen that the signal of the first pulse descends into the noise level before the
arrival of the echo pulse. The width of the windows is chosen to encompass fully the area in
which the pulse signal is higher than the signal noise level. This process is not unimpeachable,
however a full discussion of the windowing of time-domain pulses is far beyond the scope of this
paper.

Figure 2(a) displays the amplitude of the frequency spectra obtained by Fourier transform for
the pulse travelling through air, and the first pulse and echo pulse transmitted through lithium
niobate. The transmission spectra reveals the pulse through air has a useable bandwidth up to
3 THz, while lithium niobate has low transmission at frequencies above 1.5 THz for the first
transmitted pulse which is due to a phonon feature around 4 THz [22]. The echo pulse has a
lower useable bandwidth than the first transmitted pulse, hitting the noise floor around 1 THz.

Once the Fourier transforms are performed the magnitude of the echo pulse is divided by that
of the first pulse to obtain | Y(w)| while the unwrapped phase of the echo pulse is subtracted from
that of the first pulse to obtain ¢(w) and the complex refractive index is calculated. Figure 2(b)
displays the real part of the refractive index of z-cut lithium niobate averaged for 24 measurements
taken over a 50-minute period, with the standard deviation shown as the shaded regions. The data
is extracted with two different methods; in the first method labelled ’air reference’ a reference
measurement of THz propagation through air is taken before sample measurements and all
subsequent lithium niobate measurements are normalised to this single air reference. In the
second method labelled "Echo Reference’ the data is extracted by referencing the echo pulse to
the first transmitted pulse as described in the theory section. In the frequency range 0.1 — 1.0
THz both methods result in similar values for real refractive index, where the echo method is on
average 0.73% lower than for the air reference method. It can be seen from the graph that the air
reference method is capable of providing trustworthy values up to 1.5 THz, while the echo pulse
method suffers from large noise above 1 THz, however in the region of 0.1 to 1 THz it is clear
that the echo pulse method has a much smaller standard deviation than the air reference method.

Overlaid to our experimental values of refractive index are those reported in literature from
Shao [23], Unferdorben [24], and Yi-Min [25]. There appears to be a relatively large variation
in the reported values which may be due to inherent differences in the crystal, measurement
environments, or artificial differences for example from spectrometer alignment or extraction
algorithms. The literature value reveal a large degree of variation, where the average range of
literature values is 0.20 in this frequency region. Nevertheless, the value of refractive index
we measure here are in general accordance with those reported from literature. To compare all
datasets we look at the frequency range 0.5-1.0 THz as this is the only range in which all datasets
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Fig. 2. (a) Frequency domain spectra of pulse travelling through air, through lithium
niobate, and the first echo pulse. (b & ¢) Real and imaginary refractive index averaged
for 24 measurements of lithium niobate over a 50-minute period, where the error bars
are given by the standard deviation of the repeat measurements. The blue datasets shows
the refractive index calculated by referencing to a measurement in air, while the red
datasets use the echo referencing method. Previously reported values of refractive index
are reproduced from literature [23-25]. (d) Comparison of standard deviation from
“air’ method, “echo’ method, and ’first echo method’ showing ratio of echo methods to
air method.

overlap. In this range we find the air reference method results in a real refractive index on average
1.06% lower than the average value from literature, while the echo reference method is on average
1.89% lower.

Figure 2(c) shows imaginary refractive index extracted by the air reference and echo reference
methods for 24 repeat measurements of lithium niobate where mean values are plotted as solid
lines with standard deviation plotted as colored error bars. Both extraction methods provide
values which are in general accordance with reported literature [23-25].

Figure 2(d) presents a comparison of the variation between the two referencing methods. The
standard deviation of »n and k for the echo method are divided by the deviation calculated using
the air reference method. The echo method reduces the standard deviation for the real part of
the refractive index between 0.1 and 1.0 THz, where the average value of the ratio is 0.35 in the
frequency range 0.25- 0.90 THz. The imaginary part however suffers from greater variation
compared to the air method at all frequencies. This behaviour is generally characteristic of
THz-TDS where the imaginary components have greater variation than the real components; laser
power fluctuations create variation in the imaginary components while the real components are
affected by the drift of the mechanical delay stage which is generally negligible in comparison.

It should be noted that we take 24 measurements through lithium niobate as compared to only
one measurement through air; therefore to compare the standard deviations of the air and echo
methods may give a skewed impression of the statistical benefits. To further compare the two



methods we have also extracted data by the echo method in which every measurement of an
echo pulse in lithium niobate is referenced to the first measurement of the first transmitted pulse
which was taken at the beginning of the 50-minute period (we will refer to this as the ‘first echo’
method). In this manner there is now a single reference scan for the air method and for the ‘first
echo’ method. By division of the standard deviation of the ‘first echo’ method by the air method
we see that the “first echo’ method still achieves a reduction in the standard deviation for the real
refractive index, while the imaginary components are relatively unchanged.

The large increase in standard deviation of the echo method above 1 THz is likely related to
the echo pulse hitting the noise floor at this frequency (as shown in Figure 2a). To investigate
whether this effect is indeed sample specific we propose measuring silicon samples which display
a relatively flat refractive index across 0.1 — 4.0 THz and should allow for the echo technique to
be extended far beyond 1.0 THz.

5. Sample Compatibility

The technique presented here imposes certain restrictions on the samples which can be measured.
The thickness and refractive index of the sample must be large enough to effectively separate
the multiply reflected pulses within the material so that they can be handled independently in
the time-domain. By assessing the time-domain trace we impose an exponential window on the
pulses which we ensure span a time length sufficiently long to encompass the points at which
the pulse descends into the noise level of the detector. From this we can calculate the minimum
separation of the first and echo peak which ensures the windows do no overlap at a level above
the upper limit of the signal noise. The separation of the two pulse maxima is determined to be
16.9-ps. In Figure 3(a) we plot the sample thickness d against refractive index n and highlight the
region which allows for the necessary temporal separation of the two pulses, revealing a large
region of material compatibility for samples.
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Fig. 3. (a) Theoretical power of echo pulse calculated by Fresnel coeflicients reveals
the echo method is suitable for a broad range of refractive index values. (b) Diagram
showing combination of sample thickness and refractive index which is capable of
creating pulses separated in time-domain. We plot the location of our 0.5 mm thickness
lithium niobate sample which reveals that even near to the edge of the ’separation’
region the method still functions adequately.

To investigate the restrictions placed on the real part of the refractive index we look towards
the mathematical definition of the echo pulse presented in Equation 2 (ignoring the Beer-Lambert
propagation terms). By assessing the Fresnel terms of this equation we see the echo pulse is
described by two transmission functions T, X Tp, and a squared reflection term Rﬁ »- BY plotting
these two functions against refractive index n in Figure 3(b) it can be seen that initially when



n = 1 the transmission term is 1 while the reflection term is 0, which when multiplied together
(red line) results in an echo pulse power of 0. As the refractive index increases the transmission
term decreases, while the reflection term increases, which results in an echo power which initially
increases and then tapers off, reaching a maximum around n = 5.8. For example a measurement
sample of silicon with refractive index n = 3.4 would exhibit an echo pulse power only 15% lower
than for lithium niobate based on the Fresnel terms, demonstrating the wide range of material
compatibility to the echo method.

The damping of the pulse as it propagates through a material is determined by the Beer-Lambert
term which increases exponentially with the imaginary part of the refractive index. The strength
of the first transmitted pulse and the echo pulse can be increased by choosing a sample material
with a low k value, such as Si or GaAs which are both around 40 times smaller in comparison
to lithium niobate (at 1 THz kz;n50, = 0.07, while ky; ~ kgaas ~ 0.0012) [26]. Furthermore
the comparative benefits over the air referencing method will be dependent on the spectrometer
hardware, such as the reliability of the mechanical delay stage, the fluctuations in the laser power,
and the atmospheric humidity.

6. Conclusions

In conclusion, we have presented an ’echo reference’ method to determine complex refractive
index from THz-TDS data in absence of an air reference measurement. We present a benchmark
test in which a test sample of lithium niobate is measured repeatedly over a 50-minute period
and the data is extracted by both echo reference and air reference methods. It is shown that for
frequencies below 1 THz the echo reference measurements achieve lower standard deviation
in real refractive index values as compared to the air reference method, however the useable
frequency bandwidth for the echo reference is lower than that of the air reference method. We
argue the echo reference method has a number of advantages over a traditional air referencing
method such as reduced effects of power drift, reduces the need for purging of the spectrometer
chamber with inert gas, and allows the sample to be held securely in the optical setup without the
need for removing the sample between measurements.
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