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Abstract
We propose two modified Tseng’s extragradient methods (also known as Forward-
Backward-Forward methods) for solving non-Lipschitzian and pseudo-monotone vari-
ational inequalities in real Hilbert spaces. Under mild and standard conditions, we
obtain the weak and strong convergence of the proposed methods. Numerical exam-
ples for illustrating the behavior of the proposed methods are also presented.
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1 Introduction

In this paper, we are interested in the classical variational inequality (VI) [11, 12], which
consists in finding a point x* € C such that

(Ax*,x—x") >0 VxeC, (1)

where C is a nonempty closed convex subset in a real Hilbert space H, and A : H — H is
a single-valued mapping. We denote (1) by VI(C,A) and its the solution set by Q, which
is assumed to be non-empty.

Variational inequalities are fundamental in a broad range of mathematical and applied
sciences; the theoretical and algorithmic foundations as well as the applications of vari-
ational inequalities have been extensively studied in the literature and continue to attract
intensive research [10, 18, 19]. For the current state of the art in finite dimensional setting,
see for instance [10] and the extensive list of references therein.

Solution methods solving the variational inequality (1) have been developed exten-
sively in the literature [4, 5, 6, 10, 16, 17, 18, 19, 23, 24, 28, 30, 31, 33, 34]. The simplest
method is the classical projection algorithm, which generates an iterative sequence via

Xn+1 = PC(xn - A'Axn)a Vn > 07 (2)
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where P¢ denotes the metric projection from H onto C. This method is an extension of the
projected gradient method for solving optimization problems. It is known that the conver-
gence of this projection method only holds under quite restrictive assumptions that A is
L-Lipschitz continuous and a-strongly (pseudo)-monotone and the setpsize A is chosen

2
satisfying A € (0, L_(;> [10, 16].

Korpelevich [20] (and also independently Antipin [1]) proposed a double projection
method in Euclidean space, known as the extragradient method for solving VIs when A is
monotone and L-Lipschitz continuous

xg €C,
yn = Pe(x, — AAxy), Vn >0, 3)
Xn+1 = Pc(xn — ),Ayn),

1
where A € (O, Z) . It is well known that the extragradient method can be applied to solve

pseudo-monotone, Lipschitz continuous VIs in finite dimensional spaces [10, 28]. The
weak convergence of this method in infinite dimensional Hilbert spaces was studied in
[7] under an additional assumption that A is sequentially weak-strong continuous, i.e., A
maps a weakly convergent sequence to a strongly convergent sequence. This assump-
tion is rather strong and is not satisfied even for a simple example when A is the identity
operator. In [33], the author has weakened this assumption to sequentially weak-weak
continuity of A.

The extragradient method and its variants require (at least) two projections per itera-
tion. Censor, Gibali and Reich [4, 5, 6] proposed the following scheme, called subgradient
extragradient method

Yn = Pe(xn — AF (xy)),
Vi >0,
{Xn+1 = Pr,(x, —AF(ys)) "=

where

T,={weH,(x,— AF(xy) — yn,w—yn) <0}.
Since the projection onto the half-space 7;, can be explicitly calculated [2], the subgradi-
ent extragradient requires only one projection per iteration. This method converges for
pseudo-monotone VIs in finite dimensional Euclidean spaces [6] and monotone VIs in
infinite dimensional Hilbert spaces [4, 5].

An alternative method of the extragradient method is the following remarkable scheme
studied by Tseng [32], which also requires only one projection per iteration

Yn = Pe(xp— AF(x,)),
{xn-i-l :yn‘}_A(F(xn) _F(yn)> =0

The weak convergence of Tseng’s extragradient method (also known as the Forward-
Backward-Forward method) for solving monotone Lipschitz continuous VIs was estab-
lished in [32], and is recently studied in [3] for solving pseudo-monotone Lipschitz con-
tinuous VIs under sequentially weak-weak continuity of A.



The aim of this paper has two folds. We first incorporate the Tseng’s extragradient
method studied in [3, 32] with a suitable linesearch to remove the dependence on the Lip-
schitz continuity modulus of A when choosing stepsize A. We also weaken the Lipschitz
continuity of A to the uniform continuity. This is crucial when the operator is not Lips-
chitz continuous and/or the Lipschitz modulus is difficult to estimate in advance. Doing
so, we obtain the weak convergence of the iterative sequence. As we are working in in-
finite dimensional Hilbert spaces, the strong convergence is essential. Therefore, in the
second part of the paper, we combine the linesearch method with a Mann-type iteration
step to obtain the strong convergence of the iterative sequence.

The rest of the paper is organized as follows. We first recall some basic definitions
and results in Section 2. The weak convergence method and its convergence analysis are
presented in Section 3. Section 4 contains the analysis of the strong convergence method.
In Section 5 we present some elementary numerical experiments which demonstrate the
performances of the proposed methods. Finally, we give some conclusion remarks in the
last section.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty, closed and convex subset of H.

(o)

The weak convergence of {x,}~_, to x is denoted by x, — x as n — oo, while the strong

)

convergence of {x,}>_, to x is written as x, — x as n — oo. For each x,y,z € H and for all
o,B,y€<[0,1] with ¢+ B +y =1, we have

eI < flxl® + 2000+ 3 “)
lowx+ (1= a)y||> = erflx]|* + (1 = ) [y ]|* — ax(1 = ox) [ x = y|*; (5)
lwx + By + vzl = el + BIIyII* + ¥ilzll* — aBllx =y 11> — arllx — 2> = Bylly — 2>
Definition 1. Let T : H — H be an operator.
1. The operator T is called L-Lipschitz continuous with L > 0 if
ITx =Tyl < Lllx—yl Vvx,y€H; (6)

if L =1 then the operator T is called nonezpansive and if L € (0,1), T is called
contraction.

2. The operator T is called monotone if
(Tx—Ty,x—y) >0 Vx,y€H, (7)
3. The operator T is called pseudo-monotone if
(Tx,y—x) > 0= (Ty,y—x) >0 Vx,y€ H; (8)
4. The operator T is called sequentially weakly continuous if for each se-

quence {x,} we have: {x,} converges weakly to x implies Tx, converges weakly
to Tx.



For every point x € H, there exists a unique nearest point in C, denoted by Pcx such
that
|lx = Pex|| < [lx—y[ vy € C.

Pc is called the metric projection of H onto C. It is well known that P¢ is nonexpansive
and the following properties hold.

Lemma 1. ([13]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Givenx € H and z € C. Then z = Pcx <= (x —z,z—y) >0 Vy e C.

Lemma 2. ([13]) Let C be a closed and convex subset in a real Hilbert space H, x € H.
Then

i) ||Pex — Pey||> < (Pox — Pey,x —y) Vy € C;

ii) | Pex =y < Jx— I = |lx— Pex> vy € C;

iii) (I — Pc)x— (I - Pc)y,x—y) > ||(I— Pc)x— (I = Pc)y||* Vy € C.

The following Lemmas are useful for the convergence of our proposed methods.
Lemma 3. ([9]) For x € H and o > B > 0 the following inequalities hold.
Ix = Pe(x —aAx)|| _ |lx—Pe(x — BAx)]|
a - B ’
[lx = Fe(x — BAx) || < [lx— Pe(x — aAx)]].

Lemma 4. ([14, 15]) Let Hy and H; be two real Hilbert spaces. Suppose A : Hy — H; is
uniformly continuous on bounded subsets of Hy and M is a bounded subset of Hy. Then
A(M) (the image of M under A) is bounded.

Lemma 5. [8, Lemma 2.1] Consider the problem VI(C,A) with C being a nonempty,
closed, convex subset of a real Hilbert space H and A : C — H being pseudo-monotone
and continuous. Then, x* is a solution of VI(C,A) if and only if

(Ax,x—x") >0 Vx e C.

Lemma 6. ([26]) Let C be a nonempty set of H and {x, } be a squence in H such that the
following two conditions hold:

i) for every x € C, limy,_se ||x, — x|| exists;

ii) every sequential weak cluster point of {x,} is in C.

Then {x,} converges weakly to a point in C.

The next technical lemma is very useful and used by many authors, for example Liu
[21] and Xu [36]. Furthermore, a variant of Lemma 7 has already been used by Reich in
[27].

Lemma 7. Let {a,} be sequence of nonnegative real numbers such that:
any1 < (1 - an)an + anbm

where {a,} C (0,1) and {b,} is a sequence such that
a) Z:lo:() a}’l = 0o/

b) limsup,_,.. b, <O0.

Then lim, e a, = 0.



3 Weak Convergence Method

Through this section, we make the following conditions on VI(C,A):

Condition 1. The feasible set C of VI(C,A) is a nonempty, closed, and convex subset of
the real Hilbert space H.

Condition 2. The operator A : H — H is a pseudo-monotone, sequentially weakly con-
tinuous on C, and uniformly continuous on bounded subsets of H.

Condition 3. The solution set of VI(C,A) is nonempty, that is Q # 0.
We are now in the position to present our first method.

Algorithm 1.

Initialization: Given y> 0,1 € (0,1),u € (0,1). Let x; € C be arbitrary

Iterative Steps: Given the current iterate x,, calculate x,,11 as follows:

Step 1. Compute
Yn = PC(xn - lnAxn)

where A, := yI" and my, is the smallest non-negative integer m satisfying
" [|Axy = Ayn|| < ]l xn =yl ©)

If x, = y, or Ay, = 0 then Stop, y,, is a solution of VI(C,A). Otherwise
Step 2. Compute
Xnt1 = Yn — An(Ayn — Axy).

Setn:=n—+1and go to Step 1.

We start the convergence analysis by proving that (9) terminates after finite steps.

Lemma 8. Assume that Conditions 1-3 hold. Then the Armijo-line search rule (9) is well
defined. In addition, we have A, < 7.

Proof. 1f x, € Q then x,, = Pc(x, — YAx,), therefore (9) holds with m = 0. If x, ¢ Q and
assume the contrary that for all m we have

YI" ||Axy — APc(x, — YI™Axy) || > w||xn — Pe(xn — YI™Axy) || (10)
This implies that

Xp — Po(x, — yl"Ax
|Axy — AP (xn — YI™Axy) | >.LLH . ( ;lm ! H)H (11)
We consider two possibilities of x,,. First, if x,, € C, then since Pc ans A are continuous,
we have limy; e || X, — Pc(xn, — YI™Axy ) || = 0. From the uniform continuity of the operator
A on bounded subsets of H it implies that

lim ||Ax, —APc(x, — yI"Ax,)|| = 0. (12)

m—yoo



Combining (11) and (12) we get
o 0= Pl = 1A%, |

m—oo '}/lm

=0. (13)

Setting z,, = Pc(x, — yI™Ax,) we have

This implies that

<Z’”yl;mx”,x—zm>+<Axn,x—zm> >0 YxeC. (14)

Taking the limit m — oo in (14) and using (13) we obtain
(Axp,x —x,) >0 Vx € C,

which implies that x,, € Q. This is a contradiction. Now, if x, ¢ C, then we have

rlig;”x,,—Pc(xn—}/lmAxn)H = ||xn — Pexy|| > 0. (15)
and
lim yI"||Ax, — APc(x, — yI"Ax,)|| = 0. (16)
m—soo
Combining (10), (15) and (16) we get a contradiction. ]

Remark 1. 1. In the proof of Lemma 8 we do not need the pseudo-monotonicity of A.

2. Note that if x,, = yy, then x,, is a solution of VI(C,A). Indeed, we have 0 < A, < v,
which together with Lemma 3 we get

_ Hxn_yn” _ Hxn_PC(xn_)LnAxn)H > ||xn_PC(xn_7Axn)”
An An - 4 '

This implies that x, is a solution of VI(C,A).

0

The following Lemma states that the sequence {x,} is Fejér monotone with respect to
the solution set Q.

Lemma 9. Let {x,} be a sequence generated by Algorithm 1. Then for every p € Q it
holds

i1 =PI < [l = plI> = (1= 12%) [0 = yall* (17)
Proof. We have
%t 1= pII* =lyn — An(Ayn — Axa) — p|?
=lyn = PI* + A7 | Ayn — Axn||* = 220 (yn — P, Ay — Axy)
= 1w = P11+ 10 = Y ll> 42 (30 — X, 0 — )
+ Aor [ Ayn — A ||* = 22 (v — p, Ayn — Axy)
=[x = pI* + 120 = Yull* = 200 — X, Y0 — Xn) + 200 — Xn,Yn — P)
+ A7 Ay — Axy||* — 22 (yn — p,Ayn — Axy)
=xn — pII* = 1% = yull* + 2% — X,y — P)
+ Aot | Ayn — A || = 22 (Y — P, Ayn — Axy). (18)



Since y, = Pc(x, — A,Ax,) we obtain
<yn — X + AnAXp, yn — p> <0,

or equivalently
Yn =X, Y0 — P) < —2An(Ax, Y0 — P)- (19)
From (18) and (19), we get

||xn+1 _P||2 SHXn —p||2 - ||x,, _yn||2 — 22 (A%, yn _P> "‘)Lr%HA)’n _Axn”2
— 240 (yn — Py Ayn — Axy)
=[x = pII* = %0 = yull> + A7 1AVn — Axs||* = 22 (3 — P, Av)
<llxn = pIIP = 160 = yull> + 142160 = yull> = 22 (yn — p, Ayn)
<[lxn = Pl = (1= 12) 60 = yull* = 22y — P, AV (20)

Since p € Q we have (Ap,y, — p) > 0, from the pseudo-monotonicity of A we find
(Ayn,yn —p) > 0. Q1)
Combining (20) and (21) we obtain
[Pt =PI <l = pII> = (1= p2) |l — yal>
O]

From Lemma 9, we have that for every p € Q, lim, . ||x, — p|| exists. To obtain the
weak convergence, following Lemma 6, it remains to prove that every weak limit point of
{x,} belongs to Q.

Lemma 10. Every weak limit point of {x,} is a solution of VI(C,A).

Proof. Let z be a weak limit point of {x,} and let {x,, } be a subsequence of {x,} con-
verges weakly to z. From Lemma 9 we have that {x,} is bounded and

lim x| =0.

Therefore, y,, — z. Since y,, € C for all k and C is (weakly) closed we have z € C. Since
Y, = PC (-xnk - lnkAxnk) it holds

or equivalently

1
T<xnk _ynkax_ynk> < <Axnk7x _ynk> Vx € C.
M
This implies that
1
)L_<xnk _ynkax_)’nk> + <Axnk;ynk _xnk> < <Axnkax_xnk> VxeC. (22)
03
Now, we show that
lilfninf(Axnk,x —Xp,) > 0. (23)
—>00



Indeed, let us consider two possible cases. Suppose first that liminfy_,c, A, > 0. We have
{xn,} is a bounded sequence, A is uniformly continuous on bounded subsets of H. By
Lemma 5, we get that {Ax,, } is bounded. Taking k — o in (22) since ||x,, — yn || = O,
we get

li]gi:}f(Axnk,x — Xp,) > 0.

Assume now that liminfy_,., A, =0. Setting z,, = Pc(xp, — An,.I~ lAxnk), we have lnkl_] >
Ay, Applying Lemma 3, we obtain

1
||x}’lk _an” S 7||xnk _ynkH — O as k — 00,

Consequently, z,, — z € C, this implies that {z,, } is bounded. From the uniformly conti-
nuity of the operator A on bounded subsets of H it follows that

|Axy, — Az, || = 0 as k — co. (24)
By the Armijo line-search rule (9) we must have

l"k'lil ||A'xnk _APC<xnk - A’nklilenk)H > »uHxnk _PC(xnk - A’nklilA'xnk)”‘

That is, | |
1 Kn — 2y
EHA'xnk —Azy || > N (25)
Combining (24) and (25) we obtain
P — 2l
1 LML S Ly
P A 7!
Furthermore, we have from the definition of z,, that
(g — Al Ay, — 2o, X — 2n,) <0 VX €C.
This implies that
1
Py (X = Zngy X — Zny) + (AXng, 2oy — X)) < (A, X — X)) Vx € C. (26)
k

Taking the limit k — oo in (26) we get

li]gioglf(Axnk,x —Xp,) > 0.

Therefore, the inequality (23) is proved.
On the other hand, we have

<Aynk’x _y”k> = <Aynk — AXpy X _xnk> + <Axnk7x _x"k> + <Ay”k7x"k _ynk>' (27)
From lim_, e ||X, — yn, || = O and the uniformly continuity of A we get

lim ||Ax,, — Ay, || = 0 (28)
k—ro0



which, together with (23) and (27) implies that
liminf(Ayy, ,x — yn,) > 0. (29)
k—yo0
Next, we show that z € Q. We choose a sequence {&} of positive numbers decreasing

and tending to 0. We can construct a strictly increasing sequence { N} of positive integers
such that

<Ayn,7x—}’n,>+3k20 V]sz, (30)
where the existence of Nj follows from (29). Furthermore, for each & setting

- AyN,
“ AP
we have (Ayy,,vy,) = 1. We deduce from (30) that for each &

(AyN, x + &vN, —yN,) = 0.
From the fact that A is pseudo-monotone on H, we get
(A(x+ &vn,),x+ &vn, —yN,) > 0.
This implies that
(Ax,x —yn,) > (Ax —A(x + &VN, ), X + EVN, — IN,) — E(AX, VN, ). (31)

We show that limy_,.. &vy, = 0. Indeed, since x,, — z and limy_,e || X4, — Yy, || = 0, We
obtain yy, — z as k — o. Since A is sequentially weakly continuous on bounded subset
of H, {Ayy, } converges weakly to Az. We have that Az # 0 (otherwise, z is a solution).
Since the norm mapping is sequentially weakly lower semicontinuous, we have

0 < ||Az|| < liminf||Ay,, |-
k—>oo0

Since {yn,} C {yn, } and & — 0 as k — oo, we obtain

) ) & limsup,_,., &
0 <limsup ||gvn, || :hmsup( ) < — =0,

k—so0 ¢ k—soo ||A)’nk || liminfy_,, ||Aynk ||
which implies that limy_,., vy, = 0. Letting k — oo, the right hand side of (31) tends to
zero since A is uniformly continuous, {xy, } is bounded and limy_,., &vy, = 0. Thus, we
get

liminf(Ax,x —yn,) > 0.
k—>oo

Hence, for all x € C we have

(Ax,x —z) = lim (Ax,x —yn,) = liminf(Ax,x —yy,) > 0.

k—>°° k—)oo

By Lemma 5 we obtain z € Q and the proof is complete. U

Remark 2. As remarked in [3, 33], when the operator A is monotone, it is not necessary
to impose the sequential weak-weak continuity on A.

Combining Lemma 9 and Lemma 10 with Lemma 6 we obtain the weak convergence
of Algorithm 1.

Theorem 1. The sequence {x,} generated by Algorithm 1 converges weakly to a solution
of VI(C,A).



4 Strong Convergence Method

In this section, we introduce our second method which is a combination of Tseng’s ex-
tragradient method with Mann type method [25]. Through out this section, in addition to
conditions 1-3 in Section 3 we also need the following condition.

Condition 4. Let {a, },{Bn} be two real sequences in (0, 1) such that {B,} C (a,1— o)
for some a > 0 and

lim o, =0, ) o, = oo,
n—oo n—1

The proposed algorithm is of the following form:

Algorithm 2.

Initialization: Given y> 0,1 € (0,1),u € (0,1). Let x; € C be arbitrary

Iterative Steps: Given the current iterate x,, calculate x,, 11 as follows:

Step 1. Compute
Yn = PC(xn - lnAxn)

where A, := yI"™ and m,, is the smallest non-negative integer m satisfying
V™| Axn — Ayn || < | xn = yall

If x,, = yp or Ay,, = 0 then Stop, y, is a solution of VI(C,A). Otherwise
Step 2. Compute

Xn+1 = (1 — 0y — Bn)xn +ﬁn(yn - )Vn(Ayn _Axn)>-

Setn:=n-+1and go to Step 1.

Lemma 11. The sequence {x,} generated by Algorithm 2 is bounded.

Proof. Setting z, = y, — A, (Ay, — Ax,). Thanks to Lemma 9, for every p € Q we have
2w = pII> < [bon = pII* = (1 = 12) law =yl (32)

This implies that
lzn = pll < [l%2 = pl- (33)

We have

[xn+1 = pll = (1 = @ — Bn)xn + Buzn — pl|
= [|(1 = 0ty — ) (xn — p) + Bul(zn — p) — 0P|
< N(X = — Bn) (xn — p) + Bulzn — p)[| + | P (34)

10



From (33) we obtain

(1= 06y — Ba) (% — P) + Ba(zn — P)I2
=(1— 0ty — Ba)*In — II> +2(1 = 0 — B Ba (5 — pozn — p) + BNz — p
<(1—= 0ty — Bu)* %0 — I +2(1 — 0 — Bu) Bullza — Pl %0 — Pl + B llzn — PP
<(1= 0ty — B)*[lxn — pII* +2(1 — 0w — Bu) Ballxu — pII* + BE|Ixn — pI*
=(1 =)l — p*.

This implies that

(1= 0t = Bn) (6n — p) + Bu(zn — p)I| < (1= 04n)[Ixn — pl|- (35)
Combining (34) and (35) we get
%01 = pll < (1= o) |lxa — pl[ + o]l P

< max{|x, — pll|Ipll}
< ... <max{|lxo—p|,|Ip|}-

i.e., the sequence {x,} is bounded and so is {z,}. O

Lemma 12. For every p € Q we have

Poner =PI < (1= a)lbin — P11 + 0 [2Ballxn — zull[a+1 — pIl +2(p, p = xa11)]- (36)
Proof. Using (2) we have
[ _PH2 =|(1 — 0ty — Bn)xn + Bnzn _sz
=[|(1 = 0t — Bu) (¥a — P) + Balza — p) + u(—p)I>
=(1 _O‘n_Bn)Hxn_P”2+Bn||Zn_pHZ“f’O‘n“sz_Bn(l_O‘n_ﬁn)Hxn_ZnHz
= (1 = 0 = Ba) 2l — 0t B2
<(1 = = Bo)lln = pII* + Bullzn — pII* + 0l P, 37

which, together (32) implies
a1 = plI* <(1 = 06 = Ba) [0 = pII* + Bulln — pII* = Ba(1 = 1?) [0 = yall* + 06| pII?

=(1 = ) |lxn = pII* = Bu (1 = 1) s = yal* + ctal | p|I?
<[bn = pII* = Ba(1 = 1?) [1xn = yul > + el |- (38)

Therefore,
Ba(1 = 1) [0 = yull* < 10 — plI> = [1Xng1 — PII* + ctall Pl (39)

Setting t,, = (1 — B,)x, + Bnzn We obtain

[tn = Pl =[[(1 = Bn) (6n — P) + Bu(zn — P) |
S(l _Bn)Hxn _pH +ﬁnHZn —pH
S(l _Bn>||xn _pH +ﬁn”xn —PH
=llxa = pl; (40)

11



and
lltn — Xu |l = Bullxn — zal- (41)
Combining (40) and (41) we get

[[(1 = 0ty — B)xn + Bnzn — sz

(1 = Bu)Xn =+ Bazn — Ouxn — plI>

(1= &) (tn = p) = Olon — 1) — tap||?

(1= ) 11w = plI* = 2(00 (60 — 1) + Oup, Xn 1 — )

(1— o) th—p|]2+206n<xn—t,,,p—an)+206n<p,p—xn+1>

(1= tn)l[tn = P11 + 200150 — tall [ 2041 = Pl + 20 (P, p = Xn11)

(1= ) |lxn — PHZ"‘an[an“xn | 141 = Pl +2(ps p = xn41)]-

erH—l _pHZ

IAN AN I IA

]

We are now in the position to establish the main results of this section. To this end, we
assume that Algorithm 2 does not terminate at any step n, i.e., it generates an infinite
sequence {x,}.

Theorem 2. Suppose that Algorithm 2 generates an infinite iterative sequence {x,} then
{xn} converges strongly to p € Q, where p = argmin{||z|| : z € Q}.

Proof. Since Q is closed and convex [18], there exists an unique element p € € such that
p = Po(0). We will show that the sequence {||x, — p||?} converges to zero by considering
two possible cases on the sequence {||x, — p||*}.

Case 1: There exists an 9 € N such that ||x,, 1 — p||? < ||x, — p||? for all n > ny. This
implies that lim,,_,. [|x, — p||? exists. It implies from Claim 2 that

1im [}, =y = 0. 42)

We also have
|20 = Xnll = [[yn — An(Ayn — Axn) — 2|

§(1+H)”xn_yn‘|' (43)
Combining (42) and (43) we get

lim ||z, —x,|| =0

n—roo
Using this we find

X011 = Xn |l < Ql|xa |l + BullXn — znl| — 0 as n — oo.

Since {x, } is bounded we assume that there exists a subsequence {x,, } of {x,} such that
Xp; — q and
limsup(p, p —x,) = hm 0 (p,p = Xn;) = (PP —q)-

n—oo

We have x,,; — g and [|x, — y,|| — 0, using the same technique as in Lemma 10 we get
g € Q. On the other hand, since p = Po0, we obtain

limsup(p, p —x,) = (p,p —q) < 0.

n—oo

12



By [l 11— xul] — 0 we get

limsup(p, p — 1) < 0.

n—soo

From Lemma 12 and Lemma 7 we have lim,, .. ||x, — p||> = 0, i.e., x, — p.
Case 2: Assume that there is no ny € N such that {||x, — pl|};_,, is monotonically

decreasing. Following the technique in [22] we define I, = ||x,, — p||* for all n > 1 and let
7 : N — N be a mapping defined for all n > ng (for some ng large enough) by

T(n) :=max{k e N:k <nI; <I;,1},

i.e. T(n) is the largest number & in {1,...,n} such that I} increases at k = 7(n); note that,
in view of Case 2, this 7(n) is well-defined for all sufficiently large n. From [22], T is a
non-decreasing sequence such that 7(n) — oo as n — oo and for all n > ng

0<Izp <Iin)+1;
0<In<Izuq1- (44)
Since B, > a Vn € N, from (39) we have
a(1— 1) |xe(m) = Ve II* <Beiy (1= 1) xe(n) = Ve IP
ey =PI = %1 =PI + iyl pII?
<zl
Therefore
Jim [bez() = yeg [ = 0. (45)
As proved in the first case, we have
%z (n)+1 = Xem)ll = O

and
limsup(p, p —x7(n)41) < 0.

n—roo
From Lemma 12 and I'7(,,) < I()41 Vn > no we have
Xemy1 — PlI> S(1 = @) [ Xe() — PIIP
+ () 2B (ny 1%e(n) — 2e(n) | 1Xe )1 =PIl +2(Ps P — X2 () 1))
< (1= ()1 Xeny1 — 2II?
+ Qo () (2B X2 (n) — 2oy 11Xz (ny+1 =PI +2(P, P — X(n)51)]-
This implies that
xemy41 =PI < 2Beny 1xe(n) — Ze(uy ey +1 — PIl 200, P = Xeuy11)

which implies that limsup,, ., [[*7(n)+1 — pl|? <0, that is lim,, . [*z(n)4+1 — Pl = 0. The
conclusion is follows from (44). ]

Remark 3. Comparing with Theorem 3.1 in [37], Theorem 3.2 in [29] and Theorem 3.2
in [35], Theorem 2 has two major advantages.

1. We weaken the Lipschitz continuity of A to uniform continuity on bounded subsets.

2. We replace the monotonicity by pseudo-monotonicity and sequentially weakly con-
tinuous of A.
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5 Numerical Illustrations

In this section we present some numerical examples illustrating the behavior of our pro-
posed schemes. We consider the classical Hilbert space H = I, and the VI(C,A) with

1
C:= {X: (.x1,X2,...,Xi,..-) €H ’ "xi| < _-7i: 1’2""”1’“'}
l

and

1
Ax = (HXH + —) X,
X[ + o

for some @ > 0. It is easy to see that Q = {0} and moreover, A is pseudo-monotone
on H, uniformly continuous and sequentially weakly continuous on C but not Lipschitz
continuous on H. Indeed, let x,y € H be such that (Ax,y —x) > 0. This implies that
(x,y —x) > 0. Consequently,

oy =xh= (ol + e ) by
> (a4 g ) (b= (=)

1
= (1l + g ) 1P 0.

meaning that A is pseudo-monotone. Moreover, since C is compact, the operator A is
uniformly continuous and sequentially weakly continuous on C. Finally we show that A
is not Lipschitz continuous on H. Assume to the contrary that A is Lipschitz continuous
on H, i.e., there exists L > 0 such that

|Ax = Ay[| < Lllx =y Vx,y € H.

Letx = (L,0,...,0,...) and y = (0,0,...,0,...) then

1 1
Ax—Ay|| = ||Ax|| = | ||x|| + ———= ) Ixl|= | L++——= | L.
Jax—ayl = Jaxl = (Il + 7t ) Il = (24 55 )

Thus, ||Ax — Ay| < L||x — y|| is equivalent to

1
(L+—) L<I?
L+a

1

L+oa —
which is a contraction and thus A is not Lipschitz continuous on H. In the following
figure, we present the numerical behavior of Algorithm 1 and Algorithm 2 when o = 1,
H = R™ for different values of m. In this case, the feasible set C is a box

leading to

Y

-1 1
C:={xeR"| —<x<-,i=1,2,..,m},
1 l

14



for which we have explicit formula of the projection onto C. We choose ¥ = 0.1,/ =
0.5, u = 0.8 for both Algorithms and

1 1—oy
0= iP5

for Algorithm 2. This choice of parameters implies that (9) is satisfied with m, = 0 for
all iterations. The starting point is chosen as xo = (1,1,...1) € R™. Experiments were
generated with Matlab R2017a on a Linux OS with a 2.39 Ghz processor and 16 GB
of memory. When m = 20, Algorithm 1 provides the solution after 149 iterations and
0.001746 seconds of CPU time, while Algorithm 2 needs 71 iterations and 0.001022 sec-
onds of CPU time. When m = 50, Algorithm 1 provides the solution after 150 iterations
and 0.001784 seconds of CPU time, while Algorithm 2 needs 73 iterations and 0.001191
seconds of CPU time.

Vn e N,

102 i i 102
Algorithm 1

Algorithm 1

w— A|gOrithm 2 m— Algorithm 2

. . . .
0 50 100 150 0 50 100 150
Iteration Iteration

Figure 1: Performance of Algorithm 1 and Algorithm 2 when m = 20 (left) and m = 50
(right).

6 Conclusions

In this paper we proposed two Tseng’s extragradient extensions for solving non-Lipschitzian
pseudo-monotone variational inequalities in real Hilbert spaces. Under suitable and stan-
dard conditions we establish weak and strong convergence theorems of the proposed
schemes. Our results extend and generalize some existing results in the literature and
numerical illustrations demonstrate the behavior and potential applicability of the pro-
posed methods.
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