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Non-uniform waveguides in which the waves slow down as they propagate have a variety of uses.
First, the attenuation within the waveguide is enhanced as the waves slow down, which can be
used for absorption of flexural or acoustic waves without excessive use of damping material in
so-called ‘acoustic black holes’. Second, the position of the peak response along the waveguide
can vary with frequency, allowing for spatial frequency analysis, as occurs in the cochlea and
also in recent ‘rainbow’ sensors.

In this thesis, four different examples of such non-uniform waveguides are studied using
both analytical and numerical methods. The reflection from elastic wedges of different
thickness profiles is first analysed using the WKB method, and the results are compared with
those calculated with the Finite Element method. It is shown that higher orders of WKB
approximation are required to capture the details of the frequency variation of the reflection
coefficient, and that an exponential wedge presents the least reflection among the studied
profiles. For an acoustic waveguide with fitted rings of tapered inner radius, the reflection
coeflicient is then calculated with a Transfer Function method and compared with experimental
results in the literature.

A one-dimensional ‘box model’ of the cochlea with passive micromechanics is also analysed,
using both the WKB method and the Finite Difference method. The dependence of the coupled
cochlear response to a number of non-dimensional parameters is studied, and it is found that
one such parameter, which has previously been used to define the overall phase shift, also
determines the symmetry of the frequency response of the system. The design of an acoustic
‘rainbow’ sensor is discussed and shown to involve a trade-off between the selectivity of the
response and the number of elements. The new design is then described, consisting of a main
duct with Helmholtz-Resonator side branches of varying dimensions, in which the damping is
optimised so that its main characteristics are similar to those of the cochlea, to give a tonotopic

mapping and a smooth frequency response.
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Chapter 1

Introduction

1.1 Non-uniform waveguides

The propagation of waves depends on the properties of the medium in which the waves
are transmitted. In this thesis, a number of different mechanical waves are studied, which
always require a medium with mass, that is, they cannot propagate in vacuum, in contrast to
electromagnetic waves.

In many cases, the medium of propagation can be treated as being unbounded, such as
in acoustic waves in free space. There is, however, an abundance of physical systems where
the medium of propagation is localised, either explicitly defined by exact spatial boundaries or
limited to a more or less arbitrary region of space. In such systems, the term ‘waveguide’ is
often used. Although it is possible for multiple types of waves to propagate in such systems,
this thesis will focus on those in which only one type of wave is dominant.

In nature, the properties of a system supporting wave propagation may generally vary,
either spatially or temporally. In the research presented in this thesis, only waveguides whose
properties are independent of time are considered. According to whether their properties
are constant or varying with respect to space, waveguides are divided into ‘uniform’ and
‘non-uniform’, respectively, although such systems can also be described as ‘homogeneous’ and
‘inhomogeneous’.

Uniform waveguides have been studied for a large variety of waves and are well understood,
including acoustic waves in uniform ducts and flexural waves in uniform plates and beams.
Travelling waves in uniform waveguides propagate with constant velocity and constant
amplitude. In non-uniform waveguides, however, whose properties vary with position, the
propagation velocity varies along the direction of propagation. Accordingly, the amplitude of
travelling waves also varies with position, to ensure energy conservation [5].

The modelling procedure of physical systems, either naturally occurring or manufactured,
constitutes a transform from the actual physical plane to their mathematical representation.

This procedure involves a compromise between accuracy and validity on one side, and clarity
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and simplicity on the other. The modeller is free to define the balancing point of compromise,
given the properties of the system that are essential to a particular problem.

In the simplest case, non-uniform waveguides are described by a single equation, as, for
example, for an acoustic duct with varying cross-sectional area [6]. For more complicated
systems, however, different equations have to be used for different regions of the system, and
their solutions have to be coupled. In such cases, it is often not possible to derive an analytical
solution for the problem. Even for the case where the system is described by a single equation,
it is often not possible to find exact analytical solutions. Therefore, methods that provide
approximate solutions need to be used. These can be either numerical methods, such as the
Transmission Line method and the Finite Element method, or approximate analytical methods,
such as the WKB method. The choice of method depends on the equations describing a given
system and on the desired accuracy, with different methods having different limitations of
accuracy.

Non-uniform waveguides can be divided into two main categories with respect to their
behaviour in terms of reflection or absorption. The first category consists of waveguides which
cause incident waves to be reflected, or scattered. An example of such waveguides is acoustic
horns, which cause incident waves below a cut-off frequency to be reflected, where the cut-off
frequency depends on the flare of the horn. This category of non-uniform waveguides is not
considered in the main body of the thesis, although a brief description of acoustic horns is
presented in Appendix [A] since they were initially considered before the thesis became more
focused.

The second category includes waveguides which cause incident waves to be focused at a
localised spatial region, where they may be absorbed to some extent. The level of absorption
and the position of the focus where absorption takes place generally depend on frequency. This

thesis is concerned with such non-uniform waveguides with focusing and absorbing properties.

1.2 Examples of non-uniform waveguides with absorbing
properties

In this section, the general characteristics of the types of non-uniform waveguides that are

considered in the main chapters of the thesis are briefly presented.

1.2.1 Elastic wedges

It was first proposed in [7] that a plate whose thickness is tapered down to zero at its free end
according to a power-law can completely absorb incident bending waves. This is accomplished
by a corresponding decrease of the propagation velocity, which becomes zero at the vanishing

tip, so that waves halt there and are not reflected from the end boundary. This phenomenon
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has come to be known the ‘Acoustic Black Hole’ effect, despite the fact that the waves are not
acoustic.

It was also shown in [7] that even small truncations, which inevitably occur in practice,
leading to non-zero end thickness and accordingly to non-zero end velocity, cause considerable
reflection. A way to overcome this defficiency was proposed in [§], where it was theoretically
predicted that the addition of thin layers of viscoelastic material significantly reduces reflection.
Such a tapered structure, either in the form of a plate or of a beam with constant width,
resembles a wedge, a term that is used in the literature as well as in this thesis. Practical
applications of the tapered elastic wedge may include light-weight vibration dampers in the
automotive and aerospace industry and energy harvesters, as reviewed in [9], as well as
terminations of vibrating parts of industrial machinery.

For many practical applications, a wedge will form the termination of a uniform waveguide,
as depicted in Figure [I.Th. Therefore, the reflection coefficient evaluated at the uniform
waveguide, denoted by R; in Figure [I.Th, is of particular interest, as it represents the overall
reflective behaviour of the system. Figure[I.Ip shows the modulus of this reflection coefficient for
a uniform beam with four different termination configurations, plotted against frequency [10].
The uppermost line of the graph corresponds to a termination consisting of a uniform beam
covered with a thick layer of absorbing material, shown for reference. It can be seen that very
little absorption takes place in this case, as the reflection coefficient retains a value close to one

throughout the considered spectrum.

RD:/ junction

absorbing layer
hy

X14;(

1
Frequency, [Hz] w10
(b)

Figure 1.1. (a) Schematic of an elastic wedge of length x; and constant width, tapered down to thickness hi,
terminating a semi-infinite uniform beam of the same width, and thickness ho. The thinner part of the wedge
is covered by a layer of absorbing material. The schematic is based on the general characteristics of Figure 1
in [I0]. (b) Modulus of the reflection coefficient seen from the uniform beam. The plotted lines from top to
bottom correspond to a termination consisting of a uniform beam covered with a thick damping layer, a wedge
without a damping layer, a wedge covered with a thin damping layer, and a wedge covered with a thick damping
layer. The image is taken from Figure 4 in [I0] with permission.

The three lower lines in Figure [1.1b correspond to the uniform beam terminated by a
truncated wedge. The uppermost among these lines corresponds to a wedge without a damping

layer, and the two lower lines correspond to wedges covered with damping layers, with the
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lowermost line corresponding to a thick damping layer and the line which is slightly higher
corresponding to a thin damping layer. It can be seen that the wedge causes fluctuations in the
reflection coefficient, due to the interaction between waves reflected from the end and waves
reflected from the junction of the uniform and non-uniform parts. It can also be seen that the
termination with a truncated wedge, without using an absorbing layer, provides little absorption,
with the resultant reflection coefficient having high values. When even a thin absorbing layer
is added, however, the reflection coefficient is significantly reduced.

It is apparent from Figure that a combination of the tapered geometry and the use
of absorbing layers is required to achieve significant levels of absorption. In Chapter [2, an
analysis of the reflection from elastic wedges is carried out, focusing on the relation between

their reflective behaviour and their geometrical characteristics.

1.2.2 Absorbing non-uniform acoustic waveguides

A system with similar absorption properties as those of a tapered elastic wedge was proposed
in [11I] for an acoustic duct. The design of the proposed system comprises fitted thin rigid
rings of tapered inner radius, as depicted in Figure [I.2h. Such a system can be approximated
by a waveguide with a tapered radius corresponding to the ring inner radius, and the cavities
formed between consecutive rings can be approximately modelled as an equivalent continuous
wall admittance, which varies along the waveguide. It was shown in [II] that the propagation
velocity vanishes at the end, where the equivalent continuous radius vanishes, so that waves
are not reflected. Instead, they are completely absorbed due to thermal and viscous losses
in the boundaries of the cavities. Exact analytical solutions can be found for this equivalent

continuous model.
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Figure 1.2. (a) Schematic of a cross section of a rigidly terminated circular tube with a series of fitted thin
rigid rings of tapered inner radius. The image is taken from Figure 1 in [12] with permission. (b) Modulus of the
reflection coefficient of a tube with fitted rings, either with linear or with quadratic ring inner-radius variation,
plotted against normalised wavenumber; L is the length of the non-uniform termination, as shown in (a), and [
is the length of truncation from the position where the equivalent continuous inner radius vanishes. The image
is taken from Figure 3d in [I2] with permission.
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As in the case of elastic wedges, in practice it is not possible to realise a waveguide with
vanishing propagation velocity. For a duct with fitted rings, it is not realisable to have a
vanishing inner radius, especially because a discrete number of rings has to be used. This leads
to non-zero velocity at the end of the waveguide, which in turn results in reflection. Therefore,
it is assumed that the waveguides are truncated at a position before the vanishing point of the
ring inner radius.

Power-law inner-radius variations of order one, that is, linear, and two, that is, quadratic,
where considered in [12]. The reflection coefficient of a waveguide with fitted rings, calculated
with an approximate continuous model as described above, is plotted in Figure [1.2b against
normalised wavenumber, for both linear and quadratic inner-radius variation [12]. It can be seen
that the frequency response of the reflection coefficient has similar fluctuations as in the case of
elastic wedges, shown in Figure [[.Ip. The modulus of the reflection coefficient of the quadratic
waveguide plotted in Figure [I.2p is seen to be much smaller than that of the linear waveguide,
which is also due to the fact that for the same truncation length, the quadratic waveguide has
a much smaller ring inner radius towards the end compared to the linear waveguide.

Waveguides with fitted rigid rings are analysed in Chapter [3] for linear and quadratic ring
inner-radius variation. Apart from the continuous analytical model, the reflection coefficient is
also calculated with a Transfer Function method, and results from simulations are also compared

with experimental results from the literature.

1.2.3 The cochlea as a non-uniform waveguide

The cochlea is a coil-shaped organ of the inner ear, where the mechanical vibrations induced
from external acoustic waves are transduced into neural signals that travel to the brain. The
coiling is not thought to play a significant role in wave propagation. A simplified model of
the uncoiled cochlea is shown in Figure [1.3h. This model comprises two fluid-filled chambers,
scala vestibuli and scala tympani, which are separated by the flexible cochlear partition and are
connected through a small opening, the helicotrema, at the apical end of the cochlea. The basilar
membrane is the main flexible component of the cochlear partition. Waves are generated by the
interaction of the mass of the fluid in the chambers and the stiffness of the basilar membrane.
The stiffness of the basilar membrane decreases along the cochlear length, causing the waves to
slow down.

The input of the cochlea is the vibration of the stapes, which drives the fluid in the chambers
into motion. The coupling of the motion of the fluid in the chambers with the transverse
vibration of the cochlear partition results in a wave travelling along the cochlea, giving rise
to a pressure difference across the cochlear partition and a transverse velocity of the cochlear
partition. The modulus and phase of the cochlear partition velocity are plotted for single

frequency excitation as a function of position along the cochlea in Figures [[.3p and [I.3{,
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Figure 1.3. (a) Uncoiled model of the cochlea showing the stapes, the two fluid-filled chambers, that is, scala
vestibuli and scala tympani, the cochlear partition and the helicotrema. The image is taken from Figure 5.1c
in [I3] with permission. (b) Modulus and (c) phase of the cochlear partition velocity response plotted against
position along the cochlea for five different excitation frequencies; the curves denoted by numbers 1 to 5 correspond
to different frequencies, starting from the lowest. The images in (b) and (c) are taken from Figure 6.7 in [13] with
permission. (d) Modulus and (e) phase of the cochlear partition velocity response plotted against frequency for
three different positions; the curves denoted by numbers 1 to 3 correspond to different positions, starting from
further from the stapes. The images of (d) and (e) are taken from Figure 6.8 in [13] with permission.

respectively, for five different frequencies [I3]. It can be seen that the amplitude of the cochlear
partition velocity increases and peaks at a specific position along the cochlear length, which is
different for different frequencies, due to the non-uniformity of the waveguide. Lower frequencies
peak at positions closer to the helicotrema and higher frequencies peak at positions closer to
the stapes. Beyond the peak position, the wave amplitude rapidly decreases. Accordingly, the
phase accumulates up to the point of peak response, beyond which it is reasonably uniform.

A similar coupled response variation occurs at a given position along the cochlea if the
response is plotted against logarithmic frequency, as seen in Figures and in terms of

modulus and phase, respectively. At a given position, the modulus of the cochlear partition
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velocity increases and peaks at a certain frequency, beyond which it rapidly decays. This
characteristic frequency is different for different positions along the cochlea. The phase in
Figure also varies in a similar way to the one against position plotted in Figure .

The correspondence of peak frequency response and position in the cochlea is called
the tonotopic mapping, with different frequency components being localised at different
positions. The sensory cells at those positions are thus excited at different frequencies and
the corresponding signals are sent to the auditory nerve [I3]. The cochlea thus functions as
a spatial spectrum analyser. Additionally, the cochlea presents practically no reflection to
excitation at the stapes [13], thus absorbing the input vibrations of the stapes over its working
frequency spectrum.

The wave-based functioning of the cochlea as a spectrum analyser is more efficient than
conventional spectral analysis methods, requiring less processing power, as has been discussed
n [14]. There has therefore been research interest in designing and implementing systems with
similar functioning principles within various physical contexts. An analysis of a simple cochlear
model is carried out in Chapter [4] focusing on the dependence of the coupled cochlear response

to the variation of certain model parameters.

1.2.4 Acoustic ‘rainbow’ sensors

Acoustic ‘rainbow’ sensors are systems that focus different frequency components of acoustic
waves to different positions, similarly to the observed cochlear coupled response. They
originated in optical sensors with the same function [2], hence their name. Apart from their
potential application as broadband absorbers, as presented for example in [, acoustic ‘rainbow’
sensors could also be used as efficient signal analysers, having the spectral analysis advantages
present in the cochlea.

An example of an acoustic ‘rainbow’ sensor is depicted in Figure [[.4h, consisting of a series
of grooves of varying depth separated by rigid plates, as proposed in [I5]. The input of the
system is an acoustic source at the left side of the structure, not shown here, and the main
direction of propagation is along the z axis. The grooves act as quarter-wave resonators, with
an acoustic stiffness that decreases along the length of the waveguide, which generates a wave
by interaction with the mass of the surrounding fluid.

The acoustic intensity in the grooves is plotted against longitudinal position, z, in
Figure [1.4b. It can be seen that different frequencies peak at different positions along the
structure, beyond which the response rapidly decays, similarly to what is observed in the
cochlea. However, fluctuations of the acoustic intensity are observed along the longitudinal
direction, which are indicative of standing waves due to reflections. The slightly smaller peaks
occurring in positions before the highest peak and the non-smooth variation of the response

imply that the different frequency components are not well localised, thus compromising the
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functioning of the system as a spatial spectrum analyser.
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Figure 1.4. (a) Three-dimensional schematic of an acoustic waveguide with grooves of increasing
height. The image is taken from Figure la in [I5]. (b) Normalised acoustic intensity in the grooves
for the structure presented in (a) plotted against distance for three different excitation frequencies. The
image is taken from Figure 2c¢ in [I5]. The article from which both images are taken is published
in open access under a Creative Commons Attribution-NonCommercial-NoDerivs 3.0 Unported License,
https://creativecommons.org/licenses/by-nc-nd/3.0/.

A different acoustic system inspired by the functioning of the cochlea was presented in [2],
consisting of a main duct with a series of Helmholtz-Resonator side branches, whose properties
vary along the length of the structure. Figures to show the normalised acoustic
pressure modulus in an example of such a system for excitation frequencies of 1, 2, 3 and 4 kHz,
respectively. The low frequency propagates throughout the length of the system, whereas the
higher frequencies reach different positions where they peak, beyond which they rapidly decay,
in a way similar to that observed for the system of Figure and to what is observed in the
cochlea. It can again be seen, however, in Figures to that the response fluctuates
along the longitudinal direction, as can be seen from the longitudinal variation of the colours
in the resonators prior to the resonator with the highest response for a given frequency.

A two-dimensional colour map of the acoustic response of the system is given in Figure[1.5p,
showing the variation against both frequency and position. It can again be seen that the
response fluctuates with frequency for a given position, as implied by the interchanging light and
dark blue regions, up to a certain frequency beyond which it decays. If each Helmholtz Resonator

is regarded as a pass band filter around the frequency of peak response, its non-smooth
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1.2.  Ezamples of non-uniform waveguides with absorbing properties
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Figure 1.5. (a)-(d) Normalised modulus of the acoustic pressure in a system consisting of a circular duct with
an array of Helmholtz-Resonator side branches [2], for excitation frequencies of 1, 2, 3 and 4 kHz, respectively.
(e) Normalised modulus of the acoustic pressure along the axis of the duct of the system shown in (a)-(d) plotted
against position and frequency; the noted frequencies are fi = 1 kHz, fo = 2 kHz, f3 = 3 kHz f4 = 4 kHz. All the
images are taken from Figure 3 in [2], which is published in open access under a Creative Commons Attribution
4.0 International License, https://creativecommons.org/licenses/by/4.0/!

fluctuating frequency response deteriorates its use as a filter.

A system of a duct with a series of Helmholtz Resonator side branches, similar to the one
shown in Figure [1.5] is presented in Chapter [l The design of the system, however, is based on
the values of a number of non-dimensional parameters for the cochlea. Simulations show that
such a system can produce a smooth spatial and spectral response, so that it can be used as a

more effective acoustic ‘rainbow’ sensor.
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1.3 Outline of the thesis

In Chapter 2 an elastic wedge is considered, acting as a termination to a uniform plate. A
method based on the WKB approximation for the various wave components is presented, where
the system of equations of the boundary conditions is solved by matrix inversion. Thus the
reflection coefficients of the system, namely, the total, junction and end reflection coefficients,
are obtained. Apart from the first-order WKB approximation, which is most commonly used in
the literature, higher-order approximations are also derived. The total reflection coefficient is
also calculated with the Finite Element method. An analysis is carried out of the relation of the
various reflection coefficients, specifically on how the reflection coefficients due to the junction
and due to the truncated end affect the form of the total reflection coefficient. The validity of
the WKB method with different orders of approximation is assessed by comparing the results
for the modulus of the total reflection coefficient with those obtained with the Finite Element
method. Apart from the typically used power-law thickness variation, different thickness profiles
with similar absorbing properties are also considered.

In Chapter [3] an acoustic duct termination consisting of fitted thin rigid rings is considered.
Similarly to an elastic wedge, such a system causes waves to slow down and considerable
absorption takes place towards the end of the waveguide. A general analysis of the system
is carried out based on a continuous analytical model. A Transfer Function method is
formulated, also implemented with a geometrical variation compared to how it is implemented
in the literature. A Transmission Line approximation to the Transfer Function method is also
assessed. Results from numerical simulations are compared with experimental ones taken from
the literature.

In Chapter [ a one-dimensional single-degree-of-freedom ‘box model’ of the passive cochlea
is used to calculate the coupled cochlear response. The wave equation is solved both with the
WKB method and with the Finite Difference method. The main characteristics of the cochlear
functioning are presented, based on the variation of the wavenumber, the propagation velocity
and the coupled response. A parametric analysis is also carried out, where the dependence of
the form of the coupled response on a set of non-dimensional parameters is studied.

In Chapter 5| an acoustic system consisting of a main duct with side branches of Helmholtz
Resonators is studied. A system with identical Helmholtz resonators is first considered, and
its general characteristics are presented. Two systems of acoustic ‘rainbow’ sensors from
the literature are then analysed. The design of a system with Helmholtz Resonators whose
properties vary along its length is then presented, with parameter values based on corresponding
ones for the cochlea. The response is calculated with a Transfer Matrix method and with a
Transmission Line approximation. The performance of the system as a ‘rainbow’ sensor is
assessed. The behaviour of the system as an acoustic absorber is also examined.

The conclusions drawn in the thesis are summarised in Chapter [6] Similarities and

10
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differences between the considered systems are further discussed. The main body of the thesis

closes with suggestions for future work on the studied subjects.

1.4 Research objectives and contributions of the thesis

A fundamental objective of the thesis is the extension of scientific knowledge and understanding
of wave-focusing absorbing waveguides, whose absorptive behaviour is induced by their
non-uniform features rather than by the use of absorptive material. The motivation for this
research objective stems from the extended potential for applications using such systems, for
example for vibration and acoustic absorbers or for ‘rainbow’ sensors. The similarities and
differences of non-uniform absorbing systems within different physical contexts, for example for
bending plates and for acoustic ducts, are also highlighted.

The assessment of different analysis methods for the different systems forms another
objective traversing the analysis of the thesis. Therefore, two or more calculation methods are
used for each different type of system examined and the corresponding results are compared.
Special interest is drawn to the strengths and the limitations of the WKB approximation
method.

In terms of the cochlea, it is of interest to study the dependence of its coupled response
to a set of non-dimensional parameters. The use of non-dimensional parameters can further
facilitate the design of systems with similar response characteristics. Furthermore, including
the cochlea in this study of non-uniform waveguides illustrates a general connection between
naturally occurring and artificially designed systems. The design of an acoustic system that
functions as a ‘rainbow’ sensor with smooth spatial and frequency response, similar to the
coupled response of the cochlea, is the final main objective of this research.

The main contributions of the thesis are:

(i) A higher-order WKB analysis of the reflections from a tapered elastic wedge terminating a
uniform plate, showing that the first-order WKB approximation that is usually employed is
insufficient for predicting the details of the total reflection coefficient, whereas higher-order

WKB approximations can provide good predictions above some frequency.

(ii) Analysis of reflection from different thickness profiles of the tapered elastic wedge along
with the typically used power-law thickness profile. The exponential wedge in particular is
found to have generally lower reflection than the wedges of different profiles. This analysis
also illustrates the relation of the different sources of reflection for a wedge terminating a
uniform plate with the overall reflective behaviour of the system, and helps identify the

limitations of the applicability of the WKB method.

(iii) A non-dimensional parameter analysis of the passive cochlea, which illustrates the relation

of the form of the coupled cochlear response with the physical characteristics of the
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cochlea, especially with respect to the phase-shift parameter and the mass ratio. It is
shown that changing the phase-shift parameter changes the symmetry of the coupled
response, whereas changing only the mass ratio while keeping the phase-shift parameter

intact does not change the form of the coupled response.

(iv) Analysis of acoustic ‘rainbow’ sensors to show that the damping in the resonators generates
a trade-off between selectivity and the number of elements, leading to a new design based
on parameter values of the cochlea, which has a smooth response both with respect to

space and frequency, and which presents high absorption over its working spectrum.

(v) A comparative analysis of the different studied systems with focusing and absorbing
properties, which provides insight into their general behaviour, and highlights the relation

between the specific aspects of the different systems and their corresponding responses.

Parts of the work presented in this thesis have been published, including one journal article

and three articles in conference proceedings, as follows:

A. Karlos, S. J. Elliott, and J. Cheer. Higher-order WKB analysis of reflection from
tapered elastic wedges. Journal of Sound and Vibration, 449:368-388, 2019.

A. Karlos and S. J. Elliott. Reflection from a non-uniform acoustic waveguide with fitted
rigid rings using a Transfer Function method. In 26th International Congress on Sound

and Vibration, Montreal, Canada, 7-11 July, 2019.

A. Karlos, S. Elliott, and J. Cheer. Reflection from elastic wedges of different
thickness profiles. In ISMA2018 and USD2018, pages 4571-4584, Leuven, Belgium, 17-19
September, 2018.

A. Karlos, D. Vignali, B. Lineton, and S. Elliott. Quasi-linear modelling of the coupled
cochlea using the WKB method. In Mechanics of Hearing, Brock University, Canada,
19-24 June, 2017, volume 1965, American Institute of Physics.

The conference article listed last concerns work that is not included in the main body of the

thesis, but the extended Appendix [B| contains the relevant work.
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Chapter 2

Tapered elastic wedges

2.1 Introduction

Flexural vibrations affect the behaviour of a variety of mechanical systems, from small
machinery parts to vehicles, aircraft and buildings. It is often desired that flexural vibrations
are reduced, as higher amplitude vibrations can cause fatigue [16], leading to higher demands
in maintenance. Flexural vibrations are also the main cause of sound radiation [16], so that
their damping is crucial for noise reduction.

The vibration of an elastic structure under bending with given boundaries can be thought of
as resulting from the constructive interference of incident and reflected bending waves between
the structure boundaries along the direction, or directions, of wave propagation. Therefore, one
way to damp vibrations is by reducing the reflection from the boundaries. It was proposed by
Mironov in [7] that reflections of flexural waves from the free boundary of a thin plate could
be reduced by tapering the plate thickness, ideally to zero, according to a power-law profile
variation, resulting in a wedge-like structure. The behaviour of a thin plate under bending
along its longitudinal direction is similar to that of a thin beam of constant width, so that
conclusions drawn for a non-uniform plate can be extended to beams.

It was theoretically predicted in [7] that, for the case of quadratic tapering, the propagation
velocity decreases along the tapered plate and it becomes zero at its vanishing edge. Therefore,
incident waves slow down and halt at the tip, so that they do not reach the boundary and are
thus not reflected; an arbitrarily small amount of structural damping is sufficient to absorb all
the incident energy at the vicinity of the edge. Similar results were obtained in [17] for the
general case of power-law thickness variation of power larger or equal to two. This phenomenon
has come to be known as the ‘Acoustic Black Hole’ effect, even though it applies to flexural rather
than acoustic waves; the term ‘Vibrational Black Hole’ has also been used alternatively [18].

It was demonstrated in [7], however, that even a very small truncation at the tip of the
wedge, which inevitably occurs in practice, leads to significant reflection. A way to overcome

this was proposed by Krylov and Tilman in [§], were it was predicted by simulations that
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adding thin layers of viscoelastic material on the wedge surface dramatically improves the
absorptive performance of the structure, giving significantly less reflection. This result was also
experimentally confirmed in [19]. Two-dimensional indentations of power-law variation in plate
surfaces have also been used with similar results, as has been shown both theoretically [20] and
experimentally [21].

A measure for the performance of the elastic wedge as a vibration absorber that has been
widely used in the literature is the modulus of the reflection coefficient, as was done for example
in [7] and [§]. A number of different methods have been used for the calculation of the reflection
coefficient. The WKB approximation method, which provides approximate analytical solutions
of different orders of approximation to differential equations, was implictly used in [7] to obtain
the analytical form of the wavenumber. In [8], the first-order WKB approximation was used,
also called the geometrical acoustics approximation.

In both [7] and [8], only the reflection from the truncated edge was considered, which
corresponds to assuming a semi-infinite tapered wedge with the incident wave originating within
the wedge and no reflection occurring from the direction of incidence. The modulus of the
reflection coefficient at a given distance from the edge was calculated using the wavenumber,
which is also provided by the zeroth-order WKB approximation. The varying wave amplitude
provided by the first-order WKB approximation is not required for this calculation, due to the
amplitude terms of the incident and reflected waves cancelling out at the position where the
reflection coefficient is calculated, so that the analysis in [7] and [§] is equivalent to a zeroth-order
WKB approximation.

For practical applications, it is useful to consider the tapered wedge as forming a termination
to a uniform plate, as shown in Figure Such a system has been analysed in the literature
using various methods. In [I0] and in [22] 23], a numerical method based on the Impedance
Matrix was used. A parametric study for the optimisation of various geometrical parameters
was carried out in [24] using Finite Element modelling. In [25], a wavelet decomposition was
used, giving good agreement both with Finite Element simulations and with experiments.

A system consisting of a wedge terminating a uniform rectangular plate was considered

n [26]. A two-dimensional solution based on the first-order WKB approximation was formed,
accounting also for oblique incidence, and the transfer mobility was calculated; experiments were
also conducted. Some correspondence was observed between the calculated and the measured
responses in terms of general characteristics over a part of the spectrum, but the calculated
response failed to capture the details of the experimental one. These discrepancies between
simulations and experiment were attributed to the use of different boundary conditions in the
two cases.

The validity of the WKB method relies on the satisfaction of a set of conditions, the most
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Figure 2.1. Schematic of a power-law wedge, either ideally tapered down to zero thickness at the ideal length,
o, or truncated at length z1, terminating a semi-infinite uniform plate. The thickness at the junction of the
uniform plate and the wedge, ho, the thickness at the end of the truncated wedge, h1, and the mathematical
expression of the thickness variation, h(z), are shown.

common of which is expressed mathematically as [§]

k/

5| <1, (2.1)

where k is the wavenumber and the prime denotes differentiation with respect to the spatial
variable. This condition expresses the requirement that the spatial rate of change of the
wavelength should be negligible. According to the formal derivation of the WKB approximation,
further validity conditions also need to be satisfied, as is presented for example in [27, 28], but
only the condition of Equation is typically used in the engineering literature. In [29],
the reflective behaviour of a tapered beam connected to a uniform beam was assessed by
relating Finite Element results for the reflection coefficient with the quantity of the left side of
Equation .

WKB approximations of order higher than one were used in [30] for the calculation
of the natural frequencies of a non-uniform beam and results were compared with ones
from Finite Element simulations. Significant improvement of the predicted frequencies was
provided by using higher-order WKB approximations. It would therefore be expected that
higher-order WKB approximations could also provide considerable improvement in predicting
the reflection coefficient of a wedge terminating a uniform plate, compared to the first-order
WKB approximation, which was used in [26].

In this chapter, a wedge terminating a thin uniform plate is analysed using WKB
approximations of order up to three. The boundary conditions of the system, expressed in
terms of the WKB approximations of the different wave components, are formulated into a
matrix equation, which is solved numerically by inversion. Apart from the usually considered
power-law thickness variation profile, other thickness profiles are also examined, namely, an

exponential, a power-cosine, a Gaussian and a compound power-law profile. The results from
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the different orders of WKB approximation are compared with those from Finite Element models
for the different profiles.

Apart from the total reflection coefficient, defined as the ratio of the reflected wave to
the incident wave, both evaluated in the uniform plate, the reflection coefficient due to the
discontinuity at the junction of the uniform plate and the wedge and the reflection coefficient
due to the truncated edge are also obtained. The latter corresponds to the reflection coefficient
calculated in [7] and [8]. The relation of the junction and end reflection coefficients with the
characteristics of the total reflection coefficient is discussed.

In Section the wave equation for harmonic flexural waves on a thin plate is presented,
and the WKB solutions of order of approximation up to three are derived. The effective length
for a truncated wedge is also introduced, defined as the length of an equivalent uniform plate
in terms of travel time of a wave pulse. A zeroth-order WKB analysis for the calculation of the
reflection coefficient for a truncated wedge driven internally is first carried out in Section [2.3]
The reflection coefficients involved in the system of a wedge terminating a uniform plate are then
presented, namely, the total, junction and end reflection coefficients. Subsequently, a method
for the calculation of the different reflection coefficients, as well as the related transmission
coefficients, is introduced, based on the solution of the system of equations of the boundary
conditions. A Finite Element model for the calculation of the modulus of the total reflection
coefficient is also presented.

An analysis on reflection from a quadratic wedge is given in Section [2.4] where the total,
junction and end reflection coefficients calculated with the analytical method using different
orders of WKB approximation are compared; the total reflection coefficient is also compared
with results from Finite Element simulations. The relation of the magnitude of the junction
and end reflection coefficients with the form of the total reflection coefficient is discussed. An
analysis on the validity of the WKB approximations in relation to the validity condition of
Equation is included.

The reflection coefficients of different thickness profiles are presented in Section [2.5] where
the total reflection coefficient is calculated with Finite Element models and the junction and end
reflection coefficients are calculated with the analytical method involving WKB approximations.
The characteristics of the total reflection coefficient in relation to the junction and end reflection
coefficients are discussed for the different profiles, especially regarding the general level of
reflection, the magnitude of fluctuations in the total reflection coefficient, the frequency of
the first dip and the bandwidth between consecutive dips.

A comparison of results for the total reflection coefficient calculated with different orders of
WKB approximation with ones from Finite Element simulations for wedges of different thickness
profiles is given in Section [2.6] The limitations of the WKB approximation for the different
profiles are highlighted, also with respect to the WKB validity condition. Conclusions are

summarised in Section 2.1
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A major part of the work on reflection from tapered elastic wedges has been published in
the Journal of Sound and Vibration [31], and, therefore, the analysis presented in this chapter is
heavily based on that article. Part of the work was also presented in the ISMA 2018 international

conference [32].

2.2 The WKB approximation method for an elastic wedge

2.2.1 The wave equation for flexural waves on a non-uniform thin plate

An elastic wedge is considered whose width is infinite along the y direction, as shown in
Figure so that the system variables vary only along the z direction. One-dimensional
harmonic flexural plane waves on a thin plate with varying thickness h(x) are described by the

fourth-order differential equation [16]
[D(x)w”(x,w)] " WQPh(x)w(wi) =0, (22)

where w(z,w) is the complex transverse displacement amplitude of the midsurface of the plate,
w is the angular frequency, p is the density of the material of the plate, D(z) = pczz,h3 (x)/12 =
ER3(z)/ (12(1 — 0?)) is the bending stiffness, or flexural rigidity, £ is the Young’s modulus, o
is the Poisson’s ratio, and ¢, is the propagation velocity of quasi-longitudinal waves on a thin
plate, given by ¢, = [E/ (p (1 — 02))]1/2

is the spatial coordinate x, and differentiation with respect to x is denoted by primes. The

. The independent variable of the differential equation

convention for the time variation of the harmonic displacement is e“?, where i is the imaginary
unit.

The corresponding equation for the flexural vibrations of a thin beam is [16]
[B(z)w" (x,w)]" — w?pAes(x)w(z,w) = 0, (2.3)

where B(z) = EI(x) is the bending stiffness of the beam, where I(x) is the second moment of
area, and A.s(x) is the cross-sectional area. The second moment of area and the cross-sectional
area are given, respectively, by I(z) = bh3(x)/12 and A.s(x) = bh(z), where b is the width of
the beam. It should be noted that the bending stiffness of the plate, D, is measured in N-m,
while the bending stiffness of the beam is measured in N-m?. If the width of the beam, b, is

constant, it cancels out, and Equation (2.3) becomes

3 z "
{Ehlz( )w”(:n,w)} — w?ph(z)w(z) =0, (2.4)

which is equivalent to Equation (2.2)), apart from a constant factor of 1/ (1 — 0?) in the bending

stiffness of the plate. Therefore, all the following analysis can also be applied to a beam of
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constant width, if the correction factor for the plate involving Poisson’s ratio is accounted for.

Equation is an ordinary differential equation, since only differentiation with respect to
the spatial coordinate is involved. In the consequent analysis, the dependence on frequency and
on position are often omitted for notational convenience. It should be mentioned that exact
analytical solutions to Equation , were recently found for power-law thickness variation of
order greater or equal to two [33], that is, for the thickness profile which is most typically used

in the literature.

2.2.2 WKB solutions to the wave equation

The WKB method provides analytical solutions of different orders of approximation to
differential equations. A more general presentation of the method is given in Appendix [C]
For Equation , the first-order WKB approximation was derived by Pierce in [5], based on
considerations on the conservation of energy. A more general approach is followed here, based
on perturbation analysis, similar to that presented in [34], which facilitates the derivation of
higher-order approximations.

A perturbation factor, defined by € = w12, may be included in Equation (2.2), so that it
takes the form

et (Dw")" — phw = 0. (2.5)

A trial solution for the transverse displacement may be applied, in the form of an infinite

exponential power series, N
-1 n

w— e 2 e 0, (2.6)
where the functions S,, vary both with position and frequency, and A is an arbitrary complex
constant with dimensions of displacement. In strict mathematical notation, the sign of equality
should be replaced by ~, to express the fact that this formula asymptotes to the solution of
Equation as the perturbation factor tends to zero, that is, as the frequency tends to
infinity. Here a looser mathematical notation using equalities is followed, in accordance with
the engineering literature.

The requirement that the perturbation factor tend to zero for the solution to be accurate
implies that the WKB method should provide good results at higher frequencies, and the
validity of the method is expected to deteriorate at low frequencies, where the perturbation
factor becomes large. It should be pointed out, however, that since Equation corresponds
to thin plate theory, it is descriptive of the flexural vibrations only up to frequencies for which
the rotational inertia and the effect of shear are negligible, and for which only the fundamental
mode is present [35]. Therefore, the solutions provided by the WKB method are only valid in a
limited bandwidth within which the frequency is high enough for the WKB solution to be valid

and low enough so that the rotational inertia and the shear deformation are insignificant, and
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only plane waves are present. Similar limitations for the WKB method were pointed out in [30]
for the case of thin beams.

If the trial solution given by Equation is substituted into Equation , and after
dividing all terms by the exponential, the resulting equation may be rearranged as a polynomial
equation of €. This equation must be valid for all values of €, so that an infinite set of differential

equations is obtained. The first four of these equations are
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The WKB approximation of order IV for the transverse displacement can be written as
ty
€ Sne™
w=Ae n=0 (2.11)

so that the first N 41 terms for S], have to be solved sequentially, starting from the zeroth-order

one, given by Equation ([2.7)).
Equation (2.7)), which is called the eikonal equation, has four algebraic roots,

121/2\ /2
Sy =17 ( ) , (2.12)
0 cph

where the factor j = 41, i determines the different roots. By integrating Equation ([2.12]) with
respect to x and multiplying by e~!, the first term in the exponent of the solution (2.11)) is

obtained,

e 1S, :j/ k(z)dz, (2.13)
0

where the lower limit of integration has been set to be at the coordinate origin for convenience,

k= (12 “’) (2.14)

cph

and

is the wavenumber in the non-uniform plate.

19



Chapter 2. Tapered elastic wedges

Structural damping may be included in the modelled system through a complex Young’s
modulus, which leads to a complex quasi-longitudinal velocity and, in turn, to a complex
wavenumber. The corresponding real and complex quantities, without and with damping,

respectively, starting with the Young’s modulus, are as follows,

. . k
E—)E(1+177) :>cp—>cp(1+177)1/2 =k — W, (215)

where 7 is the damping loss factor. In most cases, the loss factor is much smaller than one, so

that the complex wavenumber may be simplified as

121/2 1/2< 1
- 1- '7). 2.1
k ( o > i (2.16)

It should be noted that once the effect of damping is explicitly included in the expression for the

wavenumber through the imaginary part, as in Equation , the quasi-longitudinal velocity
in this equation has to be purely real.

The second term in the exponent of the WKB solution, given by Equation , is the
solution of Equation , which is

_3 (@)
S$1="In(7) (2.17)

where hg is the thickness at ¢ = 0. It should be noted that S7 is the same for all four functions
of Equation ([2.12)), as the factor j cancels out in Equation ({2.8]). Including only the n = 0 and

n = 1 terms in the solution gives the first-order WKB approximation,
h 3/4
= Al o o

where A is an arbitrary complex constant with dimensions of displacement. The first-order
WKB approximation is most typically used in the literature and it is often referred to simply as
the WKB approximation. In the fields of acoustics and vibration, it is also called the geometrical
acoustics approximation [§].

Higher-orders of approximation may be obtained by including more terms in the exponent of
Equation . Specifically, the second- and third-order WKB approximations may be written

as
3/4 w
wy = A (%) o Jo K@dAE+wT1/25p; (2.19)

and 3/4
wy=A <%> oo R@)datw 250 4w S (2.20)

respectively, where the subscript j also denotes the different S, and S5 functions corresponding

to the four roots of the eikonal equation. The higher-order functions Ss and S3 are obtained
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by integrating Equations and , respectively, which are in general not integrable
analytically, so that numerical integration has to be employed. It should be noted that
Equation can also be transformed into a system of four first-order differential equations,
which can then be solved numerically. However, such a solution lacks the insightful analytical
form provided by the WKB method.

The one-dimensional wave equation only accounts for normal incidence. Oblique
incidence could be accounted for by using the two-dimensional wave equation for flexural waves
in thin plates, given for example in [26]. This would result in an additional exponential factor
in the WKB solutions with a wavenumber for propagation in the direction parallel to the edge,
that is, along the y axis in Figure [2.1] as was done for the first-order WKB approximation
n [26]. Such an analysis, however, is beyond the scope of this thesis.

As mentioned in the introduction, the validity of the WKB method relies on the satisfaction
of certain validity conditions, the most common of which is given in Equation . By
substitution of the wavenumber given by Equation into Equation it can be verified
that, in general, the latter is violated at low frequencies and satisfied at higher frequencies,
regardless of the thickness variation. This result is predominant in defining the limitations of
applicability of the WKB method. An analysis on the validity condition given in Equation
in relation to the performance of the WKB approximations is presented in Section for a
quadratic wedge and in Section for different thickness profiles. An analysis of additional
WKB validity conditions is given in Appendix

2.2.3 Effective length of a truncated wedge

The novel concept of the effective length for a truncated wedge can be defined as the length of
an equivalent uniform plate whose thickness, hg, is the same as the maximum thickness of a
given wedge, in which a wave takes the same time to travel from its input boundary to its end
as it takes for a wave to travel from the junction to the truncated edge in the wedge. The time

it takes for a narrowband flexural wave pulse to travel from the junction to the truncated end

Tl d
tw:/ e (2.21)
0

cgr()

where ¢4, is the group velocity, defined by cgr = dw/d(Re{k}), where Re{} denotes the real

is given by

part of the quantity in curly brackets. The corresponding time for an equivalent uniform plate
is

I
ty = <L (2.22)
Cgru

where Iy is the length of the equivalent uniform plate, which coincides with the effective
length of the wedge as defined above, and ¢y, is the flexural group velocity in the uniform

plate, defined by the same formula as for the wedge. The group velocity in the uniform plate is
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constant along its length, since the wavenumber there, given by Equation (2.16) with h = hy,

is also constant. Requiring that the two travel times are equal gives

1 dx
logr = Corn | ———. 2.93
£f = Cqr, /0 e (@) (2.23)

Using the wavenumber of Equation (2.16]), the group velocities for the wedge and the

equivalent uniform plate are written, respectively, as

eph(z)w\ 2
cor(z) =2 (plh;l/g> (2.24)

and

cphow 1/2
=2 (2] (2.25)

Therefore, the effective length of the wedge can be expressed as

12 Z1 dx
legy = ho /0 ()’ (2.26)
or as ) .
eff = =———— [ Re{k(z)}dz, 2.27
s = oy Relhe) s (227)

where kg = k(0) and its real part is given by

1/2 1/2
12 “) . (2.28)

Cpho

Rd%}-(

It is apparent from Equation (2.26]) that the effective length of the wedge is independent of
frequency. A normalised effective length with respect to the length of the truncated wedge can

be defined as

l
Less = Zflf (2.29)

The phase velocity in the wedge, defined by ¢, = w/Re{k}, is written as

cph(z)w )
cpn(T) = (1?1};(1/;> : (2.30)

It can be seen by comparing Equations (2.24]) and (2.30) that the group velocity is double the

phase velocity; the same holds for a flexural wave in a uniform plate. The wavelength in the

wedge, defined by 27 /Re{k}, takes the form

cph(x 1/2
A(x):%(l’;}f/gi) : (2.31)
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2.3 Reflection coefficients for an elastic wedge

2.3.1 Zeroth-order WKB approximation for the end reflection coefficient

A truncated wedge driven internally is first considered, such as the one depicted in Figure
The incident wave originates inside the wedge at x = 0, so that this system is similar to the

one in the original paper by Mironov [7]. The displacement in the wedge is written as
w = w; + Wy + Wy, (2.32)

where w; is the incident wave, w, is the reflected travelling wave and w,, is the reflected
nearfield wave. In Equation , no nearfield positive-z wave is considered, since no boundary
is considered on the left side of the wedge. By defining the end reflection coefficient and the
nearfield reflection coefficient as Re,q = w,(0)/w;(0) and R, = w;,(0)/w;(0), respectively, and
expressing the wave components as WKB approximations, w, = e+, where the subscript a can

be either ¢, r or rn, the total displacement takes the form
w=A (ew + Renge? + Rm’”"”) . (2.33)

Furthermore, the complex constant amplitude of the incident wave, A, is assumed to be equal

to 1 m for convenience, since this is crossed out in the following analysis.

—

o

-

Figure 2.2. Truncated elastic wedge driven internally. The incident travelling wave, w;, reflected travelling
wave, wy, and reflected nearfield wave, w,., are shown, as well as the end reflection coefficient,Rend.

The boundary conditions at the free end can be written as w”(z1) = 0 and w"'(x1) = 0 [36].

The zeroth-order 1) function for the various wave components in Equation ([2.33|) has the form

x 121/4w1/2 ( n
=j | ————(1—- '7) dz 2.34
@Z)a ]\/(\) C;/zhl/Q 14 xy ( 3 )
where j = —i for v, j = i for ¢, and j = 1 for ¥,,. Once the appropriate 1 functions of

Equation (2.34]) are substituted into Equation (2.33) and the derivatives of the displacement
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of order up to three are calculated, the system of the two boundary conditions can be solved,

giving for the end reflection coefficient the solution

(3 (%)2 _ %;’) (1—-1)— 2,’;—; —-1-i e_gifof”l k(z)dz
e L

(2.35)

This expression may be simplified by assuming that the validity condition of Equation (2.1))
holds, which complies with the zeroth-order approximation, and also by neglecting the

second-order terms, thus yielding
. [Ty
Rengo = —ie 2 Jo K@de, (2.36)

The same result as in Equation can be obtained by assuming that the reflection
coefficient due to the truncated edge, that is, the ratio of the travelling reflected wave over the
incident wave both evaluated at x = x1, is approximately equal to that of a uniform plate, which
is equal to —i, as shown in Appendix The end reflection coefficient evaluated at the origin
can then be calculated by incorporating the exponential as in Equation ([2.36)), which accounts
both for the phase shift due to the wave travelling from x = 0 to x = z1 and back, and for the
decay due to damping, through the integrated real and imaginary parts of the wavenumber,
respectively.

From Equation , the modulus and phase of the end reflection coefficient can be

calculated, giving, respectively,
r1
| Rend.o| = o2 K Im{k(m)}dz’ (2.37)

where, according to Equations ([2.16]) and (2.24)),

1/2
_n 12124 W
Im{k} = 1 ( o = 2y (2.38)
and
1
ZRenap = —g —2 / Re{k(z)}dz, (2.39)
0
where 1/2
1/2
Re{k} = (12 w) =22 (2.40)
cph Cyr

The expression of Equation is equivalent to the one given in [7]. It can be seen from the
form of the imaginary part of the wavenumber given in Equation that the imaginary part
of the wavenumber, and, therefore, the absorption, increases in absolute terms as the thickness
decreases. Especially close to the tip, the absorption becomes very large. This can be explained

by the fact that the group velocity, and the phase velocity, for which ¢, = ¢4,-/2, becomes very
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2.3. Reflection coefficients for an elastic wedge

small there and the wave is concentrated close to the tip, where it is greatly absorbed.

The integral of the imaginary part of the wavenumber defines the modulus of the end
reflection coefficient, as can be seen in Equation . Since the imaginary part of the
wavenumber becomes absolutely very large towards the tip, its spatial integral is dominated by
the thickness variation close to the edge. The relation for the modulus of the end reflection
coefficient given in Equation can also be written explicitly with respect to either the

thickness variation, the group velocity or the effective length as

12 \Y2 (z v ® "
‘Rend()’ _ 6_3(12613 > fo 1 h172(:c) — e_nwf() 1 Cg(i(l') — efnR‘e{kO}leff, (241)

where kg is the wavenumber at the input, whose real part is given by Equation (2.28)), and
leyy is the effective length given by either of Equations (2.26) and (2.27). Accordingly, it can

be seen that the modulus of the end reflection coefficient is dominated by the thickness close
to the tip, with smaller thickness giving smaller group velocity there and, therefore, less end
reflection. Equivalently, the modulus of the end reflection coefficient varies according to the
effective length, with larger effective lengths giving more absorption and thus less reflection.

The relation for the phase given in Equation (2.39)) can be written as

12 “) , (2.42)

T
/Ronao = — — 21,
.0 2 ff( Cpho

where Equations (2.27) and (2.28) have also been used. It can be seen from Equation (2.42])

that the phase of the end reflection coefficient decreases according to the square root of the
frequency. It can also be seen that the phase of the end reflection coefficient is determined by
the effective length of the wedge, with larger effective lengths producing faster phase shift with

frequency.

2.3.2 Reflection coefficients for a wedge terminating a uniform plate

The cross section of a wedge terminating a uniform plate of thickness hg is illustrated in
Figure [2.3] either truncated at length x;, with edge thickness hi, or ideally tapered down to
zero thickness at length xg. In this analysis, the principal quantity characterising the reflective
behaviour of the system of a wedge terminating a uniform plate is the total reflection coefficient,
Riot, shown in Figure [2.3] which is defined as the ratio of the reflected wave, w;, which travels
backwards in the uniform plate, over the incident wave, w;, both evaluated at the junction of

the uniform and tapered parts,
wy(0)

Riot = (2.43)

It should be noted that longitudinal waves may also be excited as the flexural waves travel along

the system, due to the asymmetry of the wedge geometry with respect to the midplane, as seen
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in Figure Such coupling effects could be avoided by implementing a symmetric wedge with
the same thickness variation; the analysis in Section would still hold, as it only accounts for

the thickness variation, regardless of the exact geometry of the wedge.

Figure 2.3. Schematic of a cross section of a wedge terminating a semi-infinite uniform plate. The various
wave components are shown, namely, the incident travelling wave, w;, the reflected travelling wave, w,, and
the reflected nearfield wave, w;,, in the uniform part, and the transmitted travelling wave, w, the reflected
travelling wave, wr,, the transmitted nearfield wave, wey,, and the reflected nearfield wave, wypw, in the wedge.
The thickness of the uniform plate, ho, and the thickness at the end of the truncated wedge, h1, corresponding
to length x;, are shown, along with the total reflection coefficient, Rio:, and the end reflection coefficient, Repnq.
The ideal termination at length z¢ and the junction reflection coefficient, Rj.n, are drawn in grey. The latter is
equivalent to the total reflection coefficient of an ideally tapered wedge.

For the calculation of the total reflection coefficient, the various boundary conditions of the
system must first be defined. There are two continuity and two equilibrium conditions at the
junction, and two boundary conditions at the truncated edge. The conditions at the junction
are the continuity of displacement, w, and its slope, # = w’, and the equilibrium of the bending
moment, M = Dw”, and the shear force, V.= —M’, as presented for example in [16], which

may be expressed, respectively, as

wu(0) = ww(0), w,(0) = w,(0), wy(0) =wy(0), wy(0) = 3}2(()0)1023(0) +w/(0),  (2.44)

where w,, is the total displacement in the uniform plate and w,, is the total displacement in the
wedge. The boundary conditions at the free truncated edge are the vanishing of the bending

moment and the shear force [36], which result, respectively, in the equations

wh(z1) =0, wii(x1) =0, (2.45)

w

where x1 is the coordinate of the truncated edge.

The total displacement in the uniform plate is given by

Wy, = Wy + Wy + Wy, (246)
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2.3. Reflection coefficients for an elastic wedge

and the total displacement in the wedge is given by
Wy = Wi + Wiy, + Wy + Wrnaw- (2.47)

The subscript n in the wave components designates the nearfield components, r designates the
reflected, ¢ the transmitted and w the components in the wedge; the latter subscript is used in
order to differentiate reflected waves in the wedge from those in the uniform plate. Components
that do not have the letter n in the subscript are travelling waves.

It should be noted that the slope of the thickness is discontinuous at the junction, since
its limits approaching from negative and positive x are different. The limit when approaching
from the uniform part is zero, lim,_,o_ h'(z) = 0, while the limit when approaching from the
wedge, lim,_,o, A/(x), is in general not zero. Therefore, h'(0), which is used in the last of
Equations , cannot be defined. However, since this slope results from considerations for
the wedge, the limit of the slope as the junction is approached from the wedge is used, that is,
R'(0) = limg—0, H'(z).

The various travelling and nearfield wave components may be written in analytical form.
The components inside the wedge are written as WKB solutions of a certain order of
approximation; for first-, second- and third-order approximations, Equations , and
, respectively, have to be used. The appropriate value for the factor j also has to be chosen:
—i corresponds to a wave travelling towards the positive—x direction, +i to a wave travelling
towards the negative—x direction, —1 to a nearfield wave decaying towards the positive—x
direction and +1 to a nearfield wave decaying towards the negative—x direction.

In compound form, the components in the wedge may be written as
w, = Ae¥e, (2.48)

where a can be t, tn, rw or rnw, the functions v, correspond to the exponent in Equation
and A is a complex constant. It should be noted, however, that introducing the complex
wavenumber given by Equation cancels the correspondence of the various terms to
travelling and nearfield waves, since all the exponents in the WKB solutions given in
Equations , and are complex and, therefore, all terms have both travelling
and decaying terms. Nevertheless, since the loss factor is generally much smaller than one, the
imaginary part of the wavenumber is much smaller than its real part, and the terms with j = +i
are still predominantly travelling, while the terms with j = +1 are predominantly nearfield, at
least for the first-order WKB approximation given by Equation (2.18)). The wave components

in the uniform part are expressed as

we = Ae?F®, (2.49)
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where, in this case, a can be i, r or rn, the factor j again defines the type of wave, as
explained above, and k, is the spatially constant wavenumber in the uniform plate, given by
Equation with h = hg.

It is useful at this point to define reflection and transmission coefficients whose role will
become apparent below. These are defined as ratios of the wave components evaluated at the

junction,

wrnw(o)
T, =  Rpg = Ry = LrmwlS) 2.50
) d w,(O) ( )

R, — wm(O)’ T w(0)

w;(0) w;(0)
It should be noted that all of these coefficients, along with the total reflection coefficient defined
in Equation , are ratios of wave components with respect to the incident wave. The end
reflection coefficient, defined as the ratio of the reflected travelling wave in the wedge to the
transmitted travelling wave, both evaluated at the junction, is of special interest, and can be

expressed as R
R _ wrw(o) _ Reng
end wt(o) T

This coefficient coincides with the reflection coefficient calculated in [7] and in Section [2.3.1]

(2.51)

with the difference that in the analysis presented here, nearfield waves are also accounted for.
The total displacements, given by Equations (2.46) and (2.47)), can be expressed using

Equations ([2.49)) and ([2.48)), respectively, along with the coefficients of Equations (2.50]) and
the total reflection coefficient defined in (2.43)), as

wy = w;(0) (677 4 Rypre™™ 4 Ryebu) (2.52)

and

Wy = w;(0) (Tewt + The?™ + Repge?r + Rnwed’mw) ) (2.53)

In order to clarify the above expressions, it should be pointed out that the v functions are
zero at the junction, where x = 0, since all the S functions in the exponent of the WKB
solution, given in Equation , emerge from integration over the spatial coordinate. Thus
the complex amplitudes of the various components coincide with reflection and transmission
coefficients, which are all evaluated at the junction, multiplied by the input amplitude of the
incident wave.

It should be noted that the application of boundary conditions only at the junction and at
the edge, as in Equations and , assumes that the wedge variables vary smoothly
enough within the wedge, so that no reflection occurs apart from at the junction and at the
edge. Therefore, this approach does not account for reflections along the wedge away from the

junction and the edge.
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2.3. Reflection coefficients for an elastic wedge

2.3.3 Matrix formulation of the boundary conditions

By calculating up to the third derivatives of the total displacements in Equations and
, which involve up to the third derivatives of the 1 functions, and substituting these into
the boundary conditions of Equations and , a six-by-six system of equations is
obtained, where the unknowns are the reflection and transmission coefficients. In matrix form,

this system of equations can be expressed as
Mr = b, (2.54)

where M is the system matrix, whose elements are given in Appendix [E] r is the vector of the

unknown coefficients, given by
5 T
r= [Rtot Rn T Tn Rend Rnw] ) (255)
and b is the vector of constant terms, given by

b= 0 —1 ik, k2 —ik}]". (2.56)

u

Solving the matrix equation by matrix inversion for a given frequency gives the reflection
and transmission coefficients. Although the matrix inversion has poor conditioning properties
at higher frequencies, the final results calculated using MATLAB [37] were indistinguishable
from the results obtained using higher precision floating-point arithmetic. It should be noted
that the amplitude of the incident wave, w;(0), is cancelled out from all of the equations, as can
be seen in Appendix [E] which is expected due to the assumed linearity of the system, so that
the various coefficients are independent of the amplitude of excitation.

A similar analysis as the one presented for the truncated wedge may be carried out for
a wedge which is ideally tapered to zero thickness, either driven from the uniform part or
from inside the wedge, as shown in Figures and [2.4p, respectively. The junction reflection
coefficient for an ideally tapered wedge driven from the uniform part is denoted by R, f,
where the subscript f stands for forward, and for an ideally tapered wedge driven from inside
the wedge it is denoted by Rjun -, where the subscript r stands for reverse. In the former case,
the negative—z travelling and nearfield waves are absent in the wedge, since no reflection occurs
at the ideally tapered edge, while in the latter case, the positive—x wave in the uniform plate
is absent, since the plate is infinite towards negative—x, and also no negative—x nearfield wave
is present in the wedge, again due to the absence of reflection at the edge.

Either when the ideal wedge is driven from the uniform part or from inside the wedge,
only the four conditions at the junction are applied, given in Equation , which leads to

two four-by-four systems of equations for the respective reflection and transmission coefficients
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Figure 2.4. Schematics of a cross section of an ideally tapered wedge, (a) driven from the uniform plate, and
(b) driven from inside the wedge. The corresponding junction reflection coefficients are shown, along with the
corresponding travelling and nearfield wave components. The subscripts f and r in (a) and (b), respectively,
denote forward and reverse incidence.

at the junction. The corresponding matrix equations are presented in detail in Appendix [E]
Calculations showed that it makes little difference to the modulus of the junction reflection
coefficient whether the wedge is driven from the direction of the uniform plate or from the

wedge; therefore, this is simply denoted by |Rjy»| for the most part of the following analysis.

2.3.4 Total reflection coefficient calculated using Finite Element modelling

A numerical method that is used extensively for the solution of problems in a wide variety of
scientific fields is the Finite Element method. Its main concept is based on the quantisation of
a spatial continuum into a finite number of elements, so that the equations of a corresponding
physical problem are solved for the specified elements [38, 39]. The method is known to give
accurate results, provided that the spatial mesh of the elements is fine enough to accurately
represent a specific problem.

In high-frequency applications where the wavelength becomes smaller, meshing requirements
rise, since a minimum number of elements need to fall within a wavelength to capture the spatial
variations of the physical variables. A commonly used lower limit is six elements per wavelength
[40]. The need for a greater number of elements in high frequencies leads to a significant increase
in computation time, which, in increasingly complex systems, may form a restricting factor for
the application of the Finite Element method.

The modulus of the total reflection coefficient defined by Equation can be calculated
using the Finite Element method. Figure illustrates the geometry of a Finite Element
model, implemented in COMSOL [41]. The model comprises two-dimensional solid elements
on the plane of the figure, so that it is equivalent to the model of a plate with infinite width
in the direction perpendicular to the plane of the figure. In the results from Finite Element
simulations presented in the following sections, the uniform part of the plate is set to have a
length of 5.1 m, and the wedge has a length of 0.3 m. 14456 two-dimensional solid elements
are used for the uniform part and 3345 to 8325 two-dimensional solid elements are used for

the wedge, where a different number of elements is used for the different profiles presented in
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Section [2.5] The thinner the thickness profile becomes near the edge, the greater the number
of elements required. For the quadratic wedge, presented in Section 3939 two-dimensional

solid elements were used.
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Figure 2.5. Geometry of the Finite Element model used for the calculation of the modulus of the total reflection
coefficient by measuring the Standing Wave Ratio (SWR). The system is driven by a harmonic transverse force
of constant amplitude, Fy. A Perfectly Matched Layer (PML) is applied in order to model the uniform plate as
semi-infinite.

The aim of the Finite Element model is to estimate the modulus of the total reflection
coefficient using the Standing Wave Ratio (SWR) in the uniform plate. The SWR is the ratio
of the minimum over the maximum modulus of the field variable. From the SWR, the modulus

of the total reflection coefficient can be calculated as [42]

SWR -1

ST

(2.57)

The junction and end reflection coefficients cannot be calculated with the Finite Element model
shown in Figure but if the total reflection coefficient calculated with the WKB method can
be validated against the Finite Element model, then the individual components may be reliably
calculated using the WKB method.

The Finite Element model is excited by a harmonic transverse force of constant amplitude
at the left end of the uniform plate; a Perfectly Matched Layer is also attached to the left of
the excitation line to prevent reflections from that side, so that the uniform plate becomes
semi-infinite. Some damping is included in the wedge using the loss factor described in
Section but the uniform part is modelled as lossless, so that the wave does not decay
along the uniform plate and the SWR can be measured accurately. Furthermore, the SWR
is measured within a region that is away from sources of nearfield waves, these being the
excitation point and the junction. This region has to be sufficiently long such that at least one
half-wavelength at the lowest frequency of interest can be accommodated, so that the minima

and maxima of the displacement are included.
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2.4 Reflection from a quadratic wedge

In this section, results for the various reflection coefficients of a quadratic wedge, that is, with
its thickness varying as h = ho(1 — 2/z¢)?, are presented using the WKB method, in order to
illustrate some general properties of these coefficients, both individually and in relation to each
other. Wedges with a power-law profile of power larger than 2 have been analysed in [§]. The
total reflection coefficient calculated with a Finite Element model is used as a reference for the
assessment of the analytical results. The geometrical and material property values of Table
are used. The length of the ideal, untruncated, wedge is calculated from the actual length using

the thickness variation as
T

o

where H is the ratio of the thickness at the truncated end to the thickness at the junction,

hy
H= o (2.59)
Geometrical property Value Material property Value
Length of wedge (1) 30 cm | Young’s modulus (E)  70-10° Pa
Thickness at junction (hg) 1 cm Density (p) 2700 kg-m~3
Thickness at edge (hy) 0.01 cm | Poisson’s ratio (o) 0.33
Loss factor (n) 0.01

Table 2.1. Assumed geometrical and material properties of the truncated wedge.

The moduli of its end, junction and total reflection coefficients, calculated with the first-,
second- and third-order WKB approximations, are plotted in Figures 2.6k, 2.6b and 2.6k, from
10 Hz to 10 kHz. In Figure 2.6k, the modulus of the total reflection coefficient calculated
with the Finite Element model is also plotted and is used as a reference result with which
the analytical ones can be compared. It can be seen from the plots in Figure [2.6] that, over
the frequency range plotted, the second- and third-order WKB approximations give the same
results for all the reflection coeflicients of the quadratic wedge. The first-order and higher-order
approximations also appear to converge at higher frequencies, as expected due to the increasing
validity of the WKB method there.

In Figure[2.6p, the end reflection coefficient calculated with the higher-order approximations
starts from a value of around 0.95 at 10 Hz, and then increases slightly and starts decreasing
above about 100 Hz, although this detail is not clearly distinguishable on the scale of the
plot. The end reflection is related to the amount of dissipation taking place in the wedge,
which becomes greater as the wavelength becomes smaller. The wavelength is given by
Equation , so that dissipation becomes greater as the frequency increases. Therefore,
it would be expected that the end reflection should decrease monotonically with increasing

frequency throughout the spectrum, contrary to the observed analytical result from the WKB
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Figure 2.6. Frequency variation of the modulus of the reflection coefficients of the quadratic wedge with the
properties given in Table calculated with the first-, second- and third order WKB approximations: (a) end
reflection coefficient, Rena, (b) junction reflection coefficient, Rjun, and (c) total reflection coefficient, Ryot, along
with the one calculated with Finite Elements. (d) WKB validity condition term for the quadratic wedge against
frequency; the frequency where the validity term has a value of 0.4 is noted with dotted lines. The second- and
third-order coefficients for the quadratic wedge, shown in plots (a), (b) and (c), coincide.

analysis at low frequencies.

The first-order junction reflection coefficient, plotted in Figure[2.6b, also has a peak at about
50 Hz. However, the discontinuity at the junction is expected to produce more reflection at lower
frequencies, where the wavelength is larger and the discontinuity is seen as more abrupt, and
less reflection at higher frequencies, where the wavelength becomes shorter and the wave is more
efficient at following the discontinuity. Therefore, the junction reflection coefficient would be
expected to decrease monotonically with increasing frequency, as seen for the higher-order WKB
solutions. Furthermore, the junction and total reflection coefficients, plotted in Figures [2.6b
and [2.6f, respectively, give values greater than one at low frequencies when calculated with
higher-order WKB approximations, a result which violates energy conservation. All these
inaccuracies can be attributed to the deteriorating validity of the WKB method with decreasing
frequency.

Despite the discrepancies at lower frequencies, inspection of Figure[2.6 illustrates that there
is very good agreement between the total reflection coefficient calculated with the second-order

WKB approximation and that calculated with the Finite Element model above about 150 Hz;
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fairly good correspondence is seen at frequencies as low as 40 Hz. The first-order approximation,
on the other hand, fails, in general, to predict the fluctuations of the total reflection coefficient
with frequency, apart from at higher frequencies, even though it still predicts the general level
of reflection. Consequently, the second-order WKB appears to be a good approximation for the
quadratic wedge over most of its functional spectrum.

The WKB validity condition, given in Equation , is plotted in Figure , for the
quadratic wedge. Exceptionally for the quadratic wedge, the validity term, that is, the left-hand
side of Equation , is independent of position, as has been previously stated in [7] and [§].
Although, in principle, the validity condition requires that the validity term be much smaller
than one, a value of 0.4 has previously been used as a practically acceptable limit [43]. The
WKB method is thus expected to give fairly accurate results above about 150 Hz, as noted
by the dotted lines in Figure 2.6{d, a result which complies with the correspondence of the
second-order WKB approximation with the Finite Element results. It should be pointed out,
however, that satisfaction of the validity condition of Equation does not appear to ensure
good results for the first-order approximation, as can be seen in Figure[2.6c. This may be linked
to the fact that the first-order approximation also needs to satisfy a condition which limits the
magnitude of the second-order WKB term, which is truncated in the first-order solution; similar
validity conditions need to be satisfied for any order of WKB approximation [27].

The case of two quadratic wedges with very small and very large damping, respectively, is
also considered to illustrate the general behaviour of the wedge as an absorber. The modulus of
the total reflection coefficient for n = 0.005 and n = 0.5 is plotted in Figure 2.7, calculated with
the second-order WKB approximation. It can be seen that in the case of very little damping, the
total reflection coefficient has a high value throughout the considered spectrum, and, therefore,
the waves are primarily reflected. When a large damping factor is used, reflection is greatly
decreased.

The modulus of the displacement in the wedge, calculated with Equation with the
second-order WKB approximation, normalised with respect to the thickness, is plotted against
position in Figure 2.7b, at frequency f = 808 Hz, for an incident displacement amplitude of
w;(0) = 107% m. The specific frequency corresponds to the dashed vertical line in Figure ,
and is chosen to correspond to a dip of very low reflection for the high damping case. In both
cases, the displacement presents an increasing trend as the wedge gets thinner. In the case of
low damping, the displacement appears to have nodal points, which is indicative of nearly total
reflection from the end of the wedge. In the case of high damping, however, the displacement
presents little fluctuation along the length of the wedge, which implies that the displacement
in the wedge primarily consists of a forward-travelling wave, which in turn suggests that little
reflection occurs at the truncated end.

It can also be seen from Figure that for the given thickness variation and input

amplitude, the displacement at the tip in the case of low damping has a magnitude similar
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Figure 2.7. (a) Modulus of the total reflection coefficient of a quadratic wedge for two different values of
damping, plotted against frequency. (b) Modulus of the displacement normalised with respect to the thickness at
frequency 808 Hz, for two different values of damping, plotted against position. (¢) Modulus of the energy density
normalised with respect to the input energy density at frequency 808 Hz, for two different values of damping,
plotted against position. Results are calculated with the second-order WKB approximation for a wedge with the
properties given in Table for an incident displacement amplitude of w;(0) = 107 m. The vertical line in (a)
corresponds to f = 808 Hz.

to the thickness; for high damping, the relative displacement is one order of magnitude smaller.
For higher input displacements, however, the displacement at the tip will become much larger.
For example, it will be about a thousand times larger than the thickness there for an input
amplitude of 1 mm in the case of high damping, thus invalidating the underlying linearity
assumption of the calculation method presented in Section Additionally, for thinner
wedges, and in particular for wedges with smaller truncation thickness, hy, for a given junction
thickness, hg, the displacement towards the tip will also become larger, as can be deduced from
Equation . Therefore, for relatively low damping, the validity of the calculation method
is limited by the input displacement amplitude and by the thickness ratio.

A periodic shift takes place in the vibrating elastic wedge between kinetic and potential
energy [16]. The magnitude of the energy density per unit area can be calculated as the

maximum of the kinetic energy density within a cycle of vibration, which is given by

By = 5phul® = 5 phw? [w,|*, (2.60)
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where u = iww,, is the velocity of harmonic flexural vibration. The normalised energy density

with respect to the input energy density can then be written as

2

Eq h
d , (2.61)
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Ep )

where Eg; is the incident energy density. The constant loss factor, 7, corresponds to the
proportion of the energy that is dissipated [16], so that the dissipation is proportional to
the energy density expressed by Equation . The normalised energy density given in
Equation is plotted against position in Figure . It can be seen that the energy
density becomes largest at the tip of the wedge, so that most of the absorption takes place

there.

2.4.1 Interrelation of the different reflection coefficients

The end, total and junction reflection coefficients of the quadratic wedge with the properties
given in Table calculated using the second-order WKB approximation, are plotted together
in Figure 2.8l The end and total reflection coefficients of a quadratic wedge with a very small
truncation thickness, A1 = 1 nm, are also plotted. The junction reflection coefficient of this
‘thin’ wedge is the same as that of the default wedge, whose truncation thickness is hy = 100 pm,
since the two wedges have the same ideal length, xg, and the junction reflection coefficient is
not affected by the length of truncation. A wedge with a truncation thickness of 1 nm is far too
thin to manufacture but is used here to illustrate how the end reflection coefficient dominates

that at the junction, especially at higher frequencies, even for an almost perfect wedge.
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Figure 2.8. Moduli of the total, R¢o:, end, Rend, and junction, Rj.n, reflection coefficients of the quadratic
wedge with the properties given in Table using the second-order WKB approximation. The total and end
reflection coefficients are also plotted for a quadratic wedge with the same ideal length, zo, but with a very
small truncation thickness, h1 = 1 nm, denoted by the word ‘thin’ in the subscripts in the legend. The junction
reflection coefficient for the two quadratic wedges is the same, since they have the same ideal length.
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2.4. Reflection from a quadratic wedge

The junction reflection coefficient is equal to the total reflection coefficient of an ideally
tapered wedge, that is, without truncation, and decreases to very small values with increasing
frequency. When even a tiny truncation is introduced, such as that of a thickness of 1 nm,
considerable reflection occurs, even at high frequencies, as can be seen in Figure 2.8 The
end reflection coefficient thus provides the general level of reflection, around which the total
reflection coefficient fluctuates with frequency. The ripples in the total reflection are due to
interference between the two sources of reflection, namely, the junction and the truncation.
The ripples are more pronounced for the ‘thin’ wedge since the magnitude of the reflection from
the end is more similar to that from the junction. In [23], it was suggested that the ripples
occur due to reflections away from the edge, although it was not clarified whether these occur
at the junction or within the waveguide.

The relative magnitude of the end reflection coefficients of the ‘thin’ and the nominal wedge
can also be related to their respective effective lengths. The effective length of the nominal
wedge, calculated with Equation , is oy = 0.78 m, whereas for the ‘thin’ wedge, it is
leff = 2.7 m. Therefore, according to Equation , the ‘thin’ wedge produces less end

reflection, as observed in Figure [2.8]

2.4.2 Widening of the bandwidth between the dips

A novel analysis on the widening of the bandwidth between consecutive dips in the modulus
of the total reflection coefficient with linear frequency is presented in this section. The total
reflection coefficient of a quadratic wedge is plotted in blue in Figure [2.9 on a linear-frequency
scale. In the same graph, the phase of the reverse junction reflection coefficient, Z Ry -, and
of the end reflection coefficient, ZR.,q, are also plotted, as green and black lines, respectively.

The total phase shift is defined as the sum of these phases,
¢0 = 4Rj1m,r + 4Rend, (2.62)

and is plotted in red in Figure 2.9, The phase ¢g is the total phase shift of a wave starting
from x = 04, that is, inside the wedge, travelling towards positive x, getting reflected at the
end, travelling back to the junction and getting reflected at the junction. All of the mentioned
solid-line plots in Figure [2.9|are produced with the second-order WKB solution. The horizontal
lines correspond to integer cycles of phase, and the vertical lines pass from the intersections of
these lines with ¢g, that is, they are defined by the integer cycles of ¢g. It can be observed that
the vertical lines pass from the dips of the total reflection coefficient, that is, the dips of the total
reflection coefficient are defined by the integer cycles of the phase shift. Some small deviation
of this correspondence occurs at lower frequencies, which is not visible in this linear-frequency
graph.

Even though the dips in the total reflection coefficient appear to become denser with
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Figure 2.9. Linear-frequency plot of the modulus of the total reflection coefficient, |Rtot|, of a quadratic wedge,
whose y axis is on the right side of the graph, along with the phase of the end reflection coefficient, ZRena, the
phase of the reverse junction reflection coefficient, ZR;un,», and the total phase shift, ¢o, whose y axis is on the
left side of the graph, all calculated with the second-order WKB approximation. The phase of the zeroth-order
WKB approximation of the end reflection coefficient, ZRenq4,0, and the total phase shift of a thin wedge with
h1 = 1 nm, calculated with the second-order WKB approximation, ¢o,¢nin, are also plotted. The horizontal lines
correspond to integer cycles of phase and the vertical lines pass from the integer-cycle crossings of ¢o.

increasing frequency in the logarithmic-frequency plots, as can be seen, for example, in
Figure they actually widen, as can be seen in the linear-frequency plot in Figure [2.9
Insight into the mechanism of the widening of the dips may be gained by use of the zeroth-order
calculation of the end reflection coeflicient, as presented in Section The zeroth-order end
reflection phase, given by Equation , is plotted as a dashed grey line in Figure It can
be seen from Equation that the phase of the zeroth-order end reflection coefficient has a
square-root dependency on the frequency, apart from a constant offset of —r /2. Therefore, as
frequency increases, the absolute rate of change of ZR.,q0 with frequency decreases, due to its
square-root dependency, so that a phase shift between two consecutive cycles requires a greater
bandwidth.

Moreover, the rate of change of the total phase shift, ¢g, with frequency is dominated by
the change of the phase in the end reflection coefficient, /R, 4, while the phase of the reverse
junction reflection coefficient, ZR;y, -, varies little across the spectrum and mainly at lower
frequencies, as can be seen in Figure[2.9] Therefore, the bandwidths between consecutive integer
crossings of ¢g are defined predominantly by the phase of R4, even though the exact locations
of the dips are defined by the phases of both R.,q and Ry, . Finally, it can be seen in Figure@
that the variation of ZR.,q, as calculated with the second-order WKB approximation, shown
as a black solid line, is similar to the variation of ZR.,40, shown as a dashed grey line, apart

mainly from an offset, so that the square-root frequency dependency of the latter may imply a
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2.5. Reflection from wedges of different thickness profiles

qualitatively similar spectral behaviour for the former, and, due to previous considerations, also
for the total phase shift, ¢g. Thus the widening of the dips may be linked to the square-root
dependency of the total phase shift with frequency.

It can be seen in Equation that larger effective lengths give a steeper decrease in
the phase of the end reflection coefficient. Since the latter dominates the total phase shift, ¢,
whose integer-cycle crossings determine the dips in the total reflection coefficient, it can also
be concluded that larger effective lengths give denser dips of the total reflection coefficient.
This is illustrated by the total phase of a ‘thin’ wedge, with h; = 1 nm, which is plotted
in Figure [2.9 as a light red line, and whose integer-cycle crossings are much denser in the
spectrum. In Figure this is seen as dense ripples in the total reflection coefficient for the
‘thin” wedge; the difference in the frequency scale of Figures and should be noted. An
analytical relation for the total reflection coefficient with respect to the various reflection and
transmission coefficients of the system is derived through an analysis of multiple reflections
between the junction and the truncated end in Appendix [F] The dependence of the modulus
of the total reflection coefficient on ¢q is also apparent in Equation , although it is not

obvious how this defines the observed dips.

2.5 Reflection from wedges of different thickness profiles

Apart from the power-law wedge, other thickness variation profiles may be used, which also lead
to zero phase and group velocity at the edge of an ideally tapered wedge, thus exhibiting similar
absorbing properties. It was noted in [§], for example, that a sinusoidal thickness variation,
raised to a power greater or equal to 2, may be used instead of a power-law in this context. In
this analysis, a wedge varying according to a cosine raised to a power is considered. Furthermore,
the exponential thickness variation forms the limit of a power-law profile with the same length
and the same junction and edge thickness, as the order of power tends to infinity, as shown in
Appendix|[G] For such an exponential thickness variation, the ideally tapered wedge would need
to have infinite length, since the decaying exponential function vanishes at infinity. Despite this
theoretical limitation, in practice truncation always occurs due to manufacturing restrictions, so
that the truncated, finite-length exponential wedge may be considered. Similarly, simulations
have shown that the Gaussian profile is the limit of the power-cosine profile as the order of
power tends to infinity. Finally, a compound power-law profile is considered, which comprises
a concave power-law part from its thick end up to half its ideal length and a convex power-law
part from the midpoint up to the vanishing edge. The two parts of the profile are symmetric
with respect to the point (z¢/2, ho/2).

The properties of the thickness profiles considered are summarised in Table For each
of them, the fact that the phase and group velocities vanish at the ideal edge can be shown

by calculating the limits lim,_,;, ¢, and limg 4, c4r, respectively, where the phase velocity
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and the group velocity are given by Equations (2.30) and (2.24]), respectively. The exponential

and Gaussian thickness variations can also be expressed as h = hoH*/** and h = hoH®/ 11)2,

respectively.
profile . _ Length of Decay Normalised
type Thickness variation (k) ideal wedge (x0) factor effective length (Leyy)
1_1
n Hn 31
P-L ho(1-2£)", n>2 s - L)
z )2 T In H
Q ho (1 o R) 1—\1/ﬁ B 2(vVH-1)
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Table 2.2. Formulas for different thickness profiles. The abbreviations for the profile types correspond, from
top to bottom, to power-law for n > 2, quadratic, exponential, power-cosine for n > 2, Gaussian and compound
power-law for n > 2. The normalised effective lengths for the power-cosine and compound power-law profiles have
complicated forms, written with respect to special functions, and are not displayed here; they were calculated
with the software Maple [44]. In the normalised effective length of the Gaussian profile, erfi denotes the imaginary
error function.

In this analysis, the quadratic profile is used as a representative case of the power-law
thickness variation. A seventh-order cosine is used as a representative case of the power-cosine
profile, where the order of power has been chosen so that, for the geometrical properties given
in Table this wedge presents a similar general level of reflection as a quadratic wedge with
the same geometrical properties. Furthermore, a compound power-law wedge of order four,
that is, a compound quartic wedge is used. All the truncated wedges considered in this analysis
have the same length and the same thickness at the junction and at the truncated edge. An
analysis of wedges with the same junction and end thickness but different lengths is given in
Appendix [H A plot of the thickness variation of the profiles is shown in Figure 2.10h. The
thick dot indicates half the length of an ideally tapered compound quartic profile.

The phase velocity in the wedge is given by Equation . It can thus be seen that the
phase velocity is proportional to the square root of the thickness and so all the profiles have the
same phase velocity at the edge, since they have the same thickness there. The spatial variation
of the phase velocity at 1 kHz for the different profiles is plotted in Figure 2.10p. The square
root relation with the thickness becomes apparent by comparison of the corresponding plots for
the quadratic profile, whose phase velocity decreases linearly along the wedge.

In Figure , the normalised effective length, L., defined by Equation , is plotted
against the thickness ratio, H, which is defined by Equation ; both axes are logarithmically
scaled. Most of the different formulas of L.ys for the different thickness profiles are given in
Table[2.2] It can be seen that the effective length decreases with increasing thickness ratio. This
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Figure 2.10. Properties of a quadratic, a seventh-order cosine, an exponential, a Gaussian and a compound
quartic wedge: (a) thickness variation, from 1 cm to 0.1 mm over a length of 30 cm, (b) spatial variation of the
phase velocity at 1 kHz. The dot in (a) corresponds to the ideal midpoint of the compound quartic profile, that
is, to the point with coordinates (x0/2, ho/2). (c) Normalised effective length of the wedges of different profiles,
plotted on a logarithmic scale against logarithmic thickness ratio. The dotted vertical line passes from the value
H = 0.01 and the dotted horizontal line passes from the value L.ss = 1. The small graph shows a detail for the
quadratic and seventh-order cosine wedges at H = 0.01.

is expected, since larger H implies larger edge thickness for a given thickness at the junction,
which in turn corresponds to less thickness variation along the wedge and, therefore, to less
propagation velocity decrease. In the high limit where H tends to 1, all profiles tend to that
of a uniform plate and the normalised effective length tends to 1, that is, the effective length
coincides with the actual length.

The modulus of the total reflection coefficient for the wedges of different profiles is plotted
in Figure calculated with the Finite Element method, and the moduli of the junction and
end reflection coefficients for the different profiles are plotted over a narrower frequency band
in Figure [2.12] calculated with the third-order WKB approximation. It should be noted that
the validity of the WKB results deteriorates below some frequency, which is different for the
different profiles, as will be discussed in Section Therefore, the plots in Figure 2.12]should
not be used to obtain strict quantitative conclusions but rather approximate qualitative ones.
It is mentioned here in advance that the WKB results for the compound quartic wedge are not

valid throughout most of the considered spectrum. The moduli of the end reflection coefficients
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for the different profiles, plotted in Figure [2.12] correspond to the general levels of the moduli
of the total reflection coefficients in Figure [2.11

A comparison of the moduli of the end reflection coefficients plotted in Figure [2.12] with
the corresponding phase velocities of Figure [2.10b, or equivalently, the corresponding thickness
variations of Figure [2.10p, helps explain the general levels of reflection for the various thickness
profiles; differences in the general level of reflection are more prominent at high frequencies.
It should be noted that most of the dissipation takes place near the tip, as was noted in
Section As a result, the seventh-order cosine and the quadratic profiles, which have a
very similar variation in the phase velocity towards the tip of the wedge, present very similar

general levels of reflection.
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Figure 2.11. Variation in the modulus of the total reflection coefficient with frequency for a quadratic, a
seventh-order cosine, an exponential, a Gaussian and a compound quartic wedge, calculated using the Finite
Element method.

For the exponential profile, the phase velocity is smaller than that of the other profiles
throughout the length of the wedge, so that the modulus of its end reflection coefficient, and,
therefore, its general level of reflection, is also smaller. Since the exponential wedge is equivalent
to a power-law wedge of infinite power, the fact that the general level of reflection of the
exponential wedge is smaller than that of the quadratic one is in agreement with the finding
that power-law wedges of increasing order present less end reflection, as was shown in [8], and
is also proved mathematically in Appendix [ As for the compound quartic wedge, its phase
velocity is larger than that of the rest of the profiles, and its general level of reflection is also

comparatively larger.
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Figure 2.12. Modulus of the junction and end reflection coefficients for the different thickness profiles, calculated
with the third-order WKB approximation, plotted over a smaller frequency band than in Figure The lines
at the lower part of the graph correspond to the junction reflection coefficient and the ones at the upper part of
the graph correspond to the end reflection coefficient.

2.5.1 Reflection due to the junction for different profiles

The relation of the junction reflection coefficient with the slope of the discontinuity at the
junction can provide new insight on the reflective behaviour of the wedge. Reflection from
the junction would be expected to be less for wedges which are smoothly connected to the
uniform plate in terms of slope, so that the discontinuity at the junction would have less effect,
compared to ones where there is a discontinuity of slope at the junction. The fluctuations of
the total reflection coefficient are also expected to be greater when the moduli of the end and
junction reflection coefficients are closer in magnitude, as noted with respect to Figure [2.§| for
the quadratic wedge.

For the quadratic, seventh-order cosine and Gaussian profiles, the modulus of the end
reflection coefficient is of similar level, as can be seen in Figure 2.12] The reflection due to the
junction for the two latter profiles, which have zero slope at the junction, would be expected
to be less than for the quadratic one, which has a discontinuity of slope at the junction, and,
therefore, the fluctuations of the total reflection coefficient would also be expected to be of
smaller magnitude. Such behaviour is observed at higher frequencies in Figure [2.11], where
the seventh-order cosine and the Gaussian profile present smaller fluctuations and therefore less
reflection due to the junction compared to the quadratic one. These results are also in agreement
with those for the moduli of the junction reflection coefficients plotted in Figure where
the junction reflection coefficient of the power-cosine and Gaussian wedges is smaller than that
of the quadratic wedge at higher frequencies.

At lower frequencies, however, the fluctuations of the total reflection coefficient of the

power-cosine and Gaussian profiles become greater than those of the quadratic. This result
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complies with the observation that, below some frequency, the junction reflection coefficient of
the former profiles becomes larger than that of the latter, as can be seen in Figure 2.12] For
example, in the frequency band between 200 and 300 Hz, the junction reflection coefficients
of the power-cosine and Gaussian wedges are larger than that of the quadratic wedge, and
the fluctuations of the total reflection coefficient are respectively larger; the end reflection
coefficients for these three profiles are almost identical in this frequency band.

The compound quartic wedge, which also has zero slope at the junction, presents smaller
fluctuations than the quadratic only at higher frequencies, above about 2 kHz; at lower
frequencies its reflection coefficient actually has much greater fluctuations. No conclusions
can be drawn from the variation of the junction reflection coefficient for this profile, since the
WKB method does not provide accurate results for this profile, as will be shown in Section [2.6
As for the exponential profile, its absolute slope at the junction is greater than that of the
quadratic, and, therefore, the discontinuity is more abrupt, leading to larger reflection due to
the junction, as can be seen in Figure [2.12} discrepancies at lower frequencies are due to the
deteriorating validity of the WKB approximation there. Additionally, the modulus of the end
reflection coefficient of the exponential profile is smaller than that of the quadratic one, and
the modulus of its junction reflection coefficient is larger than that of the quadratic, so that its
total reflection coefficient has greater fluctuations compared to the quadratic, as can be seen in
Figure 2.11]

The fact that the reflection due to the junction for the power-cosine, Gaussian and compound
power-law profiles becomes greater than that of the quadratic below some frequency, as is
implied by the corresponding magnitude of the fluctuations of the total reflection coefficient,
contradicts the simplistic consideration that reflection at the junction should be defined by the
discontinuity of slope. Apparently, even when the slope at the junction is zero, the subsequent
gradual change of thickness in the wedge causes reflection, especially at lower frequencies,
where the wavelength is larger and the change in thickness, even a gradual one, is seen more as
a discontinuity.

Although the WKB method does not account for reflections away from the junction and
the edge, the analytical method involves the derivatives of order up to three of the WKB
approximations of Equations to , as can be seen from the boundary conditions
given in Equations and , which, in turn, involve higher-order derivatives of the
thickness variation. Therefore, the ‘variational trend’ of the thickness near the junction is
actually accounted for through the higher-order derivatives of the thickness there. The first
derivative of the power-cosine and the Gaussian thickness variation at the junction is zero,
but higher-order derivatives are non-zero there. This explains the non-zero junction reflection
coefficients for these profiles plotted in Figure[2.12] For the compound quartic profile, the first,
second and third derivatives of the thickness are zero at the junction, which may explain the

predicted zero reflection at the junction from the WKB method over most of the spectrum
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plotted in Figure 2.12]

2.5.2 Bandwidth between consecutive dips for different profiles

It is notable from Figure that the first dip in the total reflection coefficient for the
exponential wedge is at a lower frequency than that for the other profiles. This is due to the
fact that the phase velocity, as plotted in Figure 2.10p, is significantly lower for the exponential
than for the other profiles over most of the length, so that the phase accumulation required for
the reflection from the end to interfere destructively with that from the junction occurs at a
lower frequency. The plots of the normalised effective lengths of Figure[2.10 are more insightful
in this respect. It can be seen that, for a given thickness ratio, H, the exponential wedge has
the largest effective length, followed by the Gaussian, the quadratic and power-cosine, and the
compound quartic wedge. Therefore, the first dip in the total reflection coefficient occurs at
frequencies of the inverse order for the different profiles. The same order applies to the density
of the dips along the spectrum, or, equivalently, to the bandwidth between consecutive dips,
with the bandwidth between consecutive dips being the smallest among the considered profiles
for the exponential profile and the largest for the compound quartic profile.

A small discrepancy can be observed in the case of the quadratic and power-cosine profiles,
since the first dip of the quadratic profile occurs at a frequency very slightly smaller than that
for the power-cosine wedge, as can be seen in Figure whereas the respective effective length
is very slightly smaller, as can be seen in the detail plot in Figure for the value of the
thickness ratio H = 0.01 used here. The effective length, defined by Equation , uses the
group velocity defined as dw/d (Re{k}), and the wavenumber given by Equation (2.16]) is used.
It should be noted, however, that the real part of this form of the wavenumber is actually a
first-order WKB approximation, since it corresponds to the spatial angular frequency only for
the first-order WKB solution to the wave equation, given by Equation ; it also corresponds
to this physical quantity for the zeroth-order WKB approximation given in Equation .
For higher orders of WKB approximation, the actual spatial angular frequency, that is, the
actual wavenumber, corresponds to more complicated expressions, given by the real part of the
integrand of the integral in the exponents of Equations and . This observation,
combined with the limitations of the validity of the WKB approximation, can account for this
discrepancy.

Overall, the exponential profile gives the least general level of reflection, which is due to
it being thinner than the other wedges over the whole length, which leads to greater energy
dissipation. For a tuned system, where it may be desired that the reflection becomes small at
specific frequencies, the exponential profile can also provide greater dips in the total reflection

coefficient, particularly at higher frequencies.
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2.6 Comparison of results from the WKB method with those

from a Finite Element analysis

Figure shows a comparison of the modulus of the total reflection coefficient calculated
using WKB approximations of order up to three with numerical results from Finite Element
models, for the different thickness profiles excluding the quadratic, the corresponding results
for which have already been presented in Figure [2.6c. Firstly, it can again be seen that below
some frequency, which is different for each profile, the reflection coefficient calculated with
the analytical method has values greater than one, thus violating energy conservation, due
to the WKB method being invalid at low frequencies. Additionally, it can be seen that the
first-order WKB approximation gives good predictions for the overall level of reflection, but
fails, in general, to predict the fluctuations in the reflection coefficient, apart from at the very

high frequencies, as was also the case for the quadratic wedge.
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Figure 2.13. Modulus of the total reflection coefficient with first-, second- and third-order WKB approximations
and with the Finite Element method, for (a) a seventh-order cosine, (b) an exponential, (¢) a Gaussian and (d)
a compound quartic wedge.

Higher-order approximations appear to improve the correspondence with numerical results,
although this is not so obvious and requires detailed inspection. For the seventh-order cosine,
results for which are shown in Figure[2.13p, the second-order approximation gives good matching

above about 1 kHz, although this is mainly due to the fact that the fluctuations in the reflection
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coefficient become very small with increasing frequency, so that any mismatch in the dips is
not easily distinguishable. The third-order approximation provides some further improvement,
since good correspondence with numerical results can be seen above about 500 Hz. The
Gaussian wedge, results for which are plotted in Figure [2.13, presents similar behaviour, where
the corresponding frequencies above which different orders of approximation match well with
numerical results are shifted slightly upwards.

In the case of the exponential wedge, whose total reflection coefficients are plotted in
Figure [2.13p, the higher-order approximations match quite well with the Finite Element
results above about 1500 Hz. Furthermore, the second-order approximation gives a good
prediction of the frequencies at which the dips occur down to about 1 kHz, while the third-order
approximation predicts the dip frequencies down to about 400 Hz. It should be noted, however,
that the level of fluctuations in the reflection coefficient is not well predicted at some frequencies.

The presence of considerable ripples for the compound quartic wedge, as seen in the Finite
Element solution of Figure 2.13[, cannot be satisfactorily explained by the WKB analysis,
which assumes that reflections occur only at the junction and the edge. A quite abrupt change
in the thickness takes place within the wedge away from the junction, more prominently around
the region of the ideal midpoint, defined by the dot in Figure 2.10n. This transition appears to
provide a distributed ‘discontinuity’ that causes reflection, both for the incident wave travelling
from the uniform part and for the wave reflected from the edge, thus producing the first dip
due to interference at a higher frequency than any of the other profiles. This is also illustrated
in Figure where the compound quartic profile is seen to have the smallest effective length.
Therefore, the WKB method fails to predict the fluctuations of the total reflection coefficient,

as can be seen in Figure [2.13d.

2.6.1 The WKB validity condition for different thickness profiles

To further investigate the performance of the analytical method for the various profiles, the
validity term for the WKB method, given by the left-hand side of Equation , is plotted
against frequency and position as a colour map in Figure [2.14] In the individual colour maps
for the various profiles, the regions where the validity term is greater and smaller than 0.4 are
separated by a curve. It can be seen that for the exponential wedge, Figure [2.14b, the WKB
validity condition is more strongly violated at the junction, but it is satisfied here above about 1
kHz, which seems to agree, in general terms, with the frequency above which the correspondence
of higher-order analytical results with numerical ones is observed in Figure 2.13p. For the other
profiles, however, the results in Figure [2.14] show that the validity condition is satisfied at the
origin but it is strongly violated in the central region of the wedges, where the slope of the taper
profile is greatest. For the seventh-order cosine and Gaussian wedges, the validity condition is

satisfied above about 300 Hz at this position, which forms a relatively good lower limit for the
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correspondence of the higher-order analytical results with the numerical results, as shown in

Figures [2.13p and , respectively.
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Figure 2.14. Colour map of the WKB validity condition term varying with frequency and position for (a)

a seventh-order cosine, (b) an exponential, (¢) a Gaussian and (d) a compound quartic wedge. The curve
corresponding to the value |k' / k2| = 0.4 is also plotted.

For the compound quartic wedge, shown in Figure 2.14d, the WKB validity term has its
maximum value at its ideal midpoint, shown in Figure [2.10h, where the slope is greatest. It can
be seen that even above 1 kHz, where the validity condition is sufficiently satisfied throughout
the compound quartic wedge, the analytical results shown in Figure fail to predict the
fluctuations in the total reflection coefficient as calculated by the Finite Element method. These
discrepancies may also be linked to the fact that the derivatives up to the third one of the
thickness variation of the compound quartic profile are zero at the junction, which limits the
efficiency of the analytical method in accounting for reflections close to the junction, as was
mentioned in Section 2.5.11

It should be pointed out that the validity condition of Equation forms only one of
the two conditions that the first-order WKB approximation needs to satisfy, as explained in
[28]; the other condition is related to the magnitude of the first truncated higher-order term in
the solution. WKB approximations of higher order, however, have to satisfy additional validity

conditions, so that a thorough analysis of the validity of the WKB method would have to include
these conditions [2§].
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2.6. Comparison of results from the WKB method with those from a Finite Element analysis

The analytical method does not provide good results for thickness profiles whose thickness
varies very little near the junction but varies a lot along the wedge, away from the junction. The
analytical method also does not consider reflections within the wedge away from its boundaries,
as was noted in Section In [22], however, where an Impedance Matrix method is used, it is
assumed that reflections occur throughout the wedge. Therefore, in systems where considerable
internal reflections are expected, such as the wedges whose slope changes strongly away from
the junction, the analytical method may be expected to provide inaccurate results.

Another important point is that the asymptotic power series in the exponent of the
general WKB solution given in Equation usually diverges [27]. In the case of the WKB
approximation for the wedge, this means that, for a given frequency, there is a certain order of
approximation up to which the solution improves, but above which the solution becomes worse,
as explained for example in [45] and [46]. Therefore, even though the WKB approximations
of order up to three, as used here, are found in general to improve with increasing order, it is
expected that approximations of some even higher order will start giving worse results.

The deteriorating validity of the WKB method at lower frequencies imposes a lower limit to
its applicability. Additionally, the analysis in this chapter is based on the flexural wave equation
given in Equation which applies to thin plates. This limitation requires that the thickness
of the plate is much smaller than the flexural wavelength [16]. The ratio of the thickness over

the local wavelength is given by

1 [/121/2wh\ >
h (“) , (2.63)

)\:% Ccp

and it is plotted against frequency in Figure at the two boundary positions of the wedge,
that is, the junction and the truncated end, for the geometrical properties of Table 2.1} At all
intermediate positions the ratio h/A has values between the values at the boundaries. It can be
seen that the thickness is much smaller than the local flexural wavelength over the considered
spectrum, thus justifying the use of thin plate theory in the context of this study.

As a general comment, it should be pointed out that the analysis presented in this chapter
is carried out for a frequency range starting from the very low frequency of 10 Hz, and that
all frequency plots use a logarithmic scale, except for Figure 2.9 The lower frequency limit
and the logarithmic representation were chosen especially to highlight the limitiations of a
method that is expected to behave worse at low frequencies. The lower part of the frequency
range is less important for absorbing elastic wedges in practice, since their absorbing character
greatly deteriorates in this range. The total reflection coefficients presented in this chapter
also generally have relatively high values, for the most part over about 0.65. It is well
established in the literature that, in practice, a combination of appropriate thickness variation
and application of thin absorbing layers gives lower reflection coefficients with practically useful

levels of absorption, as reviewed in [47]. However, in the analysis presented here, a relatively
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Figure 2.15. Ratio of the thickness over the local flexural wavelength plotted against frequency at the two limit
positions, that is, at the junction, x = 0, and at the truncated end, z = 1, for the geometrical properties of

Table

low level of internal damping was deliberately used to illustrate interference effects between

reflections from the junction and the end of the wedge.

2.7 Summary and conclusions

A method for the calculation of the reflection coefficient of an elastic wedge terminating
a uniform plate has been presented, based on analytical expressions of the flexural wave
components using the WKB approximations of different orders. The boundary conditions were
formed into a matrix equation and the reflection and transmission coefficients of the system
were obtained by solution of this equation. These analytical results were compared with those
from a Finite Element model. The analytical results were found to predict the Finite Element
simulations better with increasing frequency, as predicted by the behaviour of the WKB validity
condition.

The total reflection coefficient was found to fluctuate with frequency, due to interference
between reflections primarily from the junction and the truncation at the end of the wedge,
when the thickness of the wedge changes more rapidly close to the junction. The end reflection
coefficient, which accounts only for reflection due to the truncation, defines the general level of
reflection and thus dominates the overall reflection in the cases considered here. Fluctuations
in the modulus of the total reflection coefficient are due to interference between the phases
of the waves reflected from the junction and the end of the wedge. The distinct dips in the
total reflection coefficient are more pronounced when the junction and end reflection coefficients
are of similar magnitude, where the junction reflection coefficient is estimated using the WKB
method by considering an ideally tapered wedge, for which no reflection occurs at its free edge.

An effective length for a truncated wedge has been introduced, which determines the
frequency at which the first dip in the modulus of the total reflection coefficient occurs, as

well as the bandwidth between consecutive dips. The larger the effective length, the lower the
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frequency of the first dip and the narrower the bandwidth between consecutive dips. Among
the profiles considered, the exponential wedge was found to have both a lower general level of
reflection and to produce more pronounced fluctuations in the reflection coefficient over most
of the spectrum. The density of the dips of the total reflection coefficient of the exponential
wedge is also greater than for the other profiles, as it has the largest effective length.

The first-order WKB approximation, which is typically used in the literature, was found
to predict the general level of reflection but fails, for the most part, to predict the dips in
the total reflection coefficient. Second- and third-order approximations, on the other hand,
generally provide good matching with results from Finite Elements above some frequency. This
frequency, in general, decreases with increasing order of WKB approximation, thus improving
the overall prediction.

It was also observed that the analytical method behaves differently for the various profiles.
Analysis of a compound quartic wedge, for example, illustrated that the analytical method
fails to predict the fluctuations of the overall reflection when the thickness does not change
significantly at the junction but does so within the wedge, away from the junction. It is also
implied by this analysis that it may not be feasible for a relatively short wedge to have a
thickness profile that produces no reflection both at the junction and along its length, since
the required smoothness at the junction would have to be compensated by a rapid change of
thickness along its length.

Overall, the analytical method, using higher-order WKB approximations, can generally
provide good results for different thickness profiles over the part of the spectrum where the
tapered wedge is effective. In addition, it provides insights into the reflection due to the junction

and that due to the truncation, which are not provided by the Finite Element model.
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Chapter 3

Absorbing acoustic waveguides with

fitted rings

3.1 Introduction

The idea of implementing a reflectionless waveguide based on its geometry was first proposed
in [7], in the context of flexural waves in thin plates, as was presented in Chapter It was
theoretically shown in that article that a thin plate whose thickness has a power-law variation
of order equal to or greater than two could completely absorb incident flexural waves if the
waveguide is ideally tapered down to zero thickness. This would cause the waves to gradually
slow down and eventually halt in the vanishing tip, where they would be attenuated through
structural damping.

In an acoustic waveguide, however, where the waves propagate longitudinally in a fluid
bounded by rigid walls, such as the acoustic horns discussed in Appendix [A] the phase and

group velocities at each point of the waveguide are related by [4§]
_ 2
CphCqgr = Cp, (3.1)

where ¢y is the speed of sound in the fluid. Therefore, in this case, it is not possible to
achieve both vanishing phase and group velocities only by smoothly tapering the boundaries,
since if one vanishes the other becomes infinite. A way to implement an acoustic waveguide
that manifests the ‘Acoustic Black Hole’ effect in the acoustic context was presented in [11],
where rigid rings of varying inner radius are fitted inside a cylindrical waveguide, as shown in
Figure An analytical model for the wave propagation was used in that article, in which
the compliances of the discrete cavities formed between consecutive rings were approximated
by a continuous compliance of an equivalent wall admittance. Simulations in [I1] predicted
considerable absorption of incident waves.

Experimental results for absorbing waveguides of the form of Figure for both linear
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Figure 3.1. Schematic of a longitudinal section of the termination of a semi-infinite cylindrical tube of radius
ro with fitted rigid rings of varying inner radius 7, at distances x,, from the input boundary of the non-uniform
termination. The equivalent continuous radius of the analytical model, r(x), is shown as a dark grey dashed line
for the linear profile and as a light grey dashed line for the quadratic profile, starting from the input boundary
of the non-uniform waveguide at x = 0, and reaching the tube axis at x = lp. The waveguide is truncated by a
length Iy, thus having an actual length 1. The length of a cavity formed by two consecutive rings, hc, is shown,
along with the longitudinal acoustic admittance, Yenq, and specific acoustic admittance, yend, of the termination
of the waveguide.

and quadratic variation of the inner radius of the rings and with varying distances between
consecutive rings, were presented in [49] and [3]. The results showed considerable absorption in
the frequency range of unimodal propagation, with a qualitatively similar pattern of fluctuation
for the reflection coefficient as that predicted theoretically in [II]. The insertion of various
absorbing materials was also tried, without, however, providing significantly more enhancement
of the absorption of the system. The Transmission Matrix method was used in [12] for simulating
absorbing waveguides of both linear and quadratic inner radius variation to evaluate the effect
of varying the design features of the system. It was shown in that article that the results with
the continuous analytical model proposed in [I1] approach those with the Transmission Matrix
method if a very large number of rings is used.

A model of a muffler was presented in [50)], consisting of an infinite tube interrupted by a
peripheral structure of rings forming cavities of varying radius, so that the cylindrical region of
acoustic transmission is kept intact, but considerable absorption occurs due to the non-uniform
peripheral structure. This system has a similar functioning principle as the one in [I1], even
though the waveguide is not terminated. Analytical and numerical simulations were presented
in [50] and [51], and experimental measurements were presented [52].

In this chapter, a waveguide consisting of a tube with fitted rigid rings of tapered inner
radius is studied. An analytical model using an equivalent wall admittance, [12], is presented
in Section with additional considerations on the propagation velocities and new results

being presented for an effective length. A Transfer Function method is presented in Section
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which does not make the assumption of an equivalent wall admittance, and is used to calculate
the reflection coefficient for comparing with the analytical results, although it cannot provide
the acoustic pressure and volume velocity along the waveguide. A comparison of results using
both methods of simulations is given in Section [3.4] and the simulations are compared with
experimental results from the literature in Section A summary and conclusions are given

in Section . A summary of the results in this chapter was presented by the author in [53].

3.2 Analytical modelling

The propagation of acoustic plane waves in a waveguide with rigid walls and varying cross
section is described by Webster’s horn equation [6], as discussed in Appendix [A| A generalised
form of Webster’s equation for a horn whose wall normal admittance is not zero and varies
with position was derived in [I1]. This is used to analyse the acoustic absorber in Figure by
assuming that the distance between consecutive cavities is small compared with the wavelength,
so that the behaviour of the cavities can be represented by a continuous spatially varying normal
admittance. For time-harmonic acoustic pressure varying as p(z,w)e®?, the generalised wave

equation is written as [11]

 2iwpy(z,w)

) + (@)oo + (1) - 2008

) P, w) =0, (3.2)

where S is the cross-sectional area, k is the wavenumber in free space, given by k = w/c, where
w is the angular frequency and c is the speed of sound in free space, p is the density of air, y
is the radial wall specific admittance, r is the horn radius and the prime notation corresponds
to differentiation with respect to the spatial coordinate, x. Henceforth, the dependence of
variables to z and w will be generally omitted for convenience. It should also be noted that,
in the consequent analysis, specific acoustic impedances and admittances, which correspond to
ratios involving acoustic pressure and particle velocity, are denoted by z and y, respectively, that
is, with small letters, whereas Z and Y are used to denote acoustic impedances and admittances,
that is, ratios involving acoustic pressure and volume velocity.

Losses in the system may be included through a complex speed of sound, expressed as
¢ = co(1+ip), where ¢g is the lossless speed of sound in free space and p is a loss parameter [11].
The losses are in turn incorporated into the wavenumber, which, for 4 < 1, can be approximated
by k = ko(1 —iu), where ko = w/cp is the lossless wavenumber.

The system shown in Figure [3.I] which involves a number of discrete cavities between
consecutive rings of varying radius r,, may be approximated by a horn of tapered radius r(z),
where r(z) is the continuous envelope passing from the discrete inner radii of the rings, and
regarded as having a continuous wall admittance, calculated with a locally reacting compliance

due to the compressibility of the fluid in the radial direction [I1]. Two different radius variation
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profiles are considered, that is, a linear and a quadratic one, as has also been done in the
literature [12, [3]. These are shown with dashed lines of different shades of grey for the different
profiles in Figure [3.11 For the continuous analytical model presented in this section, the
continuous radius tapers down to zero beyond the terminating wall of the waveguide, so that
the waveguide is truncated at a length I; = lg — I3, where [ is the length of ideal taper and Iy,
is the truncation length, to avoid singularities in the analytical solution for the pressure.

Since plane-wave propagation within the duct is assumed, the depth of the cavities between
consecutive rings is less than a quarter wavelength, and so their acoustic behaviour is dominated
by their compliance. The specific acoustic admittance of the cavity between two consecutive

rings is thus given by [54]
ik Vi

= S (3.3)

Yecavn =

where zg = pcp is the characteristic specific acoustic impedance of air, and V,, and S;,, are the
volume and the area of the lateral surface of the n-th cavity, respectively. When the cavities
become very short, their shape approaches that of the difference of two cylinders, one with
radius ry and one with radius r,. In the continuous limit, the radius r, can be taken to be
the continuous radius r, so that the volume and the area of the lateral surface are written,

respectively, as

V =m7he (7‘(2] — r2> (3.4)

and

S; = 27rhe, (35)

where h, is the length of the cavity, as shown in Figure[3.1] The continuous specific admittance

can then be written as

ik \%4
= — lim — 3.6
V= S (36)

which gives ) )

krg—r
— i 3.7
4 lzo 2r (3.7)

Using Equation ({3.7]), Equation (3.2]) can be written as [I1], 12]
k 2
p" +2(Inr)p + <ﬂ> p=0. (3.8)
r

The acoustic pressure in the uniform part of the system, that is, for z < 0, is expressed as
Pu = Do (¢7** 4 Re*7) (3.9)

which consists of an incident positive-z travelling wave, p = ppexp{—ikz}, and a reflected
negative-z travelling wave, p;, = poR exp{ikz}, where pyg is the incident wave amplitude, which

can be taken to be one, without loss of generality. The complex coefficient R represents the

56



3.2.  Analytical modelling

reflection coefficient of the system, defined as

(3.10)

Given an expression for the wall admittance, such as Equation , an effective wavenumber
can be calculated from the analytical solution of Equation [12]. Specific forms for the
effective wavenumber are given for the linear and quadratic profiles in Sections and
respectively. From this, the phase and group velocities can be calculated by cp, = w/Re{kess}
and ¢y = dw/d(Re{keyrs}), respectively, where kesy is the effective wavenumber.

The novel concept of the effective length can also be defined, corresponding to the length of
an equivalent uniform tube for which the time for an incident wave to travel from its input to
its end is the same as the time for an incident wave to travel from the input to the end of the
non-uniform waveguide with fitted rings. The effective length is expected to be greater than the
actual length of the waveguide, since waves slow down as they propagate along the waveguide,
as will be shown below, and therefore it takes longer for them to reach the end. The time for a
narrowband wave pulse to travel from the input to the end of the non-uniform waveguide can

be calculated by

ll d
ta = | 22 (3.11)
0 Cgr
while for a uniform tube, the travel time is
l
ty = L1, (3.12)
o

where l.r; is the effective length. By equating the two travel times, the effective length is

expressed as
15 d
e :co/ = (3.13)
0

Cgr

A normalised effective length can also be defined, with respect to the actual length, as

le
Lepr = % (3.14)

Three boundary conditions apply to the system: the continuity of pressure and the continuity
of particle velocity at the boundary of the uniform and non-uniform parts at x = 0, and the
termination of the waveguide at a given longitudinal specific admittance, yenq, at = I1. The

boundary conditions are expressed, respectively, as
pu(0) = p(0), uy(0) = u(0) and Yepg = ) (3.15)

where p is the acoustic pressure at the non-uniform part of the waveguide, and u, and u are

the particle velocities at the uniform and at the non-uniform part, respectively. It is helpful
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for the subsequent analysis to introduce the reflection coefficient at the end of the waveguide,

defined as

Ropg = 3.16
= (3.16)

where p*(l1) and p~(l1) are the positive-z and negative-r travelling waves in the non-uniform

waveguide at = [; in Figure (3.1

3.2.1 Linear inner-radius variation

In the literature, two profiles of inner-radius variation have been considered: a linear and a
quadratic one. In both cases, there exists an exact solution to Equation (3.8)). In the linear
case, the inner radius varies as r = ro(1—x/ly), where [y is the ideal length of the waveguide if it

were tapered down to zero radius, as shown in Figure[3.I] and the general solution to Equation

(3-8) is [12]
p=Alx—1p) 2% + Bz — lg) 2%, (3.17)
where m = (2kzl0)2 —1, and A and B are complex, frequency-dependent coefficients to be
defined by the boundary conditions. In Equation , the first term corresponds to a
positive-z travelling wave and the second to a negative-z travelling wave. The use of the
base x — [y of the exponential instead of z in [12] is due to the different system of coordinates
used here compared with the coordinate system in [12].
An effective wavenumber for the waveguide can be obtained by expressing the phase

accumulation in either the forward or the reverse pressure wave of Equation (3.17)) in terms of

a natural exponential. The forward pressure wave can thus be written as
Alr —1o) 3 (x — 10)1% = Az — lp) "3 Jo Fers@az (3.18)

where k. is the effective wavenumber and 7 is an auxiliary integration variable. By eliminating
the common factors and then taking the natural logarithm of both parts and differentiating,

the effective wavenumber is found to be [12]

1

2kly)?
@H:k44425ﬁ< (3.19)
1- =
lo

Below a given frequency, the argument of the square root in Equation becomes negative,
however, and so the effective wavenumber becomes imaginary, that is, no propagation occurs and
waves are evanescent. The condition for propagation is 2kglyg > 0, so that the cut-off frequency
predicted by the analytical model for the linear waveguide is given by f i, = co/(47lp).

To calculate the phase and group velocities, losses can initially be neglected by setting

u =0, so that ¢ = ¢y and k = ko. Thus, the effective wavenumber becomes real, as long as the
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expression under the square root is non-negative, and convenient analytical forms for the phase
and group velocities can be obtained. The phase velocity is calculated by c,, = w/Re{kess},
which, for no losses, is equivalent to c,, = w/kesy, giving the explicit form

1
Coh = o <1 - f) — (3.20)
lo 1

(2kolp)?

The group velocity is calculated by ¢4 = dw/d(Re{kers}), which, for the effective wavenumber
of Equation (3.19)) and no losses, takes the form [12]

Cqr = €0 (1—;2) ,/1—(2]%50)2. (3.21)

It can be seen that the effective wavenumber is inversely proportional to 1 — z/ly, that is, it
follows an inverse spatial variation compared to the inner radius, whereas the phase and group
velocities decrease linearly along the waveguide, following the taper of the inner radius. At high
frequencies, both velocities present the same variation,

. . T
thH;O Cph = flerolo Cgr = €0 (1 — lo) . (3.22)

The effective length can be calculated by Equation (3.13]) using Equation (3.21)), yielding

lepp = lo——tr (3.23)

1 —
(2kolp)?

The normalised effective length, defined by Equation (3.14)), is given by

1 ) In(1 + L14) ‘ (3.24)

Lesr=1(1
et ( +L1,tr 1

11— ——
(2kolo )2

where Ly 4 = l1 /lir, where I} = lop—1l;y is the actual length. The limiting value of the normalised

effective length at high frequencies is given by

1
lim Lerr= |1 In(1+L . 3.25
fim Leyy ( + Lw) n(1+ L) (3.25)
It is shown in Appendix [J] that the normalised effective length is larger than one, which implies
that the effective length is larger than the actual length.
To calculate the reflection coefficient, the particle velocity in the non-uniform part is

calculated by applying the principle of momentum conservation, u = ip’/wp, to Equation (3.17)),
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giving

u= A — 1) F% (im — 1) — Bz — 1) "2 % (im + 1)) . (3.26)

Similarly, the particle velocity in the uniform part may be calculated from the conservation of

momentum applied to the pressure in the uniform part, given in Equation (3.9)), giving

Uy = kp—zoo (e_ik”" - Reik:”) . (3.27)

Using Equations (3.9)), (3.17), (3.26) and (3.27)), the boundary conditions given by Equations
(3.15]) are written as

14+ R=A(=lp)"27'% + B(—lp)" 2%, (3.28)

i 3 m . _3_jm
1-R= [A(=lo)™2+1% (—im + 1) + B(~lp) "2 7% (im + 1), (3.29)

and A

i A(—i D(—lm)"™ + B(i 1

Yend = : ( me )( t)im : (lm * ) ) (330)
2k 20l A(=ly) +B
The end reflection coefficient, defined in Equation (3.16), takes the form
B .

end — 4 -l r - 31
Rena A( tr) (3.31)

Eliminating the ratio B/A from Equations (3.30) and (3.31]), the end reflection coefficient may

be expressed with respect to known quantities as

2kl 2 —i—m
Rend _ tr20Yend

. 3.32
=2kl 20Yeng +1—m ( )

The two continuity conditions at the input boundary, that is, Equations (3.28) and (3.29)), may
be solved together with Equation (3.31)), to give

end(—10) T (=1 )™ (2ikly + im + 1) + 2ikly — im + 1

-0
ena(—lo) (=)™ (2iklg — im — 1) + 2ikly + im — 1

R
R=73 (3.33)

The reflection coefficient has also been derived in [I1] and [12].

3.2.2 Quadratic inner-radius variation

For the quadratic waveguide, the inner radius varies as r = ro(1—2/lp)? and the general solution

is [12]
2 kzg 2 | ki2

p=A|-1+i Mo\ it B (141100 e i, (3.34)
Cl?—lo {/C—l()

where A and B are complex constants. The first term of Equation (3.34]) represents a positive-z
travelling wave and the second term a negative-x travelling wave. These should be opposite

to the forms in [12], due to the different convention of time dependence. The = — [y in the
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denominators in Equation (3.34)) instead of x in [12] is again due to the different coordinate
system used, which leads to a different definition of the inner radius profile.

The effective wavenumber for the quadratic waveguide is given by [12]

kepr = > (3.35)
ol (-3)
(1- lo)2 bt (kzol)o2

Similarly to the linear case, it is assumed that losses can be neglected for the calculation of the
propagation velocities and the effective length, so that ¢ = ¢y and k = ky. Thus, the phase

velocity is written as

2
ol (1)
) 1+70

= 1—— .
on =0 ( lo (kolo)? (3.36)
and the group velocity as [12]
272
z)? (1 - lf)
1-— —) 1+ ;
( lo (Kolo)?
Cgr = Co ( . (3.37)
5
lo
1+3
(kolo)?

It can be seen that both the phase and group velocities have a fourth-order polynomial
dependence on the spatial term 1 — x/ly. At high frequencies, however, the fourth-order term
is suppressed, giving the limiting behaviour

2
. . x
flg)go Cph = fh_)rr;o Cgr = Co (1 - lo) , (3.38)

which is proportional to the variation of the radius of the quadratic waveguide.
The effective length for the quadratic waveguide can be calculated by Equation (3.13]) using
Equation (3.37)), and takes the form

(]
lr lo

lerr =1 1
=01, (kolo)?

—{14— : }_1 : (3.39)
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Chapter 3. Absorbing acoustic wavequides with fitted rings

and the normalised effective length, defined by Equation (3.14]), is written as

1 -1
L —(1+ ! ) _r 1+M —{14— : }1 (3.40)
ei Ll,tr 1+ Ll,tr (kOZO)2 (kOZO)Q ’ '

where Lj ¢ = l1/ly. The limiting value of the normalised effective length at high frequencies is
given by
lim L =L 1. 3.41
fm Leyy Lir + (3.41)

As in the linear case, it can be seen that this limiting value depends on the relation of the
truncation length with the actual length of the waveguide and that it is larger than one, which
means that the effective length is larger than the actual length at higher frequencies.

By applying the principle of momentum conservation, the particle velocity in the

non-uniform part of the quadratic waveguide is found to be

11,74 L ki2 L Kki2
we Ko (g perivh | | (3.42)
(z —1o)320

In the uniform part, the particle velocity is given by Equation (3.27)). Using Equations (3.9)),
(13-27)), (3.34) and ([3.42)), the boundary conditions expressed by Equations (3.15)) are written as

1+ R = A(—1—ikly)e *0o 4 B(1 — ikly)e'*lo, (3.43)
1 — R = —ikly (Ae7*lo — Belklo) | (3.44)
and
. ik 5 JH1g
ikl Ae ltr — Be lr
Yend = — lgrz() Ri2 2 (345)

.19y —i2 .7y 172
A(=ly —ikl§)e "tr + B(ly — iklg)e Ter
The end reflection coefficient, defined in Equation (3.16]), for the quadratic waveguide is

written as ) )

B(ly — ikl3) ig’;ﬁ
_— L . 3.46
A(—ly —ik2)° (346)

Eliminating the ratio B/A from Equations ({3.45) and (3.46)), the end reflection coefficient is

Rend =

written as
kQ(l%rlézoyend - lg) - 1kltrlg + l?rzoyend

Ren - N .
CT R (=12 18 20Yend — 18) + 1klepld — 12 Z0yena

(3.47)

By solving the system of Equations (3.43)), (3.44]) and (3.46]), the reflection coefficient at the
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input boundary can be expressed with respect to the end reflection coefficient as

2

Lkl . .
b Rena(2K313 + kI3 — 2iklyly + L )e 2 Tar eiflo — (k12 — 1, )e~ o |

(3.48)

Kki2
_oiMa .
Rena(ikIZ + Ly )e 2T eiblo 4 (K313 — ikI2 4 2ikly Lo + Ly )e—iHlo
The wavenumbers and effective lengths for a specific example of waveguide will be presented in
Section [3.4] once the numerical method, used to compare with the analytical results, has been

introduced.

3.3 The Transfer Function method

In this section, an alternative method of analysing the acoustic behaviour is discussed that
takes into account the separate sections of the waveguide shown in Figure [3.11 This avoids
the assumption of the analytical model in Section that the effect of the sections is smeared
out into a continuously varying wall admittance. A Transfer Function formulation is first
derived using a simplification of the Transfer Matrix approach, which accounts for wave
propagation within the sections, before a Transmission Line formulation is discussed, which
assumes lumped-parameter elements. The results from these methods are then compared with

those from the analytical method in the following section.

3.3.1 Transfer Function formulation

The reflection coefficient of the system may be calculated from the input admittance, which
can be calculated from the admittance at the end boundary of the waveguide by iterative
use of Transfer Functions. To illustrate this method, an element of the structure consisting
of the region of a ring and its adjacent cavity is considered, as marked by the light grey
region in Figure [3.2] The admittance at the input of the element, Y,,, can be related to the
admittance at its output, Y, 11, by use of Transfer Functions. A similar approach is presented
in [12], where the pressure and volume velocity at the input of each element are related to the
corresponding quantities at the input of the next element through Transmission Matrices. In the
present analysis, however, since the reflection coefficient is the quantity of interest, which can
be calculated from the input admittance, there is no need for explicit knowledge of the pressure
and volume velocity, so that the simpler approach is taken, using only Transfer Functions.
There are three effects that have to be considered for the transition of the admittance from
the output of a propagation element to its input [12]. First, the effect of the compressibility
of the inter-ring cavity, which can be modelled as a lumped admittance, Y ,, which is parallel
to the output admittance of the n-th element, or equivalently to the input admittance of the
(n+1)-th element, Y;,41, giving the combined admittance f@n, as shown in Figure Second,
the propagation of the wave in the region of length h., between the two rings. Third, the

63



Chapter 3. Absorbing acoustic wavequides with fitted rings

Figure 3.2. Schematic of a longitudinal cross section of an element region of the waveguide of length h,, starting
from the input boundary of the n-th ring and finishing at the input boundary of the next ring. The radii of the
corresponding rings, 7, and 7,41, are shown, along with the radius of the cylindrical tube, ro, as well as the
respective longitudinal distances of these rings from the origin of coordinates, x, and z,+1. The thickness of the
n-th ring and the length of the n-th cavity are denoted by h,, and h. n, respectively. The admittance at the
input of the n-th ring and at the input of the (n + 1)-th ring is denoted by Y, and Y,41, respectively. The lined
region corresponds to the lateral cavity, which provides the equivalent radial lumped admittance. This region
can either be considered as the difference of a cylinder with radius ro and a truncated cone with end radii 7,
and 7,41, or the difference of two cylinders with radii ro and r,, respectively. The lining for the two different
geometrical approaches is coloured with different shades of grey. The radial lumped admittance, Y. », due to the
compressibility of the inter-ring cavity is also shown, along with intermediate admittances within the element:
the combination of the output admittance and the cavity admittance, f@,m and the admittance at the end of the
input ring, Y.

propagation of the wave in the thin region of the ring of thickness h,,. As in the analytical
model, losses may be included in the system using a complex speed of sound, and, therefore,
also a complex wavenumber.

The effect of the compressibility of the cavity can be approximately modelled by a lumped
admittance [54]

Yen = i:;Vn, (3.49)
where V,, is the volume of the cavity. The volume of the cavity can either be regarded as the
difference of two cylinders of radii rg and r,, shown as a lined region of dark grey lines in
Figure [3.2] or as the difference of a cylinder of radius rg and a truncated cone of end radii r,
and 7,41, which covers the whole lined region in Figure In the former case, the volume of
the cavity is given by

Vet = Then (r§ — 12 , (3.50)
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whereas, in the latter case, the volume is given by
— o Lo o
Vn,cone = th,n To — 3 (Tn + 7o + TnTn+1) . (351)

It should be noted that modelling the compliance of the cavity as a lumped-parameter element
assumes that the depth of the cavity is much smaller than the wavelength or, equivalently, that
k(ro—ry) < 1, which is ensured if only plane-wave propagation is assumed in the duct of radius
0.

The output admittance of the element, Y,,;; in Figure is in parallel with the cavity

admittance, so that their combination is written as

}/;,n - YVc,n + Yn—i—la (3.52)

where Y, ,, is calculated with Equation ([3.49)) using either of Equations (3.50]) and (3.51)), leading

to two versions depending on the assumed volume, Y., ¢, and Y, cone, respectively, and to
two versions of combined admittances, ch,n,cyl and ffc,n’cone.

The propagation region of length A, in the core of the waveguide between two consecutive
rings can be considered either as a cylinder of radius r, or as a truncated cone of end radii r,
and rp4+1. In Figure these regions are delimited by the dark and light grey dashed lines
connecting the two rings, respectively. In the former case, the admittance Y, in Figure can
be calculated from the admittance at the other end of the element, }Nfcn in Figure using
the Transfer Function method to account for the effect of propagation through a cylindrical
region [54], as )

~ Sy, 1Sy, sin(khen) + Yenzo cos(khe )

Yn,cyl = i . ) (353)
20 Sp cos(kher) + 1Ye nzo sin(khe,p)

where S,, = 7r2 is the cross-sectional area of the region of propagation. In the latter case, the

corresponding admittance for the conical region is given by [55]

- & Sn18in(khen + 0n1 — On2) — if{;,nzo sin(khey, + 0n1) sin 6y,

n,cone —

. , 3.54
20 1Sp41sin(khey, — On2) sin by, 1 + Yo 20 sin(khe ) sin 0y, 1 sin 0, o ( )

where 0,1 = tan~! (khenrn/dn), On2 = tan~! (khepnrns1/dn) and dy, = 141 — 7. In both of

Equations (3.53) and (3.54)), ffcm can be either f@nwl or f/c,mcone, depending on the assumed

volume for the lateral cavity.

The third effect that needs to be accounted for in the element of the waveguide shown in
Figure is the propagation through the short cylindrical region of the ring of thickness A ,,.
The corresponding Transfer Function is similar to Equation (3.53]),

Sy, 1Sy, sin(khy ) + Y20 cos(khy.p,)

Y, =" “nAX : (3.55)
20 Sy cos(khy.p) + 1Yy 20 sin(khy. p,)
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where ffn can be either ?mcyl or Yn,cone. The admittance at the input of the element can
therefore be calculated from the admittance at the input of the next element using Equations
to . It can be seen from the above that there are four cases for the calculation of
the input admittance of the waveguide element, depending on whether the cylindrical or conical
shapes are assumed for the cavity and for the propagation region between the two rings. The
differences in the results from the four cases will be discussed in Section [3.4.21

To calculate the input admittance with the Transfer Function method, the boundary
condition at the end of the waveguide needs to be known. This boundary condition may
be expressed in the form of an admittance, Y.,q in Figure [3.1] Starting from this known
admittance, the admittance at the input of the last ring can be calculated, from which the
admittance at the input of the penultimate ring can be calculated. In this iterative manner,
the input admittance of the waveguide, Y;,, can be found. The reflection coefficient can then

be calculated as
_ 1/O — va

R=2—
Yo + Yin

(3.56)

where Yp is the characteristic admittance of the cylindrical tube, given by Yy = Sp/z0, where
Sp is the cross-sectional area of the tube. Figure [3.3] shows the basic quantities involved in the

procedure within the waveguide.

ST

!
> VL kO Yend

| TF

i m
:.|I|||||

[}

Figure 3.3. Schematic of a longitudinal cross section of the waveguide. The admittance at the termination,
Yend, the admittances at the inputs of two arbitrary consecutive rings, Y;, and Y, +1, the input admittance of the
waveguide, Y;,, the characteristic admittance of the cylindrical tube, Yy, and the reflection coefficient, R, are
shown. The thick arrow represents the calculation of Y;, from Y,41 using Transfer Functions (TF).

The Transfer Function method relies on a number of physical assumptions. First, plane-wave
propagation is assumed, as was the case in the analytical model of Section This means
that, for a given waveguide, the method is only applicable up to the cut-off frequency of the
first higher-order transverse mode. Furthermore, specific three-dimensional shapes are assumed
to approximate both the inter-ring cavities, which determine the radial lumped admittances,

and the regions of wave propagation, involving either cylinders or differences of cylinders and
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3.83. The Transfer Function method

cones, as mentioned earlier. Losses are accounted for by a uniform complex speed of sound,
thus neglecting their dependence on both the geometry of the system and on frequency. Finally,
the method does not consider any end correction for the acoustic radiation from a ring into
its adjacent cavity. All of these assumptions will limit the accuracy of the model, but it still

provides a useful prediction of the true behaviour.

3.3.2 Transmission Line model

The model presented above may be further simplified to a form similar to a Transmission Line
using lumped acoustic parameters for the inertance and compliance of each region between two
consecutive rings, by assuming that the dimensions of each element of the waveguide are much
smaller than the wavelength. It should be noted that the term ‘Transmission Line’ is used here
in a looser sense, since in the formal theory, the Transmission Line is modelled as an array
of series and shunt impedances, or admittances, per unit length [56], whereas in the current
model, lumped series and shunt admittances are used to represent lumped acoustic properties
of the system corresponding to a certain length of the waveguide. Nevertheless, the use of
the term can be justified by the assumed small acoustic length of the waveguide elements. A
circuit representation of the n-th element within the waveguide using lumped parameters is
shown in Figure The assumptions for the dimensions of each element are expressed as
h, < A& kh, < 1and rg < A & krg < 1. These assumptions imply that the Transmission

Line model is accurate only at relatively low frequencies.

|
|
— e — — mm | e ——
I : YL’n
AU 1 P
Yin : : YC,” Yn+l
e N
|
I | |
Y

Figure 3.4. Circuit representation of an element of the waveguide using acoustic admittances, drawn over a
longitudinal cross section of the waveguide. The input and end of the system are also shown along with the
respective admittances, Y;, and Yend. Y5 is the admittance at the input of the n-th element, and Yz, and Ye
are the admittance due to the inertia of the fluid fluctuating in the longitudinal direction and the admittance
due to the compressibility of the fluid, respectively, in the region of length h, between the input boundaries of
two consecutive rings.

The effect of the compressibility of the volume of air in the whole region of length h,,,
including both the cavity and the core, is expressed as the admittance Y ,,, which is parallel to

the admittance of the next element, Y,, 1, while the effect of the inertia of the fluid fluctuating
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Chapter 3. Absorbing acoustic wavequides with fitted rings

longitudinally in the core of the waveguide is expressed as the admittance Y7, ,, which is in
series with the parallel combination of Y, and Y,;1. The shunt admittance of an element
between two rings is given by

ik

YCm = ; (hc,nSO + hr,nsn) s (357)
0

where Sy = 7r is the cross-sectional area of the tube and S,, = 772 is the cross-sectional area
of the opening of the n-th ring. In Equation , two regions are included for the volume
of the compliance: the main region of length h., and radius ro and a small region of length
hrn and radius 7, at the input of the element, which combined give the full volume of air in an
element of the waveguide, as can be seen in Figure [3.2

The region for the series admittance due to the inertance of the fluid may be considered in
two ways: either as a cylinder of length h,, and radius 7, or as a combination of a short cylinder
of length h,, and radius r, and a truncated cone of length A, and end radii r, and 7,41. In

the former case, the inertive admittance is given by

S

YL,n,cyl =

whereas, in the latter case, the series combination of the inertances of the two regions gives

2
T 41
v — nint _ 3.59
L,n,cone iZOk("”nhc,n + Tn—i—lhr,n) ( )
From circuit theory, the admittance of the n-th element can be written as
Yon+Y,
a Cn T Intl  y, (3.60)

= L
YLm, + YC’,n + Yn-l—l '

For a given end admittance, Y.,4, the input admittance of the waveguide can be calculated
with Equation following a similar iterative procedure as in the previous section, and,
from this, the reflection coefficient can be found using Equation (3.56)). It can be shown
that Equation in combination with either of Equations or is equivalent
to Equation combined with the corresponding one of Equations and , if the

leading-order approximations for the sines and cosines are applied, and if second-order terms
for kh;, where the index ¢ can be either n, ¢,n or r,n, are neglected.
3.4 Results from different simulation methods

The geometrical properties of the non-uniform waveguides used to compare the results of the
different models are given in Table The ring thickness, hy,, and the length of the cavity

region, h.,, are considered to be constant, so that h;.,, = h,, hen = he and hy, = h for all n. For
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a linear variation of the inner radius of the rings, the inner radius is given by r, = ro(1—x,/lo),
where x,, is the distance of the n-th ring from the input of the non-uniform waveuide, as shown in
Figures|(3.1jand In the quadratic case, the inner radius varies as 7, = ro(1—x,/lp)?. For the
continuous analytical model, the radius is given by r(z) = ro(1 —x/ly) and r(z) = ro(1 —x/l)?

for the linear and the quadratic waveguide, respectively.

Geometrical property Value Geometrical property Value
Tube radius (rg) 0.23 m Ideal length - linear (lp) 0.5 m
Actual length (I3) 0.47 m Truncation length - linear (lz.) 0.03 m

Truncation radius (r(l1)) 0.0138 m Ideal length - quadratic (lo) 0.6225 m
Ring thickness (h;) 0.001 m | Truncation length - quadratic (I;;) 0.1525 m

Table 3.1. Assumed geometrical properties of the non-uniform waveguide model for comparing the different
modelling methods.

For an insightful comparison between the linear and quadratic waveguides, the two
geometries are considered with the same actual length, /1, and the same truncation radius, r(l;).
These settings require different ideal lengths and truncation lengths for the two geometries,
as shown in Table In all following results, a rigid-wall termination is considered, which
is equivalent to a zero admittance at the end, that is, yenq = 0 for the analytical model and
Yena = 0 for the Transfer Function method. Most simulations in this section are for a waveguide
with 40 equally spaced rings. Waveguides with 10 and 400 rings are also considered later, to
illustrate some aspects of the model.

The frequency range in which only the fundamental mode propagates in the waveguide
is defined by the cut-off frequency of the first higher-order mode of the main duct, which,
for a cylindrical tube, is given by f. = 0.293c¢/rq [57]; this should not be confused with the
cut-off frequency due to the geometrical variation of the linear waveguide, f;;,, mentioned in
Section For a radius of 0.23 m, the cut-off frequency of the first higher-order mode is
about 437 Hz, thus imposing an upper limit for the applicability of both the analytical and
the Transfer Function method. The values for air density and speed of sound used are p = 1.2

1 respectively. A loss parameter with value o = 0.05 has been used

kg-m =3 and ¢y = 343 m-s~
throughout this analysis, since it is found that this best matches some experimental results

discussed later.

3.4.1 Analytical results for the effective wavenumber, the propagation

velocities and the effective length

First, some results are given for the effective wavenumber, the phase and group velocities and
the effective length, based on the analytical model, using the formulas presented in Sections|3.2.1
and where the ring inner radius and the admittance of the cavities are approximated by a
continuous waveguide radius and a continuous wall admittance. Therefore, the number of rings

is not accounted for in these results.
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The phase and group velocities, normalised with respect to the speed of sound in air, are
plotted against position in Figures and [B.5p, for a linear and a quadratic waveguide,
respectively, for three different frequencies, calculated with Equations ([3.20)), (3.21)),(3.36)
and for the respective waveguides. It should be noted that both velocities are

calculated without including losses for convenience of analytical manipulation, as is explained in
Section [3.2.1] It can be seen that both the phase and group velocities for both waveguides start
from a value which is close to the speed of sound in free space at the input of the waveguide
and then gradually decrease to a very small value at the end. Therefore, incident waves slow
down to a very small propagation velocity as they travel along the waveguide. For an ideal

waveguide, that is, without truncation, both velocities would vanish at the end.
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Figure 3.5. Normalised phase and group velocity against position, z in F igure for three different frequencies,
for (a) a linear and (b) a quadratic waveguide; the solid lines represent phase velocities and the dashed lines
represent group velocities. Normalised real and opposite of the imaginary part of the wavenumber against
position, plotted on a logarithmic scale, for three different frequencies, for (¢) a linear and (d) a quadratic
waveguide; the solid lines represent real parts of the wavenumber and the dashed lines represent opposite
imaginary parts of the wavenumber.

It can be observed in Figures and that both the phase and group velocity at
the input to the absorber, x = 0, are different from the speed of sound in free space. This
can be attributed to the discontinuity that the non-uniform part of the waveguide imposes
at its input. The effect of the discontinuity is less prominent as frequency increases, as the

wavelength becomes smaller and the wave is more efficient in ‘following’ the discontinuity.
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Therefore, the propagation velocities tend to the speed of sound in free space as frequency

increases, in accordance with Equations (3.22]) and ([3.38]).

The real and imaginary parts of the wavenumber for the linear and quadratic waveguide
are plotted in Figures and [3.5d, respectively, for three different frequencies. It should be
noted that losses are now included for the calculation of the wavenumber. The imaginary part
of the wavenumber is negative, and, therefore, its opposite is plotted on the logarithmic scale.
A greater negative imaginary wavenumber corresponds to greater losses in the system. The
increasing real part along the waveguide complies with the decreasing propagation velocities,
and the increase of the negative imaginary part implies that losses become greater towards the
end of the waveguide. Combining the analytical results for the propagation velocities and the
wavenumber provides a description of the qualitative behaviour of the system, where the waves
slow down as they propagate along the waveguide and the attenuation increases; waves are thus
mainly absorbed in the vicinity of the termination, where the propagation speed is very small
and the attenuation is very large.

A plot of the phase and group velocities at the input boundary as a function of frequency is
shown in Figure [3.6h. The velocities all tend to the speed of sound in free space with increasing
frequency, as noted above. For the linear waveguide, the low cut-off frequency described in
Section [3.2.1] can be seen at about 55 Hz, where the phase velocity becomes infinite and the
group velocity vanishes. For the quadratic waveguide, both the phase and the group velocity

tend to infinity towards the low frequency limit.
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Figure 3.6. (a) Normalised phase and group velocity at the input boundary of the waveguide against frequency,
for a linear and a quadratic waveguide. (b) Normalised effective length plotted against frequency. The dotted
horizontal line at Leyy = 1 denotes the actual length of the waveguide, and the two dashed horizontal lines
denote the limit values of the normalised effective length at high frequencies for the two different waveguides.
The cut-off frequency for the linear waveguide is denoted by a vertical line in both graphs.

The normalised effective lengths of the linear and quadratic waveguides with the

specifications of Table are plotted in Figure as a function of frequency, calculated

with Equations (3.23) and (3.39)). The normalised effective length of the quadratic waveguide

is larger than that of the linear waveguide over most of the frequency range, which implies that
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the resonances in the quadratic waveguide, and, therefore, the dips in the reflection coefficient,
start from a lower frequency and are more densely spaced in the spectrum compared to the
linear waveguide, as will be seen in Section [3.4.2

The fact that the effective length for the linear waveguide tends to infinity as frequency
approaches the cut-off frequency is due to the inverse trend of the group velocity, as observed in
Figure[3.6h. However, the effective length close to cut-off has limited meaning, since the absolute
value of the imaginary part of the wavenumber becomes large throughout the waveguide and
waves are greatly attenuated, as can be seen in Figure for a frequency of 60 Hz. The
mismatch between the propagation velocities and the speed of sound in air at the input boundary
of the waveguide, as illustrated in Figure [3.5h, will cause the waves incident from the uniform

part of the duct to be strongly reflected below the cut-off frequency of the linear waveguide.

3.4.2 Simulations of the reflection coefficient

Analytical results for the modulus of the reflection coefficient of both a linear and a quadratic
waveguide with the specifications of Table are shown in Figure calculated using
Equations and . The modulus of the reflection coefficient of a quarter-wave
resonator, that is, a rigidly terminated uniform tube, of the same length, terminating a uniform
tube of a cross-sectional area five times larger than that of the quarter-wave resonator is also
plotted. This difference in cross-sectional area is included to provide a discontinuity between the
input waveguide and the quarter-wave resonator termination, so that a prominent dip appear
in the reflection coefficient. A phenomenological complex speed of sound is also used for the
quarter-wave resonator with u = 0.05, for ease of comparison with the non-uniform waveguides

with rings.

quarter-wave
0.2 linear
quadratic
0 n n I I
100 200 300 400

Frequency (Hz)

Figure 3.7. Modulus of the reflection coefficient of a linear and a quadratic waveguide calculated with the
analytical method, and modulus of the reflection coefficient of a quarter-wave resonator of the same length
and cross-sectional area, terminating a uniform tube of cross-sectional area five times larger than that of the
quarter-wave resonator.

Only the first dip of the quarter-wave resonator is visible in Figure which occurs at a

frequency corresponding to a quarter of the wavelength, which, for a tube of length [y = 0.47 m,
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occurs at 184 Hz. It can be seen that the first dip of the quadratic waveguide appears at the
lowest frequency, followed by the first dip of the linear waveguide, which, in turn, occurs at a
lower frequency than the first dip of the quarter-wave resonator. Accordingly, the dips are more
densely spaced in the spectrum for the quadratic waveguide than for the linear one, the dips of
the latter being more densely spaced than those for the quarter-wave resonator. These results
were implied by the relative values of the normalised effective length, plotted in Figure |3.6Db,
where the normalised effective length of the quarter-wave resonator is 1 but those of the linear
and quadratic absorbers are about 3 or 4 at higher frequencies.

It can also be seen in Figure that the reflection coefficient for the quadratic waveguide
is generally lower than that of the linear one. This may be attributed to the fact that the
propagation velocities in the quadratic case decrease according to a power-law, as can be seen

from Equations (3.36]) and (3.37]), whereas the respective velocities in the linear case decrease

linearly along the waveguide, as can be seen from Equations (3.20)) and (3.21]). Therefore, the

propagation velocities, which all start from a value close to the speed of sound in free space
at the input boundary for most of the considered spectrum, become smaller earlier on along
the quadratic waveguide, as can be seen in Figure which leads to comparatively higher

absorption, and, accordingly, to lower reflection.
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Figure 3.8. Modulus of the reflection coefficient of a waveguide with 40 equally spaced rings and the geometrical
properties given in Table calculated with the analytical model and with the Transfer Function method, for (a)
linear and (b) quadratic inner-radius variation. Results with all the different configurations for the geometrical
shape of the core and the lateral cavity of the waveguide are shown, where ‘cyl’ stands for cylinder and ‘con’
stands for cone in the subscripts in the legend; the first subscript corresponds to the shape of the core and the
second to the shape of the lateral cavity. Configurations with the same first subscript, that is, with the same
core geometry, give practically indistinguishable results.

Figures 3.8h and [3.8b show the modulus of the reflection coefficient for linear and for
quadratic inner-radius variation, respectively, using the analytical method and the Transfer
Function method for a waveguide with 40 equally spaced rings. Results with the Transfer
Function method are produced with the four different configurations for the geometrical shape of
the core of the waveguide and of the lateral cavities presented in Section It can be seen that

the choice of shape for the lateral cavity makes practically no difference in the frequency range
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Chapter 3. Absorbing acoustic wavequides with fitted rings

considered, as the dashed lines coincide with their corresponding continuous lines. Therefore,
in the Transfer Function results presented henceforth, only the cases where the core and the
cavity of each element of the waveguide are both considered to be either cylindrical, denoted
by a subscript ‘cyl’, or conical, denoted by a subscript ‘con’, are shown.

It can also be seen in Figures and that the analytical and Transfer Function
results with conical-core geometry match at lower frequencies, but they deviate slightly as
frequency increases. Overall, however, the matching between the different methods is good
for the geometrical properties given in Table with the conical-core approach giving slightly
better matching with the analytically calculated reflection coefficient over most of the considered
spectrum.

The modulus of the reflection coefficient with 10 and with 400 rings is plotted in Figures
and Figure [3.9p for a linear and a quadratic waveguide, respectively, calculated analytically and
using the Transfer Function method. The ring thickness is set to be h, = 1 pm for the case
of 400 rings, so that it remains small compared to the length of each element, which for a
waveguide of length 0.47 m is A = 0.0012 m. These results demonstrate the limiting behaviour
of the Transfer Function method. It can be seen that both for the linear and the quadratic
waveguide, the analytical results coincide with the Transfer Function results with 400 rings. This
is expected, since for a very large number of rings with very small thickness, the two geometrical

approaches match, and they both approach the continuous geometry of the analytical model.

1 analytical |] 1l analytical |]
TFcyl,lo TFey110
TFcon, 10 TFcon, 10
0.8f ’ 0.8f
TFcy1,400 TFey1,400
0.6 TFconA(J(J 0.6 TFcon 400
0.4t vc 04t
0.2¢ 1 0.2
0 : : : : 0
0 100 200 300 400 0 100 200 300 400
Frequency (Hz) Frequency (Hz)
(a) (b)

Figure 3.9. Modulus of the reflection coefficient of a waveguide with 10 and 400 rings and the geometrical
properties given in Table calculated with the analytical model and with the Transfer Function method, for
(a) linear and (b) quadratic inner-ring radius variation. For the waveguide with 10 rings, a ring thickness of
h, =1 mm is used, as in the case of 40 rings, whereas in the case of 400 rings, a ring thickness of h, = 1 pm is
used.

Perhaps unexpectedly, however, in the case of only 10 rings, the Transfer Function cylindrical
approach results match well with the analytical ones at low frequencies. The conical-core results
for both the linear and the quadratic waveguide with 10 rings are significantly different from the
analytical ones, even though in the case of 40 rings, the conical approach gave better matching

than the cylindrical one. This discrepancy could be due to the basic assumptions behind the
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3.5. Comparison of results from simulations with ones from experiments

conical Transfer Function of Equation (3.54]), which is based on the solution of the Helmholtz
equation for a spherical wave in a conical horn [54], thus assuming that the pressure is uniform
on a spherical surface. This assumption might not be applicable in the waveguide studied here,

especially when the element size is large, as in the case of 10 rings.
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Figure 3.10. Modulus of the reflection coefficient of a waveguide with 40 rings and the geometrical properties
given in Table 31} calculated with the Transfer Function, TF, method and with the Transmission Line, TL,
model, both with the cylindrical- and the conical-core geometrical approach, for (a) linear and (b) quadratic
inner-radius variation.

Figures and show the results from the Transfer Function method and the
Transmission Line model for a linear and a quadratic waveguide with 40 rings, respectively.
It can be seen that results from the two methods for both the cylindrical- and conical-core
assumptions match well, both for the linear and for the quadratic waveguide, with only a
small deviation at higher frequencies. The accuracy of the Transmission Line model lies on
the assumption that the length of an element, which corresponds to the distance between
consecutive rings, is much smaller than the wavelength. Although this assumption is reasonable

for the arrangement with 40 rings, it will not be so if fewer rings are used.

3.5 Comparison of results from simulations with ones from

experiments

The reflection coefficient of a non-uniform acoustic waveguide with fitted rings of varying inner
radius was measured experimentally by Azbaid El Ouahabi et al. [3], using the two-microphone
Transfer Function method [58]. The linear model used has 18 rings while the quadratic one
has 15 rings. For the latter, the original paper mentions 14 rings but 15 rings were actually
used, as can be deduced from the geometrical guidelines in the paper for calculating the
inter-ring distances and was also confirmed by one of the authors [59]. In [3], the non-uniform
waveguides terminate a uniform tube of slightly smaller radius, to reduce the reflection at the
input described above, which is also implemented in the modelling.

A schematic representation of the linear and quadratic waveguides is shown in Figures[3.1Th
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Figure 3.11. Schematic of the waveguide with fitted rigid rings used in the experimental implementations in [3],
with the geometrical properties given in Table for (a) linear and (b) quadratic inner radius variation. The
inner radius of the rightmost ring in (b) is very small but non-zero.

and [3.11p, respectively, and the main geometrical properties of the non-uniform waveguides used
are given in Table taken from [3]. The distances between consecutive rings are variable
in this arrangement. Among the experimental setups presented in [3], the case with no added
damping material is considered here. The frequency band where the experimental results are
accurate is approximately between 114 and 884 Hz, as explained in [3]; therefore, a frequency
band with similar limits is considered in the simulations. The upper frequency limit is defined
by the cut-off frequency of the first higher-order mode. It should be noted that, for this system,
it is not possible to acquire solutions for the reflection coefficient with the analytical model
presented in Section [3.2] since the equivalent continuous radius vanishes at the end of the

waveguide, which would lead to infinite pressure there for the analytical model.

Geometrical property Value Geometrical property Value
Linear Quadratic
Radius of tube with rings (ro) 115 mm Number of rings (N) 18 15
Ring thickness (h,) 2 mm Position of first ring (x1) 6 mm
I Distance between n-th and (21 —n) mm,
Length of tube with rings (I) 255 mm (n + 1)-th ring (he.n) l<n<N
- N | 21+ T (e + o),
Radius of uniform tube (r,) 112.5 mm | Position of n-th ring (z,) 3 n< N
Distance between 9 mm 30 mm

last ring and end

Ring inner radius (r,)  70(1 — 2, /1) ro(1 — 2, /1)?

Table 3.2. Geometrical properties of the linear and quadratic experimental arrangements, based on [3].

A comparison of the Transmission Line approximation with the Transfer Function method
is given first, with the modulus of the reflection coefficient plotted for both the cylindrical
and conical approaches in Figures and for the linear and quadratic waveguides. It
can be seen that the Transmission Line approximation deviates significantly from the Transfer
Function approach above about 400 Hz. This may be attributed to two reasons. First, the
distances between consecutive rings is larger for the waveguides used here compared to the
waveguide in Section leading to a relatively smaller wavelength compared to the element

length for a given frequency. Second, the difference in the tube radius gives different higher
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3.5. Comparison of results from simulations with ones from experiments

limits for uni-modal propagation, extending the working spectrum of the waveguides used in
this section to higher frequencies, where the wavelength becomes even smaller, thus further
deteriorating the accuracy of the Transmission Line approximation. It is, therefore, concluded
that for the waveguides with the properties of Table the Transmission Line approximation

should not be used.
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Figure 3.12. Modulus of the reflection coefficient of the model used in [3], for (a) a linear and (b) a quadratic
non-uniform termination. For the Transfer Function results, a loss parameter with value p = 0.05 is used.

The experimental results for the modulus of the reflection coefficient, taken from [3], are
shown in Figures and for the linear and quadratic waveguide, along with the
predicted results using the Transfer Function method. The results with the conical assumption
appear to be the most accurate representation of the experimental results, and so simulation
results only with the conical approach are shown. For the Transfer Function results, a value of
0.05 was chosen for the loss parameter, i, to approximate the experimental results in the middle
spectral region, which is also the value used in the simulations of Section Some peaks in
the experimental results for the modulus of the reflection coefficient appear to be suppressed,
possibly by resonances of the measurement setup that may not be related to the non-uniform
termination, as for example between 700 and 800 Hz in Figure [3.13h, or between 250 and 350
Hz in Figure [3.13p.

Reasonable matching between the experimental results and the predictions of the Transfer
Function method can be observed for the linear waveguide in the middle spectral region, between
about 300 and 600 Hz, as can be seen in Figure [3.13h. If higher values are used for p, the conical
Transfer Function results approach the experimental ones even better at higher frequencies, but
they deviate from them in the middle of the spectrum. Even so, the Transfer Function method
with the conical approach appears to give a good prediction for the frequencies where the
two main dips of the reflection coefficient occur in the experimental results at high frequencies,
around 670 Hz and 850 Hz, respectively. At lower frequencies, the Transfer Function predictions
do not match with the experimental results. Specifically, a prominent dip in the reflection

coeflicient is predicted at around 155 Hz which is not seen in the experimental results. For the

7



Chapter 3. Absorbing acoustic wavequides with fitted rings

experiment 1t
TFeon

experiment
TFeon

O 1 1 1 1 1 1 1 £ 0 1 1 1 1 1 1 1 4
110 200 300 400 500 600 700 800 870 110 200 300 400 500 600 700 800 870
Frequency (Hz) Frequency (Hz)

(a) (b)

Figure 3.13. Modulus of the reflection coefficient of the model used in [3], for (a) a linear and (b) a quadratic
non-uniform termination, with the experimental results taken from [3]. For the Transfer Function results, a loss
parameter with value p = 0.05 is used.

quadratic waveguide, results for which are shown in Figure [3.13b, only the general level of the
reflection coefficient, around which it fluctuates with frequency, is predicted by the Transfer
Function method, whereas the details of the fluctuating reflection coefficient are not predicted
over any extended part of the spectrum.

The absorption due to viscothermal losses depends on frequency, with greater losses
occurring at higher frequencies, whereas the loss parameter pu is assumed here to be constant. A
frequency-dependent loss parameter would thus be expected to improve the model predictions,

as it would give lower reflection at higher frequencies.

3.6 Summary and conclusions

An acoustic absorber consisting of a tube termination with fitted rigid rings of tapering inner
radius has been studied using different methods. Both linear and quadratic ring inner-radius
variation was considered. The main characteristics of the system were analysed using a
continuous analytical model. The phase and group velocities for an incident wave travelling
through the system decrease to very small values towards the end, where attenuation rapidly
increases. Therefore, incident waves slow down and are significantly absorbed near the end of
the system.

A Transfer Function method was presented, which is a simplification of the full Transfer
Matrix method if only the reflection coefficient is sought. A cylindrical and a conical modelling
approach were used for the main core and the inter-ring cavities. It was shown that the Transfer
Function method matches the analytical results for a sufficiently large number of rings. A
Transmission Line model was also implemented, which forms a low-frequency approximation of
the Transfer Function method, and its limitations were illustrated.

Results for the reflection coefficient using the Transfer Function method were compared

with ones from experiments taken from [3]. For the linear waveguide with the geometry used
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in [3], it was observed that the Transfer Function method using the conical approach provides
reasonably good matching with the experimental results over most of the spectrum. For the
quadratic waveguide, however, results from the Transfer Function method only predict the
general level of reflection, but fail to predict the details of the fluctuations of the reflection
coefficient with frequency.

This comparative analysis has illustrated that more accurate modelling is required to
simulate such a system. Specifically, the losses occurring at the lateral boundaries of the cavities
need to be explicitly accounted for, as well as the radiation from a ring to its adjacent cavity.
A detailed form of the Transfer Matrix method used in [51], where these effects are accounted
for, is expected to give better results, although this was not implemented here. The Finite
Element method would also be expected to provide more accurate predictions, and, therefore,
Finite Element models were implemented for both the linear and quadratic waveguides, as
presented in Appendix [K] However, the results from these models were very different from
the experimental ones, most likely due to some unidentified error in the modelling. Finally, it
should be pointed out that the experimental arrangement in [3], even though it provides some

absorption, is still a poor approximation to an ideal anechoic termination.
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Chapter 4

The cochlea as a non-uniform

waveguide

4.1 Introduction

The auditory system is responsible for transforming acoustic signals into perceived sound.
Two remarkable features of human hearing are the very large dynamic range of perceivable,
non-damaging sound levels, which is about 130 dB, and the frequency selectivity, with a wide
audible spectrum ranging over about ten octaves, and a perceivable resolution of about 0.3%
of an octave [14]. A central role in the hearing processes is played by the cochlea, a complex
organ of the inner ear, where mechanical vibrations are transduced to neural signals. It is
widely accepted that the cochlea accomplishes these tasks through the specific characteristics of
dispersive waves that travel along its length [13], as observed experimentally by von Békésy [60].
These waves arise from the interaction of the fluid in the cochlea with a flexible membrane, the
basilar membrane, whose stiffness varies along the length of the cochlea, producing a coupled
response [13]. Therefore, the cochlea forms a non-uniform waveguide.

The waves in the cochlea slow down and build up in magnitude as they travel along its length,
up to a certain position where they peak, beyond which they are greatly attenuated [I3]. This
characteristic position is different for different frequency components, leading to a tonotopic
mapping, which consists in different frequencies being localised at different positions along
the length of the cochlea [13]. Thus the sensory cells, which appear throughout the cochlear
length and are linked to the auditory nerve, are excited at different positions by different
frequencies [13].

It is interesting to note that apart from tonotopic mapping, the cochlea also has the property
of acting as a ‘black hole’ as do the systems presented in Chapters[2Jand 3] This is demonstrated
by measurements that have been made of the acoustic input impedance of the cochlea, which
is remarkably frequency-independent and almost real [61], indicating that a wave that begins

to propagate in the cochlea is never reflected.
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Chapter 4. The cochlea as a non-uniform waveguide

It is believed that a nonlinear active mechanism exists inside the cochlea which enhances
its mechanical response at lower input levels, thus extending its dynamic range. The term
‘cochlear amplifier’ is often used for this active mechanism [62]. Micromechanical models of the
cochlea have been implemented, incorporating active elements to account for the ‘cochlear
amplifier’, as for example in [4]. A presentation of the modelling of the active cochlea
using a nonlinear two-degree-of-freedom micromechanical model is given in Appendix Bl This
work was undertaken early in the PhD programme and although it resulted in a conference
presentation [63], it was not pursued further and so does not fit in with the main narrative in
this chapter.

Models of varying complexity and employing different mathematical formulations have been
used for modelling the mechanics of the cochlea. One-dimensional models have been widely used,
which are simple but still capture a large part of the functioning of the cochlea, both qualitatively
and quantitatively. In such models, a wave equation is derived for the cochlear wave, the solution
of which provides the pressure distribution and the basilar membrane vibration along its length.
The wave equation is only solvable for a limited number of simple mathematical expressions for
the micromechanical properties of the cochlea [64], so that, usually, approximate mathematical
methods need to be used.

A method for obtaining approximate analytical solutions of different orders of approximation
to differential equations is the WKB method [28, 27], which has been widely used in
cochlear mechanics for solving the wave equation. The applicability of the WKB method
formally depends on the satisfaction of certain validity conditions, the most common of
which expresses the requirement that the wavenumber vary slowly along the cochlea within
a wavelength [65]. The WKB method was used in [65] for solving a one-dimensional wave
equation with single-degree-of-freedom micromechanics; it has also been used in two-dimensional
and three-dimensional models, for example in [66] and [67], respectively.

Approximate discrete models for the continuous cochlea have also been extensively used,
such as Transmission Line models [68, [69]. A mathematically equivalent method uses
Finite Difference approximations for the derivatives in the wave equation and the boundary
conditions [66, [70]. An extension of the Transmission Line model is the elemental model
presented in [71], which accounts for more complicated effects in the cochlea. Finite Element
models have also been used, as for example in [72] [73], as well as the Wave Finite Element
method in [73].

For one-dimensional models, the Transmission Line approach and the Finite Difference
method provide solutions for the cochlear response without being restricted by any validity
condition, in contrast to the WKB method. They are, however, computationally more
demanding than the WKB method, as a fine spatial mesh is required to capture the details
of the model response, and matrix inversion is required for the calculation of the coupled

response. The WKB method is computationally less intensive and provides analytical solutions
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whose physical interpretation is usually clearer. The exceptional characteristics of the cochlea
have led to its classification as a smart structure [14], which has inspired manufactured systems
with similar physics, as presented for example in [74] 2] [75].

Insight into the functioning of the cochlea can be gained by analysing its response when
varying a set of non-dimensional parameters. Such a parametric analysis can both extend
the understanding of the cochlea and also facilitate incorporating the features of the cochlear
functioning into artificial designed systems.

In this chapter, a one-dimensional model of the cochlea is considered. A general presentation
of the structure and functioning of the cochlea is given in Section [4.2] including a derivation
of the one-dimensional wave equation. An analysis of the general behaviour of the cochlea is
then carried out based on the spatial and spectral variation of the real and imaginary parts of
the wavenumber and the phase and group velocities. The formulation of the solution to the
wave equation using the WKB method and the Finite Difference method is given in Section [£.3]
providing the coupled response of the cochlea in terms of pressure and basilar membrane velocity.

An analysis of the dependence of the coupled response on the variation of a set of
non-dimensional parameters is then presented in Section In particular, the separate
influence of the local resonance quality factor, the mass ratio and the phase-shift parameter
are considered. The sensitivity of the Finite Difference model to the resolution of the spatial

discretisation is also assessed. Conclusions are summarised in Section [4.6

4.2 General structure and functioning of the cochlea

A schematic of the organs involved in the mechanical processes involved in hearing is shown
in Figure External acoustic pressure waves reach the eardrum, or tympanic membrane,
where they are transformed into mechanical vibrations, which are transmitted to the fluid-filled
cochlea through the three ossicles of the middle ear, namely, the incus, the maleus and the
stapes. The latter is attached to the oval window of the cochlea, thus forcing the cochlear fluid
into motion.

The cochlea is a snail-shaped organ in the inner ear, which is responsible for transducing
mechanical vibrations induced by external sounds to neural signals that travel to the brain. A
simpified drawing of a cross section of the cochlea at a given position along its length is shown
in Figure[4.TJp. The main features of the cochlea are outlined, including the two main fluid-filled
chambers, namely, scala vestibuli and scala tympani, and the basilar membrane, which is part
of the organ of Corti. The organ of Corti is a complex structure, drawn in a simplified way in
Figure [4.1p, which includes the cells which are responsible for the tranduction of mechanical
vibrations to neural signals [I3]. At low sound pressure levels, the dynamics within the organ
of Corti are complicated and give rise to a ‘cochlear amplifier’ which enhances the response of

the cochlea. At high sound pressure levels, however, the ‘cochlear amplifier’ is saturated and
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Figure 4.1. (a) Overview schematic of the organs of the auditory system, illustrating the external structure
of the cochlea. Image taken from Figure la in [76], published in an open access journal under the terms of the
Creative Commons Attribution License. (b) Simplified drawing of a cross section of the cochlea, reproduced from
Figure 1b in [77] with permission.

plays little part in the organ of Corti dynamics. All the parts of the organ of Corti then move
together as a single mass. It is this ‘passive’ organ of Corti dynamics which will be mainly
considered in this chapter, in order to keep the analysis analytically tractable.

A widely used three-dimensional ‘box model’ of the cochlea, where the coiling and
longitudinal tapering are neglected, is shown in Figure [{:2h, and an even simpler
one-dimensional waveguide model, which is a simplification of this, is shown in Figure 4.2pb.
Despite its simplicity, however, the one-dimensional version of the ‘box model’ displays many
of the important dynamic characteristics of the cochlea. The simplifying assumptions of the
uniform ‘box model” are given in [78]. Reissner’s membrane, scala media and the organ of
Corti are omitted, and instead only the basilar membrane is shown, as representative of the
mechanical properties of the structures between the two main fluid chambers, the scala vestibuli
and the scala tympani [I3]. The region where the oval and round windows are located is called
the base, which is also used as the origin of the spatial coordinate system, and the region at
the other end is called the apex, where there is an opening between the two chambers, called
the helicotrema.

The system is driven by the vibration of the stapes, represented by the stapes velocity, us
in Figure [£.2b, via the vibration of the oval window, which drives the fluid in the chambers
into motion; the fluid in the chambers has elastic and inertial properties that are practically
those of water. For the dimensions and working frequency range of the cochlea, the fluid in the
chambers can be considered as incompressible [I3]. Therefore, an inward movement of the fluid
adjacent to the oval window at the basal end of the scala vestibuli causes an outward movement
of the fluid at the round window, which is sufficiently flexible to effectively provide a pressure
release boundary condition.

The excitation of the cochlear fluid by the stapes results in an average pressure, which is

practically uniform along the length of the cochlea and has negligible effect in the dynamics
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Figure 4.2. (a) Schematic of a three-dimensional ‘box model’ of the cochlea, drawn after Figure 1 in [4]. The two
main cochlear chambers, scala vestibuli and scala tympani, are shown with the basilar membrane between them,
along with the oval and round windows at the base and the helicotrema at the apex. The chamber dimensions
along the directions of the coordinate system are also drawn. (b) Simple schematic of a one-dimensional ‘box
model’ of the cochlea. The main variables are shown, namely, the pressure difference between the two chambers,
p, and the transverse velocity of the basilar membrane, vy, which both vary with the longitudinal position,
x, and the stapes velocity, ust, which forms the input of the system, and the opposite velocity at the round
window. The length of the cochlea, L, and the effective chamber height, h, are also shown, the latter defined by

Equation (4.3).

of the system, and in a pressure difference between the two chambers and across the basilar
membrane at any given position along the length of the cochlea [13]. This pressure difference
exerts a transverse force locally on the basilar membrane, which drives it into motion. On the
other hand, a transverse motion of the basilar membrane results locally in a pressure difference
between the chambers. A travelling wave is generated by the interaction between the inertia of
the fluid in the chambers and the stiffness of the basilar membrane [13]. The pressure difference,

p, and the basilar membrane velocity, vp,,, are illustrated in the schematic of Figure [4.2b.

4.2.1 The one-dimensional wave equation

In the formulation of the one-dimensional wave equation, it is assumed that the pressure
is uniform across each chamber, in the plane perpendicular to the basilar membrane. This

assumption is practically applicable as long as the local wavelength of the travelling wave is
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larger than the cross-sectional dimensions of the chambers, which holds for the case of a passive
cochlea [7I]. It is also assumed that no longitudinal coupling along the basilar membrane
occurs, that is, its stiffness along the longitudinal direction is negligible, as the experiments by
von Békékesy [60] showed no longitudinal tension in the basilar membrane [I3]. Therefore, the
basilar membrane is assumed to be locally reacting, so that the only mechanism for longitudinal
coupling is through the surrounding fluid [13]. The wave equation can be derived either by
applying the principles of continuity and momentum conservation for the cochlear fluid [I3], or,
equivalently, by applying Kirchoff’s laws to an equivalent Transmission Line model [65].
Assuming time-harmonic dependence for all the time-varying physical quantities,
proportional to e“!, where w is the angular frequency, the fluid dynamics in each chamber
are governed by equations describing the conservation of fluid mass and the conservation of

fluid momentum,

' _ Vb ()
u'(z) = . (4.1)
and
P (z) = —2iwpu(z), (4.2)

where u(x) is the longitudinal fluid velocity, vy, (z) is the transverse velocity of the basilar
membrane, p(z) is the pressure difference, which are all complex quantities at angular frequency
w, the prime denotes the spatial derivative, p is the fluid density and h is the effective height
of the fluid chamber. When the one-dimensional formulation is derived as a special case of the

more general three-dimensional formulation, the effective height can be shown to be [71]

h=To (4.3)

= S’

where S is the cross-sectional area of each fluid chamber and w is the width of the basilar

membrane, both of which are assumed here to be independent of x.

Equations (4.1)) and (4.2)) can be combined to give
1 2iwp
P’ () + T’me(ﬂf) =0. (4.4)

The basilar membrane velocity, vy, (z), depends on the pressure difference due to the locally

reacting basilar membrane dynamics, so that

Vb (#) = = Yo (2)p(), (4.5)

where Y}, is the admittance, or mobility, of the basilar membrane at position z and the minus

sign is a result of the sign conventions used for vy, (z) and p(z), as shown in Figure .
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Substituting Equation (4.5)) into Equation (4.4)) results in the wave equation
p"(2) + k(z)*p(x) = 0, (4.6)

where k(z) is the wavenumber, given by

k(z) = \/—MZ"”(Q?). (4.7)

It should be noted that the pressure difference, the wavenumber, the basilar membrane velocity
and the basilar membrane admittance all depend both on position and frequency; however,
the corresponding notation is generally omitted in the subsequent analysis for convenience.
Throughout this chapter, the pressure difference will generally be called the pressure, also for

convenience.

4.2.2 Single-degree-of-freedom micromechanical model

For the wavenumber to be fully defined, a mathematical expression for the basilar membrane
admittance, Yj,,, needs to be formulated. This can be done by looking into the details of
the mechanical properties and relations of the structures between the two chambers; these
properties and relations are often collectively called the micromechanics of the cochlea. In the
simplest case, the passive micromechanics can be approximated by a single-degree-of-freedom
mass-spring-damper mechanical system for a longitudinal element of the basilar membrane, as is
done for example in [65]. More complicated micromechanical models for the active cochlea have
also been used, such as a two-degree-of-freedom system [79, 4], but these will not be considered
here.

The mechanical admittance of a mass-spring-damper system, as defined in Equation ,
can be written as [71]

iw

s+ iwr — w?m’
where s and r are the stiffness and the resistance of the basilar membrane per unit area,
respectively, and are functions of position, although the notation is omitted, and m is the
combination of the mass per unit area of the structures between the two chambers and the
mass per unit area of the adjacent fluid load that moves along with it [80]; this mass will
be called the basilar membrane mass in the following analysis for convenience. The basilar
membrane mass varies little along the cochlea and can therefore be reasonably modelled as
being constant, m = mg [I3]. Due to the variation of the stiffness, the natural frequency of
the locally reacting basilar membrane also varies along the cochlea.

Following experimental measurements, the natural angular frequency of the basilar
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Chapter 4. The cochlea as a non-uniform waveguide

membrane, wy,, can be approximated as varying exponentially with position, expressed as [13]
wn = wpe™ /L, (4.9)

where wp is the natural angular frequency at the base and [ is the characteristic length of
exponential decrease; the natural frequency is defined by f,, = wy,/27. With a constant mass,

my, the stiffness per unit area of the basilar membrane thus must vary as
s = wimge 2/, (4.10)

since wy, = y/s/m [16]. The resistance per unit area is expressed as [71]

Weo —z/l
r=——¢ , 4.11
0o (4.11)
where Qg is the local resonance quality factor, given by [42]
WnMo
Qo = ”r . (4.12)

The quality factor, Qq, is assumed to be constant throughout the cochlea, which is equivalent to
a constant damping factor [13]. The position which corresponds to a specific natural frequency

can be derived from Equation (4.9) to be

xp =1Iln “b (4.13)
Wn

By substituting Equations (4.10)) and (4.11)) into Equation (4.8]), also using m = my, the

basilar membrane admittance is written as

i 1

Yo = : 4.14
and the wavenumber of Equation (4.7) is written as
1 1
k= - (4.15)
d N2 s wn 1/2”
{(%) + lwao - 1]

where
= |tmo (4.16)
2p
is the decay length, whose physical meaning is explained below. The wavelength is defined by

2

= Rek]" (4.17)
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the phase velocity by

Cph = Re{k} (418)

and the group velocity by
dw

Cgr = ARe(k])’ (4.19)

4.2.3 Simulations for the wavenumber, the propagation velocities and the

effective length
By substituting Equation (4.9)) into Equation (4.15]), the wavenumber can be written as

1

i) () "

0

(4.20)

SHN

It can be seen that the wavenumber has the same dependence on position normalised by the
characteristic length, as it has with logarithmic frequency normalised by the basal natural
frequency, a property which is called ‘scaling symmetry’ [81]. Either at high frequencies with
a fixed position or at apical positions, that is, at a large distance from the stapes, for a fixed
frequency, the wavenumber asymptotes to

i

——. 4.21
k— y ( )

In this region, the wave is thus evanescent. Equation (4.21)) justifies the role of d as a decay
length. It can also be deduced from Equation (4.15]) that, at low frequencies, for a given position

not too far from the base, the wavenumber becomes

w
k~ —=%k 4.22
W d b ( )

and, by also using Equations (4.18]) and (4.19)), it can be deduced that at low frequencies the

phase and group velocities become
Cph R Cgr = wWpd = Cp. (4.23)

Using Equation (4.9) for w,, the spatial dependence of these limiting quantities can be written

as
w
ky = —e®/! 4.24
b wbde ( )
and
b = dwpe /" (4.25)

Table presents the values of the parameters used for the model of the passive human

cochlea. The value of 2 for the local resonance quality factor, Q)g, is chosen for the passive
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cochlear model, which is close to the value used in [71]. The value for the characteristic length
is taken from [71], and it gives a good approximation for the mapping of natural frequencies
along the cochlear length, starting from a natural frequency of f, = 20 kHz at the base, and
giving a natural frequency of 135 Hz at the apex. The latter is higher than the lowest audible
frequency for healthy humans, which is close to 20 Hz. However, due to the differences in the
response of the cochlea close to the apex compared to close to the base, as observed for example
n [82], the accuracy of the model at the lower frequency end is expected to deteriorate, and
the difference in the natural frequency at the apex should not compromise the general facility

of the model, which is used nearer the base.

Model parameter Value Model parameter Value
Cochlear length (L) 35 mm Fluid density (p) 1000 kg-m~3
Effective chamber height (h) 4 mm [71] Mass per unit area (mq) 0.3 kg-m~2 [80]
Characteristic length (1) 7 mm [71] | Base natural ang. freq. (w,) 27 -2-10% rad-s™!
Decay length (d) 0.77 mm Quality factor (Qo) 2

Table 4.1. Nominal parameters for the passive human cochlea.

The real and imaginary parts of the wavenumber, and the wavelength, are plotted as a
function of position along the cochlea in Figure [£.3h, for an excitation frequency of 1.65 kHz;
the phase and group velocities are plotted for the same configurations in Figure [£.3c. It can be
seen that the real part of the wavenumber builds up as the wave propagates along the cochlea,
according to Equation for positions near the base, until it reaches a maximum, which also
corresponds to the minimum wavelength and minimum phase velocity, at a position denoted by
a dotted vertical line. Both the phase and group velocities decrease approximately exponentially
at the basal region, as implied by Equation (4.25)).

The imaginary part of the wavenumber plotted in Figure starts from approximately
zero at the base and starts to increase, in absolute terms, at a position slightly basal to the
position of minimum wavelength, at which point it has reached a large negative value; beyond
this point, the imaginary wavenumber retains large negative values. Therefore, the cochlear
wave slows down as it propagates through the cochlea until it reaches a point of minimum
velocity, beyond which it is greatly attenuated. At the position of minimum wavelength, the
group velocity changes from +0o to —oo, and then retains negative values, which results from
strong dispersion, so that the group velocity ceases to represent energy propagation beyond this
point [83].

The real and imaginary parts of the wavenumber, as well as the wavelength, are plotted
as a function of logarithmic frequency in Figure [£.3b, for a distance of 17.5 mm along the
cochlea from the stapes, and the phase and group velocities are plotted in Figure for the
same configurations. The plots for the real and imaginary parts of the wavenumber, and for

the wavelength, are identical to those against the linear cochlear length shown in Figure [4.3p,
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Figure 4.3. Real and imaginary parts of the wavenumber, along with the wavelength, (a) for an excitation
frequency of 1.65 kHz, plotted against position and (b) at position 17.5 mm, plotted against frequency. Phase
and group velocity (c) for an excitation frequency of 1.65 kHz, plotted against position, and (d) at position
17.5 mm, plotted against frequency, including a detail at low frequencies. In (a) and (c), the dashed vertical
line corresponds to the position with natural frequency 1.65 kHz. In (b) and (d), the dashed vertical line
corresponds to the natural frequency at 17.5 mm. In all plots, the dotted vertical line corresponds to the position
of discontinuity of the group velocity, which coincides with the position of minimum wavelength and maximum
real part of the wavenumber. The dashed curves and the dashed horizontal lines denote asymptotic behaviours.
The specific excitation frequency has been chosen for illustrational purposes, so that it occurs at the middle of
the logarithmic spectrum used, and so that the position with that natural frequency also occurs at the middle
of the linearly plotted cochlear length.

due to the scaling symmetry suggested by Equation and the specific choice of excitation
frequency and observation position, so that the natural frequency, f,, and its corresponding
position, x,, appear at the same location in their corresponding axes. Therefore, corresponding
conclusions can be drawn for the variation of the real and imaginary parts of the wavenumber
and for the variation of the wavelength with increasing frequency, as was done for increasing
distance from the stapes.

The phase and group velocities plotted against frequency in Figure follow different
variational patterns compared to those against position of Figure [4.3k, due to the dependence
of the phase and group velocities on frequency with respect to the wavenumber, as can be
seen in Equations and . It can be seen more clearly in the small enclaved plot in
Figure [£.3(d that at low frequencies, both velocities tend to a specific value, ¢, = wy,d, according

to Equation (4.23]). As frequency increases, the velocities decrease, until they reach a frequency
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where the phase velocity reaches a minimum and the group velocity shifts from 400 to —oo.
At higher frequencies, the phase velocity obtains very high values and the group velocity is
negative, due to intense dispersion. From Figures and [£.3, it can be concluded that at a
given position along the cochlea, frequencies up to a frequency slightly lower than the natural
frequency for this position can propagate, whereas higher frequencies are attenuated.

The position where the wavelength becomes minimum is the position where the real part of
the wavenumber peaks, as implied by Equation . It can be seen in Figure that this
position, denoted by a dotted vertical line, is very close to x,, denoted by a dashed vertical

line. Therefore, the minimum wavelength can be approximated by

2

Amin & m. (4.26)

At z,, where the excitation frequency corresponds to the natural frequency, the wavenumber

of Equation (4.20) takes the value

K@ won) = ;\/?(1 _i), (4.27)

so that the minimum wavelength becomes

2
Amin =~ 2mdy | . 4.28
0 (4.28)

An effective length can be defined by equating the travel time of a narrowband pulse at a
given frequency from the base to the position of minimum, positive, group velocity with the
travel time of a narrowband pulse at the same frequency along a uniform model whose basilar
membrane stiffness is constant and equal to the basilar membrane stiffness at the base of the
original model. The effective length is defined as the length of the equivalent uniform model.

The travel time of a narrowband pulse from the base to the position of minimum group velocity

Tm
t, = / & (4.29)
0 Cqr

is given by
where x,, is the position of minimum group velocity, which varies with frequency. The travel
time along the equivalent uniform model is given by

t, = lefs : (4.30)
Cqgru

where [.¢7 is the effective length and ¢y, is the group velocity in the uniform model, which is

equal to the group velocity at the base in the model here. Equating the two travel times given
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by Equations (4.29) and (4.30]) gives the effective length as

Tm dgx
leff = anu/o —. (4.31)

Cyr

A normalised effective length can also be defined with respect to the position of minimum group

velocity as

l
Less = ;—ff (4.32)
m

0.135 0.5 1 2 5 10 14
Frequency (kHz)

Figure 4.4. Normalised effective length of the cochlear model, plotted against frequency. The dotted horizontal
line corresponds to a value of 1.

A plot of the normalised effective length against frequency is shown in Figure [£.4] The
uppermost part of the working frequency range is not shown, since the minimum of the group
velocity is not well defined there. It can be seen that the normalised effective length is larger
than one over the plotted frequency range. This means that the non-uniform properties of the
cochlea manifest an effectively longer waveguide compared to a uniform waveguide of length
Tm, since in the cochlea the wave slows down as it propagates from the base to the position of
minimum group velocity and therefore it takes longer for a wave to travel along this distance.
It can also be observed in Figure [£.4] that the effective length is larger at lower frequencies and
gradually decreases with increasing frequency. This can be linked to the larger phase shift in

the coupled response at lower frequencies, as will be seen below.

4.3 Methods for solving the wave equation

The pressure along the cochlea can be calculated by solving Equation (4.6). The basilar
membrane velocity can then be obtained using Equation (4.5)). In this section, two methods for
solving the wave equation are presented, an analytical and a numerical one, namely, the WKB

method and the Finite Difference method.
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4.3.1 The WKB method

Equation can be identified as a form of the one-dimensional Schrédinger equation, as
discussed in the Appendix Section For a constant wavenumber, Equation would
reduce to the Helmholtz equation. The Schrodinger equation has only been solved for a limited
number of forms of the potential energy function [84], which corresponds to a limited number
of forms for the wavenumber in Equation .

The WKB method, which was presented in Chapter 2] and described further in Appendix[C]
is an asymptotic method that can provide approximate analytical solutions of different orders
of approximation to a differential equation of the form of Equation (4.6). The WKB validity
condition, given in Equation , is re-written here,

K

5| <L, (4.33)

which requires that the wavenumber vary little along a distance of the order of the local
wavelength. Plots of the left-hand side of Equation against position for five different
frequencies and against frequency for five different positions are shown in Figures and [4.5p,
respectively. It can be seen that the validity of the WKB method deteriorates at lower
frequencies and at basal positions. Due to the mapping of low frequencies to apical positions and
of high frequencies to basal positions, the WKB approximation for the cochlea can be considered
valid for positions that are not very close to either end of the cochlear length, and for frequencies

that are not very close to either end of the working spectrum, as was also mentioned in [65].
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Figure 4.5. WKB validity term (a) plotted against position for five different frequencies, and (b) plotted against
frequency for five different positions. The vertical dashed lines correspond to the natural frequencies in (b) and
to the corresponding positions in (a) for the plot lines of the same colour.

It should be clarified that the validity condition of Equation (4.33) does not provide a
well-defined quantitative criterion for the accuracy of the WKB method and should not be
interpreted as a comparison with the value 1, as was done in [65]. Instead, this validity

condition implies that for the first-order WKB approximation to be an asymptotic solution
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of the differential equation, the left-hand side of Equation should be negligible compared
to a number of the order of magnitude of one [27]; it is therefore a strict mathematical
requirement in terms of the asymptotic behaviour of the WKB approximation. However, it has
been shown that the WKB method may still provide good approximations when the validity
condition of Equation is not satisfied [27], or even when the properties of the system vary
discontinuously [85]. A more detailed presentation of the different WKB validity conditions is
given in Appendix [C]
The first-order WKB solution of Equation , often simply called the WKB solution,
is [65]
p= A2 h(@w)de (4.34)

where A is a complex constant with respect to the spatial coordinate, which varies with
frequency, Z is an auxiliary integration variable for the spatial coordinate, and the lower limit
of integration in this case corresponds to the base of the cochlea; a derivation of the first-order
WKB solution to Equation is presented in the Appendix Section The pressure in
Equation corresponds to a positive-z travelling wave. In general, a negative-z travelling
wave, which has an opposite sign in the exponent of the natural exponential, is also a solution
to Equation , but it is usually omitted in cochlear mechanics, since no significant reflection
occurs within the healthy cochlea [13]. It should be noted, however, that even if the backward
travelling wave solution were included, the WKB method would still not account for reflections
along the length of the cochlea; it would only include reflections from the helicotrema, which

are not considered here. An expression for the WKB approximation to the coupled basilar

membrane velocity can be derived by combining Equations (4.7)), (4.5) and (4.34]), yielding
Vo = BE3/2e71 ]y BE@)AE (4.35)

where the complex amplitude is related to that of the pressure by B = hA/2iwp.

Two boundary conditions apply to the system, one at the basal end and one at the apical
end. At the base, the gradient of the pressure in the upper chamber, that is, in scala vestibuli,
is equal to the stapes velocity, through momentum conservation, so that the pressure difference

is related to the stapes velocity by [71]
P'(0) = —2iwpug. (4.36)

The helicotrema is usually taken to be a pressure release boundary, so that the pressure

difference vanishes there [71], which is expressed as

p(L) =0, (4.37)
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where L is the length of the cochlea. The boundary condition of Equation is not required
if only positive-z travelling waves are assumed. In the results presented in this analysis, the
pressure is normalised with respect to the pressure at the base and the basilar membrane velocity
is normalised with respect to the stapes velocity, ugst, so that an arbitrary value for ug can be
used as the input of the system.

The integral in the exponent of Equations and is in general not solvable
analytically for any arbitrary form of the wavenumber. For the case of a single-degree-of-freedom
micromechanical model, where the wavenumber is given by Equation , an analytical
solution to this integral can be found. The WKB approximation for such a model was
analytically derived in [65]. Some inconsistencies were identified in this solution and a corrected
solution was derived by Marrocchio [86]. The solution by Marrocchio is expressed in terms of
the ratio of the basilar membrane displacement to the stapes displacement. This is equivalent

to the normalised basilar membrane velocity, defined as

Vi = b (4.38)

Ust

since in the frequency domain, both the basilar membrane and the stapes displacement and
velocity are related simply by a factor iw. After applying some simplifying approximations, the

normalised basilar membrane velocity is written as [86]

—4i 3 w i _ : w i
16Nc wze 41Nc[arcs1n(wl 2Q0> arcsm(wb 2@0)}

EERE 02— (w—ig)] " 241618, )

Vi = , (4.39)

where 1 is the mass ratio, defined as the ratio of the mass per unit area of the basilar membrane

to the mass per unit area of the fluid in the chambers, which is expressed mathematically as

mo
= 4.40
Ay (4.40)
and
l
N, = — 4.41
i (4.41)

is a non-dimensional parameter introduced in [65], where [ is the characteristic length of
the natural frequency distribution in Equation (4.9) and d is the decay length defined by
Equation (4.16). Combining Equations (4.16]) and (4.40)), the decay length can also be expressed

as

d = h/p. (4.42)

A normalised pressure difference can be defined with respect to the pressure difference at
the base of the cochlea as

p=2 4.43
P (4.43)
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where py = p(0) is the pressure at the the base, which from Equations (4.5) and (4.38) can be
written as
. Ust ‘/bm (0)

Yo (0) (4.44)

Po =

where V,,(0) and Yj,,,(0) are the normalised basilar membrane velocity and the basilar

membrane admittance both evaluated at the stapes. Combining Equations (4.5)), (4.38)), (4.43))
and (4.44), the normalised pressure can be written with respect to the normalised basilar

membrane velocity as
_ Y (0) Vi

P = ;
Vorn(0)Yom

(4.45)

By substituting the normalised basilar membrane velocity from Equation (4.39) into

Equation (4.45)), the normalised pressure is written as

81plYE,m(0) w (w% —+ ‘*bion _ wQ) e—4iNc [arcsin(ﬁ—Qéo )—arcsin(wib_QéO )]

(4.46)
Vom(0) wy/? w2 — (w— i;ﬁﬂw (2 +16iN.2)

n

4.3.2 The Finite Difference method

Equation can be solved numerically by approximating the derivatives in Equations
and by their Finite Difference equivalent forms, as is presented for example in [71], which
is equivalent to a Transmission Line model. The cochlea is spatially discretised by dividing its
length into N — 1 equally spaced elementary segments, thus defining a spatial vector of length
N as x = [z1,22,. .. xN]T, where z1 = 0 and xny = L. All quantities that vary with position
are evaluated at the discrete set of positions defined by the elements of the spatial vector.

The Finite Difference form of Equation (4.6) is

Pn—1 — 2Pn + Pn+t1

2 _
i + AkZp, =0, (4.47)

where A = L/(N — 1) is the element length and k,, is the wavenumber at the n-th element,
calculated with Equation (4.7) for x = x,,. Equation (4.47)) holds for 2 < n < N —1. The
boundary condition at the stapes, expressed by Equation (4.36]), is written in Finite Difference
form as

b2 ;p L oiwpug. (4.48)

Equations (4.47) and (4.48), along with the boundary condition at the helicotrema, expressed
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as py = 0, can be written in matrix form as

_% % 0 ... 0| [p —2iwpu gt
1—2(L 4 AR 1 0 0 |p 0
0 L —2(4+4k3) 4 o0 0
0 L —2(5+4K.) &
1
0 0 | |~ 0
) - ] (4._49)
which, in compact form, can be written as
Mp = ug. (4.50)

The coupled pressure distribution for a given frequency and stapes excitation is then obtained
by left multiplying both sides of Equation with the inverse of the system matrix M.
The n-th element of the basilar membrane velocity vector can be calculated from the respective
pressure element, since, using Equation (4.5), vpmn = —YemnPn- The vector of normalised
basilar membrane velocities can then be calculated with Equation .

It should be noted that the Finite Difference method requires matrix inversion, which can
often be computationally demanding, although for the simple one-dimensional model used here,
this does not impose serious limitations due to its tridiagonal form. Nevertheless, the analytical

solution provided by the WKB method is computationally much faster.

4.4 Results from simulations of the coupled response

Results for the normalised pressure calculated both with the Finite Difference method, with
N = 500 elements, and with the WKB method are shown in Figure In Figures and [4.6,
the modulus and phase of the normalised pressure are plotted against position for three different
frequencies, and in Figures[£.6p and [£.6{d, the respective quantities are plotted against frequency
at three different positions. It can be seen that the pressure modulus predicted by the model
for the passive cochlea decreases monotonically both with position and frequency, at a slow rate
at first, until it reaches a specific position or frequency, respectively, beyond which it decreases
rapidly.

The position and the frequency beyond which the pressure starts to decrease rapidly in
Figures and are smaller than the position x,, which corresponds to natural frequency

fn, and the natural frequency, f,, as can be seen by comparison with the vertical dashed lines
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in the figures, and also smaller than the corresponding position and frequency of maximum real
part of the wavenumber, denoted by dotted vertical lines. This complies with the position and
frequency of peak basilar membrane velocity response, which also occurs before the position or
frequency of maximum real wavenumber, as will be seen below. The phase shift in Figures

and accumulates up to a point beyond the position x,, or the corresponding natural
frequency, f,, beyond which it stabilises, or even increases in the frequency response, although

the pressure is already very small by this point and the phase calculation becomes unreliable.
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Figure 4.6. Normalised pressure (a) modulus and (c) phase plotted against position for three different
frequencies. Normalised pressure (b) modulus and (d) phase plotted against frequency at three different positions.
The solid-line plots are produced with the Finite Difference method and the dashed-line plots with the WKB
method. The phase in (d) is also normalised with respect to the phase of the pressure at the basal natural
frequency, f». The dotted vertical lines correspond to the positions of maximum real part of the wavenumber, as
in Figure[4.3] In (a) and (c), the dashed vertical lines correspond to the positions whose natural frequency is the
excitation frequency, and in (b) and (d), they correspond to the natural frequencies at the specified positions, as

in Figure

Modulus and phase plots against position and frequency are given in Figure for the
normalised basilar membrane velocity for the same parameters as used in Figure calculated
both with the Finite Difference method and with the WKB method. It can be seen in Figure[f.7h
that the modulus of the basilar membrane velocity increases with position and peaks at a
position basal to that of maximum real part of the wavenumber, which is denoted by the
dotted vertical line. Equivalently, when plotted against frequency, the modulus of the basilar

membrane velocity can be seen to increase and peak at a frequency lower than the frequency
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of maximum real part of the wavenumber, also denoted by a dotted vertical line. Beyond these

positions and frequencies, respectively, the modulus of the basilar membrane velocity rapidly

decreases.
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Figure 4.7. Normalised basilar membrane velocity (a) modulus and (c) phase plotted against position for
three different frequencies. Normalised basilar membrane velocity (b) modulus and (d) phase plotted against
frequency at three different positions. The solid-line plots are produced with the Finite Difference method and
the dashed-line plots with the WKB method. The phase in (c) is also normalised with respect to the phase of
the basilar membrane velocity at the base, and in (d) it is also normalised with respect to the phase at the basal
natural frequency, fp. The vertical lines are explained in the caption of Figure@

The fact that the coupled response peaks at a position basal to that of maximum
wavenumber is due to the fact that the imaginary part of the wavenumber is rapidly growing in
absolute terms at this region, as can be seen in Figure[4.3h, thus causing more attenuation at the
position of minimum phase velocity than at positions basal to it. A corresponding conclusion
can be drawn for the frequency response. The phase variation of the basilar membrane velocity
is similar to that of the pressure, as can be seen by comparing Figure with Figure [4.7p
and Figure with Figure [£.7d, although the phase accumulation is greater for the basilar
membrane velocity.

The main characteristics of the cochlear coupled response are highlighted by the plots in
Figure [£.7] For a given excitation frequency, the basilar membrane velocity peaks at a specific
position, with low frequencies peaking at apical positions and high frequencies peaking at basal

positions. Accordingly, at a given position, the basilar membrane velocity peaks at a specific
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frequency. The sensory cells which induce the neural signals in the auditory nerve are included
in the organ of Corti, which vibrates along with the basilar membrane, and are therefore excited
at the peak position for a given frequency or at the peak frequency for a given position [13].
Thus the cochlea functions as a spatial spectrum analyser. The mapping of frequency and
position does not exactly coincide with the mapping of natural frequencies along the cochlea,
defined by Equation , since the peaks do not occur at the vertical dashed lines in the plots
of Figure although they occur close to them.

It can be observed in the phase plots in Figures and that the overall phase shift up
to position x,, both for the pressure and for the basilar membrane velocity, is larger at lower
excitation frequencies. This can be linked to the fact that the effective length is accordingly
larger at lower frequencies, as seen in Figure[4.4] which may allow for larger phase accumulation.

The spatial variation of the coupled basilar membrane response is plotted in Figure [4.8]
calculated as Re{Vj,,e“!}, at different instances within a period for an excitation frequency
of 1.5 kHz, where V4, is calculated using the WKB method. The envelope of the fluctuating
velocities corresponds to the modulus of the coupled response for this frequency plotted in
Figure [£.7h. The linear vertical scale of Figure [4.§| illustrates the rapid decay of the response

beyond the peak position.

Re{ bm eh” }

—t=0 T
—t=T/4
—t=T/2 |
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0 5 10 15 20 25 30 35
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Figure 4.8. Normalised coupled basilar membrane response at different time instances within a period,
calculated with the WKB method. The envelope is also shown, whose positive part corresponds to the modulus
of the coupled response.

The 3-dB quality factor for the frequency response of the coupled cochlear model can be

calculated from Figure by [42]

_ fch
Q.- 1 (451)

where f., is the frequency where the peak occurs, called the characteristic frequency, and f; and
fn are the low and high frequencies, respectively, where the response drops by a factor of 1/v/2,

that is, 3 dB, compared to the peak, which also correspond to the frequencies where the power
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Chapter 4. The cochlea as a non-uniform waveguide

drops by half. It should be mentioned that the characteristic frequency is formally defined with
respect to the sensitivity of the nerve fibres at different positions along the cochlea [13], and that
other quality factors are also used in the cochlear literature, such as the 10-dB quality factor,
where the response has fallen by 10 dB. Using the Finite Difference results, the 3-dB quality
factors are found to be 1.4, 1.5 and 1.6 at positions 10, 18 and 26 mm away from the stapes,
respectively. These values are different from the local resonance quality factor, QQg, which is
equal to 2 throughout the cochlea; they are also different from each other. Therefore, Qo does
not correspond to the quality factor of the coupled response.

Comparing the WKB results, plotted in dashed lines in Figures and with the
corresponding Finite Difference results, plotted in solid lines, it can be seen that the WKB
method provides results that are similar to those with the Finite Difference method. The
matching deteriorates at lower frequencies, which is expected since the WKB method is generally
less valid at lower frequencies, as explained in Section[4.3.1] The Finite Difference approximation
is reasonably well satisfied in these simulations since if N is increased to 1000, negligible
differences are observed. In the context of this analysis, where the cochlea is approximated
by a one-dimensional ‘box model’ with single-degree-of-freedom micromechanics, the accuracy
of the WKB method can be regarded as sufficient to predict the general characteristics of the
cochlear response, and can provide greater insight than the Finite Difference method.

It is apparent from the plots presented in this section that a correspondence between linear
position and logarithmic frequency exists in the cochlea, as was also illustrated in Section
It can also be observed that the general characteristics of the response are similar, regardless
of the excitation frequency when plotted against position, or regardless of the specific position
when plotted against frequency. Therefore, the physical quantities in the cochlear model can
also be plotted against normalised variables [81].

The natural frequency can be used to normalise the frequency, defined as

f

F,= -, 4.52
and the respective normalised position can be defined as
x
Xp=—. 4.53
e (153

In some cases, it is helpful to normalise frequency with respect to the characteristic frequency,
that is, the frequency at which the peak of the response occurs, which leads to the normalised

frequency and position defined as

o (4.54)
fch
and
Xop = —, (4.55)
Lch
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respectively, where x.;, is the peak, or characteristic, position.

4.5 Parametric analysis with non-dimensional parameters

Insight into the behaviour of the cochlea can be gained by examining the variation of the
coupled response of the cochlear model for different parameters. Non-dimensional parameters
are particularly useful, as they do not depend on the specific model dimensions, and can
therefore convey information of a more general nature. Especially relevant for this thesis is that
non-dimensional parameters can facilitate the design of systems with response characteristics
similar to those of the cochlea but with different dimensions and even lying within different
physical contexts, as presented for an acoustic system in Chapter |5} In the figures presented in

this section, quantities are plotted against normalised position and normalised frequency.

4.5.1 Dependence of the coupled response on the variation of F,

The frequency normalised with respect to the characteristic frequency, Fp,, defined in
Equation , can be considered as an initial non-dimensional parameter. The dependence
of the coupled cochlear model to this normalised frequency can be examined by letting the
frequency, f, vary continuously, while choosing specific values for the characteristic frequency.
A detail of the modulus of the basilar membrane velocity, normalised with respect to the stapes
velocity, in the vicinity of the peak is plotted against normalised frequency in Figure 4.9, for
different positions along the cochlea, which correspond to different characteristic frequencies.
The results for these plots are calculated with the Finite Difference method, to illustrate some
features that are not captured accurately by the WKB approximation, as discussed below. It
can be seen that the peak of the response drops as the position shifts from apical to basal. This
may be linked to the fact that at greater distances from the base, the wave has more length
over which to build up, although this effect saturates beyond some position, as can be seen for
the two furthest points plotted. The same plots are shown in Figure [4.9p, but shifted upwards
so that they coincide at the peak. It can be seen that the width of the resonance-like coupled
response varies slightly with position, as was illustrated by the different coupled quality factors

calculated in Section (.41

4.5.2 Dependence of the coupled response on the variation of (),

A nominal value of 2 has been used for the local resonance quality factor of the passive
micromechanics. Although the functioning of the active cochlea involves more complicated
dynamics within the organ of Corti than are represented by the single-degree-of-freedom model
assumed here, it is still of interest to investigate the response of this simplified model with less

damping. In [65], for example, a loss factor of 0.02 is used, which gives a value of Qy = 50.
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Figure 4.9. (a) Detail of the modulus of the normalised basilar membrane velocity plotted against normalised
frequency, Fe.n, at five different positions along the cochlea, calculated with the Finite Difference method. The
corresponding natural frequencies at these positions are 0.2, 0.6, 1.8, 5.4 and 16.2 kHz, and the respective
characteristic frequencies are 0.14, 0.41, 1.21, 3.5 and 12.2 kHz. The dashed vertical line denotes the normalised
frequency Fep = 1. The visible truncations of some of the lines is due to the normalisation of the frequency. (b)
The same plots as in (a), shifted in magnitude to coincide at the peak.

The modulus of the coupled basilar membrane velocity response is plotted in Figure
against normalised position for a natural frequency of f, = 1.5 kHz, which corresponds to a
position 18 mm from the base, close to the middle of the cochlear length, for different values of
o, which are chosen to increase exponentially. The lowest value, 1, is smaller than the nominal
value for passive functioning, and the highest value is chosen to be 100, which is larger than
values typically used in the literature [65) [I3]. It can be seen in Figure that, as expected,
the response peak becomes sharper with increasing Q¢ and it occurs at a position slightly closer
to xy, that is, the position whose natural frequency is f,. It can also be seen that the response
decay after the peak is steeper for increasing Qg.

The modulus of the coupled response is also plotted against normalised frequency in
Figure [£.10p, for a natural frequency of 1.5 kHz. The modulus variation is similar to that
against normalised position, plotted in Figure [£.10h. For higher values of @y, the frequency
response peak becomes sharper and occurs at a frequency closer to the natural frequency, and
the decay beyond the natural frequency is also steeper.

In the phase plots against normalised frequency in Figure [4.10d, it can be seen that the
phase shift near the natural frequency is steeper for larger values of )y, approximating that of
a lightly damped true resonance. The phase shift predicted by the non-dimensional parameter
N, in Equation is shown as a dotted horizontal line, where, according to [65], N,
approximately corresponds to the number of cycles of phase shift from low frequencies, much
below the peak, to high frequencies, beyond the peak. It can be seen in Figure that for a
natural frequency of 1.5 kHz, which lies approximately in the middle of the logarithmic working
spectrum, and for high values of )y, the phase shift around F,, = 1 is about N.. Therefore,
for a cochlear model with little damping and at the middle spectral region, it appears that

the value of N, does approximately correspond to the number of cycles of phase shift from the
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Figure 4.10. (a) Modulus and (c) phase of the normalised basilar membrane velocity plotted against normalised
position with natural frequency 1.5 kHz, which occurs at x,, = 18 mm, for different values of Qo. (b) Modulus
and (d) phase of the normalised basilar membrane velocity plotted against normalised frequency at position
r = 18 mm, which has natural frequency 1.5 kHz, for different values of QQo. The chosen values of Qo increase
approximately exponentially from a value of 1, below the nominal value of 2 for the passive cochlea, up to 100,
which is taken to represent a fully active cochlea. Results are calculated with the WKB method. The Finite
Difference coupled response for Qo = 100 is also plotted in pink, although this is only distinguishable from the
corresponding WKB results in (b) at lower frequencies. The vertical dashed line in (a) and (c) corresponds to
Xn =1 and in (b) and (d) to F,, = 1. The dotted horizontal line in (c¢) and (d) denotes the opposite of the
nominal value of N. = 2.26.

lowest working frequency to the natural frequency. For )y = 2, that is, for the passive case, a
phase shift of —N, cycles occurs at around 2.5f,, however.

It was demonstrated in Section [£.4] that the quality factor Qo, which characterises the local
resonance of the basilar membrane, is different from the quality factor of the coupled response,
@, defined in Equation (4.51]). The quality factors for the coupled response corresponding to
the values of Qo used in Figure [£.10] starting from 1 and going up to 100, are 1.4, 1.7, 3.7, 15.4
and 53.3, respectively. It is also clear that for large values of Q)¢ the coupled resonances are far
from symmetrical about the natural frequency.

It was suggested in [65] that the cochlea accomplishes a compromise between low enough
damping, or, equivalently, high enough g, to produce a rapidly rising response up to the peak,
so that it has the desired frequency selectivity, and high enough damping, or low enouh @, to
avoid reflections from the peak region. It can be observed, however, that the coupled response

calculated with the Finite Difference method for Qg = 100, plotted in pink in Figure is

105



Chapter 4. The cochlea as a non-uniform waveguide

smooth and without ripples, indicating that even for little damping, no reflections occur. The
Finite Difference method was used for this result, since the WKB method does not account
for reflections, as was mentioned in Section [4.3.1] This is consistent with the result in [64]
that, even for very little damping, no reflections occur from the peak region, where the wave is
practically localised and absorbed, similarly to the tapered elastic wedge studied in Chapter
Even the term ‘hole’ was used in [64] for the position where energy is localised and dissipated,
which is reminiscent of the term ‘Acoustic Black Hole’, which was applied later to absorbing

tapered wedges.

4.5.3 Dependence of the coupled response on the variation of y and N,

The mass ratio, p, and the phase-shift parameter, N., defined in Equations (4.40) and (4.41)),

are related to each other by
l

C

Their nominal values for the parameter values of Table [L.1] are u = 0.0375 and N, = 2.26. The
modulus and phase of the coupled response is plotted against normalised frequency for different
values of u and hence N, in Figures and [L.11{d, respectively. The mass ratio, defined by
Equation , is varied by varying mg, whereas p and h are kept with their nominal values
given in Table the rest of the model parameters are also the nominal ones given in Table
The corresponding values of N, are calculated with Equation . It can be seen that as
the mass ratio increases, the decrease of the modulus of the coupled response becomes more
gradual and, for a given value of p, which in this case is 25 times larger than the nominal value,
the coupled response becomes almost symmetrical with respect to logarithmic frequency, thus
resembling a true resonance. Beyond this value of u, the coupled response becomes asymmetric
in the opposite way compared to the response with nominal u, increasing rapidly up to a peak
and then decreasing more gradually. It can also be seen that the peak frequency coincides with
the natural frequency when the response is symmetric, and for higher values of u, the peak
shifts beyond the natural frequency.

Plots of the basilar membrane coupled response against normalised position are shown in
Figures and in terms of modulus and phase, respectively. The modulus response is
similar to that with respect to normalised frequency shown in Figure [£.11p. The effect of the
response becoming symmetric for a large mass ratio with respect to position was also observed
in [87].

In the phase plots of Figure [f.11, it can be seen that increasing the mass ratio, u, and,
accordingly, decreasing the phase parameter, N., leads to less phase shift along the cochlear
length. It can also be observed that the correspondence between N, plotted as dotted horizontal
lines, and the number of cycles also depends on the values of p.

The symmetric response, which in this case occurs for u = 25unem and hence N, =
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Figure 4.11. (a) Modulus and (c) phase of the normalised basilar membrane velocity plotted against normalised
position with natural frequency 1.5 kHz, which occurs at z,, = 18 mm, for different values of p and hence N..
(b) Modulus and (d) phase of the normalised basilar membrane velocity plotted against normalised frequency at
position z = 18 mm, which has natural frequency 1.5 kHz, for different values of u and N.. Results are calculated
with the WKB method. The chosen values of ;1 and N, increase and decrease exponentially, respectively. The
vertical dashed line in (a) and (c) corresponds to X, = 1 and in (b) and (d) to F;, = 1. The horizontal lines in (c)
and (d) denote the opposite of the phase-shift parameter, N.. The subscript nom in u and N. means nominal.

0.2N¢ nom, where the subscript nom denotes the nominal value, corresponds to the high mass
ratio scenario in [87]. As described in [87], the high mass ratio results in little coupling between
the fluid in the chambers and the basilar membrane, which causes the pressure to be almost
uniform throught the cochlea, so that the basilar membrane vibration corresponds to a driven
single-degree-of-freedom system. The small phase shift along the cochlea is also observed here
in Figure [{.11c. Values for the mass per unit area of the basilar membrane, mg, that lead to
high mass ratios, however, are not reasonable given the cochlear physiology, while values for my
close to the nominal value used here are physiologically justified [87], so that normal cochlear

functioning does involve a wave of the form described in Section [4.4]

4.5.4 Dependence of the coupled response on the variation of the length of

the cochlea

A question arises in cochlear mechanics regarding the relation of the length of the cochlea and

its frequency range and frequency resolution. If the cochlear length, L, is varied in a way that
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Chapter 4. The cochlea as a non-uniform waveguide

the frequency range remains intact, that is, the basal and apical natural frequencies retain the
values 20 kHz and 135 Hz, respectively, for the human cochlear model used here, then the
characteristic length, [, has to be adjusted according to Equation (4.9)), given that f,, = w, /27

and fp = wy/27, as
L

In 7

! (4.57)

where f, = f,(L) is the apical natural frequency. Therefore, the phase-shift parameter, N, also
changes, proportionally to [ according to Equation , while p remains unchanged, provided
that mg, p and h are not changed.

Figure shows the variation of the natural frequency plotted on a logarithmic scale
against position for the nominal cochlear length and for shorter lengths, and the corresponding
variation of the absolute value of the spatial derivative of the natural frequency, |f}| = |d f,,/dz],
is shown in Figure [4.12b. It can be seen that at a given proportional position, for example
at position 0.6L denoted by different dotted lines for the different lengths in Figure .12,
the absolute slope increases for smaller cochlear length. Equivalently, for a given natural
frequency, the absolute slope is larger for smaller cochlear lengths, as can be seen in Figure[d.12h.
Accordingly, the absolute spatial rate of change of the stiffness and the resistance of the basilar
membrane, given by Equations and , respectively, will become larger for a given

natural frequency, or for a given proportional position.
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Figure 4.12. Variation of (a) the natural frequency and (b) the absolute value of the slope of the natural
frequency with respect to position, plotted on a logarithmic scale against position, for different lengths of the
cochlea, with the characteristic length adjusted so that the highest and lowest natural frequencies remain intact.
The dashed vertical line in (a) corresponds to the lowest natural frequency, fo. In (b), the dashed vertical lines
correspond to cochlear lengths and the dotted horizontal lines correspond to natural frequency slopes at length
0.6L for each plot line. The subscript nom in L means nominal.

The effect of the change in the rate of change of the stiffness and the resistance of the basilar
membrane induced by the change in the cochlear length is illustrated by the corresponding
change of the coupled response. The modulus and phase of the coupled response are plotted
against normalised position in Figures [£.13h and .13k and against normalised frequency in
Figures and [£.13, for different cochlear lengths, where the corresponding characteristic
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4.5. Parametric analysis with non-dimensional parameters

lengths are also adjusted by Equation to keep the basal and apical natural frequencies
unchanged, with a resultant change in N, according to Equation . It can be observed that
the variation of the response is similar to that when the mass ratio is varied, with the rest of
the model parameters having their nominal values given in Table as shown in Figure [4.11]
since in both cases the variation in the physical parameter directly affects V..

In Figures [f.1Th, {.11p, .13, and [4.13p, it can be seen that the response is symmetric
when N = N pom/5 and L = Lyom /5, respectively, since the value L = Ly, /5 corresponds

to No = Necpom/D5 when the other parameters are kept unchanged, as can be seen from
Equations (4.56)) and (4.57). Therefore, it is the variation of N, that causes the response
to change from asymmetric to symmetric to inverse asymmetric, and not the variation of the

mass ratio, u, independently of N, and [.
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Figure 4.13. (a) Modulus and (c) phase of the normalised basilar membrane velocity plotted against normalised
position with natural frequency 1.5 kHz, which occurs at x, = 18 mm, for different values of L, with [ adjusted
to keep the basal and apical natural frequencies unchanged. (b) Modulus and (d) phase of the normalised basilar
membrane velocity plotted against normalised frequency with natural frequency 1.5 kHz at position x = 18 mm,
for different values of L, with [ adjusted to keep the basal and apical natural frequencies unchanged. The results
are calculated with the WKB method. The vertical dashed line in (a) and (c) corresponds to X, = 1 and in
(b) and (d) to F,, = 1. The horizontal lines in (b) denote the opposite of the phase-shift parameter, N.. The
subscript nom in L means nominal.

Varying the chamber effective height, h, can also cause similar variation for the coupled
response, although this affects both the value of N, and p, as can be seen from Equations (4.56))
and (4.40). From the plots in Figure it can be concluded that the value of N, should not
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Chapter 4. The cochlea as a non-uniform waveguide

be much less that the nominal value of 2.26 for the coupled response to have the asymmetric
response of the actual cochlea. Taking the plot with N nom/ V5 as a low limit, the value of N,
should not be less than 1. This gives a corresponding upper limit of approximately 0.2 for the
mass ratio, if [ and h have the nominal values of Table

The fact that the mass ratio does not by itself change the form of the coupled response is
illustrated in Figures and [£.14p, where the modulus of the basilar membrane velocity is
plotted against normalised position and normalised frequency, respectively. For these plots, the

mass ratio is varied and the characteristic length is also varied accordingly by

| = 4hN.\/11, (4.58)

in order to maintain a constant value of N, according to Equation . The cochlear length is
also adjusted using Equation to keep the basal and apical natural frequencies intact. The
form of the coupled response plotted in Figures and also does not change, although
there is a change in amplitude. This result is also apparent from the form of the WKB solution
of Equation , where the mass ratio only affects the constant amplitude of the basilar
membrane velocity, as is also observed in Figures and [4.14p. The phase variation, plotted

in Figures 4.14c and [4.14d, is the same for all the corresponding combinations of values for u

and [, and also L, and it coincides with the phase variation for the nominal values shown in
Figures [f.11 and [A.11d. Therefore, neither the variation of the mass ratio nor of the cochlear
length affect the form of the response, if the phase-shift parameter remains unchanged.

One point that needs to be made when assuming a smaller cochlear length is that below some
length, the dimensions of the discrete microstructures in the organ of Corti, for example the
dimensions of the sensory cells that transduce the vibrations to neural signals, may become
significant. In the models used here, the properties of the cochlea are assumed to vary
continuously along its length or, for the Finite Difference method, it is assumed that the
longitudinal discretisation is fine enough to approximate a continuous variation. If the cochlea
is significantly shortened while the working frequency range is retained, then the same number
of sensory cells will need to fit in a much smaller length to keep the same frequency resolution.
This can be pictured with the help of Figure [£.12h, if it is assumed that the y-axis of natural
frequencies is discretised to a number of frequencies, and that the x-axis of cochlear length is
accordingly discretised to the same number of corresponding positions. If the discretisation of
natural frequencies is kept unchanged, while the length is decreased for example from Ly, to
Lyom /16, then the discrete number of positions that correspond to the nominal length will have
to fit in the much smaller length, which may not be possible given the length of the discrete

structures in the organ of Corti.
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Figure 4.14. (a) Modulus and (b) phase of the normalised basilar membrane velocity for different values of
u, with [ and L adjusted to keep N. and the basal and apical natural frequencies unchanged, plotted against
normalised position with natural frequency 1.5 kHz. (b) Modulus and (d) phase of the normalised basilar
membrane velocity for different values of u, with [ and L adjusted to keep N. and the basal and apical natural
frequencies unchanged, plotted against normalised frequency with natural frequency 1.5 kHz. The phase variation,
either with respect to normalised position or with respect to normalised frequency, is the same for the different
values of p and [. Results are calculated with the WKB method.

4.5.5 Dependence of the Finite Difference model on the discretisation

It is useful to know how fine the discretisation of the cochlear length has to be to ensure accurate
results, when implementing the Finite Difference model presented in Section Apart from
providing a lower limit on the number of elements, which leads to less calculation time, the
required resolution of discretisation can also be utilised to design discrete systems having a
similar response, as is done in Chapter b} A lower limit often used in Finite Element modelling
requires at least six elements per minimum wavelength, although this also depends on the order
of polynomial interpolation [40]. In the Finite Difference model used here, where the element
length is constant, that is, it does not vary along the cochlea, the element length has to be
compared with the minimum local wavelength. Since the quality factor, Qq, is assumed to be
constant throughout the cochlea, the minimum wavelength, which is approximately given by

Equation (4.28)), is also constant. A non-dimensional parameter can thus be defined as

)\min
A= : (4.59)
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where A is the element length of the Finite Difference model.

The modulus and phase of the coupled basilar membrane velocity response are plotted
in Figures a and c, respectively, using the Finite Difference method, for different
values of A, with Qg = 2 and corresponding minimum wavelength Ap,;, = 4.9 mm. The value of
A =70 corresponds to N — 1 = 499 elements, which are sufficient even for the value Qg = 100
used in Section for which the minimum wavelength is A, = 0.69 mm and the resulting
discretisation ratio is A = 10, which corresponds to ten elements per minimum wavelength.
It can be seen that six elements per minimum wavelength provide good matching with the
reference solution, slightly deviating from it beyond the peak. Five elements per minimum
wavelength still provide good matching, while using three elements per minimum wavelength
produces significant deviation, with fluctuations in the frequency response. Using even fewer

elements deteriorates the solution further, although these results are not plotted here.
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Figure 4.15. (a) Modulus and (c) phase of the normalised basilar membrane velocity plotted against normalised
frequency with natural frequency 1.5 kHz, calculated with the Finite Difference method, for different values of
A, with the nominal parameter values of Table [{.1] The reference value of A = 70 corresponds to 499 elements,
that is, to N = 500 for the Finite Difference model, while A = 6, 4 =5 and A = 3 correspond to 42, 34 and 20
elements, respectively. (b) Modulus and (d) phase of the normalised basilar membrane velocity plotted against
normalised frequency with natural frequency 1.5 kHz, calculated with the Finite Difference method, for different
values of A, with Qo = 50. The reference value A = 24 corresponds to 861 elements, while A = 6, 4 = 5
and A = 3 correspond to 214, 178 and 106 elements, respectively. The difference in scaling in both axes in the
different plots is used to allow for more detail.

A corresponding set of plots with a high value for the resonance quality factor Qg9 = 50 is
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given in Figures [£.15b and {.15{d. It can be seen that when six or less elements per minimum

wavelength are used, some fluctuations now occur in the response, although in the phase
response modulus, results appear to be respectively better than for Qg = 2 with the same
values of A. It should be noted, however, that the minimum wavelength for all the plots
in Figure is calculated with the approximate form of Equation , which gives an
overestimation of about 7% for Qo = 2 and about 12% for Qg = 50. The same quantities as
in Figures [£.15p and [£.15d are plotted in Figures [£.16b and [£.16{d, respectively, but with the

minimum wavelength calculated by

2w
)\min er — . NEREE 4.60
’ min{Re{k}} (4.60)

where the wavenumber is given by Equation (4.15), min{} denotes the minimum value of its
argument and the subscript ex stands for exact, giving the discretisation ratio Aez = Apin,ex/A.
It can be seen that the results are slightly improved by using the exact minimum wavelength,
although fluctuations are still present even for the case of A.; = 6. In general, by comparing
the coupled response with varying A for Qg = 2 and Q¢ = 50, it can be concluded that the
dependence of the coupled response on A is slightly different for different values of QQg, but that
a value of A larger than 6 is still a good rule of thumb.

The modulus and phase of the coupled response with Qo = 50 for different values of A,
are also plotted against normalised position in Figures [£.16k and [£.16c. It can be seen that

when a small number of elements is used, fluctuations occur in the coupled response, which are
indicative of reflections. These reflections occur due to the discontinuities between consecutive
elements, as the difference of the properties of the basilar membrane between consecutive
elements becomes larger with decreasing number of elements. Therefore, even though reflections
do not occur at the peak of the continuous system, even for very high values of )y, that is,
for very little damping, as shown in [64], a sufficient number of elements needs to be used for
the spatial discretisation to prevent distributed reflections. Overall, however, and in view of
the simplifying assumptions of the model, it can be concluded that six elements per minimum

wavelength provide a reasonable approximation.

4.6 Summary and conclusions

The cochlea of the inner ear has been described in view of its functioning as a non-uniform
waveguide. A simple one-dimensional ‘box model” was used, which leads to the one-dimensional
wave equation for the coupled cochlea, and the basilar membrane admittance is modelled
with single-degree-of-freedom micromechanics. From the basilar membrane admittance, the
wavenumber is obtained, from which the wavelength of the cochlear wave and the phase

and group velocities are calculated. An analysis of these quantities was carried out, which
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Figure 4.16. (a) Modulus and (c) phase of the normalised basilar membrane velocity plotted against normalised
position with natural frequency 1.5 kHz, which occurs at x = 18 mm, for different values of A, with Qo = 50.
(b) Modulus and (d) phase of the normalised basilar membrane velocity plotted against normalised frequency at
position x = 18 mm, which has natural frequency 1.5 kHz, for different values of A.,, with Qo = 50. Results are
calculated with the Finite Difference method.

highlighted the basic functioning of the cochlea and the symmetry between position and
frequency, with the cochlear wave slowing down up to a specific position, which depends on
frequency, beyond which it decays rapidly. Accordingly, at a given position, the wave slows
down with increasing frequency up to a specific position-dependent frequency, beyond which
it decays rapidly. The effective length was also introduced, which illustrates that the cochlea
functions as an effectively longer equivalent uniform waveguide, due to the slowing down of the
cochlear waves.

Two methods for obtaining the coupled response of the cochlea by solving the wave equation
were presented, namely, the WKB method, which provides approximate analytical solutions,
and the Finite Difference method. The WKB method gives fairly accurate results at frequencies
not too close to the basal and apical natural frequencies and at positions not too near the base
and the apex, as has previously been shown in the literature.

The main contribution of this chapter is a parametric analysis of the coupled cochlea
conducted with respect to a set of non-dimensional parameters. It was shown that even with
very little damping, no reflections occur. The correspondence of the phase-shift parameter, N,

with the actual phase shift was shown to depend on the value of the local resonance quality
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factor, QQg. It was also shown that N, rather than just the mass ratio, defines the nature of
the coupled response. High values of N, produce a response with a steep cut-off and significant
phase shift, as is actually observed in the cochlea. As N, decreases, the cut-off becomes less
steep, until, for a certain value of N., it reaches a point where it is symmetric with logarithmic
frequency, thus resembling an uncoupled resonance. For even smaller values of N., the decay
beyond the peak becomes even more gradual, and the coupled response becomes asymmetric in
an inverse way compared to the typical cochlear coupled response. Varying the cochlear length
while keeping the same working frequency range has a similar effect on the coupled response,
whereas the variation of the mass ratio only affects the amplitude of the coupled response, if
the characteristic length is adjusted to keep N, unaltered.

The accuracy of the Finite Difference model with respect to the resolution of spatial
discretisation was assessed by varying the ratio of the minimum wavelength over the element
length. It was shown that the accuracy of the coupled response for the same discretisation
ratio depends on the quality factor, ()o. Poor spatial resolution with respect to the minimum
wavelength was shown to lead to reflections in the predicted coupled response. In general, six
elements per minimum wavelength were found to provide sufficient accuracy for the purposes

of the cochlear model used.
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Chapter 5

Acoustic ‘rainbow’ sensors

5.1 Introduction

Acoustic ‘rainbow’ sensors consist of arrays of units of sub-wavelength dimensions, whose
properties vary with position, and, through strong wave dispersion, can enhance and spatially
separate different frequency components of incident acoustic waves [2]. The sub-wavelength
dimensions of the unit elements of acoustic ‘rainbow’ sensors and their strongly dispersive
behaviour, which is not encountered in natural materials, classify them in the realm of acoustic
metamaterials [88].

A one-dimensional ‘rainbow’ sensor consisting of narrow grooves of varying depth perforated
in a rigid substrate was presented in [I5]. It was demonstrated both by simulations and
experimentally that incident waves slow down and get amplified as they propagate along the
system, until they reach a position, which is different for different frequency components, where
they are trapped; beyond this position, waves are greatly attenuated. It was shown, however,
both in simulations, where losses were not accounted for, and in experiments, that the spatial
envelope of the response did not vary smoothly but was uneven.

In [89], an acoustic ‘rainbow’ sensor with grooves of different geometry was numerically
simulated and experimentally tested. The enhanced frequency response was demonstrated,
where it was also shown that fluctuations of the pressure envelope occur along the spectrum.
A quasi-two-dimensional system, similar to that in [I5] but consisting of perforations of
square cross-section over a rigid two-dimensional substrate, whose depth varies only along one
dimension, was presented in [90]. Viscous and thermal losses were included in the simulations,
which predicted a relatively smooth frequency response in terms of the acoustic pressure, with
only shallow fluctuations with frequency.

A design consisting of a main duct of constant cross section loaded with an array of side
branches consisting of Helmholtz Resonators of varying cavity volume was proposed by Zhao and
Zhou [2] and is depicted in Figure . The coiling of the system was loosely based on the form

of the cochlea. Simulations predicted the ‘rainbow’ trapping effect, although with fluctuations
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in the pressure modulus both in the spatial and spectral domain, since no losses were accounted
for. A similar design of acoustic absorber, using a small number of Helmholtz Resonators, was
also presented by Jimenez et al. [1], where the dimensions of both the resonators and the main
duct vary with position, as shown in Figure [5.1b. The geometrical parameters of the system
were numerically optimised in order to maximise the absorption over a given frequency band.
Very good absorption performance was demonstrated experimentally and the enhancing and, as

a side-effect, trapping of different frequency components at different resonators was predicted.

Source
Location

Cylinder n+1 Cylinder n-1
Cylinder n (b)

(a)

Figure 5.1. Schematics of examples of acoustic ‘rainbow’ sensors using Helmholtz Resonators: (a) Uniform duct
with side branches of Helmholtz Resonators; the arrow shows the direction of incidence. The image is taken from
Figure 1d in [2]. (b) Duct of varying height with side branches of Helmholtz Resonators; the arrow shows the
direction of incidence. The image is taken from Figure 1d in [I], with the labels removed and the arrow added.
Both articles [2] and [I] are published in open access under a Creative Commons Attribution 4.0 International
License, https://creativecommons.org/licenses/by/4.0/.

In this chapter, a design of an acoustic ‘rainbow’ sensor consisting of a main duct of constant
cross section with an array of side branches of Helmholtz Resonators of varying geometry is
presented, based on the response characteristics of the human cochlea. A main aim of the new
design is to reproduce the smooth spatial and spectral response of the cochlea over a certain
bandwidth. A basic analysis of a Helmholtz Resonator is first given in Section [5.2] using
a lumped-parameter approximation. An analysis of a duct with an infinite array of identical
Helmholtz Resonators is carried out in Section[5.3] based on a Transmission Line approximation.
The formulation of a Transfer Function method for simulating a system consisting of a main
duct with a number of Helmholtz-Resonator side branches is then presented in Section In
Section the response is then computed for the two models from the literature depicted in
Figure [5.1] where it is shown that the model by Jimenez et al. acts as an acoustic ‘rainbow’
sensor, whereas the model by Zhao and Zhou is shown to have limited potential use as a
‘rainbow’ sensor due to its uneven response.

A novel design of a cochlea-inspired acoustic ‘rainbow’ sensor is then presented in Section 5.6
Results from simulations are presented and discussed in Section where the performance of
the system as an acoustic ‘rainbow’ sensor is demonstrated. Conclusions are summarised in

Section
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5.2. Basic analysis of a Helmholtz Resonator

5.2 Basic analysis of a Helmholtz Resonator

A Helmbholtz Resonator is depicted in Figure [5.2h, consisting of a neck of radius a and length
lq, and a cavity of volume Vi, which are all assumed to be small compared with the acoustic
wavelength, so that a lumped-parameter model can be used. The main inertive element of the
resonator is the neck and the main compliant element is the cavity, a balance between which
results in resonance [48]. The acoustic resistance in this initial analysis is considered to be only
due to viscous and thermal losses occurring at the neck boundary. An effective neck length,
denoted by [z, is used both for the inertance and the resistance of the neck, which is larger
than the actual neck length, [, since it includes end corrections due to radiation at both sides

of the neck.

Figure 5.2. (a) Schematic of a Helmholtz Resonator. The neck radius, a, length, l,, and cross-sectional area,
SH, are shown, along with the cavity volume, V. The input impedance, Zg, of the resonator is also shown. (b)
Equivalent circuit will lumped parameters, showing the acoustic resistance, Ry, and inertance, Ly, of the neck,
and the compliance, C'y, of the cavity.

Assuming wave propagation in the neck, the input impedance looking into the resonator, as

depicted in Figure [5.2h, is given by [54]

Zo + iZ()’n tan kgly
Zon +iZctankyly ’

Zy = Zon (5.1)

where i is the imaginary unit and Zp, = pco/Sy is the characteristic impedance for wave
propagation in the neck, where p is the density of air and ¢y is the speed of sound in air, kg is
a complex wavenumber accounting for both propagation and attenuation in the neck, and Z¢

is the impedance of the cavity, given by

1
Zo = 5.2
¢ iwCH’ ( )

where Cy = Vg /pcd is the compliance of the cavity and w is the angular frequency. If the neck
length is assumed to be much smaller than the wavelength, and provided that the imaginary

part of the wavenumber is much smaller than its real part, it follows that |kply| < 1. If it is
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also assumed that the volume of the cavity is large compared to the volume of the neck, so that

|Zc|kuly < Zon, Equation (5.1)) takes the approximate form

The viscous boundary layer thickness for sound propagation in the neck is given by [42]

5= \/027[’), (5.4)

where 7 is the dynamic viscosity. Assuming that the neck radius is much greater than the
viscous boundary layer thickness, a > §, the wavenumber for sound propagation in the neck
can be written as [42]

kH = ]{70 - ia, (55)

where ky = w/cp is the lossless wavenumber and « is the loss coefficient, which represents the

exponential decay spatial rate, given by [42]

k()(s ’y—l)
=— 1+ , 5.6
“= < VPr (5.6)

where v is the ratio of specific heats and Pr is the Prandtl number. In Equation (5.6), the

first term in parentheses multiplied by the common term corresponds to viscous losses, and
the second term multiplied by the common term corresponds to thermal losses. For typical
parameter values for air at room temperature (p = 1.2 kgem=3, ¢g = 343 m-s~!, n=1.8-107°

Pa-s, v = 1.4, Pr =0.71 [1]), the loss coefficient can be written approximately as

ax~3- 10—5Vfa/HZ, (5.7)

where f is in Hz, so that if a is in meters then « is in Np/m.
Substituting Equation (5.5)) into Equation ([5.3)), the impedance of the Helmholtz Resonator

takes the form

.pcola . . 1
g = ko — Zo=R L —_ 5.8
H ISH (ko — i) + Z¢ H + 1w H+iwC’H’ (5.8)
where
l { V
Ry =22 _ zinoly, Ly =82 oy =22 (5.9)
Sy ’ Sy pCG

are the acoustic resistance and inertance of the neck, and the compliance of the cavity,
respectively.  Equation ([5.8)) is equivalent to a lumped-parameter representation of the
Helmholtz Resonator, an equivalent circuit of which is depicted in Figure [5.2p.

The resonance angular frequency of the Helmholtz Resonator, when iwLp is equal to
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5.3. Behaviour of an array of identical Helmholtz Resonators

wo ZC()“lng, (5.10)

and the quality factor of the Helmholtz Resonator is given by [91]

—i(wCpy)~1, is given by [48]

. w()LH
Q= m, (5.11)

where the acoustic resistance is evaluated at the resonance frequency. Using Equations (/5.7)

and (5.9)), the quality factor takes the approximate form

Q@ ~ 600(a/m)+/ fo/Hz, (5.12)

where fo = wp/27 is the resonance frequency in Hz, and a is in meters.

The effective length of the neck is equal to the sum of its physical length and end corrections
at both ends. For the inertance, these end corrections account for the mass of air outside the
neck that gets accelerated by the air within it [42], whereas for the resistance, the end corrections
account for the additional loss as the air flows around the two ends of the neck [48]. For the
sake of this initial design study, it is assumed that the end correction for the resistance is equal
to that for the inertance.

The well-known results for the end correction are that it is approximately 0.6a for an
unflanged end and 0.85a for a flanged end, although more complicated formulas have also
been proposed for a baffle of finite size [92]. In the designs considered here, the baffle is large
relative to the size of the neck so, again for the sake of simplicity in this initial design, the total

end correction length, accounting for both ends of the neck, is assumed to be [4§]
leor =2-0.85a = 1.7a. (5.13)

The effective neck length is thus related to the actual neck length by Iz = g + leor-

5.3 Behaviour of an array of identical Helmholtz Resonators

A system consisting of a main duct with an array of identical Helmholtz-Resonator side branches
is considered, as depicted in Figure[5.3p. A similar system has been studied in [92]. Each element
of the system comprises a segment of the main duct of length [p and a Helmholtz Resonator at
its end. Each Helmholtz Resonator consists of a neck of length I, and cross-sectional area Sp
and a cavity of volume Vp. Viscous and thermal losses are only considered in the neck. Such
a system produces a ‘slow wave’, that is, a wave whose propagation speed is smaller than that
of a plane wave in a uniform tube, up to a frequency where the propagation speed becomes

very small [92]. Above this frequency, there is a stop band, where the wavenumber is mainly
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imaginary. Beyond the stop band, there is another pass band, in which waves propagate with
a speed that approaches the speed of plane-wave propagation as frequency increases. The aim
of this section is to provide a simple model of the wave propagation in this system that can be

used for design purposes below.

SHl 2rD CD__
| T

Figure 5.3. (a) Schematic of a longitudinal cross section of a waveguide consisting of a main duct and an array
of side branches of identical Helmholtz Resonators. One element of the waveguide is defined by the vertical
dashed lines. The radius of the duct, rp, the cross-sectional area of the duct, Sp, and the length of each element,
Ip, are shown, along with a Helmholtz Resonator whose neck has radius a, cross-sectional area Sy, and length
la, and whose cavity volume is V. (b) Equivalent circuit representation of an element of the waveguide. Lp and
Cp are the inertance and compliance of the duct segment, respectively, and Ly, Ry and C'y are the inertance,
acoustic resistance and compliance of the Helmholtz Resonator, respectively. Z; is the series impedance, due to
the inertance of the duct segment, and Z5 is the shunt impedance, due to the duct compliance and the impedance
of the Helmholtz Resonator.

5.3.1 Transmission Line model

Assuming that the dimensions of the components of an element are much smaller than the
wavelength, an equivalent circuit with lumped parameters can be used [93], as shown in
Figure [5.3p. This assumption also ensures that only the fundamental mode is supported in
the considered spectrum. Since the elements of the waveguide are identical and their length is
much smaller than the wavelength, the system can be analysed using Transmission Line theory,
as presented for example in [56]. Similarly to the Transmission Line model for the acoustic
waveguide with fitted rings presented in Section the lumped parameters here represent
lumped acoustic properties of the system corresponding to an element of a certain length,
whereas in the formal theory, the Transmission Line is represented by interchanging series and
shunt elements per unit length. However, the assumed small acoustic length of the different
parts of the waveguide can justify the looser use of the term ‘Transmission Line’.

The series impedance of each element in this case is only due to the inertance of the duct
segment and is denoted by Z;, whereas the shunt impedance, denoted by Zs, in this case
consists of the parallel combination of the compliance of the duct and the impedance of the
Helmholtz Resonator, as shown in Figure[5.3p. It should be noted that in the system considered

here, the element lumped parameters correspond to those of a finite length of duct, whereas in
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classical Transmission Line theory, the lumped parameters of each infinitesimal segment of the
waveguide represent inertances, compliances and resistances per unit length of the Transmission
Line. Therefore, in the considered system, the ratio of each lumped parameter to the element
length, Ip, corresponds to the respective parameter per unit length used in Transmission Line
theory.

The inertance and compliance of the duct and the inertance, resistance and compliance of

the Helmholtz Resonator are given, respectively, by

plp Splp plu apcoly Vi
Lp=—-= = Ly=—=—, Ry = Cy=— 5.14
D SD ) D pC(Q) ) H SH y H SH ) H pcgv ( )

where I = g + lcor 18 the effective length of the neck, where I, is the end correction, and the
loss coefficient, «, is given by Equation (5.7). It should be noted that the acoustic resistance
Ry depends on frequency due to the form of the loss coefficient o in Equation (5.7]).

The element impedances are expressed with respect to the lumped parameters as [4§]

Zl = ZLD = iwLD (5.15)
and
Zon 2y
Ty = —P2— 5.16
> Zep + Zn (5.16)
where
1
T = 5.17
Cp iwCp ( )
and
ZH:ZLH+RH+ZCH7 (5.18)
where
. 1
ZLH = IUJLH, ZCH = m (519)

From Transmission Line theory [56], the characteristic impedance and the wavenumber of

the Transmission Line are given, respectively, by

Z. =712 (5.20)

and

1 |z
k=—\—= 5.21
ilp \ Zo’ ( )

where Equation (5.21) has been derived taking into account that iklp corresponds to
the propagation constant of the Transmission Line. The wavenumber in Equation (5.21])
corresponds to a wave travelling along the system as if it were a uniform Transmission Line,

so that the Helmholtz-Resonator side branches have been incorporated into the characteristic
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impedance and the wavenumber as intrinsic properties of the line. In other words, with the
assumption that the dimensions of an element are much smaller than the wavelength, the duct
with the array of Helmholtz Resonators is transformed into a uniform acoustic waveguide, whose
properties are smeared out so that the properties of the waveguide do not change with position.
By manipulation of Equations and and also using the definitions for Lp and Cp
given in Equations , it follows that

kZ, = koZo = =L (5.22)
Sp
where kg = w/cy is the wavenumber in free space and Zy = pco/Sp is the characteristic

impedance of the main duct.
The resonance angular frequency of each Helmholtz Resonator is given by Equation (5.10)),
which in this section will be denoted by w; for notational convenience. A cut-on angular

frequency is also introduced, whose role will be made clear later on, defined by

C 1/2
wy = wy [1 + —H} (5.23)
Cp
Two frequency-dependent quality factors are also defined as
Ly
= 5.24
Q1 =w1 Rn(@) (5.24)
and
w2
QQ = le(w). (525)
w1

By substituting Equations (5.15)) and ([5.16)) into Equation (5.21)), and also using Equation ([5.10))
and Equations ([5.23)) to (5.25)), the wavenumber takes the relatively simple form

2 s Ww2 271/2
wy +1552 —w
k=ky| 5——2—— 5.26
0 LJ% + i—“gf — wzl ( )

Using Equations (5.22) and (5.26]), the characteristic impedance of the system can also be

written as 1o
PN e Sk / (5.27)
T 0 w3 + 52 — w2 ’
The limiting behaviour of the wavenumber at very low frequencies is given by
w
wLwik—=>ky= lk‘o, (5.28)
w1

where the subscript b has been used in correspondence with the limiting behaviour at the basal

end observed in the cochlea. The associated phase and group velocities at very low frequencies
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are both equal to

e = e, (5.29)
w2

where the phase velocity is calculated by c¢,, = w/Re{k} and the group velocity by cg4 =
dw/d(Re{k}). The limiting behaviour of the wavenumber at very high frequencies is given by

w > wo k= ko, (5.30)

and, accordingly, the phase and group velocities tend to the speed of sound in free space. A
wave with the phase velocity given by Equation (5.29) is called the ‘slow wave’ below. In the

middle region of the stop band, where it is assumed that w; < w < ws, the wavenumber takes

the form
i
ks = ——, 5.31
: (531)
where
co
d=— 5.32
2 (5:32)

is the exponential decay length in the stop band.

An inertance ratio can be defined as

Ly _ lnSp
Lp IpSy’

u (5.33)

which is the ratio of the inertia of the neck in the Helmholtz Resonator to the inertia of the
duct element. If we > wq, or, equivalently, Cy > Cp, using Equations (5.23)) and (5.33)), the

decay length can be written as

d~lp\/j. (5.34)

The limiting behaviours of the characteristic impedance of the system at low and high

frequencies are given, respectively, by

W< Wi Ze— Zp = L7, (5.35)
w2
and
W wy L. — Zy. (5.36)

The wavelength of the wave propagating along the system is given by

2

= Refk]" (5.37)

whereas the wavelength in free space is given by Ao = co/f = 27/ko. Again assuming that

the stop band is large, so that ws > wy, the wavenumber at the resonance frequency of the
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Helmholtz Resonators takes the approximate form

by ~ Cll\/gu ). (5.38)

The wavelength reaches a minimum at a frequency which is close to the resonance frequency,

as will be shown below, which is approximately given by

2m 2
A Rofin] mdy | o (5.39)

5.3.2 Wavenumber and phase and group velocity simulations

The real and imaginary parts of the wavenumber are plotted against frequency in Figure [5.4h,
for the example parameter values of p = 1.2 kgm ™3, ¢y = 343 m-s™!, rp = 0.02m, Ip = 0.05 m,
a = 0.0025 m, I, = 0.002 m, and Vi = 0.001 m~3. The quality factor given by Equation
is thus about 15 and the inertance ratio given by Equation is 8. The marked frequencies
are fi = w1 /27 and fo = wo/2m, which in this case are about 100 and 400 Hz, respectively. The
wavenumber can also be calculated from the eigenvalues of the Transfer Matrix of an element of
the system shown in Figure [5.3p, as will be presented in Section The real and imaginary
parts of the wavenumber calculated with the eigenvalues are plotted in Figure as dashed
lines. There appears to be very little difference between these and the solid lines corresponding
to the real and imaginary parts of the wavenumber calculated with the Transmission Line
analysis presented in Section thus justifying the use of the latter for this analysis instead
of the more accurate eigenvalue approach.

It can be seen in Figure that there are two propagation regions, or pass bands, where
the wavenumber is mainly real, the first for f < f; and the second for f > f5, and a stop
band exists between them, that is, for f; < f < fa, where the wavenumber is mainly imaginary
and therefore waves are evanescent. The wavelength, A\, will be smaller than the wavelength
in free space, \g, in the first pass band, since the wavenumber is larger than that in free space
there. The wavenumber then reaches a minimum value given by Equation close to fi.
At higher frequencies in the upper pass band, the wavelength tends to that in free space, as the
wavenumber tends to the free-space wavenumber.

The phase velocity and the group velocity are plotted in Figure [5.4b; both are computed
numerically, using the real part of the wavenumber of Equation . It can be seen that
at the lower pass band, both velocities start at low frequencies from a value ¢, defined in
Equation , which is smaller than ¢y, hence the ‘slow wave’, and they decrease as they
approach the resonance frequency of the Helmholtz Resonators, fi. At a frequency slightly less
than f1, where the real part of the wavenumber reaches its maximum, as can be seen in the
detail in Figure [5.4h, the phase velocity reaches a minimum value, whereas the group velocity

shifts from almost zero to plus infinity and then to minus infinity.
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Figure 5.4. (a) Real and imaginary parts of the wavenumber and (b) phase and group velocities, plotted
against frequency, for an array of identical Helmholtz Resonators. The marked frequencies are f1 = wi/27 and
f2 = w2/27. The dashed coloured lines in (a) correspond to the real and imaginary parts of the wavenumber
calculated from the eigenvalues of the Transfer Matrix. The detail in (a) shows that the maximum of the real
part of the wavenumber occurs at a frequency slightly lower than the resonance frequency.

In the stop band, the phase velocity increases to very large values, much larger than the
speed of sound in air, which corresponds to the wave almost halting, as is explained in [4§],
although the wave is heavily attenuated in this band. The group velocity transitions from minus
infinity to a negative value of very small absolute value right above the mentioned singularity,
and then decreases to absolutely very large negative values. It reaches another singularity at
a frequency before cut-on, and then decreases to a small value at the cut-on frequency, fo. In
the upper pass band, the phase and group velocities approach the speed of sound in free space
with increasing frequency, from higher and from lower values, respectively. The negative group
velocity in a great part of the stop band is indicative of strong dispersion. In such a case, where

strong dispersion and attenuation are present, the group velocity cannot be regarded as the
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speed of energy propagation [83].

5.3.3 System impedances and reflection simulations

The moduli of the various system impedances are plotted in Figure [5.5h, including the
characteristic impedance given by Equation , for the geometrical parameters listed in
Section [5.3.2l Approximate equivalent circuits for the three bands and at the cut-off and
cut-on frequencies are shown in Figure 5.5b. These circuits are derived from the one shown in
Figure [5.3p, by keeping only the dominant lumped circuit elements of the shunt impedance, Zs,
at different frequencies. In the two pass bands, propagation is supported by the balance between
the inertive series impedance and the compliant shunt impedance, whereas, in the stop band,
the shunt impedance is inertance dominated, so that both the series and shunt impedances are

inertive, thus giving rise to a decaying evanescent wave.

r T T T T T T T
H— 12| — |21yl — Rn —-- 1|2 ,
| — 1Ze,] — |2, |Zy| == |Z] i

Modulus of impedances (kg-s™>-m™)

Frequency (Hz)

(a)

0 Pass band f, Stop band f, Pass band f

\4

Ru

(b)
Figure 5.5. (a) System impedances of an array of identical Helmholtz Resonators plotted against frequency. Z»

is the shunt impedance, that is, the parallel combination of Z¢, and Zg. (b) Approximate equivalent circuits
of an element of the system at the different frequency bands and at frequencies fi1 and fs.
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5.3. Behaviour of an array of identical Helmholtz Resonators

At the frequency of resonance of the Helmholtz Resonators, fi, the impedance of the
Helmholtz Resonators becomes purely resistive, while the compliant impedance of the duct,
Zc,,, is very large, so that it can be neglected. At the cut-on frequency, f, the Helmholtz
Resonator is inertance dominated, but the duct compliant impedance is of similar magnitude
at this frequency, leading to an anti-resonance for the characteristic impedance. It should also
be noted that the characteristic impedance starts from Z;, given in Equation , at low

frequencies, and tends to Zy at high frequencies.
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Figure 5.6. (a) Schematic of the tube with the array of Helmholtz Resonators as a Transmission Line with
characteristic impedance Z. connected to a uniform tube of the same dimensions as the main duct, with a
characteristic impedance Zy; the reflection coefficient, R, is also shown. (b) Real and imaginary parts of the
characteristic impedance Z.. (c¢) Modulus of the reflection coefficient, with the input uniform duct having a
characteristic impedance of either Zy or Zj,.

If the duct with the Helmholtz Resonators is connected to a semi-infinite uniform tube
with characteristic impedance Zg ;p, as represented by Transmission Lines in Figure , the
reflection coefficient due to the mismatch of the characteristic impedances can be calculated

by [56]
. Zc - ZO,in

R=——".
Ze + Zo,in

(5.40)

Two different cases are considered. In the first case, the input duct has the same dimensions as
the main duct of the system with Helmholtz resonators, so that Zg ;, = Zp. In the second case,
the input duct has a cross sectional area of Sp ;, = w2Sp/wi, so that Zy;, = Zp, where Zj, is
the low-frequency limit of the characteristic impedance of Z., given in Equation , so that

the system with Helmholtz Resonators forms a matched load at low frequencies.
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The real and imaginary parts of the characteristic impedance of the system of the duct with
the array of Helmholtz Resonators is shown in Figure and the modulus of the reflection
coefficient is shown in Figure 5.6k, for the two different characteristic impedances for the input
duct. At low frequencies, the characteristic impedance of the array of Helmholtz Resonators
is approximately Z. ~ Z, = Zywi/wa, so that in the case where Zy;, = Zy, the reflection
coefficient calculated with Equation becomes R ~ (w) —ws2) /(w1 +w2) ~ —0.61. However,
if the input duct with Zy;, = Z; is used, no reflection occurs at the low frequency limit. In
the stop band, the characteristic impedance of the system is mainly reactive, as can be seen in
Figure [5.6b, and therefore there is large impedance mismatch with the uniform input line, so
that the modulus of the reflection coefficient is close to one for either of the considered input
ducts. In the second pass band, the characteristic impedance is again mainly resistive and tends
to Zp as frequency increases. In the case where Zg;, = Zy, the reflection coefficient tends to
zero at higher frequencies, whereas in the case where Zg;, = Zj, the reflection coefficient tends

to R~ (w2 —w1)/(w1 +w2) ~ 0.61.

5.3.4 Considerations on the accuracy of the model

The Transmission Line model is applicable under the initial assumption that the various
dimensions of an element are much smaller than the free-space wavelength, so that the
corresponding acoustic components may be approximated by lumped parameters. The ratios
of the example dimensions of an element used in Section [5.3.2] over the free-space wavelength
are plotted in Figure It can be seen that over the whole of the frequency range considered,
the element length, the neck length and the duct radius are much smaller than the free-space
wavelength. It can also be concluded that only the fundamental mode can propagate in the
main duct, since the first higher-order mode can only propagate for rp/A\g > 0.293 [57]. For
the geometrical parameters used, the greatest dimension of the square cuboid cavity, taken to
be w, = m , appears to become quite large at higher frequencies, which implies that the
lumped-parameter approximation for the cavity is expected to deteriorate at higher frequencies.
However, for the current analysis, which aims at presenting the general characteristics and
behaviour of the considered system, the lumped-parameter approximation for the cavity seems
adequate.

For a discrete system to approximate a continuous waveguide with accuracy, a minimum
number of elements per wavelength along the direction of propagation has to be used; a minimum
of six elements per wavelength is often applied, as for example in Finite Element Analysis [40].
In the system of a duct with an array of Helmholtz Resonators, this condition has to be satisfied

by the minimum wavelength. Combining Equations (5.39) and (5.34)), the ratio of the minimum
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Figure 5.7. Ratios of the dimensions of an element over the wavelength, for an array of identical Helmholtz
Resonators. The coloured solid lines correspond to ratios over the wavelength in free space, Ao, and the
dash-dotted grey line corresponds to the ratio of the element length over the system wavelength, that is, the
wavelength of the ‘slow wave’ propagating along the system. The length w. corresponds to the two dimensions
of an assumed square cuboid cavity with length Ip, so that its volume is given by Vi = lpw?.

wavelength to the element length can be written as

Amin 20
= 2wy —. 5.41
I Vo (5.41)

For the condition of at least six elements per wavelength to be satisfied, the ratio of

Equation can be conveniently set to A\pin/lp > 2m > 6, so that the inertance ratio
has to be u > @/2. For the assumed values used above, then @ = 15 and = 8 > /2, so that
the resolution condition Apin/Ilp > 6 is satisfied.

The ratio of the element length to the system wavelength, {p /], is also plotted in Figure
against frequency, where the system wavelength is calculated from Equation (5.37)) using
Equation . It can be seen that the ratio of the element length to the minimum wavelength,
occurring at f1, is slightly above 1/6, even though according to the preceding analysis using
Equation , it would be expected to be smaller that 1/6. This discrepancy can be attributed
to the use of the mentioned approximations applied in Equations and , and,
therefore, in Equation , and also to the fact that Equation calculates the minimum
wavelength based on the value of the real part of the wavenumber at the resonance frequency,
although it can be seen from the detail in Figure that the maximum real wavenumber

occurs at a slightly lower frequency than the resonance frequency.

5.4 Transfer Matrix method for calculating the response of a
system with a finite number of Helmholtz Resonators of

varying dimensions

In this section, the Transfer Matrix method will be used to calculate the response of a system

in which the dimensions of the Helmholtz Resonators vary along the length of the duct. In
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the most general form of the Transfer Matrix method, it is not necessary to assume that the
elements are small compared with the wavelength, thus providing a more general theory than
in Section A schematic of a system consisting of a main duct with N side branches of
Helmholtz Resonators of varying dimensions is shown in Figure One element of the system
consists of a duct segment and a Helmholtz Resonator. The system is driven by a semi-infinite
uniform duct of characteristic impedance Zj, and is terminated at an impedance Z.,qy. The
input end of the system is called the base and the output end is called the apex, by analogy
with the cochlea.

Apex
pc,n
Base +
__7='_I — | 1 : — I Il
| [ | i | [
Zo | ! | - | ! R
- T - 1 T - T T ¢
0 i | X
| | | | | | Htot
| | | Prn | |
Pin P2 Pn Pn+1 Pn Pend
din q2 an In+1 qn dend
Zin Z, Zn Znt1 Zy Zend

Figure 5.8. Schematic of a longitudinal cross section of a system consisting of a main duct with N side branches
of Helmholtz Resonators of varying dimensions. Each element of the system consists of a duct segment and a
Helmholtz Resonator. The system is connected to a semi-infinite waveguide of characteristic impedance Zy, and
terminates at an impedance Z.,q. The pressure in the main duct at the position of the n-th side branch, pg,n,
and the pressure at the top of the n-th cavity, p. », are shown. The base and the apex correspond to the input
and output ends, respectively.

0: 02 On On+1 an Qend
—_—— ) — — —>- — — —>
+ + + + + + A Zen
Zo P1 Tl P2 Pn Tn Pn+1 Pn TN Pend
Zin

Figure 5.9. Representation of the system of Figure where each element is represented by a two-port
network. The two-port network of the n-th element has a Transfer Matrix T,,, input variables p, and ¢, and
output variables p,+1 and gp11.

The system of Figurecan be analysed using Transfer Matrices [I]. An equivalent drawing
of the system of Figure is shown in Figure [5.9] where each element is represented as
a two-port network, where the Transfer Matrix of the n-th element is T,,. Therefore, the

pressure and volume velocity at the input of an element can be expressed with respect to the
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corresponding quantities at its output as [93]

Pn| _ Tin Tizn| |Pnt1 ’ (5.42)
In Torn To2m| |gn+1
which can be written compactly as
v = Tpviptt, (5.43)

where v, is the state vector of the n-th element. The N-th element can be expressed with

respect to the state variables at the termination as
vN = TNVend, (544)

where Veng = [Pend qend]T. By iteratively substituting the lower-order vector by its relation with
the vector of the next element using Equation (5.43]), the first state vector can be expressed
with respect to the last one as

V] = TVend, (5.45)

where

T=TT,...Ty_1Ty (5.46)

is the total Transfer Matrix. Equation (5.45) can be written in expanded form as

Din
din
If two of the quantities pin, Gin, Pend and geng are known, the other two can be calculated

from Equation (5.47)), provided that the elements of the total Transfer Matrix are known, or,
equivalently, provided that the elements of each of the Transfer Matrices of Equation ([5.42)) are

T Tho
To1r Too

Gend

P e”d] . (5.47)

known. If the input volume velocity, ¢;,, is known, and the termination impedance, Z,q, is

also known, which is given by

Zend = pend, (548)

Gend

the other three state variables, that is, pin, Pend and g@end, can still be found by solving the
system of the three equations formed by Equations (5.47) and (5.48) combined. The input

impedance of the system can then be calculated by

Zin = Lin. (5.49)

Qin
The pressure and volume velocity at the input of each element can be calculated once pe,q and
Gend are found, by iteratively applying Equation (5.42]) starting from the last element. The

Transfer Matrix method presented here reduces to the Transfer Function method presented in
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Chapter [3] if only the impedance, or, equivalently, the admittance, is sought for, whereas the

pressure and volume velocity within the waveguide are not required.

5.4.1 Transmission Matrices

The Transfer Matrix relating the state variables at the two sides of the n-th element can be
expressed as a product of Transmission Matrices, accounting for wave propagation through the

n-th duct segment and for the effect of the Helmholtz Resonator side branch as [93]
Tn = ThinTanThdn, (5.50)

where T}q,, is the Transmission Matrix of half the duct segment of the element and Ty, is
the Transfer Matrix for the Helmholtz Resonator. The Transmission Matrix for half the duct

segment of the n-th element is written as [93]

cos k°l2D‘" iZy sin kOIZD’"
1 Sin 0'D,n oS 0'D,n
Zo 2 2
and the Transfer Matrix of the side branch is expressed as [93]
1 0
T = : (5.52)
? 1 1
Z
H,n

where Zp,, is the impedance of the n-th Helmholtz Resonator.
The Transmission Matrix method can also be used for the calculation of the impedance of
the Helmholtz Resonator, Zp ,. The Transmission Matrices for the neck, the end corrections

and the cavity are given, respectively, by [04]

cos kgl iz sin kgl
Tneck,n _ i .H a,n neck,0 Hlan 7 (553)
Tneorg SI1 krlan coskplan
1 iZ sin kgl
Tcor,n _ neck,0 Hlcor (554)
0 1
and
cos kenh iz sin k., h
Tc(w,n _ . ‘c,n H c,0,n c,n!H (5'55)
ﬁ sin ke phi coskenhm

where kp is the wavenumber of the necks, [, , is the actual length of the neck of the n-th
element, k., and hp, are the wavenumber and the height, respectively, of the cavity of the
n-th element, [.,- is the total end correction length, Z,.. o is the characteristic impedance of

the necks, and Z,(,, is the characteristic impedance of the n-th cavity. The wavenumber and
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characteristic impedance of the neck are the same for all elements due to the necks having the
same cross section.
The state vector at the input of the Helmholtz Resonator is related to the state vector at

the top of the resonator by [94]

VHn = Tneck,nTcor,nTcav,nVc,na (556)

]T are the state vectors at the input and at

where VHn = [pH,n QH,n]T and Ven = [pc,n den
the top of the Helmholtz Resonator, respectively. Considering that the volume velocity at the

top of the cavity, g.n, is zero, and that the impedance of the Helmholtz Resonator is given by

ZHn = DHn/qHn, yields [94]

Znec . .
7 . Ccos kHla,n COs kc,nhH,n - ﬁ sin kc,nhH,n (kchor COs kHla,n + sin kHla,n)
Hn = —1 N — N . .
- L sinkplyncoskenhign — % sin kenhirn (Kerleor sinkgrlan — cosklap)
neck,0 ’ ’ ’ c,0,n ’ ’ ’ ’

(5.57)
The pressure in the main duct at the position of the side branches, that is, half way through
the element length, can be calculated by

Pan = Than(l, 1)pns1 + Trhan(1,2)gn1, (5.58)

where Tjg,(1,1) and Tjq,(1,2) denote the element on the first row and first column and the
element on the first row and second column, respectively, of each matrix. The pressure at the

top of the cavity can be calculated from Equation (5.56) with ¢, = 0, giving

DPen = PH.n . (5.59)

Z ) .
cos kpplan €os kenhpn — Z<2 sinkenhipn (Krleor oS kplan + sinkglan)

c,0,n

A more accurate loss model compared to that presented in Section [5.2| can be used, according
to which the complex wavenumbers and characteristic impedances in Equation (5.57)) are given,
respectively, by [92]

k; = ko Hf(”?/%) (5.60)
and _ _
Z; = Z 1+f<1—7\/_ﬁ1> : (5.61)

where 8 = (1 —i)/v/2, s = r/§, where r is the radius of the corresponding tube and & is the
boundary layer thickness, given by Equation (5.4]), and the subscript j can be either H or ¢,n
for the wavenumber and either neck, 0 or ¢, 0, n for the characteristic impedance, corresponding

to the neck and the cavity, respectively. For necks and cavities, or ducts in general, whose cross
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section is not circular, the equivalent hydraulic radius is used for r, defined as [4§]

29
Thyd = 5 (5.62)

cs

where S.s and P.s; are the area and the perimeter of the cross section, respectively. For the
special case of a duct of square cross section of side w, it follows that 74,4 = w/2.

The form of the Helmholtz Resonator impedance of Equation (5.57)), using the complex

wavenumber and complex characteristic impedance of Equations (5.60) and (5.61)), respectively,

accounts for losses both at the neck and at the cavity. Losses in the duct can be included by
substituting the free-space wavenumber and the characteristic impedance in Equation by
those given by Equations and using the hydraulic radius of the duct. It should be
noted that Equation only accounts for wave propagation in the direction perpendicular to
the cross section of the neck, that is, along the height of the cavity. Therefore, it is assumed that
the pressure is uniform along the other two directions in the cavity, so that possible pressure
fluctuations in these directions are not accounted for.

Instead of Equation , more accurate formulas for the end corrections of the neck can
be used, where the end correction from the neck to the cavity and from the neck to the main

duct are calculated, respectively, by [02]

a a 3
leor.c = 0.82 {1 ~1.35=+0.31 (7) } a (5.63)
and 4
2 3
leor,a = 0.82 {1 —0.235-- — 1.32 (3) +1.54 (3) —0.86 (3) } a, (5.64)
rd Td rd Td

where r. and r4 are the hydraulic radii of the cavity and the duct, respectively, and a is the
neck radius.
5.4.2 Lumped-parameter approximation

If the dimensions of the duct are much smaller than the wavelength, which holds at lower
frequencies, a lumped-parameter approximation can be applied, leading to the equivalent circuit

shown in Figure The elements of the n-th Transfer Matrix of Equation ([5.42)) can then

be calculated by solving the circuit shown in Figure [5.10} and are written as

(e z) e ()|
Tin=—-—+ |1+ ) |14+ Zsn| =— +
tn Zb,n Zb,n “n Zb,n ZH,n
1 1
Tion =2 24+ 7 —_—
12,n a,n { + a,n (Zb,n + ZH,n>:|

2 1 Zan ( 1 1 )
Torp = — + + 2 -
2hn Zb,n ZH,n Zb,n Zb,n ZHn

)

(5.65)
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where

Lon , _ 1
y Lbn — 7 Cbhn

Lan = iw

)

(5.66)

are the series and shunt impedances due to the inertance and compliance of half the n-th duct
segment, respectively, and Zp ,, is the n-th Helmholtz Resonator impedance. The pressure in

the duct at the input of the Helmholtz Resonator is given by

PHn = Pn — Za,nQn' (567)

Losses in the duct can be included by introducing an acoustic resistance in series with the

half-duct inertances Lp/2 shown in Figure given by

Rp apcolp
2 T a5 (5.68)
where the loss coefficient is given by Equation (5.7]), where the equivalent hydraulic radius for

the duct is used.

Figure 5.10. Circuit representation of an element of the Transmission Line. The pressures at the input of the
element, p,, at the output of the element, p,+1, at the input of the Helmholtz Resonator, pg ., and at the input
of the cavity, pe,n, after the neck of the resonator, are shown. The volume velocity at the input of the element,
gn, and at the output of the element, g,41, are also shown. The branch of the Helmholtz Resonator is situated
between two halves of the duct segment of the element. The volume velocity through the Helmholtz Resonator
branch, ¢g,», and the volume velocities before and after it, ga,n and ¢y, respectively, are also shown.

The pressure in the cavity after the neck, that is, at the bottom of the cavity, can be

calculated as that of a voltage divider, giving

—DPHn, (569)

where Zc¢y, ,, is given in Equation and pp, is given by Equation . In practical
terms, however, it is usually easier to measure the pressure by inserting a small microphone at
the top of the cavity, where the pressure is also expected to have a maximum, due to the rigid
boundary condition there. If phase change across the height of the cavity is taken into account

and the rigid boundary condition at the top of the cavity is applied, the pressure at the top of
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the n-th cavity can be calculated by

Pcn = Pén COS kc,nhH,n - iZc,O,an,n sin kc,nhH,n7 (570)

where k., and Z.o, are the wavenumber and characteristic impedance of the n-th cavity,
calculated with Equations and , respectively, and the volume velocity through the
Helmholtz Resonator is calculated by g, = ga,n — @b,n, according to the circuit of Figure
where the volume velocities at the two sides of the resonator are also calculated from the circuit.

For the lumped-parameter approximation, that is, for k.,hg,, < 1 Equation (5.70) becomes

Pen = Pén — iZc,O,nQH,nk'c,nhH,m (5'71)

which can be further simplified to
Pen = Pén (572)

if the second term on the right side of Equation is assumed to be much smaller than
the first one. The approximate Equation implies that the pressure inside the cavities is
uniform, that is, no pressure change occurs along the height of the cavity. Simulations showed
that the pressure at the top of the cavity calculated with Equation only slightly diverges

from the pressure at the bottom of the cavity, and only at high frequencies.

5.4.3 Wavenumber and effective length

An equivalent wavenumber, k, can be calculated for the system, if it is assumed that the
forward-travelling pressure and volume velocity change from the input end of the n-th element
to its output, both of which are in the main duct, by a factor of i, = exp(—ik, Az, ), and the
respective backward-travelling components by a factor of ¢, ! = exp(ik,Ax,), where Az, =
Tpy1 — Ty for the n-th element. This assumption is equivalent to the factors v, and v, ! being
the eigenvalues of the n-th Transfer Matrix given in Equation , as explained in [73].

The wavenumber for the forward-travelling wave at the n-th element can be calculated as

Iy,

kn = ;
' Az,

(5.73)

where for each element, the appropriate eigenvalue is used, so that the real part of the
wavenumber is positive and the imaginary part is negative, to account for forward propagation
and forward attenuation of the wave in the duct, respectively. The calculation of the equivalent
wavenumber of Equation only uses the values of the pressure and volume velocity at the
two ends of the element in the main duct; it does not explicitly use the pressure in the cavities,
which, however, is implicitly included in the corresponding Transfer Matrix of Equation .

The phase and group velocities at the n-th element can be calculated from the wavenumber by

138



5.4. Transfer Matriz method for calculating the response of a system with a finite number of
Helmholtz Resonators of varying dimensions

cphn = w/Re{k,} and cgpp, = dw/d(Re{k,}), respectively, and the local equivalent wavelength
by An = 27 /Re{k,}.

An effective length for the system, not be confused with the effective length of the necks of
the Helmholtz Resonators, can be defined with respect to a system consisting of a main duct
with an array of Helmholtz-Resonator side branches whose properties are the same as those of
the basal element of the considered system. This effective length is equal to the length of a
system with elements identical to the basal element, in which it takes the same time for a wave
pulse to travel to its end as it takes for a wave pulse to travel from the input to the position
of minimum group velocity in a system with varying Helmholtz Resonators. Therefore, this
definition of the effective length is similar to the one given for the cochlea, with the difference
that here the system is discretised to a relatively small number of elements, whereas the cochlea

was modelled as a continuous system. The effective length is thus given by

m l n
leff = Cor1 D (5.74)
n=1 97

Corm’

where cg4,1 is the group velocity of a system whose elements are identical to the basal element,
calculated by cgr1 = dw/dk;, where ki is given by Equation (5.73]) for n = 1. A normalised
effective length can be defined with respect to the length up to the position of minimum group

velocity as

Lo
L = 77, (5.75)

m
where [, is the length of the system up to and including the element of minimum group velocity,
given by
m
Im =Y o (5.76)
n=1

5.4.4 Reflection, transmission and absorption coefficients

The system consisting of a main duct with an array of Helmholtz Resonators is depicted in
Figure where the pressure and the volume velocity at the input and output boundaries
of the system are also shown, along with the reflection, R, transmission, 7', and absorption,
A, coefficients. The system terminates at a semi-infinite waveguide of characteristic impedance
Zend, S0 that there is no reflected wave beyond the termination at & = lot.

The reflection coefficient of the system can be calculated by the mismatch of the input

impedance with the characteristic impedance of the input uniform tube as [48]

Zin — Zo

R=—"—+,
Zin + 2o

(5.77)

where the input impedance, Z;,, is given by Equation (5.49)). Alternatively, the reflection
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_ A
Pin = pi—; + Pin Pend = pg;ld
1 +
— + — Pend
qin = Z_O (pm - pin) Qend = Z::d

Figure 5.11. Schematic of a waveguide with an array of varying Helmholtz Resonators. The waveguide is
terminated by a waveguide of characteristic impedance Z.,q. The pressure, pi,, and volume velocity, gin, at the
input, and the respective quantities, pend and gend, at the output of the system are shown, as well as the reflection
coefficient, R, transmission coefficient, 7', and absorption coefficient, A. The incident and reflected pressure
components at the input are also shown separately above and below the reflection coefficient, respectively, and
the pressure at the output is also shown next to the transmission coefficient.

coefficient can be calculated using its definition as
pA_

R==", (5.78)
Pin

where pjn is the incident pressure wave at the input boundary, = 0, and p;,, is the reflected

wave at x = 0. The total pressure and volume velocity at x = 0 are given, respectively, by

1

Pin = D3, + Piy and gin = 7 (pih, — i) - (5.79)

By manipulating the two equations of Equation (5.47)), also using Equations (5.78)) and (5.79)),

the reflection coefficient can be written as

T: Z
Ti + -2 — ZoTo1 — ——Thy
Zend Zend
R= L . (5.80)
T+ — 4+ Zodo1 + 15
Zend Zend

The transmission coefficient is defined as the ratio of the transmitted wave beyond the end

of the waveguide to the incident wave at the input,

p+
T= ;ﬁd, (5.81)
wm

where p:n 4 is the transmitted pressure at the output, which coincides with the total pressure
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there in the absence of reflections from the semi-infinite termination. The pressure and volume

velocity at x = l;¢ are given by

1
Pend = p:nd and gepg = Tp:nd- (582)
end
Combining Equations ((5.47)), (5.81]) and (5.82)) yields
2
T = . (5.83)
T Z
T+ =2 + ZoToy + —2=Thy
end end

The power absorption coefficient, or, simply, the absorption coefficient, is the ratio of the

power absorbed within the waveguide to the incident power, so that it can be calculated by
A=1-R, 1T, (5.84)

where R, and T}, are the power reflection coefficient and the power transmission coefficient,
defined as the ratios of the reflected and the transmitted power, respectively, to the incident
power, given by [48)]

R, =|R)? (5.85)

and
Zo

Z end

T, = |T|?. (5.86)

The absorption coefficient can thus be written with respect to the amplitude reflection and

transmission coefficients, given by Equations (5.80) and (5.83)), as

Z
A=1—|R]? - T:\TyQ. (5.87)

Een

Two special cases for the termination of the waveguide are considered. First, the system is
considered to be terminated by a semi-infinite continuation of the main duct, or, equivalently,
by a load matched with the characteristic impedance of the main duct, so that Z.,q = Zy. The

transmission coefficient is then given by

2

T = , (5.88)

T
T+ 2 + ZoT51 + Tho
Zo
and the reflection coefficient by

T:
T + % — ZoTo1 — T
R= TO . (5.89)
111 + Z—m + ZoTo1 + T
0
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The absorption coefficient, accordingly, takes the form
A=1—|R? - T (5.90)

The second case involves a rigid termination, where Z.,; — oo. The amplitude transmission
coefficient defined by Equation and calculated by Equation only gives the amplitude
ratio of the transmitted pressure to the incident one. The transmitted volume velocity, however,
given by the second of Equations , is zero in this case, so that no power is transmitted
beyond the rigid termination, as can also be seen from Equation for Zepg — 00
thus the amplitude transmission coefficient can be neglected. The absorption coefficient of
Equation , which represents the ratio of absorbed power to the incident power, takes the
form

A=1-|R)? (5.91)

and the reflection coefficient of Equation (5.80)) becomes

T
Till — Zo
R= 7% : (5.92)
Tu + Zo
T

For geng = 0 due to the rigid termination, it can be deduced from Equation (5.47)) that Th1 /721 =
Zin, so that Equation (5.92) coincides with Equation (5.77)).

5.5 Analysis of previously designed ‘rainbow’ sensors

The responses of two systems from the literature are discussed in this section, calculated
with the Transfer Matrix method. Both systems consist of a main duct with a number of
Helmholtz-Resonator side branches of varying geometrical properties. The main difference
between the two systems is that in the first one, presented in [I] and shown in Figure [5.1pb, the
main duct has different geometrical properties for the different elements, while in the second one,
presented in [2] and shown in Figure , the main duct has constant cross section throughout

the system.

5.5.1 Model of Jimenez et al. [1]

The system shown in Figure was designed and experimentally tested in [I]. The system
comprises a 10x3 array of a unit cell along the direction of its width and height, respectively.
The unit cell consists of a main duct of varying height with a series of N = 9 side branches of
Helmholtz Resonators of varying dimensions, as shown in Figure [5.12b. The dimensions of the
geometrical features of the system are optimised by an iterative procedure in order to maximise

its absorption, described in [I], with the additional restriction of rounding the dimensions to
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precision 0.1 mm, due to the limitations of the additive manufacturing equipment used. It
should be noted that the side of the square cross section of the necks is about 1 mm for all the

resonators.

], > n=N

| cn

Figure 5.12. (a) Photograph of the system with Helmholtz Resonators experimentally tested in [I], whose unit
cell of length L, consisting of a main duct and nine Helmholtz Resonators, is periodically repeated ten times
along the direction of its width and three times along the direction of its height. The width of the main duct
of the n-th element, wq, the width of the n-th resonator cavity, we,», and the width of the unit cell, wy., are
also shown. The image is taken from Figure 5a in [I]; the widths have been added to the image. (b) Schematic
of a cross section along the length, L, of a unit cell of the system shown in (a). The direction of incidence is
noted, along with the reflection, transmission and absorption coefficients. The height of the main duct of the
n-th element, hq,n, and of the last element, hq, n, the height of the n-th resonator cavity, hc,n, the height of the
unit cell, d, the length of the main duct of the n-th element, l4 ,, the length of the n-th resonator cavity, I n, the
thickness of the n-th neck, h,, and the width of the square cross section of the n-th neck, w,, are also shown.
The schematic is based on Figures 6 and 1d in [I]. The article [I] is published in open access under a Creative
Commons Attribution 4.0 International License, |https://creativecommons.org/licenses/by/4.0/

In [I], the wavenumbers and characteristic impedances for the calculation of the Helmholtz

Resonator impedance, given by Equation (5.57)), and for the Transmission Matrix of the duct,
given by Equation ([5.51)), are calculated by [1]

ki =w |2 (5.93)

kj

and
——
z; = VPl (5.94)
b1bo

respectively, where b; and by are the two sides of the rectangular cross section, the subscript j
can be substituted by appropriate subscripts for the neck, the cavity or the main duct, and the

corresponding complex densities and bulk moduli are given by [95]

-1
. nb?b2 2 & { ( 1wﬂ—1
P =P |2 mgo Xt \ X+ U + ; (5.95)
e diwpPr(y > iwpPr\1 ! -
ff»j:no[v WZZ[%%(%W% )] ] . (596)
=0 m=0
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respectively, where kg = v Pam is the lossless bulk modulus, where P, is the atmospheric
pressure, and the constants x and 1 in the infinite sum are given by (I+0.5)/b; and (m+0.5)/ba,
respectively. The values for the different parameters used in [I] are p = 1.213 kg-m =3, Pr=0.71,
v = 1.4, Py = 101325 Pa and 7 = 1.839 - 107 kg-m~'-s~ 1.

Apart from the end corrections for the neck, calculated with Equations and ,

additional end corrections for the radiation between waveguide segments are used, calculated

by []

3
leordn = 0.82 |1 — 1.35—%" 1 (.31 ( Tdn ) ] Fdn. (5.97)
Tdn—1 Tdn—1
The corresponding radiation impedance is given by [I]
l
Zradp = iwp-c20dm (5.98)

(bnSd,n7

where ¢, = 74 p—1/rdn, where rq,, is the hydraulic radius of the n-th duct segment, defined by
Equation , and Sq, = hgnway is the cross-sectional area of the n-th duct segment. For
the end correction of the first duct segment, 74 is the hydraulic radius of the unit cell. For the
radiation from the array of unit cells to free space, an end correction due to a periodic array of

slits is used [1],

S
sin”(mmo)
leor.d,N+1 = ohg N — (5.99)
m2:21 (mmo)?
where o = hg v /d. The corresponding radiation impedance is written as [1]
oo
Zrad N+1 = iwp-2bN (5.100)
¢ So
where ¢n = d/hgn and where Sy = wy.d is the cross-sectional area of the unit cell.
The n-th Transfer Matrix is written as
Tn = Thd,nTH,nThd,nTrad,n+17 (5101)
where
k}d nld n . 3 kd nld n
cos =t 124 p sin ~50
2 n 2
Than=| . ¢ 1, _— : (5.102)
Z;,n sin ~=5en cos —~gen

where kg, and Zg,, are calculated with Equations (5.93) and (5.94)) for the corresponding duct

segments,

1
ZH,n

i
Ty, = : (5.103)

where Zp 5, is calculated with Equation (5.57) with the appropriate wavenumbers, characteristic

impedances and correction lengths presented in this section, and the Transmission Matrix due
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to radiation is given by [1]

1 Z
Trad,n = radn . (5104)
0 1
The total Transfer Matrix is given by
T=T,441T1Ty... TnNn_1Tn. (5.105)

The reflection, transmission and absorption coefficients are calculated with Equations ([5.89)),
(5.88) and (5.90) where Zy = pco/So.
The absorption coefficient is plotted in Figure [5.13] calculated with two different loss

models, along with the absorption coefficient measured experimentally, the latter taken from [IJ.
Loss model 1 in the figure corresponds to using the complex wavenumbers and characteristic
impedances calculated with Equations and , using the complex density and complex
bulk modulus of Equations and , whereas loss model 2 corresponds to using
the complex wavenumbers and characteristic impedances calculated with Equations

and (5.61).

0.8f

0.6

041 —— experiment [46]
—— loss model 1
—— loss model 2

----- simulations [46]

02l

0.2 0.4 0.6 08 1 12
Frequency (kHz)

Figure 5.13. Absorption coefficient with two different loss models compared with that experimentally measured
in [1]. Loss model 1 corresponds to using the complex density and bulk modulus of Equatio a for
the calucaltion of the wavenumber and the characteristic impedance, given by Equations (5.93)) and (5.94]), while
loss model 2 corresponds to calculating the wavenumber and characteristic impedance with Equations (5.60)
and . The experimental results have been taken from Figure 5b in [I]. The dotted line corresponds to the
absorption coefficient calculated with loss model 1, taken form Figure 5b in [I], although it does not coincide with
the correponding solid line, produced with the analysis presented here. The article [1] is published in open access
under a Creative Commons Attribution 4.0 International License, https://creativecommons.org/licenses/by/4.0/.

The absorption coefficient with loss model 1, as implemented in [I], is also plotted as a
dotted line in Figure taken from Figure 5b in that article. It should be noted that in the
formulas of [I] given in this section for the calculation of the losses and for the end corrections,
a number of unclear points have been identified, especially regarding the specific dimensions
used in different formulas. In the formulas given above, the hydraulic radii have been used in
cases where the exact dimensions used are not clarified in [I]. It can be seen that the results
taken from [I], plotted as a dotted blue line in Figure do not exactly coincide with those

produced here, plotted as a solid blue line in the figure, which may be attributed to differences
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in the exact dimensions used for the end corrections.

A comparison of the results from simulations with the ones from the experiment plotted
in Figure illustrates that loss model 1, either as implemented here or in [I], produces
considerably greater fluctuations in the frequency band of high absorption. Loss model 2, on
the other hand, matches well with the experiment in most of this band. Therefore, in the

following analysis of this chapter, loss model 2 is mainly used.

30 T T T T T T T 30
20t 20t
= =
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— 10t — 10t
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20— -20 : : L
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dotted: duct dotted: duct
og— 0.8 : : S
1 2 3 4 5 6 7 8 9 0.2 0.4 0.6 08 1 12
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Figure 5.14. (a) Modulus and (c) phase of the pressure at the top of the cavities (solid lines) and in the main
duct at the positions of the side branches (dotted lines) plotted against the number of element, n, at the eight
frequencies of peak response in the cavities. The solid line that peaks at the first element in (a) corresponds
to the highest frequency of peak response in the cavities in (b), and the solid lines that peak at progressively
further elements correspond to sequentially lower peak frequencies in the cavities. (b) Modulus and (d) phase
of the pressure at the top of the cavities (solid lines) and in the main duct at the positions of the side branches
(dotted lines) plotted against frequency, for the nine different elements. The solid line that peaks at the lowest
frequency, around 280 Hz, corresponds to the penultimate element, and the solid lines that peak at progressively
higher frequencies correspond to sequentially preceding elements. The solid line of consistently low response,
below 0 dB, corresponds to the last element.

A set of plots for the modulus and the phase of the pressure in the duct and at the top of the
cavities, calculated using the Transfer Matrix method with loss model 2, is given in Figure [5.14
where a constant pressure of 1 Pa at the input boundary is used as an input to the system.
The pressure at the top of the cavities is calculated with Equation and is plotted with
solid lines, and the pressure in the duct at the positions of the side branches is calculated with
Equation and is plotted with dotted lines. It can be seen in Figure that for a given

frequency the pressure in the cavities increases along the system, until it reaches a maximum
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at a given element, beyond which it decreases. The element of peak pressure depends on the
excitation frequency, with higher frequencies peaking at elements close to the input and lower
frequencies peaking at elements further along the system. The pressure in the duct slightly
increases up to the penultimate element.

A similar behaviour is observed in the frequency responses for the individual resonators
plotted in Figure [5.14b. The pressure in the cavities peaks at a different frequency for the
different elements, with the elements close to the input having peaks at higher frequencies and
the ones further on having peaks at lower frequencies. The pressure in the main duct peaks at
a frequency beyond the band of high absorption.

In the phase plots against the element number shown in Figure [5.14c, it can be seen that
the phase changes rapidly up to the element slightly further from the element of peak response,
beyond which it changes very slightly. Accordingly, in the phase plots against frequency shown
in Figure (.14, the phase changes rapidly up to a frequency slightly higher than the peak
frequency, beyond which it changes very slightly. In general, the phase shift in the cavities is
small, of the order of half a cycle. The phase shift in the main duct is very small.

The focusing of different frequency components at different elements and the corresponding
smooth frequency response of the different elements produces a tonotopic mapping similar to
that observed in the cochlea. Therefore, simulations imply that this system, apart from a
broadband absorber, may also be used as an acoustic ‘rainbow’ sensor, although this aspect of

its behaviour was not explored in [I].

5.5.2 Model of Zhao and Zhou [2]

A different system was proposed in [2], consisting of a main duct of constant cross section and
an array of Helmholtz-Resonator side branches, as shown in Figure [5.15h, where the coiling of
the main duct is not considered to affect the acoustic response of the system. Therefore, this
system is similar to the system shown in Figure Additionally, in the system of Figure [5.15h,
the element length is also constant, unlike the more general case presented in Figure |5.8, where
it is allowed to vary. The varying parameter of the elements is the height of the resonators,
which increases linearly along the system. The main duct is terminated at a rigid wall. The
determined dimensions of the system are given in [2], but it is interesting to note that the radius
of the neck was 0.7 mm for all the resonators.

The absorption coefficient and the modulus of the reflection coefficient are plotted against
frequency in Figure [5.15b. A band of approximately constant absorption with an absorption
coeflicient of about 0.95, and accordingly, of constant reflection with a reflection coefficient of
modulus around 0.2, can be seen between about 1.2 and 2.5 kHz. Outside these frequencies,
the modulus of the reflection coefficient and the absorption coefficient fluctuate with frequency,

although they present dips of low reflection and peaks of high absorption, respectively. Above
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Source
Location

Cylinder n+1 Cylinder n-1 s -
Cylinder n Frequency (kHz)
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Figure 5.15. (a) Three-dimensional schematic of the system presented in [2]. The image is taken from Figure 1d
in [2], which is published in open access under a Creative Commons Attribution 4.0 International License,
https://creativecommons.org/licenses/by/4.0/. (b) The calculated absorption and modulus of the reflection
coefficient plotted against frequency. (c¢) Modulus of the pressure at the top of the cavities plotted against the
number of element, n, for seven different frequencies. (d) Modulus of the pressure at the top of the cavities
plotted as a function of frequency, for six different elements; the natural frequencies are 4.12, 3.43, 3, 2, 2.48
and 1.66 kHz for the 5th, 8th, 11th, 17th, 27th and 40th element, respectively. An excitation volume velocity of
2.107% m3.s7! is used for all simulations.

2.5 kHz, these coefficients also fluctuate up to about 5 kHz, beyond which frequency a band of
high reflection is observed. At even higher frequencies, incident waves are again absorbed.

The modulus of the pressure at the top of the cavities is plotted against position for seven
different excitation frequencies in Figure [5.15¢. At the higher frequencies plotted, the pressure
increases up to an element close to the input, which is different for different frequencies, beyond
which it rapidly decays. Fluctuations are observed in the modulus of the pressure before the
peak, due to reflections. At 1.5 and 2 kHz, the pressure decays rapidly beyond a specific element,
without, however, forming a peak before that. At a frequency of 1 kHz, the wave travels all
the way to the end of the system, with fluctuations due to reflection and with its amplitude
gradually decreasing.

The modulus of the pressure at the top of the cavities is plotted against frequency for
six different elements in Figure [5.I50d. At lower frequencies, up to about 1.2 kHz, the pressure
modulus is seen to fluctuate with frequency. Beyond this frequency, the pressure for the elements

closer to the base, that is, with smaller n, increases up to a certain frequency, beyond which it

148


https://creativecommons.org/licenses/by/4.0/

5.6. Design of an acoustic ‘rainbow’ sensor with Helmholtz Resonators based on a discrete
model of the cochlea

rapidly decreases. Fluctuations are also observed in the frequency response close to the peak
frequency. For the elements closer to the apex, however, the pressure modulus does not form a
peak beyond the low-frequency band of fluctuating pressure modulus, only reaching a frequency
beyond which the pressure rapidly decays. This unevenness of the frequency response is also
shown in Figure 3 of [2], reproduced in Section [1.2| above.

In conclusion, the form of the frequency response does not appear to be suitable for an
acoustic ‘rainbow’ sensor, since the fluctuations near the peak of the frequency response may
compromise the efficiency of the respective elements as pass-band filters around the peak
frequency. Additionally, a large proportion of the elements towards the apex do not present a

frequency response peak.

5.6 Design of an acoustic ‘rainbow’ sensor with Helmholtz

Resonators based on a discrete model of the cochlea

The continuous cochlea can be analysed by a discrete elemental model, which, if only
one-dimensional fluid coupling and no longitudinal coupling are assumed, reduces to a
Transmission Line model. This is equivalent to the Finite Difference method used in
Section [4.3.2] [71]. Therefore, an acoustic system consisting of discrete elements could be
designed to reproduce the behaviour of the cochlea, using a Transmission Line model, provided
that a sufficiently large number of elements was used. Such systems that aim at imitating the
behaviour of the cochlea to a greater or lesser extent are often called ‘artificial cochleae’ [75].
The geometrical parameters of the elements should vary smoothly, so that adjacent elements
can be considered as approximating an array of identical elements. Thus, the analysis of an
array of identical Helmholtz Resonators in Section can be used on the assumption that
the parameters are only changing slowly. However, in the case of spatially varying elements,
the coupled characteristic impedance, given by Equation for the system with identical
resonators, also varies along the system. Therefore, to calculate the reflection coefficient with
Equation , the input impedance needs to be calculated, which can be achieved using
Transfer Matrices.

A system consisting of a main duct of constant cross section with Helmholtz-Resonator side
branches of varying geometrical properties is shown in Figure The aim of the following
analysis is to present a physically motivated design for the geometrical properties of the system,
so that it manifests the kind of tonotopic mapping present in the cochlea. Additionally, the
designed model aims at reproducing the smooth envelope of the coupled cochlear response,
both with respect to position and frequency, that is, without having any ripples, which results
from the absence of reflections within the cochlea at its normal functioning. In the following
analysis, the input position of the system will also be referred to as the base and the terminating

position as the apex, and elements in the respective sides will be referred to as basal and apical,
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in analogy with the cochlea.

Apex
2 Vy = wplphy
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Figure 5.16. Schematic of a longitudinal cross section along the mid-width plane of a square-cross-section duct
of side wp, with side branches consisting of Helmholtz Resonators with varying geometry. The neck radius,
a, and length, [, are shown, along with the cavity volume Vg. Each element of the system consists of a duct
segment of length /p and a Helmholtz Resonator. The length and width of each cavity are the same as those of
the corresponding duct segment, and the height of each cavity is denoted by hg. Formulas for the cross-sectional
area of the duct, Sp, and of the neck, S, are shown, as well as for the volume of the cavity. The left and right
ends of the system correspond to the base and the apex of the cochlea, respectively, as is also noted.

The design of the system by Zhao and Zhou presented in Section [5.5.2] was inspired by the
cochlea. In that system, however, only some general characteristics of the design were based on
the analogy with the cochlea, so that it failed to reproduce the smooth envelope of the coupled
cochlear response. Also, the geometry in the design of Jimenez et al, discussed in Section
was obtained with a numerical optimisation algorithm and so the physical insight into the
importance of the various dimensions was lacking. Although the original design of the system
presented below was carried out by the author’s supervisor, Stephen Elliott, the author further
elaborated on some design aspects. The simulations of the designed model and the discussion

are entirely the author’s work.

5.6.1 Distribution of elements

In the continuous cochlea, the tonotopic mapping of the natural frequency with position on the

basilar membrane can be approximated by [13]
fo = fpe™/, (5.106)

where fp is the natural frequency at the base and [ is an exponential decrease length. If
an equivalent discrete system with equally spaced elements is considered, then the natural

frequency of the n-th element is given by

faln) = fpe~(n= DA (5.107)

150



5.6. Design of an acoustic ‘rainbow’ sensor with Helmholtz Resonators based on a discrete
model of the cochlea

where A is the length of each element. The ratio of the natural frequencies of two consecutive

elements is given by
fa(n) — ap

fant1)

which is fixed for given A. It should be noted that a constant element length is only considered

(5.108)

in this section to estimate the distribution of elements per octave; the element length of the
designed system is actually varying.

To calculate the number of elements per octave, two elements are considered, where the
natural frequency of the more apical element is half that of the more basal element. Using

Equation (5.107)), the number of elements per octave is calculated as

1

fa(n2) = %fn(nl) = fge~(Mm2=DA/l _ 5 0.71

fBe_(nl_l)A/l = Noct =, (5109)

where Nyt = no — ny is the number of elements per octave. An estimate of an appropriate
number of elements per octave can be found by combining two requirements. First, the minimum
wavelength should be at least six times larger than the element length, which can conveniently
be defined as A = 27A. If the band gap is large, the minimum wavelength is given by
Equation , so that the element length can be written as

A= d\/g (5.110)

The second requirement is that the number of cycles of phase shift from the base to the
characteristic position should be approximately given by the phase-shift parameter introduced
n [65], defined as

l

N, = —, 111
1 (5.111)

which was also discussed in Chapter 4 and shown to be important in achieving the correct shape
of frequency response. Combining the result from Equation (5.109) with Equations (5.110)) and
(5.111)), and applying algebraic approximations, gives a relation for the number of elements per

octave for given N, and @) as

Noet = 2N/Q. (5.112)

It is thus clear that the choice of the damping in the resonators allows for a trade-off in the
design between good frequency selectivity, high @, and the number of elements required for
a given frequency range, low ). The attenuation per octave in the stop band can then be
calculated as

Attoey = e~ ANoet/d  o=28Ne (5.113)

where it has been assumed that the decay rate in the stop band is given by d, in accordance

with Equation (5.31]).
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5.6.2 Number of elements

The number of cycles of phase shift has been taken to be N, = 2.5, which is a good
approximation for the human cochlea, as can be seen for example in the phase plots
in [I3]. Therefore, the attenuation per octave, given by Equation , becomes
Attoey ~ 60 dB/octave. If it is assumed that an attenuation of 30 dB per octave in the

stop band is sufficient, then a band gap of at least half an octave should be used, that is,
22> 2, (5.114)
w1

which, in geometrical terms, implies that Vi > Splp, according to Equation .

The system is aimed at working in the standard telecommunications bandwidth of 300 Hz
to 3.4 kHz, which is about 3.5 octaves. Therefore, the basal and apical natural frequencies are
set to be fp = 3.4 kHz and f4 = 300 Hz, respectively. Assuming a neck radius of a = 0.5 mm,
the quality factor for the first and the last element can be calculated from Equation ,
giving Qp = 17.5 and @ 4 = 5.2 for the basal and apical element. The number of elements per
octave, calculated by Equation (5.112]) with the respective values for ) for the basal and apical
elements, takes approximately the values 21 and 11. On average, it can be assumed that around
15 elements per octave are required, so that for the 3.5 octaves of the considered bandwidth,

around 50 elements are required in total.

5.6.3 Design of the first element

For design convenience, a duct of square cross section is used, whose height and width, wp, is
equal to the width of the cavity. The length of each cavity is also assumed to coincide with the
length of the corresponding element, [p, as can be seen in Figure [5.16]in the three-dimensional
sketch of the first element. All the geometrical parameters of the Helmholtz Resonators vary for
each element, except for the neck radius, which has the value a = 0.5 mm for all the resonators,
so that the neck cross-sectional area is Sy = ma? = 0.257 - 1076 m? for all the resonators. For
the design of the system, the effective length of the neck, [z, which includes end corrections,
will be defined first, as this is primarily involved in the physical calculations, rather than the
actual neck length, [,. The latter will be defined from the former afterwards.

The effective neck length is assumed to be Iy = 2a = 1 mm for the first element. The
volume of the cavity can be calculated from Equation for this element, giving
_ S (2 ’

Vg = = ) ~2-107" m?, (5.115)
lgy \wp

where wp = 2nfp = 2m - 3.4 kHz is the resonance angular frequency of the basal Helmholtz
Resonator. The height of the cavity is set to vary according to hy = wpH, where H

is a non-dimensional parameter. The band gap is defined here for convenience, based on
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Equation (5.23)), as

= —=|14+ =
Gs w1 { + CD

= [1+H]Y?, (5.116)
where the subscript s denotes the stop band, and H = hy/wp = Vg /Vp = Cig/Cp, where
the volume of the cavity is given by Vg = Ipwphy = HlpSp, and Vp = IpSp = lDwQD is the
volume of the duct segment of the basal element. To keep the volume of the cavity as small as
possible relative to the volume of the duct of the same element, the smallest value required for
the band gap, as defined by Equation , is chosen, that is, G5 = v/2 in Equation .
Therefore, it follows from Equation that H = 1 and, therefore, Vg = Vp and hy = wp
for this first element.

In the analysis of the system with the identical resonators in Section [5.3] it was assumed
that the band gap is large. This assumption led to the specific forms for Equations ,
, and, consequently, for Equation (5.41)). Here the band gap has the value v/2, so
that the approximations applied for these equations are not necessarily justified. In particular,
the decay length, defined in , using Equations and , now takes the form
d=Ip \/m If it is assumed that Equation is still valid for G = v/2, the ratio of the

minimum wavelength to the element length is now given by

)\min
—on, |2 (5.117)

Ip Q

For this ratio to be equal to 27, the inertance ratio has to be equal to the quality factor, u = Q.
Using the relation Viy = Vp = [pSp and the definition of the inertance ratio in Equation ([5.33]),

the cross-sectional area of the duct is calculated as

Vi S
Sp = ,/% =52-107° m?, (5.118)
H

where Qp = 17.5, as mentioned in Section Therefore, the width of the square-cross-section
duct is wp = /Sp = 7.2 mm, and so is the height of the basal cavity, hyy = 7.2 mm. The

element length can then be calculated as Ip = Vg /Sp = 3.8 mm.

5.6.4 Design of the last element

The neck radius and, therefore, the neck cross-sectional area are kept constant for all elements.
The width of the duct is also constant for all elements and so it is the same as that calculated
above for the first element, wp = 7.2 mm. The quality factor for the apical element has already
been calculated in Section as Q4 = 5.2. If it assumed that the volume of the cavity of the
apical element is much larger than the volume of the respective duct segment, or, equivalently,
that H > 1, then it follows from Equation that the inertance ratio has to be p = Q4/2
for the ratio of the minimum wavelength over the element length to be 2.

Using the definition of the inertance ratio in Equation (5.33) and the requirement that
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1= Qa/2, the element length can be expressed as

o 2lgSp
SuQa’

Ip (5.119)

From Equation (5.10]), the neck effective length can be expressed as

SH (Co )2
= — . 12
lH HZDSD wA (5 O)

Substituting Equation (5.120]) into Equation (5.119)) and solving for Ip gives

Co 2
lp = — . 5.121
P AV HQA ( )

Assuming that H = 4, the height of the apical element takes the value hy = Hwp = 29 mm,
and the element length is calculated to be [p = 56 mm. The neck effective length is calculated
from Equation and is found to be [y = 2.2 mm.

It should be noted that the thickness of the wall between adjacent cavities has not been taken
into account in this initial design, since the inner length of an element cavity is assumed to be
equal to the length of the duct segment of the same element. If the wall thickness is subtracted

from the length of the cavity, its height could be adjusted to keep the volume unaltered.

5.6.5 Scaling of parameters along the system

Once the parameters of the first and last elements have been defined, the parameters of
the intermediate elements can be derived by scaling according to the exponential decay of
parameters observed in the cochlea. In analogy with the exponential variation of the natural
frequency in the cochlea with position, given by Equation , it is assumed that the natural

frequency in the system under design varies exponentially with the order of element, n,

(5.122)

where N is the total number of elements. From Equations (5.12]) and (5.122]), the quality factor

of each resonator can readily be calculated as

Q(n) = 600(a/m)y/ fn(n)/Hz. (5.123)

It can also be derived from Equation (5.122)) that f,,(n 4+ 1) = f(n)(fB/fa)~ /¥ =1, which,
for fp = 3.4 kHz, fa = 300 Hz and N = 50, gives f,(n + 1) =~ 0.95f,(n), that is, the natural

frequency of each element is about 95% of that of the previous element.
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5.6. Design of an acoustic ‘rainbow’ sensor with Helmholtz Resonators based on a discrete
model of the cochlea

The scaling parameter of the cavity height is assumed to also vary exponentially,

n—1

H(n) = 4v-1. (5.124)

2

For the scaling of the other parameters, another non-dimensional parameter is defined as

E(n) = 2V-1. (5.125)

It can be seen that H(n) = E?(n). The inertance ratio varies from u(1) = Q(1) to u(N) =
Q(N)/2, so that, if it is assumed to vary exponentially with the order of element, it can be
expressed as

_ 5.126
p= ( )

where the argument notation has been omitted for convenience, as is also done in subsequent
expressions.

no| fn Q H E Ip hu la L po Gs
1 3400 175 1 1 3.8 7.2 0.31 (0.3) 1 175 1.4

25 (1035 97 2 14 143 142 074(07) 15 69 1.7
50 | 300 52 4 2 56 29 144 (14) 22 25 22

Table 5.1. Designed properties of the first, twenty-fifth and fiftieth element of a system with an array of
Helmholtz Resonators of varying geometry. The values in parentheses for the actual neck length, [,, are rounded
to a precision of 0.1 mm to comply with restrictions in additive manufacturing [I].

From Equations (5.10)), (5.33) and (5.126)), also using that Vi = IpSpH, H = E? and

wp, = 27 f,, the element length can be expressed as

_ ¢ [ 1
=55\ B0 (5.127)

The effective neck length can be calculated from Equations (5.33)), (5.126) and (5.127)), giving

coSg 1 /Q
_ L /e 12
l 2rf,Sp EV E (5.128)

The actual neck length can be calculated as I, = lg — l.or, Where the correction length is

Ip

calculated either with the simple form of Equation (5.13) or with the more accurate forms of

Equations (5.63) and (5.64). The total length of the structure is calculated as

N
liot = »_nip ~1m. (5.129)

n=1

Table indicatively shows the parameters for the first, twenty-fifth and fiftieth element, as
calculated with Equations (5.122)) to (5.128) and Equation (5.116|), and with hy = Hwp and
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lo = lgr —lcor, where the end corrections are calculated with Equations (5.63]) and (5.64)). Values

for the actual neck length rounded to a precision of 0.1 mm are also shown in parentheses, to

comply with restrictions in additive manufacturing precision [1J.

5.7 Results from simulations

A set of results is first presented for a matched termination, using Transmission Matrices, as
presented in Section[5.4.2] The end correction is calculated as the sum of the two end corrections
given by Equations and , and losses are included by using the wavenumbers and
characteristic impedances given by Equations and for the various parts of the

system in the Transmission Matrices. The input of the system is a constant volume velocity

3 1

at the left side of the first element. An input volume velocity of ¢;, = 2- 1077 m3-s~! is used,

which produces pressures close to 1 Pa at lower frequencies.

5.7.1 Wavenumber, propagation velocity and effective length results

The real and imaginary parts of the wavenumber, calculated with Equation , the
wavelength and the phase and group velocities, calculated from the wavenumber, are plotted in
Figure both against the element number, n, and against frequency. The plots against n
correspond to an excitation frequency of 1 kHz, and the plots against frequency correspond to
the 26th element, whose resonance frequency is 985 Hz.

It can be seen that the frequency plots for the wavenumber and the wavelength, and those for
the propagation velocities, shown in Figures and [5.17(d, are similar to the corresponding
ones for the array of identical Helmholtz Resonators, shown in Figures and [5.4p. However,
there is a shift in the correspondence with the resonance frequency, fi, and the upper
pass-band cut-on frequency, fa, of the considered resonator. This results from the fact that the
wavenumber here is calculated with Equation using the loss model of Equations
and , whereas for the array of identical resonators, the wavenumber, plotted in Figure ,
is calculated with Equation , which uses the lumped-parameter loss model given in
Section Since the frequencies fi; and f5 are calculated with the lumped-parameter analysis,
better correspondence between these frequencies and the wavenumber and propagation velocities
is observed in the case of the lumped-parameter analysis of Section than with those plotted
here.

The spatial variation of the wavenumber and of the propagation velocities in Figures [5.17h
and is similar to their spectral variation in Figures [5.17p and [5.17d. The spatial response
of the system for a given frequency implies that the wave slows down at an element slightly
basal to the element of resonance, beyond which it is greatly attenuated, as indicated by the
imaginary wavenumber. The very large phase velocity and negative group velocity, indicative

of the wave nearly halting [48] and of strong ‘pulse reshaping’ [83], respectively, are observed

156



5.7. Results from simulations

= = —— Re{k}
100 100r
g g —— Iu{i}
~< ~< —A
‘S 50 g 50
— —
= =
—~ —~
Eﬁ 0 é‘n 0
= = ﬁ
3 \ ~1/d T ~1/d d
1
-50 : : : : 50— (]2 :
10 20 26 30 40 50 02 03 05 1 2 3 6
n Frequency (kHz)
(a) (b)
400f
300r
'n 200F n
Z 100} £
UT 0 Ui‘ 0
& &
-100r 1 -100r
Cph cph
200+ Cor 1 200+ Cor | fo
1 10 20 26 30 40 50 02 03 05 1 2 3 6
n Freguency (kHz)
(c) (d)

Figure 5.17. Simulations of the new design of ‘rainbow’ sensor using the detailed Transmission Matrix model
terminated with a matched load; the impedance of the Helmholtz Resonators is calculated by the detailed form
of Equation , the end corrections for the necks are calculated by Equations and and duct and
cavity losses are included. (a) Real and imaginary parts of the wavenumber and local wavelength plotted against
the number of element, n, for an excitation frequency of 1 kHz. (b) Real and imaginary parts of the wavenumber
and local wavelength plotted against frequency, for the 26th element; wavelengths are plotted in cm. (c) Phase
and group velocity plotted against n at 1 kHz. (d) Phase and group velocity plotted against frequency for n = 26.
The dashed vertical lines in the plots against n denote the element used, and in the frequency plots the frequency
of Helmholtz resonance, f1, at the specified element and the cut-on frequency of the second pass-band, f2. The
dotted vertical line in (c) denotes the discontinuity of the group velocity from positive to negative values.

both in the spatial and spectral plots in Figures [5.17c and [5.17d, respectively, so that, apart
from the stop band observed in frequency, a corresponding stop region in space also appears.
The normalised effective length, given by Equation , is plotted in Figure The
spectrum within the band of high absorption, defined by the vertical dotted lines, as discussed
later, and slightly above this band is shown, as results for the effective length are not accurate
outside this band, due to the minimum of the group velocity not being well defined there. It can
be seen that the normalised effective length is larger than one in this frequency band. Therefore,
the effective length is larger that the length of a waveguide whose elements are the same as the
basal element and whose length is equal to the length from the base to the position of the first
minimum of the group velocity of the considered system, which is at the 21st element for the
example of Figure [5.17c. This means that the side branches of varying Helmholtz Resonators
effectively lengthen the system, as they cause a wave pulse to slow down as it propagates through

it. The ripples in the plot of Figure [5.18| are due to the discrete nature of the system.
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0.2 0.3 0.5 1 2 3
Frequency (kHz)

Figure 5.18. Frequency variation of the normalised effective length of the designed ‘rainbow’ sensor. The dotted
vertical lines define the frequency band of high absorption, as can be seen in Figure @

5.7.2 Acoustic pressure results

The predicted variation of the modulus of the acoustic pressure along the waveguide, both in
the cavities and in the main duct, is plotted against the element number, n, in Figure [5.19h,
for three different frequencies. It can be seen that the pressure in the cavities, plotted with
solid lines, builds up smoothly along the waveguide, reaching a peak at a specific element, after
which it decreases rapidly. This variational pattern closely resembles the coupled response of
the cochlea for the transverse velocity of the basilar membrane, as seen in Figure {.7h.

The phase of the pressure along the waveguide is plotted in Figure[5.19. It can be seen that
the rate of decrease of the phase becomes greater at the location of the peak of the pressure
modulus, after which it again starts decreasing more slowly. The larger phase shift at further
positions is less important, since the response has already decreased to very small values there.
The phase variation is also similar to that in the cochlea, plotted in Figures and [£.7¢c. The
phase in the cavities can be seen to drop more than that in the duct around the peak region,
as was also observed for the phase in the basilar membrane velocity compared to the phase of
the pressure in the cochlea.

It would be expected for the phase to lag by about N, cycles at the peak position, where
the phase-shift parameter was taken to be N. = 2.5 when designing the system. It can be
seen, however, that the phase shift from base to peak does not reach that value, although at
the lowest frequency plotted, that is, at 0.5 kHz, the phase shift approaches it. The fact that
at higher frequencies the phase shift from base to peak is less than that at lower frequencies
may be attributed to the fact that it takes a considerable number of elements for the phase to
accumulate, which is prevented at high frequencies by the small number of elements involved.
This result agrees qualitatively with the behaviour of the cochlea, where the total phase shift
is smaller at higher frequencies [13], as was also observed in the simulations in Section

The modulus and phase of the pressure are plotted against frequency in Figures
and for three different elements. The specified elements have resonance frequencies that
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Figure 5.19. Pressure plots for a waveguide with matched load, using the specifications stated in the caption of
Figure (a) Modulus of the pressure plotted against the number of element, n, for three different excitation
frequencies. (b) Modulus of the pressure plotted against frequency for three different elements. (c) Phase of the
pressure plotted against n for three different excitation frequencies. (d) Phase of the pressure plotted against
frequency for three different elements. In all plots, the solid lines correspond to the pressure in the cavities and
the dotted lines to the pressure in the duct. In (a) and (c), the vertical lines correspond to the elements whose
resonance frequency is the closest to the respective input frequency. In (b) and (d), the vertical lines correspond
to the resonance frequencies of the elements used.

are the closest to the three excitation frequencies used in the plots against n. Specifically,
elements 12, 26 and 40 have resonance frequencies 1.97 kHz, 985 Hz and 492 Hz, respectively. It
can be seen that within the spectrum defined by the basal and apical resonance frequencies, that
is, between 0.3 and 3.4 kHz, the pressure in the cavity of a specific element smoothly increases
and peaks at a specific frequency, similarly to the cochlea. The peaks of the cavity pressures
occur at lower frequencies compared to the corresponding resonance frequencies, denoted by the
grey vertical dashed lines in Figures[5.19b and [5.19d, due to the presence of damping. At lower
frequencies, damping is more prominent, since the quality factor is smaller towards the apex.
Therefore, for the element which is closer to the apex among those plotted in Figure 5.19p, that
is, for n = 40, the peak of the coupled response appears to be low.

Outside the spectrum defined by the resonance frequencies of the first and last element,
some anomalies appear in the response with respect to frequency, as can be seen in Figures[5.19¢
and 5.19d. At lower frequencies, fluctuations occur both in modulus and phase, and at higher

frequencies, the modulus of the pressure starts to increase with frequency. The increasing
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modulus at higher frequencies is due to the presence of the second pass band.

The pressure modulus plots in Figures and[5.19p demonstrate that the designed system
can be used as an acoustic ‘rainbow’ sensor, where different frequency components are filtered
at different positions, since the frequency response of a given element acts as a pass band filter
centred at a different frequency. The different frequency components could be captured by
introducing small microphones in the cavities of the Helmholtz Resonators. It should be noted,
however, that at apical elements, the coupled frequency response resembles more a low pass
filter, if the frequencies below the working spectrum are neglected, rather than a pass band
filter. This may limit the performance of the ‘rainbow’ sensor at low frequencies.

The 3-dB quality factor of the frequency response of the coupled system is defined as [42]

fpeak

Qe = - (5.130)
where f; and fj, are the frequencies where the coupled response drops by 3 dB below and above
the peak frequency, respectively. This quality factor is plotted against the element number in
Figure along with the quality factor of each separate element, given by Equation .
It can be seen that the coupled quality factor for a given element is significantly smaller than
the quality factor of the resonance of the same element, as was also observed for the cochlea. As
n gets larger, the response peak gets smaller, as can be seen in Figure [5.19p, and beyond some
element, the 31st in this case, the response does not drop enough to reach a point 3 dB smaller
than the peak towards lower frequencies. Therefore, the 3-dB quality factor is not defined there,
and is therefore not plotted in Figure for elements beyond the 31st.

20 :
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Figure 5.20. 3-dB quality factor of each separate element, ), and 3-dB quality factor of the coupled system,
Q., plotted against the number of element, n. Beyond the 31st element, the coupled response does not fall down
to 3 dB from the peak towards lower frequencies, as can be seen for example for n = 40 in Figure [5.19b, and
therefore the 3-dB quality factor cannot be defined there.

A set of plots for the modulus and phase of the pressure is given in Figure both against
the number of element and against position, for a system whose actual neck lengths are rounded
to a precision of 0.1 mm, to comply with restrictions in additive manufacturing [1]. The other

geometrical design properties are already rounded to this precision, as can be seen in Table
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5.7. Results from simulations

It can be seen that this rounding causes ripples in the coupled response of the system, though
relatively shallow ones. Therefore, the smoothness of the response is expected to be somewhat

compromised by the imposed manufacturing restriction.
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Figure 5.21. Modulus and phase of the pressure plotted against the number of element and against frequency,
with the actual length of the necks rounded to a precision of 0.1 mm given in parentheses in Table[5.1] All other
configurations are the same as for the plots in Figure

5.7.3 Absorption, reflection and transmission results

The absorption coefficient and the modulus of the reflection and transmission coefficients
are plotted against frequency in Figure [5.22h, for a waveguide with a matched termination.
The absorption coefficient represents the ratio of absorbed power, whereas the reflection
and transmission coefficients are ratios of amplitudes of reflected and transmitted pressures,
respectively, to the incident pressure, so that all three coefficients are related by Equation (|5.90))
for a matched termination. It can be seen that within the region defined by the lowest and
highest resonance frequencies, practically no transmission occurs; incident waves are either
reflected or absorbed. The reflection coefficient retains small values in a great part of this
frequency band, around 0.2, so that incident power is mainly absorbed, as can be seen by the
part of the absorption coefficient plot above the horizontal line, which corresponds to values of

absorption greater than 0.9.

As in the case of the pressure plots of Figures [5.19b and [5.19d, fluctuations can also be
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Figure 5.22. Absorption coefficient and modulus of the reflection and transmission coefficients for a waveguide
with matched termination, (a) using the specifications stated in the caption of Figure and(b) with the neck
length rounded to a precision of 0.1 mm. The dashed vertical lines correspond to the highest and lowest resonance
frequencies, the horizontal line denotes the value 0.9, and the dotted vertical lines are defined by the intersection
of the absorption coefficient with the 0.9 line.

observed for the absorption coefficient outside the frequency band defined by the lowest and
highest resonance frequencies. It can also be seen that absorption is actually highest over a
frequency band which is shifted downwards compared to the band defined by the two extreme
resonance frequencies. Therefore, the designed system behaves more effectively as an absorber
over a frequency band which can be defined, for example, by an absorption coefficient greater
than 0.9, as defined by the dotted vertical lines in Figure [5.22p.

The frequency band defined by an absorption coefficient above 0.9 also seems to match
better with the spectrum over which the pressure frequency response is smooth and free of
ripples, as observed in Figures [5.19b and [5.19d. Therefore, this band appears to be a better
choice for the working spectrum of the system. If the system is to be used only as a ‘rainbow’
sensor, so that high absorption is not necessary, the working spectrum can retain its upper limit
as defined by the resonance frequency at the base.

The absorption, reflection and transmission coefficients for a system whose geometrical
properties are rounded to a precision of 0.1 mm are plotted in Figure[5.22b. It can be seen that
the rounding causes ripples in the reflection and absorption coefficients within the band of high
absorption, especially at higher frequencies. Nevertheless, the general level of absorption is not

significantly affected.

5.7.4 Simulations with different modelling configurations

Figure [5.23| shows the pressure frequency response and the absorption characteristics for a
matched termination impedance, as in Sections and and for a rigid termination. It
can be seen that the pressure coupled response is practically the same in the spectrum defined by
the lowest and highest resonance frequencies. Differences occur outside this spectrum, with the

rigid termination producing greater fluctuations in the modulus of the pressure. If the system
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is to be used as an absorber, then the rigid termination is predicted to retain high absorption

values at lower frequencies compared to the matched termination.
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Figure 5.23. (a) Frequency response of the pressure modulus and (b) absorption, reflection and transmission
coefficients, with a matched termination. (c¢) Frequency response of the pressure modulus and (d) absorption and
reflection coefficients with a rigid termination. The meaning of the vertical lines in (a) and (v) is given in the
caption of Figure and the meaning of the vertical lines in (b) and (d) is given in the caption of Figure

A set of plots in terms of the pressure modulus frequency response and of the absorption
behaviour for various different modelling configurations is given in Figure Plots on the
same row correspond to the same configuration and for each configuration a specific modelling
aspect is changed from the default configuration, as used in Figures and [5.23p. In
Figures and [5.24p, losses in the main duct and in the resonator cavities are not accounted
for. This exclusion gives more prominent peaks, as can be seen by comparing Figure with
Figure[5.23h. Therefore, although the necks of the resonators are the dominant source of losses,
the other components of the system are also found to contribute to the losses.

A Transmission Line approximation is used in Figures [5.24c and [5.24d, where the
transmission along the main duct and the impedance of the Helmholtz Resonators are calculated
using lumped parameters. It can be seen that fluctuations appear at high frequencies, both in
the absorption spectrum and in the pressure response. It can also be observed that the pressure
peaks are more pronounced compared to the ones in Figure for the respective element

numbers. Both of these discrepancies can be attributed to the simpler loss model used for the
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Figure 5.24. Frequency variation of (a) the pressure modulus and (b) the absorption, reflection and transmission
coefficients, without losses in the main duct and in the cavities. Frequency variation of (c) the pressure
modulus and (d) the absorption, reflection and transmission coefficients, for the lumped-parameter model for the
calculation of the Helmholtz Resonator input impedance, Zp, according to Equation , where the lumped
parameters are calculated with Equation and the loss coefficient is calculated with Equation , and
for the lumped parameter Transfer Matrix, which corresponds to a Transmission Line approximation, whose
elements are given by Equation . Frequency variation of (e) the pressure modulus and (f) the absorption,
reflection and transmission coefficients, using the loss model given by Equations to .

164



5.8. Summary and conclusions

lumper-parameter calculation of Zz. The large discrepancies at very high frequencies, beyond
3.4 kHz, may be attributed to the deteriorating validity of the lumped parameter assumption
with increasing frequency.

In Figures and , the loss model given by Equations to is used, which
involves a complex density and a complex bulk modulus for the calculation of the complex
wavenumber and characteristic impedance. It can be seen that this loss model produces more
prominent peaks and greater fluctuations in the coupled response. Therefore, it underestimates
the losses compared to the loss model with Equations and , which has been used for

the reference simulations, as was also observed in Figure for the system presented in [1].

5.8 Summary and conclusions

A new design procedure for systems that act as acoustic ‘rainbow’ sensors has been presented,
consisting of a main duct with side branches of Helmholtz Resonators. Such a system enhances
and absorbs incident waves at different positions for different frequencies. An analysis of a
system consisting of a main duct with an infinite array of side branches of identical Helmholtz
Resonators was first carried out, based on a Transmission Line approximation. A Transfer
Matrix method for analysing a system with a finite number of Helmholtz Resonators of varying
geometrical properties was then presented.

The response of two systems from the literature which use arrays of varying Helmholtz
Resonators has been calculated. Simulations showed that the system in [I], for which the
cross section of the main duct varies for different elements, apart from acting effectively as
an absorber, also produces a tonotopic mapping as a by-product and has a smooth frequency
response of the coupled pressure modulus inside the cavities of the resonators. Therefore, this
system acts as an acoustic ‘rainbow’ sensor. For the system designed in [2], however, it was
shown that its use as a ‘rainbow’ sensor is limited since the frequency response was not smooth.

The new design of an acoustic system consisting of a main duct of constant cross section
with a finite number of side branches of Helmholtz Resonators whose geometry varies along
the system was then presented. The main performance characteristics of the designed system
were based on a correspondence with the cochlea. Simulations based on the Transmission
Matrix method showed that the pressure in the cavities of the Helmholtz Resonators for a given
frequency increases smoothly as the acoustic wave travels along the system, until it reaches a
maximum at a specific Helmholtz Resonator, beyond which it quickly decreases to very small
values. Higher frequencies peak towards the base while lower frequencies peak towards the apex
of the system.

The frequency response for the pressure in a specific Helmholtz Resonator follows a similar
behaviour, where, within a certain bandwidth, the pressure increases smoothly with frequency

until it reaches a peak at a specific frequency, beyond which it quickly decreases to very
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small values. Therefore, the response of the system in terms of the pressure in the cavities
is qualitatively similar to the coupled response of the cochlea in terms of the transverse velocity
of the basilar membrane, so that the presented system may be used as an acoustic ‘rainbow’
sensor, that is, as a spatial spectrum analyser. The designed ‘rainbow’ sensor also behaves
as an acoustic absorber, with different frequency components being absorbed around their
corresponding peak positions. The main characteristics of the previous systems and the current

design are shown in Table

Freq. range Number of Smooth .
octaves elements  freq. response Design procedure  Average Q
Jimenez et al. [I] 2 9 Yes Nl.lm.e e 1 8
optimisation
Zhao and Zhou [2] 2 40 No Ad hoc 21
Current design 3.5 50 Yes Physically based 10

Table 5.2. Main characteristics of previous ‘rainbow’ sensors and the current design.

One of the advantages of the current design is that the parameter choices are clearly based
on the physical principles of the coupled system. The choice of the damping in the resonator, for
example, is seen to involve a trade-off between the frequency selectivity, high @, and limiting the
number of elements, low (). Unfortunately, time did not permit the construction and practical

testing of the current design, so its advantages over previous systems are still to be proven.

166



Chapter 6

Conclusions and suggestions for

future work

In this thesis, a number of non-uniform waveguides that have focusing and absorbing properties
have been studied. Different response aspects have been highlighted for each system. The
conclusions for the type of system studied in each chapter are summarised in Section A
discussion on the similarities and differences of the response characteristics of the different

systems is then given in Section Suggestions for future work are given in Section

6.1 Summary of conclusions for the studied non-uniform

waveguides

6.1.1 Tapered elastic wedges

Elastic wedges terminating a uniform plate cause incident flexural waves to slow down and to be
significantly absorbed towards their edge. They have been analysed using an analytical method
based on the WKB approximation method with different orders of approximation. Different
thickness variation profiles were considered, all of which cause incident waves to slow down
and undergo significant absorption towards the edge. Results from the analytical method for
the total reflection coefficient were compared with results from Finite Element models, and it
was shown that the analytical method provides accurate predictions over a significant part of
the spectrum in which the wedge behaves effectively as a vibration absorber, provided that
higher orders of WKB approximation are used. It was shown that the typically used first-order
WKB approximation only predicts the general level of reflection, failing in general to predict
the details of the fluctuations of the reflection coefficient with frequency. Among the different
profiles considered, the exponential was found to give the lowest reflection.

The presented analytical method also allows for the calculation of the reflection coefficients

due to the junction and due to the edge truncation. The fluctuations in the total reflection
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coefficient are primarily due to the interference of the waves reflected from the end and from
the junction, for wedges whose thickness changes more rapidly close to the junction. These
fluctuations are more pronounced when these reflected waves are of similar amplitude.

The accuracy of the WKB method was assessed by examining the behaviour of the WKB
validity condition. It was shown that there is a correspondence between the accuracy of the
analytical results and the satisfaction of the WKB validity condition, although it is not apparent
how quantitative predictions of the accuracy of the analytical method could be obtained from
the WKB validity condition. The WKB method was shown to generally fail for wedges whose
thickness varies little at the junction but varies considerably within the wedge, since the method

does not account for reflections away from the junction and the edge.

6.1.2 Absorbing acoustic waveguides with fitted rings

Waveguides with fitted rigid rings were studied as acoustic absorbers, where the inner radius
of the rings follows either a linear or a quadratic taper. An approximate continuous analytical
model, taken from the literature, was used to illustrate the general characteristics of the system,
where acoustic waves slow down as they travel along the waveguide, reaching a small propagation
velocity close to the end, where they are significantly attenuated. The analytical model was
shown to only give accurate predictions for waveguides with a very large number of very thin
rings.

A Transfer Function method was also formulated, which can account for the discrete rings
and cavities. Two different geometrical approaches for modelling the main core and the cavities
were followed, where these are modelled either with respect to cylinders, as has been done
previously, or with respect to truncated cones. A Transmission Line model was also formulated,
which uses lumped acoustic parameters and forms a low-frequency approximation of the Transfer
Function method, and its limitations with respect to frequency and the number of rings were
illustrated.

Numerical results from the Transfer Function method were compared with experimental
results from the literature for a linear and a quadratic waveguide. The numerical results with
the conical approach gave a good prediction of the reflection coefficient of the linear waveguide in
a large part of the spectrum, although they deviated significantly at lower frequencies. For the
quadratic waveguide, only the general characteristics of the frequency variation of the reflection

coefficient were predicted.

6.1.3 The cochlea as a non-uniform waveguide

Wave propagation in the cochlea was studied using a one-dimensional model of the passive
cochlea with single-degree-of-freedom micromechanics. The cochlear wave equation was solved

both with the Finite Difference method and with the WKB method to provide the coupled
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response. It was shown that the WKB method provides accurate results for the coupled response
over a large part of the working frequency range of the cochlea and over most of its length.

A parametric analysis was conducted for the variation of the coupled response with respect
to a number of non-dimensional parameters. The local quality factor of the basilar membrane
was varied, and it was shown that even with very little damping no significant reflections occur
at the point of maximum response. The form of the coupled response was found to depend on
the values of the mass ratio and the phase-shift parameter, with a symmetric response occurring
for a certain high value of mass ratio and a corresponding low value of the phase-shift parameter.
It was shown, however, that if the phase-shift parameter is not changed and the characteristic
length and the cochlear length are allowed to vary, in order to keep the working spectrum of
the model intact, varying the mass ratio does not affect the form of the coupled response, apart
from causing a change in amplitude. Therefore, the symmetry of the frequency-domain coupled
resonance is seen to depend only on the value of the phase-shift parameter.

The accuracy of the Finite Difference cochlear model with respect to the spatial resolution
was also assessed, and it was shown that for a small number of elements per wavelength, the
Finite Difference model predicts reflections. It was shown, in general, that six elements per
minimum wavelength provide reasonably accurate results, a condition that was then used in

the design of acoustic ‘rainbow’ sensors.

6.1.4 Acoustic ‘rainbow’ sensors

A new design of an acoustic ‘rainbow’ sensor was presented, whose properties were based on
the characteristics of the cochlea. The system comprises a main duct of constant cross section
and a number of side branches consisting of Helmholtz Resonators. A duct with an array of
identical Helmholtz Resonators was first examined using a Transmission Line model, illustrating
the general wave propagation characteristics in such a system, where there are two pass bands
and a stop band between them. The choice of the damping in the resonators is found to allow
for a trade-off between frequency selectivity and the number of elements.

The Transfer Matrix method was then presented, which accounts for wave propagation in
the various parts of a system consisting of a main duct with Helmholtz-Resonator side branches.
Simulations showed that the pressure in the cavities of the Helmholtz Resonators increases up to
a specific frequency-dependent position, or up to a specific position-dependent frequency, where
it peaks, beyond which it rapidly decays. Therefore, the system presents a tonotopic mapping,
similarly to the cochlea. The quality factor of the coupled response was found to be different
from the quality factor of the Helmholtz Resonators, as was also observed for the cochlea. In
contrast to some previous designs in the literature, the response of the designed system was
predicted to vary smoothly with respect to position and frequency. It was also predicted that

the system presents broadband high absorption.
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6.2 Comparison of the different systems

In this section, the different types of non-uniform waveguides are compared with each other to
highlight similarities and differences between them. Some of these comparative aspects have
been pointed out within the main chapters of the thesis, while some additional ones are presented
here. The normalised effective lengths, defined in the respective chapters for the different types
of waveguide, are shown in Figure It can be seen that within the respective working
frequency ranges, the normalised effective length is larger than one for all the waveguides,
which implies that these systems cause waves to slow down as they propagate through them,
as expected, so that an equivalent uniform waveguide would have to be longer for the waves to

travel from its input to its end in the same time.
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Figure 6.1. Normalised effective length plotted against frequency for (a) elastic wedges of different profiles, (b)
linear and quadratic acoustic waveguides with fitted rings, (c) the cochlea and (d) the acoustic ‘rainbow’ sensor.
The normalised effective number of elements is also plotted in (d). In (b), the dashed vertical line denotes the
cut-off frequency for the linear waveguide. The dotted horizontal lines in all graphs pass from 1.

The effective length of the wedge is constant with frequency for a given thickness profile,
but different profiles have different effective lengths, with the exponential having the largest
effective length, as can be seen in Figure [6.1h. In the acoustic waveguide with fitted rings, the
effective length varies little along its working frequency range in Figure [6.1p, and for the most
part it is larger for the quadratic waveguide than for the linear one. In the cochlear model and

in the acoustic ‘rainbow’ sensor, the effective length, plotted in Figures and [6.1d, decreases
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with frequency.

6.2.1 Elastic wedges and acoustic waveguides with fitted rings as absorbers

The elastic wedge and the acoustic waveguide with fitted rings are both presented as terminating
uniform flexural and acoustic waveguides, respectively, to provide low reflection of the
corresponding incident waves. The flexural waves that travel along the wedge result from the
interaction between the density and the Young’s modulus of the material of the wedge, whereas
the acoustic waves that travel along the waveguide with rings result from the interaction between
the inertance of the air mainly in the core of the waveguide and the compressibility of the air
both in the core and in the lateral cavities.

In both of these systems, the propagation velocity starts from a high value at their input and
decreases to a small value at their end, as can be seen for the group velocity in Figure [6.2h. A
quadratic wedge and a linear waveguide with fitted rings are chosen, whose velocities decrease
linearly. Since the velocity at the far end of the system has a non-zero, although relatively
small, value, and since the waves are not completely absorbed along its length, a part of the
waves travelling through the system reach the end and are reflected. These reflected waves
then travel back to the input boundary of the waveguides, where the discontinuity with the
uniform input waveguide causes partial reflection and partial transmission back into the input
waveguide. Reflections may also occur from the discrete rings along the acoustic waveguide and
along the wedge due to its tapering. At different frequencies, these internal reflections match
or mismatch in phase, leading to fluctuations in the reflection coefficient, as can be seen in
Figure for both waveguides. The losses are larger at higher frequencies, as can be deduced
from the frequency dependence of the wavenumber for the two waveguides, as presented in
Chapters [2 and [3| Therefore, the reflection coefficient follows a generally decreasing trend with
increasing frequency, as can also be seen in Figure [6.2p.

The responses of the vibration displacement in the elastic wedge and the pressure in the
acoustic absorber are plotted in Figures [6.2¢ and against normalised position for three
different frequencies. It can be seen that in both waveguides, the response builds up as it travels
with decreasing speed, reaching its maximum value at the end. The maximum displacement
at the wedge occurs at its free vibrating end, and the maximum pressure in the waveguide
with rings occurs at its rigid end, as would also be observed in uniform flexural and acoustic
waveguides with respective boundary conditions at the end. The value of the response at the end

of both waveguides is seen to decrease with frequency, since the losses increase with frequency.

6.2.2 The cochlea and the acoustic ‘rainbow’ sensor

The cochlea and the acoustic ‘rainbow’ sensor presented in Section form waveguides that

focus incident waves of different frequencies at different positions along their length, around
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Figure 6.2. Properties of a quadratic elastic wedge and of a linear acoustic waveguide with fitted rings. (a)
Normalised group velocity, Cy,, plotted against normalised position, X, at a high working frequency. The group
velocities are normalised with respect to the group velocity at the input boundary of the two waveguides. (b)
Modulus of the total reflection coefficient of the wedge and the reflection coefficient of the waveguide with fitted
rings, plotted against normalised frequency. The frequency is normalised with respect to the highest working
frequency of the waveguide with rings, that is, f = 437 Hz, for both waveguides, for ease of comparison, although
this frequency is low within the working frequency range of the wedge. (c) Modulus of the displacement of a
wedge, normalised with respect to the incident displacement amplitude, plotted against normalised position, for
three different frequencies. A small detail plot is included, showing the response near the end of the waveguide.
(d) Modulus of the pressure in an acoustic waveguide with rings, normalised with respect to the pressure at
its input, plotted against normalised position, for three different frequencies. The results for the wedge are
calculated with the second-order WKB approximation, and for the waveguide with rings they are calculated with
the analytical method. In (a), (c) and (d), the position is normalised with respect to the length of each waveguide.
In (a), (b) and (c), a large damping factor of n = 0.1 has been used for the wedge, for ease of comparison with
the waveguide with fitted rings.

which positions the waves are absorbed, and beyond which they rapidly decay. A symmetry
between position and frequency is observed in both systems, so that results with respect to one
variable can be used to draw conclusions with respect to the other variable.

A set of corresponding plots against frequency for the two systems is given in Figure [6.3
where the plots in the left column correspond to the cochlea and the plots in the right
column correspond to the ‘rainbow’ sensor. The plots can be used for drawing conclusions
also with respect to the spatial variation of the responses. The real and imaginary parts of the
wavenumber are plotted in Figures and [6.3p. Similar behaviour of the real and imaginary
parts of the wavenumber is observed up to the natural frequency, f,, at a given position along

the cochlea, and up to the resonance frequency of a given Helmholtz Resonator, fi.
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Figure 6.3. Real and imaginary parts of the wavenumber plotted against frequency, for (a) the cochlea at
z = 17.5 cm and (b) the acoustic ‘rainbow’ sensor at n = 26. Real and imaginary parts of (¢) the basilar
membrane admittance and (d) the shunt admittance of the ‘rainbow’ sensor, plotted against frequency. The
vertical dashed lines in (a) and (c) correspond to the natural frequency of the specified position, and in (b) and
(d) they correspond to the frequencies of resonance, fi and cut-on, fa, for the specified element. The other
dashed lines in (a) and (b) correspond to asymptotic behaviours, except for the horizontal line in (b), which
approximately corresponds to the imaginary part of the wavenumber in the middle of the stop band.

In the ‘rainbow’ sensor, it can be seen that for a given Helmholtz Resonator a limited
stop band of high absorption, that is, large negative imaginary part of the wavenumber, is
formed, which occurs between frequencies that are a bit below the resonance frequency, fi, of
the considered resonator and a bit below the frequency of antiresonance of the characteristic
impedance, fo, as presented in Section [5.3.3] Below and above the stop band, there are pass
bands of low absorption. In the cochlea, however, the wavenumber has large values throughout
the spectrum beyond the natural frequency, so that at a given position only one pass band is
present, in the lower part of the working spectrum, and the stop band extends throughout the
upper part of the working spectrum.

In both systems, waves result from the interaction of a series inertive element with a
shunt compliant, or flexible, element. In the cochlea, the series element is the fluid moving
longitudinally in the chambers and the shunt element is the basilar membrane, including the
load of the fluid above it. In the ‘rainbow’ sensor, the series element is the inertia of the air in

the duct and the shunt element in the compliance of the duct in parallel with the Helmholtz
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Resonator. Wave propagation is only possible when the shunt element is compliant, whereas
when it is inertive, the waves are evanescent.

To illustrate the relation of the behaviour of the two systems in the different frequency bands,
the admittance of their respective shunt elements is shown in Figures and [6.3d. The real
and imaginary parts of the basilar membrane admittance given by Equation are plotted
in Figure [6.3k. At low frequencies, well below the natural frequency, the basilar membrane
admittance is approximately given by Y, ~ iw/mow?2, that is, it is approximately positive
imaginary, and, therefore, it is stiffness-dominated. At high frequencies, however, well above the
natural frequency, the basilar membrane admittance is approximately given by Yy, ~ —i/wmy,
that is, it is approximately negative imaginary, and, therefore, it is mass-dominated.

An expression for the shunt admittance of the n-th element of the ‘rainbow’ sensor,

Ya(n), which is the reciprocal of the element shunt impedance, Z(n), can be derived using

Equations (5.14)), (5.15)), (5.20)) and (5.27), giving

, (6.1)

where Yo, (n) = 1/Z¢, (n), where Z¢,, (n) is the impedance due to the duct compliance and is
given by Equation ; the notation (n) is omitted in the discussion below for convenience. At
low frequencies, well below the natural frequency of the Helmholtz Resonator of a given element,
the shunt admittance is approximately given by Y> ~ Yo, + Y¢,,, where Yo, = 1/Z¢,,, where
Zc,, is the impedance due to the cavity compliance and is given by Equation . This
means that the shunt admittance is approximately positive imaginary, and, therefore, it is
compliant. The imaginary part of the shunt admittance is negative within the stop band, since
for w; < w < wo, the shunt admittance is approximately given by Y2 ~ Y, (1 + Yo, /Yey,),
that is, it is approximately negative imaginary like the inertive admittance Y7,,,.

At high frequencies, well above the cut-on angular frequency, wo, the shunt admittance is
approximately given by Ys =~ Y, that is, it is approximately positive imaginary, and, therefore,
the shunt admittance is again compliant. The real and imaginary parts of the shunt admittance
are plotted in Figure [6.3d. Therefore, in the ‘rainbow’ sensor there are two pass bands and a
stop band between them.

The fact that in the ‘rainbow’ sensor there is a stop band of limited bandwidth compared
to the extended stop band in the cochlea results from the discretisation of the ‘rainbow’ sensor,
where each element has a non-zero length. If the ‘rainbow’ sensor were discretised to elements
of infinitesimal length, then the cut-on frequency, given by Equation , would become
infinite and for w; < w, the shunt admittance would be approximately Yo ~ Yr,,,. Therefore, a

‘rainbow’ sensor with very fine discretisation would have only one pass band and an extended

stop band, as observed in the cochlea.
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The correspondence of the coupled response between the two systems is illustrated in
Figure[6.4] where the coupled responses of the cochlea and of the ‘rainbow’ sensor are re-plotted.
The upper limit of the pass band in the ‘rainbow’ sensor can be observed, beyond which the
modulus of the response starts increasing again, and the lack of a second pass band in the
cochlea is also apparent, where the response continues to decay rapidly throughout the upper
part of the spectrum. The correspondence between the pressure in the cochlea and the pressure
in the main duct of the ‘rainbow’ sensor on one hand, and between the basilar membrane
velocity and the pressure in the cavities of the Helmholtz Resonators on the other, can also be
observed, where the former quantities correspond to the series elements and the latter quantities

correspond to the shunt elements of the respective systems.
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Figure 6.4. (a) Modulus of the normalised basilar membrane velocity and pressure in the cochlea plotted against
frequency for three different positions. (b) Modulus of the pressure at the top of the cavities and in the main
duct of the acoustic ‘rainbow’ sensor plotted against frequency for three different positions. (c¢) Phase of the
normalised basilar membrane velocity and pressure in the cochlea plotted against frequency for three different
positions. (d) Phase of the pressure at the top of the cavities and in the main duct of the acoustic ‘rainbow’
sensor, normalised with respect to the respective phase at the lowest shown frequency, plotted against frequency
for three different positions. The vertical dashed lines correspond to the natural frequencies of the specified
positions for the cochlea and to the natural frequencies of the specified elements for the ‘rainbow’ sensor.

6.2.3 Comparison of the elastic wedge with the cochlea

The elastic wedge and the acoustic waveguide with rings can be regarded as a single set of

systems with similar response characteristics, and can be compared to the cochlea and the
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acoustic ‘rainbow’ sensor, also regarded collectively. For this comparison, the wedge and the
cochlea can be considered as representative of the respective types of system. A fundamental
difference between the response of the wedge and that of the cochlea is that in the wedge, the
response always peaks at the end regardless of frequency, as observed in Figure [6.2k, whereas
in the cochlea, the coupled response peaks at different positions for different frequencies, as
observed in Figure [£.7h. Therefore, the cochlea can be considered as an ‘Acoustic Black Hole’
of different length for different frequencies. This interpretation was implied in [64] in 1980,
before the concept was introduced for elastic wedges in [7], where the word ‘hole’ was used for
the position where the cochlear wave is focused and absorbed.

Another difference is that in the wedge, even for very high damping, fluctuations due to
reflections appear in the response along its length, as seen for the light-coloured plots in
Figure [6.2c. In the cochlea, however, no reflections occur. The reflections in the wedge are
due to the fact that even though the waves slow down towards its end, they actually reach
it with a non-zero velocity, so that they are reflected at the free boundary. In the cochlea,
however, and for frequencies that are not close to the low end of the working spectrum, the
waves are greatly attenuated around and beyond the peak position, which lies within its length
before the helicotrema, so that they are completely absorbed before they reach the boundary

of the helicotrema.

6.3 Suggestions for future work

A number of directions for future work on the different types of non-uniform waveguides studied

in this thesis are suggested below.

Relationship between the WKB validity conditions and the actual error in the
WKB solutions

It has been shown in this thesis, as has also been shown in the literature, that the WKB
method can provide accurate solutions even when the commonly used WKB validity condition
is violated. Also, more validity conditions need to be satisfied for the WKB solution to
asymptotically approach the exact solution, as discussed in Appendix|[C] It is not clear, however,
how the WKB validity conditions relate to the actual error in the WKB approximation, so that

further work needs to be done for the estimation of the error from the validity conditions.

Further theoretical investigation of the reflection coefficient in the elastic wedge

It is not well understood how the thickness variation of a wedge terminating a uniform plate
results in the fluctuations of a specific magnitude and at specific frequencies in the reflection
coefficient. Some insights were given in this thesis, using the effective length and through the

analysis of the widening of the dips, and also through the analysis of multiple internal reflections
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given in Appendix [F] However, further modelling is required to understand the processes that
lead to the observed form of the modulus of the reflection coefficient, so that wedges can be

designed to give desired levels of absorption at specific frequencies.

Simulations and experiments on wedges with different profiles with damping layers

It is well known that, in practice, truncated wedges are effective as vibration absorbers only when
thin damping layers are applied to them. This thesis has only focused on the reflection properties
due to the thickness variation. It would, therefore, be of interest to examine the response of
wedges of different profiles with damping layers applied to them, both with simulations and
experimentally. The exponential wedge presents particular interest, as it was predicted to give

the lowest reflection among the considered profiles.

Further modelling of an acoustic waveguide with fitted rings

It was pointed out in the analysis of a waveguide with fitted rings that the Transfer Function
method used here has limited accuracy. More accurate models therefore need to be implemented
and validated with experiments to facilitate improving the design of such waveguides, such as the
more detailed Transfer Matrix method used in [51], which explicitly accounts for the losses in the
cavities and for the radiation between consecutive rings. During this PhD programme, Finite
Element models for the linear and quadratic waveguides with fitted rings were implemented, but
the resulting reflection coefficients were very different from both those experimentally measured,
taken from the literature, and from those calculated with the Transfer Function method, as is
presented in Appendix [K] It is not clear why the Finite Element models give results which are

so different from the theoretical and experimental results and this requires further investigation.

Further investigation of the physical meaning of the phase-shift parameter in

cochlear modelling

In [65], the phase-shift parameter was shown to approximately correspond to the number of
cycles of phase shift from low to high frequencies. The accuracy of this correspondence, however,
was shown in this thesis to vary significantly when the value of the phase-shift parameter is
varied or when other parameters of the cochlea are varied. Further research is therefore required
for understanding the physical meaning of the phase-shift parameter in a wider context of

cochlear modelling.

Further investigation of the different acoustic loss models

In this thesis, different models have been used for calculating the acoustic losses in different
systems, each based on different assumptions. It is not clear, however, which loss model is more

appropriate for each system. Further work is therefore required to clarify the relation between
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the assumptions made by the different loss models and their applicability for different acoustic

Systems.

Experimental measurement of the response of the new acoustic ‘rainbow’ sensor

The acoustic ‘rainbow’ sensor designed in Chapter [5| would need to be experimentally tested
to assess its performance. More accurate loss models could then be tried for calculating the
response and results from simulations could be compared with experimental results. These
loss models would need to be validated with experiments before they could then be used for

re-designing the system.
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A Acoustic horns

A.1 Introduction

Acoustic horns may generally be described as tube-like acoustic waveguides whose
cross-sectional area varies along the direction of propagation, usually in a monotonic way. In
this sense, a cylindrical pipe may be considered as a degenerate form of a horn with constant
cross-sectional area. The study of acoustic horns has concerned various scientists since the 18th
century, as has been reviewed in [96]. In this appendix, an analytical approach to analysing
wave propagation is described, which is valid for exponential horns, but not for those which
flare more rapidly, as for musical horns. The WKB method is severely limited in its application
to such horns, as will be discussed in Section and so various numerical techniques will be
used for their analysis in later sections.

A wave equation describing the acoustic pressure field in a horn can be derived using a
modified equation for the mass conservation to account for the non-uniformity. This is known

as Webster’s horn equation [6]

0%p op 1%

— InS,)— — 5—==0 Al

Ox? + (In.Sw) ox & ot? ’ (A1)
where Sy, (x) is the longitudinally varying area of a wavefront and cg is the speed of sound in
free space, and the primes denote differentiation with respect to x. A more general form of
the horn equation is derived by Benade and Jansson in [97], accounting for variable density
and bulk modulus along the horn. If time-harmonic sound pressure is assumed, varying as e“?,

where w is the angular frequency, Equation (A.1)) becomes
P+ (InSy,)'p +kip=0, (A.2)

where kg = w/cp is the wavenumber in free space and p(z,w) is the acoustic pressure, although
the notation for the independent variables is omitted for convenience.
The wavefront area in Equation (A.2]) varies with position and the free space wavenumber

varies with frequency. Whether the pressure wave described by this equation is travelling or
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evanescent depends on the relation between the relative rate of change of the wavefront area,
(In S,)’, and the free space wavenumber, ko. Therefore, for a given frequency, there may exist
a position in the waveguide where a propagating wave undergoes cut-off, so that it becomes
evanescent beyond this position. At such a turning point, the travelling wave is reflected.
Therefore, in the general case where the rate of change of the wavefront area is variable along
the waveguide, reflection may occur at different positions for different frequencies.

Equation is analytically solvable only for a few types of cross-sectional profiles [96] or,
more accurately, longitudinal variation profiles of the wavefront area, Sy, (x), the wavefront being
the surface of equal phase. In horns whose cross-sectional area changes slowly, the wavefront
is nearly planar, and the wavefront area may be approximated by the cross-sectional area, as
is implied for example in the derivation of the horn equation in [48]. Up to Section the
plane-wave approximation will be followed, where the wavefront area, Sy (z), is approximated
by the cross-sectional area, S(x).

In consequent analysis, propagation of the fundamental mode is considered, that is, the
pressure is assumed to be constant over the cross section, based on the assumption that the
wavelength is large compared with the diameter of the horn. It should be noted, however, that
the Finite Element method produces results which do include the effect of higher-order modes.

The problem of higher-order-mode propagation is approached in [98] and in [97, [99].

A.2 Analytical approach
A.2.1 Exponential horn

The exponential horn, that is, with a cross-sectional area varying as S(x) = Spe™*, is an
example of a case where Equation is exactly solvable. For such a horn, there is a cut-off
frequency below which acoustic waves cannot propagate, as explained for example in [48]. This
means that incident waves with frequency below cut-off are reflected at the input boundary of
the horn, called the throat, while waves with frequency above cut-off propagate through the
horn. It should be noted that the cut-off imposed by the flaring of the horn is different from
the one referring to higher-order modes, which will be commented upon in Section

An analysis of the horn equation for an exponential horn reveals its cut-off behaviour. Using

the cross-sectional profile of the exponential horn, the horn equation becomes
P’ +mp + k2p=0. (A.3)
A trial solution for the pressure can be used, similar to that of a uniform waveguide,
p(z) = Ae*®, (A.4)
where A and k are the amplitude and the wavenumber, which in this case are independent of
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x. After substituting the trial solution and its derivatives, Equation (A.3]) becomes
k? —imk — k3 =0, (A.5)

which means that the pressure of Equation (A.4) satisfies the horn equation (A.3]) if the
wavenumber satisfies Equation (A.5)). Solving the second-order algebraic equation for k gives

2
m m
T kg () A
k 12 k‘o 2k0 ( 6)

The general solution for the pressure can be written as the linear combination of a forward-

and a backward-travelling wave as
2 2
p(z) = e~ 2% Aeﬂko v 17(%) Ty Belk0 v 17<%) . (A.7)

It should be noted that no restriction on the sign of the flare constant, m, is imposed, which
may, therefore, be either positive or negative. For a diverging horn, that is, with m > 0, the
exponential decay towards the flaring positive-z direction reflects the fact that the pressure has
to decrease as the horn widens, in order for energy to be conserved [48]. Equivalently, for a
converging horn, that is, with m < 0, the exponential term is increasing along the direction of
propagation, as the pressure wave ‘condenses’ while propagating into the converging direction.

Propagation of an acoustic wave in the horn occurs on condition that the wavenumber have
a real part. Therefore, propagation depends on the sign of the quantity under the square root
in Equation . If the quantity under the root is positive, there exists a non-zero real part
of the wavenumber and the wave propagates; if, on the other hand, the quantity is negative,
the wavenumber is purely imaginary and the wave is evanescent. Consequently, the condition
for propagation is

m|

1>—=1>

|m|co |m|co
=
2ko 2w

w >

= W > We,

where w. = |m|cp/2. The quantity w, is called the cut-off frequency and depends on the flare
constant. So, for an exponential horn with given flare, there is a certain frequency below which
propagation is not possible. Clearly, larger flare results in higher cut-off frequency.

The real part of the wavenumber, denoted by x, which exists only in the propagation

frequency range, can be written as

2 1
Kk =koy/1l— <%) = —y/w? —w?2. (AR)
0

€o

A plot of the real part of the wavenumber as a function of angular frequency within the audible
spectrum is given in Figure [A.Th, for two different flare constants. It is clear that the horn

with larger flare has a higher cut-off frequency. The wavenumber of a uniform waveguide, with
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Figure A.1l. Frequency dependence of the real part of the wavenumber for two exponential horns with different
flare constants. The wavenumber of a uniform waveguide is also plotted: (a) audible spectrum, (b) extended
spectrum. (c) Frequency dependence of the phase velocity and group velocity for two exponential horns with
different flare.

m = 0, is also plotted. Figure shows the same quantities, but over a wider frequency
range. It can be seen that both real wavenumbers asymptote to the wavenumber of a uniform
waveguide. This may also be derived by considering the limiting behaviour of the real part of the
wavenumber, as given in Equation , where the constant cut-off frequency is negligible in
very high frequencies. From a physical point of view, it can be said that in very high frequencies,
the wavelength is so small that the wave does not ‘see’ the flaring of the horn. It is apparent
that a horn with larger flare tends to behave as a uniform tube in higher frequencies compared
to one of smaller flare, as can be seen in Figure [ATh.

The phase velocity of the horn is the velocity of propagation of a single frequency, defined
as vpp, = w/k, while the group velocity is the velocity at which a wave packet with a certain
spectral content propagates, and is defined as vy, = dw/dk. A plot of the two velocities for two

exponential horns with different flare is shown in Figure [A-Tf.

A.2.2 Approximation of higher-order horns as locally exponential horns

Contrary to the exponential horn, for certain cross-sectional profiles, such as in Bessel horns [97],

the cut-off frequency varies with position, so that higher frequencies are reflected near the wide
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end, called the mouth, while lower frequencies are reflected near the throat of the horn [55].
This property is applied for example in brass musical instruments, facilitating a richer harmonic
content compared to uniform tubed instruments [100].

Bessel horns have the advantage of being exactly solvable [96]. In this analysis, however,
a different approach is followed for modelling the spatial dependence of the cut-off frequency.
The concept of the exponential horn is extended to that of a ‘local exponential’, where the flare
coeflicient varies with position along the horn. The cross-sectional area variation can then be
written as S(x) = Spe™//@7 where m, ;s () is the effective flare coefficient. A specific case
of flare-coefficient variation is considered, where m.f¢(z) = bz™!, so that the cross-sectional
area takes the form of a ‘power exponential’, S(z) = Spe?®", with n > 1 and b > 0.

The propagation characteristics of the ‘power-exponential’ horn may be investigated by
transforming the horn equation into Schrodinger’s equation, by application of the
substitution p = S~/2y [97, 53], as

y' + (K — F(z))y =0, (A.9)

where the horn function F(x) is given by

s 5/2
F(x) = 55 15 (A.10)
For the ‘power-exponential’ horn, the horn function takes the particular form
1 n—2 1 n
Flz) = jbne (ibnx tn-1). (A11)

In correspondence with the standard Helmholtz equation with constant wavenumber [57],
Y+ Ey =0, (A.12)

the bracketed quantity in Equation (A.9)) can be considered as the square of the spatially varying

wavenumber, so that

w 2
K, w) = k2 — F(z) = (CO) ~ F(a). (A.13)

The wavenumber at a specific frequency is either purely real or purely imaginary, depending
on whether the quantity under the square root is positive or negative, leading to either
propagation or evanescence, respectively. Since the rooted quantity depends on position, its sign
is also location-dependent, leading to regions where a wave of a certain frequency propagates
and regions where it is evanescent.

In an expanding horn, the constant b is positive. Since the horn is located in the positive-x

region, the horn function, F(x), is positive throughout; it is reminded that n > 1. By inspection
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of Equation it can be derived that, at any specified position along the horn, there is a
frequency for which the wavenumber becomes zero and below which it becomes imaginary.
Therefore, for each position along the horn, a certain excitation frequency above the cut-off
frequency for that position is required for the wave to propagate.

The cut-off frequency variation with position may be found by setting the wavenumber equal
to zero, thus giving

we = co/ F(x). (A.14)

Three different cases can be considered according to the value of the exponent of z, n. For 1 <
n < 2, the horn function has an infinite positive value at the throat of the horn, and, according
to Equation , an infinite excitation frequency is required for a wave to propagate through
the throat. Therefore, such a horn, driven from its throat, is practically useless. For n = 2,
the horn function acquires the positive value bn/2 at the throat and then rises monotonically
as the horn flares. Therefore, only frequencies above the cut-off frequency w. = coy/bn/2
may propagate up to some length of the horn. At positions further inside the horn, the horn
function has larger values and, accordingly, the cut-off frequency becomes larger, causing waves
of different frequencies to be reflected in different positions. For n > 2, the horn function
becomes zero at the origin and the cut-off frequency is also zero there, increasing monotonically
towards the mouth. Consequently, waves of all frequencies can start propagating into the horn
from the throat; lower frequencies are reflected near the throat while higher frequencies are
reflected near the mouth.

The spatial variation of the effective flare coefficient for n = 3 is shown in Figure [A2h
and the spatial variation of the cut-off frequency in Figure [A:2b. The regions of propagation
and evanescence are defined by the intersection of the cut-off frequency variation with the
horizontal line of the excitation frequency, as shown in Figure [A:2b. The point of transition is
usually called a turning point. At all positions to the left of the vertical line passing from the
turning point, the excitation frequency is above the cut-off frequency and, therefore, the wave
is propagating. On positions to the right of the turning point, however, the frequency is below
the cut-off frequency and the wave ceases to propagate.

A corresponding line of thought can be followed to analyse the plot of the effective flare
coefficient in Figure [A.2h. The excitation frequency defines the turning point, which in turn
defines a cut-off effective flare coefficient, denoted by m. in the figure, which is the effective
flare coefficient at the turning point, m. = mcs¢(zy). Wave propagation is possible only in the
region where the effective flare coefficient is smaller than the cut-off one, that is, to the left of the
turning point. This property is also in accordance with the behaviour of the exponential horn.
In Figure [A Th, an excitation frequency corresponding, for example, to the cut-off frequency of
the exponential horn with m = 20 may be considered. It can be seen that, at this frequency,

all horns with a flare constant smaller than 20 will have a non-zero real wavenumber and so
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will propagate, while all horns with larger flare will have zero real wavenumber and will not

propagate.
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Figure A.2. (a) Spatial variation of the effective flare coefficient of a diverging ‘power-exponential’ horn.

(b) Spatial variation of the cut-off frequency of a diverging ‘power-exponential’ horn. Geometrical properties:
S(z) = Soe*™", Sy = ma2, ap = 0.02 m, b = 500 and n = 3. In the graphs, z,, is the position of the
turning point, meyy the effective flare coefficient, m. the cut-off effective flare coefficient, w. the cut-off frequency
and W = Wezcitation the excitation frequency. Propagation and evanescence regions for an excitation frequency
w=6-10% rad- s7! are noted in both graphs.

A symmetric converging horn is obtained by substitution of x by I — z in the expression for
the cross-sectional area, S, where [ is the length of the horn. It should be noted that a simple
change in the sign of the constant b, or, in general, of the effective flare coefficient, meys, does

not result in a symmetric converging horn. The horn function for the converging horn becomes

F(z) = Sbn(l — z)"2 (%bn(l —a)y 1), (A.15)

2

A corresponding set of plots for the converging horn with cross-sectional area variation S(z) =
Sebl=2)" is given in Figure the plots are symmetric to those of Figure So now equals
the cross-sectional area at the end of the horn, which is the narrow one. The plots illustrate the
fact that the ‘power-exponential’ horn, when driven from the wide end, allows only waves of
frequency higher than the cut-off frequency at the wide end to propagate further; all frequencies
below that are promptly reflected. Furthermore, since the cut-off frequency at the wide end
is the maximum cut-off frequency in the horn, any wave of higher frequency may propagate
throughout the length of the horn. Therefore, such a use of the horn practically imposes only
one cut-off frequency. It should be noted that the above conclusions for a converging horn are
valid for n > 2.

The horn equation is not known to be analytically solvable for the ‘power-exponential’
horn, where S = Spe?®”, except for n = 1, where the horn reduces to an exponential one, and for
b < 0,n = 2, where the longitudinal variation of the cross-sectional area becomes Gaussian [96].
Therefore, either approximate analytical or numerical methods have to be applied for acquiring

the field of such a horn. An approximate analytical solution can be derived for example with
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Figure A.3. (a) Spatial variation of the effective flare coefficient of a converging ‘power-exponential’ horn.
(b) Spatial variation of the cut-off frequency of a converging ‘power-exponential’ horn. Geometrical properties:
S(x) = Spe’!=" | Sy = mad, ap = 0.02 m, b = 500 and n = 3.

perturbation analysis, as in [I01]. It should also be noted that Webster’s equation describes
exactly only the field of a cylindrical tube, a cylindrical sector or a conical horn [102], so it is not
exactly descriptive of either the exponential or the ‘power-exponential’ horn, thus attributing

an overall approximate character to the analytical considerations of such horns.

A.2.3 Composite horn model

Apart from the model of a simple flaring horn, the behaviour of a composite horn is also
considered, as a simple model of a musical horn. Such a horn comprises a cylindrical tube
connected to a ‘power-exponential’ horn. A composite horn consisting of a tube of radius
ap = 0.02 m and length 0.4 m and a ‘power-exponential’ horn of length 0.18 m, with
cross-sectional area variation S(x) = Spe®", where Sy = 7a3, b = 500 and n = 3, is widely
used in consequent simulations. The choice of a length of 0.18 m for the defined values of flare
parameters is explained in Section An advantage of such a composite horn is that it
allows for resonances and anti-resonances at lower frequencies compared to a purely expanding
horn, as will be discussed in Section

The upper half of a longitudinal cross section of the horn is shown in Figure
corresponding to the axial variation of the cross-sectional radius. It should be noted that
the ‘power-exponential’ horn may be smoothly connected to a tube, since its radius is given by

0.5bz™

a(x) = agpe , whose derivative is

1
a = Zapbx

: n—lggbe" (A.16)

which gives a zero slope at = 0 (for n > 1). The cut-off frequency can be calculated by
use of Equation (A.14]), where, for the part with constant cross section, the horn function and,

accordingly, the cut-off frequency, is zero. The spatial variation of the cut-off frequency is shown

in Figure [A-5h.
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Figure A.4. Composite horn made of a cylindrical pipe connected to a ‘power-exponential’ horn.

The wavenumber distribution is calculated with Equation and plotted in Figure
in terms of its real and imaginary parts, for an excitation frequency of 1 kHz. Throughout
the cylindrical tube, the wavenumber has a purely real value, which is that of plane-wave
propagation. In the flaring region of the horn, it starts to decrease, until it reaches a
turning point where it vanishes; reflection occurs at this point. Beyond the turning point,
the wavenumber becomes purely imaginary, implying that waves no longer propagate; they are

attenuated exponentially.

A.3 Numerical approach

This section presents two different numerical methods for calculating the field variables of a
horn, namely, the Finite Element method and the Transmission Matrix method. The wave
equation is not involved in these methods, and, so, they are not limited by its approximations.
Other sources of approximation are present, however, for example due to discretisation of the
spatial continuum. The two methods are each described in Sections to and the
results from them are compared in Section

A.3.1 The Finite Element method

The acoustic horn can be analysed using the Finite Element method, which was briefly presented
in Section[2.3.:4] In the mesh used for the simulations here, the distance between two consecutive
elements on the axis of the horn is about 0.012 m, which means that a minimum wavelength of
about 0.072 m can be modelled accurately, if at least six elements per wavelength are used [40].
The smallest local wavelength occurs at the cylindrical section of the horn, where A\g = ¢o/f =
27 ko, as can be seen in Figure . Mathematically, this occurs from the fact that the horn
function of Equations and is always positive, for n > 1, and, therefore, in the

region of propagation the following relations hold

= k(z,w) = \/ko(w)? — F(x) < ko(w) =
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Figure A.5. Spatial variation of (a) the cut-off frequency (b) the real and imaginary parts of the wavenumber
and (c) the wavelength in the composite horn of Figure In (b) and (c), an excitation frequency of 1 kHz has
been used. The dashed vertical lines indicate the connection point of the cylindrical tube with the flaring horn
and the cut-off location is noted by the solid vertical line in (c).

If the wavelength is calculated at the cylindrical section of the horn, the corresponding
high-frequency limit is about fi,.e = 4.8 kHz. Therefore, frequencies up to this value will
be considered.

A set of three-dimensional plots of Finite Element simulations is given in Figures[A.6]to[A.8]
Figure shows the sound pressure level in the horn for two different frequencies. It can be
seen that the surfaces of constant sound pressure level are generally planar in the uniform tube.
Furthermore, in the high frequency plot of Figure [A-6p, it can be seen that in the flaring part
of the horn the surfaces of constant sound pressure level cease to be planar and then get further
distorted towards the mouth. Figures[A.7] and illustrate the surfaces of equal pressure for
different frequencies, which will be commented upon in the next section. Numerical results
from the Finite Element method are given in Section where they are used as a reference

for assessing the Transmission Matrix method.

A.3.2 The Transmission Matrix method

In this section, a numerical solution for the acoustic field of a horn is described, by approximating

the horn with a large number of consecutive segments of simpler form and small length. Initially,
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Figure A.6. Sound pressure level of a ‘power-exponential’ horn connected to a cylindrical tube, in dB re 2-107°

Pa, calculated using the Finite Element method. (a) 880 Hz, (b) 4.8 kHz.
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Figure A.7. Isopressure surfaces in a wide end of a ‘power-exponential’ horn connected to a cylindrical tube,
calculated using the Finite Element method. (a) 880 Hz, (b) 1.32 kHz
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Figure A.8. Isopressure surfaces in a wide end of a ‘power-exponential’ horn connected to a cylindrical tube,
calculated using the Finite Element method. (a) 1.76 kHz, (b) 4.8 kHz.
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the horn is approximated by cylindrical segments, where the segments have progressively larger
cross-sectional area as they approach the mouth. A second approximation consists of elementary
conical horns, with segments towards the mouth having larger flare, following the correspondent
geometry of the initial horn. The distribution of the acoustic variables is calculated by use of
the Transmission Matrix. Such methodology has been used widely for modelling acoustic horns,
for example in [103, [104].

The Transmission Matrix method is based on the assumption that only the fundamental
mode is present in the horn [I04]. Therefore, it may be applied up to the cut-off frequency
of the first higher-order mode. This limit, for a tube with circular cross section, is given by
fear = 0.293¢o/a, where f. 11 is the cut-off frequency of the first higher-order mode and a is
the radius of the cross section [57]. For the flare coefficients of a ‘power-exponential” horn used
in most parts of this analysis, namely, b = 500 and n = 3, a horn length of 0.2 m results in a
maximum radius of 0.148 m, which gives a cut-off frequency of 681 Hz.

The concept of the cut-off frequency of higher-order modes should not be confused with
that of the fundamental mode, presented in the analysis of exponential and ‘power-exponential’
horns. Propagation of higher-order modes depends on the relative magnitude of the local
wavelength with respect to the local diameter, while the cut-off of the fundamental mode is due
to the flaring of the horn. In case where the cut-off frequency of the fundamental is higher than
the cut-off frequency of the first higher-order mode, unimodal propagation is not possible; if a
wave of frequency higher than the cut-off frequency of the fundamental mode enters the horn,
both the fundamental and the higher-order mode will be present.

A wider spectrum of unimodal propagation is accomplished by use of a shorter horn. In a
‘power-exponential’ horn of length 0.18 m, the first higher-order mode has a cut-off frequency
of 1172 Hz and, therefore, unimodal propagation takes place up to this frequency. In Figure
it can be seen that a flaring horn with the above characteristics imposes cut-off within its
length for frequencies up to about 1600 Hz, that is, well into the non-unimodal spectrum. This
is found to be convenient for comparisons between different calculation methods. It should
be noted, however, that higher-order modes will begin to appear at the mouth of the horn
as frequency increases. Therefore, in the narrow part of the horn, the pressure will remain
unimodal as long as the frequency is higher than the cut-off frequency of the first higher-order
mode at the narrow cylindrical tube, which, with the values used here, gives f.11 ~ 5 kHz.

In Figures and the isopressure surfaces for different frequencies calculated using the
Finite Element method, were shown, which coincide with the wavefronts in the case of unimodal
propagation [97]. Most of the uniform part of the horn is not shown, for ease of illustration.
It can be seen that the isopressure surfaces are nearly planar in the uniform part even at the
high frequency, which complies with the result of the first higher-order mode cut-off frequency
for the uniform part being about 5 kHz. Moreover, these surfaces become sphere-like at the

flaring part of the horn, thus resembling the wavefronts of a conical horn, as will be presented in
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Figure A.9. Schematic of a cylindrical tube.

subsequent sections. In the highest frequency illustrated here, that is, 4.8 kHz, the isopressure
surfaces cease to be sphere-like. This indicates the presence of higher-order modes, as would be

expected by previous considerations.

A.3.3 Approximation with cylindrical tubes

It will be useful for subsequent analysis to consider the elementary structure of a tube with
constant cross section. A convenient way of mathematical representation of such a tube, as the
one shown in Figure in order to associate the values of the acoustic pressure and acoustic

volume velocity at its ends, is that of the Transmission Matrix [93],

cos kol 12950 gin kgl
P = 0 S 0 P2 7 (A.18)
qn i sin kol cos kol Q2

where the indices 1 and 2 denote the left and right side of the tube, respectively, [ is the length
of the tube, kg is the wavenumber in free space and S is the cross-sectional area. The pressure
and volume velocity are considered to be the state variables of the system. It is also useful
to introduce the acoustic impedance, defined as the ratio of the acoustic pressure to acoustic
volume velocity, Z = p/q. The input impedance is the value of the impedance at the throat of
the horn.

An acoustic horn with circular cross section is shown in Figure [A.I0h. In this analysis,
the case where the horn is driven with constant volume velocity, @), at its narrow end and a
pressure release condition holds at its wide end is examined. Again, it should be noted that the
equivalence of the cross-sectional area, S(z), to the wavefront area, S, (), assumes plane-wave
propagation. An approximate correspondence of the two areas requires slow variance in cross
section.

The continuously flaring horn may be approximated by a finite number of cylindrical tubes

of the same length, geometrically fitted in the horn, as depicted in Figure [A.I0p. When the
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(b)

Figure A.10. (a) Schematic of an acoustic horn with circular cross-section of radius a(z) and cross-sectional
area S(z), driven with volume velocity @ at its narrow end. A pressure release condition applies in the wide end.
(b) Approximation of the horn with a finite number of cylindrical tubes.

number of the tubes becomes large, the length of each cylinder and the radial step between two
adjacent cylinders become small, and the resulting structure approaches the geometry of the
horn. In this way, the wave propagation in the horn can be locally approximated by forward-

and backward-travelling plane waves with locally constant complex amplitudes within each
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cylindrical tube, according to the plane-wave pressure in a tube with constant cross section [57],
pi(x) = Aje 0T 4 Byelkor, (A.19)

where p;(x), A; and B; are the acoustic pressure, the forward-travelling-wave amplitude and
the backward-travelling-wave amplitude in the i-th cylinder, respectively. The volume velocity
has, accordingly, the form [57]

S;

gi(r) = ——

= 0% (Aie_ikox - Bieikom) 5 (A20)

where pg is the ambient density of air, or, in general, of the fluid consisting the medium of
propagation.

If a sufficiently fine spatial discretisation of the horn is considered in terms of small-length
cylinders, the values of the pressure and volume velocity in the ends of the cylinders may
be taken as discrete approximations of the continuous longitudinal variation of the respective
physical quantities along the horn. Furthermore, due to the continuity of pressure and volume
velocity at the joints of the cylindrical tubes, the right-side pressure and volume velocity of a
tube have to be equal to the left-side pressure and velocity of its adjacent tube, respectively
[57].

At the specified problem, the Transmission Matrix relation for an arbitrary position along

the horn takes the form

[pi] _ [ ;OS{COZ i% sink:ol] lpiH] 7 (A.21)
Qi ie sin kol cos kol Qit1
where indices denote order of position along the horn. Especially for the cross-sectional area,
it should be clarified that S; = S(x;), which means that the cross-sectional area of the i-th
cylindrical element is that of the original continuously flaring horn at position x;, as can also
be seen in the illustration of Figure [A-10p.

In order to acquire the values of the field quantities at the ends of all the elementary
cylinders, it is required that both quantities be known at the right end, or mouth, of the horn;
the rest of the values can be found by iteratively applying the Transmission Matrix relation of
Equation . Once the pressure, py, and volume velocity, ¢, at the mouth are known, the
values at the left side of the rightmost cylinder, py_1 and qny_1, can be found, which are equal
to the right-side values of the penultimate cylinder, from which the values of the left side of
the penultimate cylinder are obtained; this procedure of induction can be continued until the
values of the field quantities are obtained throughout the horn.

The pressure at the mouth of the horn is set to zero, expressing the pressure release boundary

condition at the mouth; the volume velocity at the mouth then needs to be found. The other
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boundary condition is the constant input volume velocity, @), at the throat. Therefore, the
values of the acoustic variables at the throat must be associated directly to the ones at the
mouth. For this aim, all intermediate state vectors have to be replaced by the matrix product
of all the intermediate Transmission Matrices. At this point, Equation is written in

compact matrix form for a cylinder of arbitrary order of position, ¢, in the horn as
V; = Tivi+17 (A.22)

where v; and v; 11 are the state vectors at the left side of the tubes of position order ¢ and i+ 1,
respectively, and T; is the i-th Transmission Matrix. The state vector at position xzx_; can
then be written as

VN_1 = TN_1VN7 (A.23)

where N is the number of positions where the field is evaluated; it follows that the number of
elementrary cylinders used is N — 1, as can be seen in the illustration of Figure [A.10p. The

state vector at position x_9 is in turn written as
vN_2=TNn_ovy_1 = Ty_2TN_1VnN, (A.24)

and, by iteration, the state vector at position x; = 0, that is, at the throat of the horn, can be
written as

V] = T1T2...TN_2TN_1VN. (A25)

It is noted that all intermediate Transmission Matrices, and, therefore, also their product, can
be calculated directly, as can be clearly seen from the form of the elements of the matrix in
Equation . For further manipulation, the state vectors are returned to their expanded
form and the Transmission Matrix of the whole horn, consisting of the product of all the

intermediate Transmission Matrices, is also written explicitly in terms of its elements as
p1
a1
Substitution of the known values due to the boundary conditions gives
Y4
Q
The values of p; and ¢y are found by solution of the 2x2 system of equations of the matrix

equation (A.27)), giving

T Tio
To1 Tao

by ] . (A.26)
qN

T Tio
Tor Tho

0] . (A.27)

gN

_ Tho 1

P1=+Q,q1 =+ Q.
T Ty T Ty,
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It is now possible to obtain the values of the state vector, and, therefore, the state variables,
at all positions, by iteratively applying Equation , starting from the mouth of the horn,
where ¢ = N — 1, and moving step by step backwards up to the throat. It should be made clear
that in this procedure a single frequency is considered. The input impedance for a frequency
range can be determined by evaluating the ratio of the pressure to the volume velocity at the
throat for a set of frequencies across the desired range, as calculated with the above procedure.

If only the impedance is sought, for example in order to acquire the input impedance of the
horn over a certain frequency range, it is alternatively possible to use a formula relating the

impedance at the left side of each cylinder with the impedance at its right side [54],

~ poco (SZQ cos kol + ipoco sin kol) 7 (A.28)

71 =
! S \iS§Zysin kol + poco cos kol

where Z; is the impedance at the left side of the cylinder and Zs is the impedance at the right
side of the cylinder, as shown in Figure This relation is derived from Equation (A.18]), if

it is written explicitly as two equations as

p1 = po cos kol + iquo—sco sin kol,
(A.29)

q1 = ip2 sin kol 4 g2 cos kol;
Poco
dividing by sides and writing the pressure at the right side as po = 225 results in Equation

(A.28]). For an arbitrary cylindrical segment, Equation (A.28]) can be written as

_ poco (SiZl-H cos kol + ipoco sin kol) ' (A.30)

Z; =
! S; 15; Z;11 sin kol + pocg cos kol
Starting with the pressure release boundary condition at the mouth, now expressed as Zy = 0,
the impedance at the throat, that is, the input impedance, can be found by iteratively using
Equation (A.30)) step by step towards decreasing position in the horn. No boundary condition

at the input end is required in this procedure.

A.3.4 Approximation with conical horns

In the case of a conical horn consisting of a truncated cone, such as the one depicted in

Figure the Transmission Matrix is given by [105]

sin(kol—6 . .
pr| o —7(51292 2) iP5 sinkol | | po A
- . S sin(kol+01—02) Sy sin(kol+61) ) (A.31)
Tl (=21 0 1—02 51 sin(ro 1
T poco  sin By sin Og So sin 01 q2

where 0; = tan~! kox; and 6y = tan~! kgzo, and z; and xs are the axial distances of the two
ends of the truncated cone from its geometrical apex. It should be noted that for the conical

horn, as is the case for the cylindrical pipe, the wavenumber, kg, is the constant wavenumber
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Figure A.11. Schematic of a conical horn.

in free space. This derives from the fact that, for the variation of cross-sectional area of the
conical horn, S = Spz?, the horn equation (A.2)) has the exact solution [4S]

b= Po (Ae—ikox + Beikox> : (A.32)
x

consisting of forward-, or outward-, and backward-, or inward-, travelling waves with linear
phase Fkoz, respectively, where A and B are complex coefficients.

The formulation of the Transmission Matrix of Equation is based on a plane-wave
assumption, where the pressure is considered as constant over the cross section, and the volume
velocity is accordingly defined as the product of the particle velocity with the cross-sectional
area. In principle, this assumption is not applicable for wave propagation in a cone, where
the wavefront is actually spherical. Different formulations of the Transmission Matrix are also
possible, such as in [104]. Further considerations on the wavefront are made in Section
providing justification for the the use of the Transmission Matrix method with conical elements.

In a similar way as with the cylindrical segments, the horn can be geometrically
approximated by a number of conical horns of small length, whose end circular curves intersect
the walls of the original horn exactly, as shown in Figure [A.12h. For clarity of illustration,
a horn with larger flare is shown here compared to that of Figure and it is shown as
approximated by only four conical horns. Again it becomes clear that as the number of conical
horns increases, the resulting shape approaches that of the initial horn.

The geometrical apices of the fitted conical horns of Figure do not coincide, as can be
seen by extending their generating lines, also shown in the drawing. Therefore, it is not helpful
to consider the axial distances of the ends of each cone from a specific point; alternatively they
can be expressed in terms of the radii of the respective cross sections, which are known at

each point from the shape of the initial horn, and of the cone length. This is accomplished
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Figure A.12. (a) Horn approximated by fitted consecutive conical horns. (b) Planar geometrical representation
of half a section of consecutive conical segments. Points A, A’ and A" are the apices of the cones 4, ¢ + 1 and
i + 2, respectively.
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by inspection of the similar triangles ABC and ADE in Figure so that z1 = a1l/d and
x9 = agl/d, where d = ay — a;. If a fitted conical horn of an arbitrary order of position is

considered, Equation (A.31)) takes the form

_ sin(kol—0;2) - poco

pi _ Qi1 sin 6; o ISiJrl Si k‘ol Dit1 (A 33)
) a; i S; Sin(k0l+9i’1—9¢72) S; Sin(kol-f—@i’l) ) ’ '
4i poco  sinb; 1siné; o Si+1 sin 6; 1 di+1

where 91‘71 = tan~! (kolai/di) and 91‘72 = tan~ ! (kolai+1/di), with d; = aj+1 — a;.
In correspondence with Equation (A.28]), a relation expressing the input impedance of a
conical horn in terms of its output impedance holds, which, if written for an arbitrary segment,

takes the form [54]

- ry  sin(kol—0;2) POCO
g Poco | g, sy sin k! (A.34)
¢ SZ 7. Sin(kol+9i’1*9¢,2) B ipoco Sin(kl+9¢y1) : :
i+1 sin 91‘71 sin 91"2 Si+1 sin 91'71

From a purely geometrical point of view, the conical approximation is better than the
cylindrical one, since the cone has a non-zero finite slope, as the original horn, whereas the
cascade of cylinders is made of sections of zero slope connected with infinite-slope steps, as can
be seen in Figure [A.-I0p. However, simulations carried out show that the two approximations
produce almost identical results, even for not very small spatial-meshing segments. In the
results shown in Figure for example, 50 segments were used, which, for a horn with a
length of 0.18 m, corresponds to a segment length of 3.6 mm. Figures and b show the
pressure and volume velocity spatial distribution, respectively, for an input frequency of 1 kHz,
while Figure shows the input impedance frequency variation.

Figure illustrates the effect of the number of elements, with the input impedance
evaluated with a simple ‘power-exponential’ horn approximated with 10 instead of 50 segments.
A periodically variable deviation can be observed in the spectrum, with the cylindrical and
conical approaches converging in certain frequency bands and diverging in others. A smoother
approximation by 200 conical segments is also plotted as a blue line, largely hidden by the
conical approximation of 10 segments, justifying the latter as a good approximation for the
input impedance of the horn. It should be remembered, however, that the Transmission Matrix
method is not valid above the unimodal frequency range, which is up to about 1.2 kHz for
the specified horn. Therefore, the current simulation only provides a comparison of the use
of cylindrical segments to conical ones, without testing the accuracy of either in terms of the

physical problem.

A.3.5 Comparison of the Finite Element and Transmission Matrix methods

The horn used for the comparison of the Finite Element and Transmission Matrix methods is the

one illustrated in Figure Results obtained from a Finite Element analysis are considered
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Figure A.13. Comparison of the results of Transmission Matrix simulations using the cylindrical and conical
approach of a composite horn, each with 50 segments, consisting of a cylindrical tube of length 0.4 m and a
‘power-exponential’ horn of length 0.18 m. The cross-sectional area of the flaring part varies as S = Speb®

where So = ma2, ap = 0.02 m b = 500 and n = 3. Number of segments: 50. Length of segment: 3.6 mm.

Input volume velocity: @ = 107° m3s™!. (a) Pressure spatial distribution for an excitation frequency of 1 kHz.

(b) Volume velocity spatial distribution for an excitation frequency of 1 kHz. (c) Input impedance frequency
variation.

to be more accurate and are therefore used as a reference for the assessment of the validity of
the Transmission Matrix method. In calculations with the Transmission Matrix method, 100
conical segments have been used.

A plot of the input impedance over the range of accuracy of the finite element meshing used,
that is, up to about 4.8 Hz, is shown in Figure[AI5h. It can be seen that there is a gradual shift
towards higher frequencies of the input impedance predicted by use of the Transmission Matrix.
Since the cut-off frequency of the first higher-order mode occurs near 1.2 kHz, the Transmission
Matrix method is considered to be accurate up to this frequency. A corresponding detail of the
input impedance is given in Figure [AI5p. Visible deviation occurs towards the high-frequency

limit of this spectral region.
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Figure A.14. Input impedance of a simple ‘power-exponential’ horn of length 0.18 m, approximated by 10
segments, cylindrical, TM¢y;, and conical, TMcon. A more accurate approximation by 200 conical segments,
TMsmooth, is also plotted.
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Figure A.15. Input impedance variation of a compound horn with the profile of Figure calculated with
the Finite Element method and the Transmission Matrix method (using 100 conical segments) (a) up to 4.8 kHz,
and (b) up to 1.2 kHz.

The relative error of the frequencies of the resonances and anti-resonances calculated with
the Transmission Matrix with respect to the corresponding frequencies found with the Finite

FElement method is calculated by

E¢(frum, frE) = fTMfF% -100%, (A.35)

where frp is the frequency in which a resonance or anti-resonance occurs, as calculated with the
Finite Element method, and frjs is the corresponding frequency for the same-order resonance

or anti-resonance calculated with the Transmission Matrix method. The relative error for the
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Figure A.16. Relative error of resonance and anti-resonance frequencies calculated with the transmission matrix
method, with reference to calculations with the Finite Element method.

32 resonances and anti-resonances occurring up to 4.8 kHz is illustrated in Figure Firstly,
it may be commented that the Transmission Matrix method always overestimates the resonance
and anti-resonance frequencies, as can also be seen in Figure [A.I5h. In low frequencies, the
relative error starts from below 1%, reaching a value of 1.1% for the third input impedance
maximum, at around 810 Hz. It keeps rising with frequency, up to a value of about 2% at around
1.5 kHz, and then drops to values around 1.5%. It should be noted that in the fourth maximum
at around 1.1 kHz, that is, within the range of unimodal propagation, the relative error, about
1.6%, is slightly higher than for frequencies over 2.5 kHz, that is, well into the multimodal
spectrum. In general, within the spectrum assessed, the relative error in the estimation of the
frequencies of input impedance peaks fluctuates relatively little, around 1.5%.

A set of plots of the spatial variation of the pressure calculated using both the Finite Element
and Transmission Matrix methods for different excitation frequencies is given in Figure[A.17 In
Figure[A.I7h, which corresponds to an excitation frequency of 220 Hz, little deviation is apparent
in the flaring part of the horn. As frequency increases, the spatial pressure distributions
calculated by the Transmission Matrix method progressively diverge more. This also reflects
the fact that the input impedance of the two methods diverges more as frequency increases,
as can be seen in Figure Since the input volume velocity for the plots of Figure is
constant, the pressure at the origin has to differ for the two calculation methods according to
the respective difference of the input impedance at a certain frequency, as is more prominent

in the higher-frequency plots of Figure

A.3.6 Geometrical considerations on the wavefront

The horn equation, either in the form of Equation (A.1]) or (A.2]), describes the pressure field of
a horn exactly only for pressure waves whose wavefronts are parallel planes, coaxial cylinders or
concentric spheres, as has been proved in [102]. This means that Webster’s equation describes

exactly only the acoustic field of a cylindrical tube, a cylindrical sector or a conical horn. The
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Figure A.17. Sound pressure level spatial variation calculated with the Finite Element method and the
Transmission Matrix method (using 100 conical segments), for an input volume velocity of constant amplitude
107% m?® - 57! and an excitation frequency of (a) 220 Hz, (b) 440 Hz, (c) 880 Hz and (d) 1.32 kHz.

wavefront area Sy, (x) coincides with the cross-sectional area of the horn only in a cylindrical
tube, where the wavefronts are planar.

In the case of horns with varying flare that are not exaclty solvable, such as the ones
considered in this analysis, where Equation is only approximately descriptive of the field,
the variable S, (x) has to be chosen so as to represent an area close to that of the wavefront.
In a horn with slowly varying cross-sectional area, the wavefront is nearly planar and S, (z)
may be taken as the cross-sectional area of the horn in good approximation. When the horn
cross-sectional area varies rapidly, however, such as near the mouth of a Bessel horn or a
‘power-exponential’ horn, the plane-wave approximation is far from accurate. The spherical
wavefront of a conical horn would seem a better approximation for the area Sy (z) under these
conditions. It should be noted that all considerations in this section involve the propagation of
the fundamental mode, for which the pressure is constant over the wavefront.

Actually, the wave equation for the conical horn and, accordingly, its solution ,
should be expressed with respect to a radial coordinate, , denoting the distance from the apex
of the cone, instead of the axial coordinate, = [48]. This means that the pressure is constant
over a spherical sector of radius r and not on a plane perpendicular to the axis of the horn at

distance x from the apex. Equivalently, it can be said that the wavefronts are spherical surfaces,
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such as in waves produced by a pulsating sphere in free space, and not plane waves [4§].

The Transmission Matrix formulation of Equation is based on a plane-wave
approximation for the cone, where the pressure and particle velocity are considered as functions
of the axial distance from the apex, x, which means that they are constant in planes of constant
x. This is obviously a rough approximation, since the wavefronts inside a conical horn are
spherical. If, however, the radial dependence is considered instead, the areas at the two ends of
the horn, S; and So, must be thought of as representing the wavefront areas at those points of the
horn. Therefore, the areas of the spherical sectors with radii 1 and x5, shown in Figure
could be used instead, representing the areas of the wavefronts intersecting the axis of the horn
at its two ends.

In an infinite conical horn, the wavefronts would be parallel spherical surfaces, since the flare
of the horn would not change. In consecutive conical horns, however, as depicted in Figure[A12]
the problem of the wavefront shape is not well-defined. Figure in particular illustrates the
issue: a spherical wave travelling through a cone of position i along the horn, whose section is
BDEC, reaches the vertical section DE' at its intersection with the horn axis, F, with a radius
x;2, since this is the axial distance of the right end of the cone from its apex. This spherical
wave then enters the region of the next horn, DFGE, denoted by ¢ + 1. If the wavefront were
to continue propagating with a shape corresponding to the cone BDEC', that is, with its centre
located at A, it would reach the meeting point, D, of the two conical surfaces with radius 7; 2.
If, on the other hand, the wavefront is considered from the point of view of propagation in the
second cone, DF'GE, then, at point D it has a radius of 7;41,1, measured from the apex of this
cone, A’. It can be seen that the two wavefronts differ, which implies that a transition of the
wavefront takes place as the wave propagates through the horn.

Furthermore, if the wavefront in the meeting point of the conical surfaces of cones ¢ + 1 and
1 + 2 is considered in terms of the propagation properties of cone ¢ + 1, then its radius will be
rit+1,2, measured from A’. It can be seen that this spherical surface not only differs from the
surface with centre A” and radius r;;2 1, corresponding to cone i + 2, it also enters the region
of cone i + 3, leading to further complication. It can be imagined that in a horn comprising of
combined cones of small length, this overlap in regions of propagating wavefronts is extensive.
The issue of the shape and area of the wavefronts will not be considered further in this analysis;
a more profound examination is carried out in [97], where higher-order-mode propagation is
also accounted for.

Returning to the Transmission Matrix of Equation , it should be considered accurate
for transmission between two points inside an infinite conical horn; in a finite one, the area
of the wavefront at the ends is not well-defined. Therefore, a choice has to be made for the
wavefront areas S7 and Ss.

A rather simplified geometrical consideration of potential wavefronts can be made by

inspection of the drawing in Figure The area of the spherical surface with radius z»
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Figure A.18. Geometrical representation of half a conical segment of a conical horn.

and centre A, is given by

S g = 2mx3(1 — cosf), (A.36)

where cosf = 1/v/d? + 12, where d = as — a1, and, by similarity of triangles ADE and BDN,
x9 = lag/d. The area of the spherical surface with radius ro and centre A, corresponding to the

wavefront if the conical segment with side BD were extended further to the right, is given by
Sep = 21r3(1 — cos ), (A.37)

where r9 = x5/ cos = azv/d? + 12/d. The planar cross-sectional area of the circular disc with
radius ag is given by

S, = 2ma}. (A.38)

The area of the spherical surface with radius r} and centre A’ is also considered, which
corresponds to the wavefront if the horn to the right of BDEC were extended from point D
towards point A’. This is given by

Stp =2mr(1 —cost), (A.39)

where 7] = asV/d"? 4+ 12/d" and cos §' = 1/v/d"? + [, where d' is the difference of the big and small
cross-sectional radii of the next conical segment. All areas defined by Equations ((A.36)) to ((A.39))
are expressed as functions of the chosen length of each segment, [, and the cross-sectional radii

a1 and as.
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The different areas are plotted in Figures and b, for a horn with variation of
cross-sectional area as given in the caption of Figure It can be seen that the cross-sectional
area S, is bracketed by the spherical surfaces S; g and S5 p. This can also be derived by
inspection of the geometry in Figure The arc DP is obviously always larger in length
than the linear section DFE, and the spherical area S; p generated by rotation of DP around
the horn axis, AA’, is accordingly always larger than the cross-sectional area S, with radius as.

As for the arc ]\//fE, some elaboration is required. In the following sequence, y is the length
of ]\/ﬂ?,
as 0 Y 0

tand a9 ~ tand’

y=x00 =y =

A series expansion of the tangent reveals that it is always larger than its argument angle in the
region [0, 27],
17

1 2
tanf =0+ 6% + —60° + —0" + ...
an + 307+ 20 gt

Therefore, the length of ]\@, y, is always smaller that the cross-sectional radius as, and,
accordingly, the spherical surface S, g is smaller that S),.

Finally, the arc DR is even larger than I?TD, which reflects in the respective spherical areas,
Ss,p and S; p- This is particularly clear in the plot of Figure , where a continuously
flaring horn is approximated by 10 conical horns. Towards the right end of the horn, where
the flare is larger, S;’ p is larger than Ss p. In Figure , however, where the same horn is
approximated by 100 conical horns, the two areas are practically indistinguishable. This can be
seen by inspection of Figure [A.12h. As the number of segments rises and the spatial meshing
becomes finer, the right end, D, moves along the initial horn towards the left end, B. Each
consecutive cone varies little in flare compared to its previous one, as the flare of the initial horn
also varies less over a smaller region. This means that A’ approaches A, the angle 6’ approaches
6 and 7} approaches 7 in Figure Therefore, S; p asymptotes to Ss p as the number of
segments becomes very large.

The bracketing of the cross-sectional area by the spherical ones provides a good reason for
using the cross-sectional area at the ends of the conical segments in the formulation of the

Transmission Matrix. Similar conclusions can be found in the literature, for example in [104].

A.4 Conclusions

Expanding acoustic horns are non-uniform acoustic waveguides in which propagation or
evanescence of acoustic waves depends on the flare of the horn and the frequency of the
wave. In an exponential horn of a given flare constant, either propagation or evanescence
occurs throughout the horn, depending on whether the frequency is above or below the cut-off
frequency, respectively, which in turn is defined by the flare constant. In a ‘power-exponential’

horn, however, in which the effective flare coefficient changes along the length of the horn, the
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Figure A.19. Comparison of different assumed wavefront areas of a horn made of consecutive cones. The
legend follows the definitions of Equations —. The areas are calculated only in the meeting points
of segments with changing flare. The left side of the first segment and the right side of the last segment are
excluded from the calculations. (a) 10 segments. (b) 100 segments.

cut-off frequency also changes with position. At the position where cut-off occurs, that is, at
the turning point, the wavenumber becomes zero and beyond this point it becomes imaginary.
Therefore, a wave of given frequency may propagate up to some position in the horn, after
which it is exponentially attenuated.

Two numerical methods were employed in order to acquire the response of a
‘power-exponential’ horn. First, the Transmission Matrix method was formulated, both
using cylindrical and conical segments. The Transmission Matrix method assumes unimodal
propagation and its use is thus limited by the cut-off frequency of the first higher-order mode.
A comparison of the pressure and volume velocity spatial distribution, along with the input
impedance spectral variation predicted by the two models, showed that the conical approach
gives consistent results using a small number of segments, while using cylindrical segments
requires a larger number of segments in order to give consistent results. Nevertheless, both
models give similar results above a number of segments, which is not large.

A Finite Element model of the horn was also implemented. Simulations with the Finite
Element method include the effect of higher-order modes. The use of this method is only
restricted by the relative length of the mesh elements of the model and the local wavelength,
imposing an upper frequency limit for a given mesh. Comparison with the Transmission Matrix
method shows that the resonances and anti-resonances predicted by the Transmission Matrix
method present a gradual upward shift in terms of frequency as frequency increases, with an
approximately constant relative difference of about 1.5 %, except for the first few resonances
and anti-resonances, where the match with the ones predicted by the Finite Element method
is better. The discrepancy in the predicted input impedance may be linked to the fact that
higher-order modes start to propagate as frequency increases, which are accounted for in the
Finite Element model but not in the Transmission Matrix one.

Some geometrical considerations on the wavefront based on the assumption of unimodal
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propagation are also made. It is concluded that, under a rather simplified geometrical approach,
the use of the cross-sectional area may be considered a reasonable approximation for the
wavefront area, and, therefore, its use within the Tranmission Matrix method with conical
segments justified. It is, however, noted that the analysis of the wavefront requires a more
thorough examination, especially when higher-order modes are present, as can be found in the

literature, for example in [97].
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B Modelling the mechanics of the active cochlea

This appendix reports some early work on solutions to the coupled equations that define the
cochlear response, when the cochlear partition is active but nonlinear. Although part of this
work was published in a conference paper [63], it was not pursued further as the structure of

the thesis evolved and so is reported separately from the main text.

B.1 Introduction

It is widely believed that an active mechanism exists inside the cochlea, which provides local
amplification to the response of the cochlear partition for low input levels. This ‘cochlear
amplifier’ [62] is nonlinear, since it enhances the low-level response more than the high level
response.

The activity of the cochlea is attributed to the outer hair cells, which integrate a mechanism
of amplification of the cochlear partition displacement and velocity in low level stimuli. This
additional kinetic energy is provided in the expense of electrochemical energy available in the
fluid surrounding the organ of Corti, in which the outer hair cells are incorporated [62]. The
local character of the activity lies in the fact that energy is provided by the outer hair cells
mainly in a certain region of the cochlea’s length for a given frequency, that is, in the region of
peak response, called the characteristic place for this frequency.

The active cochlea may be modelled as a two-degree-of-freedom system with an additional
pressure component generated by a feedback loop, as was done for example by Neely and Kim [4].
In that model, a gain factor was used to control the level of amplification. However, this factor
had a global character, which means that its value is constant throughout the length of the
cochlea, thus imposing the same amount of amplification at all locations. It is apparent that
the initial formulation of this model does not consider the local character of activity.

The nonlinearity of the active mechanism imposes a saturating distortion on the time-domain
signal. This presents a difficulty in dealing with this phenomenon, as time-domain formulations
are usually more cumbersome in terms of calculations, compared to frequency domain models.
Furthermore, time-domain models are not insightful for steady-state analysis.

A way to overcome this difficulty was introduced by Kanis and de Boer [106], where a
quasi-linear approach is followed. In this analysis, the quasi-linear procedure is adapted for
use with the Neely and Kim micromechanical active model. Initially, a global gain value is
applied to all positions of the cochlea and the coupled model is solved, producing a cochlear
partition velocity and a corresponding difference of the displacements of the organ of Corti
and the tectorial membrane. The nonlinearity is then applied to the time-domain displacement
difference. The nonlinearly truncated displacement difference is approximated by its first-order
Fourier component and a local distribution of gain is acquired, as the ratio of this quasi-linear

displacement difference to the initial frequency-domain displacement difference. Using this
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new gain distribution, a modified distribution of cochlear partition impedances is calculated,
leading to a modified solution of the coupled model. This iterative procedure is continued
until the coupled response settles to a steady value. The quasi-linear model can be viewed
as generally linear and frequency-domain based, with a ‘window’ of time-domain manipulation
for the application of the nonlinearity. The resulting gain distribution can be studied as a
measure of local activity. The quasi-linear approach thus offers the capability of modelling the
steady-state response of a nonlinear, locally active cochlea.

In implementing the quasi-linear method, the wave equation has to be solved for every
iteration, using the modified version of the cochlear partition impedance. In the literature, for
example in [I06], this is usually done with a Finite Difference method, where the continuous
length of the cochlea is represented by a certain number of spatially distributed elements, and
the wave equation is approximated by its equivalent of finite differences. This approach lacks
the clarity offered by an analytical solution. Alternatively, the WKB approximation method can
be used, which provides an analytical solution, thus offering insight into the behaviour of the
model. This method has been demonstrated to give fairly accurate results, although its validity
is theoretically limited by a certain restricting condition [65]. As will be demonstrated below,
however, even if this condition ceases to hold, the results obtained with the WKB method are
in good accordance with the ones acquired with the Finite Difference method.

A simplification of the method can also be made, if the local gain is replaced by an
appropriate global value. It is demonstrated here that this approach seems to give similar
results to the ones obtained with distributed gain. It is therefore implied that a number of
different gain distributions may all produce similar coupled responses, a conclusion that is

supported by the lack of uniqueness in the inverse problem in cochlear mechanics [107].

B.2 The one-dimensional wave equation

Following a number of simplifying assumptions, as presented for example by de Boer [7§]
and in Chapter [4, the cochlea can be modelled as a fluid-filled parallelepiped box, separated
longitudinally by the cochlear partition, as depicted in the one-dimensional ‘box model’ of
Figure The two chambers thus formed are connected via an opening in the cochlear
partition at the apical end of the structure, called the helicotrema. The end of the cochlea at
the two windows on the left side of the figure is called the base and the end at the helicotrema
is called the apex.

The system is driven by the velocity of the stapes at the oval window, which is situated
at the upper basal end. This motion is transferred by the fluid, which is considered to be
incompressible, to the basal end of the lower chamber, forcing the round window membrane to
vibrate accordingly. The motion of the fluid in the chambers results in a pressure difference

across the cochlear partition. The pressure difference is coupled with the mechanical properties
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Figure B.1. A one-dimensional ‘box model’ of the cochlea of length L, with chamber effective height h. The
upper chamber (scala vestibuli, SV) and the lower chamber (scala tympani, ST) are separated by the cochlear
partition (CP) throughout the length of the cochlea, except for the apical end where they are connected through
the helicotrema (HT). The velocity of the stapes, us:, which drives the oval window (OW), and the opposite
velocity at the round window (RW) are shown, as well as the vertical velocity of the cochlear partition, vep and
the pressure difference between the two chambers, p.

of the cochlear partition, resulting in a transverse wave of the vibrating cochlear partition
travelling in the longitudinal direction.

If harmonic fluctuations are assumed, the pressure difference between the chambers, p(x,w),
then satisfies the following wave equation [13]

12wp

B hZcp(x,w)p(x’w) =0 (B-1)

p/,(l', W)

where the primes denote differentiation with respect to x, w is the angular frequency, p is the
fluid density, h is the effective height of the fluid chambers and Z.,(x,w) is the impedance of
the locally reacting cochlear partition, defined as the ratio of the pressure across the cochlear

partition to its velocity,
p(z,w)

Zcp(x7w) = _'Ucp(-r w)'

(B.2)

The minus sign accounts for the fact that a positive pressure difference, that is, a higher pressure
at the upper chamber, produces a downward velocity for the cochlear partition, while the
convention followed here considers the cochlear partition velocity to be positive upwards, as
illustrated in Figure The impedance can take different forms, according to the mechanical
model used for the cochlear partition.

Equation (B.1)) can be seen as being in the form of a Helmholtz equation
P (x,w) + K (2, w)p(z,w) = 0, (B.3)

where the wavenumber is represented by the complex wavenumber function k(z,w), which varies

with location and frequency. The form of the wavenumber function is given by

B i2wp
k(zr,w) = ,/—W, (B.4)
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Figure B.2. The Neely and Kim linear active micromechanical model [4].
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which, in turn, is formulated according to the specific mechanical model used, due to its
dependence on the cochlear partition impedance. The complex wavenumber function can be

expressed as the sum of a real and an imaginary part as
k(r,w) = k(z,w) + ia(z,w). (B.5)

The real part of the wavenumber represents the spatial angular frequency of the wave, and is
equal to 27w over the local wavelength, while the imaginary part holds the role of a gain or
attenuation factor [I08]. The solution to Equation using either the WKB method or the
Finite Difference method, with appropriate boundary conditions, is outlined in Chapter

B.3 The Neely and Kim active micromechanical model

In this section, the active micromechanical model of Neely and Kim is briefly presented. In
the first subsection, the original linear form is demonstrated, where the velocity difference of
the tectorial membrane and basilar membrane is amplified uniformly with respect to input
amplitude. In the second subsection, a modified version of the model is given, which includes

the nonlinear self-suppressing behaviour of the cochlear amplifier [106].

B.3.1 The linear Neely and Kim active micromechanical model

A two-degree-of-freedom system including an active element was proposed by Neely and Kim [4]
to describe the activity of the outer hair cells and the resulting amplification of the coupled
response. For the purpose of the presentation of the micromechanics of the model, the notational
style of the initial paper is followed, although the indices are modified, where £ and 5 denote

displacements and velocities, respectively. A schematic illustration is given in Figure The
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masses mi and mgy represent the organ of Corti and the tectorial membrane, respectively. The
two degrees of freedom of the model are the displacement of the basilar membrane, &, and
the radial motion of the tectorial membrane, &. For the cochlear partition, the average of its

displacement is used, and a ratio of the two displacements is defined as

I

b= .
gbm

(B.6)

The radial motion of the reticular lamina is also considered, as the product of the basilar
membrane displacement and a lever gain. With this, the difference in the radial displacement
of the reticular lamina and the tectorial membrane is formed, henceforth to be called the

displacement difference, which acts as the input to the cochlear amplifier, and is given by

§a = 9&m — &5 (B.7)

where g is the lever gain between the reticular lamina and the organ of Corti.

The active pressure, p,, represents the pressure produced by the cochlear amplifier, which
corresponds to the velocity difference, directly derived from Equation , amplified by the
feedback gain factor v and multiplied by the impedance Zy,

Pa = —7Zsta. (B.8)

The cochlear partition impedance of the Neely and Kim model is given by

Z3 — ’YZ4>

Zcp:g<Z1+Zz 7t 73

) (B.9)

where 71 = k1 /iw + ¢1 + iwmy, Zo = ko/iw + co + iwma, Zs = ks /iw + c3 and Zy = ky/iw + c4.
The relation of the displacement difference to the displacement of the cochlear partition is

also given, which will be useful for subsequent analysis,

Za

=422
bZy+ Zs

Eep. (B.10)

The dependence with respect to space and frequency is omitted in the above expressions, for
convenience. The mechanical parameters of the model, that is, the stiffness and damping
coefficients, vary with location. Values and formulas of the parameters used in the following
simulations are shown in Table [B.1l

A set of plots of the coupled response of the cochlea, calculated using the WKB method,
are shown in Figure for uniform, or global, activity such that ~ is independent of . The
graphs were produced with the WKB method, as described in Section for different global

gain values. The gradual enhancement of the coupled response at the characteristic place
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Quantity Formula / Value Quantity Formula / Value

ki(x) 1.1-10'9¢=4902 N. jn =3 ca(z) 10400 - 72002 N . 5. m~3
c1(x) 2004+ 15-10%- 72907 N.s.m™3 £k, 2.1-105 N-m™3

mq 3-1072kg-m~2 Cm 4-103N-s-m™3

ko(x) 7-107e 40 N. 3 M 4.5-1073 kg - m ™2

co(x) 100-¢7220* N.s.m™3 p 1073 kg -m™3

mo 5-107% kg - m~2 g 1

ks () 103400z N . m—3 b 0.4

cs(z) 207802 N.g.m™3 l 2-1072m

ky(x) 6.15-107 - ¢=400z N . 3 h 2-1073 m

Table B.1. Parameters of a cat cochlea according to the Neely and Kim model [4]. Values were converted to SI
and corrected according to [109], with a few further modifications.

as the feedback gain increases is clearly seen in the basilar membrane velocity modulus plot,
Figure B:3h. Furthermore, the phase of the basilar membrane velocity plotted in Figure [B.3p
can be seen to halt in a small region basal to the peak, and it even slightly increases in this
region for a global gain value of 0.7 before starting to decrease again. The modulus and the

phase of the admittance, which is equal to the reciprocal of the impedance, are plotted in

Figures [B.3¢ and [B.3(d, respectively.

B.3.2 The nonlinear version of the Neely and Kim active micromechanical model

The linear active model of Neely and Kim can be changed to incorporate the nonlinear saturating
effect of the outer hair cells, by introducing a nonlinear function of an appropriate form adjacent
to the cochlear amplifier [I09]. This function nonlinearly distorts the time-domain displacement
difference of the two masses of the model, which drives the cochlear amplifier, for input levels
above some threshold, thus accounting for the fact that the response of the cochlea is found to
be active for low level stimuli, while it gradually turns to passive for high level stimuli. The
nonlinear version of the model is shown in Figure [B.4]

The saturating function used in this analysis is a first-order asymmetric Boltzmann function,

taken from [I10], where it was formed based on [I11]

1 1
F(x,t) =0 - : B.11
v (x)(1+ﬁe7§(z’->) 1+ﬁ) ( :

It is plotted in Figure . In Equation , u(zx,t) is the input displacement difference of
the two masses of the model, 8 is a constant that controls the asymmetricity of the function,
given here a value of 3, 6(x) defines the saturating point and n(x) determines the slope. It has
to be mentioned that the form of the nonlinearity is chosen to be asymmetric to be consistent
with measurements [I12]. It should be noted that §(z) varies across the length of the cochlea,

to produce a similar saturating effect in different positions, by counterbalancing the varying
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Figure B.3. Coupled response and admittance of the linear Neely and Kim model for three different gain values,
from passive (y = 0) to fully active (y = 0.7): (a) WKB basilar membrane velocity coupled response modulus
and (b) corresponding phase. (¢) Modulus of the admittance and (d) phase of the admittance. Basilar membrane

velocities are normalised with respect to the stapes velocity.
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Figure B.4. The nonlinear version of the Neely and Kim active micromechanical model. The nonlinearity is
represented by a saturating function being applied at the input of the cochlear amplifier.

216



B. Modelling the mechanics of the active cochlea

mechanical parameters [I10]. Its assumed variation is plotted in Figure . In the plot of
Figure , the value of 0(z) at the basal region has been used.
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Figure B.5. (a) First-order Boltzmann function, representing the nonlinear saturation of the cochlear amplifier.
The value of §(x) at the basal region of the cochlea was used. Input and output displacements are in pm (10712m).
(b) Spatial distribution of the saturation coeflicient, §(z), in nm.

The slope-determining parameter 7(z) is defined so that the function has a slope of unity at
the origin. Therefore, the form of n(z) is found by differentiating Equation (B.11)) with respect

to the input function u(x,t) and setting it equal to one for zero input, which gives

n(x) = Sa)B (B.12)

(1+p)*
B.4 The quasi-linear approach

In this section, the quasi-linear approach is briefly outlined, where the original concept of Kanis
and de Boer [106] is adapted to the Neely and Kim active micromechanical model [4]. Initially,
the algorithmic procedure is used to obtain the longitudinally varying distribution of the gain
factor y(z). In section a simplifying approach of global gain is presented, where v is

independent of x.

B.4.1 The locally active case

Starting with a global value for the gain factor in the cochlear partition impedance, that is,
imposing the same amount of activity at all positions along the cochlea, the wave equation
can be solved. For this, either a Finite Difference discrete-space approximation can be used as in
the original Kanis and de Boer formulation [106], or the WKB analytical approximation, which
will be used in the following section. An initial pressure distribution is therefore obtained, and,
by means of Equations and , a cochlear partition velocity distribution. It should be
noted that, in all implementations, an initial global maximum value of 0.7 for v was used for the
0 dB input Sound Pressure Level (SPL). For every consequent level, the final gain distribution

of its previous SPL was used as a starting point, to improve convergence.
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The next step of the procedure consists in the application of the nonlinearity. For this aim,

the time-domain signal of the displacement difference, defined in Equation (B.10), is formed as

Ear(x,t) = |&i(x)] cos (wt + pg(x)), (B.13)

where ¢4(z) corresponds to the phase of the displacement difference. The time signal of
Equation forms the input to the nonlinear function, which represents the saturating
effect of the outer hair cell motion as the relative displacement of the outer hair cells with
respect to the tectorial membrane increases. The output of the nonlinearity can be expressed
as

A (@) = F[Sas(z,1)]. (B.14)

In the above expression, F is the saturating filtering function of Equation (B.11]). At this

point, the first Fourier component of the displacement difference is acquired,
2 (T -
L —i
@) = 7 [ et e ar (B.15)

where T is the period corresponding to the fundamental frequency. This fundamental
component is used as a frequency-domain approximation of the nonlinearly filtered displacement
difference. The ratio of the quasi-linear displacement difference with respect to the displacement
difference prior to the nonlinearity gives a scaling factor that is spatially distributed and
represents the magnitude of attenuation due to the saturating effect of the nonlinear function

on different locations along the cochlea, given by

QL
_Sd (v)
5= Ca(z)

(B.16)

It is worth noting that the quasi-linear procedure does not affect the phase of its input, that
is, it does not shift the signal in time. Therefore, the quotient of Equation is real and
equal to the ratio of the moduli of its components. It should also be noted that the values of
the scaling factor are between zero and unity, since the nonlinear function either leaves its input
unaffected, for low stimuli, or reduces its amplitude, for higher inputs; it does not amplify the
signal.

A quasi-linear gain distribution can be defined as
YQL = 57 (B.17)

This scaled gain distribution has values between zero and the maximum global gain that was
initially imposed, and forms a measure of the local activity of the cochlear amplifier. It can be
said that the effect of the nonlinearity has been passed on to the distribution of the gain.

Using the quasi-linear gain distribution of Equation (B.17)), the cochlear partition impedance
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of Equation is modified. Consequently, the wavenumber function of Equation is
also altered. Therefore, a new version of the solution for the cochlear partition velocity is
obtained, which gives a corresponding cochlear partition displacement distribution, by dividing
by iw. This cochlear partition displacement gives a new displacement difference, according
to Equation , which initiates a new cycle of the iterative quasi-linear procedure. The
iteration can be stopped when the output ceases to change significantly. It should be mentioned
that, for better convergence, the gain distribution at the end of each cycle is averaged as a
weighted linear combination of the last obtained distribution and its previous one.

The output of the system is usually considered to be the velocity of the basilar membrane,
which for the Neely and Kim model is given by

Scp(x)

ébm(m) -y (B.18)

B.4.2 The globally active case

The above procedure can be simplified by imposing a single, global, value for the gain factor
at all locations, at the end of each iteration. This value is chosen to be the value of the gain at
the position where the response is maximum, resulting in different levels of global activity for

different input SPLs. The validity of the global gain is assessed in Section

B.5 The WKB approximation method
B.5.1 The WKB solutions in cochlear mechanics

The WKB approximation method is an analytical approximation method for equations that

can be written in the form [27]
p"(z) + E*(z)p(x) = 0. (B.19)

A derivation of the WKB solution for one-dimensional cochlear mechanics is given, for example,
in [I3]. In the cochlear case, both the pressure difference field and the wavenumber function
are dependent on frequency. However, this dependence does not affect the form of the solution,
since the differential equation is only with respect to the spatial independent variable.

As noted in Chapter the WKB solution to Equation is a pressure difference
distribution of the form

p(x) = Ak_1/2(:n)efif02 k(j)dj, (B.20)

where A is a complex coefficient. A form of the cochlear partition velocity can be obtained by
substituting Equation (B.2) into (B.4)) and solving for the cochlear partition velocity, while using
the WKB pressure difference waveform of Equation (B.20)). The cochlear partition velocity can
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then be found to be
Vep(x) = BE3 ()™ Jo k(@)dz (B.21)

where the cochlear partition velocity is noted by we(z) instead of &, (x) for notational

convenience and the complex coefficient B is given by

hA

B = - .
2wp

(B.22)

Only a forward-travelling, that is, towards the positive-x direction, wave has been considered,
as is expressed by the minus sign on the exponent. The general solution contains also a
backward-travelling wave, but this has been neglected, accounting for the fact that in the
general case no significant reflections occur inside the cochlea [7§].

The amplitude coefficient A is found by use of the boundary condition at the base. The
condition at the helicotrema can be neglected, as the wave is excessively attenuated for locations
after the characteristic place, and, even for low frequencies resonating near the apex, no
significant reflections seem to occur [78]. The boundary condition at the stapes is written
as

p'(0) = —i2wpug. (B.23)

For further elaboration, the stapes velocity is written in the form
Ust = Ust,0 — (B.24)

where ug o is the component of the stapes velocity due to the external acoustic pressure, whose

value is given by

ImPo
= B.25
Ust,0 Zm ; ( )
and Z,, is the mechanical impedance of the middle ear, given by
km .
T = — + Cpy, + lwmyy,. (B.26)
iw

The assumed values of the mechanical properties of the middle ear are shown in Table In
the implementation of the calculation code for this analysis, a more complicated model of the
middle ear and ear canal has been used for the component of the stapes velocity due to external
excitation, as presented in [110].
The spatial derivative of the WKB pressure difference, as shown in Equation , is
derived to be
V(@)= —A (%k—?’/?(x)y(z) i) o I K, (B.27)

Therefore, if the value of the derivative at the basal boundary is taken for the left-hand side
of the boundary condition (B.23), and the stapes velocity of Equation (B.24]) is used, also
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substituting the pressure difference at the base, that is, for x = 0, from Equation (B.20f), then
the boundary condition (B.23)) takes the form

— A (G PORO) + #72(0) = ~i2p (wap — 5 AK20)) . (B2Y)

Finally, the amplitude coefficient of the pressure difference, A, can be written as

i2(“)pust 0
A= ’ ) B.29
$k3/2(0)k(0) + ik1/2(0) + i2wp5—k~1/2(0) (B-29)
and the coefficient of the cochlear partition velocity, B, is accordingly written as
B— Ust,0 (B.30)

h (3k-3/2(0)k/(0) + ik1/2(0) + i2wp=k~1/2(0))

The basilar membrane velocity can then be calculated from Equation (B.21)) using Equation
(B.18). It is reminded that v, is equivalent to écp, and vy, is used to represent the basilar

membrane velocity instead of Sbm.

B.5.2 Components and form of the WKB velocity

In this section, the form of the WKB solution is used to gain insight into the form of the coupled
cochlear response, in particular to show that the magnitude and phase of the coupled response
are mainly governed by different components of the WKB solution. The form of the solution

can be written, assuming for simplicity that B is equal to unity, as
vo(x) = k3% (z)e 9@, (B.31)
where the phase function is defined by

() = /0 " (3)di. (B.32)

For notational convenience, the dependence of the terms on frequency has been neglected.

The solution in the form of , representing the normalised coupled velocity response,
can be seen as consisting of two components: the wavenumber function raised to the power
3/2, which will be referred to as the wavenumber factor or the local factor, and an exponential
term, henceforth to be called the exponential or global term, which has the complex exponent
—ig(z). It is apparent from Equation that the phase function is directly dependent on
the wavenumber function, which is written again here in terms of its real and imaginary parts
as

k(z) = k(x) + ia(zx). (B.33)
It is reminded that the real part of the wavenumber, or real wavenumber, is equal to 27 over the
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local wavelength. The imaginary part of the wavenumber will be called imaginary wavenumber
hereafter for convenience, although its characterisation as attenuation/amplification factor
would be more physically enlightening, as will be commented later. The phase function can

then be written accordingly as

¢(z) = or(x) +id1(2), (B.34)

where

(B.35)

Some elaboration can be made on the exponential term to demonstrate the explicit relation
between its modulus and phase on one side and the real and imaginary parts of the wavenumber

on the other. For this aim, the exponential term is written analytically, with the use of

Equations (B.33) and (B.34), as

e~ 10(@) _ (01(2)—igr(T) (B.36)

It can clearly be seen from the form of the phase function that the modulus of the exponential
factor only depends on the imaginary wavenumber, whereas its phase only depends on the real
wavenumber. As regards the wavenumber factor, its modulus and phase are the modulus of the
wavenumber raised to the power 3/2 and the phase of the wavenumber multiplied by a factor
of 3/2, respectively. In the previous analysis, the term ‘phase’ for the phase function should be
considered in a loose sense following the general form of the solution , where ¢(x) would
correspond to a phase function if it was purely real. It is apparent, though, that since the phase
function is complex, it leads to both an amplitude and a phase term for the exponential, as can
be seen in Equation . A set of plots of the wavenumber and the moduli and phases of
the WKB components is given in Figure

An examination of the moduli of the components plotted in dB in Figure reveals how
the coupled response in the form of the WKB solution is formed by its varying factors, which are
shown as coloured lines in the plot. A globally active case is chosen for presentational reasons,
providing a prominent peak at the maximum response. The blue line shows the spatial variance
of the wavenumber term and the red line represents the exponential term. Three regions are
defined here by the form of the overall response. In the basal region, the exponential term is
almost constant throughout, and close to zero; it actually reaches a minimum value of -1.4 dB
near the boundary with the peak region. Therefore, the total response modulus remains largely
unaffected by the global term and closely follows the spatial pattern of the local term.

However, in the relatively narrow region that is called here the peak region, the exponential

term presents a bell-shaped form, reaching a peak near the maximum of the response and
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then quickly falling off. The boundaries of the peak region are defined by the zero crossings
of the overall coupled response. In this region, the local term increases monotonically. As a
consequence of the forms of the two components, the shape of the overall response follows the
resonance-like ascent and descent of the exponential term. Therefore, the shape of the coupled
response in this region is largely formed by the global term, whereas its order of magnitude
follows that of the local term. In the apical region, the exponential term continues to fall off
quickly and the overall response varies accordingly, regardless of the continued increase and
stabilisation of the wavenumber term. It can, therefore, be concluded that the modulus of the
coupled response is largely formed by the modulus of the global term.

If another step backwards is taken, the form of the modulus of the exponential term,
considering Equations and , provides a link between the imaginary wavenumber
and the total response. Specifically, the modulus of the exponential term is the exponential of
the integral of the imaginary wavenumber. By inspecting Figure [B.6h, it can be seen that in the
basal region the imaginary wavenumber is generally close to zero. Therefore, the exponential
term is in general close to one in this region. In roughly the right half of the basal region, the
imaginary wavenumber is slightly negative, resulting in a small decline of the exponential term.
Just before the peak region, the imaginary wavenumber becomes positive and ascending.

In the peak region, the imaginary wavenumber ascends to a peak and then starts descending,
passes through zero and keeps descending. The modulus of the exponential factor, that is,
the exponentiated integral of the imaginary wavenumber, takes the bell shape illustrated in
Figure [B.6p, with its peak at the point where the imaginary wavenumber is zero.

In the apical region the imaginary wavenumber further descends and the modulus of the
exponential vanishes accordingly. Therefore, a correspondence of the total response to the
imaginary wavenumber can be considered. In the basal region, the imaginary wavenumber is
roughly zero and the total response follows the local term. In the peak region, the wavenumber
increases, forms a peak, then decreases, passes through zero and continues to decrease in the
negative realm, causing a bell-shaped resonance form for the total response, with a peak near
the zero-crossing of the imaginary wavenumber. In the apical region, the imaginary wavenumber
continues to decline and the total response quickly vanishes.

The characterisation of the imaginary part of the wavenumber as an
attenuation/amplification factor is also demonstrated by the previous analysis. As long
as its value is zero, the response is equal to the wavenumber term, which is then only defined
by the real wavenumber. When the imaginary wavenumber is positive, the response is
amplified, mainly by the exponential term (although the modulus of the wavenumber term is
also increased). Hence its characterisation as an amplification factor. When the imaginary
wavenumber becomes negative, the response is attenuated, by the decay of the exponential
term, even though the wavenumber term still increases. This justifies its characterisation as an

attenuation factor.
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Figure B.6. (a) Real (blue line) and imaginary (red line) parts of the wavenumber and modulus (black line)
(b) Moduli of the components of the WKB velocity of the
Neely and Kim model in dB: the local wavenumber term (blue line), the exponential global term (red line) and
overall coupled response (black line). The dashed vertical lines cross the overall coupled response at its zero
crossings, thus defining three regions, named here basal, peak and apical. The solid vertical line passes through
the maximum overall coupled response, that is, the peak of the black line. (c) Phases of the components of the
WKB solution: the local wavenumber term (blue line), the exponential term (red line) and the overall response

of the wavenumber. Vertical lines according to (b).
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(black line). A global gain value of 0.7 is used.
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B. Modelling the mechanics of the active cochlea

A plot of the phases of the components is given in Figure B.6c. The phase of the total
response is the sum of the phases of the two components of the WKB velocity solution .
It can be seen that the phase of the total response mainly follows that of the exponential factor,
which, according to Equations and , is equal to the opposite of the integral of
the real wavenumber. The phase of the exponential is monotonically decreasing, since the real
wavenumber is positive throughout. The phase of the wavenumber term, however, is close to
zero for the most part of the basal region, but, as it approaches the peak region, it start to rise.
In the left side of the peak region, it increases to a small peak, then gradually falls to zero and
continues to decrease. In the apical region, the phase of the local term keeps decreasing at a
slower rate, until it nearly stabilises.

The phase of the local term, when added, gives the phase of the overall response its
characteristic deviation from the phase of the global term: a small peak at the boundary of the
first two regions and a higher rate of decrease mainly in the apical region. However, since the
variation of the phase of the local term is relatively small compared to the phase of the global
term, the phase of the overall response generally follows the latter, as was previously mentioned.
In correspondence with the moduli, a link between the variation of the real wavenumber and
the phase of the response can be made: the phase is mainly dependent on the accumulating

real wavenumber as it is spatially integrated.

B.5.3 Validity of the WKB method

The validity of the WKB method, and, therefore, the accuracy of the solutions it provides, is

defined by a limiting condition, given for example in [I3], which can be expressed as

K (x)
k?(x)

< 1. (B.37)

This condition can be described as a limitation on how quickly, in terms of length across
the cochlea, the wavenumber function varies. It imposes that the wavenumber function vary
slowly in the longitudinal direction, compared to the local wavelength of the cochlear wave,
for the method to be accurate. This statement is equivalent to absence of reflections of the
propagating wave [78]. It was shown, however, in [64], using a simpler cochlear model, that
even if the properties of the model vary rapidly, as is the case near the peak with very small
damping, still practically no reflections occur.

A plot of the left-hand side of the WKB condition is shown in Figure B7 It can be
seen that the condition is strongly violated in the basal region and in the region adjacent and
basal to the characteristic place. Despite this fact, acquired results using this method are
fairly accurate even at these regions. This is demonstrated in Figure [B.8] where the moduli
and phases of the basilar membrane velocity using the Neely and Kim linear micromechanical

model are plotted, calculated both with the WKB and Finite Difference methods. Maximum
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Figure B.7. The WKB condition for the fully active Neely and Kim model, at 1600 Hz. The characteristic
place is noted by the vertical line at 15.9 mm.

differences between moduli for the two calculating methods are about 2 dB for both the passive
and the active case, while, for the phases, maximum differences are less than 1/10 of a cycle.
It is therefore confirmed, as has been shown in the literature, for example in [65], that the
WKB can be considered as an accurate approximation method for one-dimensional cochlear
mechanics. Similar results have been obtained also for higher-order fluid coupling, for example
in [66] for a two-dimensional model. It is again stressed that this holds despite the violation of

the mathematically imposed limiting condition of Equation (B.37)).

B.6 Results and Discussion

The quasi-linear version of the Neely and Kim active cochlear model presented previously was
solved for a single excitation frequency of 1600 Hz, and corresponding results were obtained. All
results presented in the following analysis were obtained using a 512-sample spatial integrating
efficiency for the WKB method. It should be mentioned that both for the Finite Difference
and the WKB method, a value of 1024 spatial elements was also tried, giving almost identical
results for each method, and therefore demonstrating that the value of 512 provides accurate
calculations.

An assessment of the two calculating methods in the context of the quasi-linear model was
made with the local gain implementation. The greatest differences between coupled responses
corresponding to the same excitation level were found for medium external SPLs. In Figure[B.9]
the moduli, phases and gain distributions for 50 dB and 70 dB external SPL are plotted. It can
be seen that, even for medium stimulus levels, the WKB coupled response is similar to the one
acquired with the Finite Difference method. The 50 dB SPL has been chosen here because it
forms the input level for which the difference of the velocity modulus at the peak for the two
calculating methods is greatest, as will be discussed later. Maximum differences are found to
be compatible with the comparison of the WKB and Finite Difference methods in the previous

section, using the linear model. It is therefore demonstrated that the quasi-linear procedure
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Figure B.8. Comparison of the basilar membrane coupled response of the linear Neely and Kim model, using
the Finite Difference and WKB methods, for the passive case (modulus (a) and phase (b)) and for a global
feedback gain factor of 0.7 (modulus (c) and phase (d)). Frequency: 1600 Hz.

does not impose limitations to the use of the WKB method. The 70 dB SPL is also displayed on
the same figure, to illustrate that greatly different gain distributions produce similar results. In
fact, the gain distributions for the two methods are much more different at 70 dB compared to
50 dB, but the resulting coupled responses are more consistent in 70 dB. This is an indication
of the ‘ill-posed’ inverse problem and regional sensitivity, which will be discussed later.

The quasi-linear procedure was also implemented for global gains at different levels of
excitation, so that v was calculated at the position of peak response using the method outlined in
Section [B.4.1] but then applied at all positions along the cochlea, as mentioned in Section [B.4.2]
using the WKB method, for single-frequency excitation at 1600 Hz. A corresponding set of
graphs for the modulus of the basilar membrane velocity coupled response, Figure [B.10p, phase,
Figure [B.10p, and gains, Figure B.10k, is presented, where the global gain results are plotted
along with the ones obtained with distributed gains. It can be seen that for input levels up to
40 dB, where the model is almost fully active, the gains are almost constant and therefore the
global response is practically indistinguishable from the local one. However, for medium input
levels, namely, 60 and 80 dB in this case, where the effect of the nonlinearity is more apparent
and the local implementation of the model produces gains with notable longitudinal variations,

there seems to be some difference, especially in the modulus of the coupled response. In the
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Figure B.9. Finite Difference local and WKB local coupled response for an external SPL of 50 dB (left) and
70 dB (right), at a frequency of 1600 Hz. Moduli (upper), phases (middle) and gain distributions (lower).

peak region, this difference is less than 2 dB, but in the apical region there is an evident shift
of the global response. However, since the coupled response falls quickly to small values in the
apical region, this difference is not so important. In the almost passive case of 100 dB SPL
input, the global response matches well the local one.

By inspection of the gain distributions in Figure [B.10f, it can be commented that greatly
varying distributions result in quite similar coupled responses. It is reminded that the global
gain is chosen to be equal to the local gain at the location of maximum response, during
the iterative procedure presented in Section [B:4.I] The fact that the global and local gain
lines do not intersect exactly at the characteristic place, as can be seen in the 40 dB graph
of Figure [B10f, is due to two reasons. First, the vertical line corresponds to the maximum
response of the local implementation of the model, which does not occur at the same location
as the maximum response of the global implementation. Second, at each iteration of the global
model, the global gain is assigned the value of an intermediate local gain produced by the model,

at the location of the maximum response; this intermediate local gain distribution is not the
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Figure B.10. Comparison of the cochlear coupled response for the locally active and the globally active case,
for six different input levels, at 1600 Hz. Calculations were made with the WKB method. (a) Modulus of the
basilar membrane velocity normalised with respect to the stapes velocity. (b) Phase of the basilar membrane
velocity with respect to the phase of the stapes velocity. (¢) Gain distributions. Vertical lines plotted according

to Figure @P
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same as the final gain distribution of the local implementation of the model plotted here. It
can be seen that the variation of the gain at the apical region does not noticeably affect the
coupled response. This is especially illustrated by the fact that in the case of 100 dB SPL, the
global response is almost the same as the local one, despite the fact that the local model seems
to be almost fully active in the apical region, where the global one is almost fully passive, as
seen in the lower right graph of Figure[B.10p. This implies that for 60 and 80 dB SPL, shown in
the lower left and lower middle graphs of Figure [B.10¢, where greater differences in the coupled
response are observed, these are probably due to the differences in gain in the basal and/or
peak regions. It should be emphasised that this global gain approach is valid for single-tone
excitation and cannot be applied in general, for example when the cochlea excitation is due to
the interaction between two tones [113] [114].

In order to further assess the sensitivity of the coupled response to gain variation in different

locations, the Normalised Mean Square Error can be used. The formula used here is given by

Zx: ‘me($) - ’[)bm(‘%a .’E)|2

5l ()

NMSE(#) = (B.38)

In the above equation, v, (x) is the basilar membrane velocity distribution with an unperturbed
global gain and Oy, (Z,x) is the basilar membrane velocity distribution with a perturbation
of gain in longitudinal location Z. Therefore, NMSE(Z) is the Normalised Mean Square
Error corresponding to a perturbation applied at length Z of the cochlea. A plot of the
Normalised Mean Square Error, further normalised by the value of gain perturbation, is shown
in Figure It is apparent that the sensitivity of the model to gain perturbation is ‘densely’
concentrated around the characteristic place, since the Normalised Mean Square Error falls
rapidly as the perturbation is applied to locations away from the peak. It can therefore
be concluded that the differences in the response of the global gain formulation are due to
differences in gain in the peak region, while differences in both the basal and the apical regions
do not significantly affect the coupled response.

The loose relation between gain distributions and responses presented previously implies
that many different distributions may result in similar coupled responses. This implication is
directly related to the non-uniqueness of the so-called ‘inverse problem’ in cochlear mechanics,
as reviewed for example by de Boer in [I07]. The inverse problem consists in obtaining model
parameters by use of response data, mainly measured ones, but also model-produced data for
validation purposes of the inverse method used. These model parameters can for example
be the cochlear partition impedance or the functions that form the real and imaginary parts
of the wavenumber [8I]. In the current analysis, the gain distribution can be considered as
a characteristic property of the model, directly linked to the cochlear partition impedance

through Equation (B.9). It has been demonstrated, for example in [107] and [81], that the
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Figure B.11. Normalised Mean Square Error of the basilar membrane velocity divided by the gain perturbation,
with a perturbed gain of 0.69 (Ay = 0.01) applied at different locations along the cochlea. The vertical lines are
plotted according to Figure .

inverse problem is ‘ill-posed’, as it has been characterised, due to the fact that similar responses
may be produced by models with very different properties. Moreover, it can be said that a
specific solution may result in different inversely acquired model parameters, depending on the
inverse method used.

The nonlinear behaviour of the model can be demonstrated by plotting its maximum coupled
response at different excitation levels. This is done in Figure where the coupled response
is represented by the displacement of the basilar membrane. The WKB method responses
for both the locally and globally active cases have been plotted against the locally active case
calculated with the Finite Difference method. It can first be commented that the WKB globally
active response curve only slightly diverges from the WKB locally active one, and only in a
small input level region. This is in accordance with the previous discussion. It can further be
observed that the WKB and Finite Difference methods behave similarly in the two end regions,
that is, for input levels below about 30 dB, where the amplifier is almost fully active, and above
about 80 dB, where the cochlea is almost passive. However, in the middle region, between
about 40 and 70 dB, there seems to be some deviation. Specifically, for a 50 dB input level,
the WKB local gain implementation gives about 3.5 dB higher maximum response compared
to that calculated with the Finite Difference method. With global gains this error is slightly
greater. These error values are higher than the ones of the linear model presented in Section
Nevertheless, the WKB coupled response can still be considered to follow that calculated
with the Finite Difference method fairly well, as can be seen in the upper left graph of Figure
It is also worth noting that the dynamic range of the response is practically the same for
both methods.

A comparison of the global gain approach for the two calculation methods in the context
of the quasi-linear model is illustrated in Figure [B.I13h. It can be seen that in the fully active
region up to about 25 dB SPL, the two methods behave similarly. However, for higher stimuli,
the WKB method seems to give significantly greater values of global gain. Specifically, for
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Figure B.13. (a) Variation of the global gain factor with respect to input SPL for the Finite Difference and
WKB methods in the quasi-linear Neely and Kim model. (b) Basilar membrane velocity coupled response at 60
dB SPL, 1600 Hz, for the Finite Difference global and WKB global cases.

60 dB input SPL, the WKB global gain is 75% greater than the corresponding value calculated
with the Finite Difference method. Respectively, the coupled response of the basilar membrane
velocity, shown in the Figure B.13pb, has a maximum difference of less than 3.5 dB near the
peak. It can be seen that the coupled response is mainly affected in the peak region, where the
activity of the cochlear amplifier is prominent. Expectedly, the lower global gain of the Finite
Difference method results in a less active coupled response and, therefore, in a less prominent
peak. It can be commented that even with a big difference in global gain, the two methods give

fairly similar results for the quasi-linear model.

B.7 Conclusions

The quasi-linear approach to calculating the steady-state response in the nonlinear cochlea has

been modified to use the WKB approximation method to calculate the coupled response. It has
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been demonstrated that the WKB method provides an accurate approximation for the solution
of the quasi-linear approach for the cochlear amplifier. An analysis of the components of the
WKB solution has shown that the magnitude of the coupled velocity response is shaped by the
exponential term of the solution, whose amplitude is formed by the integral of the imaginary
wavenumber, while its phase is the integrated real wavenumber.

It has further been shown that a global gain may be used instead of a spatially varying
one, providing a good approximation for the cochlear coupled response. The WKB and Finite
Difference methods were found to behave slightly differently in the global implementation of the
quasi-linear approach, without, however, loss of general consistency. Moreover, the variation of
the gain distribution in locations away enough from the peak seems to have a negligible effect
on the overall response. The most important conclusion is thus that many, apparently rather
different, distributions of feedback gain can give very similar coupled responses in the cochlea.
This is highlighted by the differences in the local feedback gain distributions in Figure [B:9] and
the global feedback gains in Figure all of which give similar coupled responses for the

active cochlea.
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C The WKB approximation method

C.1 Introduction

The WKB approximation method, named after physicists Wentzel, Kramers and Brillouin, is a
method within perturbation theory, which gives approximate analytical solutions to differential
equations [27]. It is also known as the WKBJ, JWKB, where J stands for Jeffreys, or the
Liouville-Green, LG, method. The method is particularly useful for obtaining analytical
solutions for differential equations which are not analytically solvable. Analytical solutions
have two main advantages compared to numerically obtained results: first, they can be easily
manipulated mathematically, and second, their components may be interpreted in physical
terms, thus providing insight to the corresponding physical problem. A general presentation
of the WKB method is given in this appendix, based on the formal analysis in [27, 115] 28],
focusing on the second-order wave equation for acoustic waves in a horn and on the fourth-order
wave equation for flexural waves on an elastic wedge.

The WKB method is applied to differential equations of the form

dn dn—l d
f (61/,i dxz’ﬁyﬂ_l dxn_g{7 - 6I/1£7 6Voy> — 07 (Cl)

where f is a linear function of its arguments and e is a perturbation factor. Usually, the exponent
of the perturbation factor multiplying the highest-order derivative is equal to the order of the
derivative, v, = k. The formulation of the solution is based on an exponential trial solution of
the form

oo
e ! Z Sne™
n=0

y=e€ ,6-)0, (02)

where the functions S, are arbitrary functions of x. In strict mathematical terms, the above
relation forms an asymptotic solution to the differential equation as the perturbation factor
tends to zero, and, therefore, the equal sign should be replaced by ~; a looser notation is
followed throughout this analysis.

Once all the derivatives appearing in Equation have been calculated for the trial
solution given in , they may be substituted, along with the trial solution, into the
differential equation. The resulting terms may be arranged in the form of a polynomial equation

for the perturbation factor, €, as
90(A)e’ + g1 (A)e' + ga(A)e® + ... =0, (C.3)

where A is the set of the derivatives of all orders of the functions S,, appearing in the exponent

of the trial solution. In order for Equation (C.3)) to hold for all €, all the coefficients of € must
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be equal to zero, thus yielding an infinite set of equations,

go(A)
gl(A)
92(A)

)

(C.4)

0
0
0

)

Each one of Equations for g,(A) involves derivatives of up to the function S,,. That is,
the first equation, go(A) = 0, involves only the derivative of the zeroth-order function Sy, the
second equation, g1(A) = 0, involves only derivatives of Sy and S; and so on. Therefore, all
these equations may be solved successively starting from the zeroth-order one, so as to obtain,
by means of integration, the sought-after S,, functions. A WKB approximation of order n is
obtained by including up to the function S,, in Equation .

In practice, the perturbation factor appearing in a differential equation describing a specific
physical system may not be tending to zero; it could actually have high values, for example
e = 1. In this case, the relation of the form of Equation is not an asymptotic solution
to the differential equation . Even so, the WKB approximation may give results of high
accuracy, as is demonstrated in [27]. Another cause of error of the approximation is the order
of the solution used, that is, the order of the highest-order S function used, after which the
solution is truncated. A commonly used WKB approximation for many applications is the

first-order one, where the solution is written as
y = e SotSt (C.5)

In order for the WKB solution given in Equation (C.2]) to be an asymptotic solution to
Equation (C.1J), the following set of conditions have to be satisfied [27],

Sn+1(x)

Ontll ) <1 > 0. .
Sy | < e—0,n>0 (C.6)

|€Sn1(2)] < [Sn(@)| = ‘6

These correspond to an infinite set of relations, comparing each two consecutive S functions.
Additionally, in order for the Nth-order WKB solution to be an accurate approximation of the

solution, the following condition also has to hold [27],
\ENSNH(:E)\ < 1,e— 0. (C.7)

The above conditions are given here for completeness; they are discussed further in the specific

examples presented in the next sections.
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C.2 Second-order wave equation

C.2.1 Derivation of the first-order WKB approximation for Schrodinger’s

equation

A differential equation appearing in various non-uniform systems is Schrodinger’s equation,
Y+ K (2)y =0, (C.8)

where the prime notation denotes differentiation with respect to = of the same order as the
number of primes. Equation (C.8)) is similar to the Helmholtz equation [57], the difference being
that, in the former, the wavenumber is a non-consant function of . This second order equation
describes, for example, the harmonic acoustic pressure along an acoustic horn normalised with
respect to the cross-sectional radius, as is presented in Appendix [A] It also describes the spatial
distribution of the pressure difference across the cochlear partition in the cochlea along its
length, again for harmonic excitation. Equation is often called ‘the wave equation’ for the
corresponding system, although in a rather abusive manner, since the actual wave equation is
a partial differential equation with respect both to space and time, whereas in Equation ,
the time dependence has been dropped due to harmonic time dependence of the sought-after
function y.

Equation is solvable only for a limited number of forms of the wavenumber
function [96]. Therefore, in general, it either has to be solved numerically or an analytical
approximation has to be found. The WKB method may be employed in order to provide such
an analytical approximation. The second-order wave equation may be written in the form
of Equation by including a perturbation factor, €, multiplying the highest-order derivative,

raised to the power of this derivative,
2y + kX (x)y = 0. (C.9)

It can be seen that the initial equation corresponds to the perturbed equation with
the perturbation factor being equal to one. The WKB solution may be found for the perturbed
equation , and the particular value of one for the perturbation factor may be applied
afterwards.

The general WKB solution is

e — 0. (C.10)
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Differentiating twice yields the second derivative

oo o 2
y' = |t Z Sre + (e_l Z S;;”) Y. (C.11)
n=0 n=0
Substituting into Equation (C.9)) and neglecting the trivial solution, y = 0, gives
oo [e.e] 2
et Z Sle™ + <€_1 Z S,’ﬁ”) +k%=0. (C.12)
n=0 n=0
This equation may be re-arranged as a polynomial of € as
(SE+ k) €+ (S§ +254S7) € + (S + 87 +25)53) € + ... = 0. (C.13)

In order for this equation to hold for all values of €, the coefficients of all its powers must be

zero. Therefore, an infinite set of equations is obtained, the first three of which are

e SE =~k (C.14)
S//
e S = —2—596, (C.15)
and ) 9
1 S// Sl 1" 3S/l
2. g _ LS ST _ S 35 1
€A =g (sg] " S()) 157 883 (©16)

Equations (C.14)) and (C.15|) are also called the ‘eikonal’ equation and the ‘transport’ equation,

respectively. The solution of the eikonal is
Sy = ik, (C.17)

which, by integration, yields
Sp = +i / k(#)dz. (C.18)
0

Consequently, the transport equation becomes

=—— 1
which, by integration, gives

where k;,, is the wavenumber at the input boundary of the waveguide. The first-order WKB

approximation may then be obtained by taking only the first two terms in the exponential of
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the general solution, Equation (C.10)), and taking € to be equal to one, giving

= (B) v (C21)
It should be noted that no particular assumption about the wavenumber function has been
made, which may in general be complex. Therefore, the above solution, corresponding to
two linearly independent solutions, represents either a travelling or an evanescent wave, or a
combination of the two types of waves, depending on whether the real and imaginary parts of the
wavenumber are zero or not. Specifically, if the wavenumber is real, Equation ((C.21]) represents
a travelling wave, whereas if the wavenumber is imaginary, it represents an evanescent wave.
Moreover, if the resulting sign in the exponent is negative, the wave either travels or attenuates
towards positive x, while if the sign is positive, it either travels or attenuates towards negative
x. The general first-order WKB solution is a linear combination of the two linearly independent

solutions, which may be written as
Y= Ak‘_l/Qe*ifol R@)dz | Bk:_l/Qeiftf k(i)dj, (C.22)
where the factor due to k;;, has been absorbed into the arbitrary complex constants A and B.

C.2.2 The WKB approximation for an acoustic horn

In order to provide a concrete example of a system obeying a second-order wave equation,
sound propagation in an acoustic horn will be considered. The acoustic pressure in an acoustic
horn may be reduced, by an appropriate variable substitution, to the wave equation , as
is presented in Appendix |[Al The wavenumber in a horn takes the form [97, [55]

k= £k} - F(x), (C.23)

where kg is the free space wavenumber, given by kg = w/cp, where w is the angular frequency
of the wave and ¢g is the speed of sound in free space, and F'(z) is called the horn function,

which, for a horn of circular cross section, is given by
F(x) = —, (C.24)

where 7(x) is the radius of the cross section and r” its second spatial derivative.

It should be noted that no losses have been included in this analysis. If losses were included,
for example by incorporating an imaginary part for the speed of sound, the quantity under
the square root in Equation would be complex, as would the wavenumber function.
In the case, however, where losses are excluded, it can be seen that the wavenumber may be

either purely real or purely imaginary, since the argument of the square root in Equation ((C.23|)
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is purely real. Therefore, the wave may be either purely propagating or purely evanescent,
according to the wavenumber being real or imaginary, respectively.

In general, the wavenumber may become zero for an appropriate combination of the
frequency-dependent free space wavenumber and the spatially-dependent horn function.
Therefore, for a given horn function, the wavenumber may become zero for different frequencies
in different positions along the horn, leading to a qualitative change of the character of the
wave from travelling to evanescent. The vanishing of the wavenumber introduces a singularity
in the WKB solution, as is apparent from the form of Equation , where the wavenumber

/2 Such a singularity is called a turning

appears in the denominator due to the factor £~
point or cut-off point, defining the border between the regions of propagation and evanescence.
Consequently, the WKB method is not applicable in a turning point. In order for the WKB
to be applied throughout the horn, including turning points, a procedure known as asymptotic

matching needs to be followed, as presented for example in [27] and [115].

C.2.3 Validity of the WKB approximation for an acoustic horn

The validity of the approximation of the WKB method is determined by the satisfaction of
certain conditions. In the strict mathematical formulation of the method, as presented in [27],
two different types of conditions have to hold. Firstly, every WKB function multiplied by the
perturbation factor must be much smaller than the previous WKB function in absolute terms,

as the perturbation factor tends to zero, so that

Sn+1(x)

1 > 2
5. | < e—0,n>0, (C.25)

WKBa,n_A,_lI ’65n+1(l')’ < ’Sn(l')‘ = ‘6

which means that each term in the exponent of the WKB solution, as given in Equation (C.10)),
must be much smaller than the previous one. Additionally, for the solution to be accurate if
truncated at the term of order NV, the first term to be neglected must be much smaller than

one,

WEKBy v 41: |eVSnia (@) < 1,6 >0, (C.26)

It is important to note that the above relations, as well as all consequent relations where a
comparison of “much smaller than one” or “much larger than one” is involved, should not
be considered as a comparison of the respective left-hand-side term with unity. Instead, the
comparison should be considered with respect to order of magnitude, so that the left-hand-side
terms should have an order of magnitude much less than the order of magnitude of one in order
for the respective conditions to be satisfied.

An equivalent rigorous formulation of the WKB solution is presented in [2§], but with the
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WKB functions explicitly expressed as integrands as

e 1 fz dz i Sne€™
y=e 0 Az (C.27)

where s, = S/, and S,, are the WKB functions as defined previously. According to this
formulation, the requirement that progressive terms get much smaller can be expressed in
terms of the integrand functions s,, as

nt1()

WKBg pt1: |€snt1(2)] < |sp(z)] = ’683 @ < 1. (C.28)

In view of Equations (C.17) and (C.19)), the validity condition WKB, ; becomes

k/
‘%2 < 1. (C.29)

Equations (C.28) may be obtained by differentiating both sides in the first expression of the
conditions in . In general, differentiation cannot be applied to an inequality. However,
since integration takes place in a finite interval, in this case between 0 and x, and a relation of
“much smaller than” is involved, implying, in the strict sense, a difference of many orders of
magnitude, relations and equivalently express the requirement that each WKB
term is much smaller than the previous one.

In the engineering literature, only condition is typically used, as, for example, in
[116] and [65]. Its derivation is usually based on a physical line of thought, requiring that the
relative variation of the wavenumber over the length of the order of a wavelength be negligible,

which can be expressed as
k,/
—A

1. .
’ < (C.30)

Since, in the absence of losses, the wavelength is A = 27/k, the validity condition takes the

more popular form [8] [7]
/

L Y (C.31)

WKB,: 2

where the subscript ¢ stands for common. The factor 27 has been neglected as being of the order
of 1, something which may be done if the term on the left side of the inequality is many orders
of magnitude smaller than one. If this is not the case, however, and a quantitative measure of
validity is desired, then, if such constant terms are of the same order of magnitude as the left
side of inequality , their exclusion may significantly affect the assessment of validity, as
will be discussed later.

The validity condition in the form of relation may also be obtained by requiring that
the relative spatial variation of the coefficients of the differential equation be negligible within

the length of the order of a wavelength. In Equation (C.8)), the only variable coefficient is k2.
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Therefore, the above requirement may be expressed mathematically as

/

2k
<<1:‘ <1, (C.32)

k?

()1
k2 k

which is the same as condition (C.31)), except for a constant factor of 2. This approach is

followed for example in [I1].

The first two validity conditions (C.25)), by use of Equations (C.18) and (C.20]), take the

form

11 ks
Si(x) 2 In 27
KBai: |57 1 T N~ 1, .
Wi 23]« 1 | i < (€.59)
T k" (%) 3k'2(%) ~
- =+ = d
WKB,»: ‘Sz(x) <1= o ( WD k_g’“?’("”’> <1, (C.34)
Si(z) 205

and the condition due to the truncation of the solution after the second WKB term takes the

form

< 1. (C.35)

WKBya: [Sa(z)] < 1= ’/Ox < K (&) 3k'2(5")> 7

C4k2(Z) | 8k3(Z)

An illustration of the four validity conditions of relations (C.33]), (C.34), (C.35) and (C.31))
at a frequency of 1 kHz is given in Figure [C.1p, for a horn whose wavenumber distribution at

1 kHz is shown in Figure [C.Ih. Firstly, it can be observed that the conditions involving the
second-order WKB term, S5, are strongly violated when approaching the turning point from
the region of propagation, that is, where the wavenumber is real, and throughout the region
of evanescence. The terms evaluating the validity of these conditions actually take very high
values, of the order of 104, not shown here for illustrational purposes.

As regards the commonly used WKB condition, WKB,, this is strongly violated over a
relatively wide region around the turning point. It is expected that the terms for these three
conditions will become large at least at the turning point, since they all involve terms with the
wavenumber at the denominator, which vanishes at the turning point. Only the term of the
WKB,,1 condition retains relatively small values throughout the horn, even at the turning point,
where it is close to unity. Nevertheless, it should be pointed out that, even at the positions of
the horn where some of the terms of the conditions have relatively small values, these are still
comparable to unity and, therefore, the conditions cannot be considered to be strictly satisfied,
since the requirement calls for a ‘much less’ comparative relation. This is also expected, since,
for the strict WKB formulation, the validity conditions also require that the perturbation factor,
€, tends to zero, whereas, in the case examined here, it actually has a value of one.

The WKB conditions presented do not seem to give a clear indication of the validity of
the solution, since they do not agree in the same regions. Specifically, two conditions are very
strongly violated throughout the evanescent region, another one is violated clearly around the

turning point and a fourth one seems to have relatively small values throughout the horn.
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Therefore, in order to assess the proximity of the WKB solution to the actual solution of the
problem, comparison with numerical methods has to be made. At least for the case where
a turning point is included in the system, that is, for frequencies for which cut-off occurs at
some location inside the horn, the WKB solution is expected to diverge significantly from a

more accurate numerical solution at the region of the turning point, due to the existence of the

singularity in Equation ((C.22]).

20 6 :
Re{k} — WKBq1
— Im{k} || —— WKB,2
o 10} 1 g 5 WKBys
5 | i
~ 0 =
= =
El z 5
~--1o >
= 27
Q
= 20} = N
-30 ‘ : ‘ o= ‘ ‘
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Position (m) Position (m)

(a) (b)

Figure C.1. (a) Spatial variation of the real and imaginary parts of the wavenumber in a horn with radius
r = 0.02exp{2502°}. (b) Spatial variation of the different WKB validity terms.

C.3 Fourth-order wave equation
C.3.1 Derivation of the first-order WKB approximation for a non-uniform plate

In this section, the WKB solution for the vertical harmonic displacement of a non-uniform
plate in bending is derived, based on the method presented in [27]. A derivation of the WKB
solution for a non-uniform beam and a non-uniform plate was presented by Pierce in [5]. A
more standard approach is followed here, which is similar to that in [34].

The equation of motion for a non-uniform plate in bending is first re-written, with the prime

notation corresponding to differentiation with respect to the axial coordinate, x,
(Dw")" — W?phw = 0, (C.36)

where D = pc%h3/12, p is the density of the material of the plate and h(z) is the spatially
varying thickness of the plate. A perturbation factor may be introduced by setting w = ¢~2,
on the grounds that very low frequencies are not so important in the practical consideration of
the system. Therefore, the perturbation parameter, €, will in general have small values; let it
be noted that ¢ cannot become zero, since frequency can only take finite values. Consequently,

the equation of motion becomes

et (Dw")" — phw = 0. (C.37)
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The starting point for the WKB solution is the general formula

e ! S Sne™
RZ::O € — 0. (C.38)

w =e

By taking the derivatives of w and substituting into Equation (C.37), also dividing by the

exponential, which appears in all terms, the following equation is obtained
et {D

+2D’

oo oo o0 o0 2
Z leenfl +4 (Z SZ’E"1> (Z Sée"1> +3 (Z SZ6"1> +

n=0 n=0 n=0 n=0

47

oo 2 o o
o(Zaet) (Sswe) s (L) |+

(C.39)

o o 0 0 3_
Z SMen=l 13 <Z 5’;6”_1> (Z S;{e"_l) + (Z S;Le”_1> +
n=0 n=0 i

+D/I

o) 00 2
Z SVt 4 <Z S,’lenl> } } — ph =0.

n=0 n=0

By re-arranging the left side as a polynomial of €, that is, gathering equal powers of €, and
setting all the coefficients of the powers of € equal to zero, so that the equation holds for all

values of ¢, an infinite set of equations is obtained. The first three are

Qs =0 = (C.40)

el 1=——-—o — —— (C.41)
and

o o 3857 38! S§ST Sy 385> 3D'Sy 1D'"1 3D Sy
€Sy =S 5w 3 gm “ g2 198 3p 9 1D apgz (C42)
28, 28 S S 4S8 2DS, 4DS; 2DS]

Equation (C.40|), the eikonal equation, has four roots,

121/4

_, C.43
C;/2h1/2 ( )

ph 1/4
Sh = {+1,+i} (5) — (41,4}
where the four factors in curly brackets correspond to the factors multiplying each separate

solution. By integration of Equation ((C.43)), the four different forms of Sy are found to be

So = {+1 j:'}/x 2 (C.44)
= , i ——dz, .
0 0 c;/2h1/2(i.)

where the lower limit of integration has been chosen to be the input boundary of the waveguide

for convenience.
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Since the four Sy functions differ only by a constant factor, Equation (C.41)), that is, the
transport equation, has the same form for all solutions of Equation ((C.40)), as the factors of each
Sp function cancel out in the first fraction. Substituting Equation (C.44) into Equation (C.41]),

and also using the relation D = pcf,h?’ /12, gives

30
which, by integration, yields
3 h
Sy =7n (f) , (C.46)

where hg = h(0) is the thickness at the input boundary. By substitution of Equations ((C.44))
and ((C.46|) into the general form of the solution, Equation (C.38)), and neglecting higher-order

terms, the first-order WKB approximation is obtained

3/4 e
- — (f;o) RESECIRN k(@)dz (C.A47)
where 1/4, 1/2
12°7%w
e (C.48)
cp! “ht/2

The general solution using the first-order WKB approximation is writen as

h 3/4 ) )
w = (ZO) [Ale_‘¢ + Age'® + Agze™® + A4e¢] , (C.49)

where A1, As, A3 and A4 are complex constants.

C.3.2 Validity of the WKB approximation for a non-uniform plate

The validity conditions of the WKB approximation are re-written here for ease of reference,

Sn
WKBg nt1: |€Sn+1(z)| < [Sp(z)] = ’6‘5#(19(;:) < 1l,e - 0,n>0, (C.50)
WKBy, y41: ‘eNSNH(x)‘ < 1,e—0. (C.51)

The WKB condition commonly found in the literature is also re-written,

/

WKB.: |15 < 1. (C.52)

If the approach with integrand functions is followed, as was done for the second-order equation

according to the analysis in [28], this condition takes the form

<1, (C.53)

3K
152
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which is equivalent to the commonly used form in relation if the constant factor is
neglected.

Similarly to the case of the second-order equation, the validity condition of relation
may be obtained also for the fourth-order equation of flexural vibrations by requiring that
the relative variation of each of the coefficients of the differential equation over the length
of the order of a wavelength be negligible, as is done for example in [I17]. In this sense, the
waveguide may be regarded as having slowly varying geometrical parameters along the direction

of propagation. For this aim, the fourth-order differential equation (C.36|) is expanded as
Dw"" 4 2D'w" + D"w" — w?phw = 0. (C.54)
The four resulting conditions are expressed as

e

Gl ey C.55
cR <t (C.55)

where C; = D, Cy = 2D’, C3 = D" and Cy = —w?ph; all four conditions have to be satisfied for
the waveguide to be considered slowly varying. The conditions (C.55]) can be expressed in terms
of the wavenumber and its derivatives. If the derivatives of the wavenumber of order higher
than one are neglected, in compliance with the slowly varying assumption and the first-order
approximation, all four conditions result in the form of , only differing by constant factors.

A number of issues arise in the assessment of the validity of the WKB approximation by
use of the various conditions. Firstly, the conditions WKB, ,+1 and WKBj, 41 are required to
hold in the formal vanishing limit of the perturbation factor for the WKB approximation to be
accurate. In the WKB formulation presented in the previous section, the perturbation factor

1/2

is defined in terms of the angular frequency as ¢ = w™"/#, so that the limiting case corresponds

to frequency tending to infinity. The first WKB,, condition, that is, WKB, 1, is written as

3 hg
Zln(h x)
<1l= T h(E. o) dE < 1l,w — oo. (C.56)

Si(x) (
Jo k(2,w)

WKB, 1 | —5555—
1 wl/28y(x)

It can be seen that this condition is satisfied as the frequency tends to infinity, since the
wavenumber is proportional to the square root of the angular frequency, as long as the thickness
of the waveguide is not zero. In fact, all conditions of Equation are satisfied in the strict
requirement of infinite frequency, as long as the involved S functions are finite non-zero functions
of z.

In special cases, such as if the thickness tends to zero, indefiniteness may occur and further
investigation may be required in order to define the behaviour of the fraction in Equation ((C.56)).
It should also be noted that all of these conditions are violated in the low-frequency limit, a

point that considerably affects the accuracy of the method at low frequencies. It can be deduced
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that the common validity condition of Equation is also satisfied as frequency tends to
infinity, in light of Equation , under the same restrictions for the thickness as for the
WKB, condition; it also fails as frequency approaches zero.

In a physical context, frequencies are of finite magnitude and for many useful cases have
values towards the lower end of the spectrum. Therefore, even if the approximation is found
to be accurate in the limiting high-frequency case, a quantitative assessment of the conditions
along the useful frequency spectrum needs to be made. Furthermore, there exists an intrinsic
arbitrariness in what is considered to be accurate when an inequality involving a “much larger
/ smaller than” relation is used as a criterion, so that some acceptable threshold value for the
quantities compared to one in the given relations has to be defined. Similarly, the low-frequency
region is arbitrary and has to be defined according to some threshold value for the quantity of
the condition.

The second type of condition, WKBj, expressed in Equation , is also satisfied in the
high-frequency limit, as long as the corresponding Sx 1 function is a finite function of x; in the
low-frequency limit it is violated. Again, the left-hand side of the expression has to be calculated
within the useful frequency spectrum, in order to check the extent to which the condition is
satisfied or violated. If the WKB solution is truncated after the first-order term, N = 1, the
first term to be neglected in the exponent of the solution is €S, where S5 is calculated by

integrating Equation (C.42]). The corresponding condition is then written as
WKBy9: [eS2(2)] < 1, = 0. (C.57)

Contrary to functions Sy and 51, whose modulus is independent of the particular solution of the
eikonal equation , the second-order function S, that is, the integral of Equation ,
corresponds to four different functions, depending on which one of the four solutions of
the eikonal equation is used. It is reminded that the solutions of the eikonal equation are
distinguished by factors +1, —1, +i and —i, according to Equations . Actually, due to
the form of the various terms of Sy, the two imaginary roots, which correspond to the two
travelling waves of the general solution, have S5 functions with identical modulus. Therefore,
three distinct conditions occur. The same plurality of conditions holds for higher-order WKB,,
conditions, such as for WKB, 2, which also involves S5.

A position of special interest, as is made clear in the analysis in Chapter [2] is at the input
end where the non-uniform plate has its maximum thickness, hg, which corresponds to spatial

coordinate x = 0. Condition WKB, > is written as

Sg(x)

WKB,2: | —77——
2 wl/28 (x)

< 1. (C.58)

At this thick end, the first-order function vanishes, S7(0) = 0. A study of the corresponding
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behaviour of the second-order function is thus required. It can be shown that for a wedge of
power-law profile of order higher than 2, S5 also tends to zero at the thick end. Once the
indefiniteness is raised, the limiting behaviour of the WKB, 2 condition is found to give a finite
value at the thick end of the waveguide.

For other thickness profiles, however, such as the power-cosine wedges, So is not zero at
x = 0 and the condition is strongly violated. In such a case, the first truncated term, €S,
is infinitely greater than the previous one, Si, which is zero at this position, independently of
frequency. Even though this result seems to invalidate the approximation, it should be observed
that the function Sy is still present in the solution and it may hold that |eSs] < [e71Sy], that
is, the first term in the exponent of the WKB solution may be much larger than the third term.
Therefore, despite the violation of this validity condition at the thick end of the waveguide, the

resulting solution may still be a good approximation.

C.3.3 Summary and conclusions

The WKB method provides approximate analytical solutions to differential equations in the
form of an exponential power series with respect to a perturbation factor. The corresponding
solutions were obtained by application of the WKB method to the second-order wave equation
with variable wavenumber and to the fourth-order equation of flexural vibration in non-uniform
plates. In most cases, the first-order solution is used, that is, only the first two WKB terms
are used. Higher-order approximations up to a certain order improve the accuracy, although
the corresponding mathematical expressions become increasingly cumbersome. Beyond some
order of approximation, however, the series of the WKB functions diverges and the accuracy
deteriorates [45], [40].

In the strict formulation of the WKB approximation, a whole set of conditions has to be
satisfied. The validity conditions for the first-order WKB solution of the second-order wave
equation for an expanding acoustic horn are in general strongly violated in the region of the
turning point. Furthermore, conditions involving the second-order WKB term are also violated
in the evanescent region. As regards the first-order approximation for the one-dimensional
flexural vibration of a non-uniform plate, the validity conditions are generally satisfied for high
frequencies and violated for low frequencies, although these characterisations are of a quite
arbitrary qualitative nature. Nevertheless, some conditions may be strongly violated in certain
locations for all frequencies.

The set of conditions for the relation between any two consecutive terms of the WKB solution
have a different form depending on whether the integrand functions or the integral ones are
used for the comparison. Even though both sets of equations express the requirement that each
WKB term be much smaller than the previous one, the actual mathematical expressions that

are compared to unity for the assessment of the condition are different. Therefore, even though
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these expressions are supposed to represent the same requirement, their values do not coincide,
and, consequently, they are not equivalent as quantitative measures of validity. Moreover, the
omission of constant factors of the order of one from the validity conditions, while applicable in
the high-frequency case, may introduce further ambiguity in the use of the various conditions
for validity assessment. The cause of this ambiguity lies in the fact that comparison with
unity in the various conditions should not be taken as an actual comparison of the values of
the condition terms with unity, but rather as a comparison of order of magnitude. For these
reasons, the solutions resulting from the WKB method need to be compared with models which
do not make the assumptions of the WKB method.

It should also be noted that, even though some of the apparent validity conditions may be
violated, this does not necessarily lead to large errors in the solution. These errors have been
estimated in [27, [1T5] and further work is required to apply this analysis in the cases considered

here.
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D Reflection coefficient from a free end of a uniform plate

A schematic of a semi-infinite uniform plate with a free termination is shown in Figure [D.1

The displacement is given by
w = w; + Wy + wyy = Ae"F 4 BelkT 4 Ce’”, (D.1)

where k is the constant wavenumber in the uniform plate, and A, B and C are complex

constants. The boundary conditions at the free end are [10]
w”(0) = 0 and w"'(0) = 0, (D.2)

where the origin is set to be at the free end.

>

wij\/\_>
Wrd\/\'

0
Wrn

Figure D.1. Schematic of a longitudinal cross section of a semi-infinite uniform plate with a free termination.
The wave components are shown, along with the reflection coefficient related to the reflected travelling wave.

The reflection coefficient related to the reflected travelling wave is defined as

B
R, = =, D.
v A (D-3)

Calculating up to the third derivative of the displacement and substituting appropriately into
the boundary conditions expressed in Equations (D.2]) yields the equations

— Ak —BE* +Ck* =0 (D.4)

and

iAK? —iBk* 4+ Ck* = 0. (D.5)

Eliminating C' from Equations (D.4]) and (D.5)) and solving for B/A gives

R, = —i. (D.6)
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E Matrix equations for truncated and ideally tapered wedges

The matrix equation for a truncated wedge is written as

Myy My Myg Mig Mis Mig| | Reot 0

My May Moz Moy Mas M| | R 0

Msy Msy Mz My Mss Mse T _ |-l 7 (E.1)
My Myy Myg Myg Mys M| | T, iky,

Msy Msy Mss Msy Mss Msg| |Rena k2

| Me1 Mgz Mes Mes Mes Mes| | Ruw | | —ik3 ]

where the system matrix elements are

My =0, Mo =0, Mizg = (%Z)t (1) + P2 ( )ewt(xl) My, = (q/,m(xl) + PP (x )) etn(@1)
Mis = (fy(@1) + ¢, (21)) 00, Mg = (1) + ¢, (1)) e ),

Moy =0, Map =0, Mas = (0} (1) + 36} (210} (1) + (1)) (),

Msy = ( (1) + 305, (x)r (1) + U7 ( x1)> n(n)

Mas = (1% (1) + 3t (@)Ul (1) + 5, (1)) ¥ro@)

Mg = ( v (21) F 3¢ (1) (1) + zpmw(xl)) braw (21),

Mz =1, M3y =1, Msz =—1, Mgy = —1, Mzs = —1, Mg = —1,

My = iky, My = ky, Mag = —10;(0), Myy = —},(0), Mys = —1)..,,(0), Mg = —2/..,,,(0),

M51 = —k?i, M52 = k‘i, M53 = _¢z/€,(0) - 17%2(0)7 M54 = —1[)2{,1(0) - ‘272'1,(0)’ (E2)
Mss = —¢7l«’w(0) - 1/?11;(0% Msg = — ;fnw(o) - w;?nw(o)a Mgy = _ik37 Mg = ki?
Mo = —4/(0) = 3u1(0)010) = v0) - 2 (4110 +020)
Mo = —414(0) = 364, 0)60) 2 0) - 20 (ut 0+ v220)
Mas = ~150) — 301, 006, 0) ~ w70 ~ 2 (4, 0) 4 02,0)),
3/(0)

Mge = _w;ﬂ/;zw(()) - 3w;nw(0)¢7lfnw(0) - 11371,111(0) - TO ( 7,”/”“)( ) + wrnw< )>

The 1 functions correspond to the exponent of the WKB solution, given in Equation (2.11]).
The subscript of each of these functions defines the corresponding type of wave, as explained
in the caption of Figure which, in turn, defines which of the four constant factors has to be

used for the solution, Equation (2.12)), of the eikonal equation.
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E. Matriz equations for truncated and ideally tapered wedges

For an ideally tapered wedge driven from a uniform plate, the matrix equation is written as

1 1 —1 —1 s .
ik ko —~vi(0) i (0) S
k2 k2 — ($1(0) +v(0)) — ($1(0) + 92 (0)) T?"’f = .|
o URE@OHeRO) - [FR @R +eRo)+ || ]
U (0) 4 3 (0)w (0) + B(0)]  WL(0) + 3t ()1 (0) + 3 (0)] o ‘
(E.3)
where
wy, £(0) Wy, 1(0) wy £(0) Wi, £(0)
R‘un, — ’ 3 R‘n, - 77, z_"un7 == ’ 5 j—y‘n7 = —2>—— E4
jun, f wi,f(()) gn, f wi,f(o) Jjun, f wi,f(()) Jin,f wi,f(o) ( )

For an ideally tapered wedge driven from inside the wedge, the matrix equation is written as

[ 1 1 1 1] [ ~1 1
Y7 (0) V1 (0) —iky —ku —1;(0)
¥7'(0) + 472(0) V' (0) 4 ¢17%(0) ky  —ki b —7(0) — 9%(0)
TR (010) + 0 (0) + TR (41,(0) +45,(0) + ~ IR (0(0) + () ~ |
W'( )+ 3¢5.(0)¥) (0)+ 1/%( )+ 30, (0, (0)+ ik —ki w;”( ) = 3¢i(0)¥i (0)—
2(0) v (0) ] L 2(0) i
(E.5)
where r = [Rjunr Rjnr Tjun,r Tjn,r]T, where
Wy 7’(0) Wyrn 7'(0) (0 7’(0) Win r(o)
jun,r — ; ) jn,r — : 5 Tun r = ’ ) Tn r = : . E.
Rjune =50y Bnr = 20y 7 Tume = 10y 1900 = T 0) (E-6)

In Equations (E.3|) and (E.5)), as well as in the definitions (E.4) and (E.6]), in the subscripts of

the reflection and transmission coefficients, jun denotes reflection and transmission coefficients
at the junction that are ratios of a travelling wave over the incident wave, while jn denotes
reflection and transmission coefficients at the junction that are ratios of a nearfield wave over
the incident wave.

Both in the reflection and transmission coefficients and in the wave components, the
subscript f after the comma corresponds to forward excitation, that is, from the uniform plate,
and the subscript r after the comma corresponds to reverse excitation, that is, from inside
the wedge; the latter subscript should not be confused with the r appearing in the various
reflected waves as a first subscript. For the system driven from inside the wedge, the direction
of incidence is taken to be towards negative x, as shown in Figure [F.1, so that the incident and
transmitted waves are directed towards negative x while reflected waves are directed towards
positive x; a corresponding figure for a forward-driven ideal wedge is shown in Figure [F.Ip. It

should be noted that only travelling waves are shown in Figure for convenience.
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F Analysis of multiple internal reflections

A wavefront of a harmonic wave w; travelling from a uniform plate towards a truncated elastic
wedge may be considered, as depicted in Figure [F.1]; the total and end reflection coefficients are
also shown. By following the consecutive reflections and transmissions of the incident wavefront
at the junction and at the truncation, a relation for the total reflection coefficient with respect
to the reflection and transmission coefficients at the junction and with respect to the reflection
coefficient due to the truncation may be found.

Reflections and transmissions at the junction are expressed using the corresponding
coefficients from the analysis of the ideally tapered wedge, in which no other source of reflection
is present. Therefore, the various travelling waves when the wedge is ideally tapered, along
with the reflection and transmission coefficients at the junction, are needed; they are shown in
Figure and Figure [F.If, when the system is driven from the uniform plate and when it
is driven from inside the wedge, respectively. In this analysis, all the coefficients are ratios of
travelling waves, and, therefore, the nearfield waves are omitted from Figure [F.1] It should be
pointed out that all the wave components are evaluated at the junction, z = 0; the notation
(0) is omitted in this section for convenience.

The various coefficients shown in Figure are defined as

Wy Wt r
Rjun,r = Ta Tjun,r = -, (Fl)

ir Ws

Wy Wrw Wy f Wy, f
Riot = -, Rend = ) Rjun,f = ) T‘jun,f = ’
w; Wy Wi, f Wi, f

)

where the subscripts are explained in Appendix[E] The consecutive reflections and transmissions
of the incident wave are shown in the lower part of Figure [F.1h. It should be pointed out that
the reflected waves inside the wedge, denoted by w,.,, are evaluated at the junction, even though
they are shown towards the right side of the figure for presentational clarity.

The first cycle along the truncated wedge, starting inversely from the reflected wave in the
uniform plate, w,, up to the incident wave, w;, also using the definitions in Equations ,

leads to the following relations
Wr 1 = Tjun,rwrw,l = Tjun,rRendwt,l = T’jun,rRendTyjun,fwi, (F2)

where the subscript 1 denotes the order of the cycle. Accordingly, the second cycle gives

2
Wr2 = T‘jun,rwrwﬁ = Tjun,r‘Rendwt,2 = Eun,rRendeun,rwrw,l = Tyjun,rRend,Ivjun,ijun,rwia

(F.3)

since w2 = Rjun rWry,1. Similarly, for the m-th cycle,

Wy m = Tjun,rwrw,m = T‘jun,rRendwt,m = Eun,rRendR%;}rwrw,l = CZ—‘jun,rRZ;LdT’jumfR;‘Z;}rwi-

(F.4)
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|
RtOt) : Rend )
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Figure F.1. (a) Total and end reflection coefficients of a truncated wedge driven from a uniform plate. A vertical
line in the schematic of the waves is used to represent a single wavefront. The procedure of internal reflections is
also depicted. Reflection and transmission coefficients due to the junction of an ideally tapered wedge, driven (b)
from the uniform plate and (c) from inside the wedge. The incident, reflected and transmitted travelling waves
for each case are also shown; the incident wave is shown in black whereas the rest wave components are shown
in grey. The second subscript in variables in (b) and (c) stands for either forward or reverse.
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After an infinite amount of cycles of transmission and reflection, the resulting wave is given by

0o 00
Tivn. f Rendl;
- m m—1 m m jun, fLflendL jun,r
Wy = T'jun,rTjun,fwi Z Rendeun,r = T‘jun,rTjun,fRendwi Z Rendeun,r - 1—R dR‘ Wi,
endtljun,r

m=1 m=0
(F.5)

where the formula for an infinite geometric series whose ratio is absolutely smaller that 1 has

been used. Considering the steady state of a harmonic incident wave, where the infinite internal
reflections are established in time, and also including the wave which is promptly reflected at

the junction upon the initial incidence, the reflected wave may be written as

- - Tiwun. fRendl;
Wy = Wy + Wr 0 = Wy + Rjurmf’wi = (R]un,f + fum;‘% end ]un,?") Wy, (FG)
- endeun,r
so that the total reflection coefficient is expressed as
Rtot _ Rjun,f (1 - Rendeun,r) + ,Tjun,fRendeun,r ) (F?)

1- Rendeun,r

By expanding Equation (F.7) using the moduli and phases of the various reflection and
transmission coefficients, the total reflection coefficient is written in terms of its real and

imaginary part as

Riot = Re{ Ryt } +ilm{ R0t }, (F.8)
where,
|Rjun,f|COS¢a(1+|Rendeun,r‘Z_Q‘Rendeun,ﬂCOS¢O)+
T'un Ren T'un'r e)— Ren R'unr c— —Qe
Re{Rypy} = L ms RendT) ,|<cos(¢b+¢;d+¢>> |RendRjun,r| cos(ée—da—9e)) (F.9)
1 + ’Rendeun,T| -2 ‘Rendeun,’r’ COos ¢O
and
| Rjun,r| sin ¢a (14| Rena Rjun,r|*~2| Rena Rjun,»| cos ¢o ) +
T‘un Ren T'un'r i e 7Ren R'unr i c— — Qe
Tm{ Ryp} = |Tjun, s RendTjun.»|(sin(@p+a+de)—|Rena Rjun,r| sin(¢pe—da—a ))7 (F.10)

1+ ’Rendeun,r|2 -2 |Rendeun,r’ Cos ¢
where ¢, = éRjun,fa ¢y = LRend, e = ZRjun,ra Gq = ZTjun,f7 e = lTjun,r and ¢g = ¢p + Pe.

The modulus of the total reflection coefficient, after algebraic manipulations, takes the form

|Riot| = [|Rjun,s|* +

‘erun,f-Rendirjun,r|2 + 2 |Rjun,ftrjun,fRend,Tjun,r| (COS ¢1 - ‘Rendeun,r| COS (¢O + ¢1))
1 + ‘~Rend‘Rjun,r|2 -2 |Rendeun,T’ COS (bO

1/2

)

(F.11)

where ¢1 = ¢o — b — Pa — Pe.

Simulations with the WKB method for the various thickness profiles that are considered in
Chapter [2] have shown that the phase ¢ + ¢1 is roughly equal to —7 over the frequency range
in which the total reflection coefficient is consistently smaller than one, that is, where energy

conservation is not violated, which occurs above a specific frequency for a given profile and a
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given order of WKB approximation, as is shown in Section 2.6 This result may also be written

as

L Rjun.f + ZRjunr = £Tjun.t + L Tjunr — T, (F.12)

that is, the sum of the phases of the reflection coefficients at the junction differs from the sum
of the transmission coefficients by half a cycle. If frequencies below that limit are neglected,
as conservation of energy is violated there and the analytical results cannot be regarded as

accurate, Equation (F.11]) takes the form

| Riot| = [| Rjun.s|” +

1/2
| ‘,‘Tjun,fRendeu”ﬂ"| +2 ‘Rjun,fRendeun,r’ -2 ‘Rjun,f| COS ¢0 /
1+ ’Rendeun,r‘2 -2 ‘Rendeun,r’ Ccos ¢q

’]}un,fRendeun,r

(F.13)

Considering also that |Rjun | = |Rjun,|, as mentioned in Section m Equation (F.13) can
be further simplified to

1/2
Rl = || By + [Ty g BonaTyy| 2ot HendTion 2 Bun Bera 2R o5 gﬂ
tot| = Jjun jun, fLflendL jun,r ;

1+ |RendaRjun|? — 2 | RendRjun| cos ¢o
(F.14)

where |Rjyn| has replaced both |Rjyn ¢| and |Rjun,.|-
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G Exponential thickness profile as the limit of a power-law

profile

Two families of wedge are shown representatively in Figure the power-law wedge, with
thickness profile h, = ho (1 — 2:/x¢)", where x is the position where the thickness becomes zero,
and the exponential wedge, with thickness profile he = hoe ?%, 8 > 0. It should be clarified
that the family of power-law profiles considered are the ones that meet the x axis tangentially,
that is, the ones without any constant offset from the = axis. Correspondingly, the family of
exponential profiles considered are the ones with zero limit as x approaches infinity. It will
be shown that, for wedges passing from two given points, (0, hg) and (x1, k1), the limit of the
power-law profile when the order of power tends to infinity is the exponential profile

lim Ay = he. (G.1)

n—oo

The two profiles are expressed as Maclaurin series, that is, in the form

I
f(x)—kz:% i 2, (G.2)

where f()(0) is the k-th-order derivative of f with respect to z, evaluated at z = 0. For the

power-law profile, it can be found that the k-th derivative has the form

! 1 x \"k
()) — ()b M 7(1—7> .
h (=1) (n— k) f 0 ’ (G-3)

which, when evaluated at x = 0, becomes

n!

1) (0) = (_l)k(n—k)!xl’g' (G.A)
The Maclaurin series of the power-law profile can then be written as
hy = ho i(—n’f"i!x—k (1 - x)n_k. (G.5)
= (n — k)\k! 2k xo
The Maclaurin series of the exponential profile is, accordingly, written as
) ok
he = ho g—l)’“ﬁ’“ﬁ (G-6)

In order to proceed further, it should be observed that the position zg where the power-law
profile tangentially intersects the z axis is variable, depending on the order of the profile; as
the order increases, xg also increases. It should therefore be expressed with respect to given

quantities. For this aim, the coordinates of the second point which satisfy the equation of the
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G. FExponential thickness profile as the limit of a power-law profile

Figure G.1. Power-law and exponential profile with two common fixed points.

profile are substituted into the relation of the profile, giving successively

x \" 1 T
hi=h (1——) = HY/"=1-2 = g9=—"L . G.7
1 0 70 To Zo 1_ Hl/n ( )
The rate of exponential decay, (3, is also expressed with respect to given quantities
ba 11
hi =hoe "' = —fry =InH = f=—In—. (G.8)
T H
Consequently, the Maclaurin series for the two profiles become
h,=h i( L (1—m"/")" = (G.9)
p — 1O - N - ok ’
= (n — k)!k! xf
and - i
(0.)
(-1)*z 1
he=ho Y vl (ln H) : (G.10)
k=0 1
The limit of the power-law profile as the order of power tends to infinity is expressed as
0 ko .k
nlggohp_ho’;) - Enh_{gom(l—H ) (G.11)

where the limit has been entered into the sum, encompassing all the terms that involve n. It

can be seen from Equations (G.10) and (G.11) that, in order for the right-hand sides to be

equal, it has to hold that

. k
lim 'k)' (- = () (G.12)

n—00 (n — H

Equation (G.12) can be proved by mathematical induction. For k& = 0, both sides of the
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equation equal one. It is then supposed that Equation (G.12)) holds for an arbitrary k and the

relation of the two sides for k + 1 is examined. The left-hand side is written successively as

. n! 1/n k+1 _
i oy G- =

n—co (n — k)!
!

i s (= 1) T (=) (1 70)

(G.13)

(ln ;I)k lim (n—k) (1-HY").

For the evaluation of the remaining limit, the substitution m = 1/n is applied. The limit then

becomes
1 1— 1—-H™
lim (74@) (1— H™) = lim SR ) _
m—0 \m m—0 m (G 14)
. 1—mk—H™+mkH™ '
lim .
m—0 m

The above limit is indefinite of type 0/0. Without loss of generality, it can be assumed that m
is real, so that L’ Hospital’s rule can be applied, yielding

tim (- k) (1) =

m—0 \m

. 0—k—H"InH+kH™+kmH"In H 1 (G.15)
lim =—k—InH+k=In—.
m—0 1 H
Substituting this result into Equation (G.13)) gives
. n! 1/n k+1 B ( 1 )k+l
dm e L E) T =) (G-16)

It has therefore been shown that, if Equation holds for an arbitrary value of k, it also
holds for k + 1, and, since it holds for £ = 0, it also holds for all £ > 0. Consequently, the series
expression of Equation for the limit of the power-law profile as the order of the profile
tends to infinity is equal to the series expression for the exponential profile, given in Equation
(G.10). Hence the exponential profile forms the limit of the power-law profile as the order of
power tends to infinity.

It will also be shown that a power-law wedge of certain order always has smaller thickness
than a power-law wedge of lower order in the interval 0 < z < z1. In the two ends of the
interval the thickness of the two profiles coincide, in accordance with the definition of the
wedges considered. Therefore, it will be concluded that the exponential profile, which forms
the high-order limit of the power-law profile, always has smaller thickness between its two ends

than a power-law wedge of any given order.
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G. FExponential thickness profile as the limit of a power-law profile

The sought-after inequality can be written in the form

x n x n+1
1—— > (11— e
< mO,n) < xO,nJrl) (Gl?)
n n+1
[ I | R Py G )
X X1

This inequality shall be constructed from elementary relations of its parts. Initially, the relation

of the thickness at the two ends is considered, for which, by the definition of the system,
hi <ho=H<1. (G.18)
Additionally, for two successive orders of power it holds that

1 1
n<n+l=—> .
n n—+1

(G.19)

n

By considering the fact that the exponential function f(n) = a” is strictly decreasing for 0 <

a < 1, it follows from inequalities (G.18) and (G.19) that

HY™ < g/t (G.20)
This relation leads to the following successive inequalities

Hl/n < Hl/(n+1) =

1—HY" >1 - gY0+D) o (G.21)
x x
1-=(1-H")<1-=(1-HY0"HD
T miny <1t )

where the direction of the inequality is inverted each time the sign of the two sides is inverted.
In order to reach relation , the two left and right sides of the last of relations have
to be raised to powers n and n + 1, respectively. For the relation of the resulting expressions
to be known, it is required that the magnitude of two sides of the last of relations be
known compared to one. Successively, it holds that

H<l=H/"<1=1-H/">0=1- 2 (1-HY") <1. (G.22)
X1

A similar relation can be produced for an exponent of 1/(n+1). It is therefore shown that both
sides of the last of relations (G.21]) are less than one. Again, using the fact that the exponential

function with base less than one is strictly decreasing yields

{1 - - Hl/")r > {1 - Za- Hl/("“))r. (G.23)

z1 x7
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Multiplying the right-hand side of this inequality by a factor of [1 — (z/z1) (1 — HY (”H))},

which was previously shown to be smaller than one, finally gives

-t Hl/">r > 1= 2 (1 i) (G.24)

}n—i-l
T T

In conclusion, every higher-order power-law thickness profile is smaller than the lower-order
ones in the interval 0 < x < 1, and, since the exponential is the limiting case for the order of
power tending to infinity, the exponential wedge has a thickness which is always smaller than

any power-law wedge in the interval 0 < z < 3.
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H Wedges of different lengths

The thickness variation of three quadratic wedges of the same input and end thickness are
is shown in Figure The modulus of the total reflection coefficient of these wedges is
plotted in Figures [H.2h and [H.2k, calculated with the Finite Element method and with the
analytical method using the second-order WKB approximation, respectively. It can be seen
that when the length of the wedge shifts, while the input and end thickness remains unchanged,
the reflection coefficient plotted against logarithmic frequency only shifts along the spectrum,
without changing its form. This can also be seen in Figures [H.2b and [H.2ld, where the reflection
coeflicients of the shorter and longer wedges match with the wedge of median length, when

shifted in frequency by a factor of (z1,4/21)? and (z1,/71)?, respectively.

1k — — 71,=20cm|]
z1p =30 cm
. 0.8} \ z1e.=40 cm | |
g
A
» 0.6
g
e
S 04
=
H
0.2
0.01

Position (cm)

Figure H.1. Thickness profiles of three quadratic wedges with the same junction and end thickness and different
lengths.

In the results with the Finite Element method a small deviation is observed, which may be
due to the fact that the Finite Element method captures more complicated frequency-dependent
phenomena, thus affecting the calculated response at different frequencies. In the results
with the WKB method, the shifted reflection coefficients match perfectly. The matching with
shifting in frequency according to the length ratio holds for all the different profiles presented in
Section [2.5] although only results for the quadratic are shown here. It is not apparent from the
WKB analysis presented in Sections and how the matching occurs when the reflection
coefficient is shifted in frequency by the ratio of the lengths squared.
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Figure H.2. Modulus of the total reflection coefficient calculated with (a) the Finite Element method and (c)
the second-order WKB approximation. In (b) and (d), the grey lines of (a) and (c), respectively, are shifted in
frequency by a factor of (ml,i/xl,b)2, where 1 is either a or c.
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I End reflection coefficient of a power-law wedge with

increasing power

It was shown in Appendix [G] that the thickness of a power-law wedge of a given order is smaller
than the thickness of a power-law wedge of a lower order, except from the edges, where the

thickness is fixed. This result may be written as
hnt1 < hp,, n>2for 0 < x < z1, (L.1)

where the order of power, n, should not be confused with the thickness at the endpoints, hg
and hi. The zeroth-order end reflection coefficient, given in Equation (2.37)), is re-written here
for convenience,

| Ropal = o2 fo'"”l Im{k(x)}dx’ (1.2)

where the imaginary part of the wavenumber is written according to Equation (2.16) as

121/4 1/2
Im{k} = —#. (L.3)
4cp “h1/2
Successive manipulation of the inequality in Equation gives
hyti2 > 0% = Tk} < Tm{k,} =
x1 X1
/ T {kos1 (2) b < / T o () Vr =
0 0 (1.4)

e2 foxl Im{kpy1(z)}dz < eg foxl Im{ky (z)}dx -
|Rend,n+l| < ’Rend,n|v

where the subscripts denote the order of power and should not be confused with the similar

notation for the order of WKB approximation used in Sections 2.3.1] and 2.4.2] Therefore,

the end reflection coefficient of a power-law wedge always improves throughout the frequency
spectrum as the order of power increases.
The zeroth-order WKB approximations for the quadratic and exponential wedges take the

explicit forms

121/4%1 wl/2
4c11,/2 (h(l]/Q—h}/z)
|Rend‘q =H (I.5)
and
121/4n3c1(1—H1/2) 12
— W
Redl, = W/5m (L6)
e b

respectively, and they are plotted in Figure Since the end reflection coefficient decreases
with increasing power, and since the thickness of the exponential wedge forms the limit of the

thickness of a power-law wedge as the order of power tends to infinity, as shown in Appendix [G]
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it follows that the exponential wedge has smaller end reflection coefficient than any power-law

wedge with the same end points at a given frequency.

1
0.8}
= 061
=
04}
0.2 quad
exp
0 1 n
10t 10? 10° 10*

Frequency (Hz)

Figure I.1. Modulus of the end reflection coefficient of a quadratic and an exponential wedge, calculated with
the zeroth-order WKB approximation.

The fact that the limit of the modulus of the end reflection coefficient of a power-law wedge
coincides with that of an exponential wedge can also be shown by taking the relation for the
former with n > 2, which is calculated from Equations and with h = ho(1 — z/z)",
n > 2, and is expressed as

121/4,711(111/”71/2_1)

eczl)/zh}/Q(Q—n)H_l/z(1—H1/")

wl/2

| Rendl , (1.7)

pl =

and then taking the limit for n — oo, which also leads to Equation . Consequently, the two
frequency variations of the end reflection coefficient shown in Figure [[.1| form the limit cases of
wedges of power-law profile that can be used as vibration absorbers, where the low-order limit
corresponds to the quadratic wedge, that is, with n = 2, and the high-order limit, that is, for

n — 00, coincides with the exponential wedge.
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actual length

J Relation of the effective length of a linear acoustic waveguide

with fitted rings with its actual length

The normalised effective length of a waveguide with fitted rings of linearly tapered inner radius

is given by Equation (3.24)), which can also be written as

1 In(1+L
Leff = (1+ L ) n( + l,tr) 5
1,tr 1_ ( Co )
47 flg

where Ly 4 = 11 /lyr, where [ is the actual length and l4, is the truncation length. The limiting

(J.1)

value of the normalised effective length at high frequencies is given by

. 1
Leff,hf = fh_}l’I;O Leff = (1 + Tie > ln(l + Ll,t'r)- (JQ)
tr

The non-dimensional ratio L1 4 takes values from zero, when the actual length of the waveguide
is zero, to infinity, when the truncation length is zero. At the limit when L; 4 tends to zero,

the high-frequency normalised effective length is written as

In(1 4 L)

lim L = ) )
Ll,gio eff.nf Li,tr (J 3)
14+Lq ¢r
This limit is indefinite of the type 0/0, so that L’Hopital’s rule can be applied, giving
1
lim  Lepppp = —ebie — 1, (J.4)
e =0 (T L1er)?

Therefore, at the limit of I; — 0, the high-frequency limit of the normalised effective length is
one. The monotonicity of Ly, s as a function of Ly 4 can be inspected by taking its respective

derivative,

dLeff,hf . 1 {1 4 111(1 - Ll,tr)} ‘ (J5)

dLisy Lig
The factor 1/L14, is positive for positive Lj 4., and it can be shown that the factor in square
brackets is also positive for positive Ljy.. Therefore, the high-frequency limit of L.ys is one
for L1 — 0 and greater than one for Li4 > 0. It can also be seen in Equation that
for f > co/4nlp, the normalised effective length decreases with increasing frequency. Since its
high-frequency limit is greater than one, the normalised effective length is greater than one at

all frequencies above cut-off.
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K Finite Element modelling for comparison with experimental

results for an absorbing acoustic waveguide with fitted rings

A linear and a quadratic two-dimensional axisymmetric Finite Element model were implemented
in COMSOL Multiphysics 5.3a to simulate the experimental models of [3], as shown in
Figure[K.1] Figure[K.Th shows the whole linear model, including the uniform tube, while Figures
and show only the non-uniform part of the system for the linear and quadratic case,
respectively. The linear model has 18 rings while the quadratic one has 15 rings. The design

details of the non-uniform parts of the two models are given in Section

B Q

I
rul( RD: .””””H”ero
Zin '€ I, >l | —

(b) (c)

Figure K.1. Geometry of the Finite Element model based on [3]. A half cross-section is used, due to rotational
symmetry, where the horizontal dashed line is the axis of revolution. (a) The non-uniform waveguide of length [
with fitted rings is connected to a uniform tube of length [, which is acoustically driven by a constant volume
velocity go for the left-end boundary. The input impedance is also shown, along with the reflection coefficient
at the junction of the non-uniform waveguide with the uniform tube. The uniform and non-uniform parts have
slightly different tube radii, which are denoted by r,, and ro, respectively. (b) Detail of the non-uniform waveguide
with linear inner-radius variation. (c¢) Detail of the non-uniform waveguide with quadratic inner-radius variation.
The vertical dashed line in (b) and (c) designates the boundary of the uniform and non-uniform parts.

The Thermoviscous Acoustics module in COMSOL Multiphysics was used for the
non-uniform part to calculate viscous and thermal losses in the boundary layers of the inter-ring
cavities. Six elements were used across the boundary layer, but more elements were also tried.
The model boundary layer thickness was taken to be that of the viscous boundary layer, given
by &, =~ \/W for air, where 7 is the dynamic viscosity of air [42], which is  ~ 1.8-107° m?-s
at 20 °C. For the uniform tube, the Pressure Acoustics module in COMSOL Mulitphysics was
used, with no losses included.

The system is driven by the left boundary of the uniform tube, which vibrates like a piston
with a constant volume velocity qg. The pressure at this input boundary, pg, is calculated with

the Finite Element model, thus giving the input impedance, Z;, = po/qo. The modulus of the
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K. Finite Element modelling for comparison with experimental results for an absorbing
acoustic waveguide with fitted rings

reflection coefficient is then calculated by [4§]

Zin — 2o

=== = K.1
Rl = | (K.1)

where Zy = pco/Sy, where S, = mr2 is the cross-sectional area of the input tube. Since the
model assumes no losses in the uniform tube, the modulus of the reflection coefficient calculated
by Equation (K.1|) is equal to the modulus of the reflection coefficient which corresponds to the
input of the non-uniform part, denoted by R in Figure [K.Ip. In other words, the phase of the
reflection coefficient is not considered, so that the phase shift along the length of the uniforn
tube, l;, can be neglected. The uniform tube is set to be hy = 1 m, which is long enough for
the nearfield waves arising from the interaction of the generated plane wave with the rings to
have decayed before reaching back to the left end of the tube.

The experimental results, taken from [3], are shown in Figures and for the
linear and quadratic waveguide, respectively, along with the results from the Finite Element
models. The modulus of the reflection coefficient obtained from the experiment shows a
fluctuating pattern, with the general level of reflection decreasing with increasing frequency
in the considered spectrum. It can be seen that the Finite Element results diverge significantly
from the experimental ones for both geometries. The modulus of the reflection coefficient
calculated with the Finite Element models appears to follow an increasing trend above some
frequency, which is around 430 Hz for the linear and around 270 Hz for the quadratic waveguide,
even though the experimental data show a clear decreasing trend for the general level of the

reflection coefficient.

1t experiment 1t experiment
FE FE
0.8r 0.8
— 0.6f — 06
s s
0.4} 0.4
0.2 0.2
0 - - - - - - — 0 - - - - - - —
110 200 300 400 500 600 700 800 870 110 200 300 400 500 600 700 800 870
Frequency (Hz) Frequency (Hz)
(a) (b)

Figure K.2. Modulus of the reflection coefficient of the model used by El Ouahabi et al. in [3], for (a) a linear
and (b) a quadratic non-uniform termination, where the experimental results are taken from [3] and the Finite
Element results were produced with the models shown in Figure

It is apparent from the presented results that the implemented Finite Element models do
not represent the physical ones well. An alternative method was also used for obtaining the
reflection coefficient, consisting in two-point pressure measurements along the uniform duct,

and an incident pressure plane wave was also tried as an alternative input boundary condition.
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However, the results from the Finite Element analysis were very similar in all these cases, which
are qualitatively very different from the experimental ones. Further investigation of the details
of the Finite Element models is required to achieve better correspondence with the physical

models.
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L Ratios of the dimensions of the acoustic ‘rainbow’ sensor over

the wavelength

The applicability of the Transmission Line approximation requires that the dimensions of
elements that are modelled with lumped parameters are much smaller than the free-space
wavelength. Since the pressure response is strongly attenuated beyond a frequency which
is smaller than the resonance frequency for a given element number, n, as can be seen in
Figure [5.19b, it is justified to assume that the dimensions of a given element have to be
much smaller than the free-space wavelength which corresponds to the resonance frequency
of the Helmholtz resonator of the element. This resonance wavelength can be calculated by
Arn = o/ fn, where the resonance frequency is calculated by Equation .

The ratios of the various element dimensions of the system over the local resonance
wavelength is plotted with coloured lines in Figure It can be seen that all dimensions
are less than 10% of the local wavelength, so that it can be said that the Transmission Line
approximation can be used with quite good accuracy. It should be noted, however, that this only
holds up to highest resonance frequency. Beyond that, the pressure response again increases, as
can be seen in Figure [5.19p, so that the element dimensions would have to be compared with

much smaller wavelengths, corresponding to the upper end of the plotted spectrum.

0.3

= lD/)\r,n

E;D lH /Ar‘n
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s 0.2
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Figure L.1. Element dimensions over the free-space wavelength corresponding to the resonance frequency of
each resonator, Ar ,, plotted against the order of element, n. The ratio of the element length over the slow-wave
wavelength as calculated for the n-th element, \,, is also plotted.

Another requirement for the designed discrete model to approximate the response of the
continuous cochlea, regardless of the modelling approach for the Transfer Matrix, is that there
have to be at least six elements per local wavelength. The local wavelength of the system is
calculated by A\, = 27 /k,, where the local wavenumber is calculated by Equation . The
ratio of the local element length over the local wavelength is also plotted in Figure as a grey
dash-dotted line. This ratio is smaller that 1/6 throughout the system, so that the condition of

six elements per local wavelength is satisfied.
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