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Abstract

The conventional lattice Boltzmann method is restricted to Cartesian grids, making it remarkably expensive for capturing
thin boundary layers, and therefore impractical for most relevant problems in aerodynamics. In this paper, a finite
difference approach is taken to solve the discrete-velocity Boltzmann equation in generalised curvilinear coordinates to
perform fluid flow simulations with non-uniform grids. The present method resolves large gradients in wall vicinity with
fewer mesh elements, thereby leading to a reduction in computational effort. Two-dimensional flows at low Reynolds
number over circular cylinder and NACA0012 aerofoil are specifically investigated to assess accuracy and performance
of the proposed approach.
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1. Introduction

The lattice Boltzmann method (LBM) is a relatively
new development in computational fluid dynamics (CFD),
that has emerged as a powerful computational method for
the study of fluid dynamic problems. Instead of approxi-5

mating the Navier-Stokes equations, the approach is based
on solving a simplified version of the continuous Boltz-
mann equation in a specific discrete space. The Navier-
Stokes equations in the nearly incompressible flow limit
can be derived from the lattice Boltzmann equation (LBE)10

via the Chapman-Enskog expansion procedure [1]. The
simplicity of the LBM algorithm can lead to dramatic re-
ductions in computational time compared to traditional
CFD solvers. On uniform grids and applied to unsteady
flow simulations, it can easily show performance gains up15

to two orders of magnitude [2], which has made the ap-
proach increasingly popular in recent years for direct nu-
merical simulations of fluid dynamics problems [3].

In the standard LBM, the discretisation of the phys-
ical space is coupled with the discretisation of momen-20

tum space [4]. The advantage of this is the exact treat-
ment of the advection term, therefore it leads to a scheme
without numerical diffusion. The lattice Boltzmann equa-
tion typically is solved in a two-step procedure. The first
step consists of moving (streaming) the particle distribu-25

tion function from one lattice point to another, and in
the second step the distribution functions are relaxed (col-
lision) locally towards equilibrium. The implementation
of the LBM algorithm is relatively straightforward. How-
ever, this coupling results in a numerical method that is30
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restricted to Cartesian grids. Therefore, it is difficult to
adapt the mesh to complex flows, where higher resolution
is needed. This aspect of the standard LBM may limit its
application and solving problems with curved geometries
and thin boundary layers becomes troublesome.35

Yet, the discretisation of the physical space does not
necessarily require to be coupled with the moment space
[5]. For that reason, it is possible to implement standard
numerical techniques on the LBM to use non-uniform and
body-fitted grids. In recent years, several efforts have been40

made to overcome this shortcoming in order to make the
LBM a more flexible tool. Some authors have taken dif-
ferent approaches to face the same situation. He et al. [5]
have proposed an interpolation scheme for the distribution
functions, where the idea is to incorporate an interpolation45

supplement to determine the distribution functions at the
points of interest. The motivation behind this idea is that
the particle distribution functions are continuous in space
and time. The value of a function at one location can
always be approximated by interpolation from the values50

of their neighbours. This procedure has been used suc-
cessfully in other works [6, 7]. Another approach consists
of interpreting the discrete-velocity Boltzmann equation
as an advection equation with a source term. Therefore
other authors have applied traditional numerical methods55

used in CFD, mainly finite differences [8, 9] and finite vol-
ume [10, 11, 12], but also there have been some efforts
using spectral methods [13, 14]. Consequently, here it is
proposed to implement the LBM in generalised curvilin-
ear coordinates, along with standard finite-difference tech-60

niques to use non-Cartesian grids.
This paper is organised as follows: In Section 2 the nu-

merical method is presented, including the standard LBM,
the transformation to generalised curvilinear coordinates
and the numerical schemes used to solve the transformed65
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equation. In Section 3 the computational results solely
in two dimensions are presented, including the decaying
Taylor-Green vortex, the well-known benchmark test-case
of the 2D lid-driven cavity flow, the steady and unsteady
flow over a 2D circular cylinder and the external flow70

over the NACA0012 aerofoil in the low Reynolds number
regime. The conclusions are given in Section 4.

2. Methodology

In this paper, the implementation is done on the classi-
cal D2Q9 LBM-BGK model [15], which describes the evo-
lution of particle distribution functions, fα(x, t), in spe-
cific discrete directions. Hence, the discrete-velocity Boltz-
mann equation with single relaxation time and without
external forcing may be written as

∂fα
∂t

+ eα · ∇fα = −1

τ
(fα − feqα ) , α = 0, 1..., 8, (1)

where τ is the relaxation time, feq is the equilibrium dis-
tribution function, and eα is the lattice velocity in the
α-direction. In the D2Q9, eα can be written as

eα =


(0, 0)c α = 0
(cos[(α− 1)π/4)],
sin[(α− 1)π/4])c α = 1, 2, 3, 4

(
√

2(cos[(α− 1)π/4]),
sin[(α− 1)π/4])c α = 5, 6, 7, 8

, (2)

where c = ∆x/∆t is the constant speed for an isothermal
model, ∆x and ∆t are the lattice space and the time step,75

respectively.
The discretised Maxwell-Boltzmann equilibrium distri-

bution function has been adopted, and it can be written
as

feqα = wαρ(x, t)

[
1 +

eαu

c2s
+

(eαu)2

2c4s
− u2

2c2s

]
, (3)

where wα is the weight associated with the discrete veloc-
ity eα, cs is the speed of sound associated with the model
chosen, which is calculated as cs = c/

√
3, and u is the

macroscopic velocity vector, u = (u, v). For the D2Q980

model the weight coefficients are w0 = 4/9, w1 = w2 =
w3 = w4 = 1/9 and w5 = w6 = w7 = w8 = 1/36.

The macroscopic variables such as mass density and
momentum density at (x, t) can be obtained through the
moments of fα as

ρ(x, t) =
∑

fα(x, t), ρu(x, t) =
∑

fα(x, t)eα, (4)

and the pressure can be directly computed from the isother-
mal equation of state as

p = ρc2s. (5)

It can be shown by means of Chapman-Enskog expan-
sion that the presented LBM converges to the weakly com-
pressible Navier-Stokes equations in the low-Mach number

limit [16], i.e., to

∂ρ

∂t
+∇ · (ρu) = 0,

∂(ρu)

∂t
+∇ · (ρuu) = −∇p+ ν[∇2(ρu) +∇(∇ · (ρu))].

(6)

Further, the Chapman-Enskog procedure also shows the
relation between the kinematic shear viscosity of the fluid
ν and the relaxation time as

ν = c2s

(
τ − ∆t

2

)
. (7)

Equation (1) can be transformed into a generalised
curvilinear coordinate system, in which the independent
variables in physical space (x, y) are transformed to a new
set of variables in computational space (ξ, η), where

ξ = ξ(x, y),

η = η(x, y).
(8)

To perform the transformation from the physical space to
the computational space we must apply

∂

∂x
=

∂

∂ξ

∂ξ

∂x
+

∂

∂η

∂η

∂x
,

∂

∂y
=

∂

∂ξ

∂ξ

∂y
+

∂

∂η

∂η

∂y
.

(9)

The physical domain is related to the computational do-
main by the condition[

ξx ξy
ηx ηy

]
=

1

J

[
yη −xη
−yξ xξ

]
, (10)

where J is the Jacobian of the transformation defined as

J = xξyη − xηyξ. (11)

The convection term in Eq. (1) can be rewritten as

eα · ∇fα = eαx
∂fα
∂x

+ eαy
∂fα
∂y

= eαx

(
∂fα
∂ξ

∂ξ

∂x
+
∂fα
∂η

∂η

∂x

)
+ eαy

(
∂fα
∂ξ

∂ξ

∂y
+
∂fα
∂η

∂η

∂y

)
=

(
eαx

∂ξ

∂x
+ eαy

∂ξ

∂y

)
∂fα
∂ξ

+

(
eαx

∂η

∂x
+ eαy

∂η

∂y

)
∂fα
∂η

= ẽαξ
∂fα
∂ξ

+ ẽαη
∂fα
∂η

,

(12)

where

ẽα = (ẽαξ, ẽαη) = (eαxξx + eαyξy, eαxηx + eαyηy). (13)

Therefore, the discrete-velocity Boltzmann equation with
a single relaxation time in the computational space can be
written as

∂f

∂t
+ ẽαξ

∂fα
∂ξ

+ ẽαη
∂fα
∂η

= −1

τ
(fα − feqα ) . (14)
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Equation (14) is solved in similar manner to the standard
LBM. A moving step to advect the particle distribution
functions (streaming) and a collision step to relax them
toward equilibrium are employed. For simplification, the
advection term in Eq. (14) is grouped as

Aα = ẽαξ
∂fα
∂ξ

+ ẽαη
∂fα
∂η

, (15)

which is solved independently of the relaxation process.
To solve this term, the spatial derivatives are discretised
using finite difference as following:85

(a) Central

∂fα
∂ξ

∣∣∣∣
(i,j)

=
fα(i+1,j)

− fα(i−1,j)

2∆ξ
. (16)

(b) Second order upwind

∂fα
∂ξ

∣∣∣∣
(i,j)

=
3fα(i,j)

− 4fα(i−1,j)
+ fα(i−2,j)

2∆ξ
. (17)

(c) Quick

∂fα
∂ξ

∣∣∣∣
(i,j)

=
3fα(i+1,j)

+ 3fα(i,j)
− 7fα(i−1,j)

+ fα(i−2,j)

8∆ξ
.

(18)

Here, i and j are the grid indices in the ξ and η directions,
respectively. ∂fα

∂η is also discretised accordingly, and note
that the direction of the contravariant velocities ẽαξ and
ẽαη also has to be considered for the upwind schemes. Af-
ter the spatial derivatives are discretised, Aα is advanced
in the time by using the standard fourth-stage Runge-
Kutta scheme as follows:

f1
α = f tα,

f2
α = f1

α −
∆t

4
A1
α,

f3
α = f1

α −
∆t

3
A2
α,

f4
α = f1

α −
∆t

2
A3
α,

f∗α = f1
α −∆tA4

α.

(19)

Finally, the method is completed by performing the colli-
sion step similarly to the standard LBM as

f t+∆t
α = f∗α −

∆t

τ
(f∗α − f∗eqα ) . (20)

Central schemes for convective terms can be unsta-
ble when non-linearities are present [17]. Therefore, a
fourth order linear damping term is included for the cen-
tral scheme [14], and it is defined as

De = −εe
(

(∆ξ)4 ∂
4fα
∂ξ4

+ (∆η)4 ∂
4fα
∂η4

)
, (21)

where εe is the dissipation coefficient, and the fourth-order
derivatives in Eq. (21) are approximated by central differ-
ence as

(∆ξ)4 ∂
4fα
∂ξ4

∣∣∣∣
(i,j)

=fα(i−2,j)
− 4fα(i−1,j)

+ 6fα(i,j)
−

4fα(i+1,j)
+ fα(i+2,j)

,

(∆η)4 ∂
4fα
∂η4

∣∣∣∣
(i,j)

=fα(i,j−2)
− 4fα(i,j−1)

+ 6fα(i,j)
−

4fα(i,j+1)
+ fα(i,j+2)

.

(22)

The dissipation term is added explicitly to Eq. (15) in the
same manner as by Hoffmann et al. [17], f∗α = f∗α +De.

The objective of the linear damping term, also known
as artificial dissipation, is to stabilise the solution for the
central space discretisation against spurious oscillations90

that may be generated by the boundary conditions and
non-linearities in the flow field. The dissipation coefficient
is constant in the domain, and it does not change through-
out the time iterations. Each linear damping term is of an
even order derivative, with a truncation error lower than95

the truncation error of the selected space discretisation,
otherwise, it would affect the formal order of the scheme.
For instance, a fourth-order space discretisation requires
at least a sixth-order linear damping [18].

Modified wavenumber analysis shows that upwind100

schemes introduce numerical dissipation into the solution,
and hence they can damp any spurious oscillations natu-
rally [19]. However, contrary to central difference schemes,
which do not have any dissipation error arising from the
spatial discretisation, choosing an optimal amount of nu-105

merical dissipation in an upwind discretisation that sta-
bilises the numerical solution [20], and at the same time
avoids an excessively smeared out approximation, is in-
trinsically difficult.

3. Computational Results110

Four test cases are carried out to validate and to show
that the implemented methodology is accurate and reli-
able. These are the decaying Taylor-Green vortex, the 2D
lid-driven cavity flow, steady and unsteady flows over a
2D circular cylinder and the NACA0012 aerofoil in the115

low Reynolds number regime at different conditions. The
results are compared with available numerical and exper-
imental data. Also, the present method is compared with
our in-house Cartesian LBM solver, AMROC-LBM [2],
with adaptive mesh refinement to demonstrate the supe-120

rior capabilities of the non-Cartesian approach to resolve
the flow in the vicinity of the wall for curved geometries.
Only for the first test case, different schemes are used to
discretise the spatial derivatives, and it is for comparison
purposes. For the rest of the numerical simulations, only125

the central scheme is used. All simulations have a charac-
teristic velocity equal to 0.1 and a dissipation coefficient
εe equal to 0.001, unless otherwise specified.
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3.1. Taylor-Green Vortex Flow

The Taylor-Green vortex decay has been widely used
for the verification of incompressible flow solvers, since its
solution has an analytical expression. The Taylor-Green
flow is periodic in a domain of size Lx × Ly and its struc-
ture is maintained while decaying exponentially [21]. This
benchmark test is done to compare the accuracy of the
different spatial schemes and to verify the capacity of the
present methodology to use non-uniform grids. The ex-
act solution of this unsteady problem in two dimensions is
given by

u(x, t) =− uo

√(
ky
kx

)
cos(kxx) sin(kyy)e

−t
td ,

v(x, t) =uo

√(
kx
ky

)
sin(kxx) cos(kyy)e

−t
td ,

p(x, t) =p0 − ρ
u2
o

4

[
ky
kx

cos(2kxx) +
kx
ky

cos(2kyy)e
( −2t
td

)

]
.

(23)

In this case, uo is the initial velocity, ν is the kinematic
viscosity of the fluid, kx = 2π/Lx and ky = 2π/Ly are the
wavenumbers in x- and y-direction. td is the vortex decay
time, and it is defined as

td =
1

ν(k2
x + k2

y)
. (24)

The initial conditions for the velocity and pressure fields130

are obtained by setting t = 0.

Figure 1: Taylor-Green vortex structure shown by streamlines.

A clustering function has been selected to stretch the
mesh in both directions, x and y. The grid can be stretched

by applying

x = H
(2α+ β)[(β + 1)/(β − 1)](ξ−α)/(1−α) + 2α− β

(2α+ 1)
(
1 + [(β + 1)/(β − 1)](ξ−α)/(1−α)

) ,

(25)

y = H
(2α+ β)[(β + 1)/(β − 1)](η−α)/(1−α) + 2α− β

(2α+ 1)
(
1 + [(β + 1)/(β − 1)](η−α)/(1−α)

) ,

(26)
where β is the clustering parameter, α defines where the
clustering takes place, and H is the length. If α = 0.5, the
clustering is distributed equally, and if α = 0 the clustering
takes place atH. Here, all the computations are performed135

with α = 0.5 and β = 1.2.
Figure 2 shows the non-uniform grid of 65 × 65 size,

that can be obtained by applying the clustering functions
previously described, and the initial flow field shown by
streamlines can be seen in Figure 1. The present method-140

ology is compared with the analytical solution at a dimen-
sionless time of 0.1, t∗ = tuo/Lref . For this first test-case,
a computational grid of 33× 33 nodes was used, the char-
acteristic velocity uo is 0.01, and a Reynolds number of
100 was selected.145

Figure 2: Non-uniform grid used for the Taylor-Green vortex and
the 2D lid-driven cavity.

Figure 3 shows the velocity components (u, v) normali-
sed by uo at the mid-width and mid-height of the domain.
The numerical solutions of the central, QUICK and second
order upwind (SOU) for the advection term are compared
with the analytical solution in Figure 3. SOU shows severe150

dissipation levels. The dissipation shown by the QUICK
scheme is not as severe as the SOU scheme, but it is more
than the central scheme. This behaviour can be expected
as it is known that upwind schemes are more dissipative
than central schemes. Note that it is not necessary to ap-155

ply the linear damping to the QUICK and SOU space dis-
cretisations. The fourth-order linear damping previously
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described is used only on the central scheme, and it can be
observed that the effect on the numerical solution is neg-
ligible, since the linear damping is of a higher order than160

the numerical scheme.
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Figure 3: Velocity profiles: Normalised u-velocity along the verti-
cal centreline (top) and normalised v-velocity along the horizontal
centreline (bottom).

Several simulations are carried out on uniform grids
with the central space discretisation in order to assess nu-
merically the order of accuracy of the scheme. The u-
velocity profile along the vertical centreline is compared165

with the analytical solution as well as with a high-resolution
numerical solution for three different times. Two charac-
teristic velocities (u0 = 0.01 and u0 = 0.005) are used
for the analysis, and the L2-norm is used to assess the er-
ror. The numerical reference solution has a resolution of170

321× 321, and it was obtained for the two different char-
acteristic velocities and the three dimensionless times.

The results of the order of accuracy analysis are shown
in Tables 1 and 2 for two different Mach numbers Ma =
uo/cs. They contain the grid size used, τ̃ defined as τ̃ =175

Table 1: L2-norm error of u-velocity for Re = 100, uo = 0.01, and
Ma ≈ 0.017.

Dimensionless time t*
Grid τ̃ 0.1 0.2 0.3
21 0.56 0.1967 0.2401 0.2697
41 0.62 0.0522 0.0630 0.0686
81 0.74 0.0174 0.0218 0.0238

Order of accuracy ∼1.75 ∼1.73 ∼1.75
Relative to the analytical solution.

Dimensionless time t*
Grid τ̃ 0.1 0.2 0.3
21 0.56 0.1855 0.2301 0.2616
41 0.62 0.0446 0.0547 0.0600
81 0.74 0.0125 0.0161 0.0178

Order of accuracy ∼1.94 ∼1.92 ∼1.94
Relative to the numerical solution.

Table 2: L2-norm error of u-velocity for Re = 100, uo = 0.005, and
Ma ≈ 0.009.

Dimensionless time t*
Grid τ̃ 0.1 0.2 0.3
21 0.53 0.2593 0.3549 0.4224
41 0.56 0.0568 0.0696 0.0763
81 0.62 0.0176 0.0226 0.0252

Order of accuracy ∼1.94 ∼1.99 ∼2.03
Relative to the analytical solution.

Dimensionless time t*
Grid τ̃ 0.1 0.2 0.3
21 0.53 0.2505 0.3486 0.4184
41 0.56 0.0494 0.0616 0.0683
81 0.62 0.0127 0.0169 0.0192

Order of accuracy ∼2.15 ∼2.18 ∼2.22
Relative to the numerical solution.

τ/∆t and the L2-norm for three different dimensionless
times. It can be noticed that the order of accuracy es-
timated is slightly higher when the numerical solution is
used to assess the error. Even so, the results confirm that
the central scheme implemented is a second-order accu-180

rate numerical method, and that the fourth-order linear
damping does not affect the formal order of accuracy of
the scheme.

3.2. 2D Lid-Driven Cavity

The 2D lid-driven cavity is a classical benchmark test,185

thanks to its simple geometry yet complex flow physics
[22]. It consists of the movement of the top-lid at a con-
stant velocity uo and three stationary walls (u = v = 0).
The geometry normally is a square, but this may be dif-
ferent. This test case is validated with a non-uniform190

grid, where the same clustering function employed for the
Taylor-Green vortex is used to distribute the grid elements
increasing the resolution in the corners.

For moderate and high Reynolds number, the 2D lid-
driven cavity produces central cores where the vorticity195
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Figure 4: Velocity profiles: Normalised u-velocity along the verti-
cal centreline (top) and normalised v-velocity along the horizontal
centreline (bottom) for Re = 1000 and Re = 3200.

can be considered constant [23]. The viscous effects are
seen close to the walls where they are confined in shear lay-
ers. Besides, in the inferior corners, small counter-rotating
vortices are produced, which can be difficult to capture.
Therefore, it is desirable to use non-uniform grids and re-200

fine the mesh near the corners and walls. The simulations
are carried out on a grid resolution of 257 × 257 for the
Re = 1000 and 513× 513 for Re = 3200.

There is no exact solution for the 2D cavity flow. Be-
cause of this we need to compare our results with a com-205

prehensive study, such as the one done by Ghia et al.
[22]. The u-velocity profile along the vertical centreline,
the v-velocity profile along the horizontal centreline and
the streamlines for the two different Reynolds numbers are
shown in Figures 4 and 5. Our results have excellent agree-210

ment with the reference [22], and the streamlines show a
correct flow behaviour in the entire domain. It is known
that the corners are singularity points, and our results do

Figure 5: Flow field shown by streamlines for Re = 1000 (top) and
Re = 3200 (bottom).

not exhibit any issues in these regions, demonstrating the
capability of the current methodology and the proper ap-215

plication of the stretching function on the grid.

3.3. 2D Circular Cylinder

The wall-boundary treatment of the previous test cases
is relatively straightforward since there are no curved walls.
Therefore, the 2D circular cylinder is used to demonstrate220

the capacity of the present method to perform steady and
unsteady simulations with curved surfaces. Furthermore,
proper stretching functions have been implemented to in-
crease the resolution in the proximity of the wall and the
wake region. Our results have been compared with the lit-225

erature available, and the outcomes of the present method
are consistent with other results, supporting the proposed
scheme. Additionally, the present method is compared to
our own Cartesian LBM solver AMROC-LBM [2].

Unlike most LBM solvers, in AMROC-LBM (Adap-230

tive Mesh Refinement in Object-oriented C++) it is pos-
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Figure 6: O-Grid for the 2D Cylinder Mesh. Overlaid on the upper right is a close-up of the body-confirming mesh around the cylinder.

sible to have non-uniform Cartesian grids and therefore
increase the resolution in areas of interest. It is relatively
easy to apply isotropic mesh adaptation to the standard
LBM, and thereby resolving laminar boundary layers [16].235

Nonetheless, this approach can become remarkably ex-
pensive for capturing boundary layers of turbulent flows,
and therefore it is impractical for most relevant problems
in aerodynamics. Instead of using isotropic refinement
of individual cells, AMROC-LBM uses block-structured240

mesh refinement [24], which is more computationally effi-
cient. The mesh adaptation algorithm of AMROC-LBM is
mathematically equivalent to the algorithm by Chen et al.
[25], and it has been verified and validated previously [26].
AMROC-LBM contains the classical LBM models in two245

and three dimensions such as D2Q9, D3Q19, and D3Q27.
In this work, AMROC is using the D2Q9 model with single
relaxation time. Note that in the block-structured mesh
adaptation approach, the computational update is accom-
plished by calling a single-block routine successively on the250

sequence of block-structured sub-grids. In AMROC-LBM,
this single-block routine is literally identical to a conven-
tional LBM implementation tailored for high performance
on a single uniform mesh, and when the software is running
in unigrid mode, i.e. without mesh adaptation, the com-255

putational performance of a quasi-optimal unigrid LBM
implementation is fully retained.

For the following, an O-grid with an outer diameter 30
times larger than the inner diameter was used (cf. Fig. 6).
A uniform velocity with zero pressure gradient is applied260

to the inlet, a no-slip wall boundary condition is imposed
at the cylinder surface, a classical outlet with constant
pressure is enforced, and periodic boundaries are being
used for the wake region. Imposing boundary conditions
for the LBM is quite different than with traditional CFD265

solvers, since it is necessary to determine the distribution
functions, and not only the macroscopic variables. There-
fore, the ideas from Guo et al. [27] were extended to non-
Cartesian meshes to impose the boundary conditions.

Figure 7: Snapshot of AMROC-LBM mesh of the steady flow passing
the circular cylinder at Re = 40.

The following function is used for the stretching in the
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Table 3: Effects of the Reynolds number on steady flow over the circular cylinder.

Re Author(s) Cd Cp(180) Cp(0) 2L/D θs
20 Tritton [28] 2.10 - - - -

Henderson [29] 2.06 - -0.60 - -
Dennis and Chang [30] 2.05 1.27 -0.58 1.88 43.70
He et al. [6] 2.15 1.28 -0.58 1.84 42.96
Patil and Lakshmisha [12] 1.95 1.21 -0.54 1.88 42.81
AMROC-LBM 1.99 1.28 -0.59 1.84 43.66
Present 2.02 1.31 -0.55 1.85 43.87

40 Tritton [28] 1.59 - - - -
Henderson [29] 1.55 - -0.53 - -
Dennis and Chang [30] 1.52 1.14 -0.50 4.69 53.80
He et al. [6] 1.49 1.11 -0.48 4.49 52.84
Patil and Lakshmisha [12] 1.55 1.15 -0.49 4.28 52.74
AMROC-LBM 1.45 1.21 -0.50 4.47 53.37
Present 1.51 1.19 -0.46 4.60 53.98

wall normal direction

yn = δ
(1− β)

(
β+1
β−1

)1−ξ
+ (β + 1)(

β+1
β−1

)1−ξ
+ 1

+r, 0 ≤ ξ ≤ 1, (27)

where δ is the radial distance between the body and the270

outer boundary, β is the clustering parameter which has
been set to 1.007 for these simulations and r is the ra-
dius of the cylinder. The grid clustering function shown
in Eq. (26) was used to increase the resolution behind the
cylinder. The clustering parameter used for the wake is275

1.045.
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Figure 8: Pressure coefficient over the surface of the circular cylinder
at Re = 40.

Two Reynolds numbers were selected for the steady-
state simulations, 20 and 40. At these flow conditions, sta-
tionary recirculation regions appear for both cases behind

the cylinder, and these increase in length as the Reynolds280

number increases, as it can be seen in Figure 10. The liter-
ature shows that the recirculating regions appear around
5 < Re < 47. For Reynolds numbers below 5 the flow
will remain attached; above the critical Reynolds number,
which is about 47, the solution will be unsteady.285

The comparison of the steady-state results is shown
in Table 3. The references used are quite vast and they
include the numerical solutions of the Navier-Stokes equa-
tions from Henderson [29], Dennis and Chang [30], exper-
imental data from Tritton [28], LBM with the interpola-290

tion supplement from He and Doolen [6], and a finite vol-
ume TDV formulation of the LBM on unstructured meshes
from Patil and Lakshmisha [12]. The variables presented
are the drag coefficient Cd, the pressure coefficient at the
stagnation point Cp(180) and at the rear-point Cp(0), the295

length of the wake normalised by the diameter 2L/D, and
the separation angle θs. Table 3 shows that our results
exhibit good agreement with diverse references, and Fig-
ure 8 shows the pressure coefficient distribution over the
cylinder for the present methodology, AMROC-LBM and300

the experimental data from Grove et al. [31] for Reynolds
number 40.

In order to highlight the accuracy of the present scheme
on curved geometries, a convergence error analysis was
conducted for this test-case. The computations are car-305

ried out on different grids resolutions, namely, 129 × 129,
193× 193, 257× 257, and 513× 513, at Reynolds number
40. The absolute error of the drag coefficient is used for
the analysis, and the finest grid value is considered as the
reference solution. Figure 9 shows the slope correspond-310

ing to second-order-accurate convergence versus the errors
produced by the present scheme. It can be observed that
the error obtained by the current methodology decreases
with second order, thereby the order of the scheme remains
unaltered for curved geometries.315

For the unsteady test case, two laminar flows at 100
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Figure 9: Absolute error based on Cd against the number of grid
elements (N) in each direction for the 2D circular cylinder at Re = 40.

and 200 Reynolds number were selected. These simula-
tions demonstrate the capacity of the presented method
to simulate time-dependent flows around geometries with
curved wall-boundaries. At these flow conditions, the re-320

circulation regions behind the cylinders become unstable,
and time-periodic vortex-shedding solutions appear. The
dimensionless number used to characterise this phenomenon
is the Strouhal number that is defined as St = fqD/uo,
where fq is the shedding frequency. The Strouhal number325

can also be written as St = D/uoTp, where Tp is the period
of the lift coefficient signal.

Table 4: Effects of the Reynolds number on unsteady flow over the
circular cylinder.

Re Author(s) St Cd C ′l
100 Chiu et al. [32] 0.167 1.35 0.30

AMROC-LBM 0.165 1.25 0.34
Present 0.165 1.37 0.35

200 Chiu et al. [32] 0.198 1.37 0.71
AMROC-LBM 0.196 1.26 0.71
Present 0.196 1.37 0.73

Table 4 compares the present time-depended solutions
with the reference selected and as well as with the re-
sults obtained using AMROC-LBM. The Navier-Stokes330

solutions from Chiu et al. [32] are used as a reference.
The variables compared are the Strouhal number St, the
average drag coefficient Cd and the lift coefficient ampli-
tude C ′l . The results produced by the LBM in generalised
curvilinear coordinates have an excellent agreement with335

the reference for all the variables compared. The results
obtained by AMROC-LBM also have a good agreement
for the variables compared.

Figure 10: Flow field for steady flow over the 2D circular cylin-
der shown by streamlines using the implemented methodology. Top:
Re = 20. Bottom: Re = 40.

A series of simulations with different resolutions are
performed using the present methodology and AMROC-340

LBM. The Mach number is set to
√

3/10 and both solvers
are running up to the same dimensionless time, which is
sufficiently large to stabilise the solution in the steady-
state cases and yield a reliably periodic result in the time-
dependent cases. The clustering parameters remain un-345

changed for the finite-difference LBM solver, and the grid
always has the same number of points on the wall-surface
and in the wall-normal direction, i.e., 129×129, 257×257,
and 385×385. The simulations carried out using the Carte-
sian LBM with adaptive mesh refinement (cf. Fig. 7) are350

performed on a domain size of [−14D × 40D] × [−14D ×
14D] using a base mesh of 540 × 280 cells for the steady-
state simulations and 1080 × 560 for the unsteady flow,
with the axis origin at (x, y) = (0, 0). The adaptive mesh
refinement algorithm is using up to 3 additional levels,355

and each level is uniformly refined with a factor of 4.
Also, simulations are run with a fixed refinement patch
of [−1.5D × 5D]× [−1.75D × 1.75D] for the wake and up
to 2 additional levels for the wall refinement. Simulations
with uniform grids are also included.360

Table 5 compares the CPU time, the number of mesh
elements, the Cd for the the steady-state cases and the
C ′l for the unsteady-state for the cases run. This table
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Table 5: Comparison in terms of number of mesh elements and CPU
time between the present implementation, AMROC-LBM, AMROC-
LBM* with a fixed refined patch, and AMROC-LBM (uni.) with
uniform mesh. CPU time is given in hours.

Re = 20
Method Mesh CPU time Cd
AMROC-LBM (uni.) 9,676,800 236.78 1.58
AMROC-LBM (uni.) 2,419,200 30.01 1.30
AMROC-LBM* 263,920 16.51 1.99
AMROC-LBM 272,576 16.95 1.99
Present 65,536 6.16 2.02
Present 16,384 0.81 2.03

Re = 40
Method Mesh CPU time Cd
AMROC-LBM (uni.) 15,120,000 479.78 1.16
AMROC-LBM (uni.) 9,676,800 240.58 1.12
AMROC-LBM* 263,920 17.43 1.44
AMROC-LBM 294,384 18.73 1.45
Present 65,536 5.95 1.51
Present 16,384 0.72 1.53

Re = 100
Method Mesh CPU time C ′l
AMROC-LBM* 905,440 71.32 0.34
AMROC-LBM 876,336 77.20 0.34
Present 147,456 20.75 0.35
Present 65,536 5.98 0.36

Re = 200
Method Mesh CPU time C ′l
AMROC-LBM* 905,440 70.71 0.71
AMROC-LBM 972,880 78.52 0.71
Present 147,456 20.45 0.73
Present 65,536 6.06 0.74

includes the proposed methodology, AMROC-LBM with
adaptive mesh refinement, AMROC-LBM* with a fixed365

patch, and AMROC-LBM (uni.) with uniform grids. The
CPU time is measured on the University of Southampton
cluster, IRIDIS 4. Each simulation was run on 2.6 GHz
Intel Sandybridge processors. The standard LBM with
uniform grids is known for its rather straightforward im-370

plementation, and its efficient computational algorithm.
However, it can be quite time-consuming for performing
external aerodynamics simulations where there is a need
for relatively large domains and high resolution near the
body [33]. The most established way to work around this375

issue is by using blockwise-mesh refinement [34], and as
it can be seen in Table 5 the adaptive mesh refinement
solutions provide drastically higher levels of accuracy and
efficiency than uniform grids. Even further improvements
can be made if the present finite-difference scheme is used.380

The reduction of CPU time is accomplished by the signif-
icant reduction of mesh elements, and the improved ac-
curacy by the increased resolution in the desired area by
employing the stretching function.

3.4. NACA0012 Aerofoil385

Further, the current methodology also has the capac-
ity to solve the flow over slender bodies. NACA profiles
have been broadly studied, and there is plenty of literature
available which ease the validation. Therefore, the present
methodology has been implemented on the NACA0012390

aerofoil in the low Reynolds numbers regime to demon-
strate its capability to solve the flow over aerofoils. Tra-
ditional LBM solvers struggle when solving the flow over
slender bodies since there is a boundary layer formation.
The use of Cartesian grids can become impractical espe-395

cially when a boundary layer is thin. Given its inherent dif-
ficulty, instead of resolving the flow, standard LBM solvers
commonly use turbulence and wall models to achieve an
approximate representation of the flow field [35]. The ad-
vantage of the body fitted strategy is that the mesh ele-400

ments in the boundary layer can be staggered in the wall-
normal direction and therefore capture the large gradients
exhibited.

For the following cases, an O-grid with a domain size
of 15 chord lengths is used. The boundary conditions for405

all the simulations presented are done in the same man-
ner as the 2D circular cylinder previously presented. Fig-
ure 11 shows the mesh elements close to the aerofoil sur-
face and also a close-up of the leading edge and the trail-
ing edge. A third-party code, Construct2D, is used to410

generate this grid because there are no analytic mapping
functions for this geometry. Therefore, the metrics are
obtained numerically using second-order finite differences.
An elliptic grid generator is used to make the grid lines
approximately orthogonal to the aerofoil surface, and an415

appropriate clustering is employed for properly resolving
the laminar boundary layer. Flow fields are computed for
Re = 500 at 0◦ and 10◦ incidence angle, and for a signifi-
cantly higher Reynolds number, Re = 12000 at 0◦ and 5◦

incidence.420

Table 6: Minimum aerofoil spacing and resolution for the NACA0012
Re = 500 at 0◦ angle of attack.

Method ∆ymin Resolution (on surface)
CFL3D 1.2× 10−4 52,593

PowerFLOW 7.8× 10−4 418,800 (1275)
GILBM 4.5× 10−4 52,593 (251)
Present 3.5× 10−4 66,049 (257)

The first test case is a relatively low Reynolds num-
ber, Re = 500, at 0◦ angle of attack. For this test case,
a grid size of 257 × 257 is used and our results are com-
pared with others [7, 36]. Imamura and Suzuki [7] also
have solved the LBM in generalised coordinates for this425

test case, but using an interpolation strategy (GILBM).
Lockard et al. [36] have made a detailed comparison of a
commercial Cartesian LBM solver (PowerFLOW) on static
multi-resolution meshes with a conventional Navier-Stokes
(CFL3D) for the flow over a 2D NACA0012 over a quite430

vast range of Reynolds numbers, in which our first test
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Figure 11: Body-fitted grid used for NACA0012 aerofoil. Overlaid on the upper-left is a close-up of the leading edge and on the lower-right
the trailing edge.
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Figure 12: Pressure coefficient distribution for Re = 500 at 0◦ angle
of attack.

case is included. Figure 12 shows the pressure coefficient
over the aerofoil surface obtained by the different meth-
ods. In this plot, we can see that our results have a better
agreement with what is considered the reference solution435

(CFL3D) than the Cartesian LBM in PowerFLOW. Dif-
ferences between PowerFLOW and the reference solution
increase downstream, as it can be seen in Figure 12. This
might suggest that the boundary layer from PowerFLOW
is not properly resolved. Note that the meshing and simu-440

lation strategy applied in PowerFlow is the same as in the
cases denoted AMROC-LBM* in the previous section.

Table 6 compares the resolution of the different meth-
ods used to compute the pressure coefficient over the aero-
foil surface shown in Figure 12. It can be observed that445

the Cartesian LBM solver requires a significantly higher
number of mesh elements than the non-Cartesian method-
ologies, and it still has discrepancies compared with the
rest of the solvers. This might be due to the lack of wall-
normal grid resolution near the surface.450

Figure 13: Flow field shown by the streamlines for Re = 500 at 10◦

angle of attack.

The second test case is done with the same grid and
at the same Reynolds number but at 10◦ angle of attack.
At 0◦ the flow remains fully attached, but at 10◦ there is
a steady recirculation region near the trailing edge. This
phenomenon is shown by the streamlines which can be ob-455

served on Figure 13. Our solutions are being compared to
the results of Hafez et al. [37]. Using a viscous/inviscid
interaction procedure coupling potential flow with bound-
ary layer calculations, Hafez et al. provide a very accu-
rate numerical result for laminar flow over the NACA0012460

aerofoil. Figure 14 shows that the present method has an

11



0.0 0.2 0.4 0.6 0.8 1.0
x/Lc

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

Pr
es

su
re

C
oe

ffi
ci

en
t

Present
Hafez

0.0 0.2 0.4 0.6 0.8 1.0
x/Lc

−0.4

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

Sk
in

-F
ri

ct
io

n
C

oe
ffi

ci
en

t

Present
Hafez

Figure 14: Re = 500 at 10◦ angle of attack. Top: Pressure coefficient.
Bottom: Skin friction coefficient.

excellent agreement with this reference.
The next test cases are performed at a significantly

higher Reynolds number, Re = 12000, and with a grid size
of 701×701. For the following simulations, the characteris-465

tic velocity u∞ is 0.12. Even though this flow regime is also
considered laminar, the boundary layer thickness is signif-
icantly smaller when compared to Re = 500, therefore
these simulations present a bigger challenge. At these flow
conditions, several studies are available, although most of470

them deal with aerodynamics of heaving and pitching aero-
foils. At this Reynolds number, the NACA0012 aerofoil
acts somewhat similar to bluff bodies [38], since it dis-
plays vortex shedding similarly to the flow around the 2D
circular cylinder.475

This test case for flow at a higher Reynolds number is
validated with the experimental data from Koochesfahani

Figure 15: Normalised u-velocity for Re = 12000 at 0◦ angle of
attack.

[39]. The data was obtained by running experiments for
the same aerofoil in a low-speed water tunnel at 0◦ angle
of attack. Koochesfahani is reporting a reduced shedding
frequency of k = 8.71, where

k =
πfLc
u∞

, (28)

which compares favourably with our value of 8.4. Figure
15 shows the wake being formed by the aerofoil and up to
some degree the boundary layer. It can be seen that the
wake has an oscillatory solution.

Figure 16: Normalised vorticity for Re = 12000 at 5◦ angle of attack.

At the same Reynolds number but at 5◦ angle of at-480

tack, a vortex shedding phenomenon also occurs. Fig-
ure 16 shows the instantaneous vorticity and Figure 17
shows the unsteady wake formation behind the aerofoil.
At these conditions, the flow separates upstream of the
trailing edge, and both sides of the aerofoil shed vortices485

alternatingly in a similar manner to the shedding behind a
circular cylinder. A few recirculation regions are formed.
These recirculation regions are shown by instantaneous
streamlines that are seen in Figure 18.
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Figure 17: Normalised u-velocity for Re = 12000 at 5◦ angle of
attack.

Figure 18: Flow field shown by instantaneous streamlines for Re =
12000 at 5◦ angle of attack.

4. Conclusions490

In this study, it is shown that the second-order scheme
used is accurate and suitable for the LBM in generalised
curvilinear coordinates, so non-uniform grids can be em-
ployed. Numerical results for the decaying Taylor-Green
vortex, the 2D lid-driven cavity, the flow around a 2D cir-495

cular cylinder and the NACA0012 aerofoil are used to anal-
yse the present methodology. The solutions obtained by
the present method show good agreement with the avail-
able numerical and experimental references. Since the pro-
posed curvilinear treatment alters only the streaming op-500

erator of a lattice Boltzmann method, it is straightforward
to extend the presented scheme to three space dimensions,
and it would equally be possible to consider other collision
operators [16], for instance, for stricter incompressibility
preservation if desired.505

One of the advantages of utilising non-uniform grids is
the capacity of using large domains without adding many
grid points. Resolution can be increased in areas of in-
terest and coarser elements can be used in less critical ar-
eas, such as the far-field. Besides, having bigger elements510

at the outer-boundaries may help to minimize the effects

of the outflow boundary condition. This can be appreci-
ated when the present methodology is compared directly
to a standard LBM solver (AMROC) for the 2D cylinder
test case. It is noticeable that the Cartesian solver re-515

quires a significantly higher number of elements to have
a good representation of the flow behaviour in the vicin-
ity of curved-wall boundary, which leads to an increase in
computational effort. Using the LBM on curvilinear co-
ordinates allows using body-fitted meshing to resolve the520

flow over slender bodies and therefore capturing large gra-
dients in the wall-normal direction with high aspect ratio
mesh elements. Even though second-order accurate finite
differences are used to get the transformation metrics for
the NACA0012, the results presented for this test case are525

of high quality, and the effects of this approximation are
imperceptible.

Central schemes are known for having excellent dis-
sipation properties, but they tend to produce numerical
oscillations. A simple way to work around this issue is by530

adding a linear damping term. A fourth-order damping
term should not affect the accuracy of a formal second-
order scheme. However, the damping coefficient should
be chosen wisely, since if this term is significantly large,
it can pollute the solution and lead to inaccurate results.535

Upwind schemes do not need linear damping to stabilise
the solution, but they display significant levels of dissipa-
tion, which may not be desirable. Furthermore, the results
presented indicate that the scheme is second-order accu-
rate even for curved geometries, and it is capable of solving540

relevant Reynolds number flow problems over aerodynam-
ically shaped smooth bodies.

It can be expected that the parallel efficiency of the pre-
sented non-Cartesian LBM and the standard LBM will be
very similar. Both schemes use time-explicit update sten-545

cils that require nearest neighbour communication only.
The current scheme is using a second-order-accurate cen-
tral difference for convection that is employing a fourth-
order-accurate dissipation term for stabilisation. Thereby,
the finite-difference stencil radius of our non-Cartesian im-550

plementation is two neighbouring cells, in contrast to the
standard LBM that uses one. However, in our adaptive
framework AMROC, even the standard LBM is imple-
mented with a ghost cell width of two cells minimum,
which turned out to be necessary to facilitate the required555

density distribution exchange at coarse-fine interfaces [26],
and hence no parallel performance penalty is expected
when the non-Cartesian LBM will be used within AM-
ROC. This implementation is currently under way. Since
the non-Cartesian streaming operation is more compute560

expensive than the standard streaming, and also interpo-
lation and restriction across different levels of resolution
need to consider the curvilinear geometry, the overall com-
putational costs per cell will increase slightly; nonetheless,
this will be greatly outweighed by the expected improve-565

ments in accuracy.
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