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Abstract

In an earlier paper, we constructed the genus-two amplitudes for five external mass-
less states in Type II and Heterotic string theory, and showed that the α′ expansion of
the Type II amplitude reproduces the corresponding supergravity amplitude to lead-
ing order. In this paper, we analyze the effective interactions induced by Type IIB
superstrings beyond supergravity, both for U(1)R-preserving amplitudes such as for
five gravitons, and for U(1)R-violating amplitudes such as for one dilaton and four
gravitons. At each order in α′, the coefficients of the effective interactions are given by
integrals over moduli space of genus-two modular graph functions, generalizing those
already encountered for four external massless states. To leading and sub-leading or-
ders, the coefficients of the effective interactions D2R5 and D4R5 are found to match
those of D4R4 and D6R4, respectively, as required by non-linear supersymmetry. To
the next order, a D6R5 effective interaction arises, which is independent of the super-
symmetric completion of D8R4, and already arose at genus one. A novel identity on
genus-two modular graph functions, which we prove, ensures that up to order D6R5,
the five-point amplitudes require only a single new modular graph function in addition
to those needed for the four-point amplitude. We check that the supergravity limit of
U(1)R-violating amplitudes is free of UV divergences to this order, consistently with
the known structure of divergences in Type IIB supergravity. Our results give strong
consistency tests on the full five-point amplitude, and pave the way for understanding
S-duality beyond the BPS-protected sector.
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1 Introduction

Scattering amplitudes of massless states are the basic observables in string theory and, in

principle, are well-defined at arbitrary order in perturbation theory (for reviews see [1, 2,

3, 4]). They are UV-finite by construction and, in the α′ expansion, reduce to supergravity

amplitudes plus an infinite series in α′ of effective interactions [5]. In practice, however,

the explicit evaluation of superstring amplitudes rapidly becomes prohibitively complicated

beyond genus one. For a long time the state of the art has been the four-point genus-

two amplitude which was constructed in the Ramond-Neveu-Schwarz (RNS) formalism (see

[6] and references therein), reproduced in the pure spinor (PS) formalism and extended to

include external fermions [7].

Beyond this, partial results have been obtained in the PS formalism for the five-point

two-loop amplitude [8], and the four-point three-loop amplitude [9]. A major obstacle to

explicit evaluations in the PS formalism (in its non-minimal version) is due to the composite

b-ghost [10], which diverges at the origin of the cone of pure spinor zero-modes and requires a

large number of Wick contractions. As a consequence, in both cases the string integrand was

determined only up to regular terms (multiplied by the usual Koba-Nielsen factor). These

ambiguities do not affect the leading behavior as α′ → 0, which was successfully matched to

the UV divergence of the respective supergravity integrands.

Recently, by combining the non-minimal pure spinor formalism with the chiral splitting

formalism initially developed for the RNS formalism [1, 11], we obtained the full genus-two

amplitude for five arbitrary massless external states in Type II and Heterotic strings [12].

This result followed from two key requirements imposed on the amplitude, namely BRST

invariance along with invariance under “homology shifts”, which consist of the combined

action of taking one vertex point around a homology cycle on the genus-two surface, and

shifting the corresponding loop momentum. It turns out that these requirements are strong

enough to fix the chiral amplitude completely, given the operator product expansion (OPE)

singularities between the canonical worldsheet fields. The full amplitude is obtained by

assembling the chiral amplitudes for the left- and right-movers (or the chiral amplitude with

the Chan-Paton factors for open strings), and integrating over loop momenta, vertex points,

and moduli of the genus-two surface.

To leading order in the α′ → 0 expansion, the integral giving the string amplitude

was shown to reproduce the kinematic numerators of the two-loop five-point supergravity

diagrams, which were computed for four-dimensional N = 8 supergravity in [13] and for ten-

dimensional Type II supergravity states in [14]. In a companion paper [15], the genus-two

amplitude for five NS states will be derived from first principles within the RNS formalism.
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In this paper, we shall use the results of [12] as the starting point for a systematic anal-

ysis of the low energy expansion of the five-point amplitude beyond leading order. Such an

analysis is part of a general endeavor to understand the structure of the low energy effective

action in superstring theories both in perturbation theory and at the non-perturbative level.

For Type IIB superstring theory in 10-dimensional Minkowski space-time, S-duality allows

one to make sharp and quantitative predictions of non-perturbative contributions to certain

protected couplings. Specifically, combining perturbative results at tree-level and genus-one

orders for the four-graviton scattering amplitude with requirements of space-time super-

symmetry and S-duality invariance [16, 17, 18, 19, 20], the axion-dilaton dependence of the

coefficients of the effective interactions of the form R4, D4R4 and D6R4 were determined

in terms of non-holomorphic modular functions of SL(2,Z). This has been accomplished

not only in ten dimensions but also after compactification on a torus, in terms of certain

automorphic functions of the U-duality group (see e.g. [21, 22, 23] and references therein).

The analytic structure of the genus-one four-graviton amplitude was established in [24]

based on the moduli-space integrand in [5]. Perturbative contributions to the effective inter-

actions R4, D4R4 and D6R4 were extracted and analyzed at genus one in [25, 26, 27], and

at genus two in [28, 29, 30], the analysis being extended up to order D8R4 in [31, 32]. The

integrand at a given order is a linear combination of “modular graph functions” (MGFs), a

class of real analytic modular functions which arise by integrating products of Green func-

tions over the vertex points [33, 31]. However, while these perturbative contributions are

under analytic control, supersymmetry and S-duality no longer appear to determine the full

automorphic forms under the S-duality group beyond D6R4.

For five-graviton scattering, the low energy expansion has so far been considered sys-

tematically at tree level [34] and one loop [35, 36] only, while a preliminary analysis of the

two-loop amplitude at leading order was performed in [8]. A key result from the one-loop

analysis in [35] was that the five-point integrand at any order in α′ can be expressed as a

linear combination of MGFs similar to the four-point case. Moreover, the very same linear

combinations were found to govern the five-point D2kR5 and four-point D2k+2R4 interac-

tions for k = 1, 2. Since the tree-level coefficients are also identical – namely ζ5 in case of

D4R4, D2R5 and ζ23 in case of D6R4, D4R5 – this suggests that both interactions are related

by non-linear supersymmetry and are multiplied by the same automorphic form.

For the D2kR5 and D2k+2R4 effective interactions at k ≥ 3, by contrast, it was found [35]

that new linear combinations of MGFs occur in the five-point amplitude, which indicates

the presence of new supersymmetric invariants not present at tree level. The first example of

this occurs for k=3, leading to a five-point effective interaction which we denote by (D6R5)′

to distinguish it from the D6R5 interaction related by non-linear supersymmetry to D8R4.
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Another key aspect of the one-loop analysis in [35] was the study of amplitudes violating

the U(1)R global symmetry of classical ten-dimensional Type IIB supergravity: due to a one-

loop anomaly [37], n-point string amplitudes may violate the conservation of U(1)R charge by

up to ±2(n−4) units (see e.g. [38, 39, 40]). At five points, this violation occurs for 1-dilaton

4-graviton scattering, schematically denoted by φR4, or 3-gravitons 2-Kalb-Ramond fields1,

denoted by G2R3, which are both maximally R-violating amplitudes in the language of [39].

In this case the automorphic form multiplying these interactions can no longer be invariant

under S-duality, but must carry a modular weight so as to cancel the phase variation of

the interaction vertex under S-duality. At low orders in α′, the analysis of [35] indicates

that the automorphic form for U(1)R-violating interactions is related to the automorphic

function for the U(1)R-preserving ones by a raising operator (or modular derivative), which

suggests that both interactions are part of the same supersymmetric invariant. However,

this correspondence breaks down for k = 5, where a U(1)R-violating interaction of the form

D12G2R3 arises which is not related to any U(1)R-preserving interaction of type D10R5.

In this paper, we analyze the first few orders in the low energy expansion of the genus-

two 5-point amplitude of [12], for various choices of external massless states of Type IIB

and IIA superstrings. In general, we find that, at each order, the integrand on genus-two

moduli space is a linear combination of genus-two MGFs, a class of real-analytic Siegel

modular functions which arise by integrating products of Arakelov Green functions (and

partial derivatives thereof) against suitable top forms on multiple copies of the genus-two

curve Σ [31, 32]. Quite remarkably, we find that the many MGFs occurring at order D6R5

(some of which previously considered in [41]) can all be reduced to linear combinations of

5 basic ones Z1, . . . ,Z5 defined in (3.14) below, along with the square ϕ2 of the Kawazumi-

Zhang invariant ϕ; the latter occurs in the four-point amplitude at order D6R4 [29], and

reappears in the five-point amplitude at order D4R5. The graphs for the relevant genus-two

MGFs are presented in Figure 1.

Moreover, we find that one of these six MGFs can be eliminated by virtue of a novel

identity amongst five of them,

Z1 + Z2 + Z3 +
1

2
Z4 − ϕ2 = 0 (1.1)

This identity is quite remarkable since it relates different graph topologies, and can be viewed

as a genus-two analogue of the identities between genus-one MGFs proven in [42, 43, 44, 45].

1By a slight abuse of nomenclature, we refer to the complex combination of RR and NS two-form fields
in Type IIB supergravity as the Kalb-Ramond field, and denote its 3-form field strength by G. In our
conventions the dilaton fluctuation φ carries 2 units of U(1)R-charge, G carries one unit and R is neutral.
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It would be interesting to revisit the analysis of the Laplace equation on genus-two modular

graph functions in [41] in view of the identity (1.1) and the simpler identities (A.16).

In the non-separating degeneration limit, identity (1.1) implies a novel identity (3.16) for

genus-one elliptic MGFs2, which suggests that the identites of [42, 43, 44, 45] may admit far

reaching generalizations in the elliptic and Siegel cases. The identity (1.1) is motivated by

the analysis of degeneration limits in appendix C, and derived in appendix D by exploiting

a novel lemma (D.1), which relates derivatives ∂ziG(zi, zj) and ∂zjG(zi, zj) of the Arakelov

Green function at arbitrary genus. Another interesting fact is that the MGF Z5 involving

two derivatives of Green functions tends to zero both in the separating and non-separating

degenerations, unlike the others which diverge in both limits, so that it leaves no trace in

the supergravity limit.

The details of the string integrand on moduli space depend on the order in the expansion

and the choice of external massless states of the Type IIB multiplet, as follows.

• In the U(1)R-preserving sector, at order D2kR5 with k = 1, 2, we find the same inte-

grand (namely the constant measure dµ2 on the Siegel upper half plane at order D2R5,

and the Kawazumi-Zhang measure ϕdµ2 at order D4R5) as for the four-point ampli-

tude at order D2k+2R4, up to overall normalization. This supports the expectation

that the D2R5 and D4R5 interactions belong to the same non-linear supersymmetric

invariant as the D4R4 and D6R4 interactions, respectively, and should appear with

the same automorphic coefficient in the low energy effective action, denoted by E(1,0)
and E(0,1) in the standard fashion after [25].

• In the U(1)R-preserving sector, at order D6R5, we find two distinct kinematic struc-

tures, one identical to the tree-level interaction, and the other identical to the genus-one

(D6R5)′ effective interaction. In the former case, the integrand is proportional to the

same combination Z1−2Z2+Z3 of genus-two MGFs appearing at order D8R4 in four-

graviton scattering, with the correct coefficient relative to the tree-level and genus-one

amplitude. This confirms that D8R4 and D6R5 belong to a single supersymmetric

invariant, with an automorphic coefficient E(2,0) receiving tree-level up to genus-two

contributions (and presumably higher genera as well). By contrast, the integrand for

the genus-two (D6R5)′ involves the new MGFs Z4,Z5 and ϕ2 (one of which can be

eliminated by virtue of (1.1)). Along with the genus-one amplitude computed in [35],

2Elliptic MGFs are real-analytic functions of (τ, v), which are doubly periodic in v and modular invariant;
they can be obtained from the conventional MGFs of [33] by leaving one vertex position unintegrated, and
have also been referred to as generalized MGFs in [32].
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this predicts the first two terms in the weak coupling expansion of a new automorphic

coefficient E(2,0)′ which presumably also involves contributions of arbitrary genera.

• In the U(1)R-violating sector, at orders φD4R4 and φD6R4, we find the same inte-

grand as in the U(1)R-preserving sector, up to a relative coefficient −3/5 and −1/3,

respectively. As we explain in section 5, this is consistent with linear supersymmetry

and S-duality, which relate the ratio of coefficients of the D2kR5 and φD2k+2R4 at dif-

ferent loop orders by the action of a raising operator (or modular covariant derivative

operator). At the next order, there are again two different kinematic structures φD8R4

and (φD8R4)′, as in the one-loop 5-point amplitude [35]. For the first, the integrand

is equal to the one for D6R5 up to a relative coefficient 1/7, consistent with linear

supersymmetry. For the second, there is no obvious relation between the (D6R5)′ and

(φD8R4)′ integrands, except for the fact that they are both linear combinations of the

same MGFs Zi, ϕ
2 (subject to the relation (1.1)). By requiring that the integrated

couplings be related by linear supersymmetry, we predict a relation between the diver-

gent parts of the modular integrals on M2, which we check against the behavior of the

integrand in the non-separating degeneration limit.

• Extracting the supergravity limit of the 1-dilaton, 4-graviton amplitude in any dimen-

sion D, we confirm the absence of UV divergences in this sector, in agreement with the

known structure of UV divergences in supergravity at two loops [46]. The consistency

of the low energy expansion with supersymmetry and S-duality provides a strong check

on the full five-point amplitude constructed in [12].

Before proceeding further, we make two important comments. First, the notation D2kR5

is a moniker for the Taylor coefficient of order p2k+10 in the momentum expansion of the

5-graviton amplitude; in general it includes both irreducible contributions from local inter-

actions of the form D2kR5 in the low energy effective action, where R is the Riemann tensor

and D are covariant derivatives, with indices suitably contracted with the metric tensor, as

well as reducible contributions from local interactions of the form D2k+2R4 and supergravity

vertices. We do not attempt to disentangle these various contributions at two loops, but

rather express the kinematic dependence of the Taylor coefficients at two loops in terms of

tensorial quantities appearing at tree level or one loop; the procedure for subtracting re-

ducible diagrams is then identical to the one required at these lower orders (see e.g. [47] at

genus one). The same holds for the notation φD2k+2R4, which is a moniker for the Taylor

coefficient of order p2k+10 in the momentum expansion of the 1-dilaton 4-graviton amplitude.

Note that the constraints of S-duality on the low energy effective action translate directly

into constrains on the corresponding Taylor coefficients in the amplitudes [35].
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The second comment is that in certain space-time dimensions D correlated with the order

in the α′ expansion, these local effective interactions can mix with non-local interactions

mediated by massless particles. In such cases a sliding scale must be specified to separate

these effects [48, 49]. This is in particular the case for the D8R4 and D6R5 interactions in

D = 10. Since we are mostly interested in the integrand, we shall mostly ignore these issues

in this paper, except at some places in sections 4 and 5.

Organization

The remainder of this paper is organized as follows. In section 2 we review the necessary

results from paper [12] on the structure of the genus-two amplitude for five external massless

states, and give simplified effective rules to extract the contribution from bosonic external

states. In section 3 we decompose the genus-two five-point amplitude into a sum of products

of kinematic factors times integrals in the vertex points on the genus-two Riemann surface,

perform the α′ expansion of these integrals up to orders high enough to access the effec-

tive interactions of order D6R5, and prove the above-mentioned identity between genus-two

MGFs. In section 4, we extract the actual effective interactions up to order D6R4, and

present simplified concrete formulas for the separate cases of Type IIA and Type IIB super-

strings. In section 5 we compare our perturbative results with predictions from S-duality and

from the structure of UV divergences in supergravity. An overview of the function theory

on Riemann surfaces of genus two is presented in appendix A; the detailed calculations of

the α′ expansion of the genus-two integrals is given in section B; the analysis of the non-

separating, separating, and tropical degenerations of the integrals is given in appendix C;

the identity (1.1) is proved in appendix D and details on the overall normalization of the

genus-two amplitude are given in appendix E.
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2 Review of the four- and five-point amplitudes

In this section, we review the structure of the genus-two chiral superstring amplitude for

five massless states, as well as the physical amplitude in Type II string theory obtained by

pairing left and right chiral amplitudes constructed in [12]. For comparison we also include

the genus-two amplitude for four massless NS states, first computed in the RNS formalism

in [6, 28, 50] (based on the genus-two measure constructed in [51, 52, 53, 54] which was

re-derived using methods of algebraic geometry in [55]), and reproduced in the PS formalism

and extended to include external fermions in [7, 56, 57]. Finally, we shall present a set of

effective rules to extract the massless Neveu-Schwarz content of the pure spinor building

blocks. These rules will allow us to re-express the results of [12], and of section 4 of this

paper, in terms of the familiar t8 and ǫ10 tensors and thereby facilitate the comparison with

the RNS genus-two computation in [15].

2.1 Chiral Splitting

The construction of the full integrand in [12] hinges on chiral splitting [1, 11], which allows

us to decompose the integrand of the amplitude at fixed loop momentum into the product

of chiral and anti-chiral amplitudes, associated to the left- and right-movers, respectively, 3

Agenus−2
(N) = δ(k)N(N)

∫

M2

|d3Ω|2
∫

ΣN

∫

R20

dpF(N)(zi, ki, p
I) F̃(N)(zi,−k̄i,−pI) (2.1)

Here, M2 is a fundamental domain in the rank 2 Siegel upper-half space, which may be

parametrized locally by the period matrix ΩIJ and d3Ω = dΩ11dΩ12dΩ22 is the holomorphic

top form on M2. The loop momenta for genus two are pI = (p1, p2) with p1, p2 ∈ R
10 and

the volume form for the integration over loop momenta is dp = d10p1 d10p2. The chiral and

anti-chiral amplitudes may be further decomposed as follows,

F(N) = 〈K(N)〉0 I(N) , F̃(N) = 〈K̃(N)〉0 I(N) (2.2)

where 〈K(N)〉0 and 〈K̃(N)〉0 are the left- and right-moving chiral correlators, which will be

discussed in detail in subsection 2.2, and I(N) is the chiral Koba-Nielsen factor. Finally, the

prefactor N(N) is a normalization factor, which will include the dependence on the dilaton

vacuum expectation value, and which we shall fix in section 4.

The chiral Koba-Nielsen factor depends on the positions of the vertex operators zi, the

external momenta ki and the loop momenta pI and is given by the following universal formula,

3Throughout we denote δ(k) = (2π)10δ(10)(
∑

i ki) where ki are the momenta of the external states.
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independently of the particular string theory under consideration,4

I(N)(zi, ki, p
I) = exp

{
iπΩIJp

I · pJ +

N∑

i=1

2πipI · ki

∫ zi

z0

ωI −
N∑

i<j

sij lnE(zi, zj)

}
(2.3)

where ωI are holomorphic Abelian differentials, ΩIJ are the components of the period matrix,

and E is the prime form. The dimensionless kinematic variables sij are defined by,

sij = −
α′

2
ki · kj (2.4)

The chiral Koba-Nielsen factor I(N), as well as the full chiral amplitude F(N), enjoy two

fundamental properties [1, 11]: they are locally holomorphic in zi and ΩIJ and are invariant

under combined shifts of the points zi by homology cycles AJ ,BJ , multiplication by a phase,

and a shift in loop momenta, given as follows for I(N),

I(N)(zi, ki, p
I) = e−2πipJ ·kj I(N)(zi + δijAJ , ki, p

I)

I(N)(zi, ki, p
I) = I(N)(zi + δijBJ , ki, p

I − δIJ kj) (2.5)

We refer to these combined transformations as homology shifts. The complex conjugate

of the anti-chiral amplitude F̃(N) satisfies the above homology shift invariance with inverse

phase factor. As a result, the integral over loop momenta of the product of chiral and anti-

chiral amplitudes is single-valued in each zi and produces a well-defined integral over ΣN .

2.2 The chiral correlator

The chiral correlator 〈K(N)〉0 depends on the same data as I(N), along with the left-moving

polarization vectors εmi and spinors χα
i describing the external states of the ten-dimensional

super-Yang–Mills (SYM) multiplet. The function K(N) further depends on the zero modes of

the spinor fields θα, λα (subject to the pure spinor constraint λγmλ = 0) and may be thought

of as a superfield. The bracket 〈·〉0 picks up the coefficient of (λγmθ)(λγnθ)(λγpθ)(θγmnpθ)

from K(N) in the cohomology of the left-moving BRST charge [58, 59]. It will often be

convenient to manipulate the full superfield K(N) rather than its component 〈K(N)〉0 and, by

a slight abuse of notation, we shall refer to both as chiral correlators.

4Our conventions will follow those of appendix B in [12] and are summarized in appendix A of this paper.
In particular, we adopt the Einstein summation conventions for repeated indices I, J, . . . = 1, 2 and often
abbreviate the point zi, as an argument of a function, simply by i, for example in ∆(i, j) = ∆(zi, zj) below.
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The chiral correlator K(N) is a locally holomorphic (1, 0) form in each vertex point zi, and

is invariant under homology shifts but, in contrast to I(N) and F(N), without phase factors,

K(N)(zi, ki, p
I) = K(N)(zi + δijAJ , ki, p

I)

K(N)(zi, ki, p
I) = K(N)(zi + δijBJ , ki, p

I − δIJ kj) (2.6)

The anti-chiral correlator 〈K̃(N)〉0 is expressed analogously in terms of the right-moving

polarization vectors ε̃mi , and right-moving spinors χ̃α
i for the Type II strings or the right-

moving gauge data for Heterotic strings. The corresponding superfield K̃(N) additionally

depends on the zero modes of the right-moving spinor fields θ̃α, λ̃α. As usual, the left- and

right-moving Weyl spinors θα, λα and θ̃α, λ̃α have the same chirality for Type IIB strings, or

opposite chirality for Type IIA strings.

The chiral correlator K(4) is independent of loop momenta, and given by [7],

K(4) = T1,2|3,4∆(4, 1)∆(2, 3) + T1,4|2,3∆(1, 2)∆(3, 4) (2.7)

where ∆(x, y) = −∆(y, x) is the standard bi-holomorphic one-form (see appendix A), and

the superfield T1,2|3,4 is a function of the momenta kmi , polarization vectors εmi , spinors χ
α
i ,

and the zero modes of θα and λα. The anti-chiral correlator K̃(4) is given by the same formula,

with T1,2|3,4 replaced by T̃1,2|3,4 which depends on kmi , ε̃
m
i , χ̃

α
i , θ̃

α and λ̃α.

The chiral correlator K(5) and its counterpart K̃(5) for Type II strings were shown in [12]

to be linear in the loop momenta pI , and were decomposed as follows,

K(5) = W + 2πi p̂ImV
m
I

K̃(5) = W̃ + 2πi p̂ImṼ
m
I (2.8)

where p̂I is the shifted loop momentum defined by,

p̂I = pI + Y IJ

5∑

i=1

ki Im

∫ zi

z0

ωJ (2.9)

with Y IJ the inverse of the imaginary part YIJ = ImΩIJ of the period matrix Ω.

Several equivalent representations of the chiral correlator K(5) were given in sections

5 and 6 of [12], each one manifesting different properties of the integrand in (2.1). The

representation in terms of superspace building blocks Tm
1,2,3|4,5 and S1;2|3|4,5, to be reviewed

below, is given by,5

Vm
I = Tm

1,2,3|4,5 ωI(2)∆(3, 4)∆(5, 1) + cycl(1, 2, 3, 4, 5)

5For reasons to become clear in section 4, we have restored a factor of α′

2 in order to match with the
conventions of [8], see e.g. (5.40) of that reference.
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W =
(α′

2

)
Q12 + (1, 2|1, 2, 3, 4, 5) (2.10)

The notation + cycl(1, 2, 3, 4, 5) stands for the addition of all cyclic permutations, while

+(i, j|1, 2, 3, 4, 5) stands for the addition of all ordered choices of i and j from the set

{1, 2, 3, 4, 5} for a total of
(
5
2

)
= 10 terms. The function Q12 is given by,

Q12 = −∂1G(1, 2)
[
S1;2|3|4,5∆(2, 4)∆(3, 5) + S1;2|4|3,5∆(2, 3)∆(4, 5)

]

−∂2G(2, 1)
[
S2;1|3|4,5∆(1, 4)∆(3, 5) + S2;1|4|3,5∆(1, 3)∆(4, 5)

]
(2.11)

where G(i, j) = G(zi, zj) is the Arakelov Green function (see appendix A.5 or [31, §2.4]).

While the expression (2.11) is compact, it does not optimally expose the singularities of

the correlator at coincident vertex positions z1 → z2. This is achieved by the alternative

representation,

Q12 = −∂1G(1, 2)
[
T12,3|4,5∆(2, 4)∆(3, 5) + T12,4|3,5∆(2, 3)∆(4, 5)

]

−S2;1|3|4,5

[
∂1G(1, 2)∆(2, 4)∆(3, 5) + ∂2G(2, 1)∆(1, 4)∆(3, 5)

]

−S2;1|4|3,5

[
∂1G(1, 2)∆(2, 3)∆(4, 5) + ∂2G(2, 1)∆(1, 3)∆(4, 5)

]
(2.12)

where the singularity as z1 → z2 is contained entirely in the first line, while the second and

third lines are manifestly regular due to the cancellation of the poles from ∂1G(1, 2) and

∂2G(1, 2). In particular, (2.12) makes it manifest that the residues of kinematic poles in the

integrated amplitude will only feature permutations of |T12,3|4,5|
2.

When discussing the difference between Type IIA and Type IIB amplitudes in sections 4.3

and 4.4, a third representation of the correlator will become convenient, given in terms of

V̂m
I = Cm

1,2,3|4,5 ωI(2)∆(3, 4)∆(5, 1) + cycl(1, 2, 3, 4, 5)

Ŵ =
(α′

2

)
Q̂12 + (1, 2|1, 2, 3, 4, 5) (2.13)

with

Q̂12 = −s12∂1G(1, 2)
[
C1;2|3|4,5∆(2, 4)∆(3, 5) + C1;2|4|3,5∆(2, 3)∆(4, 5)

]

−s12∂2G(2, 1)
[
C2;1|3|4,5∆(1, 4)∆(3, 5) + C2;1|4|3,5∆(1, 3)∆(4, 5)

]
(2.14)

Here, the superfields Cm
1,2,3|4,5 and C1;2|3|4,5 are non-local, but manifestly BRST-closed, build-

ing blocks to be described below. The correlators of (2.13) can be shown to be equivalent

to (2.10) after substituting the relations to be given below in (2.24) and discarding total
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derivatives6. Note that, in both of these representations, Q12 and Q̂12 are totally sym-

metric in the omitted labels 3, 4, 5 due to the symmetries of the building blocks as well as

∆(2, 3)∆(4, 5) + cyc(3, 4, 5) = 0.

Similar expressions are valid for the right-moving parts W̃ and Ṽ, with Tm
1,2,3|4,5 and

S1;2|3|4,5 replaced by their counterparts T̃m
1,2,3|4,5 and S̃1;2|3|4,5 depending on the zero modes of

θ̃α and λ̃α (with the usual chirality flip for Type IIA).

2.3 Scalar and vector superspace building blocks

To complete the definition of the integrands, it remains to specify the superspace constituents

referred to above as “building blocks”. These are kinematic expressions in pure spinor

superspace, constructed using the multiparticle formalism of the standard superfields of ten-

dimensional SYM [61].

2.3.1 Local building blocks

The four-point scalar block T1,2|3,4 was constructed in [7, 57] and satisfies,

QT1,2|3,4 = 0

T1,2|3,4 = T2,1|3,4 = T3,4|1,2

T1,2|3,4 = −T1,3|4,2 − T1,4|2,3 (2.15)

where Q = λαDα is the BRST operator of the pure spinor formalism [58] with,

Dα =
∂

∂θα
+

1

2
(γmθ)α

∂

∂xm
(2.16)

The derivative with respect to xm acts on the plane-wave factor eik·x of each superfield to

produce a factor of ikm. The properties (2.15) along with the antisymmetry of ∆(i, j) ensure

the invariance of (2.7) under permutations of the 4 external states.

The five-point vector block Tm
1,2,3|4,5 was constructed in [14] so as to satisfy,

QTm
1,2,3|4,5 = ikm1 V1 T2,3|4,5 + ikm2 V2 T3,1|4,5 + ikm3 V3 T1,2|4,5 (2.17)

as well as the following symmetry relations,

Tm
1,2,3|4,5 = Tm

3,4,5|1,2 + Tm
2,4,5|1,3 + Tm

1,4,5|2,3 (2.18)

6The correlators of (2.10) and (2.13) may be formally related by the substitution rule Tm
1,2,3|4,5 → Cm

1,2,3|4,5

and S1;2|3|4,5 → s12C1;2|3|4,5. This rule mimics similar manipulations observed at one loop [60].

15



Tm
1,2,3|4,5 = Tm

1,3,2|4,5 = Tm
2,1,3|4,5 = Tm

1,2,3|5,4

where Vi are the BRST-closed one-particle unintegrated vertex operators. The relations

(2.18) ensure that Vm
I in (2.10) is invariant under permutations of the five external legs.

In addition, a scalar superfield T12,3|4,5 was constructed in [14] using two-particle super-

fields obeying,

QT12,3|4,5 = s12(V1T2,3|4,5 − V2T1,3|4,5) (2.19)

as well as T12,3|4,5 = T12,3|5,4 and the “Jacobi” symmetry,

T12,3|4,5 + T12,4|5,3 + T12,5|3,4 = 0 (2.20)

Finally, the five-point scalar blocks in (2.11) are given by [12],

S1;2|3|4,5 =
1

2

(
i(km1 +k

m
2 −k

m
3 )T

m
1,2,3|4,5 + T12,3|4,5 + T13,2|4,5 + T23,1|4,5

)
(2.21)

and satisfy,

QS1;2|3|4,5 = s12V1T2,3|4,5 , S1;2|3|4,5 = S1;2|3|5,4 , T12,3|4,5 = S1;2|3|4,5 − S2;1|3|4,5 (2.22)

Furthermore, we have the following relations between permutations of (2.21),

S1;2|3|4,5 + S1;2|4|5,3 + S1;2|5|3,4
∼= 0

S1;2|3|4,5 + S1;3|2|4,5 + S1;4|5|2,3 + S1;5|4|2,3
∼= 0 (2.23)

where ∼= denotes an equality in the BRST cohomology. Importantly, the bosonic components

of the vector building blocks Tm
1,2,3|4,5 are proportional to k

6ε5 while those of the scalar blocks

T12,3|4,5 and S1;2|3|4,5 are proportional to k
7ε5, where ε represents the SYM polarization vector.

As a consequence, gravitational components of Tm
1,2,3|4,5T̃

m
1,2,3|4,5 and T12,3|4,5T̃12,3|4,5/k1 ·k2 have

the mass dimension of D2R5.

2.3.2 Non-local building blocks

Besides the above building blocks, which are polynomials in external momenta, it will be

useful to introduce the non-local combinations introduced in section 5.4 of [12],

C1;3|4|2,5 =
1

4

(3S1;3|4|2,5

s13
−
S1;4|3|2,5

s14
−
S1;2|5|3,4

s12
−
S1;5|2|3,4

s15

)

Cm
5,1,2|3,4 = Tm

5,1,2|3,4 −
i

4
km1

(S1;2|5|3,4

s12
+
S1;5|2|3,4

s15
+
S1;3|4|2,5

s13
+
S1;4|3|2,5

s14

)
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−
i

4
km2

(S2;1|5|3,4

s12
+
S2;5|1|3,4

s25
+
S2;3|4|1,5

s23
+
S2;4|3|1,5

s24

)

−
i

4
km5

(S5;1|2|3,4

s15
+
S5;2|1|3,4

s25
+
S5;3|4|1,2

s35
+
S5;4|3|1,2

s45

)
(2.24)

that are manifestly BRST invariant

QCm
5,1,2|3,4 = 0

QC1;3|4|2,5 = 0 (2.25)

In addition, they satisfy the following relations [12],

ikm2 C
m
5,1,2|3,4 = s12C1;2|5|3,4 + s25C5;2|1|3,4

ikm3 C
m
5,1,2|3,4

∼= s13C1;3|4|2,5 + s23C2;3|4|1,5 + s35C5;3|4|1,2

0 ∼= s12C2;1|5|3,4 + s25C2;5|1|3,4 + s23C2;3|4|1,5 + s24C2;4|3|1,5

0 ∼= C2;1|5|3,4 + C2;1|4|5,3 + C2;1|3|4,5

0 = C2;1|5|3,4 − C2;1|5|4,3 (2.26)

Importantly, the invariants Cm
1,2,3|4,5 and C1;2|3|4,5, which we call “two-loop BRST invariants”,

can be rewritten in terms of similar BRST invariants Cm
1|2,3,4,5 and C1|23,4,5 [61, 60] (the “one-

loop BRST invariants”) which occur7 in the integrand of the one-loop five-point amplitude

[35, 62]. Using the components 〈Cm
1|2,3,4,5〉0 and 〈C1|23,4,5〉0 available for download from [63],

one finds [12],

Cm
1,2,3|4,5

∼= −16s45C
m
1|2,3,4,5 + 8(km4 − km5 )s45C1|45,2,3

+4km2
(
s45(C1|24,3,5 + C1|25,3,4) + (s13 + s23)C1|23,4,5

)

+4km3
(
s45(C1|34,2,5 + C1|35,2,4)− (s12 + s23)C1|23,4,5)

)

−4(km1 + km2 + km3 )
(
s24C1|24,3,5 + s25C1|25,3,4 + (2 ↔ 3)

)
(2.27)

and

C1;2|3|4,5
∼= 4

(
s24C1|24,3,5 + s25C1|25,3,4 + s34C1|34,2,5 + s35C1|35,2,4 − 2s23C1|23,4,5

)
(2.28)

In turn, the components of the one-loop BRST invariants can be expressed as combinations

of color-ordered tree amplitudes8 [61, 60],

〈C1|23,4,5〉0 = s45
[
s34AYM(1, 2, 3, 4, 5)− s24AYM(1, 3, 2, 4, 5)

]

7Note that in [35] the object called Cm
1,2,3,4,5C̃

m
1,2,3,4,5 is a shorthand for the leading-order contributions

from the correlator and should not be confused with the holomorphic square of Cm
1|2,3,4,5.

8We have kj → ikj and different conventions for sij in comparison to the definitions in [60].
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0 = 〈ikm2 C
m
1|2,3,4,5 +

[
s23C1|23,4,5 + (3 ↔ 4, 5)

]
〉0 (2.29)

These relations will become useful in section 5 when comparing our two-loop results with

one-loop and tree-level amplitudes.

2.4 Effective rules for bosonic components

The bosonic components9 of the building blocks Tm
1,2,3|4,5 and T12,3|4,5 in pure spinor superspace

are available for download from the website [63]. However, the expressions from [63] involve

unpleasant rational factors such as 13
7
within individual 〈Tm

1,2,3|4,5〉0 or 〈T12,3|4,5〉0, which drop

out from BRST invariants. These factors come from an implicit choice of contact terms,

which is far from being canonical nor optimal.

In order to streamline the expressions for the bosonic components of the local building

blocks and facilitate the comparison with the RNS computation [15], we shall now give

an alternative description of the correlators in [12]. The key quantities are the effective

components Tm,eff
1,2,3|4,5, T

eff
12,3|4,5 and Seff

1;2|3|4,5 defined by

Tm,eff
1,2,3|4,5 = 8(k4 · k5)

[
εm1 t8(f2, f3, f4, f5) + (1 ↔ 2, 3, 4, 5)

]

+4i
[
km1 (R1;2|3,4,5 +R1;3|2,4,5) + (1 ↔ 2, 3)

]

+8ikm4 R4;5|1,2,3 + 8ikm5 R5;4|1,2,3 − 4(k4 · k5)ǫ
m
10(ε1, f2, f3, f4, f5)

T eff
12,3|4,5 = (8k4 · k5 − 4k1 · k2)(R1;2|3,4,5 −R2;1|3,4,5) + 4k1 · k2(R2;3|1,4,5 − R1;3|2,4,5)

Seff
1;2|3|4,5 = (8k4 · k5 − 4k1 · k2)R1;2|3,4,5 − 4k1 · k2R1;3|2,4,5

+8(k3 · k4R4;5|1,2,3 − k4 · k5R4;3|1,2,5)

+8(k3 · k5R5;4|1,2,3 − k4 · k5R5;3|1,2,4) (2.30)

which are composed of

R1;2|3,4,5 = i(ε1 · k2)t8(f2, f3, f4, f5)−
i

2
t8([f1, f2], f3, f4, f5)

t8(f2, f3, f4, f5) = tr(f2f3f4f5)−
1

4
tr(f2f3)tr(f4f5) + cyc(3, 4, 5) (2.31)

with Lorentz traces tr(. . .), linearized field strength fmn
j = εmj k

n
j −ε

n
j k

m
j and its commutators

[f1, f2]
mn = fmp

1 f pn
2 − fmp

2 f pn
1 . As will be explained below, the bosonic components of the

9With the techniques of [64] to perform the zero-mode integrals over λα, θα, one can obtain direct access
to the polarization dependence of the five-point amplitudes in string and field-theory for any combination of
external bosons and fermions.
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two-loop five-point amplitude are unchanged when performing the replacement

Tm
1,2,3|4,5 → Tm,eff

1,2,3|4,5 , T12,3|4,5 → T eff
12,3|4,5 , S1;2|3|4,5 → Seff

1;2|3|4,5 (2.32)

in all terms of the correlator (2.8) and dropping the zero-mode brackets 〈. . .〉0 in the chiral

amplitude (2.2).

2.4.1 Symmetries and relations of the effective components

The effective replacement rules (2.32) are well-defined at the level of 〈K(5)〉0 since all of

Tm,eff
1,2,3|4,5, T

eff
12,3|4,5, S

eff
1;2|3|4,5 given by (2.30) inherit the symmetry relations of the superfields

Tm
1,2,3|4,5, T12,3|4,5, S1;2|3|4,5 in the BRST cohomology. This is a consequence of the symmetry

of t8,

R1;2|3,4,5 = R1;2|4,3,5 = R1;2|3,5,4 (2.33)

as well as momentum conservation, transversality of εi, and the relation tr(f1f2f3f4f5) =

−tr(f1f5f4f3f2) used in (2.31),

R1;2|3,4,5 +R1;3|2,4,5 +R1;4|2,3,5 +R1;5|2,3,4 = 0 (2.34)

as well as the identity,

ikm1
[
εm1 t8(f2, f3, f4, f5) + (1 ↔ 2, 3, 4, 5)

]
= R2;1|3,4,5 +R3;1|2,4,5 +R4;1|2,3,5 +R5;1|2,3,4 (2.35)

where the commutators [fi, fj ] all drop out from the right-hand side. These basic properties

imply that the effective components in (2.30) obey

T eff
12,3|4,5 = T eff

12,3|5,4 0 = T eff
12,3|4,5 + T eff

12,4|5,3 + T eff
12,5|3,4

Seff
1;2|3|4,5 = Seff

1;2|3|5,4 0 = Seff
1;2|3|4,5 + Seff

1;2|4|5,3 + Seff
1;2|5|3,4 (2.36)

as well as

0 = Seff
1;2|3|4,5 + Seff

1;3|2|4,5 + Seff
1;4|5|2,3 + Seff

1;5|4|2,3

Tm,eff
1,2,3|4,5 = Tm,eff

3,4,5|1,2 + Tm,eff
2,4,5|1,3 + Tm,eff

1,4,5|2,3 (2.37)

Tm,eff
1,2,3|4,5 = Tm,eff

1,3,2|4,5 = Tm,eff
2,1,3|4,5 = Tm,eff

1,2,3|5,4

and are related by

Seff
1;2|3|4,5 =

1

2

[
i(km12 − km3 )T

m,eff
1,2,3|4,5 + T eff

12,3|4,5 + T eff
13,2|4,5 + T eff

23,1|4,5

]
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T eff
12,3|4,5 = Seff

1;2|3|4,5 − Seff
2;1|3|4,5

ikm1 T
m,eff
1,2,3|4,5 = Seff

2;1|3|4,5 + Seff
3;1|2|4,5 (2.38)

ikm5 T
m,eff
1,2,3|4,5 = Seff

1;5|4|2,3 + Seff
2;5|4|1,3 + Seff

3;5|4|1,2

ikm3 (T
m,eff
1,2,3|4,5 + Tm,eff

3,4,5|1,2) = T eff
13,2|4,5 + T eff

23,1|4,5 − T eff
34,5|1,2 − T eff

35,4|1,2

Hence, any relation among the superfields in the BRST cohomology – see e.g. (2.18) to (2.23)

– is preserved by the transition (2.32) to effective bosonic components.

In fact, we have checked that the bosonic components of any BRST-invariant quantity

composed from the building blocks reviewed above can be obtained by using their “effective”

versions,

(Sa;b|c|d,e, Tab,c|d,e, T
m
a,b,c|d,e) → (Seff

a;b|c|d,e, T
eff
ab,c|d,e, T

m,eff
a,b,c|d,e) (2.39)

This includes all representations of the genus-two correlator (2.10) since they obviously are

BRST invariant.

2.4.2 Effective BRST invariants and correlators

The effective bosonic components (2.30) not only preserve the relations of their superspace

prototypes but also the two-loop BRST invariants (2.24): One can check from the results on

the website [63] that,

−2880〈C1;3|4|2,5〉0
∣∣
bos

=
1

4

(3Seff
1;3|4|2,5

s13
−
Seff
1;4|3|2,5

s14
−
Seff
1;2|5|3,4

s12
−
Seff
1;5|2|3,4

s15

)

−2880〈Cm
5,1,2|3,4〉0

∣∣
bos

= Tm,eff
5,1,2|3,4 −

i

4
km1

(Seff
1;2|5|3,4

s12
+
Seff
1;5|2|3,4

s15
+
Seff
1;3|4|2,5

s13
+
Seff
1;4|3|2,5

s14

)
(2.40)

−
i

4
km2

(Seff
2;1|5|3,4

s12
+
Seff
2;5|1|3,4

s25
+
Seff
2;3|4|1,5

s23
+
Seff
2;4|3|1,5

s24

)

−
i

4
km5

(Seff
5;1|2|3,4

s15
+
Seff
5;2|1|3,4

s25
+
Seff
5;3|4|1,2

s35
+
Seff
5;4|3|1,2

s45

)

Since the chiral amplitude is expressible in terms of the BRST invariants (2.24) [12], its

bosonic components can be equivalently expressed in terms of the effective components.

One can then pass back to a local representation by repeating the integration-by-parts ma-

nipulations in section 5.4 of the reference with effective components in the place of the

superfields: The bosonic components of the string amplitude are unchanged when 〈K(5)〉0 in

the chiral amplitude (2.2) is replaced by

Keff
(5) = ωI(2)∆(3, 4)∆(5, 1)KI,eff

1,2,3|4,5 + cycl(1, 2, 3, 4, 5) (2.41)
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where

KI,eff
1,2,3|4,5 = 2πpImT

m,eff
1,2,3|4,5 − gI2,3T

eff
23,1|4,5 − gI2,1T

eff
21,3|4,5 − gI3,1T

eff
31,2|4,5

−gI2,4S
eff
2;4|5|1,3 − gI3,4S

eff
3;4|5|2,1 − gI1,4S

eff
1;4|5|2,3

−gI2,5S
eff
2;5|4|3,1 − gI3,5S

eff
3;5|4|2,1 − gI1,5S

eff
1;5|4|2,3 (2.42)

and (for some odd spin structure ν whose choice is immaterial for (2.41))

gIi,j =
∂

∂ζI
lnϑ[ν](ζ |Ω) , ζI =

∫ zi

zj

ωI (2.43)

Since the effective components inherit all the relations of the superfields, one can also adapt

the representation (2.8) in terms of p̂I and the Arakelov Green function to the effective

components,

Keff
(5) = 2πip̂Im

[
Tm,eff
1,2,3|4,5 ωI(2)∆(3, 4)∆(5, 1)+cycl(1, 2, 3, 4, 5)

]

+
(α′

2

)[
Qeff

12+(1, 2|1, 2, 3, 4, 5)
]

Qeff
12 = −∂1G(1, 2)

[
Seff
1;2|3|4,5∆(2, 4)∆(3, 5) + Seff

1;2|4|3,5∆(2, 3)∆(4, 5)
]

−∂2G(2, 1)
[
Seff
2;1|3|4,5∆(1, 4)∆(3, 5) + Seff

2;1|4|3,5∆(1, 3)∆(4, 5)
]

(2.44)

2.5 Assembling and expanding

After performing the Gaussian integral over loop momenta, the amplitude (2.1) becomes,

Agenus−2
(N) = δ(k)N(N)

∫

M2

dµ2 B(N)(ki|Ω) (2.45)

where dµ2 is the Sp(4,R) invariant measure on the Siegel upper-half plane, normalized as in

[65, 30],

dµ2 =
|d3Ω|2

(det Y )3
Vol2 =

∫

M2

dµ2 =
22π3

33 5
(2.46)

The integrand B(N)(ki|Ω) (which also depends on the polarizations of the external particles,

which we do not exhibit here) is given by an integral over ΣN and over the zero modes of

θα, θ̃α, λα, λ̃α. For N = 4, the Gaussian integral over pI leads to (see (2.7) for K(4))

B(4)(ki|Ω) =

∫

Σ4

KN(4)

(det Y )2
〈K(4)K̃(4)〉0 (2.47)
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where KN(N) is the full Koba-Nielsen factor (as opposed to the chiral one I(N) in (2.3)),

KN(N)(ki|Ω) =
∏

1≤i<j≤N

esijG(zi,zj |Ω) (2.48)

and G(zi, zj |Ω) is the Arakelov Green function (see appendix A). For N = 5, the integral

over loop momenta contains additional terms arising from integrating a bilinear term in loop

momenta between left and right movers,

B(5)(ki|Ω) =
1

iπ

∫

Σ5

KN(5)

(det Y )2

〈
W W̃ −

(α′

2

)
πY IJ Vm

I Ṽm
J

〉

0

(2.49)

For brevity, we shall denote the two terms in the angled bracket by 〈|W|2 − π|Vm
I |2〉0. Upon

integration over Σ5, (2.49) is unchanged when all of W,Vm
I and the corresponding right-

movers are replaced by their manifestly BRST invariant counterparts Ŵ , V̂m
I in (2.13) and

(2.11). While the manifestly local or BRST invariant superspace representations of (2.49)

apply to any combination of external bosons and fermions, their NSNS components can be

alternatively rewritten by replacing the various building blocks within W and Vm
I by their

“effective” versions. This form will be useful in the discussion of Type IIA components in

section 4.4.

By construction, both (2.47) and (2.49) are invariant under modular transformations of

Ω, and can therefore be meaningfully integrated against the invariant measure in (2.45) over

the moduli space M2, realized as a fundamental domain of the action of Sp(4,Z) on the

Siegel upper half-space. For Type II strings compactified on a torus T d, the measure in

(2.45) is multiplied by the Siegel-Narain theta series Γd,d,2 [66], which is modular invariant

by itself.

The main goal of this paper will be to analyze the low energy expansion of the five-point

integrand (2.49) in powers of the kinematical invariants sij. The dependence on external

momenta arises explicitly through the Koba-Nielsen factor (2.48), and through permutations

of the building blocks |Tm
1,2,3|4,5|

2 of dimension D2R5 and |T12,3|4,5|
2, |S1;2|3|4,5|

2 of dimension

D4R5. While the integrals multiplying |Tm
1,2,3|4,5|

2 and |S1;2|3|4,5|
2 in the representation (2.12)

are convergent and analytic as sij → 0, the integrals multiplying |Tij,k|l,m|
2 have short-

distance singularities and give rise to factors of 1/sij. Therefore, only permutations of

|Tm
1,2,3|4,5|

2 and |T12,3|4,5|2/s12 contribute at the lowest order D2R5 in the low energy effective

action [8]. This is the same order in the derivative expansion as the effective interactionD4R4

appearing in the four-point genus-two amplitude at leading order, and indeed the couplings

D4R4 andD2R5 are expected to belong to a single supersymmetric invariant under non-linear

supersymmetry. As we shall see in section 3, this is still the case for the genus-two D4R5 and
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D6R4 interactions, but the next order features a new five-point interaction (D6R5)′ which

is no longer related to the corresponding four-point D8R4 interaction.
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3 The α′ expansion of genus-two integrals

In this section, we shall decompose the integral for the amplitude with five external massless

states, given in (2.49) for Type II strings, into a sum of basic integrals over Σ5, in terms of

which the full amplitude may be obtained by including suitable permutations of the external

states. The low energy expansion of these integrals will be expressed in terms of genus-two

MGFs, thereby generalizing a similar analysis carried out for the genus-two amplitude with

four massless external states in [29, 30, 31, 32]. These results will be used in section 4 to

analyze the low energy expansion of the genus-two four-point and five-point amplitudes.

3.1 Genus-two integrals occurring in Type II amplitudes

In order to analyze the α′ expansion of the genus-two four-point and five-point amplitudes

in Type II string theory, it will be useful to list the scalar integrals over four and five copies

of the surface Σ that occur along with the kinematic factors.

• The I-integrals occur in the four-point amplitude,

I1 =

∫

Σ4

KN(4)

(det Y )2
∆(1, 2)∆(3, 4)∆(1, 2)∆(3, 4)

I2 =

∫

Σ4

KN(4)

(det Y )2
∆(1, 2)∆(3, 4)∆(2, 3)∆(4, 1) (3.1)

• The J-integrals arise from the contributions |Vm
I |2 due to integrating a bilinear term

in loop momenta (with cyclic identification ωI(j+5) = ωI(j)),

Jr,s =
i

2

∫

Σ5

KN(5)

(det Y )2
ωI(r)∆(r+1, r+2)∆(r+3, r+4)

×Y IJωJ(s)∆(s+1, s+2)∆(s+3, s+4) (3.2)

They may all be obtained by cyclic permutations from one of the three basic integrals,

J1,1 =
i

2

∫

Σ5

KN(5)

(det Y )2
ωI(1)Y

IJωJ(1) ∆(2, 3)∆(4, 5)∆(2, 3)∆(4, 5)

J1,2 =
i

2

∫

Σ5

KN(5)

(det Y )2
ωI(1)Y

IJωJ(2) ∆(2, 3)∆(4, 5)∆(3, 4)∆(5, 1) (3.3)

J1,3 =
i

2

∫

Σ5

KN(5)

(det Y )2
ωI(1)Y

IJωJ(3) ∆(2, 3)∆(4, 5)∆(4, 5)∆(1, 2)

and their complex conjugates.
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• The F -integrals involve combinations of G(1, 2)G(1, 2),

F1 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄1G(1, 2)∆(2, 3)∆(4, 5)∆(2, 3)∆(4, 5) (3.4)

F2 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄1G(1, 2)∆(2, 3)∆(4, 5)∆(2, 4)∆(3, 5)

F3 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄2G(1, 2)∆(2, 3)∆(4, 5)∆(1, 3)∆(4, 5)

F4 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄2G(1, 2)∆(2, 3)∆(4, 5)∆(1, 4)∆(3, 5)

• The G-integrals involve combinations of G(1, 2)G(1, 3),

G1 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄1G(1, 3)∆(2, 4)∆(3, 5)∆(2, 4)∆(3, 5) (3.5)

G2 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄1G(1, 3)∆(2, 4)∆(3, 5)∆(2, 5)∆(3, 4)

G3 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄3G(1, 3)∆(2, 4)∆(3, 5)∆(2, 4)∆(1, 5)

G4 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄3G(1, 3)∆(2, 4)∆(3, 5)∆(1, 4)∆(2, 5)

G5 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂2G(1, 2)∂̄3G(1, 3)∆(1, 4)∆(3, 5)∆(1, 4)∆(2, 5)

G6 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂2G(1, 2)∂̄3G(1, 3)∆(1, 4)∆(3, 5)∆(1, 5)∆(2, 4)

• The H-integrals involve combinations of G(1, 2)G(3, 4),

H1 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2) ∂3G(3, 4) ∆(2, 4)∆(3, 5)∆(2, 4)∆(1, 5) (3.6)

H2 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2) ∂3G(3, 4) ∆(2, 3)∆(4, 5)∆(1, 4)∆(2, 5)

H3 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2) ∂3G(3, 4) ∆(2, 3)∆(4, 5)∆(1, 5)∆(2, 4)

H4 =
1

iπ

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2) ∂3G(3, 4) ∆(2, 4)∆(3, 5)∆(1, 4)∆(2, 5)
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All integrals required in the genus-two amplitude with five massless external states may be

expressed in terms of the above integrals and permutations of their vertex labels10.

3.2 Extracting the singular part of the F -integrals at sij = 0

All the integrals given in subsection 3.1 are absolutely convergent for |sij| ≪ 1 and admit

convergent Taylor series expansions at sij = 0, with the notable exception of the F -integrals

(3.4) which have simple poles at sij = 0. In this subsection, we present the analysis needed

to extract this singularity for the integral F1 and defer the cases of the integrals F2, F3, F4

to appendix B.4. The singularity of F1 is due to the non-integrable singularity at z1 = z2 of

the following factor of the integrand of F1,

∂1G(1, 2)∂̄1G(1, 2) ∼
1

|z1 − z2|2
(3.7)

As a result, the integral F1 has a simple pole at s12 = 0. The simple pole in F1 may be

exposed by using the following identity of the integrand,

KN(5) ∂1G(1, 2)∂̄1G(1, 2) = −
KN(5)

s12

( 5∑

k=3

s1k∂1G(1, 2) ∂̄1G(1, k) + ∂1∂̄1G(1, 2)
)

+
1

s12
∂̄1

(
KN(5)∂1G(1, 2)

)
(3.8)

Since the combination inside the parentheses on the second line is a (1, 0) form its Dolbeault

differential ∂̄1 may be recast as a total differential, ∂̄1(KN(5)∂1G(1, 2)) = d1(KN(5)∂1G(1, 2))

whose integral over the closed compact surface Σ vanishes. As a result, the term on the

second line does not contribute to F1.

The contribution to the second term in the parentheses on the first line of (3.8) is given

by (A.14). The δ(1, 2) term vanishes provided we assume the following domain for s12,

Re (s12) < 0 (3.9)

or alternatively vanishes by the “cancelled propagator” argument in old string theory lingo.

The remaining contributions to the integral F1 are therefore given by the first term of the

first line in (3.8) and by the κ-term in (A.14) for the second term in the parentheses, and

10Note that it is convenient to explicitly add the complex conjugates Ḡ3 and Ḡ4 to the list above in order
to quickly identify all the integrals in the genus-two correlator (2.49).
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we obtain the following formula,

F1 = −
1

iπ

5∑

k=3

s1k
s12

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄1G(1, k)|∆(2, 3)|2|∆(4, 5)|2

+
2

s12

∫

Σ5

KN(5)

(det Y )2
κ(1)|∆(2, 3)|2|∆(4, 5)|2 (3.10)

The integrals in (3.10) are now absolutely convergent for |sij| ≪ 1 and admit a convergent

Taylor series expansion at sij = 0. The coefficient of 1/s12 is recognized as the integral J1,1,

and one can similarly express the first line of (3.10) in terms of permutations of the integrals

G1, G2 defined in (3.5), see (B.32).

3.3 Genus-two modular graph functions up to order D6R5

Our aim in this section will be to find the first few terms in the α′ expansions for the above

integrals, so as to extract the coefficient of the effective interactions up to order D6R5 in the

low energy effective action. In addition to ∆(x, y), the following combination of holomorphic

(1, 0)-forms ωI and their complex conjugates will be ubiquitous in our analysis, and are given

as follows, in components,

ν(x, y) =
i

2
Y IJωI(x)ωJ(y) = −ν(y, x) (3.11)

On the diagonal y = x they reduce to twice the canonical form κ defined by,

κ(x) =
1

2
ν(x, x) =

i

4
Y IJωI(x)ωJ(x) ,

∫

Σ

κ = 1 (3.12)

Various details of the subsequent computations are relegated to appendix B.

Up to order D6R5, we find that the coefficients can all be expressed in terms of the

Kawazumi-Zhang invariant ϕ given by any one of the following equivalent expressions (see

[29, 67] and references therein),

ϕ =

∫

Σ2

|∆(1, 2)|2

4(det Y )
G(1, 2)

= −
1

4
Y ILY JK

∫

Σ2

ωI(1)ωJ(1)ωK(2)ωL(2)G(1, 2) (3.13)

=

∫

Σ2

ν(1, 2)ν(2, 1)G(1, 2)
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and the following convergent integrals on direct products of Σ,

Z1 = 8

∫

Σ2

κ(1)κ(2)G(1, 2)2

Z2 = −

∫

Σ3

|∆(1, 2)|2

det Y
κ(3)G(1, 3)G(2, 3)

Z3 =

∫

Σ4

|∆(1, 3)∆(2, 4)|2

8(det Y )2
G(1, 2)G(3, 4)

Z4 = −4

∫

Σ2

ν(1, 2)ν(2, 1)G(1, 2)2

Z5 =
16i

π

∫

Σ4

G(1, 4) ∂1G(1, 2) ∂̄1G(1, 3) ν(2, 4)ν(4, 3)ν(3, 2) (3.14)

As is the case for the KZ invariant (3.13), the integrals (3.14) are modular invariant functions

of the period matrix Ω, and real analytic away from the separating and non-separating

divisors. They belong to the class of genus-two MGFs introduced in [31], generalizing the

genus-one MGFs of [33]. The relevant graphs keep track of the products of Arakelov Green

functions to be integrated, and are displayed in figure 1.

The integrals Z1,Z2,Z3 have appeared previously in the study of the 4-point amplitude

[31, 32], where their asymptotic behavior near the separating and non-separating divisors in

the moduli space M2 was investigated in great detail. The integral Z4 was introduced in

the course of the analysis of the action of the Laplace-Beltrami operator in [41], along with

several other integrals which also occur here in the evaluation of the five-point amplitude,

and which we evaluate in terms of the ones above in appendix A.6. The integral Z5 is novel,

and reminiscent of the modular graph forms introduced in [43], although it is genuinely

modular invariant. The asymptotics of Z4 and Z5 near the separating and non-separating

divisors is derived in appendix C using similar methods as in [31, 32]. Genus-two amplitudes

for the Heterotic string are expected to involve higher weight generalizations of these MGFs,

in parallel with the modular graph forms appearing in Heterotic genus-one amplitudes [68].

3.4 Novel modular graph function identities

The study of the degenerations of the integrals Zi in appendix C suggests that these integrals

are not linearly independent, but rather satisfy a remarkable identity,

Z1 + Z2 + Z3 +
1

2
Z4 − ϕ2 = 0 (3.15)

which we shall prove in appendix D. From the point of view of two-dimensional quantum

field theory on the genus-two surface, the identity (3.15) is quite striking since it relates a
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• •
z1 z2

ϕ

• •
z1 z2

Z1,Z4

• •

•

z1 z2

z3

Z2

•

•

•

•

z1 z2

z3 z4

ϕ2,Z3

•

•

•

•

z1 z2

z3 z4

Z5

Figure 1: Graphs representing the genus-two modular graph functions ϕ, Zi and ϕ
2 where

each line represents the Green function G but the structure of the Abelian differentials is not
exhibited. The arrows on two of the lines in Z5 indicate the derivatives ∂1 and ∂̄1 on G.

combination of one-loop graphs Z1,Z4 to a combination of tree-level graphs ϕ2,Z2,Z3. By

contrast, the alternative expressions for ϕ2,Z2,Z3 given in appendix A.6 exclusively relate

tree-level graphs to one another and are the result of elementary relations, such as (A.7) and

(A.8), between Abelian differentials. Thus, the identity (3.15) is more akin to the identities

between genus-one MGFs proven in [42, 43, 44, 45] and exposed by their representations in

terms of iterated Eisenstein integrals [69, 70]. The proof of (3.15), detailed in appendix D,

makes crucial use of a lemma (D.1) valid at any genus h, which allows us, effectively, to

convert a derivative ∂iG(zi, zj) into a derivative −∂jG(zi, zj), despite the lack of translational

invariance when h ≥ 2. We anticipate that this property will become important in future

studies of relations between genus-two MGFs.11

As a consequence of the genus-two identity (3.15) in the minimal non-separating degen-

eration limit t→ ∞ (with t = det ImΩ
ImΩ11

[31]), we also obtain a new identity at genus one,

∆τ

(
F 2
2 − 2F4

)
= 6F 2

2 − 4F4 (3.16)

where Fk(v|τ) is the elliptic MGF on a torus Σ1 of modulus τ with v ∈ Σ1, defined by,

Fk(v|τ) =
1

k!

∫

Σ1

κ1(x)f(x)
k κ1(x) =

i

2τ2
dx dx̄ (3.17)

Here f(x) = g(x − pb) − g(x − pa) where g is the Green function g on Σ1 and pa, pb are

two punctures on Σ1 with v = pb − pa (see appendix C). The Laplacian on τ , defined by

11Indeed, the conversion of derivatives has been used to generalize (3.15) to arbitrary genus and to derive
higher-weight identities [71] since the first version of this work.
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∆τ = 4τ 22 ∂τ∂τ̄ , acts on elliptic functions of v = u1 + u2τ by keeping the real coordinates

u1, u2 fixed. Identity (3.16) is again reminiscent of the identities proven in [42, 43, 44, 45].12

3.5 Expansion in α′ of the basic genus-two integrals

In this subsection, we shall list the results of the expansions of the integrals J1,i to order s2ij
and of Fj , Gj, Hj to order sij. Their derivations are relegated to appendix B. We also include

the expansion for the integrals I1, I2 governing the four-point amplitude [32].

• For the four-point integrals in (3.1),

I1 = 64− 64 s12 ϕ+ (24s212 − 16s13s23)(Z1 − 2Z2 + Z3)

+s212(48Z2 + 8Z4 − 16Z3 + 16ϕ2) +O(s3ij)

I2 = 32 + 64ϕ s13 + 8(s212 + s223)(Z1 − 2Z2 + Z3)

−s12s23(48Z2 + 8Z4 − 16Z3 + 16ϕ2) +O(s3ij) (3.18)

• For the five-point J-integrals in (3.3),

J1,1 = 128− 64(s23 + s45)ϕ+ 16s23s45(−2Z1 + Z3 + 2ϕ2) + 8(s223 + s245)(Z4 + 5Z1)

+16(s12s15 + 2s234 − 2s12s34 − 2s15s34 + s23s34 + s34s45)(Z1 − 2Z2 + Z3)

+32(s212 + s215 − s15s23 − s45s12)(Z1 − Z2) + 16(s12s23 + s45s15)(Z1 − Z3) +O(s3ij)

J1,2 = 32 + 64s35ϕ+ 8(s212 + s234 + s245)(Z1 − 2Z2 + Z3) + 8s15s23(2Z2 + 3Z3 + Z4)

−8s12(s34 + s45)(Z1 − 4Z2 + 3Z3) + 8s12(s15 + s23)(Z1 + Z2 + Z3 +
1
2
Z4 − ϕ2)

−4s34s45(10Z2 − 10Z3 + Z4 + 10ϕ2)− 4(s23s34 + s45s15)(2Z2 + 6Z3 + Z4 − 6ϕ2)

+8(s215 + s223 − s23s45 − s34s15)(Z1 − Z3) +O(s3ij)

J1,3 = −64 + 64(s45 − s13)ϕ− 16(s212 + s223)(Z1 − Z2) + 8s245(−2Z1 + Z3 + 2ϕ2)

+16(s15s23 + s12s34 − s234 − s215)(Z1 − 2Z2 + Z3) + 8s12s23(2Z2 + 3Z3 + Z4)

+8(2s15s34 − s12s15 − s23s34)(Z1 − 4Z2 + 3Z3) + 8(s15 + s34)s45(Z3 − Z1)

+8(s12 + s23)s45(Z1 − 2Z2 − 2Z3 − Z4 − 4ϕ2) +O(s3ij) (3.19)

• For the F -integrals (3.4), with kinematic poles exposed via (3.10),

F1 =
128

s12
+

64ϕ(s12 − 2s45)

s12
−

32s34s35
s12

(Z1 − 2Z2 + Z3) +
16s245
s12

(3Z1 + Z3 + Z4 + 2ϕ2)

12In an earlier version of this work, it was left as an open problem to derive (3.16) directly, without recourse
to its genus-two ancestor. Since then, a direct proof has been given in [72] using genus-one methods.
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+8s23(−Z1 − 2Z2 − Z4) + 32(Z1 − Z2)s12

−8(5Z1 − 6Z2 + 2Z3 + Z4 + 4ϕ2)s45 +O(s2ij)

F2 =
64

s12
+

32ϕ(4s34 − s12)

s12
+

16s234
s12

(Z1 − 2Z2 + Z3)−
16s35s45
s12

(2Z1 + 2Z2 + Z4 + 2ϕ2)

+16Z1s12 + 8(−Z1 − 2Z2 −Z4)s15 − 16(Z1 + Z3)s34 +O(s2ij)

F3 = −
128

s12
+

128ϕ(s45 − s12)

s12
+

32s34s35
s12

(Z1 − 2Z2 + Z3)−
16s245
s12

(3Z1 + Z3 + Z4 + 2ϕ2)

−32s12(Z1 − Z2) + 16s45(3Z1 − 3Z2 + Z3 + Z4 + 4ϕ2) +O(s2ij)

F4 = −
64

s12
−

128ϕs34
s12

−
16s234
s12

(Z1 − 2Z2 + Z3) +
16s35s45
s12

(2Z1 + 2Z2 + Z4 + 2ϕ2)

+8s12(−Z2 − 2Z1 + 2ϕ2) + 16s34(Z1 + Z2 + Z3 − 2ϕ2) +O(s2ij) (3.20)

• For the G-integrals in (3.5),

G1 = −16s23Z1 − 16(s25 + s34)Z2 − 16s45Z3 +O(s2ij)

G2 = −32ϕ+ (s14 − s15)Z5 + 4(s12 + s13)(Z1 + Z4) + 8s23Z4

−8Z2(s24 + s25 + s34 + s35) + 16s45(−Z3 + ϕ2) +O(s2ij)

G3 = 16s23(Z1 + Z2) + 16s34(Z2 + Z3) +O(s2ij)

G4 = 8s23(Z2 − Z4) + 8s35(Z2 + 2ϕ2) + 8s34(Z2 + 2Z3 − 2ϕ2) +O(s2ij)

G5 = −16s23(Z1 + Z2) +O(s2ij)

G6 = 8s23(Z4 − Z2) +O(s2ij) (3.21)

• For the H- integrals in (3.6),

H1 = −16s13(Z2 + Z3) +O(s2ij)

H2 = −8s13(Z2 + 2Z3 − 2ϕ2) +O(s2ij)

H3 = −8s13(Z2 + 2Z3 − 2ϕ2) +O(s2ij)

H4 = −8s13(Z2 + 2Z3 − 2ϕ2) +O(s2ij) (3.22)

3.6 Decomposing the five-point correlator

The five-point integrand (2.49) is expressible via permutations and complex conjugation of

the integrals discussed above and will be decomposed into four sectors according to the

appearance and arguments of the Arakelov Green functions G,

B(5) = BJ
(5) + BF

(5) + BG
(5) + BH

(5) (3.23)
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where the superscripts indicate the type of integral involved in the decomposition. The

first part comprises the contractions of the vector blocks between the left- and right-movers,

resulting from integrating out the loop momenta,13

BJ
(5) = i

∫

Σ5

KN(5)

(det Y )2
Y IJVm

I Ṽm
J

= 2
{
J1,1T

m
5,1,2|3,4T̃

m
5,1,2|3,4 + J1,2T

m
5,1,2|3,4T̃

m
1,2,3|4,5 + J1,2T

m
1,2,3|4,5T̃

m
5,1,2|3,4 (3.24)

+ J1,3T
m
5,1,2|3,4T̃

m
2,3,4|5,1 + J1,3T

m
2,3,4|5,1T̃

m
5,1,2|3,4 + cycl(1, 2, 3, 4, 5)

}

The remaining three parts, BF
(5), B

G
(5) and BH

(5) are organized by the number of labels shared

between the scalar building blocks Qab and Q̃cd defined in (2.11) and the positions of the

derivatives on the Arakelov Green functions. It will be convenient to express these contri-

butions as sums over permutations of more elementary building blocks,

BF
(5) = BF

12 + (1, 2|1, 2, 3, 4, 5)

BG
(5) =

[
BG
1;23 + BG

1;32 + (2, 3|2, 3, 4, 5)
]
+ (1 ↔ 2, 3, 4, 5) (3.25)

BH
(5) =

[
BH
12,34 + BH

34,12 + cyc(2, 3, 4)
]
+ (5 ↔ 1, 2, 3, 4)

where the combinations of the type G(1, 2)G(1, 2) yield,14

BF
12 =

∫

Σ5

Q12Q̃12KN(5)

iπ(det Y )2
= S1;2|3|4,5S̃1;2|3|4,5(F1

∣∣
3↔4

) + S1;2|3|4,5S̃1;2|4|3,5(F2

∣∣
3↔4

)

+ S1;2|4|3,5S̃1;2|3|4,5F2 + S1;2|4|3,5S̃1;2|4|3,5F1

+ S2;1|3|4,5S̃2;1|3|4,5(F1

∣∣1↔2

3↔4
) + S2;1|3|4,5S̃2;1|4|3,5(F2

∣∣1↔2

3↔4
)

+ S2;1|4|3,5S̃2;1|3|4,5(F2

∣∣1↔2
) + S2;1|4|3,5S̃2;1|4|3,5(F1

∣∣1↔2
) (3.26)

+ S1;2|3|4,5S̃2;1|3|4,5(F3

∣∣
3↔4

) + S1;2|3|4,5S̃2;1|4|3,5(F4

∣∣
3↔4

)

+ S1;2|4|3,5S̃2;1|3|4,5F4 + S1;2|4|3,5S̃2;1|4|3,5F3

+ S2;1|3|4,5S̃1;2|3|4,5(F3

∣∣1↔2

3↔4
) + S2;1|3|4,5S̃1;2|4|3,5(F4

∣∣1↔2

3↔4
)

+ S2;1|4|3,5S̃1;2|3|4,5(F4

∣∣1↔2
) + S2;1|4|3,5S̃1;2|4|3,5(F3

∣∣1↔2
)

13Throughout, complex conjugation on an integral will leave the kinematic variables sij unchanged.

14Throughout, a vertical bar with permutations of the vertex labels following an integral function will
indicate the permutation to be performed on the entries of the integrals as they were originally defined in
(3.3), (3.4), (3.5), (3.6).
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the combinations of the type G(1, 2)G(1, 3) yield,

BG
1;23 =

∫

Σ5

Q12Q̃13KN(5)

iπ(det Y )2
= S1;2|4|3,5S̃1;3|4|2,5(G2

∣∣
4↔5

) + S1;2|4|3,5S̃1;3|5|2,4(G1

∣∣
4↔5

)

+ S1;2|5|3,4S̃1;3|4|2,5G1 + S1;2|5|3,4S̃1;3|5|2,4G2

+ S1;2|4|3,5S̃3;1|4|2,5(G4

∣∣
4↔5

) + S1;2|4|3,5S̃3;1|5|2,4(G3

∣∣
4↔5

)

+ S1;2|5|3,4S̃3;1|4|2,5G3 + S1;2|5|3,4S̃3;1|5|2,4G4 (3.27)

+ S2;1|4|3,5S̃1;3|4|2,5(G4

∣∣2↔3

4↔5
) + S2;1|4|3,5S̃1;3|5|2,4(G3

∣∣2↔3
)

+ S2;1|5|3,4S̃1;3|4|2,5(G3

∣∣2↔3

4↔5
) + S2;1|5|3,4S̃1;3|5|2,4(G4

∣∣2↔3
)

+ S2;1|4|3,5S̃3;1|4|2,5(G5

∣∣
4↔5

) + S2;1|4|3,5S̃3;1|5|2,4(G6

∣∣
4↔5

)

+ S2;1|5|3,4S̃3;1|4|2,5G6 + S2;1|5|3,4S̃3;1|5|2,4G5

and the combinations of the type G(1, 2)G(3, 4) yield,

BH
12,34 =

∫

Σ5

Q12Q̃34KN(5)

iπ(det Y )2
= −S1;2|3|4,5S̃3;4|1|2,5H1 − S1;2|3|4,5S̃3;4|2|1,5H4

− S1;2|4|3,5S̃3;4|1|2,5H3 − S1;2|4|3,5S̃3;4|2|1,5H2

− S2;1|3|4,5S̃3;4|1|2,5(H4

∣∣
1↔2

)− S2;1|3|4,5S̃3;4|2|1,5(H1

∣∣
1↔2

)

− S2;1|4|3,5S̃3;4|1|2,5(H2

∣∣
1↔2

)− S2;1|4|3,5S̃3;4|2|1,5(H3

∣∣
1↔2

) (3.28)

− S1;2|3|4,5S̃4;3|1|2,5(H3

∣∣3↔4
)− S1;2|3|4,5S̃4;3|2|1,5(H2

∣∣3↔4
)

− S1;2|4|3,5S̃4;3|1|2,5(H1

∣∣3↔4
)− S1;2|4|3,5S̃4;3|2|1,5(H4

∣∣3↔4
)

− S2;1|3|4,5S̃4;3|1|2,5(H2

∣∣3↔4

1↔2
)− S2;1|3|4,5S̃4;3|2|1,5(H3

∣∣3↔4

1↔2
)

− S2;1|4|3,5S̃4;3|1|2,5(H4

∣∣3↔4

1↔2
)− S2;1|4|3,5S̃4;3|2|1,5(H1

∣∣3↔4

1↔2
)

One can readily recast the expressions above in terms of manifestly BRST-invariant building

blocks valid for all external states via (Sa;b|c|d,e, T
m
a,b,c|d,e) → (sabCa;b|c|d,e, C

m
a,b,c|d,e). When

truncating to the bosonic component sector one may use the effective building blocks of

section 2.4 as (Sa;b|c|d,e, T
m
a,b,c|d,e) → (Seff

a;b|c|d,e, T
m,eff
a,b,c|d,e).
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4 The α′ expansion of genus-two amplitudes

In this section we shall combine the expansions of the integrals studied in section 3 in order

to extract the low energy expansion of the genus-two five-point amplitude (2.45). As a warm-

up, we first consider the low energy expansion of the genus-two four-point amplitude, studied

in [29, 30, 31, 32]. We will follow the normalization conventions based on the first-principles

computations in the non-minimal pure spinor formalism [73, 57, 8].

4.1 The four-point amplitude

The four-point amplitude at two loops in the pure spinor formalism is given by [57, 8]15

Agenus−2
(4) = δ(k)N(4)

∫

M2

dµ2 B(4)(ki|Ω) (4.1)

The normalization factor N(4) is given by16,

N(4) =
κ4e2λ

225π6

(α′

2

)5
(4.2)

in terms of the normalization constant of the massless vertex operators κ [28], and the bare

expectation values of the dilaton φ. The S-duality analysis of [8] relates,

e2λ = 26π4e2φ (4.3)

The integrand on M2 in turn is given by the integral B(4)(ki|Ω) over the four vertex points

defined in (2.47). With the expression (2.7) for the left chiral correlator K(4), the integrand

of (4.1) can be expressed straightforwardly in terms of the I-integrals defined in (3.1) as

B(4)(ki|Ω) = I1|T1,4|2,3|
2 +

(
I1
∣∣
2↔4

)
|T1,2|3,4|

2

+I2(T1,2|3,4T̃1,4|2,3 + T1,4|2,3T̃1,2|3,4) (4.4)

Using the symmetry property T1,3|2,4 = −T1,4|2,3 −T1,2|3,4 of (2.15), momentum conservation,

as well as the expansions (3.18) we obtain the following expansion for the integrand,

B(4)(ki|Ω) = 32
(
|T1,2|3,4|

2 + |T1,3|2,4|
2 + |T1,4|2,3|

2
)

15In equation (4.1) we have absorbed an overall factor of 2203652 coming from B(4)(ki|Ω) into the normal-
ization of the four-point amplitude given in [8].

16Alternatively, N(4) may be presented in terms of the 10-dimensional Newton constant κ2
10 and the vacuum

expectation value of the dilaton φ, canonically normalized in Type IIB [28, 29], as followsN(4) = 2−6πκ2
10 e

2φ.
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+64ϕ
(
s12|T1,2|3,4|

2 + s13|T1,3|2,4|
2 + s14|T1,4|2,3|

2
)

+8A1

(
s212|T1,2|3,4|

2 + s213|T1,3|2,4|
2 + s214|T1,4|2,3|

2
)

+16A2

∣∣s14T1,2|3,4 − s12T1,4|2,3
∣∣2 + · · · (4.5)

where the terms in the ellipsis feature O(s3ij) along with |Ta,b|c,d|
2, and we have defined the

following combinations,

A1 = Z1 − 2Z2 + Z3

A2 = ϕ2 + Z1 + Z2 +
1

2
Z4 = 2ϕ2 −Z3 (4.6)

As shown in [74], the components 〈T1,2|3,4〉0 of the genus-two building block are given by,

〈T1,2|3,4〉0 = 16
( 2

α′

)
s12〈V1T2,3,4〉0 (4.7)

whereK = 〈V1T2,3,4〉0 is the usual one-loop kinematic factor, which is permutation-symmetric

and reduces to the usual t8F
4 = t8(f1, f2, f3, f4) combination for external gauge fields. Sub-

stituting (4.7) into (4.5), the last line cancels and one arrives at,

B4(ki|Ω) = 213KK̃
( 2

α′

)2[
σ2 + 2ϕσ3 +

1

4
A1σ4 +O(s5ij)

]
(4.8)

where σk are the usual symmetric polynomials in four-point kinematic variables,

σk = sk12 + sk13 + sk14 (4.9)

Substituting (4.8) into (4.1) and integrating over M2, one finally obtains the low energy

expansion of the amplitude in ten dimensions,

A2−loop
(4) = δ(k)

(α′

2

)3κ4e2λ
212 π6

KK̃

∫

M2

dµ2

[
σ2 + 2ϕσ3 +

1

4
A1 σ4 +O(s5ij)

]

= δ(k)
(α′

2

)3 κ4e2λ

210 33 5π3
KK̃

[
σ2 + 3σ3 +

1

4
c1(Λ) σ4 +O(s5ij)

]
(4.10)

where we used the formula (2.46) for the volume of M2, and the identities
∫

M2

dµ2 ϕ =
3

2
Vol2

∫

M2(Λ)

dµ2A1 = c1(Λ)Vol2 (4.11)

The coefficient 3/2 in (4.11) was computed in [30] and shown to be consistent with predictions

from S-duality. The coefficient c1(Λ) depends on an infrared sliding scale Λ which is necessary

to disentangle the non-local part of the amplitude, which is governed entirely by exchange

of massless particles with momentum less than Λ, from stringy corrections [48, 49].
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4.2 The five-point amplitude

The genus-two five-point amplitude is given by [12, 8]

Agenus−2
(5) = δ(k)N(5)

∫

M2

dµ2 B(5)(ki|Ω) (4.12)

with B(5)(ki|Ω) defined by (2.49). The overall normalization was obtained using the pure

spinor formalism in [8]

N(5) =
(α′

2

)5κ5e2λ
211π5

(4.13)

As shown in section 3.6, the integrand decomposes as a sum of 4 different types of integrals,

B(5) = BJ
(5) + BF

(5) + BG
(5) + BH

(5) (4.14)

each one including its own kinematic factor.

4.2.1 Terms of order D2R5

At leading order D2R5, the G and H integrals do not contribute, and the remaining integrals

are constants, independent of the period matrix Ω,

J1,1 = 128 +O(sij) ,

J1,2 = 32 +O(sij) ,

J1,3 = −64 +O(sij) ,

F1 =
128

s12
+O(s0ij) ,

F2 =
64

s12
+O(s0ij) ,

F3 = −
128

s12
+O(s0ij)

F4 = −
64

s12
+O(s0ij)

(4.15)

Upon using the kinematic identity Tm
1,2,3|4,5 = Tm

3,4,5|1,2 + cycl(1, 2, 3), the low energy limit of

the contraction |Vm
I |2 in (3.24) can be rewritten as

BJ
(5)

∣∣
D2R5

= 64
(α′

2

)
Tm
3,4,5|1,2T̃

m
3,4,5|1,2 + (1, 2|1, 2, 3, 4, 5) (4.16)

where the notation +(1, 2|1, 2, . . . , k) in the first line instructs to sum over all possibilities

to exchange (1, 2) by a different pair (i, j) from i, j ∈ {1, 2, . . . , k} for a total of
(
k
2

)
terms.

Similarly, the integrals in (3.26) to (3.28) produce,

BF
(5) =

64

s12

(α′

2

)2 [
|T12,3|4,5|

2 + |T12,4|3,5|
2 + |T12,5|3,4|

2
]
+ (1, 2|1, 2, 3, 4, 5) (4.17)
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Figure 2: Factorization of the genus-two five-point amplitude onto a massless intermediate
state in the s12-channel into the tree-level 3-point function and the genus-two 4-point function
with massless external states.

and the contributions from the integrals G and H vanish,

BG
(5)

∣∣
D2R5

= BH
(5)

∣∣
D2R5

= 0 (4.18)

The expression (4.17) for BF
(5) highlights the benefit of using the OPE-like representation for

the second equation in (2.10) since then all terms proportional to Si;j|k|l,m building blocks

trivially cancel as they correspond to non-singular terms on the surface. Hence, at leading

order, the integrand (4.14) reduces to,

B(5)

∣∣
D2R5

= 64
(α′

2

)2 |T12,3|4,5|2+|T12,4|3,5|
2+|T12,5|3,4|

2

s12

+64
(α′

2

)
Tm
3,4,5|1,2T̃

m
3,4,5|1,2 + (1, 2|1, 2, . . . , 5) (4.19)

where the permutations +(1, 2|1, 2, . . . , 5) apply to the entire right side.

This is in agreement with the result obtained in [8], and corresponds to aD2R5 interaction

in the low energy effective action, which is expected to be related to D4R4 by non-linear

supersymmetry. The residue of the pole in s12 is precisely given by the two-particle superfields

|T12,i|j,k|
2 as is expected from factorization of the 5-point amplitude on a massless external

state of two massless states, as shown schematically in figure 2.

4.2.2 Terms of order D4R5

At next to leading order D4R5, all integrals are proportional to the Kawazumi-Zhang invari-

ant ϕ in (3.13). The expansions in (3.19) receive contributions from the vector block, and

give rise to,

BJ
(5)

∣∣
D4R5

= 128ϕ
(
s35(T

m
5,1,2|3,4T̃

m
1,2,3|4,5 + Tm

1,2,3|4,5T̃
m
5,1,2|3,4)

+(s45−s13)(T
m
5,1,2|3,4T̃

m
2,3,4|5,1 + Tm

2,3,4|5,1T̃
m
5,1,2|3,4)
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−(s23+s45)T
m
5,1,2|3,4T̃

m
5,1,2|3,4 + cycl(1, 2, 3, 4, 5)

)

= 128ϕ s12T
m
3,4,5|1,2T̃

m
3,4,5|1,2 + (1, 2|1, 2, 3, 4, 5) (4.20)

The expansions in (3.20) produce all the singular terms, and give rise to,

BF
12

∣∣
D4R5

=
128ϕ

s12

(
s34|T12,5|3,4|

2 + s35|T12,4|3,5|
2 + s45|T12,3|4,5|

2
)

−32ϕ
(
|S1;2|3|4,5|

2 + |S1;2|4|3,5|
2 + |S1;2|5|3,4|

2

+|S2;1|3|4,5|
2 + |S2;1|4|3,5|

2 + |S2;1|5|3,4|
2
)

(4.21)

Finally, the contributions in (3.21) and (3.22) are analytic in sij and receive contributions

from the scalar block, and give rise to,

BG
1,23

∣∣
D4R5

= −32ϕ(S1;2|4|3,5S̃1;3|4|2,5 + S1;2|5|3,4S̃1;3|5|2,4)

BH
12,34

∣∣
D4R5

= 0 (4.22)

Whenever possible, the expressions have been simplified by repeatedly applying the relations

T12,3|4,5 = S1;2|3|4,5 − S2;1|3|4,5 and S1;2|3|4,5 + cycl(3, 4, 5) ∼= 0.

Adding up these contributions according to (3.25), we get,

B(5)

∣∣
D4R5

= 128ϕ
[(α′

2

)
s45T

m
1,2,3|4,5T̃

m
1,2,3|4,5 + (4, 5|1, 2, 3, 4, 5) (4.23)

+
(α′

2

)2(s12
s45

|T45,3|1,2|
2 +

s13
s45

|T45,2|1,3|
2 +

s23
s45

|T45,1|2,3|
2 + (4, 5|1, 2, 3, 4, 5)

)

−
(α′

2

)2(
|S1;2|3|4,5 + S1;3|2|4,5|

2 + |S1;2|4|3,5 + S1;4|2|3,5|
2

+ |S1;3|4|2,5 + S1;4|3|2,5|
2 + (1 ↔ 2, 3, 4, 5)

)]

where the last two relations of (2.23) have been used to simplify the sums over permutations

of (4.21) and (4.22).

4.2.3 Terms of order D6R5

In contrast to the lower-order terms in the previous subsections, the low energy expan-

sion of the genus-two amplitude at the order D6R5 features linearly independent MGFs

Z1,Z2,Z3,Z5 and ϕ2 defined in (3.14). Their respective coefficients are given by BRST-

invariant linear combinations of the building blocks that compose the correlator. As usual
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in such situations, the resulting expressions that arise after expanding the integrals are not

necessarily in the most compact form. However, utilizing various cohomology manipulations

in pure spinor superspace as done in (4.23), it may be possible to simplify the answer after

trial and error.

First, it is beneficial to rewrite the five MGFs in terms of the linear combinations A1 and

A2 identified in the four-point calculations in section 4.1, along with Z1,Z5 and ϕ
2. In doing

so the number of terms reduce by approximately 10%. We shall now display the coefficients

of A1 and Z5.

Curiously, the BRST-invariant coefficient of A1 at D6R5 turns out to be closely related

to the coefficient of ϕ at order D4R5 given in (4.23). In fact, one can show that

B(5)

∣∣
A1

= 16
[(α′

2

)
s245T

m
1,2,3|4,5T̃

m
1,2,3|4,5 + (4, 5|1, 2, 3, 4, 5) (4.24)

+
(α′

2

)2(s212
s45

|T45,3|1,2|
2 +

s213
s45

|T45,2|1,3|
2 +

s223
s45

|T45,1|2,3|
2 + (4, 5|1, 2, 3, 4, 5)

)

−
(α′

2

)2(
(s23 + s45)|S1;2|3|4,5 + S1;3|2|4,5|

2 + (s24 + s35)|S1;2|4|3,5 + S1;4|2|3,5|
2

+ (s34 + s25)|S1;3|4|2,5 + S1;4|3|2,5|
2 + (1 ↔ 2, 3, 4, 5)

)]

Given that Z5 defined by the fifth line of (3.14) only appears in the G2 integral (3.21),

its overall coefficient is easily assembled from (3.27) and (3.25):

B(5)

∣∣
Z5

=
5∑

2≤i<j

(BG
1;ij + BG

1;ji)
∣∣
Z5

+ (1 ↔ 2, 3, 4, 5)

= 4s12(S1;3|5|2,4S̃1;4|5|2,3 + S1;4|5|2,3S̃1;3|5|2,4 − S1;3|2|4,5S̃1;4|2|3,5 − S1;4|2|3,5S̃1;3|2|4,5)

+ 4s13(S1;2|5|3,4S̃1;4|5|2,3 + S1;4|5|2,3S̃1;2|5|3,4 − S1;2|3|4,5S̃1;4|3|2,5 − S1;4|3|2,5S̃1;2|3|4,5)

+ 4s14(S1;2|5|3,4S̃1;3|5|2,4 + S1;3|5|2,4S̃1;2|5|3,4 − S1;2|4|3,5S̃1;3|4|2,5 − S1;3|4|2,5S̃1;2|4|3,5)

+ (1 ↔ 2, 3, 4, 5) (4.25)

Alternatively, one can recast (4.25) in terms of Yang-Mills tree amplitudes as detailed in the

next subsection. To do so one uses the conversion to genus-two BRST invariants Sa;b|c|d,e →

sabCa;b|c|d,e, and the cohomology identity (2.28) to rewrite Ca;b|c|d,e in terms of genus-one

BRST invariants, and finally use (2.29) to convert to Yang-Mills tree amplitudes. In doing

this one obtains that the coefficient of Z5 is proportional to B !tree
{7′} to be defined in (4.54),

B(5)

∣∣
Z5

= −2560B !tree
{7′} (4.26)
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This result is interesting because the representation (4.25) is manifestly local while the

locality of B !tree
{7′} is not evident. In addition, the above steps can be used to derive the

expression of the 2 × 2 matrix M ′
7 in (4.54) algorithmically, and it would be rewarding to

look for similar derivations of other M ′
n matrices.

The coefficients of A2,Z1 and ϕ
2 can be brought into a form similar to (4.24) and (4.25)

and can be downloaded from [63]. Their components for external Type IIA and IIB states

will be further simplified in the next subsections.

4.3 Components in Type IIB

Here we shall express the components of the genus-two amplitude of the ten-dimensional

Type IIB superstring in terms of color-ordered tree-level amplitudes AYM(1, 2, 3, 4, 5) of ten-

dimensional SYM. For this it is convenient to use the representation (2.13) of the genus-two

correlator written in terms of the BRST invariants Cm
1,2,3|4,5 and C1;2|3|4,5. As reviewed in

section 2.3.2, these genus-two invariants can be expressed in terms of the genus-one five-point

BRST invariants Cm
1|2,3,4,5 and C1|23,4,5. The scalar genus-one invariants C1|23,4,5 occurring in

the |W|2 part of the genus-two correlator were shown in [61] to be equivalent to SYM tree

amplitudes, see (2.29). This relation holds for the entire massless multiplets of both Type

IIB and IIA.

To relate the vector invariants Cm
1|2,3,4,5 occurring in the |Vm

I |2 part of the amplitude to

SYM tree-level amplitudes, we use an observation from [35], which holds only for Type IIB:

even though an individual genus-one invariant Cm
1|2,3,4,5 cannot be written in terms of AYM,

the left-right holomorphic square 〈|Cm
1|2,3,4,5|

2〉0 can in fact be written in terms of AYMÃYM

provided the external states are five gravitons or four gravitons and one dilaton of Type IIB.

More explicitly [35] (up to an overall normalization), we have,

〈Cm
1|2,3,4,5C̃

m
1|2,3,4,5 +

[
s23C1|23,4,5C̃1|23,4,5 + (2, 3|2, 3, 4, 5)

]
〉0
∣∣
IIB

= ÃT
54 ·S0 ·M3 ·A45 ×

{
1 : five gravitons

−1
3

: four gravitons and one dilaton
(4.27)

where the two options depend on the total U(1)R charge of the external states, 0 or ±2,

respectively.17 By linearized supersymmetry, the kinematic relation (4.27) extends to the

17Due to symmetry under worldsheet parity, which acts by (−1)Q on a field with U(1)R charge Q, the
U(1)R symmetry can only be violated by an even number. In particular, the four-graviton, one Kalb-Ramond
amplitude would violate U(1)R by ±1 units and therefore must vanish at all genera, as explained in [75].
We have verified that this is indeed the case at genus-two up to order D6R5.
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remaining massless Type IIB state configurations with the same U(1)R charges. For instance,

the first line also applies to three gravitons and two gravitini of opposite U(1)R charges, and

the second one to three gravitons, one gravitino and dilatino whose U(1)R charges have the

same sign.

Since the scalar invariants 〈|C1|23,4,5|
2〉0 can be expanded in terms of AYMÃYM it follows

that for the genus-two five-graviton and four-graviton-one-dilaton amplitudes in Type IIB,

〈|Cm
1|2,3,4,5|

2〉0, can also be written in terms of SYM tree amplitudes. Such a relation does not

exist for five-point amplitude of gravitons and dilatons in Type IIA.

In (4.27) we have used the following notation for the two-component vectors of SYM

amplitudes that form bases of ÃYM and AYM under BCJ relations [76]

Ã54 =

(
ÃYM(1, 2, 3, 5, 4)

ÃYM(1, 3, 2, 5, 4)

)
A45 =

(
AYM(1, 2, 3, 4, 5)
AYM(1, 3, 2, 4, 5)

)
(4.28)

Furthermore, (4.27) features the field-theory momentum kernel of [77],

S0 =

(
(k1 · k2)(k12 · k3) (k1 · k2)(k1 · k3)
(k1 · k2)(k1 · k3) (k1 · k3)(k13 · k2)

)
(4.29)

with kij = ki + kj, while the matrix M3 encoding the α′3 corrections to open- and closed-

superstring tree-level amplitudes is given by [34],

M3 =

(
m11 m12

m12

∣∣
2↔3

m11

∣∣
2↔3

)
(4.30)

where the permutation inequivalent components are given as follows,

m11 = s34
[
s245 + s34s45 − s12(s12+2s23+s34)

]
+ s12s15(s12+s15)

m12 = −s13s24(s12 + s23 + s34 + s45 + s15) (4.31)

Based on (2.29) and (4.27), the entire polarization dependence of massless five-point genus-

two amplitudes in Type IIB superstrings can be reduced to products AYMÃYM as for tree

level [78, 34] and genus one [35]. The relative factor of −1
3
in (4.27) between the U(1)R-

conserving and U(1)R-violating components plays a crucial role for S-duality [35], and we

will elaborate on its genus-two analogue in section 5.

4.3.1 Five-point tree-level amplitudes of SYM

We shall now review a compact way of representing the polarization dependence of the color-

ordered five-point SYM amplitudes in (4.28). Following the recursive strategy of Berends and
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Giele [79], five-point SYM amplitudes can be efficiently organized in terms of two-particle

polarizations εm12, f
mn
12 and χα

12,

εm12 = iεm2 (k2 · ε1)− iεm1 (k1 · ε2) +
i

2
(km1 − km2 )(ε1 · ε2) + (χ1γ

mχ2)

fmn
12 = εm12k

n
12 − εn12k

m
12 + ik1 · k2(ε

m
1 ε

n
2 − εn1ε

m
2 ) (4.32)

χα
12 =

i

2
km12γ

αβ
m

[
εp1(γpχ2)β − εp2(γpχ1)β

]

In terms of these data, the five-point SYM amplitude obtained from the superspace expres-

sion [80] is given by [81],

AYM(1, 2, 3, 4, 5) =
i

2s12s34

[
εm12f

mn
34 ε

n
5 + εm34f

mn
5 εn12 + εm5 f

mn
12 ε

n
34

]

+
1

s12s34

[
(χ12γmχ34)ε

m
5 + (χ34γmχ5)ε

m
12 + (χ5γmχ12)ε

m
34

]

+cycl(1, 2, 3, 4, 5) (4.33)

Note that both lines of (4.33) contribute to gluino amplitudes since εmij and fmn
ij contain a

term bilinear in χα
i , χ

β
j .

4.4 Components in Type IIA

We now turn to the case of Type IIA superstrings, where the Weyl spinors of the left and

right movers have opposite chirality. While the previous relation (4.27) between vector blocks

and SYM tree amplitudes no longer works, the difference between the coefficients of these

blocks in Type IIA and Type IIB has a very simple structure, which amounts to flipping the

sign of the ten-dimensional Levi-Civita symbol ǫ10 appearing in T̃m
1,2,3|4,5 [63]:

〈T̃m
1,2,3|4,5〉0 =

1

2880
s45

[
ε̃m1 t8(f̃2, f̃3, f̃4, f̃5) + (1 ↔ 2, 3, 4, 5)

]
+

5∑

j=2

kmj T̃j

−
1

5760
s45ǫ

m
10(ε̃1, f̃2, f̃3, f̃4, f̃5)×

{
+ 1 (Type IIB)
− 1 (Type IIA)

(4.34)

Here, we have used the shorthand t8(f2, f3, f4, f5) as in (2.31) as well as,

ǫm10(ε1, f2, f3, f4, f5) = (ǫ10)
m
np2q2p3q3p4q4p5q5ε

n
1f

p2q2
2 f p3q3

3 f p4q4
4 f p5q5

5 (4.35)

where fi denotes the linearized field-strength fmn
i = εmi k

n
i − kmi ε

n
i of external state i. The

form of the scalar terms T̃j in the first line of (4.34) will not be relevant in the discussions

below due to the vanishing contraction kmj ǫ
m
10(ε̃1, f̃2, f̃3, f̃4, f̃5) = 0 for j = 1, 2, 3, 4, 5.
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Therefore, the difference between Type IIA and Type IIB correlators may be inferred

from the following simple relation,

〈T̃m
1,2,3|4,5〉0

∣∣
IIA

= 〈T̃m
1,2,3|4,5〉0

∣∣
IIB

+
s45
2880

ǫm10(ε̃1, f̃2, f̃3, f̃4, f̃5) (4.36)

and we obtain,

〈W W̃ −
(α′

2

)
πY IJ Vm

I Ṽm
J 〉0

∣∣
IIB

− 〈W W̃ −
(α′

2

)
πY IJ Vm

I Ṽm
J 〉0

∣∣
IIA

(4.37)

=
1

2880

(α′

2

)
πY IJ〈Vm

I 〉0ǫ
m
10(ε̃1, f̃2, f̃3, f̃4, f̃5)

[
s45ωJ(2)∆(3, 4)∆(5, 1) + cycl(1, 2, 3, 4, 5)

]

see (2.10) for the cyclic permutations of Tm
1,2,3|4,5 entering Vm

I . As will be detailed below,

the contributions from 〈Vm
I 〉0ǫm10(ε̃1, f̃2, f̃3, f̃4, f̃5) take different forms depending on the type

of external NSNS states. We will show that, both for five gravitons and for four gravitons

and one Kalb-Ramond B-field, the difference between Type IIB and Type IIA amplitudes

is proportional to the integral,

JIIA =
i

2

∫

Σ5

KN(5)

(det Y )2
Y IJ

[
s45ωI(2)∆(3, 4)∆(5, 1) + cycl(1, 2, 3, 4, 5)

]

×
[
s45ωJ(2)∆(3, 4)∆(5, 1) + cycl(1, 2, 3, 4, 5)

]
(4.38)

This integral is invariant under permutations of all external legs, and can be expressed in

terms of the J-integrals defined in (3.3)

JIIA = J1,1s
2
34 + (J1,2 + J1,2)s34s45 + (J1,3 + J1,3)s34s15 + cycl(1, 2, 3, 4, 5) (4.39)

The low energy expansion of this integral follows immediately from (3.19),

JIIA = 32

5∑

1≤i<j

s2ij + 64ϕ

5∑

1≤i<j

s3ij +
8

3
(−Z1 − 8Z2 − Z3 − Z4 + 10ϕ2)

5∑

1≤i<j

s4ij

+
2

3
(4Z1 + 2Z2 + 4Z3 + Z4 − 10ϕ2)

( 5∑

1≤i<j

s2ij

)2

+O(s5ij) (4.40)

= 32P2 + 64ϕP3 +
8

3
(Z1 − 6Z2 + Z3 + 8ϕ2)P4 +

4

3
(Z1 + Z3 − 4ϕ2)P 2

2 +O(s5ij)

where Pn denotes the symmetric homogeneous polynomials18

Pn =
5∑

1≤i<j

snij (4.41)

18As pointed out in [82], the ring of symmetric polynomials in the sij ’s subject to the momentum conser-
vation constraint is generated by the polynomials P2, P3, . . . , P9 along with an additional degree 6 generator,
which we shall not encounter at the order that we work in this paper.
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4.4.1 Five gravitons in Type IIA

For five external gravitons (or more generally for external states with εi = ε̃i), the kinematic

factors 〈Vm
I 〉0ǫm10(ε̃1, f̃2, f̃3, f̃4, f̃5) in (4.37) only receive contributions from,

〈Tm
1,2,3|4,5〉0ǫ

m
10(ε̃1, f̃2, f̃3, f̃4, f̃5) → −

1

5760
s45ǫ

m
10(ε1, f2, f3, f4, f5)ǫ

m
10(ε1, f2, f3, f4, f5) (4.42)

since terms of the form ǫ10(εj, ε̃1, f̃2, f̃3, f̃4, f̃5) from the first line of (4.34) vanish due to the

symmetry of the graviton polarization tensors under ε̃j ↔ εj. Hence, the difference between

Type IIB and Type IIA integrands reduces to,

B(5)

∣∣h5

IIB
− B(5)

∣∣h5

IIA
=

(α′

2

) 2

57602
ǫm10(ε1, f2, f3, f4, f5)ǫ

m
10(ε1, f2, f3, f4, f5)JIIA (4.43)

Since JIIA behaves as 32
∑5

1≤i<j s
2
ij in the low energy limit, the expression (4.43) reproduces,

up to an overall constant, the result (5.47) of [8]. The complete Type IIA five-graviton am-

plitude can be assembled from (4.43) and from the Type IIB components that are expressible

in terms of SYM tree amplitudes by the discussion in section 4.3. The same conclusion holds

for any five-point amplitude involving gravitons and dilatons, since it only depends on the

symmetry property under εj ↔ ε̃j.

4.4.2 Four gravitons and one B-field in Type IIA

For Type IIA amplitudes with four external gravitons and one B-field in the first leg with

polarization Bmn
1 = 1

2
(εm1 ε̃

n
1 −ε

n
1 ε̃

m
1 ), the kinematic factors 〈Vm

I 〉0ǫm10(ε̃1, f̃2, f̃3, f̃4, f̃5) in (4.37)

only receive contributions from

〈Tm
1,2,3|4,5〉0ǫ

m
10(ε̃1, f̃2, f̃3, f̃4, f̃5) →

1

2880
s45ǫ10(B1, f2, f3, f4, f5)t8(f2, f3, f4, f5) (4.44)

with shorthand

ǫ10(B1, f2, f3, f4, f5) = (ǫ10)mnp2q2p3q3p4q4p5q5B
mn
1 f p2q2

2 f p3q3
3 f p4q4

4 f p5q5
5 (4.45)

and the t8-tensor in (2.31).

Since the Type IIB amplitude involving four gravitons and one B-field vanishes to all

orders in α′ (see footnote 17), we conclude from (4.37) that the integrand in Type IIA is,

B(5)

∣∣Bh4

IIA
= −

(α′

2

) 1

28802
ǫ10(B1, f2, f3, f4, f5)t8(f2, f3, f4, f5)JIIA (4.46)
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4.5 Type IIB 5-point amplitudes up to genus-two

In this section we verify that the α′ expansion of the Type IIB five-point amplitude at genus

two leads to the same kinematic factors appearing in the expansion of the same amplitude

at tree level and genus one.

The properly normalized five-point amplitudes at tree level, genus one and genus two are

given by [8]19

Atree
(5) = δ(k)

(α′

2

)
κ5e−2λ(2π)2Btree

(5) (ki) , (4.47)

Agenus−1
(5) = δ(k)

(α′

2

) κ5
25π

∫

M1

dµ1 B
genus−1
(5) (ki|τ) , (4.48)

Agenus−2
(5) = δ(k)

(α′

2

)κ5e2λ
211π5

∫

M2

dµ2 B
genus−2
(5) (ki|Ω) (4.49)

where [Btree
(5) ] = [Bgenus−1

(5) ] = [Bgenus−2
(5) ] = −2,

Btree
(5) (ki) = Btree

{0} + Btree
{3} ζ3 + Btree

{5} ζ5 + Btree
{3,3}ζ

2
3 + Btree

{7} ζ7 + · · · (4.50)

Bgenus−1
(5) (ki|τ) = Bgenus−1

{3} + Bgenus−1
{5} + Bgenus−1

{3,3} + Bgenus−1
{7} + Bgenus−1

{7′} + · · · (4.51)

Bgenus−2
(5) (ki|Ω) = Bgenus−2

{5} + Bgenus−2
{3,3} + Bgenus−2

{7} + Bgenus−2
{7′} + · · · (4.52)

and the terms in the ellipsis take the schematic form smijAYMÃYM with m ≥ 8. As will

become clear below, the notation for the subscripts of Btree
{...},B

genus−1
{...} and Bgenus−2

{...} indicates

the polynomial dependence on sij occuring at different genera.

4.5.1 Tree level

In writing the expansion (4.50) we defined the shorthands

Btree
{n} = 2ÃT

54 · S0 ·Mn · A45 , Btree
{3,3} = 2ÃT

54 · S0 ·M
2
3 · A45 (4.53)

in terms of the two-component vectors ÃT
54 and A45 of SYM tree-amplitudes and the mo-

mentum kernel S0 of (4.28) and (4.29), respectively. Here Mn are 2×2 matrices with entries

19In the conventions of [8] the n-point amplitudes have no length dimension independently of loop order;
[A(n)] = 0. Note that [α′] = 2, [κ] = −2, [δ10(k)] = 10, [km] = −1 and [εmi ] = 0. In addition we absorbed
a common factor of 2952(2/α′)2 in the expressions for the various interactions in Bgenus−1 into the overall

coefficient of the genus-one amplitude from [8], namely (α′/2)3 κ5

214 52π . Similarly a factor of 2343652(2/α′)4

from Bgenus−2 was absorbed into the overall coefficient (α′/2)5 κ5e2λ

245 36 52π5 of the genus-two amplitude. See
appendix E for more details on the normalization of the genus-two amplitude.
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composed of degree n polynomials in kinematic invariants [34] generalizing (4.31), explicit

results are available for download on [83]. For uniformity we set M0 = 1
2
Id and note that

Btree
{0} = ÃT

54 · S0 · A45 corresponds to the Kawai–Lewellen–Tye representation of the super-

gravity tree-level amplitude [84]. In addition,

B !tree
{n′} = 2ÃT

54 · S0 ·M
′
n · A45 (4.54)

where M ′
n are similar 2 × 2 matrices with entries composed of degree n polynomials in sij ,

but which only start to contribute at genus one [35]. The explicit form of M ′
7 can be found

in the ancillary files of [35]. The notation B !tree
{n′} is meant to convey both the analogy with

the matrices Mn appearing at tree level, and to emphasize its absence at that level.

4.5.2 Genus one

Collecting the results from [35] and [8] we get, for 5 Type IIB gravitons

Bgenus−1
{3}

∣∣
h5

= −Btree
{3}

∣∣
h5

(R5/k2)

Bgenus−1
{5}

∣∣
h5

= 2E2 B
tree
{5}

∣∣
h5

(D2R5)

Bgenus−1
{3,3}

∣∣
h5

= (5E3 + ζ3)B
tree
{3,3}

∣∣
h5

(D4R5) (4.55)

Bgenus−1
{7}

∣∣
h5

= (4C2,1,1 + 2E2
2 − 2E4)B

tree
{7}

∣∣
h5

(D6R5)

Bgenus−1
{7′}

∣∣
h5

=
(15
4
C2,1,1 −

25

8
E2

2 +
57

8
E4

)
B !tree
{7′}

∣∣
h5

(D6R5)′

and for 4 gravitons and 1 dilaton

Bgenus−1
{3}

∣∣
φh4

=
1

3
Btree
{3}

∣∣
φh4

(φR4)

Bgenus−1
{5}

∣∣
φh4

=
2

5
E2 B

tree
{5}

∣∣
φh4

(φD4R4)

Bgenus−1
{3,3}

∣∣
φh4

=
1

3
(5E3 + ζ3)B

tree
{3,3}

∣∣
φh4

(φD6R4) (4.56)

Bgenus−1
{7}

∣∣
φh4

=
3

7
(4C2,1,1 + 2E2

2 − 2E4)B
tree
{7}

∣∣
φh4

(φD8R4)

Bgenus−1
{7′}

∣∣
φh4

=
(43
4
C2,1,1 −

61

8
E2

2 +
93

8
E4

)
B !tree
{7′}

∣∣
φh4

(φD8R4)′

Here, Ek is the standard non-holomorphic Eisenstein series, defined for k ≥ 2 on a torus

with modulus τ and momentum lattice Λ = Z+ τZ by,

Ek(τ) =
∑

p∈Λ′

τk2
πk|p|2k

(4.57)
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where Λ′ = Λ \ {0}, while C2,1,1 is the two-loop MGF [33] defined by,

C2,1,1(τ) =
∑

p1,p2,p3∈Λ′

τ 42 δ(p1 + p2 + p3)

π4|p1|4 |p2|2 |p3|2
(4.58)

In view of (4.55) and (4.56), the five-point genus-one amplitude (4.48) in Type IIB becomes

Agenus−1
(5) = δ(k)

(α′

2

) κ5
25π

∫

M1

dµ1 ×

{
Bgenus−1
(5)

∣∣
h5

: five gravitons

Bgenus−1
(5)

∣∣
φh4

: four gravitons, one dilaton
(4.59)

where [35]

Bgenus−1
(5) |h5 = −Btree

{3}

∣∣
h5

+ 2E2 B
tree
{5}

∣∣
h5

+ (5E3 + ζ3)B
tree
{3,3}

∣∣
h5

(4.60)

+ (4C2,1,1 + 2E2
2 − 2E4)B

tree
{7}

∣∣
h5

+
(15
4
C2,1,1 −

25

8
E2

2 +
57

8
E4

)
B !tree
{7′}

∣∣
h5

+ · · ·

Bgenus−1
(5) |φh4 =

1

3
Btree
{3}

∣∣
φh4

+
2

5
E2 B

tree
{5}

∣∣
φh4

+
1

3
(5E3 + ζ3)B

tree
{3,3}

∣∣
φh4

(4.61)

+
3

7
(4C2,1,1 + 2E2

2 − 2E4)B
tree
{7}

∣∣
φh4

+
(43
4
C2,1,1 −

61

8
E2

2 +
93

8
E4

)
B !tree
{7′}

∣∣
φh4

+ · · ·

with terms of order sm≥8
ij AYMÃYM in the ellipsis. Apart from the last term B !tree

{7′} , these α
′-

corrections involve the same polynomial dependence on the sij as the coefficients of ζ3, ζ5, ζ
2
3

and ζ7 in the tree-level amplitude.

4.5.3 Genus two

Explicit pure spinor superspace component evaluations of the genus-two kinematic factors

for 5 external Type IIB graviton states yield

Bgenus−2
{5}

∣∣
h5

= −Btree
{5}

∣∣
h5

(D2R5)

Bgenus−2
{3,3}

∣∣
h5

= 3ϕBtree
{3,3}

∣∣
h5

(D4R5) (4.62)

Bgenus−2
{7}

∣∣
h5

= −
1

4
A1B

tree
{7}

∣∣
h5

(D6R5)

Bgenus−2
{7′}

∣∣
h5

= A3B
!tree
{7′}

∣∣
h5

(D6R5)′

while for 4 gravitons and one dilaton,

Bgenus−2
{5}

∣∣
φh4

=
3

5
Btree
{5} (φD4R4)

Bgenus−2
{3,3}

∣∣
φh4

= −ϕBtree
{3,3} (φD6R4) (4.63)
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Bgenus−2
{7}

∣∣
φh4

=
1

28
A1B

tree
{7} (φD8R4)

Bgenus−2
{7′}

∣∣
φh4

= A4B
!tree
{7′} (φD8R4)′

where

A3 =
5

64

(
A1 − 40A2 − 2Z5

)
(4.64)

A4 =
45

64
A1 −

17

8
A2 −

5

32
Z5 + Z3 + 2Z2 − 6ϕ2 (4.65)

Therefore, the five-point genus-two amplitude for Type IIB external states is given by,

Agenus−2
(5) = δ(k)

(α′

2

)κ5e2λ
211π5

∫

M2

dµ2 ×

{
Bgenus−2
(5)

∣∣
h5

: five gravitons

Bgenus−2
(5)

∣∣
φh4

: four gravitons, one dilaton
(4.66)

where

Bgenus−2
(5) |h5 = −Btree

{5}

∣∣
h5

+ 3ϕBtree
{3,3}

∣∣
h5

−
1

4
A1B

tree
{7}

∣∣
h5

+ A3B
!tree
{7′}

∣∣
h5

+ · · · (4.67)

Bgenus−2
(5) |φh4 =

3

5
Btree
{5}

∣∣
φh4

− ϕBtree
{3,3}

∣∣
φh4

+
1

28
A1B

tree
{7}

∣∣
φh4

+ A4B
!tree
{7′}

∣∣
φh4

+ · · · (4.68)

with terms of order sm≥8
ij AYMÃYM in the ellipsis. The relative factor −3/5 between the ratios

of the genus-two to tree-level amplitudes for the h5 and φh4 components at the order ofD2R5

agrees with the S-duality analysis of [8], while the factors −1/3 and −1/7 for the D4R5 and

D6R5 interactions are new. In the next section we will explain these relative coefficients

from the point of view of modular forms.

Note that the results of this section can be adapted to the entire massless Type IIB

multiplet upon replacing h5 or φh4 by state configurations with the same U(1)R charges.
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5 Consistency with supergravity and S-duality

In this section, we shall check that our results for the low energy expansion of the genus-two

five-point amplitudes are consistent with the structure of UV divergences in supergravity,

in particular the absence of U(1)R-violating divergences in the supergravity limit, and with

predictions from S-duality.

5.1 R-symmetry violation and UV divergences in supergravity

When the five external states are in a configuration which violate the supergravity U(1)R
symmetry the corresponding interaction is local [39]. For the specific case of φh4 in Type

IIB theory, the local interactions at different α′ orders can be written as Kφh4

∑
m amOm

where20

Kφh4 = Btree
{3} |φh4 (5.1)

am are rational coefficients and Om are symmetric polynomial in the kinematic invariants sij ,

which can be expressed in terms of the polynomials Pn defined in (4.41). More specifically,

the kinematic factors in (4.56) and (4.63) are related to (5.1) via

Btree
{5} |φh4 =

5

12
O2Kφh4 Btree

{3,3}|φh4 = −
1

3
O3Kφh4

Btree
{7} |φh4 =

7

16
O5,1Kφh4 B !tree

{7′} |φh4 = −
1

9
O5,2Kφh4 (5.2)

where [40]

O2 = P2 , O3 = P3 , O5,1 = P4 +
1

12
P 2
2 , O5,2 = P4 −

1

4
P 2
2 . (5.3)

We will in fact evaluate R-symmetry violating IIB amplitudes with a D-dimensional dilaton

state with polarization

ε1 · ε̃1 = (D − 2)φ1 (5.4)

rather than the standard ten-dimensional dilaton. In those cases, the coefficients of the

quantities in (5.2) in Bgenus−1
{n}

∣∣
φh4

and Bgenus−2
{n}

∣∣
φh4

become D-dependent and reduce to the

expressions (4.56) and (4.63) if D → 10.

20In D = 10 we have Btree
{3} |φh4 = 5

8192

(
t8t8R4 − 1

8ǫ
m
10ǫ̃

m
10

)
where ǫm10 = ǫ10(k2, k3, k4, k5, ε1, ε2, ε3, ε4, ε5,m).

However, this representation depends on the dimension of spacetime as there is a contraction between left-
and right movers. That is why we chose the dimension-agnostic representation (5.1).
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5.1.1 D-dimensional dilatons at genus two

By evaluating the Type IIB components of the genus-two kinematic factors with four gravi-

tons and one D-dimensional dilaton state (5.4), one arrives at

Bgenus−2
(5) |φh4 =

1

10
Kφh4

[5
6
(D−7)P2+

5

3
(D−8)ϕP3+

5

32
(D−9)A1O5,1+WDO5,2+O(s5ij)

]
(5.5)

where Kφh4 = Btree
{3} and,

WD = (27−D)
5

36
A2 + (1−D)

25

288
A1 + (D − 2)

(
−

5

18
Z2 −

5

36
Z3 +

5

6
ϕ2

)
+

25

144
Z5 (5.6)

These results allow for sharp tests of our expressions for the low energy expansion. In-

deed, as discussed in [48, 49], the α′ expansion of the genus-two superstring amplitude must

reproduce the logarithmic divergences of two-loop supergravity in various dimensions. For

four-graviton scattering, UV divergences proportional to D4R4, D6R4 and D8R4 arise in

D = 7, 8, 9, respectively [46], and the coefficient is precisely reproduced by the tropical limit

of the string integrand [49]. At the five-point level, the UV divergences for 5 gravitons have

not yet been computed in supergravity, but the UV divergences for 4 gravitons and one dila-

ton must certainly be absent, since supergravity amplitudes preserve R-symmetry. Indeed,

from (5.5) it is apparent that the divergences proportional to P2, P3 and O5,1 in D = 7, 8, 9

cancel as they should. This is not obvious, however, for the term proportional to O5,2, which

is potentially divergent in D = 9. In this dimension, the coefficient evaluates to

W9 =
25

144

[
−4A1 +

72

5
A2 −

56

5
Z2 −

28

5
Z3 +

168

5
ϕ2 + Z5

]
(5.7)

Using the results in appendix C.3, one finds that in the tropical limit V → 0,

W9 ∼ −
5

36

32π2

V 2

[
0−

1

63
A0,2 +

25

99
A1,1 −

91

120
A2,0

]
+O(V ) (5.8)

As explained in [49, (B.16)], the regularized integrals of the local modular formsA0,2, A1,1, A2,0

(see section 5.3 of [32]) over the complex modulus S parametrizing the Schwinger parame-

ters L1, L2, L3 at fixed discriminant det Y = L1L2 + L2L3 + L3L1 vanish, so that the only

UV divergence comes from the integral over A0,0 = 1, whose coefficient vanishes in the

combination (5.8).

5.1.2 D-dimensional dilatons at genus one

The genus-one analogue of (5.5) can be obtained by promoting the results of [35, §5.3] to a

D-dimensional dilaton state,

Bgenus−1
(5) |φh4 = Kφh4

[1
6
(D − 8) +

E2

12
(D − 12)P2 −

(5E3 + ζ3)

36
(D − 14)P3
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+
1

16
(2C2,1,1 + E2

2 −E4)(D − 16)O5,1 +W ′
DO5,2 +O(s5ij)

]
(5.9)

where

W ′
D =

(2
9
+

7D

72

)
C2,1,1 +

(2
3
+
D

16

)
E4 −

(2
9
+
D

16

)
E2

2 (5.10)

The contributions of P2, P3 and O5,1 to (5.9) correspond to one-loop UV divergences pro-

portional to D4R4, D6R4 and D8R4 which occur in D = 12, 14 and D = 16, respectively.

Again, the R-symmetry violation by these UV divergences is prevented by the prefactors

(D − 12), (D − 14) and (D − 16) in (5.9), and the coefficient (5.10) of O5,2 requires closer

inspection in the critical dimension D = 16:

W ′
16 =

1

9
(16C2,1,1 + 15E4 − 11E2

2) (5.11)

= −
2πτ2ζ3
135

+
20ζ5
27πτ2

−
5ζ23

3π2τ 22
+

49ζ7
24π3τ 32

+O(e−2πτ2)

In passing to the second line, we have inserted the asymptotics of the modular graph functions

around the cusp [27] which is captured by Laurent polynomials in τ2. The order of τ
4
2 which

is present in the individual C2,1,1, E
2
2 and E4 drops out from the particular combination in

W ′
16 and signals the absence of a 16-dimensional UV divergence in supergravity as expected.

Note that the classes of multiple zeta values in the Laurent expansion of modular graph

functions as in (5.11) are under active investigation in both the physics and mathematics

literature [85, 33, 86, 87, 70, 88]. By comparing with the multiple zeta values in the tree-level

effective action of the Type IIB and IIA theories [34], one can associate the leftover terms in

(5.11) with UV divergences due to loop diagrams with insertions of D2kRn operators with

n ≥ 4 [48, 49].

5.2 S-duality analysis

According to the standard S-duality conjecture in Type IIB string theory, the low energy

effective action must be invariant under the action of SL(2,Z). In Einstein frame, SL(2,Z)

acts by fractional linear transformations on the axion-dilaton field τ = a + i/g2s , and by

U(1)R rotations on the other fields, leaving the metric invariant. Thus, the coefficients of

effective interactions violating U(1)R symmetry by 2q units must transform with modular

weight (q,−q) under S-duality. Typically, these interactions are related to U(1)R-preserving

interactions by non-linear supersymmetry, so that their coefficients are obtained by acting

repeatedly with a covariant derivative operator D = τ2∂τ −
iw
2
, which maps modular forms of
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weight (w, w̄) to modular forms of weight (w + 1, w̄ − 1). An example of this is the dilatino

vertex Λ16, which violates U(1)R by 24 units and is related to the R4 coupling by acting

with D12 [89].

At the four-point level, the amplitudes must conserve the U(1)R charge, and are all

related to four-graviton scattering by supersymmetry. The expansion of the analytic part of

the four-graviton all-genus amplitude in Einstein frame takes the form [25],

A(4)

∣∣
analytic

= |t8(f1,f2,f3,f4)|
2
[g−2

s

σ3
+ E(0,0) + σ2E(1,0) + σ3E(0,1) +

σ2

2

2
E(2,0) +O(s5ij)

]
(5.12)

At each order, the coefficient E(p,q) of the term
σp
2
σq
3

p!q!
(where σk are the symmetric polynomials

in (4.9)) must be a modular function of τ under the action of S-duality. The coefficients E(0,0)
and E(1,0) of the first interactions R4 and D4R4 beyond supergravity are well-known to be

captured by the non-holomorphic Eisenstein series E3/2 and E5/2 defined in (4.57) [16, 18],

whereas the next term D6R4 involves a more complicated type of automorphic function E(0,1)
constructed in [19, 20].

For five-particle scattering, the U(1)R symmetry is violated by at most 2 units, e.g in the

scattering of one dilaton and 4 gravitons. We expect that the 5-graviton interaction D2R5

is related by non-linear supersymmetry [35] to the 4-graviton D4R4 interaction, governed by

the automorphic form E(1,0) with weak coupling expansion,

E(1,0) = 2ζ5e
−5φ/2 + 0 +

8

3
ζ4e

3φ/2 + · · · (5.13)

corresponding to the tree-level, vanishing genus-one and non-vanishing genus-two contribu-

tions, plus instanton corrections indicated by the dots. By linear supersymmetry, it follows

that the φD4R4 interaction between one dilaton and 4 gravitons at the same order in the

derivative expansion should be controlled by,

DE(1,0) ∝ −5ζ5e
−5φ/2 + 0 + 4ζ4e

3φ/2 + · · · (5.14)

where we use the fact that D maps eqφ → qeqφ. This predicts that the ratio of the genus-two

and tree-level contributions to φD4R4 is modified by a factor −3/5 compared to the ratio of

the genus-two and tree-level contributions to the D2R5 coupling, in perfect agreement with

(4.62), as noted already in [8].

By the same logic, the D4R5 coupling is expected to be related by non-linear supersym-

metry to the D6R4 coupling, governed by the automorphic function E(0,1) [19, 20] with weak

coupling expansion

E(0,1) = 4ζ23e
−3φ + 8ζ2ζ3e

−φ +
48

5
ζ22e

φ +
8

9
ζ6e

3φ + . . . (5.15)
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corresponding to tree-level up to genus-three contributions, plus instanton and anti-instanton

corrections indicated by the dots. By linear supersymmetry, it follows that the φD6R4

interaction between one dilaton and 4 gravitons should be controlled by,

DE(0,1) ∝ −12ζ23e
−3φ − 8ζ2ζ3e

−φ +
48

5
ζ22e

φ +
8

3
ζ6e

3φ + . . . (5.16)

This predicts that the ratio of the genus-(1, 2, 3) to the tree-level contributions to φD6R4 is

modified by factors (1/3,−1/3,−1) compared to the ratio of the genus-(1,2,3) to the tree-

level contributions to the D4R5 coupling. At genus one, the factor 1/3 was checked in [35,

§5.3], and at genus two, the factor −1/3 is again in perfect agreement with (4.63).

Assuming that the coefficient of the D6R5 interaction, related to D8R4 by non-linear

supersymmetry, has the weak coupling expansion (where the dots now stand for additional

perturbative and non-perturbative corrections),

E(2,0) = a0e
− 7

2
φ + a1e

− 3

2
φ + a2e

1

2
φ + · · · (5.17)

the φD8R4 interaction following from linear supersymmetry is then accompanied by,

DE(2,0) ∝ −
7

2
a0e

− 7

2
φ −

3

2
a1e

− 3

2
φ +

1

2
a2e

1

2
φ + · · · (5.18)

predicting a factor −1/7 between the ratios of the genus-two and tree-level contributions to

D6R5 and φD8R4, respectively. This is indeed in agreement with (4.67) and (4.68).

Note that the genus-two interactions (D6R5)′ and (φD8R4)′ proportional to A3 and A4 in

(4.64) and (4.65) do not have any corresponding interactions at tree level since the tree-level

coefficient of B !tree
{7′} vanishes. Instead, we should consider the ratio of the genus-two and

genus-one contributions. From [35]21, we find that the ratio of the one-loop contributions to

φh4 compared to h5 is 9/5. Defining, in analogy with (4.11), the regularization-dependent

coefficients c3, c4 by,
∫

M2(Λ)

dµ2A3 = c3(Λ) Vol2 ,

∫

M2(Λ)

dµ2A4 = c4(Λ) Vol2 (5.19)

we predict that c3/c4 = −3/(9/5) = −5/3. Indeed, using the results in appendix C, we

find that the O(t2) coefficients in the minimal non-separating degeneration for A3 and A4,

responsible for logarithmic divergences in D = 10, are in the ratio −5/3. In particular, the

combination c3 +
5
3
c4 is infrared finite in D = 10.

21In [35, Eq. (5.4)], the statements
∫
M1

dµ1(D4, D
2
2, D211) = 0 turn out to be incorrect; instead, one can

use
∫
M1

dµ1D1111 = 0,
∫
M1

dµ1D211 = − 1
2

∫
M1

dµ1D
2
2 and the identity D4 = 24D211 + 3D2

2 − 18D1111 from

[42] to express all integrals in terms of a single one, leading to Ξ7′=− 5π
2

∫
M1

dµ1D
2
2 and Ξ̂7′=− 9π

2

∫
M1

dµ1D
2
2.
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A Functions on Riemann surfaces

In this appendix, we shall collect definitions, notations, and conventions for holomorphic

forms, the period matrix, bi-holomorphic forms, the Arakelov Green function, and present

some of the basic formulas needed in this paper for integrals involving these quantities.

A.1 Convention for forms

Throughout, we shall follow the conventions of [12] and display only the coefficient functions

of differentials on a Riemann surface Σ in a system of local complex coordinates (z, z̄) on

Σ. In this convention, a (1, 0) form ωdz will be referred to as ω and its integral along a

curve C will be abbreviated
∫
C
dz ω →

∫
C
ω, while a (1, 1)-form v dz ∧ dz̄ will be referred to

as v and its integral on Σ will be abbreviated
∫
Σ
dz ∧ dz̄ v →

∫
Σ
v. In the particular case

of interest here the (1, 1) form may be the result of a wedge product between a (1, 0) form

ω dz and a (0, 1) form ψ̄ dz̄, in which case the convention is
∫
Σ
ω dz ∧ ψ̄ dz̄ →

∫
Σ
ωψ̄ =

∫
Σ
ψ̄ω

because the component functions ω and ψ̄ commute with one another. We shall also use the

abbreviation
∫
u
=

∫
Σu

to indicate the integration over Σ in the variable u.

A.2 Holomorphic 1-forms and the period matrix

We choose a canonical basis of AI and BI cycles in H1(Σ,Z) for which the intersection

pairing J takes the form of the standard symplectic matrix, J(AI ,AJ) = J(BI ,BJ) = 0 and

J(AI ,BJ) = δIJ for I, J = 1, 2. A canonical basis of holomorphic Abelian differentials ωI

for H(1,0)(Σ) may be normalized on A-cycles, and we have,
∮

AI

ωJ = δIJ

∮

BI

ωJ = ΩIJ (A.1)

By the Riemann relations, the period matrix Ω is symmetric, and has positive definite

imaginary part Y as a result of the following pairing relation,∫

Σ

ωIωJ = −2i YIJ Y = ImΩ > 0 (A.2)

The Siegel upper half space H2 may be defined as the space of all 2×2 complex-valued sym-

metric matrices whose imaginary part is positive definite. Alternatively, a more geometrical

definition is H2 = Sp(4,R)/ (SU(2)× U(1)). The presence of the U(1) factor implies that

H2 is a Kähler manifold and its Sp(4,R)-invariant Kähler metric is given as follows,22

ds2 = Y IKY JLdΩIJdΩ̄KL (A.3)

22Throughout, summation over pairs of repeated upper and lower indices will be implied.
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where (Y −1)IJ = Y IJ are the components of the inverse of the matrix Y . The moduli space

M2 may be identified with M2 = Sp(4,Z)\H2 provided we remove from H2 all elements

which correspond to disconnected surfaces.

The Jacobian variety J(Σ) = C2/(Z2 + ΩZ2) supports the canonical Kähler form K,

K =
i

2
Y IJdζI dζ̄J (A.4)

where ζI are local complex coordinates on the flat torus J(Σ). The form κ is the pull-back

of K from J(Σ) to Σ under the Abel-Jacobi map and, for a compact Riemann surface Σ,

may be normalized to unit volume,

κ =
i

4
Y IJωI ωJ

∫

Σ

κ = 1 (A.5)

The form κ is conformal invariant as it is constructed solely out of the conformal invariant

Abelian differentials.

A.3 The bi-holomorphic forms ∆ and ν

We define the bi-holomorphic form ∆ by the anti-symmetric combination of (1, 0) forms,

∆(x, y) = εIJωI(x)ωJ(y) = −∆(y, x) (A.6)

where εIJ = −εJI and ε12 = 1. Moreover, the ubiquitous anti-hermitian combination ν(x, y)

of (1, 0) and (0, 1) forms is defined in (3.11). We shall list useful relations between the forms

κ, ∆ and ν in the remainder of this subsection, and give useful integral relations between

these forms in the next subsection.

The identity εIJεKL + εIKεLJ + εILεJK = 0 implies,

ωI(x)∆(y, z) + ωI(y)∆(z, x) + ωI(z)∆(x, y) = 0

∆(w, x)∆(y, z) + ∆(w, y)∆(z, x) + ∆(w, z)∆(x, y) = 0 (A.7)

The form ν obeys simple relations with ∆ and κ,

∆(x, y)∆(w, z) = 4(det Y )
(
ν(x, z)ν(y, w)− ν(x, w)ν(y, z)

)

∆(x, y)∆(y, z) = 4(det Y )
(
2ν(x, z)κ(y)− ν(x, y)ν(y, z)

)

∆(x, y)∆(y, x) = 4(det Y )
(
4κ(x)κ(y)− ν(x, y)ν(y, x)

)
(A.8)
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where the second equation follows from the first by setting w = y and the third follows from

the second by setting z = x. The following formula is being used to establish these results,

εIJεKL = (det Y )(Y IKY JL − Y ILY JK) (A.9)

The cyclic identities (A.7) imply further relations between κ, ν and ∆,

ν(x, w)∆(y, z) + ν(y, w)∆(z, x) + ν(z, w)∆(x, y) = 0

2κ(x)∆(y, z) + ν(y, x)∆(z, x) + ν(z, x)∆(x, y) = 0 (A.10)

Note that κ and ν may be defined for arbitrary genus, but ∆ exists only for genus two.

A.4 Some useful integrals

Useful integrals involving ∆ are as follows,
∫

u

ωI(u)∆(u, y) = −2iYIJε
JKωK(y)

∫

u

∆(x, u)∆(u, y) = 4(det Y ) ν(x, y) (A.11)

Useful integrals involving ν and ∆ are as follows,
∫

u

ν(x, u)ωI(u) = ωI(x)
∫

u

ν(x, u) ν(u, y) = ν(x, y)
∫

u

ν(x, u)∆(u, y) = ∆(x, y) (A.12)

The following double integrals will also come in handy,
∫

u

∫

v

ν(u, v)ν(v, u) = 2
∫

u

∫

v

∆(u, v)∆(v, u) = 8 det Y
∫

u

∫

v

∆(x, u)∆(u, v)∆(v, y) = 4 (det Y )∆(x, y) (A.13)

They may all be derived by making use of (A.2) to carry out the integrals, and then using

algebraic relations between Y and ε to express the result in simplified form.
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A.5 The Arakelov Green function

The Arakelov Green function G(x, y) is a real-valued symmetric function on Σ × Σ which

provides an inverse to the scalar Laplace operator on Σ with the canonical metric associ-

ated with κ, on the space of functions orthogonal to constants. In terms of local complex

coordinates (z, z̄) and the convention stated in subsection A.1, we have,

∂z ∂z̄ G(z, y) = −π δ(2)(z, y)− 2πiκ(z)

∫

Σ

κ(z)G(z, y) = 0

∂z ∂ȳ G(z, y) = π δ(2)(z, y) + 2πiν(z, y) (A.14)

where δ(2)(z, y) is the coordinate Dirac δ-function normalized by,

i

2

∫

Σ

dz ∧ dz̄ δ(2)(z, y) = 1 (A.15)

Note that the right side of the first equation in (A.14) integrates to zero in z against constants,

while the right side of the second equation integrates to zero in y against the holomorphic

forms ωI(y) and in z against the anti-holomorphic forms ωI(z). An explicit expression for G

may be obtained by relating it to the Green function G which is often used in string theory,

as reviewed for example in [31].

A.6 Reducing integrals of Arakelov Green functions

Beyond the basic integrals Z1, . . . ,Z5 defined in (3.14), in expanding the five-point amplitude

up to order D6R5 we encounter various other integrals which can be easily reduced to the

ones above, along with the square of the Kawazumi-Zhang invariant, 23

∫

Σ3

κ(1)ν(2, 4)ν(4, 2)G(1, 2)G(1, 4) = −
1

4
Z2

∫

Σ3

ν(1, 2)ν(2, 4)ν(4, 1)G(1, 2)G(1, 4) = −
1

4
Z2

∫

Σ4

ν(1, 2)ν(2, 3)ν(3, 4)ν(4, 1)G(1, 2)G(3, 4) =
1

2
ϕ2

∫

Σ4

ν(1, 2)ν(2, 3)ν(3, 4)ν(4, 1)G(1, 3)G(2, 4) =
1

2
Z3 −

1

2
ϕ2

∫

Σ4

∆(1, 2)∆(2, 3)∆(3, 4)∆(4, 1)

(det Y )2
G(1, 3)G(2, 4) = 8Z3 − 8ϕ2

23The second, third, and fourth integrals were denoted by B
(2,0)
5 ,B

(2,0)
6 ,B

(2,0)
7 in [41].
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∫

Σ5

G(1, 4)

(det Y )2
∂1G(1, 2) ∂̄1G(1, 3) ∆(2, 4)∆(3, 5)∆(2, 5)∆(3, 4) = iπZ5

∫

Σ5

G(1, 3)

(det Y )2
∂1G(1, 2) ∂̄1G(1, 4) ∆(2, 4)∆(3, 5)∆(2, 5)∆(3, 4) = −iπZ5 (A.16)

The first two lines of (A.16) follow from using the last line of (A.8), and the last line of

(A.10) on the combination κ(1)∆(2, 4), respectively, in the definition (3.14) of Z2. To derive

the third line of (A.16), we use the second line of (A.7) on the product ∆(1, 3)∆(2, 4) and

its complex conjugate in the third line of (3.14), cancel the Z3 contribution, and express the

remainder in terms of ϕ. To derive the last line of (A.16), we use the second line of (A.7)

on the product ∆(1, 3)∆(2, 4) but not on its complex conjugate in (3.14), and recast one of

the integrals in terms of ϕ2, giving the desired integral.
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B Expanding the integrals

In this appendix, we spell out intermediate steps in obtaining the α′ expansion of the five-

point integrals J1,i, Fj, Gj, Hj defined in (3.3) to (3.6). The integrals J1,i, Gj, Hj admit con-

vergent Taylor series expansions at sij = 0, while each Fj has a simple poles in s12. Since the

integrals Hj and Gj will be needed only to order sij they are the simplest and will be carried

out first. The integrals J1,i will be needed to order s2ij and are carried out next, finishing

with Fj which may be expressed in terms of the integrals J1,i and Gj.

B.1 The H-integrals

The H-integrals defined in (3.6) have a convergent Taylor series expansion at sij = 0. The

contributions of order O(s0ij) clearly vanish. For the contributions of order O(sij), only the

term proportional to s13 is non-vanishing, so that we get,

Hj =
s13
iπ

∫

Σ5

∂1G(1, 2) ∂̄3G(3, 4)G(1, 3)
Ξj

(det Y )2
+O(s2ij) (B.1)

where Ξj is a shorthand for the combination of ∆ and ∆ in (3.6). Upon integrations by

parts, the ∂1 and ∂̄3 differentials can be made to both act on G(1, 3) which gives

Hj = s13

∫

Σ4

G(1, 2)G(3, 4)
[
−iδ(2)(z1, z3) + 2ν(1, 3)

] ∫

z5

Ξj

(det Y )2
+O(s2ij) (B.2)

based on (A.14). With the ∆ and ∆ in (3.6), integration over point 5 yields,

∫

z5

Ξ1

(det Y )2
= −4ν(3, 1)

∆(2, 4)∆(2, 4)

det Y
→ −16ν(2, 4)ν(4, 2)ν(3, 1)

∫

z5

Ξ2

(det Y )2
= −4ν(4, 2)

∆(2, 3)∆(1, 4)

det Y
→ 16ν(4, 2)

[
ν(2, 1)ν(3, 4)− ν(2, 4)ν(3, 1)

]

∫

z5

Ξ3

(det Y )2
= −4ν(4, 1)

∆(2, 3)∆(2, 4)

det Y
→ −16ν(3, 2)ν(2, 4)ν(4, 1)

∫

z5

Ξ4

(det Y )2
= −4ν(3, 2)

∆(2, 4)∆(1, 4)

det Y
→ −16ν(3, 2)ν(2, 4)ν(4, 1) (B.3)

where terms involving κ(j) have been dropped in the step marked by the arrow since they

integrate to zero in presence of G(1, 2)G(3, 4). Decomposing the remaining integrals via

(A.16), we find the results in (3.22).
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B.2 The G-integrals

The G-integrals defined in (3.5) also admit a convergent Taylor series expansion at sij = 0.

Integrating by parts the factor ∂̄1G(1, 3) one readily sees that they vanish at leading order

in sij, except for G2 which turns out to be proportional to the Kawazumi-Zhang invariant:

G2 = −
1

iπ

∫

Σ5

∂1∂̄1G(1, 2)

(det Y )2
G(1, 3) ∆(2, 4)∆(3, 5)∆(2, 5)∆(3, 4) +O(sij)

= −32ϕ+O(sij) , (B.4)

Similar manipulations may be used to obtain the results (3.21) to order s2ij included in terms

of the functions ϕ, Z1,Z2,Z3,Z4, plus the additional integral Z5 defined in (3.14).

B.3 The J-integrals

The J-integrals were defined in (3.3). It is straightforward to evaluate their leading sij
contributions J

(0)
r,s ,

J
(0)
1,1 = 128 J

(0)
1,2 = 32 J

(0)
1,3 = −64 (B.5)

B.3.1 First order in s

Evaluating the first order corrections, given by the sum over sijG(i, j) for i < j, for J1,1 we

see that the contributions where i = 1 vanish by (A.14), so that we may integrate over z1,

J
(1)
1,1 =

2

(det Y )2

∫

Σ4

∆(2, 3)∆(4, 5)∆(2, 3)∆(4, 5)
∑

2≤i<j≤5

sijG(i, j) (B.6)

The contributions proportional to s23 and s45 are equal to one another. The contributions

from s24, s25, s34, s35 are also equal to one another, so that we get,

J
(1)
1,1 = 2

s23 + s45
(det Y )2

∫

Σ4

∆(2, 3)∆(4, 5)∆(2, 3)∆(4, 5)G(2, 3)

+2
s24 + s25 + s34 + s35

(det Y )2

∫

Σ4

∆(2, 3)∆(4, 5)∆(2, 3)∆(4, 5)G(2, 4) (B.7)

The integral over the point 3 in the second line is proportional to κ(2), whose integral against

G(2, 4) vanishes, so that the second line vanishes. Integrating over the points 4, 5 in the first

line and using the formula for ϕ, we find,

J
(1)
1,1 = −64(s23 + s45)ϕ (B.8)
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The first order contributions J
(1)
1,2 are given by,

J
(1)
1,2 =

1

(det Y )2

∫

Σ5

ν(1, 2)∆(2, 3)∆(3, 4)∆(4, 5)∆(5, 1)
∑

i<j

sijG(i, j) (B.9)

For each i < j, we integrate over the three points that are different from i, j using only the

formulas of (A.12). The remaining integrals over i, j are then evaluated using one of the

representations of ϕ in (3.13). Noting that the contributions of s1j and s2j for j = 3, 4, 5

are equal to one another; that the contributions of s24 and s35 are equal to one another; and

that the contributions of s23, s25, s34, s45 are equal to one another, we find,

J
(1)
1,2 = 64 s35 ϕ (B.10)

where we have used momentum conservation to obtain the final result. Finally,

J
(1)
1,3 =

1

(det Y )2

∫

Σ5

ν(1, 3)∆(2, 3)∆(4, 5)∆(4, 5)∆(1, 2)
∑

i<j

sijG(i, j) (B.11)

When j = 5 and i 6= 4, as well as when j = 4 and i < 4, the integrals vanish because by

integrating out one of the variables different from i and j they result in an integration of

G against κ which vanishes. Thus the only remaining contributions involve s12, s23, s13, s45,

and they are readily evaluated,

J
(1)
1,3 = 32(s12 − s13 + s23 + s45)ϕ = 64(s45 − s13)ϕ (B.12)

B.3.2 Second order in s

To second order, we have,

J
(2)
1,1 =

∫

Σ5

κ(1)
|∆(2, 3)∆(4, 5)|2

(det Y )2

∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ) (B.13)

Each sum has 10 terms, so the total has 100 terms. However, all terms involving s1jskℓ with

j, k, ℓ 6= 1 cancel, reducing the number of terms to 16 + 36 = 52. To organize these, we

proceed by evaluating first the perfect squares,

∫

Σ5

κ(1)
|∆(2, 3)∆(4, 5)|2

(det Y )2

∑

i<j

s2ij G(i, j)
2 (B.14)

for which s212, s
2
13, s

2
14, s

2
15 all have the same coefficient 8Z1. Moreover, s224, s

2
25, s

2
34, s

2
35 also

all have the same coefficient 8Z1, and s223, s
2
45 also have the same coefficients 16Z1 + 8Z4.
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Next, we evaluate the terms involving s1js1ℓ with ℓ 6= j (to which we refer as “angles”).

For (j, ℓ) = (2, 3), (4, 5), the coefficient is 16Z1, while for (j, ℓ) = (2, 4), (2, 5), (3, 4), (3, 5)

the coefficient vanishes because the integral over the remaining point produces a κ which

integrates to zero against G. Finally, for 2 ≤ i < j ≤ 5 and 2 ≤ k < ℓ ≤ 5, the coefficients of

the terms s23 times s24, s25, s34, s35 vanish as do their mirror images s45 times s24, s25, s34, s35.

The remaining terms are readily evaluated, and we find,

J
(2)
1,1 = 8Z1

∑

i<j

s2ij + 8(Z1 + Z4)(s
2
23 + s245) + 16Z3(s24s35 + s25s34) + 32ϕ2s23s45

+16Z2

(
s12s13 + s14s15 + s24s25 + s24s34 + s34s35 + s25s35

)
(B.15)

Recasting the expression in terms of the cyclic variables si,i+1 we obtain (3.19).

Next we evaluate,

J
(2)
1,2 =

1

2

∫

Σ5

ν(1, 2)
∆(2, 3)∆(3, 4)∆(4, 5)∆(5, 1)

(det Y )2

∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ) (B.16)

The sum over i, j, k, ℓ again involves 100 terms. To take advantage of symmetries, we de-

compose the continuous products ∆∆̄ into ν and κ using the second equation of (A.8). This

will multiply the number of terms by 4, but we can handle them using symmetry arguments,

and all integrals become mechanical. We organize the calculation as follows,

J
(2)
1,2 = X1 +X2 +X3 +X4 (B.17)

with

X1 = 32

∫

Σ5

ν(1, 2)ν(2, 4)ν(4, 1)κ(3)κ(5)
∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ)

X2 = −16

∫

Σ5

ν(1, 2)ν(2, 3)ν(3, 4)ν(4, 1)κ(5)
∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ)

X3 = −16

∫

Σ5

ν(1, 2)ν(2, 4)ν(4, 5)ν(5, 1)κ(3)
∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ)

X4 = 8

∫

Σ5

ν(1, 2)ν(2, 3)ν(3, 4)ν(4, 5)ν(5, 1)
∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ) (B.18)

In X1, the points 3, 5 enter either into two or zero Green functions. This significantly reduces

the number of contributions, and we find,

X1 = 8Z1(s
2
31 + s232 + s234 + s235 + s251 + s252 + s254)− 8Z4(s

2
12 + s224 + s241) (B.19)
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−16Z2(s31s32 + s31s34 + s32s34 + s51s52 + s51s54

+ s52s54 + s12s14 + s21s24 + s42s41)

In X2, either two or zero Green functions G involve the point 5, and the integration measure

is cyclic symmetric in the remaining points. For squares, all terms where point 5 occurs

twice have the same coefficient, while for the terms independent on point 5, we distinguish

between contributions where G connects contiguous points or not. For angles, we distinguish

whether the angle is anchored at the point 5 or not and whether G connect contiguous points

or not. The disconnected contributions do not involve the point 5. The result is as follows,

X2 = 4Z4

∑

i<j

s2ij − 4(Z1 + Z4)(s
2
51 + s252 + s253 + s254)

+8Z2(s51s52 + s51s53 + s51s54 + s52s53 + s52s54 + s53s54

+ s12s13 + s12s14 + s13s14 + s21s23 + s23s24 + s21s24

+ s31s34 + s32s34 + s32s31 + s41s42 + s41s43 + s43s42)

−16ϕ2(s12s34 + s23s14 − s13s24)− 16Z3s13s24 (B.20)

The calculation of X3 is analogous, but the special point is now 3, and we find,

X3 = 4Z4

∑

i<j

s2ij − 4(Z1 + Z4)(s
2
31 + s232 + s234 + s235)

+8Z2(s31s32 + s31s34 + s31s35 + s32s34 + s32s35 + s34s35

+ s12s15 + s14s15 + s12s14 + s21s24 + s21s25 + s24s25

+ s41s42 + s42s45 + s41s45 + s51s54 + s52s54 + s51s52)

−16ϕ2(s12s45 − s14s25 + s15s24)− 16Z3s14s25 (B.21)

For X4, we exploit the cyclic symmetry of the integrand. The squares of nearest neighbors

have the same coefficient, and so do the squares of next-to-nearest neighbors; there are 4

classes of angles depending on the relative position of the vertex of the angle and the two

other points; and there are three classes of disconnected contributions. In total we get,

X4 = −2Z4

∑

i<j

s2ij − 4Z2

∑

i

∑

j<k

sijsik

+8Z3(s13s25 + s24s31 + s35s42 + s41s53 + s52s14)

+8ϕ2(s12s34 + s12s35 + s12s45 − s13s24 − s13s25 + s13s45 + s14s23 − s14s25

− s14s35 + s15s23 + s15s24 + s15s34 + s23s45 − s24s35 + s25s34) (B.22)
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Putting all together, we have,

J
(2)
1,2 = (4Z1 + 2Z4)(s

2
51 + s252 + s254 + s231 + s232 + s234)− 2Z4(s

2
12 + s214 + s224 + s235)

+4Z2(s12s13 − s12s14 + s12s15 + s13s14 − s13s15 + s14s15

+ s23s24 − s23s25 + s23s21 + s24s25 − s24s21 + s25s21

+ s34s35 − s34s31 − s34s32 + s35s31 + s35s32 − s31s32

+ s45s41 + s45s42 − s45s43 − s41s42 + s41s43 + s42s43

− s51s52 + s51s53 − s51s54 + s52s53 − s52s54 + s53s54

−8ϕ2(s12s34 + s23s14 − s13s24 + s12s45 − s14s25 + s15s24 − s12s35 + s13s25

− s13s45 + s14s35 − s15s23 − s15s34 − s23s45 + s24s35 − s25s34)

−8Z3(s24s31 + s52s14 − s35s42 − s41s53 − s13s25) (B.23)

Recasting the expression in terms of the cyclic variables si,i+1 we obtain (3.19).

Next we evaluate,

J
(2)
1,3 =

1

2

∫

Σ5

ν(1, 3)
∆(3, 2)∆(2, 1)|∆(4, 5)|2

(det Y )2

∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ) (B.24)

We proceed in analogy with J
(2)
1,3 and decompose as follows,

J
(2)
1,3 = Y1 + Y2 + Y3 + Y4 (B.25)

with

Y1 = −64

∫

Σ5

ν(1, 3)ν(3, 1)κ(2)κ(4)κ(5)
∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ)

Y2 = 32

∫

Σ5

ν(1, 3)ν(3, 2)ν(2, 1)κ(4)κ(5)
∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ)

Y3 = 16

∫

Σ5

ν(1, 3)ν(3, 1)ν(4, 5)ν(5, 4)κ(2)
∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ)

Y4 = −8

∫

Σ5

ν(1, 3)ν(3, 2)ν(2, 1)ν(4, 5)ν(5, 4)
∑

i<j

∑

k<ℓ

sijskℓ G(i, j)G(k, ℓ) (B.26)

The combinatorics is similar to J
(2)
1,3 and the integrals are readily recognized,

Y1 = 16(Z1 + Z4)s
2
13 − 16Z1

∑

i<j

s2ij + 32Z2(s21s23 + s41s43 + s51s53)
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Y2 = −8(Z1 + Z4)(s
2
12 + s223 + s231) + 8Z1

∑

i<j

s2ij

−16Z2(s12s13 + s21s23 + s31s32 + s41s42 + s41s43 + s42s43 + s51s52 + s51s53 + s52s53)

Y3 = −8(Z1 + Z4)(s
2
13 + s245) + 8Z1

∑

i<j

s2ij + 32ϕ2s13s45 + 16Z3(s14s35 + s15s34)

−16Z2(s12s23 + s14s15 + s24s25 + s34s35 + s14s34 + s15s35)

Y4 = 4Z4(s
2
12 + s213 + s223 + s245)− 4Z1(s

2
14 + s215 + s224 + s225 + s234 + s235)

−16ϕ2(s12 + s23 + s31)s45 − 8Z3(s14s25 + s14s35 + s24s15 + s24s35 + s34s15 + s34s25)

+8Z2(s12s13 + s13s23 + s12s23 + s41s42 + s42s43 + s43s41

+s51s52 + s52s53 + s53s51 + s14s15 + s24s25 + s34s35) (B.27)

Assembling all contributions, we find the following equivalent of the s2ij order in (3.19),

J
(2)
1,3 = −4Z1(2s

2
12 + 2s223 + 2s245 + s214 + s215 + s224 + s225 + s234 + s235)

−4Z4(s
2
12 + s223 − s231 + s245)− 16ϕ2(s12 + s23 − s13)s45

−8Z3(s14s25 − s14s35 + s24s15 + s24s35 − s34s15 + s34s25)

+8Z2(−s12s13 − s13s23 + s12s23 − s41s42 − s42s43 + s43s41

− s51s52 − s52s53 + s53s51 − s14s15 − s24s25 − s34s35) (B.28)

One readily verifies that the result is symmetric in 1, 3 as well as in 4, 5. Recasting the

expression in terms of the cyclic variables si,i+1 we obtain (3.19).

B.4 The F -integrals

Finally, we turn to the F -integrals defined in (3.4). As stressed in section 3.2, these integrals

have a simple pole at s12 = 0, which can be exposed by means of the identity (3.8). Applying

the same method as for (3.10), we get,

F2 = −
1

iπ

5∑

k=3

s1k
s12

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄1G(1, k)∆(2, 3)∆(4, 5)∆(2, 4)∆(3, 5)

+
2

s12

∫

Σ5

KN(5)

(det Y )2
κ(1)∆(2, 3)∆(4, 5)∆(2, 4)∆(3, 5) (B.29)

F3 = −
1

iπ

5∑

k=3

s1k
s12

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄2G(2, k)∆(2, 3)∆(1, 3)|∆(4, 5)|2

−
2

s12

∫

Σ5

KN(5)

(det Y )2
ν(1, 2)∆(2, 3)∆(1, 3)|∆(4, 5)|2 (B.30)
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F4 = −
1

iπ

5∑

k=3

s1k
s12

∫

Σ5

KN(5)

(det Y )2
∂1G(1, 2)∂̄2G(2, k)∆(2, 3)∆(4, 5)∆(1, 4)∆(3, 5)

−
2

s12

∫

Σ5

KN(5)

(det Y )2
ν(1, 2)∆(2, 3)∆(4, 5)∆(1, 4)∆(3, 5) (B.31)

For each Fa, the first term on the right side may be expressed as a linear combination of the

functions G1 and G2, whose α
′ expansion was computed in section B.2 and given in (3.21).

The second term on the right may be expressed as a linear combination of the functions

Jr,s, whose α
′ expansion was computed in section B.3 and given in (3.19). As a result of the

integration-by-parts relations, we obtain,

s12F1 = J1,1 − s13
(
G1 +G1

∣∣
4↔5

−G2 −G2

∣∣
4↔5

)
− s14

(
G1

∣∣
3↔4

)
− s15

(
G1

∣∣∣
3,4,5
↓

5,3,4

)

s12F2 = J1,1 − J1,2 − J1,5 − s13
(
G1 −G2

∣∣
4↔5

)

− s14
(
G1

∣∣
3↔4

−G2

∣∣
3↔4

)
− s15

(
G2

∣∣∣
3,4,5
↓

5,3,4

)

s12F3 = −2J1,1 − 2J1,3 − s23

(
G3

∣∣∣
1,2,3
↓

2,3,1
+G3

∣∣∣
1,2,3,4,5

↓
2,3,1,5,4

−G4

∣∣∣
1,2,3
↓

2,3,1
−G4

∣∣∣
1,2,3,4,5

↓
2,3,1,5,4

)

− s24

(
G3

∣∣∣
1,2,3,4,5

↓
2,4,1,5,3

)
− s25

(
G3

∣∣∣
1,2,3,4,5

↓
2,5,1,4,3

)

s12F4 = −2J1,1 − 2J1,3 + 2J1,2 − s23

(
G3

∣∣∣
1,2,3,4,5

↓
2,3,1,5,4

−G4

∣∣∣
1,2,3,4,5

↓
2,3,1,5,4

)

− s24

(
G3

∣∣∣
1,2,3,4,5

↓
2,4,1,5,3

−G4

∣∣∣
1,2,3,4

↓
2,4,1,3

)
− s25G4

∣∣∣
1,2,3,4,5

↓
2,5,1,3,4

(B.32)

which yields the expansions of Fj in (3.20). The transpositions and permutations annotated

on the right of the |... act on the external momenta in the α′ expansion of the respective

integrals. We note that J1,5 may be evaluated in terms of J1,2 by using the relation,

J1,5 = J1,2

∣∣∣
1,2,3,4,5

↓
5,1,2,3,4

(B.33)

The complex conjugations on G in the expressions for F3, F4 and J1,2 do not complex conju-

gate the kinematic variables sij.
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C Degenerations of genus-twomodular graph functions

In this appendix, we shall obtain the non-separating degeneration, the separating degenera-

tion, and the tropical limit of the modular graph functions which are needed to order D6R5

in the analysis of the 5-point amplitude. Standard mathematical references on degenera-

tions of Riemann surfaces are [90, 91]. Here we shall briefly review the methods developed

in [31, 32] to obtain the non-separating and tropical degenerations of higher genus modular

graph functions, restricted here to the application to genus two.

C.1 The non-separating degeneration

To describe the non-separating degeneration of a genus-two surface Σ to a genus-one surface,

it is useful to parametrize the period matrix Ω of the Riemann surface Σ as follows,

Ω =

(
τ v
v σ1 + i(t+ τ2u

2
2)

)
Y = ImΩ =

(
τ2 τ2u2
τ2u2 t + τ2u

2
2

)
(C.1)

where τ = τ1 + iτ2 and v = u1 + τu2 with τ1, τ2, u1, u2, σ1, t ∈ R and τ2, t > 0. The non-

separating degeneration corresponds to the limit t→ ∞ keeping τ, v and σ1 fixed.

Ca

•
pa

−2πt

Cb

+2πt

•
pb

B1

A1
Σab

Figure 3: The surface Σab is obtained from Σ in the vicinity of the non-separating degener-
ation limit by cutting Σ along a cycle homologous to A2 and adjusting the position of the
cycle so that Ca and Cb are level sets for f = ±2πt.

Actually, to obtain the desired expansion of modular graph functions, we shall be inter-

ested not just in the non-separating degeneration limit (which is a genus-one surface with

two punctures pa, pb), but in a small but finite neighborhood of this limit. To parametrize

this neighborhood, we reconstruct the genus-two surface Σ from a genus-one surface Σab

with two disconnected boundary discs Ca,Cb as shown in figure 3. The surface Σab may be

obtained from an underlying compact genus-one surface Σ1 with modulus τ and two marked

points pa, pb obeying v = pb − pa from which the discs Ca,Cb centered at pa, pb of radius R
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have been removed. Note that the points pa, pb belong to Σ1 but not to Σab. The genus-two

surface Σ is obtained by gluing annular neighborhoods of size t of the boundary curves Ca,Cb

together. The details of the construction may be found in [31, 32].

To describe this construction concretely, it is useful to introduce the linear combination

ωt = ω2 − u2ω1 of holomorphic (1, 0) forms on Σ, such that the canonical forms defined in

(3.11), (A.6) decompose as follows,

κ(x) =
i

4τ2
ω1(x)ω1(x) +

i

4t
ωt(x)ωt(x)

ν(x, y) =
i

2τ2
ω1(x)ω1(y) +

i

2t
ωt(x)ωt(y)

∆(x, y) = ω1(x)ωt(y)− ωt(x)ω1(y) (C.2)

In the limit t→ ∞ for a fixed point x ∈ Σab, the holomorphic (1, 0) forms behave as follows,

ω1 = 1 +O(e−2πt) ωt =
i

2π
∂xf(x) +O(e−2πt) (C.3)

Here, the real-valued function f(x) plays the role of a Morse function on Σab and may be

given explicitly in terms of the genus-one Arakelov Green function g(x, y) = g(x − y|τ) on

Σ1 by the following exact formula,

f(x) = g(x, pb)− g(x, pa) v = pb − pa (C.4)

The discs Ca and Cb may be specified concretely by the conditions f(Ca) = −2πt and

f(Cb) = +2πt, as shown in figure 3. For sufficiently large t, the discs will be disjoint.

The Arakelov Green function G(x, y) has an exact asymptotic expansion as t → ∞, for

fixed x, y ∈ Σab, given by [31],

G(x, y) = G̃(x, y) + γ̃(x) + γ̃(y) + γ̃0 +O(e−2πt) (C.5)

where the terms in the sum are given by,

G̃(x, y) = g(x, y)−
f(x)f(y)

4πt

γ̃(x) = −
1

4
g(x, pa)−

1

4
g(x, pb) +

f(x)2

16πt

γ̃0 =
πt

12
+

1

4
g(v)−

F2(v)

8πt
(C.6)
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and Fk is the genus-one elliptic modular graph function defined in (3.17). For later use, it

will be useful to further introduce combinations familiar from [32],

Dk(τ) =

∫

Σ1

κ1(z) g(z)
k

D
(ℓ)
k (v|τ) =

∫

Σ1

κ1(z) g(z, v)
ℓg(z)k−ℓ

gk+1(v|τ) =

∫

Σ1

κ1(z) g(z, v)gk(z) (C.7)

such that g1(v|τ) = g(v|τ), D(ℓ)
k (0|τ) = Dk(τ), and gk(0|τ) = Ek(τ), where Ek is the non-

holomorphic Eisenstein series (4.57). Henceforth we shall suppress the dependence on v

and τ .

C.1.1 Useful integrals

To expand the genus-two integrals near the non-separating degeneration, the following simple

integrals over Σab will be needed,

∫

Σab

ωt ω1 f
n =

∫

Σab

ωt ωt f
2n+1 = 0 (C.8)

∫

Σab

ωt ωt f
2n = −

2i

2n+ 1
(2π)2nt2n+1 (C.9)

∫

Σab

ωt(y)ω1(y) gn(y − x) =
τ2
π
∂xfn+1 (C.10)

where we define fn(x) = gn(x − pb) − gn(x − pa), such that f1 = f . For any function ψ(x)

which is smooth on Σab and whose Laplacian ∂x∂x̄ψ(x) is smooth on Σab, but which does

not need to extend to a smooth function at the punctures x = pa, pb, we have,24

∫

Σab

ωtωt f
nψ = −

i (2πt)n+1

4π2(n+ 1)

∫ 2π

0

dθ
(
ψ
(
pθb
)
+ (−)nψ

(
pθa
) )

−
i(2πt)n+2

8π2(n + 1)(n+ 2)

∫ 2π

0

dθ R
∂

∂R

(
ψ(pθb) + (−)nψ(pθa)

)

−
iτ2

2π2(n + 1)(n+ 2)

∫

Σab

κ1(z) f(z)
n+2 ∂z∂z̄ψ(z) (C.11)

24The middle term was omitted in equation (A.21) of [32], but its effect was correctly included in the
subsequent equations in section A.5 of that reference.
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where pθa,b = pa,b +Reiθ and θ is the coordinate on the boundary circles Ca,Cb. The relation

between R and t is given by the behavior of the scalar Green function for nearly coinciding

points,

g(z − p|τ) = 2πt− ln
|z − p|2

R2
+ g(v|τ) +O(z − p) (C.12)

for p = pa, pb. Using these fundamental formulas, we derive integrals required to evaluate

the non-separating asymptotics of ϕ,Z1,Z2,Z3,Z4,Z5 and, abbreviating g = g(v|τ), we get,

2πi

∫

Σab

ωt(z)ωt(z)g(z, pa,b) = 2π2t2 + 4πtg + F2

−
i

4t

∫

Σab

ωt(z)ωt(z)g(z, pa,b)
2 = −

π2t2

3
−
πt

2
g −

1

2
g2 −

D3 −D
(1)
3

8πt
−

∆vF4

16π2t

−
i

4t

∫

Σab

ωt(z)ωt(z)g(z, pa)g(z, pb) = −
πt

2
g −

1

2
g2 −

D3 −D
(1)
3

8πt
−

∆vF4

16π2t
(C.13)

The Laplacian on v is defined by ∆v = 4τ2∂v∂v̄.

C.1.2 Non-separating degeneration of ϕ and Z1,2,3

Using the formulae above, and some further identities derived from them, the asymptotic

expansion of the Kawazumi-Zhang invariant may be derived and gives,

ϕ =
1

6
πt+

1

2
g +

5F2

4πt
+O(e−2πt) (C.14)

while the asymptotics of the integrals Z1,2,3 in (3.14) was obtained in equation (3.21) of [32],

Z1 =
13π2t2

90
+
πt

3
g +

E2 + g2 − F2

2
+

1

πt

(
−D3 −D

(1)
3 −

1

2
gF2 + 2g3 (C.15)

+4ζ3 +
∆vF4

4π

)
+

1

8π2t2

(
3F 2

2 + 12F4 +Kc
)
+O(e−2πt)

Z2 = −
7π2t2

90
−
πt

3
g −

2E2 + g2 − F2

2
+

1

πt

(
− 2D3 +

1

2
gF2 + 2g3 + 2ζ3

−
∆v (F

2
2 + 2F4)

16π

)
−

(∆τ + 5)F4

4π2t2
+O(e−2πt)

Z3 =
(πt)2

18
+
πt

3
g +

1

6
(F2 + 3g2) +

1

πt

(
−
1

2
gF2 +

∆vF
2
2

8π

)
+

(∆τ + 5)F 2
2

8π2t2
+O(e−2πt)

where the Laplacian on τ is defined by ∆τ = 4τ 22 ∂τ∂τ̄ while Kc in Z1 is the (complicated)

regularized integral defined in equation (3.40) of [32], which depends on τ but not on v.
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C.1.3 Non-separating degeneration of Z4

Using (A.12), the integral Z4 defined in (3.14) can be recast as follows,

Z4 + 2Z1 = −

∫

Σ2

|∆(x, y)|2

det Y
G(x, y)2 (C.16)

The computation of the asymptotics of the integral is similar to the one for Z1 in [32]. Using

the last identity in (C.2) we decompose it into Z4 + 2Z1 = Z− − Z+, where

Z+ =
2

τ2t

∫

Σab

G(x, y)2 ω1(x)ω1(x)ωt(y)ωt(y)

Z− =
2

τ2t

∫

Σab

G(x, y)2 ω1(x)ωt(x)ωt(y)ω1(y) (C.17)

Substituting (C.5) into these equations, we get Z± = Z(a)
± + Z(b)

± + Z(c)
± +O(e−2πt), where

Z(a)
+ =

2

τ2t

∫

Σab

G̃(x, y)2 ω1(x)ω1(x)ωt(y)ωt(y)

Z(b)
+ =

4

τ2t

∫

Σab

G̃(x, y)
(
γ̃(x) + γ̃(y) + γ̃0

)
ω1(x)ω1(x)ωt(y)ωt(y)

Z(c)
+ =

2

τ2t

∫

Σab

(
γ̃(x) + γ̃(y) + γ̃0

)2

ω1(x)ω1(x)ωt(y)ωt(y) (C.18)

and

Z(a)
− =

2

τ2t

∫

Σab

G̃(x, y)2 ω1(x)ωt(x)ωt(y)ω1(y)

Z(b)
− =

4

τ2t

∫

Σab

G̃(x, y)
(
γ̃(x) + γ̃(y) + γ̃0

)
ω1(x)ωt(x)ωt(y)ω1(y)

Z(c)
− =

2

τ2t

∫

Σab

(
γ̃(x) + γ̃(y) + γ̃0

)2

ω1(x)ωt(x)ωt(y)ω1(y) (C.19)

These integrals can be computed using the same techniques as in [32]:

• For Z(a)
+ , using (C.9) we get

Z(a)
+ = −

4i

t

∫

Σab

κ1(x)
(
g(x, y)2 − g(x, y)

f(x)f(y)

2πt
+
f(x)2f(y)2

16π2t2

)
ωt(y)ωt(y)

= −8E2 +
8

3
F2 −

4F4

π2t2
(C.20)
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• For Z(b)
+ , using (C.10) and (C.11) we get

Z(b)
+ =

2i

t

∫

Σab

κ1(x)g(x, y)

(
g(x, pa) + g(x, pb)−

f(x)2

4πt

)
ωt(y)ωt(y)

= 4E2 + 4g2 −
2

πt

(
D3 −D

(1)
3

)
+

6F4 − F 2
2

2π2t2
(C.21)

• For Z(c)
+ , expanding in powers of γ̃(y) we get

Z(c)
+ = −8

∫

Σ1

κ1(x)
(
γ̃(x) + γ̃0

)2
−

8i

t

(
γ̃0 +

F2

8πt

)∫

Σab

γ̃(y)ωt(y)ωt(y)

−
4i

t

∫

Σab

γ̃(y)2ωt(y)ωt(y) (C.22)

Using (C.13) the three terms evaluate to the three lines below,

Z(c)
+ = −8γ̃20 − 2γ̃0

F2

πt
−E2 − g2 +

1

2πt
(D3 −D

(1)
3 )−

3F4

4π2t2

+
(
γ̃0 +

F2

8πt

)(2F2

πt
+ 8g +

8πt

3

)

−
4π2t2

15
−

4πt

3
g − 2g2 −

∆vF4

4π2t
−

1

2πt
(D3 −D

(1)
3 ) +

F4

4π2t2
(C.23)

• For Z(a)
− , integrating by parts using τ2∂x̄∂yg(x, y) = πδ(x, y)− π we get

Z(a)
− =

2

τ2t

∫

Σab

(
g(x, y)2 − g(x, y)

f(x)f(y)

2πt

)
ω1(x)ωt(x)ωt(y)ω1(y)

= −
2τ2
π2t

∫

Σ1

κ1(x)κ1(y)g(x, y)
2∂x̄f(x)∂yf(y) +

6F4 − F 2
2

π2t2

= −
4

πt

(
D3 −D

(1)
3

)
+

6F4 − F 2
2

π2t2
(C.24)

• For Z(b)
− , integrating by parts using ∂x∂x̄f2 = −πf/τ2, we get

Z(b)
− =

2

τ2t

∫

Σab

g(x, y)
(
2γ̃(x) + γ̃0

)
ω1(x)ωt(x)ωt(y)ω1(y) + c.c.

= −
2τ2
π2t

∫

Σab

κ1(x)
(
∂xf2(x)∂x̄f + ∂x̄f2(x)∂xf(x)

)(
2γ̃(x) + γ̃0

)

=
Z
(b)
−

πt
−

4F4

π2t2
− 8γ̃0

F2

πt
(C.25)
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where the term Z
(b)
− originates from the contributions g(x, pa) + g(x, pb) inside γ̃(x). It

can be evaluated again by substituting f = g(x, pb)−g(x, pa) and integrating by parts,

Z
(b)
− =

τ2
π

∫
κ1(x)

(
∂xf2(x)∂x̄f(x) + ∂x̄f2(x)∂xf(x)

)(
g(x, pa) + g(x, pb)

)

= 2D3 − 2D
(1)
3 + 4g F2 + 4E3 − 4g3 (C.26)

• For Z(c)
− , using (C.10) and τ2|∂f2(pa)|

2 = 1
8π
∆v(F

2
2 )− gF2 we get

Z(c)
− =

4

τ2t

∫

Σab

γ̃(x)γ̃(y)ω1(x)ωt(x)ωt(y)ω1(y)

= −
τ2

4π2t

∣∣∣∂paf2(pa) + ∂pbf2(pb)
∣∣∣
2

= −
1

8π2t

(
∆vF

2
2 − 8πgF2

)
(C.27)

Collecting all terms, we find

Z+ = −
π2t2

10
−
πt

3
g − 2E2 −

F2

6
−

1

2
g2 −

4D3 − 4D
(1)
3 − g F2

2πt

−
∆vF4

4π2t
−

3F 2
2 + 12F4

8π2t2
+O(e−2πt) (C.28)

Z− = −
2

3
F2 −

2D3 − 2D
(1)
3 − 3gF2 + 4g3 − 4E3

πt
−

∆vF
2
2

8π2t
+

2F4

π2t2
+O(e−2πt)

and therefore, using the expansion of Z1 in [32, (3.21)],

Z4 = −
17π2t2

90
−
πt

3
g − 6E2 +

F2

2
−
g2

2
+

4D3 + 4D
(1)
3 + 8E3 + 7g F2 − 16(g3 + ζ3)

2πt

−
∆v(F

2
2 + 2F4)

8π2t
−

3F 2
2 − 4F4 + 2Kc

8π2t2
+O(e−2πt) (C.29)

where Kc is the regularized integral defined in formula (3.40) of [32].

C.1.4 Non-separating degeneration of Z5

To evaluate the non-separating asymptotics of Z5, we start from its defining formula in (3.14)

as well as a closely related integral we shall denote here by Z ′
5,

Z5 =
16

iπ

∫

Σ4

∂1G(1, 2)∂̄1G(1, 3)G(1, 4)ν(2, 4)ν(4, 3)ν(3, 2)

Z ′
5 =

16

iπ

∫

Σ4

∂1G(1, 2)∂̄1G(1, 4)G(1, 3)ν(2, 4)ν(4, 3)ν(3, 2) (C.30)
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Since this is the first example, here and in [32], of the non-separating degeneration of a genus-

two modular graph functions which involves derivatives of the Arakelov Green function, we

shall present the computations in detail. We begin by using the identity,

ν(x, y)ν(y, z)ν(z, x) + ν(x, z)ν(z, y)ν(y, x)

= −8κ(x)κ(y)κ(z)− 2κ(x)ν(y, z)ν(z, y)

−2κ(y)ν(x, z)ν(z, x) − 2κ(z)ν(x, y)ν(y, x) (C.31)

and the fact that the Arakelov Green function G(x, y) integrates to zero against the canonical

Kähler form κ(x), to conclude right away that we have,

Z5 + Z ′
5 = 0 (C.32)

To evaluate the difference, we instead use the identity,

ν(x, y)ν(y, z)ν(z, x)− ν(x, z)ν(z, y)ν(y, x) (C.33)

=
κ(x)− κ1(x)

2tτ2

(
ωt(y)ω1(y)ω1(z)ωt(z)− ω1(y)ωt(y)ωt(z)ω1(z)

)
+ cycl(x, y, z)

This leads to

Z5 =
4i

πτ2t

∫

Σ4

∂1G(1, 2)∂̄1G(1, 3)G(1, 4)
(
κ1(2)ωt(3)ω1(3)ω1(4)ωt(4)

−κ1(2)ω1(3)ωt(3)ωt(4)ω1(4) + cycl(2, 3, 4)
)

(C.34)

For fixed z1, the integrals over z2, z3, z4 reduce to one of the following integrals,

K(x) =

∫

Σab

κ1(y)G(x, y) =
πt

12
−

1

4

(
g(x, pa) + g(x, pb)− g(pa, pb)

)
+
f(x)2

16πt
+O(e−2πt)

L(x) =

∫

Σab

ωt(y)ω1(y)G(x, y) =
τ2
π

(
∂xf2(x)−

1

4
∂paf2(pa)−

1

4
∂pbf2(pb)

)
+O(e−2πt)(C.35)

to their complex conjugate, or to one of their derivatives,

∂xK(x) =

∫

Σab

κ1(y)∂xG(x, y) = −
1

4
∂xg(x, pa)−

1

4
∂xg(x, pb) +

f(x)∂xf(x)

8πt
+O(e−2πt)

∂xL(x) =

∫

Σab

ωt(y)ω1(y)∂xG(x, y) =
τ2
π
∂2xf2(x) +O(e−2πt)

∂x̄L(x) =

∫

Σab

ωt(y)ω1(y)∂x̄G(x, y) =
τ2
π
∂x̄∂xf2(x) +O(e−2πt) = −f(x) +O(e−2πt)(C.36)
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The function f2 and its derivatives ∂f2, ∂̄f2 are regular at pa, pb, while the singularities of

f,K, ∂2f2, ∂̄
2f2 are powers of logarithms at the worst. As a result, the above integrals are

absolutely convergent term by term and can be extended to the compact torus Σ1,

Z5 =
8

πt

∫

Σ1

κ1(x)

[
∂xK(x)

(
L(x) ∂x̄L

∗(x)− L∗(x)∂x̄L(x)
)

+∂x̄K(x)
(
L∗(x)∂xL(x)− L(x)∂xL

∗(x)
)

+K(x)
(
∂̄xL

∗(x)∂x̄L(x)− ∂xL(x)∂x̄L
∗(x)

)]
(C.37)

Integrating the first two lines by part so as to expose K without derivatives, we get,

Z5 =
24τ 22
π3t

∫

Σ1

κ1(x)K(x)
(
(∂x∂x̄f2(x))

2 − ∂2xf2(x) ∂
2
x̄f2(x)

)
+O(e−2πt) (C.38)

Since we have,

(∂x∂x̄f2(x))
2 − ∂2xf2(x) ∂

2
x̄f2(x) =

1

2
∂x

(
∂x∂x̄f2 ∂x̄f2 − ∂2x̄f2 ∂xf2

)
+ c.c. (C.39)

the x-independent terms in K(x) give a vanishing contribution. The remaining terms may

be organized as follows,

Z5 =
C1

2πt
+

C2

2π2t2
+O(e−2πt) (C.40)

where C1 and C2 are t-independent genus-one elliptic modular functions, defined by,

C1 = −12

∫

Σ1

κ1(x)
(
g(x− pa) + g(x− pb)

)(
f(x)2 −

τ 22
π2
∂2xf2 ∂

2
x̄f2

)

C2 = 3

∫

Σ1

κ1(x)f(x)
2

(
f(x)2 −

τ 22
π2
∂2xf2 ∂

2
x̄f2

)
(C.41)

Using formulas (B.33) and (B.35) of [32], in particular,

∂2xf2(x) = 2πi∂τf(x) ∂τ∂τ̄g(x, y) = 0 (C.42)

it is immediate to compute C2,

C2 = 72F4(v)− 6∆τF4(v) (C.43)

The integral of the term proportional to f(x)2 in C1 is easily evaluated, leading to,

C1 = −24
(
D3 −D

(1)
3 (v)

)
+ 24C1
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C1 =
τ 22
π2

∫

Σ1

κ1(x)g(x, pa)∂
2
xf2 ∂

2
x̄f2 (C.44)

The integral C1 is computed by integrating by parts and using ∂x∂x̄f2(x) = − π
τ2
f(x),

C1 = −
τ 22
π2

∫

Σ1

κ1(x)

(
∂x̄g(x, pa)∂

2
xf2∂x̄f2 −

π

τ2
g(x, pa)∂xf∂x̄f2

)

= C̃1 −
τ2
π
|∂f2(pa)|

2 + 2E3 − 2g3 −D3 +D
(1)
3 (C.45)

where

C̃1 =
τ2
π

∫

Σ1

κ1(x)g(x, pa)
(
∂x̄f2 ∂xf + ∂xf2 ∂x̄f

)
(C.46)

To evaluate the last integral, we substitute f = g(x, pb)− g(x, pa) and integrate by parts,

C̃1 = D3 −D
(1)
3 (v) +

τ2
π

∫

Σ1

κ1(x)g(x, pa)
(
∂x̄f2 ∂xg(x, pb) + ∂xf2 ∂x̄g(x, pb)

)
(C.47)

To compute this last integral, we use the following identity,

∂x∂x̄

(
f2(x)g(x, pb)

)
= ∂x̄f2 ∂xg(x, pb) + ∂xf2 ∂x̄g(x, pb)

−
π

τ2

(
f(x)g(x, pb) + f2(x)(δ(x, pb)− 1)

)
(C.48)

The integral is now readily evaluated and we obtain,

C̃1 = D3 −D
(1)
3 + 2g F2 + 2E3 − 2g3

C1 = 2g F2 + 4E3 − 4g3 −
τ2
π
|∂f2(pa)|

2 (C.49)

Using τ2|∂f2(pa)|2 =
1
8π
∆v(F

2
2 )− gF2 we find,

C1 = −24(D3 −D
(1)
3 ) + 72gF2 + 96(E3 − g3)−

3

π
∆vF

2
2 (C.50)

We conclude that in the minimal non-separating degeneration,

Z5 =
C1

2πt
+

C2

2π2t2
+O(e−2πt) (C.51)

where C1 and C2 are given by (C.50) and (C.43).
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C.1.5 A novel identity for genus-one elliptic modular graph functions

Using the large t expansions (C.16) and (C.29), and choosing coefficients judiciously, we

observe that all terms up to order O(1/t2) cancel in the linear combination,

Z1 + Z2 + Z3 +
1

2
Z4 − ϕ2 =

∆τ (F
2
2 − 2F4)− 6F 2

2 + 4F4

8π2t2
+O(e−2πt) (C.52)

Moreover, using the Laurent expansions computed in [32, §C.3.3], we find that the coefficient

of the O(1/t2) in (C.52) is exponentially suppressed near the cusp. This strongly suggests

that the left-hand side of (C.52) actually vanishes, motivating the conjectures (3.15) and

(3.16). In appendix D, we shall prove that the genus-two identity (3.15) indeed holds, and

obtain (3.16) as a consequence of this fact.25 Without doubt, (3.16) is only the first in an

infinite family of relations between genus-one elliptic MGFs, and systematic methods for

deriving such identities are being developed in [92].

C.2 Separating degeneration

We shall now consider the separating degeneration, where the genus-two Riemann surface Σ

degenerates into two genus-one curves Σ1 and Σ′
1, with two marked points p ∈ Σ1, p

′ ∈ Σ′
1

joined by a thin tube. We refer to [32, §4] for a detailed discussion of this degeneration, and

only recall a few basic facts.

This limit is obtained by sending to zero the off-diagonal entry of the period matrix Ω,

keeping fixed the diagonal entries τ, σ corresponding to the complex moduli of Σ1 and Σ′
1.

In the limit v → 0, the Siegel modular group Sp(4,Z) is broken to the product SL(2,Z)τ ×

SL(2,Z)σ ⋉Z2, where the two SL(2,Z) factors act by fractional linear transformations of τ

and σ and Z2 exchanges these two variables. The modulus |v̂| of the degeneration parameter

v̂ = 2πv η(τ)2 η(σ)2 (C.53)

stays invariant under the unbroken part of Sp(4,Z). The Abelian differentials degenerate,

up to terms of order O(|v̂|), to

ω1 =

{
ω(x) x ∈ Σ1

0 x ∈ Σ′
1

, ω2 =

{
0 x ∈ Σ1

ω′(x) x ∈ Σ′
1

(C.54)

25After the first version of this work, a direct proof of (3.16) based on genus-one methods has been given
in [72].
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where ω and ω′ are the standard Abelian differentials on Σ1 and Σ′
1. The Arakelov Green

function becomes, up to terms of order O(|v̂|),

G(x, y) ∼





−1
2
ln |v̂|+ g(x− y|τ)− 1

2
g(x− p|τ)− 1

2
g(y − p|τ) x, y ∈ Σ1

−1
2
ln |v̂|+ g(x− y|σ)− 1

2
g(x− p′|σ)− 1

2
g(y − p′|σ) x, y ∈ Σ′

1
1
2
ln |v̂|+ 1

2
g(x− p|τ) + 1

2
g(y − p′|σ) , x ∈ Σ1, y ∈ Σ′

1

(C.55)

The expansion of the modular graph functions ϕ and Z1,2,3 was computed in [32, §4] using

these formulae,

ϕ = − ln |v̂|+O(|v̂|)

Z1 = 2(ln |v̂|)2 + 4E2(τ) + 4E2(σ) +O(|v̂|)

Z2 = −2(ln |v̂|)2 − E2(τ)− E2(σ) +O(|v̂|)

Z3 = 2(ln |v̂|)2 +O(|v̂|) (C.56)

where Ek(τ) is the usual non-holomorphic Eisenstein series (4.57) of SL(2,Z).

For the integral Z4 defined in (3.14), we see that the measure ν(x, y)ν(y, x) vanishes in

the limit v → 0 unless x, y lie on the same elliptic curve, say Σ1, in which case it reduces to

−κ1(x)κ1(y). Hence the integral reduces to

−4

∫

Σ4

1

[
−
1

2
ln |v̂|+ g(x− y|τ)−

1

2
g(x− p|τ)−

1

2
g(y − p|τ)

]2
κ1(x)κ1(y) + (Σ1 ↔ Σ′

1)

(C.57)

Observing that the crossproducts integrate to zero, this evaluates to

Z4 ∼ −

∫

Σ1

[
(ln |v̂|)2 + 4g(x− y|τ)2 + g(x− p|τ)2 + g(y − p|τ)2

]
κ1(x)κ1(y) + (Σ1 ↔ Σ′

1)

= −2(ln |v̂|)2 − 6E2(τ)− 6E2(σ) +O(|v̂|) (C.58)

Using (C.56) this behavior is indeed consistent with the identity (3.15).

Turning to the integral Z5 defined in (3.14), we see that the measure ν(2, 4)ν(4, 3)ν(3, 2)

vanishes unless the points 2,3,4 are on the same elliptic curve, say Σ1, in which case it reduces

to κ1(2)κ1(3)κ1(4). When the point 1 is also on Σ1, we get

16

iπ

∫

Σ4

1

[
∂1g(x1 − x2)−

1

2
∂1g(x1 − p)

] [
∂̄1g(x1 − x3)−

1

2
∂̄1g(x1 − p)

]

×

[
−
1

2
ln |v̂|+ g(x1 − x4)−

1

2
g(x1 − p)−

1

2
g(x4 − p)

]
κ1(2)κ1(3)κ1(4) (C.59)
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In the first line, using translational invariance one can replace ∂1g(x1−x2) and ∂̄1g(x1−x3)

by −∂2g(x1−x2) and −∂̄3g(x1−x3), which integrate by parts to zero. The terms proportional

to g(x1−x4) or g(x4−p) on the second line also integrate to zero. The integrals over x2, x3, x4
are then trivial, leading to

−
2

iπ

∫

Σ1

∂1g(x1 − p) ∂̄1g(x1 − p) [ln |v̂|+ g(x1 − p)] (C.60)

When the point 1 is on Σ′
1, we get instead

4

iπ

∫

Σ′

1
×Σ3

1

∂1g(x1 − p′)∂̄1g(x1 − p′)

[
1

2
ln |v̂|+

1

2
g(x1 − p′) +

1

2
g(x4 − p)

]
κ1(2)κ1(3)κ1(4)

=
2

iπ

∫

Σ′

1

∂1g(x1 − p′) ∂̄1g(x1 − p′) [ln |v̂|+ g(x1 − p′)] (C.61)

The contributions (C.60) and (C.61) cancel against those where Σ1 and Σ′
1 are exchanged,

so we find that Z5 vanishes in the separating degeneration, up to terms of order |v̂|. It is

quite remarkable that Z5 vanishes both in the separating and non-separating degenerations.

C.3 Tropical limit

Having obtained the expansion of Z4 and Z5 in the non-separating degeneration t → ∞

keeping fixed τ and v, we can obtain the tropical limit by further sending τ → i∞ keeping

u2 = Im v/τ2 fixed. The result can be re-expressed in terms of the variables V, S = S1 + iS2

parametrizing the imaginary part of the period matrix via,

Y =
1

V S2

(
1 S1

S1 |S|2

)
(C.62)

such that the tropical limit corresponds to V = (tτ2)
−1/2 → 0 keeping S1 = u2 and S2 =

(t/τ2)
1/2 fixed. For the modular graph functions ϕ and Z1,2,3 in (3.14), this leads to [32, §5],

ϕ ∼
5π

6V
A1,0 +

5ζ3
4π2

A0,0V
2

ϕ2 ∼
32π2

V

[
−

1

1512
A0,0 +

1

1512
A0,2 −

5

1584
A1,1 +

25

1152
A2,0

]
+

25ζ3
12π

A1,0V +
25ζ23
16π4

V 4

Z1 ∼
32π2

V 2

[
−

1

315
A0,0 +

1

252
A0,2 −

1

792
A1,1 +

23

960
A2,0

]

+
ζ3
π

[
18

5
A0,1 −

1

2
A1,0

]
V −

ζ5
2π3

A0,1V
3 + ζ23

(2β − 3)

16π4
A0,0V

4 (C.63)

79



Z2 ∼
32π2

V 2

[
1

504
A0,0 −

1

1008
A0,2 −

5

792
A1,1 −

17

960
A2,0

]
−

5ζ3
2π

A1,0V −
7ζ5
4π3

A0,1V
3

Z3 ∼
32π2

V 2

[
−

11

7560
A0,0 +

1

1512
A0,2 +

1

792
A11 +

17

576
A2,0

]
+

5ζ3
6π

A1,0V +
11ζ23
8π4

A0,0V
4

where ∼ indicates equality in the limit V → 0 up to corrections of order e−1/V .

Similarly, starting with (C.29) and using the formulae in appendix C of [32], we arrive at

Z4 ∼
32π2

V 2

[
1

252
A0,0 −

1

168
A0,2 +

5

792
A1,1 −

9

320
A2,0

]

+ζ3
85A1,0 − 72A0,1

10π
V +

9

2π3
ζ5A0,1V

3 + ζ23
(3− β)

4π4
A0,0V

4 (C.64)

where Ai,j(S) are the local modular forms introduced in section 5.3 of loc. cit., and β is the

unknown (presumably rational) coefficient appearing at order V 4 in the tropical limit of Z1.

As a strong consistency check on the expansion (C.29), we have reproduced the leading term

in (C.64) from a worldline integral using the tropical Arakelov Green function G(sg) along

the lines of [32, section 5.3].

Using (C.64) we obtain the tropical limit of the combinations A1 and A2 defined in (4.6),

A1 ∼
32π2

V 2

[
−

13

1512
A0,0 +

5

756
A0,2 +

5

396
A1,1 +

4

45
A2,0

]

+ζ3

[
18

5π
A0,1 +

16

3π
A1,0

]
V +

3ζ5
π3
A0,1V

3 +
(2β + 13)ζ23

16π4
V 4 (C.65)

A2 ∼
32π2

V 2

[
1

7560
A0,0 +

1

1512
A0,2 −

1

132
A1,1 +

1

72
A2,0

]
+

10ζ3
3π

A1,0V +
7V 4ζ23
4π4

In contrast, we find that the tropical limit of the integral (C.30) starts at order V ,

Z5 ∼
72

π
(A1,0 −

1

5
A0,1)V ζ3 +

30

π3
A0,1V

3ζ5 (C.66)

The vanishing of the leading O(1/V 2) term is quite remarkable, and follows from the can-

cellation of the leading term in the combination f(x)2 −
τ2
2

π2∂
2
xf2∂

2
x̄f2 appearing on both lines

of (C.41). We have also confirmed the vanishing at leading order by a wordline computation

using the tropical Arakelov Green function.

80



D Proof of the modular graph function identities

In this subsection, we shall prove the identity (3.15) between the genus-two modular graph

functions defined in (3.13) and (3.14).

Translation invariance and the resulting momentum conservation on the torus provides a

fundamental tool in the proof of identities between genus-one modular functions (along with

holomorphic subgraph reduction [43, 93] or Fay identities [94]). The absence of translation

invariance prevents us from using the same techniques for higher genus surfaces. However,

the lemma below provides the appropriate alternative tool, valid for arbitrary genus h.26

Lemma D.1 On a compact Riemann surface Σ, with Arakelov Green function G(x, y), the

following identity holds for arbitrary y, z ∈ Σ,

ωI(y) ∂zG(y, z) + ωI(z) ∂yG(y, z)− ∂zΦI
J(z)ωJ(y)− ∂yΦI

J(y)ωJ(z) = 0 (D.1)

where the tensor ΦI
J(z) = ΦIK(z)Y

KJ is given by the following integral in x ∈ Σ,

ΦIJ (z) =
i

2

∫

Σ

G(z, x)ωI(x)ωJ(x) (D.2)

The tensor Φ is Hermitian ΦIJ(z) = ΦJI(z).

To prove Lemma D.1, we first show that its left side is holomorphic in z and thus

holomorphic in y by symmetry under swapping z and y. The ∂ȳ derivative of the left

side of (D.1) may be evaluated using the identities on the Arakelov Green function G, given

in (A.14) for genus 2. The δ(y, z)-functions cancel between the first two terms, and Φ has

been defined so as to cancel also the remaining terms in the ∂ȳ derivative. As a result, the

left side of (D.1) is a single-valued holomorphic (1, 0)-form in z and y which takes the form

MI
JKωJ(z)ωK(y) for some constant tensor MI

JK . To show that M = 0, we integrate the

left side of (D.1) against ωL(z), use the fact that the contributions from the first and third

terms vanish, and that those of the second and fourth terms cancel using the definition of Φ.

The proof of the identity (3.15) proceeds by a judicious use of the formula (D.1). We

begin by considering the alternative integral for Z2 given on the first line of (A.16),

Z2 = −4

∫

Σ3

ν(x, y)ν(y, x)κ(z)G(x, z)G(y, z) (D.3)

26Since the first version of this work, the lemma (D.1) has been further generalized and applied to derive
higher-weight identities at arbitrary genus [71].
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and eliminate ν(x, y) defined by (3.11) using the second equation in (A.14). The δ-function

produces the term −Z1 on the right side, so that we obtain,

Z1 + Z2 =
2i

π

∫

Σ3

ν(y, x)∂x∂ȳG(x, y)G(x, z)κ(z)G(z, y) (D.4)

Integrating by parts in x and writing out κ(z) explicitly, we obtain,

Z1 + Z2 =
Y IJ

2π

∫

Σ3

ν(y, x)ωI(z)ωJ(z)∂ȳG(x, y)∂xG(x, z)G(z, y) (D.5)

Next, we use formula (D.1) to re-express the combination ωI(z) ∂xG(x, z),

Z1 + Z2 =
Y IJ

2π

∫

Σ3

ν(y, x)ωJ(z)∂ȳG(x, y)G(z, y)

×
[
− ωI(x) ∂zG(z, x) + ∂zΦI

K(z)ωK(x) + ∂xΦI
K(x)ωK(z)

]
(D.6)

To evaluate the contributions from the first two terms inside the brackets, we integrate by

parts in both ȳ and z and combine various Abelian differentials into ν(x, z). For the first

term we obtain,

−
Y IJ

2π

∫

Σ3

ν(y, x)ωJ(z)G(x, y)∂z∂ȳG(z, y)ωI(x)G(z, x) = −
1

2
Z4 +

1

2
Z2 (D.7)

where we have used the second equation in (A.14) for the mixed double derivative on G,

the expression for Z4 in (3.14) to evaluate the contribution from the δ-function, and the

alternative formula for Z2 given in the second line of (A.16). For the second term we obtain,

−iY IJ

∫

Σ2

ν(y, x)ωJ(y)ωK(x)G(x, y)ΦI
K(y)

+iY IJ

∫

Σ3

ν(y, x)ωJ(z)ωK(x)ν(z, y)G(x, y)ΦI
K(z) (D.8)

Using the formula (D.2) for Φ makes all Abelian differentials explicit, and regrouping these

into ν differentials we obtain for the second term inside the brackets of (D.6),

−2

∫

Σ3

ν(x, z)ν(z, y)ν(y, x)G(x, y)G(y, z) =
1

2
Z2 + ϕ2 (D.9)

where we have used the alternative integral for Z2 in the second line of (A.16) as well as

the formula for ϕ2 on the third line of (A.16). Finally, to evaluate the contribution from the
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third term inside the brackets of (D.6), we integrate by parts in x and again use the second

equation in (A.14) to obtain,

iY IJ

∫

Σ2

ν(x, x)ωJ(z)ωK(x)G(x, z)ΦI
K(x)

−iY IJ

∫

Σ3

ν(y, x)ωJ(z)ωK(z)ν(z, y)G(z, y)ΦI
K(x) (D.10)

Using the formula (D.2) for Φ makes all Abelian differentials explicit, and regrouping these

into ν differentials we obtain for the third term inside the brackets of (D.6),

4

∫

Σ3

κ(x)ν(z, y)ν(y, z)G(x, y)G(x, z)

−2

∫

Σ4

ν(x, y)ν(y, x)ν(z, w)ν(w, z)G(x, w)G(y, z)

= −Z2 − Z3 (D.11)

where we have used the second line of (A.16) to evaluate the first integral, and (A.8) twice to

transform the second integral into the expression for−Z3 with Z3 given in (3.14). Assembling

all contributions proves formula (3.15).

By evaluating the non-separating asymptotics of the function Z4-function independently

and using the asymptotics obtained for ϕ,Z1,Z2,Z3 in [32], we have shown in appendix

C.1.5 that (3.15) implies a highly non-trivial identity between the genus-one elliptic modular

graph functions F2 and F4.
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E Overall normalization of the genus-two amplitude

The five-point genus-two amplitude including its overall coefficient was determined in [8] at

the leading order D2R5 using the non-minimal pure spinor formalism. The normalization of

the amplitude followed from a first principles calculation using the integrals over pure spinor

space derived in [73] together with the conventions for genus-two measures of [57]. Conse-

quently, the building blocks Tm
1,2,3|4,5 and T12,3|4,5 (collectively denoted by TNMPS) featured

in [8] also depend on zero-modes of the non-minimal pure spinor λ̄α whose integration gives

rise to various combinatorial factors.

In contrast, in this work we use the building blocks Tm
1,2,3|4,5 and T12,3|4,5 (collectively

denoted by TMPS) defined with the minimal pure spinor formalism in [14]; which do not

depend on the zero-modes of λ̄α. Despite their different definitions, one can verify that

BRST-invariant quantities written in either setup yield the same results with differing nor-

malizations. The component expansion for bosonic external states of the building blocks used

in this work can be downloaded from [63]. We will now show that their relative normalization

is such that TNMPS = 210 33 5 TMPS.

To show this we compare the component expansion of the BRST-invariant kinematic

factor at order D2R5. The pure spinor superspace representation B(5)|D2R5 obtained in this

work (4.19) coincides with equation (5.44) from [8],

K(2)
5 =

∣∣〈T12,3|4,5〉0
∣∣2

s12
+

∣∣〈T12,4|3,5〉0
∣∣2

s12
+

∣∣〈T12,5|3,4〉0
∣∣2

s12

+
∣∣〈Tm

3,4,5|1,2〉0
∣∣2 + (1, 2|1, 2, 3, 4, 5) (E.1)

up to an overall coefficient27,

B(5)|D2R5 = 26
(α′

2

)
K(2)

5 (E.2)

Straightforward calculations for 5 Type IIB gravitons show that

B(5)

∣∣
D2R5

= −214
( 2

α′

)4
Btree
{5}

K(2)
5

∣∣
IIB

= −228 36 52
( 2

α′

)5
Btree
{5} (E.3)

where the result in the non-minimal formalism is given in equation (5.46) of [8]. From (E.2)

and (E.3) it follows that TNMPS = 210 33 5 TMPS.

27We note the different convention for Mandelstam invariants, where shereij = (α′/2)sthereij .
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It remains to explain the overall coefficient of the genus-two five-point amplitude in (4.49).

It matches the normalization of the amplitude derived in equations (5.41) and (5.43) of [8],

A2−loop
(5) = (2π)10δ10(k)

(α′

2

)5 κ5e2λ

245 36 52 π6

∫

M2

|d3Ω|2

(det Y )5

∫

Σ5

∣∣〈K(2)(z1, . . . , z5)〉0
∣∣2KN(5) (E.4)

where the integral over vertex points is given by,

∫

Σ5

|〈K(2)(z1, . . . , z5)〉0|
2KN(5) = 26π

(α′

2

)
(det Y )2K(2)

5 +O(α′2) (E.5)

Equation (E.5) is the origin of the different factor of 26(α′/2) in (E.2), while the factor of π

is taken into account in the normalization of (4.49) which contains 1/π5 instead of 1/π6 in

(E.4)28.

The precise normalization of the five-point SYM tree amplitude used in section 4.5 follows

from the evaluation of AYM(1, 2, 3, 4, 5) = 〈E1234V5〉0 [80] with the measure normalized as

〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉0 = 1. The five-point tree amplitude available in [63] is 2880

times bigger.

28In general, this difference is taken into account by the factor 1
π
in the definition of (2.49).
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